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A Resource scaling for quantum backpropagation methods

What comprises classical memory and time complexity, is purposely left vague. The details depend
on the constituent types of operations needed to compute a function and its gradients, as well as
the memory access model available. But, details aside, backpropagation merely refers to gradient
computation in a particular manner, and, any reasonably successful implementation of it incurs a
constant overhead in relative complexity, as captured by Equations (1) and (2). With this in mind,
we elaborate on the operational definition of quantum backpropagation scaling in terms of memory.
Thereafter, we explain the failure of various current gradient methods to achieve backpropagation
scaling.

A.1 Memory complexity of the function

Recall the function of interest F/(6) = F(0) = tr[p(0)O], where O is an observable and p(6) is
a parameterized quantum state built from M parameters, acting either on an unknown initial state
p or simplified initial state p = |0)0]|. Classifying the memory used to compute the function as a
combination of n qubits, plus storage for each of the M parameters with appropriate precision, ¢,
implies

MEMORY (F(6)) = O(n + M log(1/5)). (10)

To derive the computational cost, assume unit cost access to any element of the circuit family {U;}. If
an incoherent measurement scheme is used, measuring O and estimating F'(6) to an acceptable fixed
precision, ¢, on repeated preparations of p(f) incurs a cost that scales as TIME(F'(6)) = O(Eﬂk) for
some integer k. This sets the scene for the computational requirements of computing F”(6), which
should, importantly, be achieved with a modest space overhead to truly replicate backpropagation.

A.2 Current gradient methods

Replicating classical backpropagation efficiency in a quantum setting requires more effort, which we
elaborate on next by discussing how and why current gradient methods fail to achieve this efficiency.
For further illustration, Figure 2 provides a hypothetical comparison between the popular gradient
method — the parameter-shift rule — and true quantum backpropagation. The plot incorporates
assumptions about time to compute native quantum operations taken from Babbush et al. [2021].

A.2.1 Naive sampling

The gradient of the function F'(#) expressed in Equation (4) also takes a simpler form using the
parameter-shift rule and properties of Pauli generators [Mitarai et al., 2018, Schuld et al., 2019]

[ (@)]o, = F (0 + 56x). an

where ék is a unit vector along the k*" direction of #. Thus far, sampling schemes constructed to
estimate (11), perform a destructive measurement that typically only retrieves a partial amount of
information for one component of the gradient. As a result, reducing the infinity norm error in the

gradient such that we expect ||F'(0) — F”(0)||sc < e with reasonable probability, has a cost that
scales like converging each component, i.e.

TIME(F'(6)) & M log M TIME(F(6)) (12)
= O(M?/e). (13)

While this quadratic dependence on the number of parameters may not seem problematic, a linear
dependence was the necessary catalyst in the age of modern deep learning, with overparameterized
networks that perform exceedingly well on practical tasks.

A.2.2 Fast gradient algorithm

A method put forth by Jordan [2005] numerically estimates the gradient of a classical black-box
function at a given point, using a quantum computer. The algorithm impressively requires a single
black-box query to estimate the full gradient with a desired precision, whilst satisfying the memory
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Figure 2: Quantum backpropagation scaling. The parameter-shift rule is plotted alongside true
quantum backpropagation scaling. On the x-axis is time in number of seconds required to compute a
single estimate of the gradient in log scale, with common time points stated explicitly. On the y-axis
is the number of parameters, also in log scale, that may be optimized using each method, for a given
amount of time. We make simple assumptions, motivated from the work in Babbush et al. [2021].
Namely, we assume a minimum system size of n = 100 qubits. Further, assuming a favourable time
of 10us to compute one parameterised operation ( which is 1 order of magnitude less than the time to
compute one Toffoli gate), the time for one primitive is lower bounded by 100 x 10us = Tj,. Scaling
in time is then roughly M? - T, for the parameter-shift rule and M - polylog(M) - T, for quantum
backpropagation. Furthermore, £ = O(1).

requirement in (2). We elaborate on the connection between this approach and backpropagation
on a quantum computer when the function considered is classical and reversible, in Appendix B.1.
But, as shown by Gilyén et al. [2019], when parameters are considered to be rotation angles like
those in variational circuits, a different query model needs to be applied and the original single-query
advantage becomes unattainable. With the appropriate query model, the known bounds imply a
computational cost of O(M+/M /£2) using amplitude estimation, and, in a high precision regime,
O(M VM /&) is worst-case optimal even with commuting Pauli operators [Huggins et al., 2021]. This
worst-case bound was proved in a setting where operators commute, indicating that commutativity
need not be helpful in other settings.

A.2.3 Simultaneous perturbation stochastic approximation (SPSA) algorithm

A few studies have investigated the use of the simultaneous perturbation stochastic approximation
(SPSA) algorithm to optimize parameterized quantum circuits [Benedetti et al., 2019, Hoffmann
and Brown, 2022, Gacon et al., 2021]. It is argued that SPSA is computationally efficient since
its requires two function evaluations to estimate the gradient, irrespective of M. This seemingly
satisfies the scaling we require, however, the approximation of the gradient has limited accuracy
which affects the number of optimization steps needed for SPSA to converge to a minimum. As
M increases, the variance of the gradient estimate increases and, thus, to counteract this, a smaller
learning rate must be used - increasing the number of optimization steps - or more samples are needed
to estimate the gradient with an appropriate accuracy at every step. In either case, one cannot escape
a dependence on M, which indirectly affects the number of function evaluations needed to estimate
gradients or perform gradient-based optimization adequately. More formally, the gradient estimator
for component j of a function, given by SPSA, is

F(0), = F(0+4 cA)— F(0 —cA)

2cA 5

where c is a step size constant and A € RM is a size M random variable with independent, zero-mean,
bounded second moments, and bounded inverse moments, i.e. IE(|A|;1) is uniformly bounded for all

(14)
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j. A common choice for A is a Bernoulli random variable with equal probabilities of being 41 or —1
for every entry.

Consider a special case, F', for pedagogical purposes such that the gradient at the point 6 is a
constant g along all coordinates, the function is nearly linear at the point examined, and the number
of coordinates M is large in a central limit theorem sense. We then have, F’(); = g for all j,
and F( + cA) = F(0) + ¢ F'(0)TA = F(8) + cg1TA ~ F(6) + N(0,cgM). On a quantum
computer, the estimator will be constructed by taking independent measurements of F'(6 4 cA) and
then rescaling the sample mean by 1/2cA ;. We then see that the variance of an individual term in
this case is given by

Var[F'(0);] = @ +gM (15)

As such the number of samples required to reach a precision e with high probability in even a single
gradient component scales as

N, = F(G)/02+ gM (16)

€

which clearly increases linearly with the number of components M, and does not achieve the desired
scaling despite the estimator being constructed from only two function calls. It is also worth noting
that the estimates for each component of the gradient are highly correlated across the vector, which
can lead to larger errors than would be otherwise expected under alternative norms. This is intuitively
expected, as it should not generally be possible to determine M independent random variables from
a single value without increasing the precision of the estimates at least proportionately. We note in
passing that generally to obtain an unbiased estimator one must also take c to be on the order of €, but
this dependence can be improved with higher order formulas to e ~* for some & > 1 [Spall, 2000],
but this is not central to our study.

B Classical backpropagation in quantum circuits

In order to frame the discussion, it is worth considering a number of closely related setups as they
would appear if performed on a quantum computer. In particular, in similar notation and cost models,
its interesting to consider how classical backpropagation would look in a quantum circuit for a
deterministic classical function and perhaps the closer classical analog, classical parameterized
Markov processes on the space of probabilistic bits.

B.1 Classical functions

First we will look at an entirely classical function using reversible arithmetic for the purposes of
analogy, using a simplified function but with simple generalizations available. This will be helpful for
setting the stage in terms of notation and scaling, and also help make a connection with the gradient
algorithm of Jordan [2005]. Consider a classical function f that depends on some set of parameters
z € RM via more elementary functions f;. For this example, we assume a simple dependency
graph for the overall function f : RM — R is the simple composition of elementary functions,
f=fnofn_10...0 f1. Given this structure, we denote a set of intermediate variables z;, such that
zi = i fori € [1, M] and z; = fi(24(;)) for i € [M + 1,n] where (i) is the subset of variables
needed to evaluate f;, noting that we are implicitly including a trivial set of elementary functions f;
that are simply the identity operation. We also assume that no z; depends on itself, each z; appears
exactly once, and derivatives of the elementary operations are readily available, that is a simple
function for evaluating f/(z) is available for any input z.

Given these definitions, we are ready to describe the algorithm for obtaining the gradient V f (z).
We consider a universal precision § for all parameters and function values, such that classical numbers
use O(log(1/d)) qubits for their representation. For initialization, we store each of the parameters
x; in their own quantum register |)_ to run the circuit fully within the quantum computer. In the
first step, we run the function evaluation in the so-called forward pass and store the intermediate
values z; each in their own quantum register |), using the elementary implementations of f; as
reversible circuits. Taking now an additional set of auxiliary registers, |), with the same size as the
intermediate variables, we assign \,, = 1, and compute the backwards pass according to reversible
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implementations of A; = >, 5(;) 02 fi(2a(i)) Where (i) is the outgoing nodes for intermediate
variables z;. In the final step, we may simply read off the A register to find V. f(z) = A1,

Considering a general auxiliary register |) ,, these steps may be written in quantum form as

)10, 10)510) 4 =™ [2),, [2), [0y [rp) 4 =™ ), 12), [Ny Iro) o (17)

where ¢ and r;, denote the state of the arithmetic trash register after the forward and backwards pass
respectively. Given our precision specification, the size of each of the x register is O(M ) and the
size of the z and A registers are O(N). This representation is a bit wasteful in that as the backwards
pass proceeds one can overwrite the intermediate values z with A when they are no longer needed,
but writing it this way clarifies the steps. If we assume a typical setup where the number of free
parameters is roughly on par with the number of elementary functions, then we see that the total
storage for the primary registers is O(M ) and similar for the ancillary register. Similarly, the amount
of computation required in both the forward and backwards pass is O(M), or approximately twice
the cost of evaluating the function in the forward direction, meeting the scaling requirements of
backpropagation with some small overhead for maintaining reversibility.

It is useful to compare some aspects of this approach to the quantum algorithm of Jordan for evaluating
gradients of classical functions using a single black box function query [Jordan, 2005]. Considering
only the computation, if we approximate the forward pass and backwards pass to each be the same
cost as one black box function query, then up to log factors in precision of evaluation this method is a
constant factor of two more expensive. Said another way, there is no quantum advantage in evaluating
the gradient when one has white box access to the classical function implementation and it satisfies
the simple dependencies requirements. In terms of storage requirements, the algorithm of Jordan
requires the same x register, but makes no use of the intermediate variable registers such as z or A
(which can be combined in real implementations to be approximately the size of the z register). This
use of intermediate storage is sometimes characterized as a form of dynamic programming, where the
storage of intermediate variables reduces overall computational complexity. Moreover, this version
takes advantage of analytical gradients of the subfunctions which can be evaluated to high precision
more easily than depending on the finite difference formulations of gradient algorithms as in Jordan’s
technique.

So in summary, both a quantum implementation of classical backpropagation and Jordan’s technique
have a computational cost that is constant in the number of parameters if our cost model considers
overall function evaluations as the cost model. This represents an exponential improvement over
naive finite difference computations or symbolic evaluation of derivatives one element at a time. The
backpropagation technique utilizes an extra storage register and knowledge of the problem structure,
as is common in dynamic programming, while Jordan’s algorithm needs only black-box queries.
Both of the techniques assume bitwise access to the oracle as a classical function.

B.2 Classical parameterized Markov chains

In the previous section, the comparison of classical backpropagation and Jordan’s algorithm made
use of bitwise access to a classical, deterministic function. The case of a classical function encoded in
bits helps frame the discussion in not only scaling but also the sense in which classical parameterized
functions are perhaps not the best analog for parameterized quantum circuits. A key aspect of this
difference was highlighted in Gilyén et al. [2019] by showing that in the black box setting, it was
more appropriate to consider current parameterized quantum circuits as a phase or amplitude oracle,
in which case they prove a lower bound of at least M /2 calls to the black box (in contrast to O(1)),
ruling out the desired backpropagation scaling except for special cases. This contrast motivates
asking whether the intuitive origin of this lower bound is related more to the black box nature of
the access, the quantum nature of the parameterization, or merely the probabilistic features of the
parameterization. Here we show that a classical analog to parameterized quantum circuits, namely
parameterized Markov processes do indeed allow the analog of classical backpropagation which
helps highlight that the difficulty in achieving constant scaling is due to the quantum nature of the
problem.

To draw an analogy between quantum and probabilistic classical states for our purposes, we will
introduce a small number of analogous concepts that are considered in greater depth by Baez
and Biamonte [2012]. A parameterized quantum state |¢)(6)) is an L? normalized state such that
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/. s ds |Y(s; 9)|> = 1, that is often formulated as a parameterized quantum circuit acting on
a known initial state as [1/(8)) = U(6)|0) where U is a unitary transformation. In contrast, a
parameterized classical probability vector [1)(0)) is a positive L' normalized probability vector such
that |, s ds ¥(s;0) = 1, that may be formulated as a parameterized classical circuit acting on a
known reference state as |(0)) = U(0) |0) where U is a left-stochastic operation in this case. As a
connection between the two, one may consider classical transformations as the set of transformations
restricted to the diagonal of a quantum density matrix, and note that it is always possible to represent
a classical probability process as a quantum process, albeit non-uniquely, but the converse is of course
not true in general.

The corresponding analog of expected values of Hermitian operators on quantum states will be
expected values with diagonal operators O. Such operators are well defined for expected values on
both classical and quantum states and are identical when the quantum populations are equal to the
classical probabilities. In setting up for the computation of gradients with respect to the parameter
vectors, we will consider objective functions defined by the same observable O and a sequence of
operations that each depend on a single parameter. That is, the corresponding classical and quantum
objectives with these assumptions may be concisely defined by

£(60) = / i O[T 0)4))F = Ohuio (s)
£0). / s O6) [T UH(442)6) = Oluioye 19)

Our question here will be if the restriction to parameterized classical stochastic processes allows
the desired scaling in determining gradients of an expected value with the given parameters. The
evaluation of gradients with respect to parameters in quantum circuits relies largely on the fact
that anti-Hermitian operators generate unitary evolutions, and we may exploit that relationship to
determine gradients as expected values explicitly. There is a direct analogy to this for general
stochastic operators, in that they are generated by so-called infinitesimal stochastic operators, defined
by >, H;; = 0. With this definition, in finite dimensions they characterize the family of Markov
semi-groups via exponentiation as U (t) = exp(Ht). For our purposes, it suffices that this yields a
well defined operator for evaluation of single parameter derivatives.

In order to properly compare the two settings, we need to make clear a number of assumptions on the
operators U; and corresponding operators H; that mirror assumptions in the quantum case, allowing
efficient implementation. To begin, we assume each U;(6;) is a simple operation, analogous to a
quantum gate or Pauli operator, such that it is defined as a tensor product on a classical probabilistic
bit space, and evaluating the transition probability between two basis states is efficient to do at high
precision. In general, the basis could change between steps and the process could remain efficient,
however for simplicity we consider the standard computational basis here. Moreover, we assume that
the operation that generates the U;, which we denote H; is simple to evaluate between basis states,
and has a bounded norm ||H;|| = 1, so that parameters ; have consistent and reasonable scales.
Similarly, we will restrict ourselves to observables O with reasonable norms, i.e. ||O|| = 1.

With these assumptions, we investigate derivatives of a classical stochastic process under different
sampling schemes. Let’s imagine we have a stochastic process U, much like a variational circuit,
which we write as

0) =1 Ui (20)
where each U; is a stochastic process with a corresponding generator H;, such that
99, Ui(0:) = H;U;(6;) (22)

We will be sampling the expected value of some observable O which is a diagonal matrix in our
construction, and so the function value we are interested in optimizing, given a initial probability
distribution 1y can be written in a number of ways but some are

f0) = (23)

O)u oy
/ OU (6)o (24)
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Now if we take the gradient of this function with respect to the parameters, we find

9o, f(0) = 99, (O)u(0)yo (25)
~ [oT]vsouu: T] v 26)

J<i k>
= /0 [[v;#:U: T] Ustbo- 27)

j<i k>i

Using this construction, one can store the trajectory and lean on a path-integral formalism to use
a single sampling process to take independent samples of all the gradient components with each
stochastic sample that is taken. One way to write this is to borrow the path-integral like formalism
using resolutions of the identity as

f(0) Z/OHUﬂPo (28)

> /O\iN)(iN|UN lin—1) (in—1|Un—1... (i1| Yo

1150 iN

Z p(il, ,ZN)O(ZN)

150N

where we use p(iy, ..., ;) to represent the probability of a particular configuration that was sampled,
and similarly O(iy) for the value of the final configuration. We assume that for each individual
configuration it is possible to compute the transition probability between individual configurations,
e.g. (in|Un |in—1) which is typically true in the classical case as well. As a result, for a given path,
we use re-weighting to make that path produce an unbiased sample for the gradient component we are
interested in as well. In particular, writing the same for the shifted gradient estimator for component
7 merely requires substituting the relevant matrix element

(i3] Uj lij—1) — (i5] H;Uj lij-1) (29)
hence we can estimate the gradient using samples re-weighted by
(G H UG )
90, £(6) = p(zh...JN)( | H;U; Olin) (30)
' n;,:m (431 Uj lij—1)

where the weighting factors we also assume to be efficiently computable by construction of the
elementary operations U;, which is analogous to the quantum generators typically used as well,
defined as simple operations lifted into large spaces by tensor products. This suggests the following
procedure for efficiently estimating gradients with respect to parameters in the classical analog of
quantum variational circuits.

1. Draw a sample from ¢° and store this configuration as |i;), which may be represnted
efficiently as a classical bit string.

2. For each elementary operation U;, sample the next classical configuration with probability
determined by U;, and store the configuration as |7;).

3. Upon reaching the final configuration, evaluate O(iy ) from the definition of O to determine
the value of the objective.
4. Using the stored path, {|i,)}, for each elementary step, sample (%) O(iy) and
J J107—=
store the value in a vector to be used in a running average that determines the gradient.
5. Repeat this procedure until the uncertainty in the estimate for each gradient component is as
low as desired.

It is easy to see from the above procedure that the variance in the estimate of each individual gradient
component does not have an explicit dependence on the number of elementary steps. This can be seen
from Equation (30), which only has an explicit dependence on 3 points in the chain. Alternatively,
from our assumptions designed to mirror the case of quantum circuits, we know the variance of
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these estimators is controlled by the value of the product (i;| H;U; |i;—1) O(in) < 1, independent
of the number of parameters or steps in the sampling process. It may appear that the quantity
estimated could be unbounded, but if we move the denominator into p, the result is again a probability
distribution multiplied only by values determined by the numerator here. As a result, analogous to
backpropagation in the bitwise function case, by storing the intermediate configurations {|i;)} at
a cost memory of O(M), we see that evaluating the gradient requires a number of samples that is
independent of M.

From this, we see that indeed the desired scaling is possible in the case of the analogous classical
parameterized stochastic processes on tensor product spaces. The formulation as a sum over paths
also allows us to make connection to the gentle measurement results in the main text, in that we are
always promised to be in a computational basis state, making it possible to do a gentle measurement
at intermediate steps with unit probability. This division allows us to help identify the origin of
challenges in achieving backpropagation scaling as a problem with quantum measurement collapse
and the inability to read out intermediate states while continuing a computation, rather than the
probabilistic formulation of the problem. In addition, one may make the classical generators H;
non-commutative with each other and suffer no additional difficulties in estimating the gradient
components, unlike in the quantum case. It remains an interesting question to better understand the
performance separation on practical tasks between quantum variational methods and this type of
classical analog, given the advantage in trainability of the classical construction.

C Polynomial complexity circuits

It is reasonable to ask if we can first rule out backpropagation when only given access to single
copies of a state. A useful tool to rule out the possibility of certain tasks is information-theoretic
bounds, however, we show here that these are not sufficient to rule out quantum backpropagation
scaling on single copies as the task remains information-theoretically viable under the assumption
of a polynomial length variational circuit, thanks to classical shadows. On the other hand, standard
computational arguments illustrate the difficulty in acheiving the desired scaling.

C.1 Information-efficiency with classical shadows

The idea behind classical shadows is to create a classical representation of a state p, that allows one to
affordably estimate other properties of interest, like expectation values of observables [Huang et al.,
2020]. In general, the number of samples, N, needed to predict say, Tr[E1p], ..., Tr[Ek p] within
additive error £, with high probability is

N = Q(log(K) maXiHEiHshadow/GQ)’

where || E;[|,.q0w 1S @ norm influenced by the particular measurement primitive chosen to implement
the classical shadow scheme. While general quantum states can be hard to determine, the additional
constraint of a state being generated by a polynomial complexity variational circuit allows us to
strengthen our statements.

Definition 15 (Polynomial complexity circuit). We say a circuit is a polynomial complexity circuit if
it is composed from a fixed gate set GG that may be applied between any two qubits with a maximum
number of gates scaling polynomially in 7, the number of qubits. Additionally, we will call it a
polynomial complexity parameterized circuit if each gate in the elementary set is defined by a bounded
number of parameters.

With this at hand, we have the following.

Proposition 16 (Information-efficiency of polynomial complexity circuits). Let p = |¢)X1)| be the
density matrix of a pure state generated from a quantum circuit of polynomial complexity built from
a gate set of size G applied between any two qubits, with at most p(n) total gates, where p(n) is a
polynomial in the number of qubits, n. With these definitions, there are at most K = (nG)2p(") of
these circuits. Then, p can be explicitly determined using Q(log(K)/e?) = Q(2p(n) log(nG)/e?)
single-copy measurements and a classical search procedure.

Proof. Given that |¢) is generated from a polynomial complexity circuit, denote the possible states
created by such a circuit as |¢;). With the above definitions it is easy to see that the total number of
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possible states that can be generated by a single step is n2G, and hence with p(n) possible choices,
the total number of states is K = (nG)QP(”). If the underlying set of operations used to generate the
state is unknown, it is still possible to cover the space of two-qubit operations to diamond distance
error € with a number of operations scaling polynomially in 1/€ and p(n) [Caro et al., 2022]. If we
denote this number of extended operations as G’, then the argument proceeds as before in terms of
asymptotic scaling by replacing G with G’. Performing Clifford classical shadows with F; = |&; ;|
fori =1, ..., K, one can estimate the fidelity, i.e. Tr[E; [1)(3|], for all ¢ within additive error € using
Q(log(K)/<?) single copies of |1)). Since |1)) is generated by one of the K circuits, searching for an
E; that provides the maximum fidelity, allows one to find Tr[E; [1))|] = 1, with high probability,
and thus, explicitly determine [¢)), and a circuit that generated it by using classical simulation of the
family of circuits, that will generally scale both exponentially in n and K. O

With this knowledge, one may proceed to compute expectation values classically to determine
gradients or indeed any desired expected value or feature of the state. Whilst this procedure allows us
to determine |)) and a circuit for creating it, executing it incurs quantum hardware costs dominated
by the Clifford circuits needed for the classical shadow protocol — which are of polynomial depth, but
contain entangling gates which are limiting in practice. Even more concerning, is the classical cost of
post-processing. Obtaining the maximum fidelity involves storing K = (n + p(n))°®(™) values and
searching over them, which can be expensive. Additionally, the final computation of the expectation
values needed for backpropagation, requires knowing and storing M exponentially large matrices,
over and above the cost to compute the expectation values. And so, backpropagation scaling remains
untenable with this implementation.

C.2 Computational hardness on polynomial complexity circuits

The result and algorithm (a brute force search) used in Proposition 16 demonstrate the information-
theoretic efficiency of determining almost anything one would want to know about a state if we
are guaranteed that it is both a pure state and generated by a polynomial complexity circuit. The
classical computational procedure is clearly inefficient, but this begs the question of whether an
efficient procedure might exist in general, especially given the existence of an efficient procedure for
special cases. Here we argue that no efficient procedure can exist in the most general case, unless it is
possible to efficiently clone pseudo-random quantum states.

Proposition 17 (Computational hardness of polynomial complexity circuits). Under standard crypto-
graphic assumptions, no efficient computational procedure exists to identify a pure state of polynomial
complexity to trace distance .

Proof. A pseudo-random quantum state is defined to be a pure state of polynomial complexity that
no efficient computational algorithm given a polynomial number of copies of the state can distinguish
from the Haar random state. Using the procedure described in Proposition 16, a circuit that can
recreate the state to trace distance € can be found using a polynomial number copies of the state. If
the procedure that finds this circuit is also computationally efficient, then the state can be cloned
efficiently, violating the no-cloning theorem for pseudo-random states shown in Ji et al. [2018], which
merely rests upon standard cryptographic assumptions. [

This result demonstrates that even if we know a state is a pure state generated from a polynomial
complexity circuit, it is computationally infeasible to identify it under cryptographic assumptions
despite the information-theoretic efficiency. This suggests that there are states and observables for
which the backpropagation problem could remain challenging, and that the most effective strategies
must make use of known structure in the observables and states to achieve computational efficiency
in analogy to known special cases.

D Shadow tomography protocol for gradients

For much of this manuscript it has been assumed that one has complete white-box access to the input
state p = |1(0))1(9)|. In a more traditional quantum setting, however, this may not be the case. One
may be given access to unknown quantum states, or partially unknown states, and tasked to process
them for some machine learning task. In such an instance, the input states are usually referred to as
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quantum data, and insights pertaining to this model set up can be found in Huang et al. [2021]. In this
section, we discuss some details around this model type, which we call a quantum neural network
and is defined in Definition (8).

D.1 Gradients as observables

Before presenting our algorithm for performing quantum backpropagation, we begin with the follow-
ing remark on quantum neural networks which allows us to exploit a shadow tomography procedure.

Remark 18 (Gradient of a quantum neural network). The k" gradient component of the quantum
neural network may be expressed as

0o, QNN(|0)) = 2 Re (0 {[td" (6) Zo0o, U(0)[0) |10)
= 2Re <(I)k|\I/k>
where
(Wi) = (iP)e " U, ... e P U1]0)] )
= ei(e’“Jr%)Pk Ug... e U1|0>|<,0>
|(I)k> _ U}I+1€—i9k+1Pk+1 o U;{/[e_wMPM ZoeiOMPM U ... e1',91P1 U1|0>\<p>.
If one defines
Z/{IE‘I]) = ei(0k+%)PkUk Ce 6i91P1U17
u}g@) _ U,I+1e—i9k+1Pk+1 o UIJ{{e—wMPM ZoeiGMPM Uy ... et01P1 Uy,

then, given a copy of |¢), one may attach an ancilla qubit labelled * in the |+) state (in addition to
the output qubit 0). In doing so, consider applying control—u,gq’) conditional on the ancilla being |0),
and control—u,gq>) conditional on the ancilla being |1). This produces the state
1
V2

Measuring X on the ancilla qubit, the expectation is

(10} ) + [1)|@))-

%(<0\<‘I’k| + (L@ ]) X (|0)[ k) + [1)®k)) = Re (Dk[ )

1
= 505, QNN ([1)).

This implicitly gives an operator on |+)|0)|¢) whose expectation value is 195, QNN(|)). Moreover,
we can implement this measurement with O(M) quantum operations.

D.2 Proof of Theorem 9

In order to prove Theorem 9, we need to discuss and modify two concepts: online learning and
threshold search [Aaronson et al., 2018, Badescu and O’Donnell, 2021].

D.2.1 Online learning of quantum states

As in Aaronson et al. [2018], suppose we have access to a stream (E1,by), ..., (En, bar) where
each by, = (¢Y|Eg|v). We want to compute hypothesis states w1, . .., wys, which are mixed states
stored in classical memory, such that

* wy, depends only on (F1,b1), ..., (EFx—1,bk—1) (the online condition)
o | Tr(Frwi) — (Y| Ex|t)| > € for as few k as possible

One may produce the following theorem.

Theorem 19. [Aaronson et al., 2018, Theorem 1] In the above setting, there is an explicit strategy fo
outputting hypothesis states wy, . .. ,wnr such that | Tr(Epwy) — (Y| Eg|¢)| > € for at most O( %
values of k. This holds even if the measurements by, are noisy, and only satisfy |by, — (Y| Ex|y)| <

.
)
€

3
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Two remarks are in order: first, the problem setup and algorithm presented in Theorem 19 are both
completely classical. Second, this theorem says nothing about computational runtime. Implementa-
tion of the algorithm in Theorem 19 using techniques from convex optimization will require runtime
polynomial in the dimension of the Hilbert space poly(2").

D.2.2 Quantum Threshold Search

Bédescu and O’Donnell [2021] promote online learning to a shadow tomography protocol using
a procedure which they call threshold search. This gives an improved version of the quantum
private multiplicative weights algorithm proposed in Aaronson and Rothblum [2019]. The difference
between the online learning setting from the previous section and general shadow tomography, is that
in practice, we are typically nor given the expectation values {b;, } and must measure them ourselves.
This is where threshold search comes in handy. Suppose we possess some copies [10)©™ of a quantum
state and are given a stream (E1,a1), ..., (En, ap) where each ay, is supposed to be a guess such
that aj, ~ (1| Ex|1). Threshold search is a subroutine which, given only logarithmically many copies
of the state, can check in an online fashion whether there is an aj;, which errs by more than €. More
formally, we have the following theorem.

Theorem 20. [Bddescu and O’Donnell, 2021, Lemma 5.2 ] Given m copies of an n-qubit quantum
state |1)Y®™, M observables —1 < Ey, ..., Epn < 1, and guesses ay, . .., apy, there is an algorithm
which outputs either

o |ar — (Y|Ex|Y)| < e Vk.

* Or|ax — (Y| Eg|p)| > 3¢ when in fact |b, — (Y| Ex|¥)| < 1é for a particular k and value
by

It does so using number of copies only

2
m_0<10g M)

22
Furthermore, the algorithm is online in the sense that:

e The algorithm is initially given only M and e. It then selects m and obtains |)®™.

* Next, observable/threshold pairs (E1,a1), (E2,az), ... are presented to the algorithm in
sequence. When each (Ey, ay,) is presented, the algorithm must either ‘pass’, or else halt
and output |ai, — (Y| Ey|)| > 3e.

o If the algorithm passes on all (Ey, ay) pairs, then it ends by outputting |ax, — (V| Ex|v)| <
e vk

We stress that this subroutine requires quantum memory and multi-copy measurements, and uses
gentle measurements in an essential way. One is able to check whether or not ay is inside the
threshold without greatly disturbing the copies of the quantum state. We are now ready to state the
full shadow tomography protocol from Biadescu and O’Donnell [2021]. The idea is to run the online
learning algorithm from Theorem 19 in parallel with threshold search, and Badescu and O’Donnell
[2021, Theorem 1.4] tells us that this algorithm succeeds in outputting estimates |by, — (| Ex|Y)| < €
with high probability.

When applying Algorithm 1 to the observables corresponding to gradients described in Appendix
D.1, we can exploit that the observables are related sequentially. In between each round k, we rotate
both, the states stored in quantum memory and the classical online learner, so that implementing the
measurement of the next gradient only requires runtime independent of M. Since these rotations
are unitary and do not reduce the quality of any approximations, the same proof as Badescu and
O’Donnell [2021, Theorem 1.4] will apply. This establishes Theorem 9.

By Bédescu and O’Donnell [2021, Theorem 1.4], this algorithm obtains estimates |by —
19, QNNz(|¢p))| < ¢ for each k by taking the number of copies to be

2
m:O<nlog4 M)
5
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Algorithm 1 Online and gentle shadow tomography

Input: m copies of the unknown input state |1))®™, in m registers each with n qubits.
Output: Estimates by, =~ (| Eg|v))

1. Set R = O(Z%) and mg = O(M). We need R batches, each with mg copies, so

2
m = Rmy copies in total. This gives in total

2
m:O(nlog4 M)
£

2. Initialize the online learner w; according to the online learning algorithm.
3. Start with the first batch of copies |1))®™o,
4. Foreachk =1,...,M:

(a) Use the online learner to predict a, = Tr(Ejwy).
(b) Use threshold search to check |ag, — (| Ex|¥)].
(c) If threshold search passes |a; — (Y| Eg|¢)| < e,
i. Output estimate by, < ay.
ii. Leave the online learner unchanged wy 1 — wg.
(d) If threshold search concludes |ay, — (1| Ey |1)| > 2 and in fact |by — ()| Ex[¢)| < Ze,
i. Output estimate by,.
ii. Update online learner with by, ~ (Y| Ex|1) to get wgy1.
iii. Discard the current batch and move onto a fresh batch |1/)®™o,

913 Moreover, the required number of quantum operations is

2
O(mM) = O ("Mff M)

9
9

4 This is quasi-linear in M. With naive storage of the entire density matrix of the hypothesis state wy,
5 the classical cost is

M - 2O(n)

916 Which is also linear in M, but unfortunately exponential in the input size n. We present the
917 full algorithm for gradient estimation using online shadow tomography with threshold search in
918 Algorithm 2.
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Algorithm 2 Shadow tomography protocol for gradients of a quantum neural network

Input: m copies of the unknown input state |©)®™ in m reglsters each with n qubits.
Output: Estimates b, ~ 195, QNNy(|¢)) fork =1,..., M

1. Set R = O(Z) and mg = O(mga#). We need R batches, each with mg copies, so
m = Rmy copies in total. This gives

2. Define foreachk =1,..., M

[vr) = 7(|0>|‘I’k> +[1)|®x))

and recall from Remark 18 that
1
(Y] Xslvr) = 506, QNN (|))

3. Attach the output qubit and an ancilla qubit in the |+) state to each register. Label the output
qubit 0 and the ancilla qubit .

4. To each register, do the following:

(a) Apply control-Z/lfql) conditional on the ancilla being |0). This requires O(1) quantum
operations.

(b) Apply control-ul((b) conditional on the ancilla being |1). This requires O(M ) quantum
operations. This step is analogous to the initial forward pass in classical backpropaga-
tion.

(c) This produces the state [t)1)©™.
5. Initialize the online learner w; according to the online learning algorithm.
6. Start with the first batch of copies |t/ )®™o
7. Fork =1,..., M, do the following. This loop is analogous to the backward pass in classical
backpropagation.
(a) Use the online learner to predict ay = Tr(X.wg).
(b) Use threshold search to check |ay, — (¢ | X«|tx)|. This takes time independent of M.
(c) If threshold search passes |ar — (Vr]| X |9g)| < e,
i. Output estimate by, < ay.
ii. Leave the online learner unchanged wy+1 < wg.
(d) If threshold search concludes |ax, — (15| X+ |¥y)| > 3e and in fact [by — (¢y| X [¥5)| <
i. Output estimate by.
ii. Update online learner with by, ~ (| X |1g) to get wiy1.
iii. Discard the current batch and move onto a fresh batch.
(e) To each register in the current batch and the unused batches, do the following:
i. Apply control-(e?s+1+3)Pe+117, 1 e~5 k) conditional on the ancilla being |0).
This implements Z/{,g)l (Z/{,E )) , and only requires O(1) quantum operations.
ii. Apply control-¢’++1P++17J; ;| conditional on the ancilla being |1). This imple-
ments Z/Iki)l (U, () )~1, and only requires O(1) quantum operations.
iii. This produces in each batch (a noisy approximation to) the state |t 1)®™0.

(f) Also apply the rotations in Step (e) to the hypothesis state w1 in classical memory.
The online learner now approximates |¢x+1) (k41|
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E Fully gentle gradient estimation

In this section, we motivate for a need to perform sequential and gentle measurements to individual
gradient states, as opposed to superpositions of them. Thereafter, we discuss general strategies based
on gentle measurements alone, performed on single and multiple copies.

E.1 Considering individual gradient states

While we briefly motivated the need for a sequential reuse of information in measurements in the
main text, here we further motivate such a construction as a necessary, but perhaps not sufficient
condition for our purposes. Given that one can create a superposition over all the potential gradient
components at a cost that only requires a single function call, it is natural to ask if this ability gives us
any headway in achieving our goals. Consider exploiting the superposition over all gradient states

M M
(@) =D e lAr) [T U;10) =D e Ar) ), (31)
k=1 jeA k=1

using at most c¢M calls to the family {U;} and some ancillary qubits |A) associated with the
k' gradient state.> Creating such a superposition weakens our ability to extract each gradient
component’s signal upon measurement, and thus, requires more samples to distinguish between
gradient components with a desired precision. From a cost perspective, it remains optimal or
equivalent to consider gradient states |1/;) individually. To make this more concrete, consider a state
discrimination task, with the following lemma at hand.

Lemma 21 (Optimal two-state discrimination). Any quantum algorithm that distinguishes two states
p1 and ps using a single copy of each state with probability at least 0.9 requires

1 1
4l — >0.9.
5 + 2||P1 p2ly > 0.9 (32)

Now we may proceed to the state discrimination task, where it is clear a superposition is not helpful.

Proposition 22. Consider the two-state discrimination task for two scenarios. First, given |,,) and
|om), where (Y, |dm) = O, there is a measurement strategy that can distinguish the states with a
single measurement. Second, given the states

1 M
T) = N ’; | Ak [¥n) (33)

and

1 M
®) = — 3 |Ap) |on) 34

where |11,) = |¢r) for every k except the m*" component and (,,,|¢,) = 0 as before, then (M)
copies are required by any strategy aiming to discriminate | V) from |®) with reasonably high success
probability.

Proof. The first scenario follows straightforwardly from Lemma (21) since there is no overlap
between |1,,,) and |¢,, ) — hence, their trace distance is 1 and Equation (32) always holds. For states
in uniform superposition over all M components, the overlap is 1 — 1/M which is close to unity
for large M, indicating the difficulty of the task when the states mostly overlap. Given access to N
copies of |¥) and |®), to discriminate with probability at least 0.9 requires

1 1
3 T3 V1= [(Ee)Y =09, (35)

or equivalently

1 2N
1-— <0.36 36
(1-47) <036, (36)
implying that N = Q(M) in order to discriminate successfully with the desired probability. O

2¢ is some small constant.
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From Proposition (22), we have the immediate corollary.

Corollary 23. It is either optimal or equivalent in cost to consider gradient states individually, as
opposed to a superposition over them all.

Proof. Replacing the uniform superposition in Equations (33) and (34) to the more general, |¥) =
224:1 ek |Ag) [) and | @) = 224:1 ¢k |Ag) |¢r) , the number of samples needed to discriminate

the m'" component scales as N ~ 1/c2,. Since ¢2, € [0, 1], it is clear that ¢2, = 1 is optimal. If

there are M components, then ¢2, ~ 1/M and hence, N ~ M. Assuming the superposition state |¥)
incurs a cost proportional to M, the number of samples required to differentiate between components
in the wave function will imply an overall cost that scales as M?2. O

E.2 A case for sequential and gentle measurement

Whilst the cost equivalence presented in Corollary 23 implies no benefit from a superposition of
gradient states, it also suggests that, if one is to obtain backpropagation scaling, individual gradient
states must be utilized in a more resource efficient manner. Drawing inspiration from backpropagation,
if one could instead use the state |1;) to make a measurement, then update it to |5 1) without
substantially disturbing it, it would then be possible to perform all of the measurements at an
overall cost scaling like O(M ). We illustrate such a benefit by means of an example using fictitious
non-destructive measurements in Algorithm 3.

Algorithm 3 Gradient estimation with a modified, non-destructive swap test

Input: Three registers initialized to |+) |0) |0)
Output: Gradient vector estimate for F'(6)

1. Apply U(6) = Uyy,...Us to the second register, controlled on the first being 0. Cost ~ M.

2. Apply OU (0) to the third register, conditional on the first being 1. Cost ~ M and the state
becomes

[+)10)10) = %(I()) [¥ar) [0) + 1) 10) [A)),

where |1pr) = Upr...Up |0) and |A) = OUyy...Uq |0). By assumption, all U; and O are
hermitian and unitary.

3. Forkin {M,M —1,...,1}:
(a) Apply and update |1)) = —i Py |¢y) conditioned on ancilla being 0. Cost ~ 1.
(b) Perform a non-destructive swap test on the state
1
V2
to estimate [F”(0)]g, = —2 Im (A|¢)) with no damage to the state. Cost ~ 1.
(c) If k > 1 apply and update |\) = U ]i |A) conditional on ancilla being 1. Cost ~ 1.

(d) If k > 1 apply and update |1)y,_1) = U, ];r (¢Py) |1y;) conditional on ancilla being 0. Cost
~ 1.

(10} [¢) [0) + 1) [0) [A))

The procedure naturally breaks down in a real quantum computer at Step (3b) due to the reliance on
non-destructive measurements. Substituting these for gentle measurements, which are only partially
non-destructive but, at least, theoretically possible, one may still aspire to exploit the structure of the
problem and achieve backpropagation scaling as in Algorithm 3.

E.3 Gentle measurement on single copies

The need to reuse a state enough times to extract every gradient component, imposes constraints on
the gentleness of measurements made. While the use of multiple copies may enhance the ability
to leverage gentle measurements, it is straightforward to see why this approach would not work in
general, when given access to a single copy of p. Using a scheme like the modified swap test in
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Algorithm 3, implies that each measurement must be on average 1/M-gentle in order to reuse the
state M times to extract each gradient component without damaging the state to the point that at least
one observable on the state is completely wrong. Enforcing such a constraint, leads to measurements
that are trivial — i.e. they barely depend on p and cannot yield enough information about gradients.
We recap some useful lemmas whose proofs can be found in Aaronson and Rothblum [2019] to make
this more concrete.

Lemma 24 (Additivity of damage). Let p be some mixed state and let S1, So, ..., Sy be general
quantum operations. Suppose for all j, we have

155(p) = pll, < aj,
then
1981 (Sar—1(.--51(p))) = plley < 1 + .. + s
Lemma 25 (Trivial measurement). Given a measurement M and parameter 1 > 0, suppose that for
every two orthogonal pure states |1) and |@), and every possible outcome y of M, we have

Pr[M(|+)) outputs y] < e Pr[M (|¢)) outputs y].
Then M is n-trivial. Further, let Ey + ... + Ey, = I be the POVM elements of M. Assume without
loss of generality that the outcome y corresponds to the element EE = Fy. Then,
(I E ) < e’ (o] Ed),
holds for all states, not just all orthogonal |) | |p).

Lemma 26 (Triviality lemma). Suppose a measurement is o-gentle on all states. Then the measure-

1+4a ) _ 1
1—4a 4.01°

ment is In trivial —so in particular, O(«)-trivial, provided o <
Equipped with these lemmas, we proceed to demonstrate the difficulty of gentle gradient estimation
with single-copy access to a pure state.

Theorem 27. A sequence of M measurements on a single-copy pure state that is 1/M-gentle at
every step to extract every gradient component, will be trivial.

Proof. Choose a circuit such that gradient state differs substantially, i.e. |||v;)(1i| — |13 X05]]l,, = 1
for all measurements. In other words, there is a unitary that must be applied to advance from gradient
component % to 7, otherwise there will be a measurement that produces the incorrect result if no such
unitary is applied. Fix {A,T — A} as the POVM elements of a gentle measurement. Assume without
loss of generality that the outcome of measuring the gradient component with respect to a given state
corresponds to the element A = AT A, and

15(p) = pllyy < @ (37
where Apat
_Aap

Using a single copy of p = |¢)(¢| to extract all M gradient components, requires advancing the state
after measuring gently at each step, and thus, each measurement step must be on average 1/M -gentle
to ensure

| WS -1 S S UHUD... UL UL = pad]| < 1, (38)

where pj is the density matrix representation of the advanced gradient state |¢p;) = Ups...UsUy |¥).
If we allowed for any more damage at a particular step, we could eventually reach a point where
subsequent measurements yield incorrect results, as the cumulative damage to the state may exceed 1.
While the gentleness could be distributed across each gradient component in different ways, from the
above lemma, we see that the more gentle the operator, the more trivial it becomes. Hence, if we
had (M — 1) 0—gentle measurements, they would be infinitely trivial and provide no information
with 1 informative measurement. Hence, the least trivial set of measurements that achieve an average
of 1/M gentleness would be to have each measurement be 1/M gentle. By Lemma (26), then each
measurement will be O(1/M)-trivial, which implies

Tr[Api] < /M Tr[Apisa]
for any two gradient states p;, p;+1. As M increases, the estimates for all gradient components will
converge. Therefore, the measurement operator has an exponentially vanishing dependence on the

input states themselves and hence, provides little-to-no information about the gradient components.
O
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E.4 Multiple copies and non-collapsing measurements

Non-adaptive, non-collapsing measurements are, by assumption, measurements that do not disturb the
state of a quantum system at all. Under this assumption, the complexity class, non-adaptive Collapse-
free Quantum Polynomial time (naCQP) was introduced. With this ability, searching through an
unstructured M -element list can be performed in O (M %) time, which is faster than the optimal lower
bound of O(M %) given by Grover’s search algorithm [Grover, 1996]. Importantly, time complexity in
naCQP is measured as the number of oracle queries plus the number of non-collapsing measurements.
This definition is considered more fitting, since any task in naCQP allows for exponentially many
non-collapsing measurements to be made and should thus, be accounted for.

Interestingly, one may still violate Grover’s bound by allowing for approximately non-collapsing
measurements. First, note that

lp=¢lly, =0
for non-collapsing measurements, where p’ is the normalized state after measurement. In the
approximately non-collapsing regime, assume that a measurement operator can be applied to a tensor

product of the state p such that
XKm /Q@m
I = |, < e

As a — 0, we recover the non-collapsing measurement regime. In the gradient setting, approximately
non-collapsing measurements are merely gentle measurements. This leads to the following.

Proposition 28. A sufficiently gentle measurement used for gradient extraction can solve an unstruc-
R N
tured search problem in O(M 3 ) time.

Proof. Reformulating the gentle gradient task as a search problem, let M = 2". Consider the state

sin((2i +1)0) [2) [1) + cos((2i +1)0) > 277F [y)[0) (39)
vel0.)" y#e

after applying ¢ = M 3 Grover iterations, where |) is the marked state. The probability of measuring
sin((2i +1)0)|2 ~ 1/M3. Suppose we can create the state |1))*"", where
m = O(log(M)) by using M3 log(M) Grover queries. By having access to multiple copies of [1)),
assume that one may implement a 1/M -gentle measurement on the copies as required for gradient
estimation. Then, the probability of observing the marked state after a single gentle measurement

is log(M) /M= . By performing M3 gentle measurements on the log(M ) copies, the probability of
obtaining the marked state at least once is greater than 1 — ¢~ 198(M) — 1 — ﬁ using only O(M %)

the marked state is

Grover oracle queries and O(M %) partially non-collapsing measurements, and thus, runs in time
O(M?3). O
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