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This supplemental material provides the experimental details, key concepts, basic facts, definitions,
and mathematical proofs for the theoretical results presented in our paper. Appendix 1 gives more
details on our experiments. In Appendix 2, we discuss an extension and social impacts of our
methods. Appendix 3 presents definitions and basic facts used in our paper. Mathematical proofs of
our theoretical results are detailed in Appendix 4.

1 Experimental Details

1.1 Radar Clutter Classification

1.1.1 Datasets and Experimental Settings

We use the method in [10] to create our datasets. For each time series of length N , we simulate the
first q temporal elements using the following equation:

z = r
1
2x,

where r is a Block-Toeplitz HPD matrix [55] and x is a a standard complex Gaussian random vector
whose dimension is equal to the dimension of the time series to simulate times the length of the time
series. We then simulate the N − q remaining elements using the following equation:

un +

q∑
j=1

cjun−j = vn,

where un ∈ Cm is the vector of signals at time n, cj ∈ Cm×m, j = 1, . . . , q are the prediction
coefficients (AR parameters), and vn ∈ Cm is the prediction error at time n which is assumed to be a
multidimensional Gaussian random variable. Time series of the same class are generated from the
same matrix r in the above equation.

For each dataset, we generate the same number of time series per class, half of which is used for
training and the remaining samples are used for testing. Tab. 4 provides the settings for simulating
our datasets.

1.1.2 Optimization and Hyperparameters

For SPDNet1 and SPDNetBN2, we use the architectures in [45, 54] with three Bimap layers. All the
Bimap layers output SPD matrices having the same size as input matrices.

MLR-AI and GyroSpd++ are implemented by following closely [60, 61]. We experiment with
the architecture of GyroSpd++ in [61] which uses affine-invariant Riemannian metrics for the
convolutional layer and Log-Euclidean metrics for the MLR layer. The convolutional layer of
GyroSpd++ outputs an SPD matrix of the same size as the input SPD matrix.

1https://github.com/zhiwu-huang/SPDNet.
2https://papers.nips.cc/paper/2019/hash/6e69ebbfad976d4637bb4b39de261bf7-Abstract.

html.
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Parameter Dimension Length Number of classes Number of time series per class Order Size
Dataset 1 3 20 600 6 3 3600
Dataset 2 4 50 100 20 2 2000
Dataset 3 5 50 80 20 2 1600
Dataset 4 6 50 50 10 2 500
Dataset 5 10 200 200 10 5 2000
Dataset 6 12 200 200 10 4 2000
Dataset 7 14 200 200 10 3 2000
Dataset 8 16 200 200 10 2 2000

Table 4: Parameter settings for simulating our datasets.

For kNN, we use the Kähler distance [55] given by
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where Tr(·) is the trace operator, w1 = (p0,1, w1,1, . . . , wq−1,1), w2 = (p0,2, w1,2, . . . , wq−1,2) ∈
H+
m × SDq−1

m , and Cj , j = 1, . . . , q − 1 are given by

Cj = (wj,2 − wj,1)(Im − wHj,1wj,2)−1(wHj,2 − wHj,1)(Im − wj,1wHj,2)−1.

The best value of k in kNN is found by using 10-fold cross-validation with the training set.

To parameterize a time series as (p0, w1, . . . , wq−1) ∈ H+
m × SDq−1

m , where p0 ∈ H+
m and

w1, . . . , wq−1 ∈ SDm, we use Algorithm 1 proposed in [10].

Algorithm 1: Parameterize a time series as a point in H+
m × SDq−1

m

Input: A vector sequence u0, . . . , up−1 ∈ Cm
1 f0,k = b0,k = uk, k = 0, . . . , p− 1

2 p0 = 1
p

∑p−1
k=0 uku

H
k

3 for i← 1 to q − 1 do
4 rfi−1 =

∑p−1
k=i fi−1,kf

H
i−1,k

5 rbi−1 =
∑p−1
k=i bi−1,k−1b

H
i−1,k−1

6 rfbi−1 =
∑p−1
k=i fi−1,kb

H
i−1,k−1

7 wi = −(rfi−1)−
1
2 rfbi−1

(
(rbi−1)−

1
2

)H
8

{
fi,k = fi−1,k + wibi−1,k−1 k = i, . . . , p− 1

bi,k = bi−1,k−1 + wHi fi−1,k k = i, . . . , p− 1

9 end
Output: (p0, w1, . . . , wq−1) ∈ H+

m × SDq−1
m

The input data of our networks belong to product spaces Sym+
3 ×SH

2
3, Sym+

4 ×SH4, Sym+
5 ×SH5,

and Sym+
6 ×SH6 on datasets 1, 2, 3, and 4, respectively.

To convert a real matrix u to a symmetric matrix, we set u = u+ uT . To convert a matrix v ∈ Symm
to an SPD matrix, we use a method similar to [21, 28]. We compute an eigendecomposition of v as
v = kdk−1 where k ∈ Om and d is a m×m diagonal matrix, and set v = kdεk

−1 where

(dε)ii =

{
dii if dii > ε

ε otherwise

In our experiments, the value of ε is set to 1e−4. We apply the same method to the real and imaginary
parts of the coordinates z1, . . . , zq−1.
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Method
Dataset 1 Dataset 2 Dataset 3 Dataset 4

(3, 600, 3600) (4, 100, 2000) (5, 80, 1600) (6, 50, 500)

SiegelNet-QMLRSym+
m×SHq−1

m
(Ours) 72.16±0.11 91.05±0.10 85.12±0.18 75.64±0.05

SiegelNet-AFC-QMLRSym+
m×SHq−1

m
(Ours) 80.94±0.14 96.50±0.12 91.00±0.18 85.60±0.06

Table 5: Effectiveness of the AFC layer on the radar clutter classification task.

The AFC (DFC) layer is performed on each coordinate z1, . . . , zq−1 of the input data, while the
coordinate p̃0 remains unchanged. One can also perform an FC layer [54, 61] on this coordinate to
improve performance. The parameters in the MLR layers (i.e., aj , pj , j = 1, . . . , L) of our networks
belong either to Siegel spaces or to SPD manifolds:

• A parameter in SHm is represented by two matrices u ∈ Symm and v ∈ Sym+
m. To learn

parameter u, we learn a triangular matrix a ∈ Rm×m with m(m+1)
2 parameters, and compute

u as u = a + aT . To learn parameter v, we learn a triangular matrix b ∈ Rm×m with
m(m+1)

2 parameters and use the matrix exponential to obtain v as v = exp(b + bT ). We
then use the map φ(·) given in Section 2.1 to compute wj and hj .

• For each parameter pj ∈ Sym+
m, we learn three parameters kj,1, kj,2 ∈ Om and uj ∈ Rm

and set hj = kj,1 exp(diag(uj))kj,2, where diag(uj) is the diagonal matrix with diagonal
entries uj . To learn a parameter k ∈ Om, we learn a triangular matrix a ∈ Rm×m with
m(m+1)

2 parameters and use the matrix exponential to obtain k as k = exp(a − aT ). For
parameters aj , j = 1, . . . , L ∈ Sym+

m, since log(wjw
T
j ) are symmetric matrices, we can

use the same method as above to learn these matrices instead of parameters aj . Note that
when xj ∈ Sym+

m, we have gjgTj = xj . This simplifies the computation for the term
log(h−1

j gjg
T
j h
−T
j ) in the expression of the point-to-hyperplane distance.

For the MLR layer of our networks, the probability of class l is computed as

p(y = l|x) ∝ exp


∣∣∣∑L

j=1〈log(h−1
j,l gjg

T
j h
−T
j,l ), log(wj,lw

T
j,l)〉

∣∣∣√∑L
j=1

∥∥∥log(wj,lwTj,l)
∥∥∥2

 ,

where x = (x1, . . . , xL) ∈ X,xj = gjKj ∈ Xj , gj ∈ Gj , j = 1, . . . , L, and hj,l, wj,l ∈ Gj , j =
1, . . . , L are the parameters associated with class l, l = 1, . . . ,M .

Our networks are implemented in the Pytorch framework. All networks are trained using cross-
entropy loss and Adadelta optimizer for 2000 epochs. The learning rate is set to 1e− 2. The batch
size is set to 25. Results are averaged over 10 evaluations for each model. All experiments are
performed using an Intel Core i7-9700 CPU 3.00 GHz.

1.1.3 Complexity Analysis

Below we discuss the memory and time complexities of the AFC, DFC, and ProductMLR layers for
one training sample and one iteration:

• The AFC layer has memory complexity O(m(m+ 1)) and time complexity O(m3).

• The DFC layer has memory complexity O
(
m2(2m+m2+1)

2

)
and time complexity

O(m2m
2 +m2

2m).

• The ProductMLR layer has memory complexity O
(
m(3m+5)

2 + 4(q−1)m(m+1)
2

)
and time

complexity O(Mqm3).

1.1.4 Ablation Study and More Results

Tab. 5 shows the effectiveness of the AFC layer on radar clutter classification. In terms of mean
accuracy, SiegelNet-AFC-QMLRSym+

m×SHq−1
m

outperforms SiegelNet-QMLRSym+
m×SHq−1

m
by 8.78%,
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Method
Dataset 1 Dataset 2 Dataset 3 Dataset 4

(3, 600, 3600) (4, 100, 2000) (5, 80, 1600) (6, 50, 500)

SiegelNet-SPD-QMLRSym+
m

64.02±0.12 42.18±0.11 45.23±0.16 66.41±0.06
SiegelNet-AFC-QMLRSym+

m×SHq−1
m

80.94±0.14 96.50±0.12 91.00±0.18 85.60±0.06

Table 6: Impact of Siegel features on radar clutter classification.

Method
Dataset 5 Dataset 6 Dataset 7 Dataset 8

(10, 200, 2000) (12, 200, 2000) (14, 200, 2000) (16, 200, 2000)

Sym+
10×SH

4
10 Sym+

12×SH
3
12 Sym+

14×SH
2
14 Sym+

16×SH16

kNN [11] 88.00±0.0 73.40±0.0 85.40±0.0 87.10±0.0
SPDNet [21] 21.60±0.14 27.74±0.12 58.42±0.13 80.12±0.16
SPDNetBN [9] 21.95±0.12 28.82±0.09 59.95±0.09 80.75±0.11
MLR-AI [31] 25.84±0.16 32.01±0.11 65.18±0.15 84.12±0.14
GyroSpd++ [32] 29.16±0.17 30.18±0.15 62.14±0.16 85.28±0.18
SiegelNet-DFC-QMLRSym+

m×SHq−1
m

(Ours) 33.94±0.16 43.35±0.12 68.32±0.11 86.34±0.14
SiegelNet-AFC-QMLRSym+

m×SHq−1
m

(Ours) 93.72±0.13 79.61±0.10 90.06±0.10 94.36±0.12

Table 7: Results (mean accuracy ± standard deviation) computed over 10 runs for radar clutter
classification. The tuple (m,M, s) below each dataset indicates the signal dimension m, the number
of classes M , and the size of the dataset s. The product space to which input data of our networks
belong is also shown for each dataset.

5.45%, 5.87%, and 9.95% on datasets 1, 2, 3, and 4, respectively. These results demonstrate that the
AFC layer brings significant improvements in mean accuracy.

To investigate the impact of features on Siegel spaces encoded by the coordinates z1, . . . , zq−1, we
remove them from the input data and evaluate SiegelNet-AFC-QMLRSym+

m×SHq−1
m

. The resulting net-
work consists of a MLR layer built on Sym+

m using the point-to-hyperplane distance in Theorem 3.8.
Results in Tab. 6 clearly show that Siegel features have significant impact on the performance of
SiegelNet-AFC-QMLRSym+

m×SHq−1
m

.

Tab. 7 reports results of our networks for high-dimensional time series. In this experiment, we
fix the numbers of classes and of time series in each dataset while varying the order of the AR
model for simulating the data. The sizes of the parameter b in the DFC layer are set to 10 × 6,
12 × 8, 14 × 9, and 16 × 10 on datasets 5, 6, 7, and 8, respectively. It can be observed that
SiegelNet-AFC-QMLRSym+

m×SHq−1
m

remains effective across different orders and signal dimensions.

1.2 Node Classification

1.2.1 Datasets and Experimental Settings

Tab. 8 shows the statistics of Glass, Iris, and Zoo datasets. We conduct 10 random evaluations, in
each of which 20% of the sequences are randomly selected for training, and the rest are used for
testing. Note that this experimental setting is more challenging than the one in [12].

1.2.2 Optimization and Hyperparameters

We use the same method in Appendix 1.1.2 to parameterize a point x ∈ SHm. For the LogEig
classifier, each node embedding x = u+ iv is transformed to the following matrix:

log

([
v + uv−1u uv−1

v−1u v−1

])
,

which is then fed to a linear layer for classification.

For the QMLR layer, the probability of class l is computed as

p(y = l|x) ∝ exp

(∣∣〈log(φ(pl)
−1φ(x)φ(x)Tφ(pl)

−T ), log(φ(al)φ(al)
T )〉
∣∣

‖log(φ(al)φ(al)T )‖

)
,

where pl, al ∈ SHm are the parameters associated with class l, l = 1, . . . ,M .
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Dataset # Nodes # Features # Classes
Glass 214 9 6
Iris 150 4 3
Zoo 101 16 7

Table 8: Statistics of the datasets for node classification.

For the VMLR layer, the probability of class l is computed as

p(y = l|x) ∝ exp (〈d∆(x, pl), aξ,l〉) ,

where pl ∈ SHm and aξ,l ∈ Rm are the parameters associated with class l, l = 1, . . . ,M . In our
implementation, aξ,l, l = 1, . . . ,M are unit vectors whose elements are sorted in descending order
(see Appendix 4.4).

The computation of the vector-valued distance in the VMLR layer is detailed in Appendices 3.1.4
and 3.2.2. To compute the eigenvalues of the cross-ratio R(x, y), we compute those of
R(iIm, φ

−1(x)[y]) where φ(·) is the map presented in Section 2.1. They are obtained via the
Takagi factorization [47] of ϕ(φ−1(x)[y]) where ϕ(·) is the map presented in Section 2.1. Given a
complex symmetric matrix u = a+ ib ∈ Cm×m, the Takagi factorization computes a real diagonal
matrix d and a complex unitary matrix k such that u = kdkH . We construct a matrix v ∈ Sym2m as

v =

[
a b
b −a

]
.

Let v = k′d′k′−1 be an eigendecomposition of v, where k′ =

[
k1 k2

k3 k4

]
∈ R2m×2m and d′ is a

2m× 2m diagonal matrix (the diagonal entries are sorted in descending order). Then k = k2 − ik4

and d = diag(d′mm, . . . , d
′
2m−12m−1).

To compute the inverse of a complex matrix, we use the method in [51]. Given a complex matrix
u = a+ ib ∈ Cm×m, the real and imaginary parts of the inverse v = c+ id of u are computed as

c = (br + a)−1, d = −rc,

where r = a−1b.

To compute the point-to-hyperplane distance in the BMLR layer, we need to compute the map
H : G → a determined by g1 = k1 expH(g1)n1 with g1 ∈ G, k1 ∈ K, n1 ∈ N , and a is the
Lie algebra of A (please refer to Proposition 4.9 and Corollary 4.10 in [33]). We recall here that
any connected noncompact semisimple Lie group with finite center G can be decomposed into
subgroups K, A, and N , where K is maximal compact, A is maximal abelian, and N is maximal
nilpotent (the decomposition in question is called Iwasawa decomposition). The map H(·) can

be computed by Cholesky factorization [64, 66] as follows. Let g =

[
a b
c d

]
∈ Sp2m and let

gT g =

[
a1 b1
bT1 d1

]
. Let a1 = qT rq be the Cholesky factorization of the positive definite matrix a1,

where q is a unit upper triangular matrix and r is a diagonal matrix with positive diagonal entries.

Then H(g) =

[
1
2 log(r) 0

0 − 1
2 log(r)

]
.

Our networks are implemented in the Pytorch framework. All networks are trained using cross-
entropy loss and Adadelta optimizer for 2000 epochs. The learning rate is set to 1e− 2. We use a
batch size of 25 for all the datasets. The embedding dimension is set to 6. The value of k in kNN is
set to 5. Results are averaged over 10 evaluations for each model. We use a Intel Core i7-9700 CPU
3.00 GHz for all experiments.

1.2.3 Complexity Analysis

Here we provide the memory and time complexities of the QMLR and VMLR layers for one training
sample and one iteration:
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Dataset
HDM05 XView60

x-channel y-channel z-channel x-channel y-channel z-channel
SPDNet [21] 38.21±0.34 52.66±0.36 39.25±0.26 64.91±0.48 59.26±0.40 47.36±0.41
SPDNetBN [9] 40.74±0.30 56.82±0.33 42.48±0.25 68.74±0.46 61.97±0.42 50.61±0.38
MLR-AI [31] 41.32±0.32 59.54±0.35 45.17±0.24 69.62±0.50 63.87±0.45 50.58±0.43
GyroSpd++ [32] 41.09±0.37 57.32±0.39 43.65±0.30 68.83±0.51 62.12±0.48 49.94±0.46
SiegelNet-AFC-QMLRSym+

m×SHm
42.17±0.85 66.91±0.69 44.92±0.44 72.57±0.73 66.17±0.58 51.78±0.48

Table 9: Results (mean accuracy ± standard deviation) computed over 5 runs for action recognition
on HDM05 and NTU-60 datasets. XView60 corresponds to the cross-view setting of NTU-60.

• The QMLR layer has memory complexityO(2Mm(m+1)) and time complexityO(Mm3).

• The VMLR layer has memory complexity O(Mm(m+ 2)) and time complexity O(Mm3).

• The BMLR layer has memory complexity O(Mm(m+ 2)) and time complexity O(Mm3).

1.3 Human Action Recognition

1.3.1 Datasets and Experimental Settings

We conduct action recognition experiments on HDM05 [59], NTU-60 [65], and SBU Interaction [68].

HDM05 It has 2337 sequences of 3D skeleton data with 130 classes. Each frame contains the 3D
coordinates of 31 body joints. We use all the action classes and follow the experimental protocol
in [53] in which 2 subjects are used for training and the remaining 3 subjects are used for testing.

NTU-60 It has 56880 sequences of 3D skeleton data with 60 classes. Each frame contains the 3D
coordinates of 25 or 50 body joints. We use the mutual (interaction) actions for classification (11
classes). For the cross-view experimental protocol [65], training data come from the camera views 2
and 3, and testing data come from the camera view 1.

SBU Interaction It is an interaction action dataset which contains 282 sequences in 8 action
classes created from 7 subjects. Each action is performed by two subjects where each subject has
15 joints. We follow the experimental protocol based on 5-fold cross validation with the provided
training/testing splits [68].

For HDM05 and NTU-60 datasets, we consider a challenging setting in which the input data contain
only one of the three coordinates (channels) of human joints. For SBU dataset, we experiment with a
challenging setting in which we use only the x-coordinates of the right elbow (joint 4), right hand
(joint 5), left elbow (joint 7), and left hand (joint 8) of the first subject for classification. The method
in Section 5.1 is used to compute the input data which belong to products of an SPD space and a
Siegel space. We focus on comparisons of our networks and SPD neural networks.

1.3.2 Optimization and Hyperparameters

We use the same method in Appendix 1.1.2 for optimizing parameters. All networks are trained using
cross-entropy loss and Adadelta optimizer for 2000 epochs. The learning rate is set to 1e− 2. We
use a batch size of 32 for HDM05 and SBU datasets, and a batch size of 256 for NTU-60. Results are
computed over 5 runs for each model. All experiments are performed using machines with an Intel
Core i7-9700 CPU 3.00 GHz.

1.3.3 Results

Tab. 9 shows the results of our method and some state-of-the-art SPD neural networks on HDM05
and NTU-60 datasets. It can be seen that our method surpasses its competitors in most cases. It is
also noted that SiegelNet-AFC-QMLRSym+

m×SHm
using only the x-coordinates of human joints is

superior to SPDNetBN using all the joint coordinates on HDM05 dataset (62.54% [30]).
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Method kNN [11] SPDNet [21] SPDNet-BN [9] MLR-AI [31] GyroSpd++ [32] SiegelNet-AFC-QMLRSym+
m×SHm

46.59±5.85 39.10±3.77 43.03±4.73 45.18±4.94 46.01±4.28 56.33±4.78

Table 10: Results (mean accuracy ± standard deviation) computed over 5 runs for action recognition
on SBU dataset.

Tab. 10 shows the results of kNN and the competing methods in Tab. 9 on SBU dataset. The value of
k in kNN is set to 7. Again, the results demonstrate the superiority of our network compared to its
competitors for human action recognition in challenging settings.

1.4 Riemannian Generative Modeling

To our knowledge, we are not aware of any works in this context that target Siegel spaces. Since
we do not aim to propose new generative methods on Siegel spaces, we consider SPD spaces and
apply the method in [48] based on flow matching to solve the task. Note that our methods are directly
applicable to SPD spaces. We use BCIC-IV-2a [46] and MAMEM-SSVEP-II [62] datasets for our
experiments.

1.4.1 Datasets and Experimental Settings

BCIC-IV-2a It consists of electroencephalography (EEG) data captured from 9 subjects. The
cue-based BCI paradigm consists of 4 different motor imagery tasks, namely the imagination of
movement of the left hand (class 1), right hand (class 2), both feet (class 3), and tongue (class 4).
Two sessions on different days are recorded for each subject. Each session is comprised of 6 runs
separated by short breaks. One run consists of 48 trials (12 trials for each of the 4 possible classes),
yielding a total of 288 trials per session.

MAMEM-SSVEP-II It consists of EEG data with 256 channels captured from 11 subjects execut-
ing a SSVEP-based experimental protocol. Five different frequencies (6.66, 7.50, 8.57, 10.00 and
12.00Hz) are used for the visual stimulation, and the EGI 300 Geodesic EEG System (GES 300),
using a 256-channel HydroCel Geodesic Sensor Net (HCGSN) and a sampling rate of 250 Hz is used
to capture the signals.

We create two datasets of SPD matrices by computing a covariance matrix from each signal of
the datasets. For BCIC-IV-2a, the session 1 data of subject 1 is used as the training set whose
1/8 is used as the validation set. The session 2 data of subject 1 is used as the test set [46]. For
MAMEM-SSVEP-II, the first 4 sessions of subject 1 are used as the training set whose 1/4 is used as
the validation set. The fifth session of subject 1 is used as the test set [62].

1.4.2 Optimization and Hyperparameters

We use the official code3 of the method in [48]. Vector fields are parameterized as neural networks
in the ambient space and are projected onto the tangent space at every point. They are normalized
by the inverse of square root of the metric tensor to cancel out the effect of the metric tensor on
the Riemannian norm [48]. We use the original vector field (a standard multilayer perceptron) and
replace its first convolutional layer with the VMLRSym+

m
and QMLRSym+

m
layers, as well as the

MLR-LE and MRL-AI layers [60]. This is inspired by [58] which uses a Poincaré MLR layer as the
first layer (called geodesic distance layer) of the vector field to inform it about the geometry of the
considered manifold. The vector-valued distance is computed as in [57]. We use 1000 Euler steps
with a projection after every step for evaluation. For likelihood computation, we use the checkpoint
that gives the best negative log-likelihood (NLL) on the validation set to compute the NLL on the test
set [48]. The number of hidden units and the number of layers of the vector field are set to 32 and
4, respectively. All networks are trained using AdamW optimizer with model exponential moving
average. The learning rate and weight decay are set to 2e− 4 and 0.999, respectively. The number of
epochs and the batch size are set to 100 and 128, respectively. Results are computed over 5 runs for
each model. All experiments are performed using machines with an Intel Core i7-9700 CPU 3.00
GHz.

3https://github.com/facebookresearch/riemannian-fm.
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Method BCIC-IV-2a MAMEM-SSVEP-II
22× 22 8× 8

RFM [48] -225.23±3.42 -169.28±1.24
RFM-MLR-LE [31] -231.64±6.19 -170.37±3.18
RFM-MLR-AI [31] -238.59±6.38 -170.92±4.05
RFM-QMLRSym+

m
(Ours) -252.94±8.53 -173.06±7.34

RFM-VMLRSym+
m

(Ours) -260.81±6.55 -172.53±3.62

Table 11: Test NLL (mean ± standard deviation) computed over 5 runs for generative modeling on
SPD manifolds. The number of function evaluations is set to 1000 for all the models. The size of
SPD matrices in each dataset is shown below the dataset.

1.4.3 Results

Tab. 11 reports estimates of NLL on the two datasets. It can be observed that our proposed MLR
layers significantly improve RFM. We also see that these layers achieve the best performance on both
the datasets.

2 Discussion

2.1 Extension of Our Approach

While our work focuses on Siegel spaces, it can be extended to other families of Riemannian
manifolds, e.g. , Grassmann manifolds. The Grassmann manifold Grm,p [43, 44, 50] is defined as
the set of all p-dimensional subspaces of the Euclidean space Rm, i.e.,

Grm,p = {U ∈ Rm|U is a subspace,dim(U) = p}.

This set can be identified with the set of orthogonal rank-p projectors

Grm,p = {x ∈ Rm×m|x = xT , x2 = x, rank(x) = p}.

Grassmann manifolds belong to symmetric spaces of compact type and have been encountered in
many machine learning applications [23]. Using the quotient structure [44] of Grassmann manifolds
Grm,p ∼= Stm,p /Op, our method in Section 3.1 can be seamlessly applied to these manifolds.

2.2 Social Impact

Our work aims to advance the field of geometric deep learning. We do not expect any negative
societal impact of our work. It leverages the representation power of Siegel spaces which appear in
many fields such as graph learning [28], radar signal processing [3, 4, 9, 10], information fusion [67],
and theoretical physics [63]. Thus it can benefit applications in these fields by making them more
effective and efficient.

3 Definitions and Basic Facts

In this section, we recap several definitions and basic facts related to RSS. For greater mathematical
detail and in-depth discussion, we refer the interested reader to [2, 7, 19].

3.1 Symmetric Spaces of Noncompact Type

Definition 3.1. A (globally) symmetric space X is a connected Riemannian manifold with an
isometry σx : X → X for every point x ∈ X such that σx(x) = x and the differential of σx at x is
direction-reversing, i.e., Dxσx = − idTxX where TxX denotes the tangent space of X at x.

Products of symmetric spaces are symmetric spaces. Any irreducible symmetric space X admits a
decomposition

X ∼= Em ×X+ ×X−,
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where Em is of Euclidean type, X+ is of compact type, and X− is of noncompact type. Symmetric
spaces of Euclidean type are flat and are isometric to some Rm . A symmetric space of compact type
has non-vanishing sectional curvature ≥ 0 and is compact. A symmetric space of noncompact type
has non-vanishing sectional curvature ≤ 0 and is noncompact.

There is a correspondence between symmetric spaces of noncompact type and connected noncompact
semisimple Lie groups with finite center, given as follows. Let G be a connected noncompact
semisimple Lie group with finite center, and let K be a maximal compact subgroup of G. Then the
space X defined by

X := G/K := {x = gK|g ∈ G},
when endowed with a G-invariant Riemannian metric, forms a symmetric space of noncompact type.

In the following, we denote by X a symmetric space of noncompact type.

3.1.1 The Killing Form

The Killing form is an important and natural bilinear form on a Lie algebra. To define the Killing
form, we need to define the adjoint representations of a Lie group and of its Lie algebra.
Definition 3.2. Let G be a connected Lie group and let g be its Lie algebra. Let h ∈ G and let I(h)
be the map defined by

I(h) : G→ G,

g 7→ hgh−1,

which is an isomorphism of Lie groups. Denote by GL(g) the Lie group of all bijective linear maps
on g, by Ad(h) the differential De(I(h)) of I(h) at the identity e ∈ G. The adjoint representation of
G is defined by the following map:

AdG : G→ GL(g),

h 7→ Ad(h).

The map AdG(·) is a Lie group homomorphism. Let gl(g) be the Lie algebra of GL(g). The adjoint
representation ad : g → gl(g) of g is defined as the differential of the map AdG(·) at the identity
e ∈ G.
Definition 3.3. The Killing form B of a Lie algebra g is the symmetric bilinear form on g defined by

B : g× g→ R,
(x, y) 7→ Tr(ad(x) ◦ ad(y)).

The Killing form has the following properties [19].
Proposition 3.4. For any Lie algebra automorphism ν : g→ g we have

B(ν(x), ν(y)) = B(x, y),

where x, y ∈ g.

3.1.2 Weyl Group

A Cartan decomposition of a noncompact semisimple Lie algebra g is a vector space direct sum
decomposition g = l⊕ p such that the Killing form of g is negative definite on l and positive definite
on p. Let a be a maximal abelian subspace of p.

Denote by M the centralizer, and by M ′ the normalizer of a in K, i.e.

M = {k ∈ K : Ad(k)h = h for all h ∈ a},
M ′ = {k ∈ K : Ad(k)h ∈ a for all h ∈ a}

Definition 3.5. The Weyl group of X is the factor group M ′/M .

For the real symplectic group G := Sp2m, the Lie algebra a, the centralizer, and the normalizer of a
in K are given by

a =

{[
a 0
0 −a

]
: a = diag(a1, . . . , am), a1, . . . , am ∈ R

}
,
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M =

{[
a 0
0 a

]
: a = diag(a1, . . . , am), a1, . . . , am = ±1

}
,

M ′ =

{[
a b
−b a

]
: a+ b is a matrix with each row or column having exactly one non-zero entry of± 1

}
.

Thus the Weyl group W = M ′/M contains all permutations of entries of a in
[
a 0
0 −a

]
∈ a as well

as all possible changes of sign.

3.1.3 Weyl Chamber

Weyl chambers play an important role in the description of the geometry of X and that of the boundary
at infinity ∂X of X . They can be defined in a, X , and ∂X as follows.
Definition 3.6. Let x ∈ p and let Cg(x) = {y ∈ g : [y, x] = 0} be the centralizer of x in g, where
[·, ·] denotes the Lie bracket. The vector x is called regular if Cg(x) ∩ p is maximal abelian, and
singular otherwise. An open Weyl chamber a+ in a is a connected component of the set of regular
vectors in a. An open Weyl chamber in X is a set of the form g exp(a+)[o], where g ∈ G. A Weyl
chamber at infinity is a subset of ∂X and is the boundary at infinity of the closure of a Weyl chamber
in X .

Note that the domain of the vector-valued distance function used for constructing the point-to-
hyperplane distance in Section 3.2 is a Weyl chamber in a.

3.1.4 Vector-valued Distance

A general procedure for computing the vector-valued distance on a symmetric space is given in
Algorithm 2 which follows the construction in [24, 25]. Detailed steps for computing the vector-valued
distance on Siegel spaces are discussed in Appendix 3.2.2.

Algorithm 2: Compute the vector-valued distance on a symmetric space
Input: x, y ∈ X , the model flat Fmod, the Weyl chamber ∆.

1 Compute the projections of x, y into Fmod, i.e., find g ∈ G such that a = g[x], b = g[y] and
a, b ∈ Fmod.

2 Compute the translation t from a to b.
3 Identify the Weyl group element w such that w[t] = v ∈ ∆.

Output: The vector-valued distance v ∈ ∆.

3.2 Siegel Spaces

3.2.1 Riemannian Metric

Consider the cross-ratio R(·, ·) (see Section 2.1) given as

R(x, y) = (x− y)(x− ȳ)−1(x̄− ȳ)(x̄− y)−1,

where x, y ∈ SHm. If R(x, y) is viewed as a function of y, then the second differential of R(x, y) at
the point y = x is given by

d2R(x, y) =
1

2
dxv−1dx̄v−1,

where x = u+ iv. Hence

d2 Tr(R(x, y)) = Tr(d2R(x, y)) =
1

2
Tr(v−1dxv−1dx̄),

where the first equality is due to the community of the differential and trace operators.

One can show that for any g ∈ Sp2m, R(x, y) and R(g[x], g[y]) have the same eigenvalues [37].
Thus Tr(R(x, y)) = Tr(R(g[x], g[y])) and therefore Tr(v−1dxv−1dx̄) is invariant under the group
action of Sp2m on SHm. This motivates the use of the differential form in Eq. (1) as the Riemannian
metric for the Siegel upper space model.
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3.2.2 Vector-valued Distance on Siegel Spaces

Given two points x, y ∈ SHm, the computation of the vector-valued distance between x and y follows
the general procedure given in Algorithm 2 and is detailed below.

Identify a maximal flat of SHm A maximal abelian subspace of p is given by

a =

{[
a 0
0 −a

]
: a = diag(a1, . . . , am), a1, . . . , am ∈ R

}
.

Thus the model flat Fmod of SHm can be given by

Fmod = {g[iIm] : g ∈ exp(a)} =
{
idiag(a2

1, . . . , a
2
m) : ai 6= 0

}
.

Compute the projections of two points on Fmod It has been shown [37] that there exists a
symplectic transformation mapping x and y into iIm and iT where T = diag(t1, . . . , tm), tk =
1+
√
rk

1−√rk , r1, . . . , rm are the eigenvalues of the cross-ratio R(x, y). Thus the projections of x and y on
the model flat Fmod are iIm and iT , respectively.

Compute the translation between the projections The translation between iIm and iT is de-
termined by viewing Im and T as points on Sym+

m. Thus the vector-valued distance is given by
[v1, . . . , vm], where (v1, . . . , vm) is a permutation of (log(t1), . . . , log(tm)) and v1 ≥ . . . ≥ vm.

3.3 SPD Manifolds

The SPD manifold Sym+
m is defined as

Sym+
m = {x ∈ Symm : vTxv > 0 for all v ∈ Rm, v 6= 0}.

Quotient Structure Let GLm be the general linear group. The group GLm acts transitively on
Sym+

m as follows: For all g ∈ GLm and all x ∈ Sym+
m,

g[x] = gxgT .

The stabilizer of Im ∈ Sym+
m is Om. Thus Sym+

m can be identified as

Sym+
m
∼= GLm /Om .

Riemannian Distance The Riemannian distance induced by the affine-invariant metric [35] be-
tween two points x, y ∈ Sym+

m is given by

d(x, y) = ‖ log(x−
1
2 yx−

1
2 )‖.

3.4 Angles

Here we review different notions of angle used in our paper and some proofs of our theoretical results.
Definition 3.7 (Riemannian angles [7]). Let δ(t) and δ′(t) be two continuously differentiable curves
such that δ(0) = δ′(0), then the Riemannian angle between them at δ(0) is the unique α ∈ [0, π]
such that

cosα =
〈u, u′〉δ(0)

‖u‖δ(0)‖u′‖δ(0)
,

where u and u′ are the velocity vectors at time t = 0 of δ(t) and δ′(t), respectively, 〈·, ·〉δ(0) denotes
the Riemannian metric computed at δ(0), and ‖ · ‖δ(0) denotes the norm induced by the Riemannian
metric.
Definition 3.8 (Gyroangles [31]). Let X be a symmetric space, and let ⊕ and 	 be the binary and
inverse operations defined on X . Let p, q, and r be three distinct points on X . The gyrocosine of the
measure of the gyroangle α ∈ [0, π] between 	p⊕ q and 	p⊕ r is given by the equation

cosα =
〈	p⊕ q,	p⊕ r〉
‖ 	 p⊕ q‖‖ 	 p⊕ r‖

.

The gyroangle α is denoted by α = ∠qpr.
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Definition 3.9 (Comparison angles [7]). A comparison triangle in E2 for a triple of points (p, q, r)
in X is a triangle in the Euclidean plane with vertices p̄, q̄, r̄ such that d(p, q) = d(p̄, q̄), d(q, r) =
d(q̄, r̄), and d(p, r) = d(p̄, r̄). Such a triangle is unique up to isometry, and shall be denoted
∆(p, q, r). The interior angle of ∆(p, q, r) at p is called the comparison angle between q and r at p
and is denoted ∠p(q, r). The comparison angle is well-defined provided q and r are both distinct
from p.

Definition 3.10 (Angle between two geodesic paths [7]). Let δ : [0, a] → X and δ′ : [0, a′] →
X be two geodesic paths with δ(0) = δ′(0). Given t ∈ (0, a] and t′ ∈ (0, a′], we consider
the comparison triangle ∆(δ(0), δ(t), δ′(t′)), and the comparison angle ∠δ(0)(δ(t), δ

′(t′)). The
(Alexandrov) angle or the upper angle between the geodesic paths δ and δ′ is the number ∠δ,δ′ ∈ [0, π]
defined by:

∠δ,δ′ := lim sup
t,t′→0

∠δ(0)(δ(t), δ
′(t′)) = lim

ε→0
sup

0<t,t′<ε
∠δ(0)(δ(t), δ

′(t′)).

Definition 3.11 (Angle between a geodesic segment and a geodesic ray [7]). LetX be a symmetric
space. Given x, y ∈ X and ξ, ξ′ ∈ ∂X , we shall use the symbol ∠x(ξ, ξ′) to denote the angle at x
between the unique geodesic rays which issue from x and lie in the classes ξ and ξ′, respectively, and
we write ∠x(y, ξ) to denote the angle at x between the geodesic segment [x, y] and the geodesic ray
which issues from x and is in the class ξ.

Definition 3.12 (Angle between two points on the boundary at infinity [7]). LetX be a symmetric
space. The angle ∠(ξ, ξ′) between ξ, ξ′ ∈ ∂X is defined to be:

∠(ξ, ξ′) = sup
x∈X

∠x(ξ, ξ′).

4 Mathematical Proofs

4.1 Proof of Proposition 3.3

Proof. Assuming that the Riemannian metric is induced by the Killing form (see Appendix 3.1.1).
To prove the first property, we need a result from [56].

Lemma 4.1. Let µ : G→ a+ be the map defined by g = k exp(µ(g))k′ where g ∈ G and k, k′ ∈ K.
Let ρ : X → a+ be the map sending x = g[o] ∈ X to µ(g), where g ∈ G. For all x, x′ ∈ X ,

‖ρ(x)− ρ(x′)‖ ≤ d(x, x′),

where ‖ · ‖ is the Euclidean norm induced by 〈·, ·〉.

Moreover, if x, x′ ∈ exp(a+)[o], then d(x, x′) = ‖ρ(x)− ρ(x′)‖.

We also need to prove the following result.

Lemma 4.2. Let g, h ∈ G. If there exists some k ∈ K such that g = k exp(µ(g))k1 and h =
k exp(µ(h))k2 where k1, k2 ∈ K, then

〈log(ggT ), log(hhT )〉 = 4〈µ(g), µ(h)〉.

Proof. We have

ggT = k exp(µ(g))k1k
T
1 exp(µ(g))kT

= k exp(2µ(g))kT ,

and hhT = k exp(2µ(h))kT . Hence

〈log(ggT ), log(hhT )〉 = 〈log(k exp(2µ(g))kT ), log(k exp(2µ(h))kT )〉
= 4〈kµ(g)kT , kµ(h)kT 〉
= 4〈µ(g), µ(h)〉,

where the last equality is due to the fact that K is a subgroup of the group of orthogonal matrices.
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Let x = gK, y = hK where g, h ∈ G. Since the distance d(·, ·) is G-invariant, we have

d(x, y) = d(g−1[x], g−1[y])

= d(o, g−1h[o]).

Let g−1h = kak′ where a ∈ exp(a+), k, k′ ∈ K. Then

d(o, g−1h[o]) = d(k−1[o], k−1kak′[o])

= d(o, a[o])

By Lemma 4.1,

d(o, a[o]) = ‖ρ(o)− ρ(a[o])‖
= ‖µ(a)‖
= ‖µ(g−1h)‖.

Note that

‖ 	 x⊕ y‖S = ‖g−1hK‖S
=
√
〈g−1hK, g−1hK〉S

=
√
〈log

(
g−1h(g−1h)T

)
, log

(
g−1h(g−1h)T

)
〉.

By Lemma 4.2, we get

‖ 	 x⊕ y‖S ∝
√
〈µ(g−1h), µ(g−1h)〉

= ‖µ(g−1h)‖.

Therefore
‖ 	 x⊕ y‖S ∝ d(x, y).

To prove the second property, note that

〈k[x], k[y]〉S = 〈kgK, khK〉S
= 〈log(kggT kT ), log(khhT kT )〉
= 〈k log(ggT )kT , k log(hhT )kT 〉.

Since K is a subgroup of the group of orthogonal matrices, we have

〈k[x], k[y]〉S = 〈log(ggT ), log(hhT )〉
= 〈gK, hK〉S
= 〈x, y〉S.

4.2 Proof of Theorem 3.5

Proof. Let p = hK, q = lK, a = wK ∈ X where h, l, w ∈ G, and let Ha,p be a hyperplane as
given in Definition 3.4. Then

〈	p⊕ q, a〉S = 〈log(h−1llTh−T ), log(wwT )〉.

Thus for any q = lK ∈ Ha,p, l ∈ G, we have

〈log(h−1llTh−T ), log(wwT )〉 = 0.

Let x = gK ∈ X, g ∈ G. By the definition of the point-to-hyperplane distance,

d̄(x,Ha,p) = sin(∠xpq̄)d(x, p),
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where q̄ is the solution of the following optimization problem:

q̄ = arg max
q∈Hw,p\{p}

(
〈	p⊕ q,	p⊕ x〉S

‖ 	 p⊕ q‖S‖ 	 p⊕ x‖S

)
= arg max
q∈Hw,p\{p}

(
〈h−1lK, h−1gK〉S
‖h−1lK‖S‖h−1gKx‖S

)
= arg max
q∈Hw,p\{p}

(
〈log(h−1llTh−T ), log(h−1ggTh−T )〉
‖ log(h−1llTh−T )‖‖ log(h−1ggTh−T )‖

)
subject to the constraint

〈log(h−1llTh−T ), log(wwT )〉 = 0. (3)

This amounts to finding the minimum angle between the vector log(h−1ggTh−T ) and the Euclidean
hyperplane described by Eq. (3). This problem has a closed form solution [52] and the distance
d̄(x,Ha,p) can be obtained as

d̄(x,Ha,p) =
|〈log(h−1ggTh−T ), log(wwT )〉|

‖ log(wwT )‖
.

Note that h = φ(p), g = φ(x), and w = φ(a). Hence

d̄(x,Ha,p) =
|〈log(φ(p)−1φ(x)φ(x)Tφ(p)−T ), log(φ(a)φ(a)T )〉|

‖ log(φ(a)φ(a)T )‖
.

4.3 Proof of Theorem 3.8

Proof. Let q = (q1, . . . , qL), and let qj = ljKj , lj ∈ Gj , j = 1, . . . , L. Then

〈	p⊕ q, a〉S =

L∑
j=1

〈	pj ⊕ qj , aj〉S

=

L∑
j=1

〈h−1
j ljKj , wjKj〉S

=

L∑
j=1

〈log(h−1
j lj l

T
j h
−T
j ), log(wjw

T
j )〉

=
〈
C
(
{log(h−1

j lj l
T
j h
−T
j )}Lj=1

)
, C
(
{log(wjw

T
j )}Lj=1

)〉
,

where the operation C
(
{uj}Lj=1

)
flattens uj and concatenates the resulting vectors for given matrices

uj , j = 1, . . . , L. Similarly, we have

〈	p⊕ q,	p⊕ x〉S =

L∑
j=1

〈	pj ⊕ qj ,	pj ⊕ xj〉S

=

L∑
j=1

〈h−1
j ljKj , h

−1
j gjKj〉S

=

L∑
j=1

〈log(h−1
j lj l

T
j h
−T
j ), log(h−1

j gjg
T
j h
−T
j )〉

=
〈
C
(
{log(h−1

j lj l
T
j h
−T
j )}Lj=1

)
, C
(
{log(h−1

j gjg
T
j h
−T
j )}Lj=1

)〉
.

From the above equation, we deduce that

‖ 	 p⊕ q‖S =
∥∥C({log(h−1

j lj l
T
j h
−T
j )}Lj=1

)∥∥ ,
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and
‖ 	 p⊕ x‖S =

∥∥C({log(h−1
j gjg

T
j h
−T
j )}Lj=1

)∥∥ .
The distance d̄(x,Ha,p) between point x and hyperplaneHa,p is given by

d̄(x,Ha,p) = sin(∠xpq̄)d(x, p),

where q̄ is the solution of the following optimization problem:

q̄ = arg max
q∈Ha,p\{p}

( 〈
C
(
{log(h−1

j lj l
T
j h
−T
j )}Lj=1

)
, C
(
{log(h−1

j gjg
T
j h
−T
j )}Lj=1

)〉∥∥C({log(h−1
j lj lTj h

−T
j )}Lj=1

)∥∥ ∥∥C({log(h−1
j gjgTj h

−T
j )}Lj=1

)∥∥
)

subject to the constraint〈
C
(
{log(h−1

j lj l
T
j h
−T
j )}Lj=1

)
, C
(
{log(wjw

T
j )}Lj=1

)〉
= 0. (4)

The above problem is equivalent to the one of finding the minimum angle between the vector
C
(
{log(h−1

j gjg
T
j h
−T
j )}Lj=1

)
and the Euclidean hyperplane described by Eq. (4). Therefore, the

distance d̄(x,Ha,p) can be obtained as

d̄(x,Ha,p) =

∣∣〈C({log(h−1
j gjg

T
j h
−T
j )}Lj=1

)
, C
(
{log(wjw

T
j )}Lj=1

)〉∣∣∥∥C({log(wjwTj )}Lj=1

)∥∥ .

Some simple manipulations lead to

d̄(x,Ha,p) =

∣∣∣∑L
j=1〈log(h−1

j gjg
T
j h
−T
j ), log(wjw

T
j )〉
∣∣∣√∑L

j=1 ‖ log(wjwTj )‖2
.

4.4 Proof of Proposition 3.11

Proof. Following [33], we will assume that the Riemannian metric is induced by the Killing form
(see Appendix 3.1.1) and ‖aξ‖ = 1.

Let ξ, ξ′ ∈ ∂X . Then the function (ξ, ξ′) 7→ ∠(ξ, ξ′) (see Definition 3.12) defines a metric on ∂X
called the angular metric [7]. The Tits metric on ∂X is the length metric associated to the angular
metric. The Tits metric is denoted dT . The length space (∂X, dT ) is called the Tits boundary [7] of
X , and is denoted ∂TX . The natural G-action on X by isometries extends to a continuous action
on ∂TX . Let ∆sph be the boundary at infinity of ∆. Then there exists a natural identification
∂TX/G ∼= ∆sph [24, 25]. One can thus define a ∆sph-direction map θ as the natural projection

θ : ∂TX → ∆sph
∼= ∂TX/G,

which is obtained by dividing out the G-action [24, 25].

Let θ̄ = θ(ξ). Then we have

d(x, p) cos∠x(p, ξ) ≤ d(x, p) max
θ(ξ′)=θ̄

cos∠x(p, ξ′). (5)

Let x = gK, g ∈ G. Then for any k ∈ K, since θ(gk[ξ]) = θ̄, we have

d(x, p) max
θ(ξ′)=θ̄

cos∠x(p, ξ′) ≥ d(x, p) max
k∈K

cos∠x(p, gk[ξ]).

For any h ∈ G, there exists g′ ∈ G such that h = gg′. Also, we have g′[ξ] = k[ξ] for some
k ∈ K [49]. Thus h[ξ] = gk[ξ] and we have

d(x, p) max
θ(ξ′)=θ̄

cos∠x(p, ξ′) ≤ d(x, p) max
k∈K

cos∠x(p, gk[ξ]).
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We thus deduce that
d(x, p) max

θ(ξ′)=θ̄
cos∠x(p, ξ′) = d(x, p) max

k∈K
cos∠x(p, gk[ξ])

= d(x, p) max
k∈K

cos∠o(g
−1[p], k[ξ])

= max
k∈K

d(x, p) cos∠o(g
−1[p], k[ξ]).

(6)

Denote by τ the natural projection G→ G/K, by Deτ the differential of τ at the identity e ∈ G. Let
δ1(t) be the geodesic ray which issues from o and passes g−1[p]. Then δ1(t) = k1 exp(td∆(x, p))K
for some k1 ∈ K. Since δ1(t) = exp(tk1d∆(x, p)k−1

1 )K, the tangent vector of δ1(t) at t = 0 is
given as Deτ(k1d∆(x, p)k−1

1 ) [42]. Let δ2(t) be the geodesic ray which issues from o and lies in the
class k[ξ]. Then δ2(t) = kk2 exp(taξ)K for some k2 ∈ K and the tangent vector of δ2(t) at t = 0 is
given as Deτ(kk2aξk

−1
2 k−1). By the definition of Riemannian angles (see Definition 3.7),

cos∠o(g
−1[p], k[ξ]) =

〈Deτ(k1d∆(x, p)k−1
1 ), Deτ(kk2aξk

−1
2 k−1)〉o

‖Deτ(k1d∆(x, p)k−1
1 )‖o‖Deτ(kk2aξk

−1
2 k−1)‖o

=
〈k1d∆(x, p)k−1

1 , kk2aξk
−1
2 k−1〉

‖k1d∆(x, p)k−1
1 ‖‖kk2aξk

−1
2 k−1‖

=
〈d∆(x, p), k−1

1 kk2aξk
−1
2 k−1k1〉

‖d∆(x, p)‖‖aξ‖

=
〈d∆(x, p), k−1

1 kk2aξk
−1
2 k−1k1〉

d(x, p)
.

Hence

max
k∈K

d(x, p) cos∠o(g
−1[p], k[ξ]) = max

k∈K
d(x, p)

〈d∆(x, p), k−1
1 kk2aξk

−1
2 k−1k1〉

d(x, p)

= max
k∈K
〈d∆(x, p), k−1

1 kk2aξk
−1
2 k−1k1〉

= max
k∈K
〈d∆(x, p), kaξk

−1〉.

Since d∆(x, p), aξ ∈ ∆, we have

max
k∈K
〈d∆(x, p), kaξk

−1〉 = 〈d∆(x, p), aξ〉.

Therefore
max
k∈K

d(x, p) cos∠o(g
−1[p], k[ξ]) = 〈d∆(x, p), aξ〉. (7)

Combining Eqs. (5), (6), and (7), we get

d(x, p) cos∠x(p, ξ) ≤ 〈d∆(x, p), aξ〉.
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