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APPENDIX

A STATEMENTS OF REFERENCED THEOREMS

For a more comprehensive discussion and comparison, we provide the following related results from
the literature.

Proposition A.1 (Caffarelli). Ler p = exp(—Q(z))dx and v = exp(—(Q(z) + V (z)))dx denote
two Borel probability measures on Euclidean space (R™, |-|), where Q) denotes a quadratic function,
ie.

Q(z) = (Az,z) + (b,x) + ¢,
with A positive-definite, and V' is a convex function. Then the Brenier optimal-transport map T =
Topt, pushing forward (v onto v is a contraction:

ve,y € R, [T(2) =T(y)] < |z —yl-
Proposition A.2 (Kim & Milman| Thm.1.1). Let y = exp(—U(z))dx and v = exp(—(U(x) +
V(z)))dx denote two Borel probability measures on Euclidean space (R™,| - |). Assume that U €
C?”O‘(R”) (v > 0) is a convex function of the form:

loc
k
U(z) = Q(Projg,z) + Y pil[Projg,z[), Vi=1,....k, p{" <OonRy,
i=1
where Q) : Ey — R is a quadratic function, i.e.
Q(z) = (Az,z) + (b, z) +c.

And that V : R™ — R is convex and satisfies our symmetry assumptions Then there exists a
map T : R™ — R"™ pushing forward p onto v and satisfying our symmetry assumptions, which is a
contraction.

Definition A.3 (Kim & Milman| symmetry assumptions). We will say that a function F
R™ — R satisfies our symmetry assumptions if it is invariant under the action of the subgroup
O(FE1,...,E) :=1x O(Ey) X ... x O(Ey) of the orthogonal group O(n), or equivalently, if:

30 : RI™Eoth R 0 that F(z) = ®(Projp, «, | Projg, zl,...,|Projg, z|).

We will similarly say that a map T : R™ — R" satisfies our symmetry assumptions if it commutes
with the action of the latter subgroup.

Proposition A.4 (Kim & Milman| Thm.1.3). Proposition[A.2]is also valid when replacing T with
the Brenier optimal transport map T,y pushing forward pi onto v.

Proposition A.5 (Colombo et al| Thm.1.1). Let V € C’;;:(]R”) be such that e~V (*)dx € P(R™).
Suppose that V(0) = infgn V and there exist constants 0 < A\ A < oo for which N\g <
D?V(z) < Alq for a.e. z € R™. Moreover, let R > 0, ¢ € C2(BRg), and ¢, € R be such that
e"V@tea—a@) dy ¢ P(R"). Assume that —Xla < D?q in the sense of distributions for some
constant Aq > 0. Then, there exists a constant C; = C1(R, A\, A, \;) > 0, independent of n, such

that the optimal transport map T that takes e~V () dx: to e~V (*)+ea=4(@) dy satisfies
VT oo mmy < Ch.

Proposition A.6 (Neeman Thm.1.3). Suppose that dy = e~V @) dry is a probability measure on R™,
where D*V > —k (for k > 1), and supV — inf V < c. Then p is an L-Lipschitz push-forward of
. for

L =2(2r)"".
Proposition A.7 (Mikulincer & Shenfeld| Thm.1). Let u be a k-log-concave probability measure
on RY, and set D := diam(supp(u)). Then, for the map %% : R? — RY which satisfies

flow

0"V va = W, the following holds:

1. If K > 0 then
1
flow
[V ™™ (@)]lop < 7

for p-almost every z.
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Table 2: Lip changes of variables via Heat flow

Target I, Lip-constant Result
log-concave+sym.Ass. I+sym.Ass. Kim & Milman|(2012) Prop[4.2]
k-log-concave+osc < ¢ 2(2k)° Neeman|(2022)) Prop. |A.6

1—xD? |
k-log-concave e =2 D Mikulincer & Shenfeld (2023)) Prop.
L2 L ]
L-log-Lipschitz %6(W+2ﬁ) Brigati & Pedrotti| (2024) Prop. M

%
()
G-tail Ass.[3.7 ﬁe 2 This work Cor. |A

where k, ¢, D, L, L1, K1, K> are dimension-independent constant.

2. If kD? < 1 then
1-xD?

IV ™ (@) lop < % D,

for p-almost every z.

Proposition A.8 (Brigati & Pedrotti Thm.1.4). Let u = e~ (W+H) ¢ L1 (RY) be a probability
density on R such that W is k-convex for some r > 0 and H is L-Lipschitz for some L > 0. Then,
there exists a map TV : R — R such that (Tﬂow)#'yd = pand TV is ﬁ exp (% + 2%)_
Lipschitz.

Corollary A.9 (This work Cor.with A= (kl) " and C = Iy). Let pp = e~ W@ —H@) pe g
probability density on R? such that W (x) = '{lg‘z while H (x) being L-Lipschitz and ||V H || s <
Ly for some L,L, > 0. Then, there exists a map T : R? — R such that (Tﬂow)#vd = pand

THow g ﬁ exp (L?’; Ly )-Lipschitz.

Sketch of calculation. Applying Cor. with A = (kI;)~! and C = I, Both A and C are
diagonalizable, which leads to a more refined Lip upper bound:

1 2,72 1

[A[*(L* + Ly)t / [A—C||t )

exp dt + dt
</0 (IA[[£2 + [|CI(1 — t2))? o 1Az +[[ClI(1 —12)

JAIL2+ L) 1 |4
< —1
—eXp< ol T2

< 1 . L?>+ I,
— X —_— .
~VE P 2K

Proposition A.10 (Albergo & Vanden-Eijnden| Pro.3). Let pi(x) be the exact interpolant density
and given a velocity field v;(x), let us define pi(x) as the solution of the initial value problem

O

O0ipr +V - (04pr) =0,  pr—o0 = po-

Assume that 0¢(x) is continuously differentiable in (t,x) and Lipschitz in x uniformly on (t,z) €
[0,1] x R with Lipschitz constant K. Then the square of the Wy distance between py and py is
bounded by

W3 (prs 1) < 2K H (0) (17)

where H () is the objective function defined as
1
H(v) = / / |0 () — vt(ﬂc)|2 pi(x) da dt.
0o Jrd

Proposition A.11 (Albergo et al.. Thm.2.23). Let p denote the solution of the Fokker-Planck equa-
tion (2.20) with €(t) = € > 0. Given two velocity fields b, 3 € C°([0, 1], (C*(R%))?), define

br(t,x) = b(t,z) +d(t,2), 0(t,x) = b(t, z) +y(D)F(1)3(t, @),
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where the function vy satisfies the properties listed in Definition|l| Let p denote the solution to the
Fokker-Planck equation

Oip+V - (brp) = eAp,  p(0) = po.
Then,

KLpalp(0) < 5 (00 - min i) + § (] - min 403

where 53[5] and L;[8] are the objective functions defined in

1
Ly[b] = /0 E (;w(t,xt)ﬁ — (8eI(t,z0, 1) +(t)2) ~B(t,xt)> dt
and
LoE] = /O E (;g(t,xtﬂ (@) §(t,xt)> dt.
And

SUP¢eo,1 y(t) — €)? . .
KLlpu (1) < o (£3la) —min 2357 ) + 2O =D () i)

where L;[0] is the objective function defined in

L,[0] = /01 E <;|©(t,xt)2 — Ol (t, z0, 1) ~6(t,xt)> dt.

Proposition A.12 (Boffi et al. Prop.3.9: Lagrangian error bound). Let X, : R? — R denote the
Sflow map for a pre-trained stochastic interpolant or diffusion model, and let X, ; R?% — R¢ denote

an approximate flow map. Given xo ~ po, let p1 be the density of)A(OJ (o) and let py be the target
density of Xo.1(xo). Then,

W3(p1,p1) < e't? Jo L (X)),
where C4 is the Lipschitz constant of the drift term.
Proposition A.13 (Boffi et al. Prop.3.10: Eulerian error bound). Let X, ; : RY — R? denote the

ow map for a pre-trained stochastic interpolant or diffusion model, and let XS + : R — RY denote
p p 14 ,

an approximate flow map. Given xo ~ po, let p1 be the density of Xo,l(zo) and py be the target
density of Xo.1(xo). Then,

W3 (p1. pn) < €' Loup(X). (18)
Proposition A.14 (Benton et al.| Thm.4). Suppose that the following Assumptions hold,

s The true and  approximate  drifts  v~(x,t) and  wve(x,t)  satisfy
Jy B [[[oo (X0, t) = oX (X0, )| at < €2,

s For each x € R? and s € [0,1] there exist unique flows (Yﬁ)te[s’l] and (Zs}ft)te[s,l]
starting in Y.X, = x and Zfs = x with velocity fields vy(x,t) and vX (x,t) respectively.

5,8 T

Moreover, Y. and Z2, are continuously differentiable in x, s and t.

* The approximate flow vg(x,t) is differentiable in both inputs. Also, for each t € (0,1)
there is a constant Ly such that vg(x,t) is Ly-Lipschitz in x.

o For some A > 1, ay Xo + Bt X1 is A-regular for all t € [0, 1].

V¢ is a concave function on [0, 1] which determines the amount of Gaussian smoothing applied at
time t, and that ag = 1 = 1 and 9 = Y1 = Ymin. Then, for any vg € V, if Y is a flow starting in
7o with velocity field vy and 71 is the law of Y,

2\
Wa(iy,m) < Ce (z‘“) + Vi Ymin

where C = exp {R (f01(|dt|/*yt) dt+f01(|Bt|/7t) dt)} With Ymin = inficp01] Y Ymax =
SUDP¢e(o,1) Vt-

15



Under review as a conference paper at ICLR 2026

Proposition A.15 (Cheng et al| Prop.5.4). Suppose qv = qn = q € P3, and the computed
transport maps T,, and Sy, satisfy the following assumptions:

s The learned transport T, 1, is non-degenerate and in L?(p,,); it is invertible on R* and
T;_&l is also non-degenerate. In addition, for some € > 0, 3,11 € Ow, Frni1(Pnt1) st
||§7l+1||pn+1 <e

e Forn = N,...,1, the computed reverse transport S,, is non-degenerate, in L*(qy,), and
satisfies that
<

Gn > Einv-

||Tnosn _Id

s There is K > 0 s.t. T, ' is Lipschitz on R? with Lipschitz constant e’* for all n =
N 1.

Then all q,, and qy, are in Py and

~ Cinv YK (N+1)
1% < =7
Q(QO7qO) = ’yKe )

where €y, denotes Inversion error and e"¥ is the Lipschitz constant of inverse transport map.

Proposition A.16 (Gao et al| Thm.1.2). Suppose that the target distribution has a bounded support,
or is strongly log-concave, or is a mixture of Gaussians. Let n be the sample size and 0 < t < 1
satisfying t ~ n~Y(4+5) By properly setting the deep ReLU network structure and the forward
Euler discretization step sizes, the distribution estimation error of the CNFs learned with linear
interpolation and flow matching is evaluated by

EWa(pr—¢.p1) = O(n”~75),

where the expectation is taken with respect to all random samples, p1_, is the law of generated data,
p is the law of target data, Wy (-, -) is the Wasserstein-2 distance, and a polylogarithmic prefactor in
n is omitted.

Definition A.17 (Cattiaux & Guillin). A probability measure j1(dx) = exp(—U(x))dx is k-semi-
log-concave for some r € R if its support 2 C R? is convex and U € C?(2) satisfies

V2U(x) = klg, Yz €Q.

Definition A.18 (Eldan & Lee). A probability measure p(dx) = exp(—U(x))dx is B-semi-log-
convex for some 3 > 0 if its support Q C R% is convex and U € C? () satisfies

V2U(x) < Bly, Yz €.

Assumption A.19 (Dai et al.| Semi-log-convexity). v is 3-semi-log-convex for some 3 > 0.

Assumption A.20 (Dai et al.| Structural condition). Set D := % diam(supp(v)). One of the

following holds:
1. vis k-semi-log-concave for some r > 0 with D € (0, c0];
2. v is k-semi-log-concave for some k < 0 with D € (0, 00);

3. v=N(0,0%1,) * p with a probability p supported on a ball of radius R in R°.
B PROOFS
In this part, we provide the detailed proofs of the theories in this paper.

B.1 PROOF OF THEOREM [3.3]

Proof. Recall Monge’s Optimal Transport (OT) problem (Monge, [1781), which seeks a map T’
pushing p to v that minimizes | c(z,T(z)) du(x) subject to Ty = v, inducing the p-Wasserstein
distance

1/p
W, (1, v ::< inf  Eq,\o[llz — p) ,
) i= (ot Eypealla =yl
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where I'(u, v) denotes the set of couplings with marginals ¢ and v.

— —
Applying this to the push-forward measures P, , and Qtn+1 (cf. definition @) at [t,,, t,,+1] gives
— —
WQ(Ptn,+1 ) Qtn+1 )
VB, 5y wria, 5o TV o) T

~ < < —
<\/E(§t",§tn) NF(at",Et”)|Tn(Yt") — Tn(th)P + \/]E)e(t" NEt |Tn(th) — Tn(th)|2

n

~ ~ — ~ <~
<Lip(T; - - - - Th1(Y —Th-1(X 2
<Lip( V Gy ern e T Fe) = T ()
_ 5
+ (K\/M0+ﬁ+l(2)h+€ N
where the last inequality uses Assumption [3.3] and Assumption [3.4] Then applying the discrete
Gronwall inequality yields (T0). O

B.2 PROOF OF THEOREM[3.§]

Proof. For simplicity, denote

|K(t)(VC) e _y|2B(t)> ot y) = B, <_|K(t)(\FC)19€ - y|23(t)> .

G(t,x,y) = exp (— 5 5

Under the Gaussian tail Assumption the score function of Follmer flow can be calculated by
|23

(27 det(B(t)))_% G(t,x,y) - exp (— xQAt> exp (h(\@y)) dy,

S(t,x) := CVlogp, = CV log/
R4

where A; = At? + C(1 — 1), K(t) = (AA;Mt, B(t) = (AA;1)(1 —#2).
First, we consider the modified score function over the time interval (0, 1],
S(t,x) = S(t,z) + CA; '

d
2

= CVlog/Rd (27 B(t))” 2 G(t,z,y) exp (h(\/ay)) dy

V.G(t, x,y) exp (h(\@y)) dy
= LR

Glt,,y) exp (h(VCy)) dy

Rd
K(t)\/a/Rd V,G(t, x,y) exp (h(\/ay)) dy
/ G(t, z,y)exp (h(\FCy)) dy
Rd
KOV | Glt2.)9,h(VCy) exp (V) ) dy

(19)

)

G(t,x,y)exp (h(\fcy)) dy

Rd

Here, the last equal sign is derived from integration by parts.
Since G(t, z, y) exp (h(\/ay)) >0,

[S(t, )] < |K()VOV,h(VCy)|.

17
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Let K = supy<;<; |2 K(t)| = supg<;<; [AA; | < max{1,||AC~||}, we have

|5(t,)| < K||CI'2|VCVh|oot = Kot.

Taking the derivative twice along that direction and using the same method as above, we get :

IVS(t oo < KO (IOVh]lo + [VOVAL,) = Kit?.

where K := K2(|OV?h||s + |VCVR|%).

Define K> 1= supge; | (1 — CA7Y)|| = supgy [I(A — O)(AL + C(1 - 2))7
[(I—CA)| < Kat?.

Recall definition of V (¢, z) in (§), we have

, then

_ S(t, )+ —CA Yz

V(o) = t

S KO + K2t|$|,

which implies the velocity field |V (¢, )| remains locally uniformly bounded and grows at most
linearly.

Furthermore,

IVV(t, )]0 =

n S (Kl + KQ)t7

- <§(t,x) +(I- C’At_l)x>

oo

which yields a Lipschitz constant that is uniform over space and independent of the dimension,
ensuring uniform equicontinuity.

Next, we give the properties of V (¢, z-) with respect to time over (0, 1). By taking (T9), we have

t

8V (.2) =0, <§(t,.) + (- CAtl)x>

K(WC | Glt,wy)Vh(VCy) exp (h(VTy)) dy
:at

t/Rd G(t,z,y) exp (h(\FCy)) dy
=A; + Ay

18
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We begin by calculating the first part,
(AT, WE [ G(t,,9)9,h(VEy)exp (1(VEw) dy
Rd

A =0,
G(t,x,y)exp (h(\fcy)) dy

Rd

at(Aflt_l)\@/Rd G(t, z,y)Vyh(\@y) exp (h(\/ay)) dy

/Rd G(t,z.y) exp (h(v/Cy) ) dy
ATNVE [ Gttt ) exo (WVE) (VT

' G(t,a,y)exp (h(VCy) ) dy

Rd

AZTNVE | Gltw,y)exp ((VCy)) T, h(VCy)dy
Rd,

| Gltwy) o (V) dy
[ Gttty exs (1(/C) dy
. /R4
/Rd G(t,z,y) exp (h(\@y)) dy

ATV [ Glta,)V,h(VCy)exp (V) ) dy

2n

Glt,,y) exp (h(VCy)) dy

Rd

+ AZ{I\@Covpt(y‘m) (g(t, x,y), Vyh(\FCy)>

HAXTIWC [ Glt,2,y)V,h(VCy) exp (A(VCy)) dy
]Rd

G(t,a.y)exp (h(VCy) ) dy

R4

n AAt1\@\/\m\/Var (Vyh(\@yD

::Il + 127

where

G(t,a.y)exp (h(VCy))
Gtz y) exp (A(VCy)) dy

pi(ylr) =

Rd

Define K3 := supg<;<; || Aa‘(tgt_l) | = supg<;< [I2A(A— C)((At? +C(1—2))?) 1|, we obtain
the first term of A1,

[11] < [2A(A = O) (A8 + C(1 = ¢))*) 7| VCIIVCVh]
< VC||VCVh| s Kst (22)
< KKK~ L.

For the second term I5 in (21)), the analysis is carried out separately for the following two cases:

Case I - |B(t)| < W: Then p;(y|r) is a log-concave measure as —V?2log p;(y|r) =
B(t)~! — CV?h = 0. Then, by Brascamp-Lieb inequality, we have

1
v/ Var (g(t,z,y)) < \/Ep,mm)IVTg(t,w,y)( — V2 1ogpt(y|$)) Vg(t,z,y), 23

19
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in which
Vg(t,z,y) = K (O)B() " (VC) 'z — a,B()B(t) (K (H)(VO) 'z — ).
We have the following estimate for the right-hand side of (23)) via integration by parts,
RHS of (23)
< [ KO BO VO e = aBOB)HKOK/C) e =) (B - O
(KB TH(VC) e - 9 B()B() (K () (VC) e — y))pi(ylw)dy
S\/\@K(t)ﬂ?PHCH_l + 20K ()10 BO|[Vhlool| + [0:BO)2(|CV?h]| 00 + [VOVRIZ)
: \/(IIB(t)H(l — IBOIICV2Rs)) ™ + ||3tB(t)||\/(HB(t)II2(1 — 1 BOIICV2hl0))

Combining with

Ve (VA(V0p) < 1092 [V BBV T~ TBOTIOVAI)

we derive that

12| <K[|CV?h]lo (1 ~ IIB(t)HIICVthloo)’l(\&K(t)wl + /2010, K @)[[10.BH)[|CV o]

2B (I0V2h]  +VOVAE))

+ VB IKIVE0BE)[1CV?hlwe (L — [BEOIICV?h] o)~
<2K|OV2h]| oo (10K (8)2] + /20K ()0 BO VA2l

+ 18 BOIY 10Vl + [VEVAIZ) + 2K [VENIBBO VAl V/BD |
<2K:Cy x| + 2V2K1 VKo /C1v/Ca/ 2]

+ 2K Cy + 26, |VOI|Co | /B@) |

2K 1K ||[VC||Cy
V1—t2

§3K101|$| + + Cs,

where the second inequality use the fact (1 — || B(t)||[|CV?h||o) ™! < 2 under Case I, while the last
inequality is obtained using Young’s inequality, C7, Cs, Cs are dimension-free constants defined in
table 3

Case I - | B(t)|| > m: According to the definition of variance

2
Var(g(t, z,y)) ZAd(g(tam,y))2pt(y\m)dy - (/Rd g(tw,y)pt(ylw)dy)

< / (gt 2. ))2pr(y])dy,

d

20
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We have the following estimate, analogous to the right-hand side of (23):
Var (g(t,2,y))

VBTN o ve a0l + 293V TOKDTIOBONVHIa]
V6|0 B ICV2h] e + [VOVAIZ )

+ 10K ()2 [V2h] [ + VR +\/H8t B0 BNVl (ICV2h] s + VOV ) 2]

- %natB(tw VEVAL(ICThc + VETHE) + LB 5()

V2h o
= %(m K(t)z] + 2v3y/ [0 K @)][19: B [CVA| <[]
EVBIVE 0B [0V2h] s + [VETHER,)

+10:K (2| (V2R + [VAIZ) + \/HatK(t)H||atB(t)H|Vh|oo(||cv2h”oo + |[VOVh[)lz|

1
+ §||3tB(t)||\/I\FCVhIOO(IICVQhIIOO +VOVRIZ) + V3|8 B CV2hl| o

Together with

\/Var (Vyh(\FCy)) < |\/5Vh|ooa

we obtain

|Iz| SK|VCVho (@K(t)xl( 2|CV2hloo + \/(IICVthloo +|[VCVhL,))

+V6V/[|CV2h] oo V0K (1) [[[10: B(t)[|CV R oo |2]
+\/H8t O18:BO)[VOVhl s (ICV?h]|o0 + [VOVAI,) 2]
+V3IVCIv HCVQhHOOHHGtB(t)”H\/||Cv2hHoo + VOV

+ %H\FCHII@B@)H\/I\FCVh\oo(IICVQhHoo +|VCVRZ,) + \/§||\/5||”at3(t)””0v2h|oo>
<1+ VD EoVECr 2] + (1 + VB K& /K1 v/Cr/Cal

1
+ KOCZ(Q\/§K1 + 5\/ Koy K1)

<2(1+V2) Ko/ K1 C1|2| + Ci,
where C} defined in table3]is also constant indepent of dimension.

Combining the above two cases, we obtain
2K 1K c||C
|12| < max{3K1C’1, 2(1 + \@)Ko\/ K101}|$| + 11”\15” 2 + max{Og, 04} 24)
Using 1), (22) and (24)), we derive

|A1| <|Ii| + |12

KK~ |VC||Cy
V1—1t2
The next step is to calculate the absolute value of the second term of (20)), i.e.

—CO (A Nt + (I — CA; N
|Az| = | 2 |

< 12C(A — C)((AF + C(1 — 2)*) "] + Kaa|
S (K4 + K2)|$|

SKngK_l + max{3KlCl, 2(1 + \/i)KO vV K101}|(K‘ + 2 + maX{Cg, 04}

21



Under review as a conference paper at ICLR 2026

Co (A _
where Ky := supg<,<; | 52 || = supg<pe [2C(A = C) (A2 + C(1 = £2))%) 7],
It then follows from (20) that

|0:V (¢, 2)| < [Ar] +[As| < Ks|z| +

Ks

+ K.
Vi—e T
where K5 = max{3K,C1,2(1 + v2)KovK101} + Ko + Ky, Kg = 2K, K ||V/C||Ca, K7 =
InaX{Cg7 C4} + KoK3K~1.
When ¢ = 0, by (I2) in the subsequently stated well-posedness Lemma [3.10] we have

V(0,2)] = |VCEs, [X]| S K|C|['2|VEVH| = Ko.
(o)

Similarly, ||[VV(0,-)|le is also bounded by K3 + K. Then we conclude that the velocity field
V (¢, z) satisfied the condition of Theorem [3.8]for all ¢ € [0, 1].

For clarity, the coefficients are summarized in Table [3] In corollary 3.18] we take C' = I;, A =

Table 3: Explicit for coefficients in Thm. 3.8 and Thm. [3.15]

Coefficient Explicit expressions
A, At* + C(1 —t?)
K(t) (AAT Y
B(t) (A7) (1= )
K SUPg<t<1 |AA7Y < max{1,[|[AC~1||}
Ko K||C|'2[VCVh]| o
K K2(HCV2h||oo +|VCVhIZ)
Ko supg<i<t |75 (1 = CATY) || = supgey<q (A = O)(A? + C(1 - 7)) 71

Ad, (A
K SUPg<t<1 42D = supg< i<y [[24(A = C)((At? + C(1 — %)) |

Co:(A; _
Ky supg<y<y | Z2A) | = supge, <y [2C(A = O) (A2 + C(1 - £2)) 7|
K5 maX{3K101,2<1—|—\/§)K0\/K101}+K2+K4
K 2K, K1|C||2Cy
Ky maX{C3,C4} +K0K3K_1
Ky l[(67-r + K7

lAII(A-C) (1= smrwm—)—CI) la—2c| Al

1 e 1 0K M} =max{ Gremaais ;o ey Tl sicT)

2HCHIIVzhHoo

- 2141 1~ e 94> /01
Co R YA 1){8t (1)} = max{2, (ICTHIA=O (- gy 22 * SICT? sTa-cf )

l
Cs 2K102(K +K0)
1
Cy WBK K1 Cy + LK K7 Cy + 111‘@)1(3[(1202

(1—(1—6)2)14 Ay = (1 — ). According to (T6), we deduce the explicit for coefficients
Kj K7, K3, K3, K, K2, K;, K3, K in Table [l O
B.3 PROOF OF LEMMA[3.10

Proof. First, we prove the velocity field V (¢, x) is well-defined at ¢ = 0 ((I2) in Lemma[3.10), i.e.

V(0.0) = fimy t0) = iy T = V]

t—0

Let ¢ — 0, then it yields

. : [ CV(Oip(z))  Ohpe()
P_E% V(t,x) = }51% O S(t,x) = ggr(l) { P " 0@ S(t,x)} .
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Table 4: Explicit for coefficients in Cor.[3.18] and Thm. [3.19]

Coefficient Explicit expressions
Ay (1 -1,
* R
Ko 7(1 Ok
" 2
Ky = (1 0%
K; SupPy<i—s ||t2( )H = ﬁ
K3 (1 DR
Ki o W
K3 -2 + i (1 5+
Ks e ORk
Kt (\f“)(l = 5>)Cé‘ (==L
* 3m C R? R? 2R
. ~ o) T
¢i mex{— ||1+<1—6>2( 3 ma- s b

21-(1-0*? (- 5=k ) o115y

s max{2, 070 5 red I ° 8V3(1-0)

By simple calculation, it holds that

V(0spi())
pi()
= — 8, (detB(t))(2detB(t))~d (K () 'K ()(CB(t) ™ — A1) (22)z

— 0:B(1)(2B()) " K (1) (VCB(1) ! / yp(Lylt,2)dy
+ (~K@RKOCBE) ™ - KOTKOAEBOCCH) ! - Ja(4)
: (233 + (—KOTK@)(CB)™! — A7V (2« z)x
+2K(t)(VOB(1) ™ / d <xTy>xp<1,y|t,x>dy>
+ (atK(t)(\FOB(t))—l + K(Oo(B(H) ) (VO) )
- < [ v+ KOWCBO) ) (1.t a)y
+ / C(CE@TKWEBW) T - A7) <xTy>xp<1,y|t,z>dy>
~50.B(1)™) / d ((—K(t)TK(t)(OB(t))l - (ywa)p(l,mt,x)dy
— 50BN [ KOOTBE) W (1, sl )y,
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while

Oipi(x)

_ e e —1
)~ O e BO)2deB(t)

LT (—K(t)atK(t)(CB(t))‘l — QO KWK W B0 ) ~ o (! )) .
+ [ 4T (K OB + KOO B0 ™) w1, r) dy

1 _
- [ " 50U Ll dy
Rd
From observing that
. _ . o . _ . T-1\
}gl(l) O (detB(t)) = 0, }gl(l) o B(t) =0, }gl(l) K(t) =0, }gr(l) O (A7) =0,

and Assumption [3.6] which ensures

i [ P(Laleo)dy = [ 1ot p(0 ol a)dy = B, [XF] < +oc.
Rd t—0

t—0 Rd
we have
_ Oipe () R . OV(pi(z)) ) ol
B Ty 9000 =g B T Gy = VORI = g En X

Therefore, it yields lim;_,o V (¢, 2) = v/CE;,[X], which completes the proof of (T2).

Next, together with the regularity of the velocity field (Theorem [3.8)), the Arzela—Ascoli theo-
rem (Arzela, [1895) ensures the existence of a subsequence {V (¢, ), }ren that converges locally

uniformly to V' (0, z), thereby guaranteeing the well-posedness of the ODE (8] on the entire time
interval ¢ € [0, 1]. O

B.4 PROOF OF COROLLARY [3.11]

Proof. Recall the Follmer flow (8) with [|[VV (¢, )| e < (K 1 + K>)t in Theorem 3.8] by following
the ProposmonE] (Mikulincer & Shenfeld, 2023), we arrive at the following result,

K+ Ko
— )

— — 1
Lip(X1(z)) < ||VX1(2)|lop < exp </ (K7 + Kg)sds> < exp (
0
B.5 PROOF OF COROLLARY[3.14]

Proof. Forany 2,y € R%, t € [t,,t,y1] withk =0,1,..., N — 1, Itd’s formula gives

d\Yt(x)C;f Yi(y)? _ 2<§t(x) _ }it(y), V(tm }itn (z)) — V(tn,§tn ®)))-

Using the Cauchy-SchwarZ inequality, we obtain

d[Yy(z ) Yo < 2\/|Yt §t(y)|2\/|‘7(tmi—/tn (1‘)) - ?(tn’}ttn (y))IQ-

Therefore,
“— —
dlY(z) —Y(y)|
dt

<V (Voo (8)) = V (s Vi ()]
<YV, (@) - Yo, )]

— —
< (K1 + Ko + Kg)ta Yy, (2) = Yy, ()],
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where the last inequality uses Lipschitzness of Vin Assumption Integration over time yields

— — — — «— «—
Vi, (2) =Y, () < Ve, (2) = Yo, (W) 4 (a1 — 00) (K1 + Ko + Ks)ta|Ye, (2) — Y, (y)]
- —
= Lip(Tn)|Ytn (z) — Yy, (y)|,

where Lip(fn) = 14+(tnt1—tn) (K1+ Ko+ Kg)t,,. Tterating thisbound overalln = 0,1, ..., N—1,
we obtain the following estimate over the full interval [0, 1],

— <~ N1 — — —
Yi(z) = Ya(y)l < (H Lip(Yn)> Yo (2) = Vi ()]
n=0
< exp <K1+K2+K8> o — yl.

2

Then we complete the proof. O

B.6 PROOF OF THEOREM|[3.15]

Proof. Recall that Assumption 3.6} [3.7]ensure the well-podeness and Lipschitzness of Follmer flow
—
(Xt)te [0,1] in @, with

- N-1 KK
Lip(T,,) = exp (/ (K1 + Kg)tdt> and H Lip(T;) = exp (1;2> ,
tn 7=0
as established in Lemma [3.10|and Corollary 3.11]

Furthermore, Assumption [3.13] guarantees the Lipschitzness of learned discret Follmer flow
—
(Yt)tg[o,l] in (]ED, with

N-1
Llp(Tn) =1+ (tn-‘rl - tn)(Kl + Ko + KS)tn and H Lip(Tj) = eXp (
§=0

K1+K2+K8>
2 b

as shown in Corollary [3.14]

Therefore, it only remains to verify that the stepwise approximation error satisfies Assumption 3.4}
To analyze the discretization error at each step, we recall the expression in (3):

“— —
Tn(th) = Xt

n+1°

-
Applying the vector-valued Taylor expansion of X, , over [t,, t,,+1], the remainder is defined by

n+1
“— — —
R(t) = Tn(Xt") - th - hV(tn,th).

Under Assumption [3.6] we can derive the second moment bound by the forward diffusion process

2, — 29 29
Ep, [ X¢" = Ep, | Xt — (1 = ) Xo[” + Ep, [(1 — 1) Xo|
<t2—=1)Tr(C) + (1 —t)* M,
< M.
Then the expectation of the R(t) is controlled by
2 _
EIR(t)]* = E¢
ht <
— sup Eo 5 |0,V (1, X,)|?

TE(tn,tny1) ik

<~ < —
3 T, (X)) — Xo, — BV (t,, X )|?

tn ™

IN

3h4 K2
> (KgMO +—0 4+ K?) , Vtelo,1),

IN

4 1-—1¢2
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where the last inequality follows from the bound on |8V (¢, z)| in Theorem [3.8] which gives

- 2
By p 0V X <3 (KMo + 2

.

oK)

Consequently, the local truncation error is bounded by

— <«
B p. T (Xt,) = Tn (X4, )[?

— — — — —
VB X AV, X0) R = Ko, — R (0, X )P

— ~ —
S\/hQEH o |Vt X¢,) = V(tn, X¢,) > + VE[R(tn)[?

Xt ~Py,

h( <K5F+F

The second inequality holds by the error between V (t,,, ) and V (£,,, z) stated in Assumption
This completes the verification of Assumption [3.4]

h+K7)h+e>.

— — — —
Now in Theorem we employ coupling between X ~ P; =v¢ and Y ~ Qy = Yo,

K+ K+ K o
128) Wa(Po. Qo)
exp(

K1+f§2+K8) -1
T R+ Rl ( (oo + 1) ’”6)

Ky + Ko + Kg\ V3Kgm
+ exp 5 1 h

—
Wa(P1,Q) <exp (

<exp (M) <\/§ (st My + Kg) h+ 26>.

2
N—-1
K K K
where a straightforward calculation shows Z \/67752 267T; Accordingly, set Ko := Tﬁﬂ +
— —
K. Noting that Py = Py, we obtain the conclusion in (T4). O

C CONVERGENCE IN THE BAYESIAN INVERSE PROBLEMS

We are aware of several posterior analyses, such as Bayesian inverse problems (van de Schoot et al.,
2021)), used in uncertainty quantification to infer model parameters x from observations y € R™.
The posterior typically takes the form of

2 2
Po(x) = Dgexp (_110) exp(—|G($)2y|Z> , (25)

where Dj is a normalizing constant, C' denotes the covariance matrix of the Gaussian prior, X
represents the covariance of the observational noise and G € C%(R%,R™) is a nonlinear forward
operator. In our training framework, we adopt the Gaussian prior with covariance C' from (23] as
the invariant measure of the forward diffusion process @ The conditioned score (Batzolis et al.,
2021) in the score matching is trained by minimizing

~ _ 2
Ep, (zi) |5(1 — t, 3y) — OV log (x5 )|,

where p; denotes the joint law of (X;,Y) with Y = G(X,) + N(0,X). For ODE-based gener-
ation of the posterior distribution with observation y, we impose the following assumption on the
approximation error of the velocity field V (¢, z; y) given in (§).
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Assumption C.1. Fixing observation y, for each time discretization point t,,

E V (b, 25 y) — V(tn, 239)> < €2
Yy

P11,

Theorem C.2. Suppose third moment Assumption [3.6] accuracy Assumption [C.1] and regularity
Assumption [3.13| hold. Using the Euler method to the Follmer flow with uniform step size h =
tny1 — tn < 1yields,

Wa(Pol-,1), Qi (19) < exp (1 20) ({f (Fov/3o + ) +ze>. 26)

where K1, Ky, Ko are dimension-free constants depending on (||C|, |||, G, y), see Table@ and
the constant Ky is defined in Assumption[3.13]
Proof. Take A= C, and h(z) = —%, then h(x) satisfies,

VCVh(x)| = VOVG(2) 57 (G(x) = y)| < [IC112 (IGloe + YD IZ I VE]loo,
ICV2h(2)]| = |CV2G(2)S™H(G(x) — y) + CVG(2)S T VG(2)T|
<CHIBIHIVAG o (IGlo + Y VGIIZ)-
Then by Theorem[3.15] we obtain the bound (26) with the constants replaced as specified in Table[5]
O

Table 5: Explicit for coefficients in Thm. [C.2]

Coefficient Explicit expressions

Ko ICIIETHIVG oo (IG o0 + [yl)

Ky [&f (HZ’III(HVGHio +(IGlos + D IVZGlise) + IE2IIVGIZ (1Glo + Iyl)z)
— — — 1

K5 max{3K1,2(1 + \/ﬁ)K()KlQ}

Kq 4C|} Ky

K7 max{£'3,04}v

e || K7 + K

— — 1

Cs 4K13(K12 + Kp)

G EE L it aner it
Cy WIWBK K, + Ky K,° + 2(1+\/§)K0 K,

Remark C.3. With fixed K 1, K 5 and I?g, for € accuracy in Wy, distance for one requires,
v M
NO( 2

€o

). =0t
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