
Algorithm 1 WMI-PA(', w, x, A)

1: h'⇤, w⇤,A⇤i  LabelConditions(', w,x,A)
2: MA⇤  TTA(PredAbs['⇤](A

⇤))
3: vol 0
4: for µA⇤ 2MA⇤ do
5: Simplify('⇤

[µA⇤ ]
)

6: if LiteralConjunction('⇤
[µA⇤ ]

) then
7: vol vol +WMInb('⇤

[µA⇤ ]
, w⇤

[µA⇤ ]
|x)

8: else
9: MLRA  TA(PredAbs['⇤

[µA⇤
]
](Atoms('⇤

[µA⇤ ]
)))

10: for µLRA 2MLRA do
11: vol vol +WMInb(µLRA, w⇤

[µA⇤ ]
|x)

12: return vol

WMInb('⇤
[µA⇤ ]

, w⇤
[µA⇤ ]

|x). Otherwise, TA('⇤
[µA⇤ ]

) is com-
puted as TA(PredAbs['⇤

[µA⇤
]
](Atoms('⇤

[µA⇤ ]
))) to produce

partial assignments, and the algorithm iteratively computes
contributions to the volume for each µLRA. We refer the
reader to Morettin et al. [2019] for more details.
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We have identified some main issues with the WMI-PA al-
gorithm, which we illustrate by means of a simple example.
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To be solved, the WMI needs to compute 6 integrals:

f11 on Jx12 [1, 2]K ^ Jx22 [1, 3]K (if A1 = >)

f12 on Jx12 [1, 2]K ^ Jx22 [0, 1]K (if A1 = >)

f21 on Jx12 [0, 1]K ^ Jx22 [2, 3]K (if A1 = >)

f22 on Jx12 [0, 1]K ^ Jx22 [0, 2]K (if A1 = >).

f3 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = >)

f4 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = ?)

With WMI-PA, applying LabelConditions(...) we obtain:

'⇤(x,A [B)
def

= ' ^ � ^B1 $ (x1 � 1) ^
B2 $ (x2 � 1) ^B3 $ (x2 � 2)
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then by applying TTA(PredAbs['⇤](A
⇤)) (row 2) we obtain

instead 24 total assignments MA⇤
on A [B:

Assignment Range w
{ A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
{ A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f11
{ A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f12
{ A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f21
{ A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f22
{ A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{ A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
.
.
. [same as with {A1, A2}]

.

.

.
.
.
.

{ A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{¬A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f3
{¬A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f3
{¬A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f3
{¬A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f3
{¬A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f3
{¬A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f3

{¬A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f4
.
.
. [same as with {¬A1, A2}]

.

.

.
.
.
.

{¬A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f4

explain that ¬B2, B3 is not possible

Then, since each of the 24 '⇤
[µA⇤ ]

’s is a conjunction of liter-

als, WMI-PA computes 24 integrals. Notice that it uselessly

splits into 2 parts the integrals on f11 and f22 and into 6

parts the integral on f3 and on f4. Also, it repeats the very

same integrals for {A1, A2, ...} and {A1,¬A2, ...}.
2 ⇧

2The latter fact can be fixed by caching the values of the
integrals.
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To be solved, the WMI needs to compute 6 integrals:

f11 on Jx12 [1, 2]K ^ Jx22 [1, 3]K (if A1 = >)

f12 on Jx12 [1, 2]K ^ Jx22 [0, 1]K (if A1 = >)

f21 on Jx12 [0, 1]K ^ Jx22 [2, 3]K (if A1 = >)

f22 on Jx12 [0, 1]K ^ Jx22 [0, 2]K (if A1 = >).

f3 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = >)

f4 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = ?)

With WMI-PA, applying LabelConditions(...) we obtain:
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def
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then by applying TTA(PredAbs['⇤](A
⇤)) (row 2) we obtain

instead 24 total assignments MA⇤
on A [B:

Assignment Range w
{ A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
{ A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f11
{ A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f12
{ A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f21
{ A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f22
{ A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22
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To be solved, the WMI needs to compute 6 integrals:

f11 on Jx12 [1, 2]K ^ Jx22 [1, 3]K (if A1 = >)

f12 on Jx12 [1, 2]K ^ Jx22 [0, 1]K (if A1 = >)

f21 on Jx12 [0, 1]K ^ Jx22 [2, 3]K (if A1 = >)

f22 on Jx12 [0, 1]K ^ Jx22 [0, 2]K (if A1 = >).

f3 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = >)

f4 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = ?)

With WMI-PA, applying LabelConditions(...) we obtain:
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def
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then by applying TTA(PredAbs['⇤](A
⇤)) (row 2) we obtain

instead 24 total assignments MA⇤
on A [B:

Assignment Range w
{ A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
{ A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f11
{ A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f12
{ A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f21
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To be solved, the WMI needs to compute 6 integrals:

f11 on Jx12 [1, 2]K ^ Jx22 [1, 3]K (if A1 = >)

f12 on Jx12 [1, 2]K ^ Jx22 [0, 1]K (if A1 = >)

f21 on Jx12 [0, 1]K ^ Jx22 [2, 3]K (if A1 = >)

f22 on Jx12 [0, 1]K ^ Jx22 [0, 2]K (if A1 = >).

f3 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = >)

f4 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = ?)

With WMI-PA, applying LabelConditions(...) we obtain:
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then by applying TTA(PredAbs['⇤](A
⇤)) (row 2) we obtain

instead 24 total assignments MA⇤
on A [B:

Assignment Range w
{ A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
{ A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f11
{ A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f12
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als, WMI-PA computes 24 integrals. Notice that it uselessly

splits into 2 parts the integrals on f11 and f22 and into 6

parts the integral on f3 and on f4. Also, it repeats the very

same integrals for {A1, A2, ...} and {A1,¬A2, ...}.
2 ⇧

2The latter fact can be fixed by caching the values of the
integrals.

3

Algorithm 1 WMI-PA(', w, x, A)

1: h'⇤, w⇤,A⇤i  LabelConditions(', w,x,A)
2: MA⇤  TTA(PredAbs['⇤](A

⇤))
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4: for µA⇤ 2MA⇤ do
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)
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) then
7: vol vol +WMInb('⇤
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8: else
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]
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[µA⇤ ]
)))

10: for µLRA 2MLRA do
11: vol vol +WMInb(µLRA, w⇤

[µA⇤ ]
|x)

12: return vol

WMInb('⇤
[µA⇤ ]

, w⇤
[µA⇤ ]

|x). Otherwise, TA('⇤
[µA⇤ ]

) is com-
puted as TA(PredAbs['⇤

[µA⇤
]
](Atoms('⇤

[µA⇤ ]
))) to produce

partial assignments, and the algorithm iteratively computes
contributions to the volume for each µLRA. We refer the
reader to Morettin et al. [2019] for more details.
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We have identified some main issues with the WMI-PA al-
gorithm, which we illustrate by means of a simple example.
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To be solved, the WMI needs to compute 6 integrals:

f11 on Jx12 [1, 2]K ^ Jx22 [1, 3]K (if A1 = >)

f12 on Jx12 [1, 2]K ^ Jx22 [0, 1]K (if A1 = >)

f21 on Jx12 [0, 1]K ^ Jx22 [2, 3]K (if A1 = >)

f22 on Jx12 [0, 1]K ^ Jx22 [0, 2]K (if A1 = >).

f3 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = >)

f4 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = ?)

With WMI-PA, applying LabelConditions(...) we obtain:
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then by applying TTA(PredAbs['⇤](A
⇤)) (row 2) we obtain

instead 24 total assignments MA⇤
on A [B:

Assignment Range w
{ A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
{ A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f11
{ A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f12
{ A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f21
{ A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f22
{ A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{ A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
.
.
. [same as with {A1, A2}]
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.
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.
.
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{ A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{¬A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f3
{¬A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f3
{¬A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f3
{¬A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f3
{¬A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f3
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{¬A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f4
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explain that ¬B2, B3 is not possible

Then, since each of the 24 '⇤
[µA⇤ ]

’s is a conjunction of liter-

als, WMI-PA computes 24 integrals. Notice that it uselessly

splits into 2 parts the integrals on f11 and f22 and into 6

parts the integral on f3 and on f4. Also, it repeats the very

same integrals for {A1, A2, ...} and {A1,¬A2, ...}.
2 ⇧

2The latter fact can be fixed by caching the values of the
integrals.
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Algorithm 1 WMI-PA(', w, x, A)

1: h'⇤, w⇤,A⇤i  LabelConditions(', w,x,A)
2: MA⇤  TTA(PredAbs['⇤](A

⇤))
3: vol 0
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) then
7: vol vol +WMInb('⇤

[µA⇤ ]
, w⇤

[µA⇤ ]
|x)

8: else
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10: for µLRA 2MLRA do
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|x)

12: return vol
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|x). Otherwise, TA('⇤
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puted as TA(PredAbs['⇤

[µA⇤
]
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partial assignments, and the algorithm iteratively computes
contributions to the volume for each µLRA. We refer the
reader to Morettin et al. [2019] for more details.
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To be solved, the WMI needs to compute 6 integrals:

f11 on Jx12 [1, 2]K ^ Jx22 [1, 3]K (if A1 = >)

f12 on Jx12 [1, 2]K ^ Jx22 [0, 1]K (if A1 = >)

f21 on Jx12 [0, 1]K ^ Jx22 [2, 3]K (if A1 = >)

f22 on Jx12 [0, 1]K ^ Jx22 [0, 2]K (if A1 = >).

f3 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = >)

f4 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = ?)

With WMI-PA, applying LabelConditions(...) we obtain:

'⇤(x,A [B)
def

= ' ^ � ^B1 $ (x1 � 1) ^
B2 $ (x2 � 1) ^B3 $ (x2 � 2)

w⇤(x,A [B)
def
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then by applying TTA(PredAbs['⇤](A
⇤)) (row 2) we obtain

instead 24 total assignments MA⇤
on A [B:

Assignment Range w
{ A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
{ A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f11
{ A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f12
{ A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f21
{ A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f22
{ A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{ A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
.
.
. [same as with {A1, A2}]

.

.

.
.
.
.

{ A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{¬A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f3
{¬A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f3
{¬A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f3
{¬A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f3
{¬A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f3
{¬A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f3

{¬A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f4
.
.
. [same as with {¬A1, A2}]

.

.
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.

{¬A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f4

explain that ¬B2, B3 is not possible

Then, since each of the 24 '⇤
[µA⇤ ]

’s is a conjunction of liter-

als, WMI-PA computes 24 integrals. Notice that it uselessly

splits into 2 parts the integrals on f11 and f22 and into 6

parts the integral on f3 and on f4. Also, it repeats the very

same integrals for {A1, A2, ...} and {A1,¬A2, ...}.
2 ⇧

2The latter fact can be fixed by caching the values of the
integrals.

3

Algorithm 1 WMI-PA(', w, x, A)

1: h'⇤, w⇤,A⇤i  LabelConditions(', w,x,A)
2: MA⇤  TTA(PredAbs['⇤](A

⇤))
3: vol 0
4: for µA⇤ 2MA⇤ do
5: Simplify('⇤

[µA⇤ ]
)

6: if LiteralConjunction('⇤
[µA⇤ ]

) then
7: vol vol +WMInb('⇤

[µA⇤ ]
, w⇤
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|x)

8: else
9: MLRA  TA(PredAbs['⇤
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]
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)))

10: for µLRA 2MLRA do
11: vol vol +WMInb(µLRA, w⇤
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|x)

12: return vol
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|x). Otherwise, TA('⇤
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) is com-
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partial assignments, and the algorithm iteratively computes
contributions to the volume for each µLRA. We refer the
reader to Morettin et al. [2019] for more details.
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gorithm, which we illustrate by means of a simple example.
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To be solved, the WMI needs to compute 6 integrals:

f11 on Jx12 [1, 2]K ^ Jx22 [1, 3]K (if A1 = >)

f12 on Jx12 [1, 2]K ^ Jx22 [0, 1]K (if A1 = >)

f21 on Jx12 [0, 1]K ^ Jx22 [2, 3]K (if A1 = >)

f22 on Jx12 [0, 1]K ^ Jx22 [0, 2]K (if A1 = >).

f3 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = >)

f4 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = ?)

With WMI-PA, applying LabelConditions(...) we obtain:

'⇤(x,A [B)
def

= ' ^ � ^B1 $ (x1 � 1) ^
B2 $ (x2 � 1) ^B3 $ (x2 � 2)

w⇤(x,A [B)
def

=
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Then
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If B1
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then by applying TTA(PredAbs['⇤](A
⇤)) (row 2) we obtain

instead 24 total assignments MA⇤
on A [B:

Assignment Range w
{ A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
{ A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f11
{ A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f12
{ A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f21
{ A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f22
{ A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{ A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
.
.
. [same as with {A1, A2}]

.

.

.
.
.
.

{ A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{¬A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f3
{¬A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f3
{¬A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f3
{¬A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f3
{¬A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f3
{¬A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f3

{¬A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f4
.
.
. [same as with {¬A1, A2}]

.

.
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.

{¬A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f4

explain that ¬B2, B3 is not possible

Then, since each of the 24 '⇤
[µA⇤ ]

’s is a conjunction of liter-

als, WMI-PA computes 24 integrals. Notice that it uselessly

splits into 2 parts the integrals on f11 and f22 and into 6

parts the integral on f3 and on f4. Also, it repeats the very

same integrals for {A1, A2, ...} and {A1,¬A2, ...}.
2 ⇧

2The latter fact can be fixed by caching the values of the
integrals.

3

Algorithm 1 WMI-PA(', w, x, A)

1: h'⇤, w⇤,A⇤i  LabelConditions(', w,x,A)
2: MA⇤  TTA(PredAbs['⇤](A

⇤))
3: vol 0
4: for µA⇤ 2MA⇤ do
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)
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|x)

8: else
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11: vol vol +WMInb(µLRA, w⇤

[µA⇤ ]
|x)
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reader to Morettin et al. [2019] for more details.
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To be solved, the WMI needs to compute 6 integrals:

f11 on Jx12 [1, 2]K ^ Jx22 [1, 3]K (if A1 = >)

f12 on Jx12 [1, 2]K ^ Jx22 [0, 1]K (if A1 = >)

f21 on Jx12 [0, 1]K ^ Jx22 [2, 3]K (if A1 = >)

f22 on Jx12 [0, 1]K ^ Jx22 [0, 2]K (if A1 = >).

f3 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = >)

f4 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = ?)

With WMI-PA, applying LabelConditions(...) we obtain:

'⇤(x,A [B)
def

= ' ^ � ^B1 $ (x1 � 1) ^
B2 $ (x2 � 1) ^B3 $ (x2 � 2)

w⇤(x,A [B)
def

=
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If A1

Then
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If B1

Then
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}

~

Else

u

v
If B3

Then f21
Else f22

}

~

}
��������~

Else

u

v
If A2

Then f3
Else f4

}

~

}
����������������~

then by applying TTA(PredAbs['⇤](A
⇤)) (row 2) we obtain

instead 24 total assignments MA⇤
on A [B:

Assignment Range w
{ A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
{ A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f11
{ A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f12
{ A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f21
{ A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f22
{ A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{ A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
.
.
. [same as with {A1, A2}]

.

.

.
.
.
.

{ A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{¬A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f3
{¬A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f3
{¬A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f3
{¬A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f3
{¬A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f3
{¬A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f3

{¬A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f4
.
.
. [same as with {¬A1, A2}]

.

.

.
.
.
.

{¬A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f4

explain that ¬B2, B3 is not possible

Then, since each of the 24 '⇤
[µA⇤ ]

’s is a conjunction of liter-

als, WMI-PA computes 24 integrals. Notice that it uselessly

splits into 2 parts the integrals on f11 and f22 and into 6

parts the integral on f3 and on f4. Also, it repeats the very

same integrals for {A1, A2, ...} and {A1,¬A2, ...}.
2 ⇧

2The latter fact can be fixed by caching the values of the
integrals.

3

Algorithm 1 WMI-PA(', w, x, A)

1: h'⇤, w⇤,A⇤i  LabelConditions(', w,x,A)
2: MA⇤  TTA(PredAbs['⇤](A

⇤))
3: vol 0
4: for µA⇤ 2MA⇤ do
5: Simplify('⇤

[µA⇤ ]
)

6: if LiteralConjunction('⇤
[µA⇤ ]

) then
7: vol vol +WMInb('⇤

[µA⇤ ]
, w⇤

[µA⇤ ]
|x)

8: else
9: MLRA  TA(PredAbs['⇤

[µA⇤
]
](Atoms('⇤

[µA⇤ ]
)))

10: for µLRA 2MLRA do
11: vol vol +WMInb(µLRA, w⇤

[µA⇤ ]
|x)

12: return vol

WMInb('⇤
[µA⇤ ]

, w⇤
[µA⇤ ]

|x). Otherwise, TA('⇤
[µA⇤ ]

) is com-
puted as TA(PredAbs['⇤

[µA⇤
]
](Atoms('⇤

[µA⇤ ]
))) to produce

partial assignments, and the algorithm iteratively computes
contributions to the volume for each µLRA. We refer the
reader to Morettin et al. [2019] for more details.
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We have identified some main issues with the WMI-PA al-
gorithm, which we illustrate by means of a simple example.
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To be solved, the WMI needs to compute 6 integrals:

f11 on Jx12 [1, 2]K ^ Jx22 [1, 3]K (if A1 = >)

f12 on Jx12 [1, 2]K ^ Jx22 [0, 1]K (if A1 = >)

f21 on Jx12 [0, 1]K ^ Jx22 [2, 3]K (if A1 = >)

f22 on Jx12 [0, 1]K ^ Jx22 [0, 2]K (if A1 = >).

f3 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = >)

f4 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = ?)

With WMI-PA, applying LabelConditions(...) we obtain:

'⇤(x,A [B)
def

= ' ^ � ^B1 $ (x1 � 1) ^
B2 $ (x2 � 1) ^B3 $ (x2 � 2)
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}

~

Else

u

v
If B3

Then f21
Else f22

}

~

}
��������~

Else

u

v
If A2

Then f3
Else f4

}

~

}
����������������~

then by applying TTA(PredAbs['⇤](A
⇤)) (row 2) we obtain

instead 24 total assignments MA⇤
on A [B:

Assignment Range w
{ A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
{ A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f11
{ A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f12
{ A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f21
{ A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f22
{ A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{ A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
.
.
. [same as with {A1, A2}]

.

.

.
.
.
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{ A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{¬A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f3
{¬A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f3
{¬A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f3
{¬A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f3
{¬A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f3
{¬A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f3

{¬A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f4
.
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{¬A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f4

explain that ¬B2, B3 is not possible

Then, since each of the 24 '⇤
[µA⇤ ]

’s is a conjunction of liter-

als, WMI-PA computes 24 integrals. Notice that it uselessly

splits into 2 parts the integrals on f11 and f22 and into 6

parts the integral on f3 and on f4. Also, it repeats the very

same integrals for {A1, A2, ...} and {A1,¬A2, ...}.
2 ⇧

2The latter fact can be fixed by caching the values of the
integrals.

3

Algorithm 1 WMI-PA(', w, x, A)

1: h'⇤, w⇤,A⇤i  LabelConditions(', w,x,A)
2: MA⇤  TTA(PredAbs['⇤](A

⇤))
3: vol 0
4: for µA⇤ 2MA⇤ do
5: Simplify('⇤

[µA⇤ ]
)

6: if LiteralConjunction('⇤
[µA⇤ ]

) then
7: vol vol +WMInb('⇤

[µA⇤ ]
, w⇤

[µA⇤ ]
|x)

8: else
9: MLRA  TA(PredAbs['⇤

[µA⇤
]
](Atoms('⇤

[µA⇤ ]
)))

10: for µLRA 2MLRA do
11: vol vol +WMInb(µLRA, w⇤

[µA⇤ ]
|x)

12: return vol

WMInb('⇤
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, w⇤
[µA⇤ ]

|x). Otherwise, TA('⇤
[µA⇤ ]

) is com-
puted as TA(PredAbs['⇤

[µA⇤
]
](Atoms('⇤

[µA⇤ ]
))) to produce

partial assignments, and the algorithm iteratively computes
contributions to the volume for each µLRA. We refer the
reader to Morettin et al. [2019] for more details.

4 EFFICIENCY ISSUES

4.1 (F)XSDD

Rseba

4.2 WMI-PA

We have identified some main issues with the WMI-PA al-
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To be solved, the WMI needs to compute 6 integrals:

f11 on Jx12 [1, 2]K ^ Jx22 [1, 3]K (if A1 = >)

f12 on Jx12 [1, 2]K ^ Jx22 [0, 1]K (if A1 = >)

f21 on Jx12 [0, 1]K ^ Jx22 [2, 3]K (if A1 = >)

f22 on Jx12 [0, 1]K ^ Jx22 [0, 2]K (if A1 = >).

f3 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = >)

f4 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = ?)

With WMI-PA, applying LabelConditions(...) we obtain:

'⇤(x,A [B)
def

= ' ^ � ^B1 $ (x1 � 1) ^
B2 $ (x2 � 1) ^B3 $ (x2 � 2)

w⇤(x,A [B)
def
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then by applying TTA(PredAbs['⇤](A
⇤)) (row 2) we obtain

instead 24 total assignments MA⇤
on A [B:

Assignment Range w
{ A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
{ A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f11
{ A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f12
{ A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f21
{ A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f22
{ A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{ A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
.
.
. [same as with {A1, A2}]

.

.

.
.
.
.

{ A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{¬A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f3
{¬A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f3
{¬A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f3
{¬A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f3
{¬A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f3
{¬A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f3

{¬A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f4
.
.
. [same as with {¬A1, A2}]

.

.

.
.
.
.

{¬A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f4

explain that ¬B2, B3 is not possible

Then, since each of the 24 '⇤
[µA⇤ ]

’s is a conjunction of liter-

als, WMI-PA computes 24 integrals. Notice that it uselessly

splits into 2 parts the integrals on f11 and f22 and into 6

parts the integral on f3 and on f4. Also, it repeats the very

same integrals for {A1, A2, ...} and {A1,¬A2, ...}.
2 ⇧

2The latter fact can be fixed by caching the values of the
integrals.

3

Algorithm 1 WMI-PA(', w, x, A)

1: h'⇤, w⇤,A⇤i  LabelConditions(', w,x,A)
2: MA⇤  TTA(PredAbs['⇤](A

⇤))
3: vol 0
4: for µA⇤ 2MA⇤ do
5: Simplify('⇤

[µA⇤ ]
)

6: if LiteralConjunction('⇤
[µA⇤ ]

) then
7: vol vol +WMInb('⇤

[µA⇤ ]
, w⇤

[µA⇤ ]
|x)

8: else
9: MLRA  TA(PredAbs['⇤

[µA⇤
]
](Atoms('⇤

[µA⇤ ]
)))

10: for µLRA 2MLRA do
11: vol vol +WMInb(µLRA, w⇤

[µA⇤ ]
|x)

12: return vol

WMInb('⇤
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, w⇤
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|x). Otherwise, TA('⇤
[µA⇤ ]

) is com-
puted as TA(PredAbs['⇤

[µA⇤
]
](Atoms('⇤
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))) to produce

partial assignments, and the algorithm iteratively computes
contributions to the volume for each µLRA. We refer the
reader to Morettin et al. [2019] for more details.
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We have identified some main issues with the WMI-PA al-
gorithm, which we illustrate by means of a simple example.
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def

= >, �
def

= Jx1 2 [0, 2]K ^ Jx2 2 [0, 3]K
and

w(x,A)
def

=

u
wwwwwwwwwwwwwwwwv

If A1

Then

u
wwwwwwwwv

If (x1 � 1)

Then

u

v
If (x2 � 1)
Then f11
Else f12

}

~

Else

u

v
If (x2 � 2)
Then f21
Else f22

}

~

}
��������~

Else

u

v
If A2

Then f3
Else f4

}

~

}
����������������~

To be solved, the WMI needs to compute 6 integrals:

f11 on Jx12 [1, 2]K ^ Jx22 [1, 3]K (if A1 = >)

f12 on Jx12 [1, 2]K ^ Jx22 [0, 1]K (if A1 = >)

f21 on Jx12 [0, 1]K ^ Jx22 [2, 3]K (if A1 = >)

f22 on Jx12 [0, 1]K ^ Jx22 [0, 2]K (if A1 = >).

f3 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = >)

f4 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = ?)

With WMI-PA, applying LabelConditions(...) we obtain:

'⇤(x,A [B)
def

= ' ^ � ^B1 $ (x1 � 1) ^
B2 $ (x2 � 1) ^B3 $ (x2 � 2)

w⇤(x,A [B)
def

=

u
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Then
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If B1

Then
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then by applying TTA(PredAbs['⇤](A
⇤)) (row 2) we obtain

instead 24 total assignments MA⇤
on A [B:

Assignment Range w
{ A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
{ A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f11
{ A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f12
{ A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f21
{ A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f22
{ A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{ A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
.
.
. [same as with {A1, A2}]

.

.

.
.
.
.

{ A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{¬A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f3
{¬A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f3
{¬A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f3
{¬A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f3
{¬A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f3
{¬A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f3

{¬A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f4
.
.
. [same as with {¬A1, A2}]

.

.
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.

{¬A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f4

explain that ¬B2, B3 is not possible

Then, since each of the 24 '⇤
[µA⇤ ]

’s is a conjunction of liter-

als, WMI-PA computes 24 integrals. Notice that it uselessly

splits into 2 parts the integrals on f11 and f22 and into 6

parts the integral on f3 and on f4. Also, it repeats the very

same integrals for {A1, A2, ...} and {A1,¬A2, ...}.
2 ⇧

2The latter fact can be fixed by caching the values of the
integrals.

3

Algorithm 1 WMI-PA(', w, x, A)

1: h'⇤, w⇤,A⇤i  LabelConditions(', w,x,A)
2: MA⇤  TTA(PredAbs['⇤](A

⇤))
3: vol 0
4: for µA⇤ 2MA⇤ do
5: Simplify('⇤
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)

6: if LiteralConjunction('⇤
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) then
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|x)

8: else
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]
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)))

10: for µLRA 2MLRA do
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|x)
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contributions to the volume for each µLRA. We refer the
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To be solved, the WMI needs to compute 6 integrals:

f11 on Jx12 [1, 2]K ^ Jx22 [1, 3]K (if A1 = >)

f12 on Jx12 [1, 2]K ^ Jx22 [0, 1]K (if A1 = >)

f21 on Jx12 [0, 1]K ^ Jx22 [2, 3]K (if A1 = >)

f22 on Jx12 [0, 1]K ^ Jx22 [0, 2]K (if A1 = >).

f3 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = >)

f4 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = ?)

With WMI-PA, applying LabelConditions(...) we obtain:

'⇤(x,A [B)
def

= ' ^ � ^B1 $ (x1 � 1) ^
B2 $ (x2 � 1) ^B3 $ (x2 � 2)

w⇤(x,A [B)
def

=

u
wwwwwwwwwwwwwwwwv
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Then
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then by applying TTA(PredAbs['⇤](A
⇤)) (row 2) we obtain

instead 24 total assignments MA⇤
on A [B:

Assignment Range w
{ A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
{ A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f11
{ A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f12
{ A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f21
{ A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f22
{ A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{ A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
.
.
. [same as with {A1, A2}]

.

.

.
.
.
.

{ A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{¬A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f3
{¬A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f3
{¬A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f3
{¬A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f3
{¬A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f3
{¬A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f3

{¬A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f4
.
.
. [same as with {¬A1, A2}]

.

.

.
.
.
.

{¬A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f4

explain that ¬B2, B3 is not possible

Then, since each of the 24 '⇤
[µA⇤ ]

’s is a conjunction of liter-

als, WMI-PA computes 24 integrals. Notice that it uselessly

splits into 2 parts the integrals on f11 and f22 and into 6

parts the integral on f3 and on f4. Also, it repeats the very

same integrals for {A1, A2, ...} and {A1,¬A2, ...}.
2 ⇧

2The latter fact can be fixed by caching the values of the
integrals.

3

Algorithm 1 WMI-PA(', w, x, A)

1: h'⇤, w⇤,A⇤i  LabelConditions(', w,x,A)
2: MA⇤  TTA(PredAbs['⇤](A

⇤))
3: vol 0
4: for µA⇤ 2MA⇤ do
5: Simplify('⇤

[µA⇤ ]
)

6: if LiteralConjunction('⇤
[µA⇤ ]

) then
7: vol vol +WMInb('⇤

[µA⇤ ]
, w⇤

[µA⇤ ]
|x)

8: else
9: MLRA  TA(PredAbs['⇤

[µA⇤
]
](Atoms('⇤

[µA⇤ ]
)))

10: for µLRA 2MLRA do
11: vol vol +WMInb(µLRA, w⇤

[µA⇤ ]
|x)

12: return vol

WMInb('⇤
[µA⇤ ]

, w⇤
[µA⇤ ]

|x). Otherwise, TA('⇤
[µA⇤ ]

) is com-
puted as TA(PredAbs['⇤

[µA⇤
]
](Atoms('⇤

[µA⇤ ]
))) to produce

partial assignments, and the algorithm iteratively computes
contributions to the volume for each µLRA. We refer the
reader to Morettin et al. [2019] for more details.

4 EFFICIENCY ISSUES

4.1 (F)XSDD

Rseba

4.2 WMI-PA

We have identified some main issues with the WMI-PA al-
gorithm, which we illustrate by means of a simple example.

Example 1 Let '
def

= >, �
def

= Jx1 2 [0, 2]K ^ Jx2 2 [0, 3]K
and

w(x,A)
def

=

u
wwwwwwwwwwwwwwwwv

If A1

Then

u
wwwwwwwwv

If (x1 � 1)

Then

u

v
If (x2 � 1)
Then f11
Else f12

}

~

Else

u

v
If (x2 � 2)
Then f21
Else f22

}

~

}
��������~

Else

u

v
If A2

Then f3
Else f4

}

~

}
����������������~

To be solved, the WMI needs to compute 6 integrals:

f11 on Jx12 [1, 2]K ^ Jx22 [1, 3]K (if A1 = >)

f12 on Jx12 [1, 2]K ^ Jx22 [0, 1]K (if A1 = >)

f21 on Jx12 [0, 1]K ^ Jx22 [2, 3]K (if A1 = >)

f22 on Jx12 [0, 1]K ^ Jx22 [0, 2]K (if A1 = >).

f3 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = >)

f4 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = ?)

With WMI-PA, applying LabelConditions(...) we obtain:

'⇤(x,A [B)
def

= ' ^ � ^B1 $ (x1 � 1) ^
B2 $ (x2 � 1) ^B3 $ (x2 � 2)

w⇤(x,A [B)
def

=

u
wwwwwwwwwwwwwwwwv

If A1

Then

u
wwwwwwwwv

If B1

Then

u

v
If B2

Then f11
Else f12

}

~

Else

u

v
If B3

Then f21
Else f22

}

~

}
��������~

Else

u

v
If A2

Then f3
Else f4

}

~

}
����������������~

then by applying TTA(PredAbs['⇤](A
⇤)) (row 2) we obtain

instead 24 total assignments MA⇤
on A [B:

Assignment Range w
{ A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
{ A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f11
{ A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f12
{ A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f21
{ A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f22
{ A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{ A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
.
.
. [same as with {A1, A2}]

.

.

.
.
.
.

{ A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{¬A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f3
{¬A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f3
{¬A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f3
{¬A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f3
{¬A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f3
{¬A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f3

{¬A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f4
.
.
. [same as with {¬A1, A2}]

.

.

.
.
.
.

{¬A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f4

explain that ¬B2, B3 is not possible

Then, since each of the 24 '⇤
[µA⇤ ]

’s is a conjunction of liter-

als, WMI-PA computes 24 integrals. Notice that it uselessly

splits into 2 parts the integrals on f11 and f22 and into 6

parts the integral on f3 and on f4. Also, it repeats the very

same integrals for {A1, A2, ...} and {A1,¬A2, ...}.
2 ⇧

2The latter fact can be fixed by caching the values of the
integrals.

3

to

to do what?

. This is achieved by introducing a set of fresh
LRA variables, y

def
= {y, y1, ..., yk}, recursively sub-

stituting bottom-up every conditional term with yi
def
=

(If  i Then ti1 Else ti2), with the encoding written as
(¬ i _ yi = ti1) ^ ( i _ yi = ti2)2 and setting y equal
to the top level yi. We call Jy = wK the SMT(LRA) for-
mula on (x [ y,A) obtained by conjoining the encodings
of all y. AP TODO: @RS: ho provato a rendere la sp-
iegazione piu’ umana, guarda se ti torna.. poi veramente
toglierei i mutex, ho messo una footnote..

AP TODO: @RS: se il pezzo sopra va bene, questo si puo’
levare Let Jy = wK be the SMT(LRA) formula on (x [
y,A), y def

= {y, y1, ..., yk} be a set of fresh LRA variables,
obtained from (y = w(x,A)) by recursively substituting
bottom-up every conditional term (If  i Then t1i Else t2i)
with a fresh variable yi, and then conjoining the encoding
of yi

def
= (If  i Then t1i Else t2i) as

(¬ i _ yi = t1i)^ ( i _ yi = t2i)^ (¬(yi = t1i)_¬(yi =
t2i)).

(¬A1 _ ¬(x1 � 1) _ ¬(x2 � 1) _ (y1 = f11))

^(¬A1 _ ¬(x1 � 1) _ (x2 � 1) _ (y1 = f12))

(¬A1 _ (x1 � 1) _ ¬(x2 � 2) _ (y2 = f21))

^(¬A1 _ (x1 � 1) _ (x2 � 2) _ (y2 = f22))

(¬A1 _ ¬(x1 � 1) _ (y3 = y1))

^(¬A1 _ (x1 � 1) _ (y3 = y2))

( A1 _ ¬A2 _ (y4 = f3))

^( A1 _ A2 _ (y4 = f4))

2For issues of effectiveness, in the actual encoding we also con-
join the mutual exclusion condition (¬(yi = ti1) _ ¬(yi = ti2))
under the assumption that ti1, ti2 ae not equivalent. (Otherwise,
we can safely rewrite (If  i Then ti1 Else ti2) into ti1.) We omit
this in the rest of the paper for simplicity of notation.

(¬A1 _ (y5 = y3))

^( A1 _ (y5 = y4))

(y = y5)

Example 2 Consider the problem in example 1. Then:

Jy = wK(x [ y,A)
def
=

(¬A1 _ ¬(x1 � 1) _ ¬(x2 � 1) _ (y1 = f11))
^(¬A1 _ ¬(x1 � 1) _ (x2 � 1) _ (y1 = f12))
^(¬A1 _ ¬(x1 � 1) _ ¬(y1 = f11) _ ¬(y1 = f12))
^(¬A1 _ (x1 � 1) _ ¬(x2 � 2) _ (y2 = f21))
^(¬A1 _ (x1 � 1) _ (x2 � 2) _ (y2 = f22))
^(¬A1 _ (x1 � 1) _ ¬(y2 = f21) _ ¬(y2 = f22))
^(¬A1 _ ¬(x1 � 1) _ (y3 = y1))
^(¬A1 _ (x1 � 1) _ (y3 = y2))
^(¬A1 _ ¬(y3 = y1) _ ¬(y3 = y2))
^( A1 _ ¬A2 _ (y4 = f3))
^( A1 _ A2 _ (y4 = f4))
^( A1 _ ¬(y4 = f3) _ ¬(y4 = f4))
^(¬A1 _ (y5 = y3))
^( A1 _ (y5 = y4))
^(¬(y5 = y3) _ ¬(y5 = y4))
^( (y = y5))

The algorithm enumerates partial assignments satis-
fying ' ^ � ^ Jy = wK, restricted on the conditions
 

def
= {A1, A2, (x1 � 1), (x2 � 1), (x2 � 2)}, which is

equivalent to enumerate TA(9xy.(' ^ � ^ Jy = wK)).
Assuming the enumeration procedure picks nondeterministic
choices following the order of the above set and assigning
positive values first, then in the first branch the following
satisfying partial assignment is generated, in order: 3

� [ {(y = y5), A1, (y5 = y3),¬(y5 = y4), A2, (x1 � 1),
(y3 = y1),¬(y3 = y2), (x2 � 1), (y1 = f11),¬(y1 = f12)}.

(Notice that, following the chains of true equaities, we have
y = y5 = ... = f11.) Then the SMT solver extracts from
it the subset {A1, (x1 � 1), (x2 � 1)} restricted on the
conditions in  which had an actual role role in satisfying
the formula (i.e., A2 is not considered)4 Then the blocking
clause ¬A1 _ ¬(x1 � 1) _ ¬(x2 � 1) is added to the
formula, which prevents to enumerate the same subset
again. This forces the algorithm to backtrack and generate

3Here nondererministic choices are underlined. The atoms in
� are assigned deterministically.

4This is due to conflict analysis, a process SMT solvers inherit
from SAT. Notice that if also the atom (x2 � 2) were assigned
at the end of the assignment, it would have ignored like A � 2
because it whould have no role in satisfying the formula. We refer
the reader to Lahiri et al. [2006] for more details.

5

Algorithm 1 WMI-PA(', w, x, A)

1: h'⇤, w⇤,A⇤i  LabelConditions(', w,x,A)
2: MA⇤  TTA(PredAbs['⇤](A

⇤))
3: vol 0
4: for µA⇤ 2MA⇤ do
5: Simplify('⇤

[µA⇤ ]
)

6: if LiteralConjunction('⇤
[µA⇤ ]

) then
7: vol vol +WMInb('⇤

[µA⇤ ]
, w⇤

[µA⇤ ]
|x)

8: else
9: MLRA  TA(PredAbs['⇤

[µA⇤
]
](Atoms('⇤

[µA⇤ ]
)))

10: for µLRA 2MLRA do
11: vol vol +WMInb(µLRA, w⇤

[µA⇤ ]
|x)

12: return vol

WMInb('⇤
[µA⇤ ]

, w⇤
[µA⇤ ]

|x). Otherwise, TA('⇤
[µA⇤ ]

) is com-
puted as TA(PredAbs['⇤

[µA⇤
]
](Atoms('⇤

[µA⇤ ]
))) to produce

partial assignments, and the algorithm iteratively computes
contributions to the volume for each µLRA. We refer the
reader to Morettin et al. [2019] for more details.

4 EFFICIENCY ISSUES

4.1 (F)XSDD

Rseba

4.2 WMI-PA

We have identified some main issues with the WMI-PA al-
gorithm, which we illustrate by means of a simple example.

Example 1 Let '
def

= >, �
def

= Jx1 2 [0, 2]K ^ Jx2 2 [0, 3]K
and

w(x,A)
def

=

u
wwwwwwwwwwwwwwwwv

If A1

Then

u
wwwwwwwwv

If (x1 � 1)

Then

u

v
If (x2 � 1)
Then f11
Else f12

}

~

Else

u

v
If (x2 � 2)
Then f21
Else f22

}

~

}
��������~

Else

u

v
If A2

Then f3
Else f4

}

~

}
����������������~

To be solved, the WMI needs to compute 6 integrals:

f11 on Jx12 [1, 2]K ^ Jx22 [1, 3]K (if A1 = >)

f12 on Jx12 [1, 2]K ^ Jx22 [0, 1]K (if A1 = >)

f21 on Jx12 [0, 1]K ^ Jx22 [2, 3]K (if A1 = >)

f22 on Jx12 [0, 1]K ^ Jx22 [0, 2]K (if A1 = >).

f3 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = >)

f4 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = ?)

With WMI-PA, applying LabelConditions(...) we obtain:

'⇤(x,A [B)
def

= ' ^ � ^B1 $ (x1 � 1) ^
B2 $ (x2 � 1) ^B3 $ (x2 � 2)

w⇤(x,A [B)
def

=

u
wwwwwwwwwwwwwwwwv

If A1

Then

u
wwwwwwwwv

If B1

Then

u

v
If B2

Then f11
Else f12

}

~

Else

u

v
If B3

Then f21
Else f22

}

~

}
��������~

Else

u

v
If A2

Then f3
Else f4

}

~

}
����������������~

then by applying TTA(PredAbs['⇤](A
⇤)) (row 2) we obtain

instead 24 total assignments MA⇤
on A [B:

Assignment Range w
{ A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
{ A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f11
{ A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f12
{ A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f21
{ A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f22
{ A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{ A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
.
.
. [same as with {A1, A2}]

.

.

.
.
.
.

{ A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{¬A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f3
{¬A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f3
{¬A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f3
{¬A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f3
{¬A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f3
{¬A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f3

{¬A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f4
.
.
. [same as with {¬A1, A2}]

.

.

.
.
.
.

{¬A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f4

explain that ¬B2, B3 is not possible

Then, since each of the 24 '⇤
[µA⇤ ]

’s is a conjunction of liter-

als, WMI-PA computes 24 integrals. Notice that it uselessly

splits into 2 parts the integrals on f11 and f22 and into 6

parts the integral on f3 and on f4. Also, it repeats the very

same integrals for {A1, A2, ...} and {A1,¬A2, ...}.
2 ⇧

2The latter fact can be fixed by caching the values of the
integrals.

3

Algorithm 1 WMI-PA(', w, x, A)

1: h'⇤, w⇤,A⇤i  LabelConditions(', w,x,A)
2: MA⇤  TTA(PredAbs['⇤](A

⇤))
3: vol 0
4: for µA⇤ 2MA⇤ do
5: Simplify('⇤

[µA⇤ ]
)

6: if LiteralConjunction('⇤
[µA⇤ ]

) then
7: vol vol +WMInb('⇤

[µA⇤ ]
, w⇤

[µA⇤ ]
|x)

8: else
9: MLRA  TA(PredAbs['⇤

[µA⇤
]
](Atoms('⇤

[µA⇤ ]
)))

10: for µLRA 2MLRA do
11: vol vol +WMInb(µLRA, w⇤

[µA⇤ ]
|x)

12: return vol

WMInb('⇤
[µA⇤ ]

, w⇤
[µA⇤ ]

|x). Otherwise, TA('⇤
[µA⇤ ]

) is com-
puted as TA(PredAbs['⇤

[µA⇤
]
](Atoms('⇤

[µA⇤ ]
))) to produce

partial assignments, and the algorithm iteratively computes
contributions to the volume for each µLRA. We refer the
reader to Morettin et al. [2019] for more details.

4 EFFICIENCY ISSUES

4.1 (F)XSDD

Rseba

4.2 WMI-PA

We have identified some main issues with the WMI-PA al-
gorithm, which we illustrate by means of a simple example.

Example 1 Let '
def

= >, �
def

= Jx1 2 [0, 2]K ^ Jx2 2 [0, 3]K
and

w(x,A)
def

=

u
wwwwwwwwwwwwwwwwv

If A1

Then

u
wwwwwwwwv

If (x1 � 1)

Then

u

v
If (x2 � 1)
Then f11
Else f12

}

~

Else

u

v
If (x2 � 2)
Then f21
Else f22

}

~

}
��������~

Else

u

v
If A2

Then f3
Else f4

}

~

}
����������������~

To be solved, the WMI needs to compute 6 integrals:

f11 on Jx12 [1, 2]K ^ Jx22 [1, 3]K (if A1 = >)

f12 on Jx12 [1, 2]K ^ Jx22 [0, 1]K (if A1 = >)

f21 on Jx12 [0, 1]K ^ Jx22 [2, 3]K (if A1 = >)

f22 on Jx12 [0, 1]K ^ Jx22 [0, 2]K (if A1 = >).

f3 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = >)

f4 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = ?)

With WMI-PA, applying LabelConditions(...) we obtain:

'⇤(x,A [B)
def

= ' ^ � ^B1 $ (x1 � 1) ^
B2 $ (x2 � 1) ^B3 $ (x2 � 2)

w⇤(x,A [B)
def

=

u
wwwwwwwwwwwwwwwwv

If A1

Then

u
wwwwwwwwv

If B1

Then

u

v
If B2

Then f11
Else f12

}

~

Else

u

v
If B3

Then f21
Else f22

}

~

}
��������~

Else

u

v
If A2

Then f3
Else f4

}

~

}
����������������~

then by applying TTA(PredAbs['⇤](A
⇤)) (row 2) we obtain

instead 24 total assignments MA⇤
on A [B:

Assignment Range w
{ A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
{ A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f11
{ A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f12
{ A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f21
{ A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f22
{ A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{ A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
.
.
. [same as with {A1, A2}]

.

.

.
.
.
.

{ A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{¬A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f3
{¬A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f3
{¬A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f3
{¬A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f3
{¬A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f3
{¬A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f3

{¬A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f4
.
.
. [same as with {¬A1, A2}]

.

.

.
.
.
.

{¬A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f4

explain that ¬B2, B3 is not possible

Then, since each of the 24 '⇤
[µA⇤ ]

’s is a conjunction of liter-

als, WMI-PA computes 24 integrals. Notice that it uselessly

splits into 2 parts the integrals on f11 and f22 and into 6

parts the integral on f3 and on f4. Also, it repeats the very

same integrals for {A1, A2, ...} and {A1,¬A2, ...}.
2 ⇧

2The latter fact can be fixed by caching the values of the
integrals.

3

Algorithm 1 WMI-PA(', w, x, A)

1: h'⇤, w⇤,A⇤i  LabelConditions(', w,x,A)
2: MA⇤  TTA(PredAbs['⇤](A

⇤))
3: vol 0
4: for µA⇤ 2MA⇤ do
5: Simplify('⇤

[µA⇤ ]
)

6: if LiteralConjunction('⇤
[µA⇤ ]

) then
7: vol vol +WMInb('⇤

[µA⇤ ]
, w⇤

[µA⇤ ]
|x)

8: else
9: MLRA  TA(PredAbs['⇤

[µA⇤
]
](Atoms('⇤

[µA⇤ ]
)))

10: for µLRA 2MLRA do
11: vol vol +WMInb(µLRA, w⇤

[µA⇤ ]
|x)

12: return vol

WMInb('⇤
[µA⇤ ]

, w⇤
[µA⇤ ]

|x). Otherwise, TA('⇤
[µA⇤ ]

) is com-
puted as TA(PredAbs['⇤

[µA⇤
]
](Atoms('⇤

[µA⇤ ]
))) to produce

partial assignments, and the algorithm iteratively computes
contributions to the volume for each µLRA. We refer the
reader to Morettin et al. [2019] for more details.
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We have identified some main issues with the WMI-PA al-
gorithm, which we illustrate by means of a simple example.
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To be solved, the WMI needs to compute 6 integrals:

f11 on Jx12 [1, 2]K ^ Jx22 [1, 3]K (if A1 = >)

f12 on Jx12 [1, 2]K ^ Jx22 [0, 1]K (if A1 = >)

f21 on Jx12 [0, 1]K ^ Jx22 [2, 3]K (if A1 = >)

f22 on Jx12 [0, 1]K ^ Jx22 [0, 2]K (if A1 = >).

f3 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = >)

f4 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = ?)

With WMI-PA, applying LabelConditions(...) we obtain:

'⇤(x,A [B)
def

= ' ^ � ^B1 $ (x1 � 1) ^
B2 $ (x2 � 1) ^B3 $ (x2 � 2)
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then by applying TTA(PredAbs['⇤](A
⇤)) (row 2) we obtain

instead 24 total assignments MA⇤
on A [B:

Assignment Range w
{ A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
{ A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f11
{ A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f12
{ A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f21
{ A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f22
{ A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{ A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
.
.
. [same as with {A1, A2}]

.

.

.
.
.
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{ A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{¬A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f3
{¬A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f3
{¬A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f3
{¬A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f3
{¬A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f3
{¬A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f3

{¬A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f4
.
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. [same as with {¬A1, A2}]
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.

{¬A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f4

explain that ¬B2, B3 is not possible

Then, since each of the 24 '⇤
[µA⇤ ]

’s is a conjunction of liter-

als, WMI-PA computes 24 integrals. Notice that it uselessly

splits into 2 parts the integrals on f11 and f22 and into 6

parts the integral on f3 and on f4. Also, it repeats the very

same integrals for {A1, A2, ...} and {A1,¬A2, ...}.
2 ⇧

2The latter fact can be fixed by caching the values of the
integrals.

3

Algorithm 1 WMI-PA(', w, x, A)

1: h'⇤, w⇤,A⇤i  LabelConditions(', w,x,A)
2: MA⇤  TTA(PredAbs['⇤](A

⇤))
3: vol 0
4: for µA⇤ 2MA⇤ do
5: Simplify('⇤
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)

6: if LiteralConjunction('⇤
[µA⇤ ]

) then
7: vol vol +WMInb('⇤

[µA⇤ ]
, w⇤

[µA⇤ ]
|x)

8: else
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[µA⇤
]
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[µA⇤ ]
)))

10: for µLRA 2MLRA do
11: vol vol +WMInb(µLRA, w⇤

[µA⇤ ]
|x)

12: return vol

WMInb('⇤
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, w⇤
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|x). Otherwise, TA('⇤
[µA⇤ ]

) is com-
puted as TA(PredAbs['⇤

[µA⇤
]
](Atoms('⇤
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))) to produce

partial assignments, and the algorithm iteratively computes
contributions to the volume for each µLRA. We refer the
reader to Morettin et al. [2019] for more details.
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To be solved, the WMI needs to compute 6 integrals:

f11 on Jx12 [1, 2]K ^ Jx22 [1, 3]K (if A1 = >)

f12 on Jx12 [1, 2]K ^ Jx22 [0, 1]K (if A1 = >)

f21 on Jx12 [0, 1]K ^ Jx22 [2, 3]K (if A1 = >)

f22 on Jx12 [0, 1]K ^ Jx22 [0, 2]K (if A1 = >).

f3 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = >)

f4 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = ?)

With WMI-PA, applying LabelConditions(...) we obtain:

'⇤(x,A [B)
def

= ' ^ � ^B1 $ (x1 � 1) ^
B2 $ (x2 � 1) ^B3 $ (x2 � 2)

w⇤(x,A [B)
def
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Else f4
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then by applying TTA(PredAbs['⇤](A
⇤)) (row 2) we obtain

instead 24 total assignments MA⇤
on A [B:

Assignment Range w
{ A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
{ A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f11
{ A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f12
{ A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f21
{ A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f22
{ A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{ A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
.
.
. [same as with {A1, A2}]

.

.

.
.
.
.

{ A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{¬A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f3
{¬A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f3
{¬A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f3
{¬A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f3
{¬A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f3
{¬A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f3

{¬A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f4
.
.
. [same as with {¬A1, A2}]

.

.

.
.
.
.

{¬A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f4

explain that ¬B2, B3 is not possible

Then, since each of the 24 '⇤
[µA⇤ ]

’s is a conjunction of liter-

als, WMI-PA computes 24 integrals. Notice that it uselessly

splits into 2 parts the integrals on f11 and f22 and into 6

parts the integral on f3 and on f4. Also, it repeats the very

same integrals for {A1, A2, ...} and {A1,¬A2, ...}.
2 ⇧

2The latter fact can be fixed by caching the values of the
integrals.

3

Algorithm 1 WMI-PA(', w, x, A)

1: h'⇤, w⇤,A⇤i  LabelConditions(', w,x,A)
2: MA⇤  TTA(PredAbs['⇤](A

⇤))
3: vol 0
4: for µA⇤ 2MA⇤ do
5: Simplify('⇤

[µA⇤ ]
)

6: if LiteralConjunction('⇤
[µA⇤ ]

) then
7: vol vol +WMInb('⇤

[µA⇤ ]
, w⇤

[µA⇤ ]
|x)

8: else
9: MLRA  TA(PredAbs['⇤

[µA⇤
]
](Atoms('⇤

[µA⇤ ]
)))

10: for µLRA 2MLRA do
11: vol vol +WMInb(µLRA, w⇤

[µA⇤ ]
|x)

12: return vol

WMInb('⇤
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, w⇤
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|x). Otherwise, TA('⇤
[µA⇤ ]

) is com-
puted as TA(PredAbs['⇤
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]
](Atoms('⇤
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))) to produce

partial assignments, and the algorithm iteratively computes
contributions to the volume for each µLRA. We refer the
reader to Morettin et al. [2019] for more details.
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We have identified some main issues with the WMI-PA al-
gorithm, which we illustrate by means of a simple example.

Example 1 Let '
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To be solved, the WMI needs to compute 6 integrals:

f11 on Jx12 [1, 2]K ^ Jx22 [1, 3]K (if A1 = >)

f12 on Jx12 [1, 2]K ^ Jx22 [0, 1]K (if A1 = >)

f21 on Jx12 [0, 1]K ^ Jx22 [2, 3]K (if A1 = >)

f22 on Jx12 [0, 1]K ^ Jx22 [0, 2]K (if A1 = >).

f3 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = >)

f4 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = ?)

With WMI-PA, applying LabelConditions(...) we obtain:

'⇤(x,A [B)
def

= ' ^ � ^B1 $ (x1 � 1) ^
B2 $ (x2 � 1) ^B3 $ (x2 � 2)

w⇤(x,A [B)
def

=

u
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Then
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If B1

Then

u

v
If B2
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then by applying TTA(PredAbs['⇤](A
⇤)) (row 2) we obtain

instead 24 total assignments MA⇤
on A [B:

Assignment Range w
{ A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
{ A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f11
{ A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f12
{ A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f21
{ A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f22
{ A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{ A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
.
.
. [same as with {A1, A2}]

.

.

.
.
.
.

{ A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{¬A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f3
{¬A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f3
{¬A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f3
{¬A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f3
{¬A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f3
{¬A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f3

{¬A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f4
.
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. [same as with {¬A1, A2}]
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.

{¬A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f4

explain that ¬B2, B3 is not possible

Then, since each of the 24 '⇤
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’s is a conjunction of liter-

als, WMI-PA computes 24 integrals. Notice that it uselessly

splits into 2 parts the integrals on f11 and f22 and into 6

parts the integral on f3 and on f4. Also, it repeats the very

same integrals for {A1, A2, ...} and {A1,¬A2, ...}.
2 ⇧

2The latter fact can be fixed by caching the values of the
integrals.

3

Algorithm 1 WMI-PA(', w, x, A)

1: h'⇤, w⇤,A⇤i  LabelConditions(', w,x,A)
2: MA⇤  TTA(PredAbs['⇤](A

⇤))
3: vol 0
4: for µA⇤ 2MA⇤ do
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)
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8: else
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)))
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To be solved, the WMI needs to compute 6 integrals:

f11 on Jx12 [1, 2]K ^ Jx22 [1, 3]K (if A1 = >)

f12 on Jx12 [1, 2]K ^ Jx22 [0, 1]K (if A1 = >)

f21 on Jx12 [0, 1]K ^ Jx22 [2, 3]K (if A1 = >)

f22 on Jx12 [0, 1]K ^ Jx22 [0, 2]K (if A1 = >).

f3 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = >)

f4 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = ?)

With WMI-PA, applying LabelConditions(...) we obtain:

'⇤(x,A [B)
def

= ' ^ � ^B1 $ (x1 � 1) ^
B2 $ (x2 � 1) ^B3 $ (x2 � 2)

w⇤(x,A [B)
def

=
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Else f4
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then by applying TTA(PredAbs['⇤](A
⇤)) (row 2) we obtain

instead 24 total assignments MA⇤
on A [B:

Assignment Range w
{ A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
{ A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f11
{ A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f12
{ A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f21
{ A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f22
{ A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{ A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
.
.
. [same as with {A1, A2}]

.

.

.
.
.
.

{ A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{¬A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f3
{¬A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f3
{¬A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f3
{¬A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f3
{¬A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f3
{¬A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f3

{¬A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f4
.
.
. [same as with {¬A1, A2}]

.

.

.
.
.
.

{¬A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f4

explain that ¬B2, B3 is not possible

Then, since each of the 24 '⇤
[µA⇤ ]

’s is a conjunction of liter-

als, WMI-PA computes 24 integrals. Notice that it uselessly

splits into 2 parts the integrals on f11 and f22 and into 6

parts the integral on f3 and on f4. Also, it repeats the very

same integrals for {A1, A2, ...} and {A1,¬A2, ...}.
2 ⇧

2The latter fact can be fixed by caching the values of the
integrals.

3

Algorithm 1 WMI-PA(', w, x, A)

1: h'⇤, w⇤,A⇤i  LabelConditions(', w,x,A)
2: MA⇤  TTA(PredAbs['⇤](A

⇤))
3: vol 0
4: for µA⇤ 2MA⇤ do
5: Simplify('⇤

[µA⇤ ]
)

6: if LiteralConjunction('⇤
[µA⇤ ]

) then
7: vol vol +WMInb('⇤

[µA⇤ ]
, w⇤

[µA⇤ ]
|x)

8: else
9: MLRA  TA(PredAbs['⇤

[µA⇤
]
](Atoms('⇤

[µA⇤ ]
)))

10: for µLRA 2MLRA do
11: vol vol +WMInb(µLRA, w⇤

[µA⇤ ]
|x)

12: return vol

WMInb('⇤
[µA⇤ ]

, w⇤
[µA⇤ ]

|x). Otherwise, TA('⇤
[µA⇤ ]

) is com-
puted as TA(PredAbs['⇤

[µA⇤
]
](Atoms('⇤

[µA⇤ ]
))) to produce

partial assignments, and the algorithm iteratively computes
contributions to the volume for each µLRA. We refer the
reader to Morettin et al. [2019] for more details.

4 EFFICIENCY ISSUES

4.1 (F)XSDD

Rseba

4.2 WMI-PA

We have identified some main issues with the WMI-PA al-
gorithm, which we illustrate by means of a simple example.

Example 1 Let '
def

= >, �
def

= Jx1 2 [0, 2]K ^ Jx2 2 [0, 3]K
and

w(x,A)
def

=
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Else f22

}

~
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Else
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If A2

Then f3
Else f4

}
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}
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To be solved, the WMI needs to compute 6 integrals:

f11 on Jx12 [1, 2]K ^ Jx22 [1, 3]K (if A1 = >)

f12 on Jx12 [1, 2]K ^ Jx22 [0, 1]K (if A1 = >)

f21 on Jx12 [0, 1]K ^ Jx22 [2, 3]K (if A1 = >)

f22 on Jx12 [0, 1]K ^ Jx22 [0, 2]K (if A1 = >).

f3 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = >)

f4 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = ?)

With WMI-PA, applying LabelConditions(...) we obtain:

'⇤(x,A [B)
def

= ' ^ � ^B1 $ (x1 � 1) ^
B2 $ (x2 � 1) ^B3 $ (x2 � 2)

w⇤(x,A [B)
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~
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Then f3
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}

~

}
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then by applying TTA(PredAbs['⇤](A
⇤)) (row 2) we obtain

instead 24 total assignments MA⇤
on A [B:

Assignment Range w
{ A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
{ A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f11
{ A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f12
{ A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f21
{ A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f22
{ A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{ A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
.
.
. [same as with {A1, A2}]

.

.

.
.
.
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.
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.
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{¬A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f4

explain that ¬B2, B3 is not possible

Then, since each of the 24 '⇤
[µA⇤ ]

’s is a conjunction of liter-

als, WMI-PA computes 24 integrals. Notice that it uselessly

splits into 2 parts the integrals on f11 and f22 and into 6

parts the integral on f3 and on f4. Also, it repeats the very

same integrals for {A1, A2, ...} and {A1,¬A2, ...}.
2 ⇧

2The latter fact can be fixed by caching the values of the
integrals.
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To be solved, the WMI needs to compute 6 integrals:

f11 on Jx12 [1, 2]K ^ Jx22 [1, 3]K (if A1 = >)

f12 on Jx12 [1, 2]K ^ Jx22 [0, 1]K (if A1 = >)

f21 on Jx12 [0, 1]K ^ Jx22 [2, 3]K (if A1 = >)

f22 on Jx12 [0, 1]K ^ Jx22 [0, 2]K (if A1 = >).

f3 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = >)

f4 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = ?)

With WMI-PA, applying LabelConditions(...) we obtain:

'⇤(x,A [B)
def

= ' ^ � ^B1 $ (x1 � 1) ^
B2 $ (x2 � 1) ^B3 $ (x2 � 2)

w⇤(x,A [B)
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then by applying TTA(PredAbs['⇤](A
⇤)) (row 2) we obtain

instead 24 total assignments MA⇤
on A [B:

Assignment Range w
{ A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
{ A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f11
{ A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f12
{ A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f21
{ A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f22
{ A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{ A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
.
.
. [same as with {A1, A2}]

.

.

.
.
.
.

{ A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{¬A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f3
{¬A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f3
{¬A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f3
{¬A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f3
{¬A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f3
{¬A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f3

{¬A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f4
.
.
. [same as with {¬A1, A2}]

.

.

.
.
.
.

{¬A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f4

explain that ¬B2, B3 is not possible

Then, since each of the 24 '⇤
[µA⇤ ]

’s is a conjunction of liter-

als, WMI-PA computes 24 integrals. Notice that it uselessly

splits into 2 parts the integrals on f11 and f22 and into 6

parts the integral on f3 and on f4. Also, it repeats the very

same integrals for {A1, A2, ...} and {A1,¬A2, ...}.
2 ⇧

2The latter fact can be fixed by caching the values of the
integrals.

3

to

to do what?

. This is achieved by introducing a set of fresh
LRA variables, y

def
= {y, y1, ..., yk}, recursively sub-

stituting bottom-up every conditional term with yi
def
=

(If  i Then ti1 Else ti2), with the encoding written as
(¬ i _ yi = ti1) ^ ( i _ yi = ti2)2 and setting y equal
to the top level yi. We call Jy = wK the SMT(LRA) for-
mula on (x [ y,A) obtained by conjoining the encodings
of all y. AP TODO: @RS: ho provato a rendere la sp-
iegazione piu’ umana, guarda se ti torna.. poi veramente
toglierei i mutex, ho messo una footnote..

AP TODO: @RS: se il pezzo sopra va bene, questo si puo’
levare Let Jy = wK be the SMT(LRA) formula on (x [
y,A), y def

= {y, y1, ..., yk} be a set of fresh LRA variables,
obtained from (y = w(x,A)) by recursively substituting
bottom-up every conditional term (If  i Then t1i Else t2i)
with a fresh variable yi, and then conjoining the encoding
of yi

def
= (If  i Then t1i Else t2i) as

(¬ i _ yi = t1i)^ ( i _ yi = t2i)^ (¬(yi = t1i)_¬(yi =
t2i)).

(¬A1 _ ¬(x1 � 1) _ ¬(x2 � 1) _ (y1 = f11))

^(¬A1 _ ¬(x1 � 1) _ (x2 � 1) _ (y1 = f12))

(¬A1 _ (x1 � 1) _ ¬(x2 � 2) _ (y2 = f21))

^(¬A1 _ (x1 � 1) _ (x2 � 2) _ (y2 = f22))

(¬A1 _ ¬(x1 � 1) _ (y3 = y1))

^(¬A1 _ (x1 � 1) _ (y3 = y2))

( A1 _ ¬A2 _ (y4 = f3))

^( A1 _ A2 _ (y4 = f4))

2For issues of effectiveness, in the actual encoding we also con-
join the mutual exclusion condition (¬(yi = ti1) _ ¬(yi = ti2))
under the assumption that ti1, ti2 ae not equivalent. (Otherwise,
we can safely rewrite (If  i Then ti1 Else ti2) into ti1.) We omit
this in the rest of the paper for simplicity of notation.

(¬A1 _ (y5 = y3))

^( A1 _ (y5 = y4))

(y = y5)

y1 y2 y3 y4 y5

Example 2 Consider the problem in example 1. Then:

Jy = wK(x [ y,A)
def
=

(¬A1 _ ¬(x1 � 1) _ ¬(x2 � 1) _ (y1 = f11))
^(¬A1 _ ¬(x1 � 1) _ (x2 � 1) _ (y1 = f12))
^(¬A1 _ ¬(x1 � 1) _ ¬(y1 = f11) _ ¬(y1 = f12))
^(¬A1 _ (x1 � 1) _ ¬(x2 � 2) _ (y2 = f21))
^(¬A1 _ (x1 � 1) _ (x2 � 2) _ (y2 = f22))
^(¬A1 _ (x1 � 1) _ ¬(y2 = f21) _ ¬(y2 = f22))
^(¬A1 _ ¬(x1 � 1) _ (y3 = y1))
^(¬A1 _ (x1 � 1) _ (y3 = y2))
^(¬A1 _ ¬(y3 = y1) _ ¬(y3 = y2))
^( A1 _ ¬A2 _ (y4 = f3))
^( A1 _ A2 _ (y4 = f4))
^( A1 _ ¬(y4 = f3) _ ¬(y4 = f4))
^(¬A1 _ (y5 = y3))
^( A1 _ (y5 = y4))
^(¬(y5 = y3) _ ¬(y5 = y4))
^( (y = y5))

The algorithm enumerates partial assignments satis-
fying ' ^ � ^ Jy = wK, restricted on the conditions
 

def
= {A1, A2, (x1 � 1), (x2 � 1), (x2 � 2)}, which is

equivalent to enumerate TA(9xy.(' ^ � ^ Jy = wK)).
Assuming the enumeration procedure picks nondeterministic
choices following the order of the above set and assigning
positive values first, then in the first branch the following
satisfying partial assignment is generated, in order: 3

� [ {(y = y5), A1, (y5 = y3),¬(y5 = y4), A2, (x1 � 1),
(y3 = y1),¬(y3 = y2), (x2 � 1), (y1 = f11),¬(y1 = f12)}.

(Notice that, following the chains of true equaities, we have
y = y5 = ... = f11.) Then the SMT solver extracts from
it the subset {A1, (x1 � 1), (x2 � 1)} restricted on the
conditions in  which had an actual role role in satisfying
the formula (i.e., A2 is not considered)4 Then the blocking
clause ¬A1 _ ¬(x1 � 1) _ ¬(x2 � 1) is added to the

3Here nondererministic choices are underlined. The atoms in
� are assigned deterministically.

4This is due to conflict analysis, a process SMT solvers inherit
from SAT. Notice that if also the atom (x2 � 2) were assigned
at the end of the assignment, it would have ignored like A � 2
because it whould have no role in satisfying the formula. We refer
the reader to Lahiri et al. [2006] for more details.
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We have identified some main issues with the WMI-PA al-
gorithm, which we illustrate by means of a simple example.
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To be solved, the WMI needs to compute 6 integrals:

f11 on Jx12 [1, 2]K ^ Jx22 [1, 3]K (if A1 = >)

f12 on Jx12 [1, 2]K ^ Jx22 [0, 1]K (if A1 = >)

f21 on Jx12 [0, 1]K ^ Jx22 [2, 3]K (if A1 = >)

f22 on Jx12 [0, 1]K ^ Jx22 [0, 2]K (if A1 = >).

f3 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = >)

f4 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = ?)

With WMI-PA, applying LabelConditions(...) we obtain:

'⇤(x,A [B)
def
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then by applying TTA(PredAbs['⇤](A
⇤)) (row 2) we obtain

instead 24 total assignments MA⇤
on A [B:

Assignment Range w
{ A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
{ A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f11
{ A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f12
{ A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f21
{ A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f22
{ A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{ A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
.
.
. [same as with {A1, A2}]

.

.

.
.
.
.
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{¬A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f3
{¬A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f3
{¬A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f3
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{¬A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f4
.
.
. [same as with {¬A1, A2}]

.

.

.
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.

{¬A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f4

explain that ¬B2, B3 is not possible

Then, since each of the 24 '⇤
[µA⇤ ]

’s is a conjunction of liter-

als, WMI-PA computes 24 integrals. Notice that it uselessly

splits into 2 parts the integrals on f11 and f22 and into 6

parts the integral on f3 and on f4. Also, it repeats the very

same integrals for {A1, A2, ...} and {A1,¬A2, ...}.
2 ⇧

2The latter fact can be fixed by caching the values of the
integrals.
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To be solved, the WMI needs to compute 6 integrals:

f11 on Jx12 [1, 2]K ^ Jx22 [1, 3]K (if A1 = >)

f12 on Jx12 [1, 2]K ^ Jx22 [0, 1]K (if A1 = >)

f21 on Jx12 [0, 1]K ^ Jx22 [2, 3]K (if A1 = >)

f22 on Jx12 [0, 1]K ^ Jx22 [0, 2]K (if A1 = >).

f3 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = >)

f4 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = ?)

With WMI-PA, applying LabelConditions(...) we obtain:

'⇤(x,A [B)
def

= ' ^ � ^B1 $ (x1 � 1) ^
B2 $ (x2 � 1) ^B3 $ (x2 � 2)
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then by applying TTA(PredAbs['⇤](A
⇤)) (row 2) we obtain

instead 24 total assignments MA⇤
on A [B:

Assignment Range w
{ A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
{ A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f11
{ A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f12
{ A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f21
{ A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f22
{ A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{ A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
.
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{¬A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f4
.
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. [same as with {¬A1, A2}]
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{¬A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f4

explain that ¬B2, B3 is not possible

Then, since each of the 24 '⇤
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’s is a conjunction of liter-
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parts the integral on f3 and on f4. Also, it repeats the very

same integrals for {A1, A2, ...} and {A1,¬A2, ...}.
2 ⇧

2The latter fact can be fixed by caching the values of the
integrals.
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To be solved, the WMI needs to compute 6 integrals:

f11 on Jx12 [1, 2]K ^ Jx22 [1, 3]K (if A1 = >)

f12 on Jx12 [1, 2]K ^ Jx22 [0, 1]K (if A1 = >)

f21 on Jx12 [0, 1]K ^ Jx22 [2, 3]K (if A1 = >)

f22 on Jx12 [0, 1]K ^ Jx22 [0, 2]K (if A1 = >).

f3 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = >)

f4 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = ?)

With WMI-PA, applying LabelConditions(...) we obtain:

'⇤(x,A [B)
def

= ' ^ � ^B1 $ (x1 � 1) ^
B2 $ (x2 � 1) ^B3 $ (x2 � 2)
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def
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then by applying TTA(PredAbs['⇤](A
⇤)) (row 2) we obtain

instead 24 total assignments MA⇤
on A [B:

Assignment Range w
{ A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
{ A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f11
{ A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f12
{ A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f21
{ A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f22
{ A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{ A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
.
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To be solved, the WMI needs to compute 6 integrals:

f11 on Jx12 [1, 2]K ^ Jx22 [1, 3]K (if A1 = >)

f12 on Jx12 [1, 2]K ^ Jx22 [0, 1]K (if A1 = >)

f21 on Jx12 [0, 1]K ^ Jx22 [2, 3]K (if A1 = >)

f22 on Jx12 [0, 1]K ^ Jx22 [0, 2]K (if A1 = >).

f3 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = >)

f4 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = ?)

With WMI-PA, applying LabelConditions(...) we obtain:

'⇤(x,A [B)
def

= ' ^ � ^B1 $ (x1 � 1) ^
B2 $ (x2 � 1) ^B3 $ (x2 � 2)

w⇤(x,A [B)
def

=

u
wwwwwwwwwwwwwwwwv

If A1

Then

u
wwwwwwwwv

If B1

Then

u

v
If B2

Then f11
Else f12

}

~

Else

u

v
If B3

Then f21
Else f22

}

~

}
��������~

Else

u

v
If A2

Then f3
Else f4

}

~

}
����������������~

then by applying TTA(PredAbs['⇤](A
⇤)) (row 2) we obtain

instead 24 total assignments MA⇤
on A [B:

Assignment Range w
{ A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
{ A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f11
{ A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f12
{ A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f21
{ A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f22
{ A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{ A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
.
.
. [same as with {A1, A2}]

.

.

.
.
.
.

{ A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{¬A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f3
{¬A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f3
{¬A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f3
{¬A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f3
{¬A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f3
{¬A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f3

{¬A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f4
.
.
. [same as with {¬A1, A2}]

.

.

.
.
.
.

{¬A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f4

explain that ¬B2, B3 is not possible

Then, since each of the 24 '⇤
[µA⇤ ]

’s is a conjunction of liter-

als, WMI-PA computes 24 integrals. Notice that it uselessly

splits into 2 parts the integrals on f11 and f22 and into 6

parts the integral on f3 and on f4. Also, it repeats the very

same integrals for {A1, A2, ...} and {A1,¬A2, ...}.
2 ⇧

2The latter fact can be fixed by caching the values of the
integrals.

3

Algorithm 1 WMI-PA(', w, x, A)

1: h'⇤, w⇤,A⇤i  LabelConditions(', w,x,A)
2: MA⇤  TTA(PredAbs['⇤](A

⇤))
3: vol 0
4: for µA⇤ 2MA⇤ do
5: Simplify('⇤

[µA⇤ ]
)

6: if LiteralConjunction('⇤
[µA⇤ ]

) then
7: vol vol +WMInb('⇤

[µA⇤ ]
, w⇤

[µA⇤ ]
|x)

8: else
9: MLRA  TA(PredAbs['⇤

[µA⇤
]
](Atoms('⇤

[µA⇤ ]
)))

10: for µLRA 2MLRA do
11: vol vol +WMInb(µLRA, w⇤

[µA⇤ ]
|x)

12: return vol

WMInb('⇤
[µA⇤ ]

, w⇤
[µA⇤ ]

|x). Otherwise, TA('⇤
[µA⇤ ]

) is com-
puted as TA(PredAbs['⇤

[µA⇤
]
](Atoms('⇤

[µA⇤ ]
))) to produce

partial assignments, and the algorithm iteratively computes
contributions to the volume for each µLRA. We refer the
reader to Morettin et al. [2019] for more details.

4 EFFICIENCY ISSUES

4.1 (F)XSDD

Rseba

4.2 WMI-PA

We have identified some main issues with the WMI-PA al-
gorithm, which we illustrate by means of a simple example.

Example 1 Let '
def

= >, �
def

= Jx1 2 [0, 2]K ^ Jx2 2 [0, 3]K
and

w(x,A)
def

=

u
wwwwwwwwwwwwwwwwv

If A1

Then

u
wwwwwwwwv

If (x1 � 1)

Then

u

v
If (x2 � 1)
Then f11
Else f12

}

~

Else

u

v
If (x2 � 2)
Then f21
Else f22

}

~

}
��������~

Else

u

v
If A2

Then f3
Else f4

}

~

}
����������������~

To be solved, the WMI needs to compute 6 integrals:

f11 on Jx12 [1, 2]K ^ Jx22 [1, 3]K (if A1 = >)

f12 on Jx12 [1, 2]K ^ Jx22 [0, 1]K (if A1 = >)

f21 on Jx12 [0, 1]K ^ Jx22 [2, 3]K (if A1 = >)

f22 on Jx12 [0, 1]K ^ Jx22 [0, 2]K (if A1 = >).

f3 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = >)

f4 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = ?)

With WMI-PA, applying LabelConditions(...) we obtain:

'⇤(x,A [B)
def

= ' ^ � ^B1 $ (x1 � 1) ^
B2 $ (x2 � 1) ^B3 $ (x2 � 2)

w⇤(x,A [B)
def

=

u
wwwwwwwwwwwwwwwwv

If A1

Then

u
wwwwwwwwv

If B1

Then

u

v
If B2

Then f11
Else f12

}

~

Else

u

v
If B3

Then f21
Else f22

}

~

}
��������~

Else

u

v
If A2

Then f3
Else f4

}

~

}
����������������~

then by applying TTA(PredAbs['⇤](A
⇤)) (row 2) we obtain

instead 24 total assignments MA⇤
on A [B:

Assignment Range w
{ A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
{ A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f11
{ A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f12
{ A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f21
{ A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f22
{ A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{ A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
.
.
. [same as with {A1, A2}]

.

.

.
.
.
.

{ A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{¬A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f3
{¬A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f3
{¬A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f3
{¬A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f3
{¬A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f3
{¬A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f3

{¬A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f4
.
.
. [same as with {¬A1, A2}]

.

.

.
.
.
.

{¬A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f4

explain that ¬B2, B3 is not possible

Then, since each of the 24 '⇤
[µA⇤ ]

’s is a conjunction of liter-

als, WMI-PA computes 24 integrals. Notice that it uselessly

splits into 2 parts the integrals on f11 and f22 and into 6

parts the integral on f3 and on f4. Also, it repeats the very

same integrals for {A1, A2, ...} and {A1,¬A2, ...}.
2 ⇧

2The latter fact can be fixed by caching the values of the
integrals.

3

to

to do what?

. This is achieved by introducing a set of fresh
LRA variables, y

def
= {y, y1, ..., yk}, recursively sub-

stituting bottom-up every conditional term with yi
def
=

(If  i Then ti1 Else ti2), with the encoding written as
(¬ i _ yi = ti1) ^ ( i _ yi = ti2)2 and setting y equal
to the top level yi. We call Jy = wK the SMT(LRA) for-
mula on (x [ y,A) obtained by conjoining the encodings
of all y. AP TODO: @RS: ho provato a rendere la sp-
iegazione piu’ umana, guarda se ti torna.. poi veramente
toglierei i mutex, ho messo una footnote..

AP TODO: @RS: se il pezzo sopra va bene, questo si puo’
levare Let Jy = wK be the SMT(LRA) formula on (x [
y,A), y def

= {y, y1, ..., yk} be a set of fresh LRA variables,
obtained from (y = w(x,A)) by recursively substituting
bottom-up every conditional term (If  i Then t1i Else t2i)
with a fresh variable yi, and then conjoining the encoding
of yi

def
= (If  i Then t1i Else t2i) as

(¬ i _ yi = t1i)^ ( i _ yi = t2i)^ (¬(yi = t1i)_¬(yi =
t2i)).

(¬A1 _ ¬(x1 � 1) _ ¬(x2 � 1) _ (y1 = f11))

^(¬A1 _ ¬(x1 � 1) _ (x2 � 1) _ (y1 = f12))

(¬A1 _ (x1 � 1) _ ¬(x2 � 2) _ (y2 = f21))

^(¬A1 _ (x1 � 1) _ (x2 � 2) _ (y2 = f22))

(¬A1 _ ¬(x1 � 1) _ (y3 = y1))

^(¬A1 _ (x1 � 1) _ (y3 = y2))

( A1 _ ¬A2 _ (y4 = f3))

^( A1 _ A2 _ (y4 = f4))

2For issues of effectiveness, in the actual encoding we also con-
join the mutual exclusion condition (¬(yi = ti1) _ ¬(yi = ti2))
under the assumption that ti1, ti2 ae not equivalent. (Otherwise,
we can safely rewrite (If  i Then ti1 Else ti2) into ti1.) We omit
this in the rest of the paper for simplicity of notation.

(¬A1 _ (y5 = y3))

^( A1 _ (y5 = y4))

(y = y5)

y1 y2 y3 y4 y5

Example 2 Consider the problem in example 1. Then:

Jy = wK(x [ y,A)
def
=

(¬A1 _ ¬(x1 � 1) _ ¬(x2 � 1) _ (y1 = f11))
^(¬A1 _ ¬(x1 � 1) _ (x2 � 1) _ (y1 = f12))
^(¬A1 _ ¬(x1 � 1) _ ¬(y1 = f11) _ ¬(y1 = f12))
^(¬A1 _ (x1 � 1) _ ¬(x2 � 2) _ (y2 = f21))
^(¬A1 _ (x1 � 1) _ (x2 � 2) _ (y2 = f22))
^(¬A1 _ (x1 � 1) _ ¬(y2 = f21) _ ¬(y2 = f22))
^(¬A1 _ ¬(x1 � 1) _ (y3 = y1))
^(¬A1 _ (x1 � 1) _ (y3 = y2))
^(¬A1 _ ¬(y3 = y1) _ ¬(y3 = y2))
^( A1 _ ¬A2 _ (y4 = f3))
^( A1 _ A2 _ (y4 = f4))
^( A1 _ ¬(y4 = f3) _ ¬(y4 = f4))
^(¬A1 _ (y5 = y3))
^( A1 _ (y5 = y4))
^(¬(y5 = y3) _ ¬(y5 = y4))
^( (y = y5))

The algorithm enumerates partial assignments satis-
fying ' ^ � ^ Jy = wK, restricted on the conditions
 

def
= {A1, A2, (x1 � 1), (x2 � 1), (x2 � 2)}, which is

equivalent to enumerate TA(9xy.(' ^ � ^ Jy = wK)).
Assuming the enumeration procedure picks nondeterministic
choices following the order of the above set and assigning
positive values first, then in the first branch the following
satisfying partial assignment is generated, in order: 3

� [ {(y = y5), A1, (y5 = y3),¬(y5 = y4), A2, (x1 � 1),
(y3 = y1),¬(y3 = y2), (x2 � 1), (y1 = f11),¬(y1 = f12)}.

(Notice that, following the chains of true equaities, we have
y = y5 = ... = f11.) Then the SMT solver extracts from
it the subset {A1, (x1 � 1), (x2 � 1)} restricted on the
conditions in  which had an actual role role in satisfying
the formula (i.e., A2 is not considered)4 Then the blocking
clause ¬A1 _ ¬(x1 � 1) _ ¬(x2 � 1) is added to the

3Here nondererministic choices are underlined. The atoms in
� are assigned deterministically.

4This is due to conflict analysis, a process SMT solvers inherit
from SAT. Notice that if also the atom (x2 � 2) were assigned
at the end of the assignment, it would have ignored like A � 2
because it whould have no role in satisfying the formula. We refer
the reader to Lahiri et al. [2006] for more details.

5

to

to do what?

. This is achieved by introducing a set of fresh
LRA variables, y

def
= {y, y1, ..., yk}, recursively sub-

stituting bottom-up every conditional term with yi
def
=

(If  i Then ti1 Else ti2), with the encoding written as
(¬ i _ yi = ti1) ^ ( i _ yi = ti2)2 and setting y equal
to the top level yi. We call Jy = wK the SMT(LRA) for-
mula on (x [ y,A) obtained by conjoining the encodings
of all y. AP TODO: @RS: ho provato a rendere la sp-
iegazione piu’ umana, guarda se ti torna.. poi veramente
toglierei i mutex, ho messo una footnote..

AP TODO: @RS: se il pezzo sopra va bene, questo si puo’
levare Let Jy = wK be the SMT(LRA) formula on (x [
y,A), y def

= {y, y1, ..., yk} be a set of fresh LRA variables,
obtained from (y = w(x,A)) by recursively substituting
bottom-up every conditional term (If  i Then t1i Else t2i)
with a fresh variable yi, and then conjoining the encoding
of yi

def
= (If  i Then t1i Else t2i) as

(¬ i _ yi = t1i)^ ( i _ yi = t2i)^ (¬(yi = t1i)_¬(yi =
t2i)).

(¬A1 _ ¬(x1 � 1) _ ¬(x2 � 1) _ (y1 = f11))

^(¬A1 _ ¬(x1 � 1) _ (x2 � 1) _ (y1 = f12))

(¬A1 _ (x1 � 1) _ ¬(x2 � 2) _ (y2 = f21))

^(¬A1 _ (x1 � 1) _ (x2 � 2) _ (y2 = f22))

(¬A1 _ ¬(x1 � 1) _ (y3 = y1))

^(¬A1 _ (x1 � 1) _ (y3 = y2))

( A1 _ ¬A2 _ (y4 = f3))

^( A1 _ A2 _ (y4 = f4))

2For issues of effectiveness, in the actual encoding we also con-
join the mutual exclusion condition (¬(yi = ti1) _ ¬(yi = ti2))
under the assumption that ti1, ti2 ae not equivalent. (Otherwise,
we can safely rewrite (If  i Then ti1 Else ti2) into ti1.) We omit
this in the rest of the paper for simplicity of notation.

(¬A1 _ (y5 = y3))

^( A1 _ (y5 = y4))

(y = y5)

y1 y2 y3 y4 y5

Example 2 Consider the problem in example 1. Then:

Jy = wK(x [ y,A)
def
=

(¬A1 _ ¬(x1 � 1) _ ¬(x2 � 1) _ (y1 = f11))
^(¬A1 _ ¬(x1 � 1) _ (x2 � 1) _ (y1 = f12))
^(¬A1 _ ¬(x1 � 1) _ ¬(y1 = f11) _ ¬(y1 = f12))
^(¬A1 _ (x1 � 1) _ ¬(x2 � 2) _ (y2 = f21))
^(¬A1 _ (x1 � 1) _ (x2 � 2) _ (y2 = f22))
^(¬A1 _ (x1 � 1) _ ¬(y2 = f21) _ ¬(y2 = f22))
^(¬A1 _ ¬(x1 � 1) _ (y3 = y1))
^(¬A1 _ (x1 � 1) _ (y3 = y2))
^(¬A1 _ ¬(y3 = y1) _ ¬(y3 = y2))
^( A1 _ ¬A2 _ (y4 = f3))
^( A1 _ A2 _ (y4 = f4))
^( A1 _ ¬(y4 = f3) _ ¬(y4 = f4))
^(¬A1 _ (y5 = y3))
^( A1 _ (y5 = y4))
^(¬(y5 = y3) _ ¬(y5 = y4))
^( (y = y5))

The algorithm enumerates partial assignments satis-
fying ' ^ � ^ Jy = wK, restricted on the conditions
 

def
= {A1, A2, (x1 � 1), (x2 � 1), (x2 � 2)}, which is

equivalent to enumerate TA(9xy.(' ^ � ^ Jy = wK)).
Assuming the enumeration procedure picks nondeterministic
choices following the order of the above set and assigning
positive values first, then in the first branch the following
satisfying partial assignment is generated, in order: 3

� [ {(y = y5), A1, (y5 = y3),¬(y5 = y4), A2, (x1 � 1),
(y3 = y1),¬(y3 = y2), (x2 � 1), (y1 = f11),¬(y1 = f12)}.

(Notice that, following the chains of true equaities, we have
y = y5 = ... = f11.) Then the SMT solver extracts from
it the subset {A1, (x1 � 1), (x2 � 1)} restricted on the
conditions in  which had an actual role role in satisfying
the formula (i.e., A2 is not considered)4 Then the blocking
clause ¬A1 _ ¬(x1 � 1) _ ¬(x2 � 1) is added to the

3Here nondererministic choices are underlined. The atoms in
� are assigned deterministically.

4This is due to conflict analysis, a process SMT solvers inherit
from SAT. Notice that if also the atom (x2 � 2) were assigned
at the end of the assignment, it would have ignored like A � 2
because it whould have no role in satisfying the formula. We refer
the reader to Lahiri et al. [2006] for more details.

5

Algorithm 1 WMI-PA(', w, x, A)

1: h'⇤, w⇤,A⇤i  LabelConditions(', w,x,A)
2: MA⇤  TTA(PredAbs['⇤](A

⇤))
3: vol 0
4: for µA⇤ 2MA⇤ do
5: Simplify('⇤

[µA⇤ ]
)

6: if LiteralConjunction('⇤
[µA⇤ ]

) then
7: vol vol +WMInb('⇤

[µA⇤ ]
, w⇤

[µA⇤ ]
|x)

8: else
9: MLRA  TA(PredAbs['⇤

[µA⇤
]
](Atoms('⇤

[µA⇤ ]
)))

10: for µLRA 2MLRA do
11: vol vol +WMInb(µLRA, w⇤

[µA⇤ ]
|x)

12: return vol

WMInb('⇤
[µA⇤ ]

, w⇤
[µA⇤ ]

|x). Otherwise, TA('⇤
[µA⇤ ]

) is com-
puted as TA(PredAbs['⇤

[µA⇤
]
](Atoms('⇤

[µA⇤ ]
))) to produce

partial assignments, and the algorithm iteratively computes
contributions to the volume for each µLRA. We refer the
reader to Morettin et al. [2019] for more details.

4 EFFICIENCY ISSUES

4.1 (F)XSDD

Rseba

4.2 WMI-PA

We have identified some main issues with the WMI-PA al-
gorithm, which we illustrate by means of a simple example.

Example 1 Let '
def

= >, �
def

= Jx1 2 [0, 2]K ^ Jx2 2 [0, 3]K
and

w(x,A)
def

=

u
wwwwwwwwwwwwwwwwv

If A1

Then

u
wwwwwwwwv

If (x1 � 1)

Then

u

v
If (x2 � 1)
Then f11
Else f12

}

~

Else

u

v
If (x2 � 2)
Then f21
Else f22

}

~

}
��������~

Else

u

v
If A2

Then f3
Else f4

}

~

}
����������������~

To be solved, the WMI needs to compute 6 integrals:

f11 on Jx12 [1, 2]K ^ Jx22 [1, 3]K (if A1 = >)

f12 on Jx12 [1, 2]K ^ Jx22 [0, 1]K (if A1 = >)

f21 on Jx12 [0, 1]K ^ Jx22 [2, 3]K (if A1 = >)

f22 on Jx12 [0, 1]K ^ Jx22 [0, 2]K (if A1 = >).

f3 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = >)

f4 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = ?)

With WMI-PA, applying LabelConditions(...) we obtain:

'⇤(x,A [B)
def

= ' ^ � ^B1 $ (x1 � 1) ^
B2 $ (x2 � 1) ^B3 $ (x2 � 2)

w⇤(x,A [B)
def

=

u
wwwwwwwwwwwwwwwwv

If A1

Then

u
wwwwwwwwv

If B1

Then

u

v
If B2

Then f11
Else f12

}

~

Else

u

v
If B3

Then f21
Else f22

}

~

}
��������~

Else

u

v
If A2

Then f3
Else f4

}

~

}
����������������~

then by applying TTA(PredAbs['⇤](A
⇤)) (row 2) we obtain

instead 24 total assignments MA⇤
on A [B:

Assignment Range w
{ A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
{ A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f11
{ A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f12
{ A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f21
{ A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f22
{ A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{ A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
.
.
. [same as with {A1, A2}]

.

.

.
.
.
.

{ A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{¬A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f3
{¬A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f3
{¬A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f3
{¬A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f3
{¬A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f3
{¬A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f3

{¬A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f4
.
.
. [same as with {¬A1, A2}]

.

.

.
.
.
.

{¬A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f4

explain that ¬B2, B3 is not possible

Then, since each of the 24 '⇤
[µA⇤ ]

’s is a conjunction of liter-

als, WMI-PA computes 24 integrals. Notice that it uselessly

splits into 2 parts the integrals on f11 and f22 and into 6

parts the integral on f3 and on f4. Also, it repeats the very

same integrals for {A1, A2, ...} and {A1,¬A2, ...}.
2 ⇧

2The latter fact can be fixed by caching the values of the
integrals.

3

Algorithm 1 WMI-PA(', w, x, A)

1: h'⇤, w⇤,A⇤i  LabelConditions(', w,x,A)
2: MA⇤  TTA(PredAbs['⇤](A

⇤))
3: vol 0
4: for µA⇤ 2MA⇤ do
5: Simplify('⇤

[µA⇤ ]
)

6: if LiteralConjunction('⇤
[µA⇤ ]

) then
7: vol vol +WMInb('⇤

[µA⇤ ]
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[µA⇤ ]
|x)

8: else
9: MLRA  TA(PredAbs['⇤

[µA⇤
]
](Atoms('⇤

[µA⇤ ]
)))

10: for µLRA 2MLRA do
11: vol vol +WMInb(µLRA, w⇤

[µA⇤ ]
|x)

12: return vol

WMInb('⇤
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[µA⇤ ]

|x). Otherwise, TA('⇤
[µA⇤ ]

) is com-
puted as TA(PredAbs['⇤

[µA⇤
]
](Atoms('⇤

[µA⇤ ]
))) to produce

partial assignments, and the algorithm iteratively computes
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To be solved, the WMI needs to compute 6 integrals:

f11 on Jx12 [1, 2]K ^ Jx22 [1, 3]K (if A1 = >)

f12 on Jx12 [1, 2]K ^ Jx22 [0, 1]K (if A1 = >)

f21 on Jx12 [0, 1]K ^ Jx22 [2, 3]K (if A1 = >)

f22 on Jx12 [0, 1]K ^ Jx22 [0, 2]K (if A1 = >).

f3 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = >)

f4 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = ?)

With WMI-PA, applying LabelConditions(...) we obtain:

'⇤(x,A [B)
def

= ' ^ � ^B1 $ (x1 � 1) ^
B2 $ (x2 � 1) ^B3 $ (x2 � 2)

w⇤(x,A [B)
def

=

u
wwwwwwwwwwwwwwwwv
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Then
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If B1
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If B2
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then by applying TTA(PredAbs['⇤](A
⇤)) (row 2) we obtain

instead 24 total assignments MA⇤
on A [B:

Assignment Range w
{ A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
{ A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f11
{ A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f12
{ A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f21
{ A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f22
{ A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{ A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
.
.
. [same as with {A1, A2}]

.

.

.
.
.
.

{ A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{¬A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f3
{¬A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f3
{¬A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f3
{¬A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f3
{¬A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f3
{¬A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f3

{¬A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f4
.
.
. [same as with {¬A1, A2}]

.

.

.
.
.
.

{¬A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f4

explain that ¬B2, B3 is not possible

Then, since each of the 24 '⇤
[µA⇤ ]

’s is a conjunction of liter-

als, WMI-PA computes 24 integrals. Notice that it uselessly

splits into 2 parts the integrals on f11 and f22 and into 6

parts the integral on f3 and on f4. Also, it repeats the very

same integrals for {A1, A2, ...} and {A1,¬A2, ...}.
2 ⇧

2The latter fact can be fixed by caching the values of the
integrals.

3

Algorithm 1 WMI-PA(', w, x, A)

1: h'⇤, w⇤,A⇤i  LabelConditions(', w,x,A)
2: MA⇤  TTA(PredAbs['⇤](A
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|x)

8: else
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]
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)))
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[µA⇤ ]
|x)
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|x). Otherwise, TA('⇤
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) is com-
puted as TA(PredAbs['⇤
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partial assignments, and the algorithm iteratively computes
contributions to the volume for each µLRA. We refer the
reader to Morettin et al. [2019] for more details.
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To be solved, the WMI needs to compute 6 integrals:

f11 on Jx12 [1, 2]K ^ Jx22 [1, 3]K (if A1 = >)

f12 on Jx12 [1, 2]K ^ Jx22 [0, 1]K (if A1 = >)

f21 on Jx12 [0, 1]K ^ Jx22 [2, 3]K (if A1 = >)

f22 on Jx12 [0, 1]K ^ Jx22 [0, 2]K (if A1 = >).

f3 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = >)

f4 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = ?)

With WMI-PA, applying LabelConditions(...) we obtain:

'⇤(x,A [B)
def

= ' ^ � ^B1 $ (x1 � 1) ^
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then by applying TTA(PredAbs['⇤](A
⇤)) (row 2) we obtain

instead 24 total assignments MA⇤
on A [B:

Assignment Range w
{ A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
{ A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f11
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{ A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f21
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To be solved, the WMI needs to compute 6 integrals:

f11 on Jx12 [1, 2]K ^ Jx22 [1, 3]K (if A1 = >)

f12 on Jx12 [1, 2]K ^ Jx22 [0, 1]K (if A1 = >)

f21 on Jx12 [0, 1]K ^ Jx22 [2, 3]K (if A1 = >)

f22 on Jx12 [0, 1]K ^ Jx22 [0, 2]K (if A1 = >).

f3 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = >)

f4 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = ?)

With WMI-PA, applying LabelConditions(...) we obtain:

'⇤(x,A [B)
def

= ' ^ � ^B1 $ (x1 � 1) ^
B2 $ (x2 � 1) ^B3 $ (x2 � 2)
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then by applying TTA(PredAbs['⇤](A
⇤)) (row 2) we obtain

instead 24 total assignments MA⇤
on A [B:

Assignment Range w
{ A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
{ A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f11
{ A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f12
{ A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f21
{ A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f22
{ A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{ A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
.
.
. [same as with {A1, A2}]
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{¬A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f3
{¬A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f3
{¬A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f3
{¬A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f3

{¬A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f4
.
.
. [same as with {¬A1, A2}]

.

.

.
.
.
.

{¬A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f4

explain that ¬B2, B3 is not possible

Then, since each of the 24 '⇤
[µA⇤ ]

’s is a conjunction of liter-

als, WMI-PA computes 24 integrals. Notice that it uselessly

splits into 2 parts the integrals on f11 and f22 and into 6

parts the integral on f3 and on f4. Also, it repeats the very

same integrals for {A1, A2, ...} and {A1,¬A2, ...}.
2 ⇧

2The latter fact can be fixed by caching the values of the
integrals.

3

to

to do what?

. This is achieved by introducing a set of fresh
LRA variables, y

def
= {y, y1, ..., yk}, recursively sub-

stituting bottom-up every conditional term with yi
def
=

(If  i Then ti1 Else ti2), with the encoding written as
(¬ i _ yi = ti1) ^ ( i _ yi = ti2)2 and setting y equal
to the top level yi. We call Jy = wK the SMT(LRA) for-
mula on (x [ y,A) obtained by conjoining the encodings
of all y. AP TODO: @RS: ho provato a rendere la sp-
iegazione piu’ umana, guarda se ti torna.. poi veramente
toglierei i mutex, ho messo una footnote..

AP TODO: @RS: se il pezzo sopra va bene, questo si puo’
levare Let Jy = wK be the SMT(LRA) formula on (x [
y,A), y def

= {y, y1, ..., yk} be a set of fresh LRA variables,
obtained from (y = w(x,A)) by recursively substituting
bottom-up every conditional term (If  i Then t1i Else t2i)
with a fresh variable yi, and then conjoining the encoding
of yi

def
= (If  i Then t1i Else t2i) as

(¬ i _ yi = t1i)^ ( i _ yi = t2i)^ (¬(yi = t1i)_¬(yi =
t2i)).

(¬A1 _ ¬(x1 � 1) _ ¬(x2 � 1) _ (y1 = f11))

^(¬A1 _ ¬(x1 � 1) _ (x2 � 1) _ (y1 = f12))

(¬A1 _ (x1 � 1) _ ¬(x2 � 2) _ (y2 = f21))

^(¬A1 _ (x1 � 1) _ (x2 � 2) _ (y2 = f22))

(¬A1 _ ¬(x1 � 1) _ (y3 = y1))

^(¬A1 _ (x1 � 1) _ (y3 = y2))

( A1 _ ¬A2 _ (y4 = f3))

^( A1 _ A2 _ (y4 = f4))

2For issues of effectiveness, in the actual encoding we also con-
join the mutual exclusion condition (¬(yi = ti1) _ ¬(yi = ti2))
under the assumption that ti1, ti2 ae not equivalent. (Otherwise,
we can safely rewrite (If  i Then ti1 Else ti2) into ti1.) We omit
this in the rest of the paper for simplicity of notation.

(¬A1 _ (y5 = y3))

^( A1 _ (y5 = y4))

(y = y5)

y1 y2 y3 y4 y5

Example 2 Consider the problem in example 1. Then:

Jy = wK(x [ y,A)
def
=

(¬A1 _ ¬(x1 � 1) _ ¬(x2 � 1) _ (y1 = f11))
^(¬A1 _ ¬(x1 � 1) _ (x2 � 1) _ (y1 = f12))
^(¬A1 _ ¬(x1 � 1) _ ¬(y1 = f11) _ ¬(y1 = f12))
^(¬A1 _ (x1 � 1) _ ¬(x2 � 2) _ (y2 = f21))
^(¬A1 _ (x1 � 1) _ (x2 � 2) _ (y2 = f22))
^(¬A1 _ (x1 � 1) _ ¬(y2 = f21) _ ¬(y2 = f22))
^(¬A1 _ ¬(x1 � 1) _ (y3 = y1))
^(¬A1 _ (x1 � 1) _ (y3 = y2))
^(¬A1 _ ¬(y3 = y1) _ ¬(y3 = y2))
^( A1 _ ¬A2 _ (y4 = f3))
^( A1 _ A2 _ (y4 = f4))
^( A1 _ ¬(y4 = f3) _ ¬(y4 = f4))
^(¬A1 _ (y5 = y3))
^( A1 _ (y5 = y4))
^(¬(y5 = y3) _ ¬(y5 = y4))
^( (y = y5))

The algorithm enumerates partial assignments satis-
fying ' ^ � ^ Jy = wK, restricted on the conditions
 

def
= {A1, A2, (x1 � 1), (x2 � 1), (x2 � 2)}, which is

equivalent to enumerate TA(9xy.(' ^ � ^ Jy = wK)).
Assuming the enumeration procedure picks nondeterministic
choices following the order of the above set and assigning
positive values first, then in the first branch the following
satisfying partial assignment is generated, in order: 3

� [ {(y = y5), A1, (y5 = y3),¬(y5 = y4), A2, (x1 � 1),
(y3 = y1),¬(y3 = y2), (x2 � 1), (y1 = f11),¬(y1 = f12)}.

(Notice that, following the chains of true equaities, we have
y = y5 = ... = f11.) Then the SMT solver extracts from
it the subset {A1, (x1 � 1), (x2 � 1)} restricted on the
conditions in  which had an actual role role in satisfying
the formula (i.e., A2 is not considered)4 Then the blocking
clause ¬A1 _ ¬(x1 � 1) _ ¬(x2 � 1) is added to the

3Here nondererministic choices are underlined. The atoms in
� are assigned deterministically.

4This is due to conflict analysis, a process SMT solvers inherit
from SAT. Notice that if also the atom (x2 � 2) were assigned
at the end of the assignment, it would have ignored like A � 2
because it whould have no role in satisfying the formula. We refer
the reader to Lahiri et al. [2006] for more details.
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2For issues of effectiveness, in the actual encoding we also con-
join the mutual exclusion condition (¬(yi = ti1) _ ¬(yi = ti2))
under the assumption that ti1, ti2 ae not equivalent. (Otherwise,
we can safely rewrite (If  i Then ti1 Else ti2) into ti1.) We omit
this in the rest of the paper for simplicity of notation.

(¬A1 _ (y5 = y3))

^( A1 _ (y5 = y4))

(y = y5)

y1 y2 y3 y4 y5

Example 2 Consider the problem in example 1. Then:

Jy = wK(x [ y,A)
def
=

(¬A1 _ ¬(x1 � 1) _ ¬(x2 � 1) _ (y1 = f11))
^(¬A1 _ ¬(x1 � 1) _ (x2 � 1) _ (y1 = f12))
^(¬A1 _ ¬(x1 � 1) _ ¬(y1 = f11) _ ¬(y1 = f12))
^(¬A1 _ (x1 � 1) _ ¬(x2 � 2) _ (y2 = f21))
^(¬A1 _ (x1 � 1) _ (x2 � 2) _ (y2 = f22))
^(¬A1 _ (x1 � 1) _ ¬(y2 = f21) _ ¬(y2 = f22))
^(¬A1 _ ¬(x1 � 1) _ (y3 = y1))
^(¬A1 _ (x1 � 1) _ (y3 = y2))
^(¬A1 _ ¬(y3 = y1) _ ¬(y3 = y2))
^( A1 _ ¬A2 _ (y4 = f3))
^( A1 _ A2 _ (y4 = f4))
^( A1 _ ¬(y4 = f3) _ ¬(y4 = f4))
^(¬A1 _ (y5 = y3))
^( A1 _ (y5 = y4))
^(¬(y5 = y3) _ ¬(y5 = y4))
^( (y = y5))

The algorithm enumerates partial assignments satis-
fying ' ^ � ^ Jy = wK, restricted on the conditions
 

def
= {A1, A2, (x1 � 1), (x2 � 1), (x2 � 2)}, which is

equivalent to enumerate TA(9xy.(' ^ � ^ Jy = wK)).
Assuming the enumeration procedure picks nondeterministic
choices following the order of the above set and assigning
positive values first, then in the first branch the following
satisfying partial assignment is generated, in order: 3

� [ {(y = y5), A1, (y5 = y3),¬(y5 = y4), A2, (x1 � 1),
(y3 = y1),¬(y3 = y2), (x2 � 1), (y1 = f11),¬(y1 = f12)}.

(Notice that, following the chains of true equaities, we have
y = y5 = ... = f11.) Then the SMT solver extracts from
it the subset {A1, (x1 � 1), (x2 � 1)} restricted on the
conditions in  which had an actual role role in satisfying
the formula (i.e., A2 is not considered)4 Then the blocking
clause ¬A1 _ ¬(x1 � 1) _ ¬(x2 � 1) is added to the

3Here nondererministic choices are underlined. The atoms in
� are assigned deterministically.

4This is due to conflict analysis, a process SMT solvers inherit
from SAT. Notice that if also the atom (x2 � 2) were assigned
at the end of the assignment, it would have ignored like A � 2
because it whould have no role in satisfying the formula. We refer
the reader to Lahiri et al. [2006] for more details.
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Algorithm 1 WMI-PA(', w, x, A)

1: h'⇤, w⇤,A⇤i  LabelConditions(', w,x,A)
2: MA⇤  TTA(PredAbs['⇤](A

⇤))
3: vol 0
4: for µA⇤ 2MA⇤ do
5: Simplify('⇤

[µA⇤ ]
)

6: if LiteralConjunction('⇤
[µA⇤ ]

) then
7: vol vol +WMInb('⇤

[µA⇤ ]
, w⇤

[µA⇤ ]
|x)

8: else
9: MLRA  TA(PredAbs['⇤

[µA⇤
]
](Atoms('⇤

[µA⇤ ]
)))

10: for µLRA 2MLRA do
11: vol vol +WMInb(µLRA, w⇤

[µA⇤ ]
|x)

12: return vol

WMInb('⇤
[µA⇤ ]

, w⇤
[µA⇤ ]

|x). Otherwise, TA('⇤
[µA⇤ ]

) is com-
puted as TA(PredAbs['⇤

[µA⇤
]
](Atoms('⇤

[µA⇤ ]
))) to produce

partial assignments, and the algorithm iteratively computes
contributions to the volume for each µLRA. We refer the
reader to Morettin et al. [2019] for more details.

4 EFFICIENCY ISSUES

4.1 (F)XSDD

Rseba

4.2 WMI-PA

We have identified some main issues with the WMI-PA al-
gorithm, which we illustrate by means of a simple example.

Example 1 Let '
def

= >, �
def

= Jx1 2 [0, 2]K ^ Jx2 2 [0, 3]K
and

w(x,A)
def

=

u
wwwwwwwwwwwwwwwwv

If A1

Then

u
wwwwwwwwv

If (x1 � 1)

Then

u

v
If (x2 � 1)
Then f11
Else f12

}

~

Else

u

v
If (x2 � 2)
Then f21
Else f22

}

~

}
��������~

Else

u

v
If A2

Then f3
Else f4

}

~

}
����������������~

To be solved, the WMI needs to compute 6 integrals:

f11 on Jx12 [1, 2]K ^ Jx22 [1, 3]K (if A1 = >)

f12 on Jx12 [1, 2]K ^ Jx22 [0, 1]K (if A1 = >)

f21 on Jx12 [0, 1]K ^ Jx22 [2, 3]K (if A1 = >)

f22 on Jx12 [0, 1]K ^ Jx22 [0, 2]K (if A1 = >).

f3 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = >)

f4 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = ?)

With WMI-PA, applying LabelConditions(...) we obtain:

'⇤(x,A [B)
def

= ' ^ � ^B1 $ (x1 � 1) ^
B2 $ (x2 � 1) ^B3 $ (x2 � 2)

w⇤(x,A [B)
def

=

u
wwwwwwwwwwwwwwwwv

If A1

Then

u
wwwwwwwwv

If B1

Then

u

v
If B2

Then f11
Else f12

}

~

Else

u

v
If B3

Then f21
Else f22

}

~

}
��������~

Else

u

v
If A2

Then f3
Else f4

}

~

}
����������������~

then by applying TTA(PredAbs['⇤](A
⇤)) (row 2) we obtain

instead 24 total assignments MA⇤
on A [B:

Assignment Range w
{ A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
{ A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f11
{ A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f12
{ A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f21
{ A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f22
{ A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{ A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
.
.
. [same as with {A1, A2}]

.

.

.
.
.
.

{ A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{¬A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f3
{¬A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f3
{¬A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f3
{¬A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f3
{¬A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f3
{¬A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f3

{¬A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f4
.
.
. [same as with {¬A1, A2}]

.

.

.
.
.
.

{¬A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f4

explain that ¬B2, B3 is not possible

Then, since each of the 24 '⇤
[µA⇤ ]

’s is a conjunction of liter-

als, WMI-PA computes 24 integrals. Notice that it uselessly

splits into 2 parts the integrals on f11 and f22 and into 6

parts the integral on f3 and on f4. Also, it repeats the very

same integrals for {A1, A2, ...} and {A1,¬A2, ...}.
2 ⇧

2The latter fact can be fixed by caching the values of the
integrals.

3

to

to do what?

. This is achieved by introducing a set of fresh
LRA variables, y

def
= {y, y1, ..., yk}, recursively sub-

stituting bottom-up every conditional term with yi
def
=

(If  i Then ti1 Else ti2), with the encoding written as
(¬ i _ yi = ti1) ^ ( i _ yi = ti2)2 and setting y equal
to the top level yi. We call Jy = wK the SMT(LRA) for-
mula on (x [ y,A) obtained by conjoining the encodings
of all y. AP TODO: @RS: ho provato a rendere la sp-
iegazione piu’ umana, guarda se ti torna.. poi veramente
toglierei i mutex, ho messo una footnote..

AP TODO: @RS: se il pezzo sopra va bene, questo si puo’
levare Let Jy = wK be the SMT(LRA) formula on (x [
y,A), y def

= {y, y1, ..., yk} be a set of fresh LRA variables,
obtained from (y = w(x,A)) by recursively substituting
bottom-up every conditional term (If  i Then t1i Else t2i)
with a fresh variable yi, and then conjoining the encoding
of yi

def
= (If  i Then t1i Else t2i) as

(¬ i _ yi = t1i)^ ( i _ yi = t2i)^ (¬(yi = t1i)_¬(yi =
t2i)).

(¬A1 _ ¬(x1 � 1) _ ¬(x2 � 1) _ (y1 = f11))

^(¬A1 _ ¬(x1 � 1) _ (x2 � 1) _ (y1 = f12))

(¬A1 _ (x1 � 1) _ ¬(x2 � 2) _ (y2 = f21))

^(¬A1 _ (x1 � 1) _ (x2 � 2) _ (y2 = f22))

(¬A1 _ ¬(x1 � 1) _ (y3 = y1))

^(¬A1 _ (x1 � 1) _ (y3 = y2))

( A1 _ ¬A2 _ (y4 = f3))

^( A1 _ A2 _ (y4 = f4))

2For issues of effectiveness, in the actual encoding we also con-
join the mutual exclusion condition (¬(yi = ti1) _ ¬(yi = ti2))
under the assumption that ti1, ti2 ae not equivalent. (Otherwise,
we can safely rewrite (If  i Then ti1 Else ti2) into ti1.) We omit
this in the rest of the paper for simplicity of notation.

(¬A1 _ (y5 = y3))

^( A1 _ (y5 = y4))

(y = y5)

y1 y2 y3 y4 y5

Example 2 Consider the problem in example 1. Then:

Jy = wK(x [ y,A)
def
=

(¬A1 _ ¬(x1 � 1) _ ¬(x2 � 1) _ (y1 = f11))
^(¬A1 _ ¬(x1 � 1) _ (x2 � 1) _ (y1 = f12))
^(¬A1 _ ¬(x1 � 1) _ ¬(y1 = f11) _ ¬(y1 = f12))
^(¬A1 _ (x1 � 1) _ ¬(x2 � 2) _ (y2 = f21))
^(¬A1 _ (x1 � 1) _ (x2 � 2) _ (y2 = f22))
^(¬A1 _ (x1 � 1) _ ¬(y2 = f21) _ ¬(y2 = f22))
^(¬A1 _ ¬(x1 � 1) _ (y3 = y1))
^(¬A1 _ (x1 � 1) _ (y3 = y2))
^(¬A1 _ ¬(y3 = y1) _ ¬(y3 = y2))
^( A1 _ ¬A2 _ (y4 = f3))
^( A1 _ A2 _ (y4 = f4))
^( A1 _ ¬(y4 = f3) _ ¬(y4 = f4))
^(¬A1 _ (y5 = y3))
^( A1 _ (y5 = y4))
^(¬(y5 = y3) _ ¬(y5 = y4))
^( (y = y5))

The algorithm enumerates partial assignments satis-
fying ' ^ � ^ Jy = wK, restricted on the conditions
 

def
= {A1, A2, (x1 � 1), (x2 � 1), (x2 � 2)}, which is

equivalent to enumerate TA(9xy.(' ^ � ^ Jy = wK)).
Assuming the enumeration procedure picks nondeterministic
choices following the order of the above set and assigning
positive values first, then in the first branch the following
satisfying partial assignment is generated, in order: 3

� [ {(y = y5), A1, (y5 = y3),¬(y5 = y4), A2, (x1 � 1),
(y3 = y1),¬(y3 = y2), (x2 � 1), (y1 = f11),¬(y1 = f12)}.

(Notice that, following the chains of true equaities, we have
y = y5 = ... = f11.) Then the SMT solver extracts from
it the subset {A1, (x1 � 1), (x2 � 1)} restricted on the
conditions in  which had an actual role role in satisfying
the formula (i.e., A2 is not considered)4 Then the blocking
clause ¬A1 _ ¬(x1 � 1) _ ¬(x2 � 1) is added to the

3Here nondererministic choices are underlined. The atoms in
� are assigned deterministically.

4This is due to conflict analysis, a process SMT solvers inherit
from SAT. Notice that if also the atom (x2 � 2) were assigned
at the end of the assignment, it would have ignored like A � 2
because it whould have no role in satisfying the formula. We refer
the reader to Lahiri et al. [2006] for more details.

5

Algorithm 1 WMI-PA(', w, x, A)

1: h'⇤, w⇤,A⇤i  LabelConditions(', w,x,A)
2: MA⇤  TTA(PredAbs['⇤](A

⇤))
3: vol 0
4: for µA⇤ 2MA⇤ do
5: Simplify('⇤

[µA⇤ ]
)

6: if LiteralConjunction('⇤
[µA⇤ ]

) then
7: vol vol +WMInb('⇤

[µA⇤ ]
, w⇤

[µA⇤ ]
|x)

8: else
9: MLRA  TA(PredAbs['⇤

[µA⇤
]
](Atoms('⇤

[µA⇤ ]
)))

10: for µLRA 2MLRA do
11: vol vol +WMInb(µLRA, w⇤

[µA⇤ ]
|x)

12: return vol

WMInb('⇤
[µA⇤ ]

, w⇤
[µA⇤ ]

|x). Otherwise, TA('⇤
[µA⇤ ]

) is com-
puted as TA(PredAbs['⇤

[µA⇤
]
](Atoms('⇤

[µA⇤ ]
))) to produce

partial assignments, and the algorithm iteratively computes
contributions to the volume for each µLRA. We refer the
reader to Morettin et al. [2019] for more details.

4 EFFICIENCY ISSUES

4.1 (F)XSDD

Rseba

4.2 WMI-PA

We have identified some main issues with the WMI-PA al-
gorithm, which we illustrate by means of a simple example.

Example 1 Let '
def

= >, �
def

= Jx1 2 [0, 2]K ^ Jx2 2 [0, 3]K
and

w(x,A)
def

=

u
wwwwwwwwwwwwwwwwv

If A1

Then

u
wwwwwwwwv

If (x1 � 1)

Then

u

v
If (x2 � 1)
Then f11
Else f12

}

~

Else

u

v
If (x2 � 2)
Then f21
Else f22

}

~

}
��������~

Else

u

v
If A2

Then f3
Else f4

}

~

}
����������������~

To be solved, the WMI needs to compute 6 integrals:

f11 on Jx12 [1, 2]K ^ Jx22 [1, 3]K (if A1 = >)

f12 on Jx12 [1, 2]K ^ Jx22 [0, 1]K (if A1 = >)

f21 on Jx12 [0, 1]K ^ Jx22 [2, 3]K (if A1 = >)

f22 on Jx12 [0, 1]K ^ Jx22 [0, 2]K (if A1 = >).

f3 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = >)

f4 on Jx12 [0, 2]K ^ Jx22 [0, 3]K (if A1 = ?, A2 = ?)

With WMI-PA, applying LabelConditions(...) we obtain:

'⇤(x,A [B)
def

= ' ^ � ^B1 $ (x1 � 1) ^
B2 $ (x2 � 1) ^B3 $ (x2 � 2)

w⇤(x,A [B)
def

=

u
wwwwwwwwwwwwwwwwv

If A1

Then

u
wwwwwwwwv

If B1

Then

u

v
If B2

Then f11
Else f12

}

~

Else

u

v
If B3

Then f21
Else f22

}

~

}
��������~

Else

u

v
If A2

Then f3
Else f4

}

~

}
����������������~

then by applying TTA(PredAbs['⇤](A
⇤)) (row 2) we obtain

instead 24 total assignments MA⇤
on A [B:

Assignment Range w
{ A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
{ A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f11
{ A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f12
{ A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f21
{ A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f22
{ A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{ A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f11
.
.
. [same as with {A1, A2}]

.

.

.
.
.
.

{ A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f22

{¬A1, A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f3
{¬A1, A2, B1, B2,¬B3} Jx12 [1, 2]K, Jx22 [1, 2]K f3
{¬A1, A2, B1,¬B2,¬B3} Jx12 [1, 2]K, Jx22 [0, 1]K f3
{¬A1, A2,¬B1, B2, B3} Jx12 [0, 1]K, Jx22 [2, 3]K f3
{¬A1, A2,¬B1, B2,¬B3} Jx12 [0, 1]K, Jx22 [1, 2]K f3
{¬A1, A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f3

{¬A1,¬A2, B1, B2, B3} Jx12 [1, 2]K, Jx22 [2, 3]K f4
.
.
. [same as with {¬A1, A2}]

.

.

.
.
.
.

{¬A1,¬A2,¬B1,¬B2,¬B3} Jx12 [0, 1]K, Jx22 [0, 1]K f4

explain that ¬B2, B3 is not possible

Then, since each of the 24 '⇤
[µA⇤ ]

’s is a conjunction of liter-

als, WMI-PA computes 24 integrals. Notice that it uselessly

splits into 2 parts the integrals on f11 and f22 and into 6

parts the integral on f3 and on f4. Also, it repeats the very

same integrals for {A1, A2, ...} and {A1,¬A2, ...}.
2 ⇧

2The latter fact can be fixed by caching the values of the
integrals.

3

a b cc cd ce

cf

cg

(¬ i_yi = ti1)^( i_yi = ti2).3 This labeling&rewriting
process, which is inspired to labeling CNF-ization [Tseitin,
1968], guarantees that the size of Jy = wK is linear wrt. that
of w. E.g., if (9) holds, then Jy = wK is (y =

QN
i=1 yi) ^VN

i=1((¬ i _ yi = wi1(x)) ^ ( i _ yi = wi2(x))).

AP TODO: @RS: decide how to deal with the convert
algorithm (appendix?). RS: OK Sposta in appendice

(¬A1 _ ¬(x1 � 1) _ ¬(x2 � 1) _ (y1 = f11))

^(¬A1 _ ¬(x1 � 1) _ (x2 � 1) _ (y1 = f12))

^(¬A1 _ ¬(x1 � 1) _ ¬(y1 = f11) _ ¬(y1 = f12))

(¬A1 _ (x1 � 1) _ ¬(x2 � 2) _ (y2 = f21))

^(¬A1 _ (x1 � 1) _ (x2 � 2) _ (y2 = f22))

^(¬A1 _ (x1 � 1) _ ¬(y2 = f21) _ ¬(y2 = f22))

(¬A1 _ ¬(x1 � 1) _ (y3 = y1))

^(¬A1 _ (x1 � 1) _ (y3 = y2))

^(¬A1 _ ¬(y3 = y1) _ ¬(y3 = y2))

(A1 _ ¬A2 _ (y4 = f3))

^(A1 _A2 _ (y4 = f4))

^(A1 _ ¬(y4 = f3) _ ¬(y4 = f4))

(¬A1 _ (y5 = y3))

^(A1 _ (y5 = y4))

^(¬(y5 = y3) _ ¬(y5 = y4))

(y = y5)

3 RS TODO: Spostare dopo.
For issues of efficiency, in the actual encoding we also conjoin the
mutual exclusion condition (¬(yi = ti1) _ ¬(yi = ti2)) under
the assumption that ti1, ti2 are not equivalent. (Otherwise, we can
safely rewrite (If  i Then ti1 Else ti2) into ti1.) We omit this in
the rest of the paper for simplicity of notation.

y1 y2 y3 y4 y5

{(y = y5), A1}

(¬A1 _ ¬(x1 � 1) _ ¬(x2 � 1) _ (y1 = f11))
^(¬A1 _ ¬(x1 � 1) _ (x2 � 1) _ (y1 = f12))
^(¬A1 _ ¬(x1 � 1) _ ¬(y1 = f11) _ ¬(y1 = f12))
^(¬A1 _ (x1 � 1) _ ¬(x2 � 2) _ (y2 = f21))
^(¬A1 _ (x1 � 1) _ (x2 � 2) _ (y2 = f22))
^(¬A1 _ (x1 � 1) _ ¬(y2 = f21) _ ¬(y2 = f22))
^(¬A1 _ ¬(x1 � 1) _ (y3 = y1))
^(¬A1 _ (x1 � 1) _ (y3 = y2))
^(¬A1 _ ¬(y3 = y1) _ ¬(y3 = y2))
^( A1 _ ¬A2 _ (y4 = f3))
^( A1 _ A2 _ (y4 = f4))
^( A1 _ ¬(y4 = f3) _ ¬(y4 = f4))
^(¬A1 _ (y5 = y3))
^( A1 _ (y5 = y4))
^(¬(y5 = y3) _ ¬(y5 = y4))
^( (y = y5))

{(y = y5), A1, (y5 = y3),¬(y5 = y4), A2, (x1 � 1)}

(¬(x1 � 1) _ ¬(x2 � 1) _ (y1 = f11))
^(¬(x1 � 1) _ (x2 � 1) _ (y1 = f12))
^(¬(x1 � 1) _ ¬(y1 = f11) _ ¬(y1 = f12))
^( (x1 � 1) _ ¬(x2 � 2) _ (y2 = f21))
^( (x1 � 1) _ (x2 � 2) _ (y2 = f22))
^( (x1 � 1) _ ¬(y2 = f21) _ ¬(y2 = f22))
^(¬(x1 � 1) _ (y3 = y1))
^( (x1 � 1) _ (y3 = y2))
^(¬(y3 = y1) _ ¬(y3 = y2))
^( (y5 = y3))
^(¬(y5 = y3) _ ¬(y5 = y4))

{(y = y5), A1, (y5 = y3),¬(y5 = y4), A2, (x1 � 1),

(y3 = y1),¬(y3 = y2), (x2 � 1)}

(¬(x2 � 1) _ (y1 = f11))
^( (x2 � 1) _ (y1 = f12))
^(¬(y1 = f11) _ ¬(y1 = f12))
^( (y3 = y1))
^(¬(y3 = y1) _ ¬(y3 = y2))

{(y = y5), A1, (y5 = y3),¬(y5 = y4), A2, (x1 � 1),

(y3 = y1),¬(y3 = y2), (x2 � 1), (y1 = f11),¬(y1 = f12)}

( (y1 = f11))
^(¬(y1 = f11) _ ¬(y1 = f12))

NO MUTEX

{(y = y5), A1}
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(¬ i_yi = ti1)^( i_yi = ti2).3 This labeling&rewriting
process, which is inspired to labeling CNF-ization [Tseitin,
1968], guarantees that the size of Jy = wK is linear wrt. that
of w. E.g., if (9) holds, then Jy = wK is (y =

QN
i=1 yi) ^VN

i=1((¬ i _ yi = wi1(x)) ^ ( i _ yi = wi2(x))).

AP TODO: @RS: decide how to deal with the convert
algorithm (appendix?). RS: OK Sposta in appendice

(¬A1 _ ¬(x1 � 1) _ ¬(x2 � 1) _ (y1 = f11))

^(¬A1 _ ¬(x1 � 1) _ (x2 � 1) _ (y1 = f12))

^(¬A1 _ ¬(x1 � 1) _ ¬(y1 = f11) _ ¬(y1 = f12))

(¬A1 _ (x1 � 1) _ ¬(x2 � 2) _ (y2 = f21))

^(¬A1 _ (x1 � 1) _ (x2 � 2) _ (y2 = f22))

^(¬A1 _ (x1 � 1) _ ¬(y2 = f21) _ ¬(y2 = f22))

(¬A1 _ ¬(x1 � 1) _ (y3 = y1))

^(¬A1 _ (x1 � 1) _ (y3 = y2))

^(¬A1 _ ¬(y3 = y1) _ ¬(y3 = y2))

(A1 _ ¬A2 _ (y4 = f3))

^(A1 _A2 _ (y4 = f4))

^(A1 _ ¬(y4 = f3) _ ¬(y4 = f4))

(¬A1 _ (y5 = y3))

^(A1 _ (y5 = y4))

^(¬(y5 = y3) _ ¬(y5 = y4))

(y = y5)

3 RS TODO: Spostare dopo.
For issues of efficiency, in the actual encoding we also conjoin the
mutual exclusion condition (¬(yi = ti1) _ ¬(yi = ti2)) under
the assumption that ti1, ti2 are not equivalent. (Otherwise, we can
safely rewrite (If  i Then ti1 Else ti2) into ti1.) We omit this in
the rest of the paper for simplicity of notation.

y1 y2 y3 y4 y5

{(y = y5), A1}
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^(¬A1 _ ¬(x1 � 1) _ ¬(y1 = f11) _ ¬(y1 = f12))
^(¬A1 _ (x1 � 1) _ ¬(x2 � 2) _ (y2 = f21))
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^(¬A1 _ (x1 � 1) _ (y3 = y2))
^(¬A1 _ ¬(y3 = y1) _ ¬(y3 = y2))
^( A1 _ ¬A2 _ (y4 = f3))
^( A1 _ A2 _ (y4 = f4))
^( A1 _ ¬(y4 = f3) _ ¬(y4 = f4))
^(¬A1 _ (y5 = y3))
^( A1 _ (y5 = y4))
^(¬(y5 = y3) _ ¬(y5 = y4))
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{(y = y5), A1, (y5 = y3),¬(y5 = y4), A2, (x1 � 1)}
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^( (x1 � 1) _ (x2 � 2) _ (y2 = f22))
^( (x1 � 1) _ ¬(y2 = f21) _ ¬(y2 = f22))
^(¬(x1 � 1) _ (y3 = y1))
^( (x1 � 1) _ (y3 = y2))
^(¬(y3 = y1) _ ¬(y3 = y2))
^( (y5 = y3))
^(¬(y5 = y3) _ ¬(y5 = y4))

{(y = y5), A1, (y5 = y3),¬(y5 = y4), A2, (x1 � 1),
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{(y = y5), A1, (y5 = y3),¬(y5 = y4), A2, (x1 � 1),

(y3 = y1),¬(y3 = y2), (x2 � 1), (y1 = f11),¬(y1 = f12)}

( (y1 = f11))
^(¬(y1 = f11) _ ¬(y1 = f12))

NO MUTEX

{(y = y5), A1}
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(A1 _ ¬A2 _ (y4 = f3))

^(A1 _A2 _ (y4 = f4))

^(A1 _ ¬(y4 = f3) _ ¬(y4 = f4))

(¬A1 _ (y5 = y3))

^(A1 _ (y5 = y4))

^(¬(y5 = y3) _ ¬(y5 = y4))
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For issues of efficiency, in the actual encoding we also conjoin the
mutual exclusion condition (¬(yi = ti1) _ ¬(yi = ti2)) under
the assumption that ti1, ti2 are not equivalent. (Otherwise, we can
safely rewrite (If  i Then ti1 Else ti2) into ti1.) We omit this in
the rest of the paper for simplicity of notation.
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(¬A1 _ ¬(x1 � 1) _ ¬(x2 � 1) _ (y1 = f11))
^(¬A1 _ ¬(x1 � 1) _ (x2 � 1) _ (y1 = f12))
^(¬A1 _ ¬(x1 � 1) _ ¬(y1 = f11) _ ¬(y1 = f12))
^(¬A1 _ (x1 � 1) _ ¬(x2 � 2) _ (y2 = f21))
^(¬A1 _ (x1 � 1) _ (x2 � 2) _ (y2 = f22))
^(¬A1 _ (x1 � 1) _ ¬(y2 = f21) _ ¬(y2 = f22))
^(¬A1 _ ¬(x1 � 1) _ (y3 = y1))
^(¬A1 _ (x1 � 1) _ (y3 = y2))
^(¬A1 _ ¬(y3 = y1) _ ¬(y3 = y2))
^( A1 _ ¬A2 _ (y4 = f3))
^( A1 _ A2 _ (y4 = f4))
^( A1 _ ¬(y4 = f3) _ ¬(y4 = f4))
^(¬A1 _ (y5 = y3))
^( A1 _ (y5 = y4))
^(¬(y5 = y3) _ ¬(y5 = y4))
^( (y = y5))

{(y = y5), A1, (y5 = y3),¬(y5 = y4), A2, (x1 � 1)}

(¬(x1 � 1) _ ¬(x2 � 1) _ (y1 = f11))
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^( (x1 � 1) _ ¬(x2 � 2) _ (y2 = f21))
^( (x1 � 1) _ (x2 � 2) _ (y2 = f22))
^( (x1 � 1) _ ¬(y2 = f21) _ ¬(y2 = f22))
^(¬(x1 � 1) _ (y3 = y1))
^( (x1 � 1) _ (y3 = y2))
^(¬(y3 = y1) _ ¬(y3 = y2))
^( (y5 = y3))
^(¬(y5 = y3) _ ¬(y5 = y4))

{(y = y5), A1, (y5 = y3),¬(y5 = y4), A2, (x1 � 1),

(y3 = y1),¬(y3 = y2), (x2 � 1)}

(¬(x2 � 1) _ (y1 = f11))
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{(y = y5), A1, (y5 = y3),¬(y5 = y4), A2, (x1 � 1),

(y3 = y1),¬(y3 = y2), (x2 � 1), (y1 = f11),¬(y1 = f12)}

( (y1 = f11))
^(¬(y1 = f11) _ ¬(y1 = f12))

NO MUTEX

{(y = y5), A1}
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(¬A1 _ ¬(x1 � 1) _ ¬(x2 � 1) _ (y1 = f11))
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(¬A1 _ (x1 � 1) _ ¬(x2 � 2) _ (y2 = f21))

^(¬A1 _ (x1 � 1) _ (x2 � 2) _ (y2 = f22))

^(¬A1 _ (x1 � 1) _ ¬(y2 = f21) _ ¬(y2 = f22))

(¬A1 _ ¬(x1 � 1) _ (y3 = y1))

^(¬A1 _ (x1 � 1) _ (y3 = y2))

^(¬A1 _ ¬(y3 = y1) _ ¬(y3 = y2))

(A1 _ ¬A2 _ (y4 = f3))

^(A1 _A2 _ (y4 = f4))

^(A1 _ ¬(y4 = f3) _ ¬(y4 = f4))

(¬A1 _ (y5 = y3))

^(A1 _ (y5 = y4))

^(¬(y5 = y3) _ ¬(y5 = y4))

(y = y5)

3 RS TODO: Spostare dopo.
For issues of efficiency, in the actual encoding we also conjoin the
mutual exclusion condition (¬(yi = ti1) _ ¬(yi = ti2)) under
the assumption that ti1, ti2 are not equivalent. (Otherwise, we can
safely rewrite (If  i Then ti1 Else ti2) into ti1.) We omit this in
the rest of the paper for simplicity of notation.

y1 y2 y3 y4 y5

{(y = y5), A1}

(¬A1 _ ¬(x1 � 1) _ ¬(x2 � 1) _ (y1 = f11))
^(¬A1 _ ¬(x1 � 1) _ (x2 � 1) _ (y1 = f12))
^(¬A1 _ ¬(x1 � 1) _ ¬(y1 = f11) _ ¬(y1 = f12))
^(¬A1 _ (x1 � 1) _ ¬(x2 � 2) _ (y2 = f21))
^(¬A1 _ (x1 � 1) _ (x2 � 2) _ (y2 = f22))
^(¬A1 _ (x1 � 1) _ ¬(y2 = f21) _ ¬(y2 = f22))
^(¬A1 _ ¬(x1 � 1) _ (y3 = y1))
^(¬A1 _ (x1 � 1) _ (y3 = y2))
^(¬A1 _ ¬(y3 = y1) _ ¬(y3 = y2))
^( A1 _ ¬A2 _ (y4 = f3))
^( A1 _ A2 _ (y4 = f4))
^( A1 _ ¬(y4 = f3) _ ¬(y4 = f4))
^(¬A1 _ (y5 = y3))
^( A1 _ (y5 = y4))
^(¬(y5 = y3) _ ¬(y5 = y4))
^( (y = y5))

{(y = y5), A1, (y5 = y3),¬(y5 = y4), A2, (x1 � 1)}

(¬(x1 � 1) _ ¬(x2 � 1) _ (y1 = f11))
^(¬(x1 � 1) _ (x2 � 1) _ (y1 = f12))
^(¬(x1 � 1) _ ¬(y1 = f11) _ ¬(y1 = f12))
^( (x1 � 1) _ ¬(x2 � 2) _ (y2 = f21))
^( (x1 � 1) _ (x2 � 2) _ (y2 = f22))
^( (x1 � 1) _ ¬(y2 = f21) _ ¬(y2 = f22))
^(¬(x1 � 1) _ (y3 = y1))
^( (x1 � 1) _ (y3 = y2))
^(¬(y3 = y1) _ ¬(y3 = y2))
^( (y5 = y3))
^(¬(y5 = y3) _ ¬(y5 = y4))

{(y = y5), A1, (y5 = y3),¬(y5 = y4), A2, (x1 � 1),

(y3 = y1),¬(y3 = y2), (x2 � 1)}

(¬(x2 � 1) _ (y1 = f11))
^( (x2 � 1) _ (y1 = f12))
^(¬(y1 = f11) _ ¬(y1 = f12))
^( (y3 = y1))
^(¬(y3 = y1) _ ¬(y3 = y2))

{(y = y5), A1, (y5 = y3),¬(y5 = y4), A2, (x1 � 1),

(y3 = y1),¬(y3 = y2), (x2 � 1), (y1 = f11),¬(y1 = f12)}

( (y1 = f11))
^(¬(y1 = f11) _ ¬(y1 = f12))

NO MUTEX

{(y = y5), A1}

6

(¬ i_yi = ti1)^( i_yi = ti2).3 This labeling&rewriting
process, which is inspired to labeling CNF-ization [Tseitin,
1968], guarantees that the size of Jy = wK is linear wrt. that
of w. E.g., if (9) holds, then Jy = wK is (y =

QN
i=1 yi) ^VN

i=1((¬ i _ yi = wi1(x)) ^ ( i _ yi = wi2(x))).

AP TODO: @RS: decide how to deal with the convert
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(¬A1 _ ¬(x1 � 1) _ ¬(x2 � 1) _ (y1 = f11))

^(¬A1 _ ¬(x1 � 1) _ (x2 � 1) _ (y1 = f12))

^(¬A1 _ ¬(x1 � 1) _ ¬(y1 = f11) _ ¬(y1 = f12))

(¬A1 _ (x1 � 1) _ ¬(x2 � 2) _ (y2 = f21))

^(¬A1 _ (x1 � 1) _ (x2 � 2) _ (y2 = f22))

^(¬A1 _ (x1 � 1) _ ¬(y2 = f21) _ ¬(y2 = f22))

(¬A1 _ ¬(x1 � 1) _ (y3 = y1))

^(¬A1 _ (x1 � 1) _ (y3 = y2))

^(¬A1 _ ¬(y3 = y1) _ ¬(y3 = y2))

(A1 _ ¬A2 _ (y4 = f3))

^(A1 _A2 _ (y4 = f4))

^(A1 _ ¬(y4 = f3) _ ¬(y4 = f4))

(¬A1 _ (y5 = y3)) ^ (A1 _ (y5 = y4))

^(¬(y5 = y3) _ ¬(y5 = y4))

(y = y5)

3 RS TODO: Spostare dopo.
For issues of efficiency, in the actual encoding we also conjoin the
mutual exclusion condition (¬(yi = ti1) _ ¬(yi = ti2)) under
the assumption that ti1, ti2 are not equivalent. (Otherwise, we can
safely rewrite (If  i Then ti1 Else ti2) into ti1.) We omit this in
the rest of the paper for simplicity of notation.

y1 y2 y3 y4 y5

{(y = y5), A1}

(¬A1 _ ¬(x1 � 1) _ ¬(x2 � 1) _ (y1 = f11))
^(¬A1 _ ¬(x1 � 1) _ (x2 � 1) _ (y1 = f12))
^(¬A1 _ ¬(x1 � 1) _ ¬(y1 = f11) _ ¬(y1 = f12))
^(¬A1 _ (x1 � 1) _ ¬(x2 � 2) _ (y2 = f21))
^(¬A1 _ (x1 � 1) _ (x2 � 2) _ (y2 = f22))
^(¬A1 _ (x1 � 1) _ ¬(y2 = f21) _ ¬(y2 = f22))
^(¬A1 _ ¬(x1 � 1) _ (y3 = y1))
^(¬A1 _ (x1 � 1) _ (y3 = y2))
^(¬A1 _ ¬(y3 = y1) _ ¬(y3 = y2))
^( A1 _ ¬A2 _ (y4 = f3))
^( A1 _ A2 _ (y4 = f4))
^( A1 _ ¬(y4 = f3) _ ¬(y4 = f4))
^(¬A1 _ (y5 = y3))
^( A1 _ (y5 = y4))
^(¬(y5 = y3) _ ¬(y5 = y4))
^( (y = y5))

{(y = y5), A1, (y5 = y3),¬(y5 = y4), A2, (x1 � 1)}

(¬(x1 � 1) _ ¬(x2 � 1) _ (y1 = f11))
^(¬(x1 � 1) _ (x2 � 1) _ (y1 = f12))
^(¬(x1 � 1) _ ¬(y1 = f11) _ ¬(y1 = f12))
^( (x1 � 1) _ ¬(x2 � 2) _ (y2 = f21))
^( (x1 � 1) _ (x2 � 2) _ (y2 = f22))
^( (x1 � 1) _ ¬(y2 = f21) _ ¬(y2 = f22))
^(¬(x1 � 1) _ (y3 = y1))
^( (x1 � 1) _ (y3 = y2))
^(¬(y3 = y1) _ ¬(y3 = y2))
^( (y5 = y3))
^(¬(y5 = y3) _ ¬(y5 = y4))

{(y = y5), A1, (y5 = y3),¬(y5 = y4), A2, (x1 � 1),

(y3 = y1),¬(y3 = y2), (x2 � 1)}

(¬(x2 � 1) _ (y1 = f11))
^( (x2 � 1) _ (y1 = f12))
^(¬(y1 = f11) _ ¬(y1 = f12))
^( (y3 = y1))
^(¬(y3 = y1) _ ¬(y3 = y2))

{(y = y5), A1, (y5 = y3),¬(y5 = y4), A2, (x1 � 1),

(y3 = y1),¬(y3 = y2), (x2 � 1), (y1 = f11),¬(y1 = f12)}

( (y1 = f11))
^(¬(y1 = f11) _ ¬(y1 = f12))

NO MUTEX

{(y = y5), A1}
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