A Brief Overview of Partial Differential Equations

In this section, we introduce few key definitions and results from PDE literature. We note that the
results in this section are standard and have been included in the Appendix for completeness. We
refer the reader to classical texts on PDEs [11, 14] for more details.

We will use the following Poincaré inequality throughout our proofs.

£

Theorem 2 (Poincaré’s inequality). Given Q C RY, a bounded open subset, there exists a constant
Cp > 0 such that for all u € H(Q)

llullz2(@) < CpllVullr2(q)-

Corollary 1. For the bounded open subset Q2 C RY, for all u € H (), we define the norm in the
Hilbert space Hi () as
lull ) = IVullpz(o).- (7)

Further, the norm in H} (Q) is equivalent to the norm H* ().
Proof. Note that for u € H{ (2) we have,

lull @) = IVullL2@) + llull 2@
> [Vl 20
= ullar @) = l[ullu@)-
Where we have used the definition of the norm in H (£2) space.

Further, using the result in Theorem 2 we have

||UH%11(Q) = (Hu||2L2(Q) + ||VUH%2(Q)) < (05 + 1) ”VUH%—P(Q) ®)

Therefore, combining the two inequalities we have
lull iz o) < llullar @) < Crllullmy @) ©)
where Cj, = (C +1). Hence we have that the norm in H (2) and H' () spaces are equivalent. []
Proposition 2 (Equivalence between L?(Q2) and H{(Q2) norms). If v € ®; then we have that

vl £2(q) is equivalent to Hv||Hé(Q).

Proof. We have from the Poincare inequality in Theorem 2 that for all v € H{(£2), the norm in
L?(92) is upper bounded by the norm in H{ (£2), i.e.,

2 2
HU||L2(Q) < ||U||H5(Q)

Further, using results from (11) and (10) (where b(u,v) := (Lu,v)2(q)), we know that for all
v € Hi(2) we have

mlvlli ) < (Lv,v)r2(0) < max{M, Cpllc|l = (o) HvlFm q)

This implies that (Lu,v)r2(q) is equivalent to the inner product (u, v) g1 (@), i-e., for all u,v €
Hg (%),

mu, v)H(%(Q) < (Lu,v)2(0) < max {M, Cp”CHLOC(Q)} <u,v>H5(Q)
Further, since v € ®;,, we have from Lemma 1 that

(Lv,v) 2 () < Akl|vllF2 (0
Ak
= |[vllmp @) < EHU”%P(Q)

Hence we have that for all v € @y, [[v][12(q) is equivalent to ||v|| 1 () and by Corollary 1 is also
equivalent to ||v|| g1 (q)- O
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Now introduce a form for (Lu,v) 12() that is more amenable for the existence and uniqueness
results.

Lemma 6. For all u,v € H} (L), we have the following,

1. The inner product (Lu,v) 12(q) equals,

(Lu,v)r2(0) = / (AVu - Vv + cuv) dz
Q

2. The operator L is self-adjoint.

Proof. 1. We will be using the following integration by parts formula,

8ud:1c: —/ u(f?v dx—i—/ uvn; Ol
o Or; o Oz 15}9]

Where n; is a normal at the boundary and OT" is an infinitesimal element of the boundary.

Hence we have for all u,v € Hj (),

d

(Lu,v)p2(0) = /Q - (Z (0 (AVu)2)> v+ cuv dx

i=1

d
= / AV - Vodz —/ (Z(AVu)mZ) vdF+/ cuvdx
Q o0 \ iz Q

1

= / AVu - Vodz + / cuvdx (" vj9a = 0)
Q Q
2. To show that the operator L : H(2) — HE(Q) is self-adjoint, we show that for all

u,v € H}(Q) we have (Lu,v) = (u, Lv).

From Proposition 6, for functions u,v € Hg (£2) we have

(Lu,v) 20 z/AVu-Vvdx+/ cuvdx
Q Q

:/AVv~Vud:c+/ cvudzx
Q Q
= (u, Lv)

A.1 Proof of Proposition 1

We first show that if u is the unique solution then it minimizes the variational norm.

Let u denote the weak solution, further for all w € H}(2) let v = u + w. Using the fact that L is
self-adjoint (as shown in Lemma 6) we have

T(v) = J(u+w) = %(L(u—i—w), (u+ w)) (g — U+ w) ey
= ;<LU u)r2(0) + 1<Lw w) 2y + (Lu, w) 20y — (f;w) 2 ) — (f;0)r2(0)
= J( ) %(Lw ’w>L2(Q) + <Lu ’w>L2(Q) <f, ’LU>L2(Q)
> J(u)

where we use the fact that (Lu, u)2() > 0 and that u is a weak solution hence (1) holds for all
w € HE ().
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To show the other side, assume that v minimizes J, i.e., forall A > O and v € H&(Q) we have,
J(u+ Av) > J(u),

J(u+ Av) > J(u)

1 1
§<L(U+/\U)7(u+/\v)>m(n) (fs (u+Av))r2(0) > 2<Lu u)r2(0) — (fyu) 2
== A<L7fa v) 2y + (L, v)r2(0) — (f,v)r2) = 0

2
Taking A — 0, we get
(Lu,v) 20y — (f,v)2(0) = 0
and also taking v as —v, we have
(Lu,v)r2() — (f,v)p2() <0

Together, this implies that if u is the solution to (2), then w is also the weak solution, i.e, for all
v € HL(Q) we have
(Lu,v)r2(0) = (f,v) L2

Proof for Existence and Uniqueness of the Solution

In order to prove for the uniqueness of the solution, we first state the Lax-Milgram theorem.

Theorem 3 (Lax-Milgram, [25]). Let H be a Hilbert space with inner-product (-,-) : H x H — R,
andletb : H x H — Randl : H — R be the bilinear form and linear form, respectively. Assume
that there exists constants C1, Co, C3 > 0 such that for all u,v € H we have,

Crllull3, < b(u,u),  [b(u,v)| < Collullsllvlls, and |i(w)] < Csllull3.
Then there exists a unique u € H such that,

b(u,v) =1l(v) forallv € H.

Having stated the Lax-Milgram Theorem, we make the following proposition,

Proposition 3. Given the assumptions (i)-(iii), solution to the variational formulation in Equation 1
exists and is unique.

Proof. Using the variational formulation defined in (1), we introduce the bilinear form b(-,-) :
HY(Q) x HE(Q) — R where b(u, v) := (Lu, v). Hence, we prove the theorem by showing that the
bilinear form b(u, v) satisfies the conditions in Theorem 3.

We first show that for all u,v € Hg(£2) the following holds,

‘b(uavﬂ =

/ (AVu - Vv + cuv) dx
Q

< / |(AVu - Vo + cuv)| dx
Q

S/ \AVU~Vv|d:c+/ |cuv| dx
Q Q

< HAHLoo(m||VU||L2(Q)HVUHL2(Q) + HC||L°°(Q)||uHL2(Q)||U||L2(Q
< M||Vull 2y IVol L2 o) + llell Lo @ llull 22 @) vl 22 @)
< max { M, Cp|lell oo } el ) 0]l 213 (02) (10)

Now we show that the bilinear form a(u, u) is lower bounded.

b(v,v) = AVv - Vo + cv?) dx
Q

> m [ IVolPde = mlol o (an
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Finally, for v € H(Q)

1(f,0)] = \/vadx

< fllez@llvliz@) < Cpll fllzz@ loll 2

Hence, we satisfy the assumptions in required in Theorem 3 and therefore the variational problem
defined in (1) has a unique solution. O]

B Missing Proofs for Section 5

Corollary 2. If ug is initialized to be identically 0, then ug € HE(Q) (as it satisfies the boundary
condition), then the number of parameters required in u. is bounded by
HfHL2(Q)

1»<”f“L2(&7) 1 ( )
og| —xe
A€
o | d* Tog = No+ N, —— = (Ny + N,
T (o Na) o o (N 4 V)

Proof. Given that uy is identically 0, the value of R in Theorem 1 equals ||u* —ug||12(0) = ||u*[|L2(q)
Using the inequality in (2), we have,
x (Lu, u*)
" ey <

N

IN

1 *
x(fau )L2(2)

IN

1 *
/\7||f||L2(Q)||u 220
1

1
= |[u*|z2() < TlllfHL?(Q) O

C Missing Proofs for Section 6

C.1 Proof for Lemma 1

Proof. Writing u € @, as u = ), d;; where d; = (u, ;) 2(q), we have Lu = Zle Xid;p;
Therefore Lu € ®;, and Lu lies in H(Q), proving (1).

Since v € ®;, we use the definition of eigenvalues in (3) to get,

L, Lo,
< v ’U>L2(Q) < su < v U>L2(Q) :)\k

vl L2 v vllz2e)
— <L’U,’U>L2(Q) < )\k||U||2L2(Q)
and similarly
(Lv,v)r2) _ . (Lo,v)r2@)
> inf =\
H’UHL2(Q) v ||UHL2(Q)
— (Lv,v)2@) = MllvllZ2 (0

In order to prove (2.) let us first denote L := (I - ﬁL) Note if ¢ is an eigenfunction of L
with corresponding eigenvalue )\, it is also an eigenfunction of L with corresponding eigenvalue
A +A1—2)\

A+A1

Hence, writing u € & as u = Zle d;pi, where d; = (u, ¢;), we have

< max 7/\k + A — 2 i
~ ick A+ A1

k 2

2
A+ A — 2N
SN2,

HEUH%Q(Q) =
=1 )\k T )\1 L2(Q)

k
> digi
i=1

L3(Q)
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By the orthogonality of {¢;}¥_,, we have
2 k
= dzz = ||u||2L2(Q)
-1

k
> digi
=1 L2(Q) 7

Since \; < Ag--- < Mg, wehave A\, + A1 — 2)\; > A1 — A and A\, + A1 — 2\ < A — A, so

2 2
Ak + A1 — 2X\;| < A — A1. This implies max;cg (%) < (i;iz) . Plugging this back

in (12), we get the claim we wanted.

C.2 Proof of Lemma 3

Proof. Given that ug € H}(Q) and ug € ®y, the function Lug € H{(Q) and Lug € Py, as well
(from Lemma 1).

As fspan €d &, all the iterates in the sequence will also belong to H& (Q) and will lie in the ) k-

Now at a step ¢ the iteration looks like,

2 ~ ~
N (Lut - fspan)

Ut41 = Un — =

Ak + A

Ut41 — ’a* = <I — ~2~[~1) (Ut — '&/* )

span )\k; +)\1 span
Using the result from Lemma 1, part 3. we have,

~% S\k‘ - 5\1 ~ %
||ut+1 - uspan||L2(Q) < S\k i 5\1 Hut - uspan||L2(Q)
M-
- E— Al -
g ||ut+1 - u:pan”Lz(Q) < <5\k T 5\1> ||u0 - uspanHLz(Q)

Hence this implies that, [[ur — @5, [|L2(0) < € when

log ( llwo—tpanll 20 )
Tz X 6 X
2etAL
log (32431

Using x := % we can rewrite the above as
kAl

log ( Huo_ﬁ:p:nHL2(ﬂ) )
T>
- log(r)

C.3 Important Lemmas for Section 6.2

Operations on Neural Network functionals

Lemma 7 (Backpropagation [36]). Consider neural network g : R™ — R with depthl, N parameters
and differentiable activation functions in the set {o;}{,. There exists a neural network of size
O(l + N) and activation functions in the set {o;,0'}{L, that calculates the gradient % Sor all
i€ m].

Lemma 8 (Addition and Multiplication). Given neural networks g : Q@ — R, h : Q = R, with N,
and Ny, parameters respectively, the operations g(x) + h(x) and g(x) - h(x) can be represented by
neural networks of size O(Ng + Ny,), and square activation functions.

Proof. For Addition, there exists a network h containing both networks f and g as subnetworks and

an extra layer to compute the addition between their outputs. Hence, the total number of parameters
in such a network will be O(Ny + Ny).
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For Multiplication, consider the operation f(z) - g(z) = % ((f(x) + () — f(z)? — g(x)z).

Then following the same argument as for addition of two networks, we can construct a network h
containing both networks and square activation function. [

While the representation result in Lemma 8 is shown using square activation, we refer to [41] for
approximation results with ReL U activation. The scaling with respect to the number of parameters in
the network remains the same.

C.4 Remarks About Activation Functions

In this section, we make some remarks about the activations used in our theorem statements. Namely,
we show that using standard techniques from approximation theory [18, 41], one can approximate a
neural network with one choice of nonlinearity via a (comparably sized) neural network with another
choice of nonlinearity, under very mild conditions on the nonlinearities. Crucially, this simulation only
increases the size by a dimension-independent factor. This result frees us (for purposes of deriving
an expressibility result) to work with activation functions chosen for mathematical convenience and
produce results that hold without loss of generality.

We present the following lemma for ReLU activation function however we note that the proofs for
other activations like sigmoid or tanh can be written completely analogously). We note that this proof
is almost verbatim the same as the proof of Lemma 1.3 in Telgarsky [38].

Lemma 9. Let Q C [-M, M| and let Gy : [-M, M]? — R be a neural network with at most |
layers and n parameters, such that the weights W' for each layer i and node j in G1 are bounded,
i.e, for all i, j we have that ), |W](;€)\ < B. Furthermore, assume that the activation functions used
in Gy belong to the set E, such forall o : R — R, 0 € Z we have that sup,c(_p.ar,p.p1 0 < M
and the Lipschitz constant L. Then there exists a neural network Go with ReLU activation and

19) ((LB;?’]M log((LBE?LM)) parameters we have Sup ¢ (_ s aja |G1(2) — Go(2)] < e

Proof. For any o € = from Theorem 1 in Yarotsky [41] it follows that there exists a neural network R
with ReLU activations, and O (£2M Jog (£EM)) parameters such that SUPge|—B.M,B-M] |(T) —
R(x)| < €.

Now we will construct the network G5 by replacing each activation in G; with the corresponding
network R as given by the result above with € = €/I.

Note, this network is at most a factor of O ((LBe,)LM log( (LBJIM)) bigger than G, as the lemma
requires.
We will prove the claim of the lemma by induction on [. More precisely, we will show (by induction)

that for each node at layer i, the network G5 calculates a function that is (LB)%e€’ away in o, norm
from the corresponding node in G, and the inputs to the node are in [—-BM, BM].

For the base case i = 1, since the input = € [~ M, M]9, the result follows by Theorem 1 in Yarotsky
[41].

We proceed to the inductive claim. Let H (z:) denote the vector valued mapping computed by the
nodes at layer i, and let Hr(x) be the corresponding vector in G5. As inductive hypothesis, we
assume that | H (z) — Hgr(2)||eo < (LB)%i€ forall x € [-M, M]% and ||H (z)||c < M as well as
[Hr(z)]loo < M.

Therefore, for the j** node in layer (i + 1) in network G we have W] H ()] < [[W; 11| H (2)]| 00 <
BM and o is bounded by M on this interval, so we have ||y (WJTH(J?)) oo < M. Along with the
bound on the activations, the part of the inductive hypothesis about the size of the input in proven.

To prove the error bound, we have:
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(W] H(z)) = ROW] Hr(2))| < |o(W] H(2)) — (W] Hr(z))| + |o(W] Hr(z)) — ROW] Hg(z))|
< LW} (H(z) — Hr(x))| + ¢
< LW, H(z) — Hr(z)]|oo + €
< (LB)™*(i + 1)¢

This finishes the proof of the inductive step, and thus the lemma. O

Therefore, Lemma 9 can be used to approximate the network u. defined in Theorem 1 with a network
v, that uses ReLU activation without a worse dependence on the dimension, though there will be
dependence on other quantities like the weights in the PDE coefficient networks (precisely, the
maximum sum of weights coming in and going out of a node in the network), the maximum depth of
these networks and their Lipschitz constants.

Moreover, these quantities can be bounded for the network produced in the proof of Theorem 1. The
main reason for this is that all the operations in our proof (addition, multiplication and backpropagation
through Lemma 7) do not create nodes with weights into and out of a node bigger than the original
network. Precisely:

Corollary 3. Assume that the maximum depth of the neural networks A, ¢ and uy is | with activation
functions in the set = (as defined in Lemma 9). Furthermore, that assume that for each network each

layer i and node j satisfies: |WJ(Z,2| <Bandy, |W,§lj) < B for B > 2 (i.e, the “in-weights”
and “out-weights” of each node are bounded by B). With €, € and T defined as in Theorem 1, there
exists a neural network v, such that,

* v, uses ReLU activations only

o ||ve — Uel|oo < € and,

e v has O (NT (LB)DeDBM log ((LB)DEDBM>) parameters where D = O(cT'l) and Ny =

d*T(No+ Na + T(Ny¢ + N.)) where ¢ < 5 is a constant. (Note, here N is the size bound
obtained in Theorem 1)

Proof. First, we show the following: (i) the network u. satisfies Vi, j : > & W ,g\ < B and (ii) has
depth bounded by D = O(cTl).

To show (i), we will show that each of the operations we employ (addition, multiplication, taking
derivatives) maintains this condition. Notice that multiplication and addition each add one node, with
2 incoming weights bounded by 1. Since B > 2, the claim obtains for these operations. Continuing
to differentiation, the construction in Lemma 7 constructs a network that has two copies of each of
nodes in the original network: one for the “forward” network, and one for the “backward” network (in

our notation, the latter nodes are ah ). The first types of nodes have exactly the same children as the

original network, so for those nodes v we have ), _ phild of v |Wo.k| < B. On the other hand, for
the latter kinds of nodes, the children of the node are the parents of the node in the original network.

Since in our assumptions, we also assumed Vi, j : >, \W,EZJ)| < B, for these nodes too we have
> rechild of v |Wo k| < B. Thus, differentiation also maintains the bound B, proving (i).

Now, we can apply the lemma from the previous reply to produce a network v, that has size
D

O(Np LBVZDEM 150 (LB)PDEM )y where D = O(cT1) and Ny = d?T(Ny + Ny + T(Nj +

N.)). O

19



D Perturbation Analysis

D.1 Proof of Lemma 2

Proof. Using the triangle inequality the error between u* and 4,,,, we have,

||’LL* - a:panHL2(Q) < ||u* - u:pan”Lz(Q) + Hu;pan - ﬁ’;pan”Lz(Q) (13)
(I) (I1)

where u,,,, is the solution to the PDE Lu = fspan.

In order to bound Term (I), we use the inequality in (2) to get,

* * *

”u - u:panH%P(Q) = >\71<L(U* - uspan)a u = u;pan>L2(Q)

1

= )\71<f - fspa.na u* — u:pan>L2(Q)
1

< )\Tllf — fspan|lz2(@) lu" — ipanllz2 ()

* 1 €span
- ||u* - uspan||L2(SZ) S >\7||f - fspan||L2(Q) S )\L (14)
1 1
We now bound Term (II).

First we introduce an intermediate PDE Lu = fspan, and denote the solution @. Therefore, by
utilizing triangle inequality again Term (II) can be expanded as the following,

||u;pan - a;panHLZ(Q) < Hu;pan - ﬂHLz(Q) + ||ﬂ’ - a;panHL2(Q) (15)
‘We will tackle the second term in (15) first.

P S % _ F-17
Using @ = L™ fspan and 4%,,, = L™ fspan,

it~ Wl 2 = T = L) fopanl 220
= |(L7'L = )L™ fopanl 22 (0
= 0= Tpanllzz) = 1(EE = Ditlpunllz2co) (1o

Further, using (35) from Lemma 13, we have for all u € H(} (Q),
(E — L)u, U>L2(Q) < §<Lu, U>L2(Q)
(.EL_I —I)Lu, U>L2(Q) < 6(Lu, u>L2(Q)
(LL™' — Dv,u) 2(0) < 0{(v, u)r2(0)
(LL™ v, u) 29y < (14 8){v,u)r2(0) (17)
where v = Lu. Therefore using (17) the following holds for all u € H} (),
((iLil)u,u>Lz(Q) <(1+ 5)||u\|%2(9) (18)

(1) 15
= (u, (L L)u) 20y < (1+0)|Jull72()

(2) 17
where we use the fact that the operators ¢t and L~! are self-adjoint to get (1) and then bring the

appropriate terms to the LHS in (2). Therefore, using the inequality in (19) and inequality in (3) (with
L~'L as the operator), we can upper bounded (16) to get,

6 — panll2(0) < OllEpanll 220 (20)

1

where 0 = Ty
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*

Proceeding to the first term in (15), using Lemma 11, and the inequality in (2), the term ||u},,, —

|| 2(q) can be upper bounded by,

1

||u;pan - ’&,”%2(9) < )\71<L(u;pan - fl‘)? u:pan - a>L2(Q)
1 S
< )\71<fspan - fspam Ugpan — U>L2(Q)

1 ~ -
< rlespan - fspanHLQ(Q)”u;pan - u||L2(Q)

. 5 22| fllr2)

. 1 5
= [[ufpan — Ullr2(@) < )\THfspan — fspanllz2(0) < N - (2D

Therefore Term (ID), i.e., [|uf,,, — @panll22(0) can be upper bounded by

- - o € -
Hu;pan - u:panHLz(Q) < ||u;pan - uHLZ(Q) + ||u - u;pan”Lz(Q) < )\7]; + 5Hu;panHL2(Q) (22)

Putting everything together, we can upper bound (13) as

F = a2 <l — ul a2 ipan — Upanll22(0)
[ = Apan| < lu* = upanll + flu U |
3/2
€span 5 2 ||f||L2(Q) -
WY rl ’7—(5 +6HuspanHL2(Q)
_ 1 1 _ 1
where v = vl v and 6 = T TN O

D.2 Proof of Lemma 5

Proof. We define r = fspan — fun, therefore from Lemma 12 we have that for any multi-index «,

| 12()2%/26

||-i(t)7"HL2(Q) < (t!)2 . Ct (Enn + espan) + )\l;c ”fspanfy -5

For every t € N, we will write u; = @ + ¢, S.t. U is a neural network and we (iteratively) bound
l|7¢]| L2 (). Precisely, we define a sequence of neural networks {;}2, s.t.

Qo = uo,
g1 = Uy — 1 (iﬂt - fnn)

Since r; = uy — Uy, we can define a corresponding recurrence for 7:

{T‘o = 0,
ri401 = (I —nL)ry —r

Unfolding the recurrence, we get
t

repr = (I —=nL)r (23)

=0
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Using the binomial expansion we can write:
(®) f
7

(I=nL)Pr=73" >(—1)i(ni)(i)r

|| fepan [l L2 () 2%/ %6

)

> from Lemma 12
)
fspan‘|L2(Q)23/25

Hfspan HL2(Q)23/25

y—94

1=0
t
= t NG
— = nD)Orll iz = [ () (1) (o)
1=0 L2(Q)
t
VY ipz6
< (z) HL( >7"HL2(Q)
=0
e\ e t te
<> (7) N IILY7) L2 @) (z) < (7
1=0
: te \' i ;
< (777) ((1!)201 (énn + €span) + Ak
=0
<3 (0) 70 ((cn + o) + !
>~ v i n (2 €nn €span (Z'Cl)
t [ i
te .2 )\}LC
S ; (77]7' C) ((Enn + 6span) + (’L')QCZ
: te ’ ;
< Z (*77220> (Enn + 6spaun) + >\Ilc
i—o \ ! T
- ; [ fspanl2(0)
S (tzenC’)l (Gnn + Espan) + )\L—
i=0 =9
span 23
< t(t2enC)t ((Enn + Espan) + AZ Hf L HLQ(Z)
o

t ”fsmnHL2(§2)23/2

< t(tenC)" | enn + €span + A
< t(t"enC) (e + €span + Ak o

Hence,

HfspanHL2(Q)23/25

fspan ||L2 () 23/25

y—4

1
) O

5
23/2§

)

/2§

)

0

)

Irell 2 () < ¢ max{1, (*enC)"} (Etln + €span + b ”

E Technical Lemmas: Perturbation Bounds

y—9

)

In this section we introduce some useful lemmas about perturbation bounds used in the preceding

parts of the appendix.

First we show a lemma that’s ostensibly an application of Davis-Kahan
L~land L%

Lemma 10 (Subspace alignment). Consider linear elliptic operators

DY Vi

to the (bounded) operators

L and L with eigenvalues
L_ > 0. Then, there

A <Ao< -o-and M\ < Ay < - respectively. Assume that vy 1= -
exists an orthogonal transformation O : H}(Q) — Hg () such that the first k eigenfunctions of L
and L satisfy,
k
~ 23/25
sup Z(O%‘ — pi)ai < N
= 2@

where § = L

min{m/ea,(/e.}"
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Proof. From (19), with § = y we know the following,

-1
min{m/ea,(/ec
(L7'L = Du,u) i) < 8llullaq)
= (L7 = L7 Lu,u) 2 < Oflulfeq)
= (L' - iil)%”h?(m < 5||U||2L2(Q)
Now, the operator norm |[L =" — L~'|| can be written as,

1 <(L_1 - i_l)U7U>L2(Q)
| = sup

vEHL(D) aniz(g)

L=t — L~ <6 (24)

Further note that, {5~ -}92, and { 192, are the eigenvalues of the operators L' and L1, respec-
tively. Therefore from Weyl’s Inequalzty and (24) we have
1

<Lt LY <6 (25)

sup
i i i
Therefore, for all ¢ € N, we have that % S [/\L -9, /\i + 0], i.e., all the eigenvalues of L~ are within
§ of the eigenvalue of L ~!. which therefore implies that the difference between k*" eigenvalues is,
1 1 S 1 1

- - 5
Mo AR+l AR Ap

Since the operators L ™!, L~ are bounded, Davis Kahan [8] can be applied to conclude that for all
z e,
L=t — L7 J
<

Y=o T y—9d
where || - || is understood to be the operator norm, V = &, and V' = ®,. Via the definition of sin ©
distance, (26) also implies that there exists an orthogonal transformation O : Hg () — H} () such
that

[ sin®(V, V)| < I (26)

k ~
~ 93/2)7-1 _ [ -1 23/2§
sup (1> (0% — pi)ai <27 o I —; 27)
ey 1 £2(Q)
O]

In the next lemma, we use the result in Lemma 10 to show that the difference between fqpan and
fspan 18 small.

Lemma 11 (Bounding distance between fspan and fspan). Given Assumptions (i)-(iii)and fspan € Pr,
there exists a function fspan € Py, s.1.

||fsp&n||L2(Q)23/25
)

| fspan — fpanllz2(0) < (28)

1

where § = T Y WIS

Proof. Let us write fspan = Zle fipi where f; = (fspan, 0i)r2(q). Further, we can define a
function f;pan € @, such that fspan = Zf 1 fiO@;. Using the result in (27), and we have

||fspan - fspan||L2(Q) = ©i O@z
L*(Q)
k
< ||fspanHL2(Q) Sup_ Z(O@L ‘pz) a;
ack,_ =1 L2(9)
i=1%
23/2§

<
”fspanHL?(Q o (;
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where v = ﬁ — /\1«1+1 ,and § =

-1
min{m/ea,(/ec}

Finally, we show that repeated applications of L to fun — f have also bounded norms:

Lemma 12 (Bounding norms of applications of L). The functions fon and f satisfy:

1 ||‘Z’(n)(fnn - fspan)||L2(Q) < (n')2 : Cn(fspan + 6nn)

Hfspan||L2(Q)23/25

2. ”I/(n) (fnn - f.span)”L?(Q) S (n‘)Q . Cn(Gspan + Enn) + AZ 7—5

1

where § = g oy

Proof. For Part 1, by Lemma 16 we have that
Hz(n) (fnn - fspan)||L2(Q) S (n')2 . Cn max ||aa(fnn - fspan)HLZ(Q)

a:lal<n+2
From Assumptions (i)-(iii), for any multi-index o we have:
||aafnn - 8afspanHL2(Q) < Haafnn - aOlfHL?(Q) + ||8af - aafspaun||L2(Q)
S €nn + €span
Combining (29) and (30) we get the result for Part 1.

For Part 2 we have,
||I~/(n)(j;‘pan - fnn)HLZ(Q) = Hi(n) (fspan - fspan + fspan - fnn>||L2(Q)

<NL™ (Fopan — Fopan)llz2@) + IZM (fapan — fon) 220

(29)

(30)

3D
(32)

Note that from equation (18) in Lemma 10 we have that || L 'L — I|| < & (where || - || denotes the

operator norm). This implies that there exists a X, such that ||X|| < § and we can express L as:

L=L(I+Y%)

We will show that there exists a 3, s.t. ||| < n26 and L™ = (I 4+ X)L, Towards that, we will

denote L= := L' o LY o-.- L 7! and show that

n times
HL—Wi(") <1+n26
We have:
HL’("U:(") — HL—m) (L(I + %)™
= ||lL=™ <L(n) + ZL(j_l) o(LoX)o LD 44 (Lo 2)(11)) H
j=1
= ||+ ZL_(") o LU Voxor™ )y 4~y (Lo E)(")
j=1
<14 > LMoLV Vono L | 4 4 L7 o (Lo x)™)|
Jj=1

IS (“) 5
=1

—(1+o)
S<3) 6715

<142né
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where (1) follows from triangle inequality, (2) follows from Lemma 17, (3) follows from 1 + z < e”,
and the last part follows from nd < 1/10 and Taylor expanding e*.

Next, since L and L are elliptic operators, we have ||L~ M LM = ||L(”)L (™)||. From this, it
immediately follows that there exists a ¥, s.t. L) = (I + X)L with ||| < n26.

Plugging this into the first term of (32), we have

1L (fopan — Fopan)llz2(@) = 1™ fopan — L™ fopanllz2(0)
= [IL fopan — (T + X)L fopanllz2(q)
< L™ fapan — L™ fpanllz2(9) + 1BL™ fopanll 22 ()
<L fopan — L™ fipanll2@) + ISIIZ™ fopanllz2 (o)
<NL™ fpan — L™ fopanllz2 ) + n20A7 || fspanll 2@y (33)

F~ollowing Lemma 11, we know that fipan = Zle fi@i where f; = (fspan, pi) and we define
fspan = Zle fi@;. Further from (25) in Lemma 10 we have for all i € N

1

1
‘)\i Ail T

From this, we can conclude:

Writing N = (1+ é;)\; (where ¢; = 5)i), we have

= [((L+e)h)™ =AYl
= A1 +e&)" =1

n

<P > (1 +é)
j=1

<@ \rp|e;|enle]

<G)APnlé| (1 + [2né))
< 2A7n|éi|

Al = A7

where (1) follows from the factorization a” — b" = (a — b)(} i, ! aipn—i=1), (2) follows from
1+ 2 < e”, and (3) follows from n|é;| < 1/10 and Taylor expandmg e®. Hence, there exists a é;,
s.t. A = (14 é;)A! and |&;| < 2n]e;|

k
HL(n)fspan - L(n)fspanHLz(Q) = Z ()‘:LleBl - Azlfz()oz)
1

%

L2(Q)

-

(L4 &) A} fipi — N fips)

=1 L2(Q)
k k
<D= OF figi = A2 i) +[13 e figs
=1 2@ =t L2(Q)

@ fspanllr2(0)2%/26

< A7 o + A7 max|ei|||fspan||L2(Q) (34)

where we get (1) by Lemma 11 and (2) first using the fact that eigenvalues of L are monotonically
increasing, i.e., Ay < Ao < - -- Ag.
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From (33) and (34) we have the following:

F(n)/ 7 n”fb anHL2 Q 23/26
HL( )(fspan - fspan)HLz(Q) < )\k P ~ _(5)

Since § < 1 and also e < 1, we therefore have that

+/\k max|€1|||fbpan||L2 +n26)‘k||fbpanHL2(Q

Hfspan ||L2(Q)23/25
v—9

Combining with the result for Part 1, Therefore we have the following:

| fspan|l 2(2) 220
v—=90

||L( )fbpan - L fspo\n”L2 () < )\n

”f/(n)(fspan - fnn)||L2(Q) < (n')Z ’ Cn(espan + EHH) + )\Z

F Technical Lemmas: Manipulating Operators

Before we state the lemmas we introduce some common notation used throughout this section. We
denote L(™ = Lo L o --- o L. Further we use Ly, to denote the operator with Oya;; for all ¢, j € [d]
—_——

. n times .
and Oy c as coefficients, that is:

d
Liu= Y —(Okai;)0 Z Ok (8ia;) Bju + (Orc)u
7,7=1 7,7=1

Similarly the operator Ly; is defined as:

d
Lyu = Z (8klam Z 6kl 0; aL) 8 iU+ ((9le)

4,j=1 4,5=1

Lemma 13 (Relative operator perturbation bound). Consider the operator L, defined in (4), then for
all uw € HE () the following holds,

((L — L)u,u) < 6(Lu,u) (35)

1

where § = /e /e

Proof.

((L — L)u,u) = /Q ((121 — A)Vu-Vu+ (¢— c)uz) dx

< (max 14— Aslemca ) 190l + = ll=ollll o
< eal|VulZa (o) + ecllullZz (36)
Further, note that
(Lu,u) = / AVu - Vu + cu’dr
e

> m|| V2 + CllullZa (o) (37)

Using the inequality - “*b > min{2, 21 from (36) and (37), we have

crd

m||Vu + (|l
IVull72 ) + Cllull 2o Zmin{m C}

6A”vu”[ﬁ Q) + EC”U’HLQ(Q)

(38)

)
€A €c

Hence this implies that R

((L — L)u,u) < §(Lu,u)

=1
where 0 = Ty D

26



Lemma 14 (Operator Chain Rule). Given an elliptic operator L, for all v € C*°(Q2) we have the
following

Vi L™y = Z (L("ﬂ') oLgo L(Fl)) (u) + L™ (Vu) (39)

i=1

Va(L™u) =3 (L”‘i oLyo LU=V o [0 Lj‘1> u

0.
1<J

+ Z (L"fj ol o Li=i=1 o Lo Liil) U (40)
i

+ > (Lo Ly o L) u+ LM (Vi)
where we assume that L(®©) = .

Proof. We show the proof using induction on n. To handle the base case, for n = 1, we have

Vi(Lu) = Vi, (—div(AVu) + cu)

= Vk *Zaijaij’lt* Z@iaijajqucu
ij ij

= | - Z az-jaij (aku) — Z Giaijﬁjaku + cOru

+ ( Z 6kaij37;ju — Z aiaka,;jaju + Orcu

= L(Vyu) + Liu 41)
Similarly n = 1 and k,1 € [d],

Vi (Lu) = Vi (—div(AVu) + cu)

=V |- Zaijaiju — Zaiai]@ju + cu
iJ ij

= | - Z aijaij(aklu) — Z 6iaij8j[*)klu + cOpu
ij

j

+ | - Z 8}6(1”'8”‘8[’(1, — Z 8i8kaij8j81u + Orcoju

i i

+ | - Z 8la¢j8ij8ku — Z 8i81aij8j8ku + 01coiu

ij ij

+ —Z@klaij@ju — Z@iaklaijaju—kaklcu
i i

= L(Viu) + Li(Viu) + L (Viu) + Liu 42)
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For the inductive case, assume that for all m < n, (39) and (40) hold. Then, for any & € [d] we have:
Vi(L™y) = v, (L o L("_l)(u)>
=L (Vk(L(”_l)u)> + Ly (L<"—1>u)

n—

=

~
= =

(LWH) oLy o L“*l)) u+ L("l)(vku)> + Ly (L“H)) u

=1

(L<"—i> oLy o L<i—1>) (w) + L™ (V) (43)

1
Similarly, for all k,[ € [d] we have:

Vi(L™u) = Vi (Lo L D(w))
=7 (sz(L("—l)u)> + Ly (Vl (L("—l)u>) + I (vk (L(n—l)u)) + Ly (L(n—l)u)

n—1
_ L(Z (L(n—l—i) oLgo LE—i=1) 4 Lo L(j—1)> "

<.
Il

+ ( L1 o Ly o L0~ U) u + L(”l)(vkzu)>

L1 o [, o LG~ 1)) (u) + L(n—l)(vlu)> (from (43))
=1

1
(Z L1061, o [~ 1)) (u) +L("1)(Vku)> (from (43))

+ Ly ( (n_l)u)

(L(” ’)OLkoL(J i— 1)oLloLJ 1)
2<]

+ Z (L("fj) ol o L= o Lo L(Fl)) U

4,J
i>j
+ Z ( L 6 Ly o LU~ 1>) w+ LM (Vyqu) (44)
By induction, the clalm follows. O
Lemma 15. For all u € C*°(Q) then for all k, € [d] the following upper bounds hold,
||Lu||L2(Q) S C max ||30‘u||L2(Q) (45)
a:la|<2
IVelZ0) 2oy < 2+C max [0%uluxo (o)
and
IVia(E) sy <4C mas 10l 1)
where
C = (2d* + 1)maX{ r‘rgltggrrggﬂlc? aijll Lo () me‘w<<2|\5 CIILoom)}
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Proof. We first show the upper bound on || Lu|| 12 (o):

d d
HLu||L2(Q) S — Z aijc?l-ju - Z E)iaijaju+cu

i,j=1 i,j=1 L2(Q)

<@ (2d2 + 1) max {n}:;x Haia/inLoo(Q)’H}f;X laijll Lo ), |c||Loo(Q)} I\nar}éz 10%ul| £2(0)

C1

< (7 max ||80‘u||L2(Q) (43)
a:la|<2

where (1) follows by Holder.
Proceeding to ||V (Lu)|12(q). from Lemmal6 we have

||Vk(Lu)HL2(Q) < ||LkUHL2(Q) + HL(VW)HLZ(Q)

d d
— Z Ora;j0iju — Z Oikaij0ju + Okcu

i,j=1 i,j=1 L2(Q)
d d
— Z aijaijku — Z 8iaij(9jku + c@ku
i,j=1 i,j=1 L2(Q)

< (2 1w {070 o 0uclimioy b om0l

+(2d2+1)maX{ r‘nal><<1HL1&}XH3 aijllLo (@), ||CHL°°(Q)} I{ljggﬂaaullmm

= [[Ve(Lw)|lL2(0) §2~(2d2+1)maX{ T%§2n3%x|\8 aijllLee (), max 0% CHL"O(Q)} I}lﬂa‘gg\la'ZUIlL?(m

Ca

<2-Cy ¥T121‘)<<3 10%ull L2 () (49)

We use the result from Lemma 14 (equation (42)), to upper bound the quantity ||V (Lw)| 12 (o)
Vit (L)l 20y < [ Lriullp2co) + 1Le(Viw) || 20y + [ La(Viu)llLz(o) + 1 L(Viw)| 2

d d
= D Okai 00— Y 0:0kai;0;0u + dkcdiu

IN

d d
Z Oria:;0iu — Z Oik1ai; 05U + Oricu

3,j=1 4,j=1

L2(Q)

i,j=1 Q=1 L2(0)
d d
= D0 0iai00ku — > 0,0104;0;0ku + DicOu
i,j=1 i,j=1 L2(Q)

d d
+ |- Z @i 0ijrit — Z 0i0;50j1u + O

4,j=1 3,j=1

L2(9)

< (2d2+1)maX{ I?aégn}%xna aij|| oo (@) Hale”L""(Q)} Jnax, 10%ull 2o

22+ 1) o { o, mx 107w o Iell ey b m 0%l

2d% +1 0%a;;|| oo o o
+ (2d” + )maX{ ma|v<<2rr;a><|\ aijllzee (@), llelln m)}anj@ll ull L2 (o)

— V(L) 20y §4~<2d2+1>max{ i max [0 as Loy, max [0° cum} mas (19" ul 120

Cs
<4-Cs Jnax, 10%ul| L2 (0 (50)
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Since C; < (3 < Cs, we define C := (5 and therefore from equations (48), (49) and (50) the
claim follows.

Further, we note that from (49), we also have that

1Lk (W)l 220, IL(Viu)l|L2@) < € max [[0%[L2(q) 1)
a:lal<3

and similarly from (50) we have that,

[ La(w) || 2 ) 1Lk (Viw)l| 2 @), [ La(Vew) | L2 @), [ L(Viu) | L2 @) < C max [[0%ul|L2(q)

a:la|<4
(52)
O

Lemma 16. For all u € C*(Q) and k,l € [d] then for all n € N we have the following upper

bounds,
L™ 20y < (n!)?-C™ nax 10%ulL2(q) (53)
V(L™ 20y < (n+1) - (n))? - C" o [0%ull 20 (54)
Vi (L) || 120y < (n+ 1)) -C" o3 [0%ul|L2(0) (55)

where C' = (2d* + 1) max {max,,|q|<3 max; ; [0 @] Lo (), MaXaia|<2 10%¢|| o< (02) }-

Proof. We prove the Lemma by induction on n. The base case n = 1 follows from Lemma 15, along
with the fact that max,.|q|<2 [[0%ul|L2(q) < maxa.jaj<s [|0%ul|12(q)

To show the inductive case, assume that the claim holds for all m < (n — 1). By Lemma 15, we have

IL™ ] 20y = I LT V)| 20

H Z ;055 ( L(" 1)u Z 0;a;50; L(” b )—|—c(L(”*1)u)

i,j=1 i,j=1 LQ(Q)

IA

< C-max { [P RIS max V(L D) g2, max Vi (L V) ||L2(Q)}

< . | 2 m—1 a
<O onT | max 0% )

Thus, we have
1Ll o) < (n)? - C™ max (0%l 12y

a:lal<n+2

as we need.

Similarly, for k € [d], we have:

+ ”L(n)(vku)HLz(Q)

VR (L0 2y < S H(L(n—i) oLy o L(i—l)) (u)‘
=1

2 n [ 2 n «
<(m)-(n)"-C mlg@gHII@ ullL2(g) + (nh)”- C a:|5\12)§+2”8 ullr2(q)

L2(Q)

<(n+1)-(n)?-C" max 0%l 120 (56)
a:lal<n+2
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Finally, for k,[ € [d] we have

IV k(L) | 12 () < Z H(L(nfi) oLyoLU=iDop, OL(j,l)) u’
ij

L2(Q)
i<j

+ Z H (L("fj) olLo Li=i-1 Lo L(ifl)) u‘ Lo
i

(n)
Ly 1L (Viiu) |2 (o)

O [CERPIE
i

< 1) (n)2-C" o
<n(n+1)-(n!) a:@@ﬁz” ull L2

+n-(n)?-C" max [|0%l 2 +C" max [|0%u12(q)
a:|la|<n+2 a:lal<n+3

— V(L") L20) < ((n+1)H*-C" X g [0%ull 20

(57)

Thus, the claim follows. O

Lemma 17. Let AY, i € [n] be defined as a composition of (n — i) applications of L and i
applications of L o X (in any order), s.t. || Z|| < d. Then, we have:

[L=MAD| < 6 (58)

Proof. We prove the above claim by induction on n.
For n = 1 we have two cases. If A1) = L o ¥, we have:
IL'oLoX|| <6

If A®) = L we have:
IL7'L| =1

Towards the inductive hypothesis, assume that for m < n — 1 and ¢ € [n — 1] it holds that,

LD AL | < 6

For n, we will have two cases. First, if AE;")’D = Agil)ﬂ) o L o ¥, by submultiplicativity of the
operator norm, as well as the fact that similar operators have identical spectra (hence equal operator
norm) we have:

|70 0 A = IL7 o L=V 0 A1 0 Lo |
= ||L_("_1) o Agf)_l oLoYo L_1||
—(n— i—1 _
<O DAL Loz o L7
< 516 — 6i+1

so the inductive claim is proved. In the second case, Agl)) = AE;)_DL and we have, by using the fact

that the similar operators have identical spectra:
ILC 0 AR o L = L= D 0 ATy o Lo L7
= ||L~(D OAE:L)—l)” < o

where the last inequality follows by the inductive hypothesis. O
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