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ABSTRACT

In this work, we consider the optimization process of minibatch stochastic gradient
descent (SGD) on a 2-layer neural network with data separated by a quadratic
ground truth function. We prove that with data drawn from the d-dimensional
Boolean hypercube labeled by the quadratic “XOR” function y = —x;x;, it is
possible to train to a population error o(1) with dpolylog(d) samples. Our result
considers simultaneously training both layers of the two-layer-neural network
with ReLU activations via standard minibatch SGD on the logistic loss. To our
knowledge, this work is the first to give a sample complexity of O(d) for efficiently
learning the XOR function on isotropic data on a standard neural network with
standard training. Our main technique is showing that the network evolves in
two phases: a signal-finding phase where the network is small and many of the
neurons evolve independently to find features, and a signal-heavy phase, where
SGD maintains and balances the features. We leverage the simultaneous training
of the layers to show that it is sufficient for only a small fraction of the neurons to
learn features, since those neurons will be amplified by the simultaneous growth of
their second layer weights.

1 INTRODUCTION

Stochastic gradient descent (SGD) is the primary method of training neural networks in modern
machine learning. Despite the empirical success of SGD, there are still many questions about why
SGD is often able to efficiently find good local minima in the non-convex optimization landscape
characteristic of training neural networks.

A growing body of work aims to theoretically understand the optimization dynamics and sample
complexity of learning natural classes of functions via SGD on neural networks. A particularly
well-understood regime in this regard is the neural tangent kernel (NTK)(Jacot et al.,|2021a)), where
the network only moves a small distance from its initialization. However, in many cases, the NTK
provably requires a poor sample complexity to generalize (Abbe et al., 2022).

More recent work aims to prove convergence guarantees for SGD on neural networks with tight
sample complexity guarantees. A natural test-bed for this, which has garnered a lot of attention, is
learning target functions that are inherently low-dimensional, depending only on a constant number
of dimensions of the data (Chen & Meka, 2020; |Chen et al., 2020; [Nichani et al., 2022} [Barak
et al.l 12022; Biett1 et al., [2022; Mousavi-Hosseini et al.| [2022; Refinetti et al.l [2021; |Abbe et al.|
2021a; 20225 2023). Such functions, often called sparse or multi-index functions, can be written
as f(x) := g(Ux), where U € R**4 has orthogonal rows, and g is a function on R*. Many works
have shown that learning such target functions via SGD on neural networks is possible in much
fewer samples than achievable by kernel methods (Chen et al.,[2020; Bai & Lee} 2019; |Damian et al.,
2022; |Abbe et al.,2021a;|2022;2023)). The results in these papers apply to a large class of ground
truth functions, and have greatly enhanced our understanding of the sample complexity necessary for
learning via SGD on neural networks.

The limitation of the aforementioned works is that they typically modify the SGD algorithm in ways
that don’t reflect standard training practices, for example using layer-wise training, changing learning
rates, or clipping. While providing strong guarantees on certain subclasses of multi-index functions,
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such modifications may limit the ability of SGD to learn broader classes of multi-index functions
with good sample complexity. We discuss this more in the context of related work in Section[I.T}

The goal of this paper is to show that for a simple but commonly-studied problem, standard minibatch
SGD on a two-layer neural network can learn the ground truth function in near-optimal sample
complexity. In particular, we prove in Theorem [3.1]that a polynomial-width ReLU network trained
via online minibatch SGD on the logistic loss will classify the boolean XOR function f(z) := —x;x;

with a sample complexity of O(d) We study the XOR function because it one of the simplest
test-beds for a function which exhibits some of the core challenges of analyzing SGD on neural
networks: a random initialization is near a saddle point, and the sample complexity attainable by
kernel methods is suboptimal (see further discussion in Section [I.T).

Despite its simplicity, the prior theoretical understanding of learning the XOR function via SGD on
standard networks is lacking. It is well-known that the NTK requires ©(d?) samples to learn this
function (Wei et al.l [2019; |Ghorbani et al., 2021; |Abbe et al.| [2023). Wei et al. (Wei et al., [ 2019)
showed that O(d) samples statistically suffice, either by finding the global optimum of a two-layer
network, or by training an infinite-width network, both of which are computationally intractable.
Similar guarantees of O(d) are given by Bai et al. (Bai & Lee,2019) and Chen et al. (Chen et al.,
2020); however, such approaches rely on drastically modifying the network architecture and training
algorithm to achieve a quadratic neural tangent kernel. Abbe et al. (Abbe et al., 2023) proves a sample
complexity of O(d) for the XOR problem, but uses an algorithm which assumes knowledge of the
coordinate system under which the data is structured, and is thus not rotationally invariant. It is also
worth noting that several works have studied the XOR problem with non-isotropic data, where the
cluster separation grows to infinity (Frei et al.| 2022 |Ben Arous et al.,[2022), in some cases yielding
better sample complexities.

The main approach in our work is showing that while running SGD, the network naturally evolves
in two phases. In the first phase, which we call the signal-finding phase, the network is small, and
thus we can show that a sufficient fraction of the neurons evolve independently, similarly to how
they would evolve if the output of the network was zero. Phase 1 is challenging because it requires
moving away from the saddle near where the network is initialized, which requires super-constant
time (here we use “time” to mean the number of iterations times step size). This rules out using the
mean field model approach as in Mei et al. (Mei et al., 2018bj |2019), or showing convergence to a
lower-dimensional SDE as in Ben Arous et al. (Ben Arous et al.,[2022), which both break down after
constant time when directly applied to our setting. E]

After the signal components in the network have become large enough to dominate the remaining
components, the network evolves in what we call the signal-heavy phase. In this phase, we show
inductively that throughout training, the signal components stay significantly larger than their counter-
parts. This inductive hypothesis allows us to approximate the output of the network on a sample x by
its clean approximation, given by a network where all the non-signal components have been removed.
Under this approximation, the dynamics of the network are easier to compute, and we can show that
the signal components will grow and rebalance until all four of the clusters in the XOR problem have
sufficiently small loss. The division into signal-finding and signal-heavy phases is similar to the two
phases of learning in e.g. |Arous et al.| (2021).

Our Phase 2 analysis leverages the simultaneous training of both layers to show that the dominance of
the signal components will be maintained throughout training. In particular, we show once individual
neurons become signal heavy, their second layer weights become large, and thus a positive feedback
cycle between the first and second layer weights of that neuron causes it to grow faster than non-
signal-heavy neurons. This allows us to maintain the signal-heavy inductive hypothesis. If we only
trained the first layer, and all second layer weights had equal absolute value, then unless we have
strong control over the balance of the clusters, it would be possible for the non-signal components to
grow at a rate which is on the same order as the rate of the signal components (see Remark {.3).

'"We consider this near-optimal in the sense that for algorithms that are rotationally invariant C:)(d) samples
are required. See Section[G_]for details.

“Ben Arous et al. (2022) considers a setting of high-dimensional SGD where a constant number of summary
statistics sufficient to track the key features of the SGD dynamics and the loss, which can only be applied to
constant-width 2-layer neural networks. Their coupling between high-dimensional SGD and a low-dimension
SDE holds for ©(1) time, which is not enough time to learn the XOR function, which requires ©(log(d)) time.
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1.1 RELATED WORK

Learning Multi-Index Functions via Neural Networks Most related to our work is a body of
work aiming to understand the sample complexity of learning multi-index functions via SGD on
neural networks Bietti et al.| (2022); Refinetti et al.| (2021)); /(Chen et al.| (2020)); /Abbe et al.| (2021a;
2022;2023)); Damian et al.| (2022)); Barak et al.| (2022); |Daniely & Malach|(2020); Mousavi-Hosseini
et al.| (2022); Nichani et al.| (2022); |Ge et al.| (2017); Mahankali et al.| (2023)); [Ba et al. (2022));
Dandi et al.|(2023). Such functions are typically studied in either the Gaussian data setting where
x ~ N(0, 1), or in the Boolean hypercube setting, where x ~ Uniform({£1}¢). In both cases, we
have f(x) := g(Uz), where U projects z onto a lower dimensional space of dimension k, and g is
an arbitrary function on k variables. In the Boolean setting, U projects onto a subset of k£ coordinates
of x, so in the case of the XOR function we study, £ = 2 and g is a quadratic function.

Chen and Meka (Chen & Meka, [2020) showed when £ is constant, and g is a degree-D polynomial
for constant D, there exists a polynomial-time algorithm which learns such multi-index functions on
Gaussian covariates in O(d) samples. Such algorithms can also be emulated in the same sample com-
plexity via SGD on neural networks designed to emulate arbitrary Statistical Query algorithms (Abbe
& Sandon, |2020; |Abbe et al., 2021b)), though these networks bear little similarity to standard neural
networks used in practice.

The sample complexity of learning multi-index functions via SGD on standard neural networks is an
open and active area of research. It is known that the neural tangent kernel (and more generally, kernel
methods) require Q(dD ) samples (Hsu, 2021). A line of work by Abbe et al. (Abbe et al., 2021a;
2022;2023) has conjectured that the sample complexity required for SGD is C:)(dmax(L_Ll)), where
L denotes the “leap complexity”, a measure of hierarchical structure upper bounded by D, and which
equals 2 for the XOR function. If true, this conjecture would place the sample complexity of SGD on
standard neural networks squarely between that of kernel methods and arbitrary polynomial-time
algorithms. When L = 1,|Abbe et al.| (2022) showed via a mean-field analysis that is possible to
learn with ©(d) samples via layer-wise training, where the first layer is trained until it learns the
subspace U, and then the second layer is trained as a linear model. For L > 1,|Abbe et al.| (2023)
provided a layer-wise SGD algorithm achieving the conjectured complexity, but which assumes
knowledge of the coordinate system under which the data is structured. This means the algorithm
is not-rotationally invariant, barring the network from learning more general multi-index functions.
Other works have also used layer-wise training to give similar results for subclasses of multi-index
functions (Damian et al., [2022; Mousavi-Hosseini et al., [2022; Barak et al., |2022)); Mousavi-Hosseini
et al. (2022) studies a setting where k£ = 1 and L = 1, while Damian et al.|(2022); Barak et al.| (2022)
study settings where L > 2, and use just a single gradient step on on the first layer, which requires
Q(dL ) samples. Numerous other works (Tan & Vershynin, 2019; [Bietti et al., 2022; Wu et al., [2023;
Arous et al.l 2021) have made progress in the setting of single-index functions (k = 1) when L > 1.
In some cases, the result achieve tight guarantees that depend on a quantity called the “information
exponent” of g, which is equivalent to the leap complexity when k = 1, though these methods require
training only a single neuron in R?. The recent work Mahankali et al. (2023) considers training a
single-index target function with £ = 2 and degree 4 on a 2-layer neural network via vanilla gradient
descent, and shows a sample complexity of O(d®*), which improves over kernel methods.

The above discussion highlights a gap in our understanding when k& > 2 and L > 2. Indeed, such
a setting is challenging because it requires learning multiple neurons, and escaping one (or more)
saddles (Abbe et al.,2023). For this reason, we believe the XOR function (with k, L. = 2) is a good
stepping stone for understanding the behaviour of SGD on neural networks for more general functions
with k > 2, L. > 2. Note that other works (Bai & Leel [2019; |Chen et al., 2020) have achieved a
near-optimal sample complexity of O(d) for the XOR problems; these works use a non-standard
architecture and training algorithm which puts SGD into a quadratic NTK regime. While such a
regime can often attain sample complexities beating the standard (linear) NTK, in general this method
yields complexities of O(d”~1), which is larger than the rate achieved by Abbe et al.|(2022) whenever
L =1and D > 3. We emphasize that our work achieves the near-optimal sample complexity O(d)
with a standard two-layer neural network, trained with standard minibatch SGD.

We note that many more works have explored both empirically (eg. (Woodworth et al., | 2020; |Chizat]
et al.|[2019)) and theoretically (eg.(Li et al., 2020} |Allen-Zhu & Lil |2020; |Suzuki & Akiyama), 2020



Under review as a conference paper at ICLR 2024

Telgarsky, [2022; Jacot et al., |2021b)) the sample-complexity advantages of “rich” SGD training over
the “lazy” NTK regime.

Simultaneous Training of Layers. While many of the works mentioned above use layer-wise
training algorithms, the standard empirical practice is to train all layers simultaneously. Several
theoretical works explore this setting, uncovering implicit biases of ReLU (or other homogeneous)
networks trained simultaneously (Wei et al.|, |2019; |Chizat & Bachl [2020; [Lyu & Li, 2019} |Lyu
et al.} 20215 [Maennel et al., |2018). Under a variety of assumptions, these works have related the
solutions found via gradient descent to margin-maximizing solutions. A much finer understanding
of the implicit bias of simultaneous training is provided for a line of work on diagonal neural
networks (Pesme & Flammarion, 2023} [Even et al., [2023)).

1.2 ORGANIZATION OF PAPER

In Section[2] we describe the data and training model. In Section [3] we state our result. In Section 4]
we overview the proof techniques. We conclude in Section[5] All proofs are in the Appendix.

1.3 NOTATION

For a vector v, we use ||v|| to denote the ¢ norm, and ||v||; to denote the ¢; norm. We use || M || to

denote the spectral norm of a matrix M. All big-O notation is with respect to d — oo, and we use O
to suppress log factors in big-O notation. w(1) denotes growing to infinity with d. We use S~ (r) to
denote the sphere of radius r in d dimensions, and 1(+) to denote the indicator variable of an event.

2 MODEL AND SETTING

2.1 DATA.
We study the setting where the data comes from the Boolean hypercube z ~ Uniform({—1,1}%),
and the label y is given by y(z) = XOR(x1, z2) := —z122.

Note that with 1 := e; — es, and us = e; + eo, we can model the distribution as

(z.y) = {(Ml 61 wp /4 (ot 61) wp 1/
(2 +&-1) wp.1/4  (—pa+&,-1) wp.1/4
where ¢ ~ Uniform(0? x {—1,1}¢72) so that £ L {1, pa}. We will often write
r=z+E,
where z is the projection of x onto the space spanned by e; and es, and £ is the projection of z

orthogonal to e; and eo. We denote this distribution by P, and throughout, it is implicitly assumed
that all probabilities and expectations over x are for z ~ Py.

Remark 2.1. While for simplicity, we state our results for the setting where the data comes from an
axis-aligned Boolean hypercube, and where ground truth depends on the first two dimensions, the
minibatch SGD algorithm and the initialization of the network will be rotationally invariant. Thus all
our results hold for a Boolean hypercube with any basis.

2.2 TRAINING.
Model. We train both layers of a two-layer ReLU network with width p:

1 r
) Z aja(ijac)7
j=1

where o(a) = max(0, @) is the ReLU function. We will use the variable p := 1 32 1(,,, to
P J= VERH]
denote the empirical distribution of the neurons and their second layer weights. Thus we denote
folx) == Ey,anpa - J(wa),
We will often abuse notation and write probabilities and expectations using w ~ p, and use a,, to

denote its associated second layer weight. We note that it is not necessarily the case the second layer
weight a,, is a function of w; we do this for the convenience of not indexing each pair as (w;, a;).
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Initialization. We initialize the network with w; ~ Uniform(S?~1(#)) for a scale parameter 6,
such that ||w,|| = 0. We initialize the second layer as a; = €;||w;||, where ¢; ~ Uniform(+1).

Minibatch SGD. We train using minibatch SGD on the logistic loss function

1
lp(z) := —2log (1 + exp(—y(x)fp(l‘))> ’

and define the population loss L, := E..p/,(z). We will use the shorthand ¢/,(z) to denote the
derivative of £, (z) with respect to f,(z):
sy 2y(@) exp(=y(x) f,(x))
l,(z) == — .
1+ exp(—y(2)fo(x))

We use p; to denote the empirical distribution of the p neurons (w(t), agf)) at iteration ¢. At each step,
we perform the minibatch SGD update

wttD = @ _ nVﬁp(w(t)) ag-H) = aSj) - UVi’P(ag))'

Here I:,, = % Y wten, bo () denotes the empirical loss with respect to a minibatch M; of m
random samples chosen i.i.d. from Py at step ¢, and for a loss function L and a parameter u in the
network, V, L := pg—ﬁ denotes the scaled partial derivative of the loss with respect to u, defined in

particular for a neuron (w, a,,), as follows: Eﬂ

Y P R . .
_ s (A)y — = ' (2N (T 2 (0)) (8.
VwLp - m Z awpgp(x ) - m Z awépt (Z‘ )a’ (w T )J? ’
x() e M, (1) e My
v ;-1 T 9 @iy = L S 0, @Yo (aTw).
TP Oa," "’ m - Pt !
2z e My (e M,

3 MAIN RESULT

The following theorem is our main result.

Let0 =1/ logc(d). Suppose we train a 2-layer neural network with minibatch SGD as in Section
with a minibatch size of m > d /0, width 1/0 < p < dc, step size d—¢ < n < 0, and initialization
scale 0. Then for some t < C'log(d)/n, with probability 1 — d=*(1), we have

Epnpyllp, (7)) < (IOg(d))_e(l)-

By setting 7 = 6 and m = d /6, Theorem states that we can learn the XOR function up to €
population loss in © (dpolylog(d)) samples and iterations on a polynomial-width network.

Theorem 3.1. There exists a constant C' > O such that the following holds for any d large enou

4 PROOF OVERVIEW

Throughout the following section, and in our proofs, we will use the following shorthand to refer to
the components of a neurons w. We decompose w = w1.2 + w , where ws .o is the projection of w in
the direction spanned e; and e, (and equivalently by 11 = e; — es and pe = e; + e2), and w is the
component of w in the orthogonal subspace. We further decompose wy.2 = wsig + Wopp as follows:

We — {éﬂlﬂ?w Ay 2> 0; _ {éuzu;ﬁw ay > 0;
Ve popdw  a, <0, PP Lpypdw a, <0.

Intuitively, we want the neurons to grow in the ws, direction, but not the wep, direction; in a network
achieving the maximum normalized margin, we will have w = wgg exactly, and wep, = w1 = 0. We
summarize this notation in Table[T] along with future shorthand we will introduce in this section.

?Since the ReLU function is non-differentiable at zero, we define o’(0) = 0.
“For convenience, we scale this derivative up by a factor of p to correspond to the conventional mean-field
scaling. If we didn’t perform this scaling, we could achieve the same result by scaling the learning rate 7).
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Table 1: Summary of Notation used in Proof Overview and Proofs

Weia — {é,ul,u{w Ay > 0 w 2,“2[1'2 W Ay > 0 {wl:Z = Wsig + Wopp
S1 - 0 -
& %ug,uQTw Ay <0 PP = 2,ulu1w Ay <0 W] =W — Wi.2
T = fp(ﬂ)y(:u) ‘ Ymin = mmue{im,iuz} T ‘ Ymax = MAXye{4pq,+us} T
uw = |£;(M>| ‘ Gmin = mlnue{:t,ul +uo} M | ‘ Gmax = MAX {4y, +pus} M;)(M)'

The main idea of our proof is to break up the analysis of SGD into two main phases. In the first phase,
the network is small, and thus we have (for most z) that the loss ¢, (x) is well approximated by a first
order approximation of the loss at f, = 0, namely

bo(x; p) := —2log(1/2) — y(z) fo().

As long as this approximation holds, the neurons of the network evolve (approximately) independently,

since £j(x) := dg;(fx’;) —y(x) does not depend on the full network p. We will show under this

approximation that for many neurons, ||ws|| grows exponentially fast. Thus we will run this first
phase for ©(log(d)/n) iterations until for all four clusters pu € {41, £uo}, there exists a large set
of neurons S, on which wsifg i > 0, and the “margin” from this set of neurons is large, i.e.

Yy = Ep[l(w S Su)awa(wTM)] > EPHUU_ + w0pp||2- 4.1

In the Phase 2, we assume that Eq. [4.T]holds, and we leverage the dominance of the signal to show
that (1) The signal components ws;; grow faster that wep, + w1 , and thus Eq. [E]continues to hold;
and (2) SGD balances the signal components in the 4 cluster directions such that the margins 7,
balance, and become sufficiently large to guarantee o(1) loss.

We proceed to describe the analysis in the two phases in more detail. Full proofs are in the Appendix.

4.1 PHASE 1

In Phase 1, we approximate the evolution of the network at each gradient step by the gradient step
that would occur for a network with output 0. The main building blocks of our analysis are estimates
of the Ly := E,{y(x; p) population gradients, and bounds on the difference VL, — VL,.

L, population gradients. Since the primary objective of this phase is to grow the neurons in the
signal direction, we sketch here the computation of the gradient V,,, , L¢ in the subspace spanned by
141, p2. The remaining estimates of V Ly are simpler, and their main objective is to show that V,, | Lg
and V,,, Lo are sufficiently small, such that ||w || doesn’t change much throughout Phase 1, and
|a.| stays approximately the same as ||w||. For convenience, the reader may assume that |a.,| = ||w]|
exactly, which would hold if we took 7 to 0 as in gradient flow.

For a data sample  ~ Rad?, we denote © = z + &, where z € Span({#1, £us}), and £ L
Span({=£pu1, £ua}). By leveraging the symmetry of the data distribution and the fact that y(z) =
y(—z), we can compute

V’wlzzLO = _awEw:z-‘rfy(x)U/(le')Z
1
= —auBe5Ey(2) (o (w6 +w'2) — o' (w'E —w'2)) 2

1
= —awEgiEzy(z)l(\wTd > |wT§|) sign(sz)z

1 . 4.2
= — SauBLy(2) sign(uw”2)Pel|wTz| > 7] @2
1 .
~ —§aw]Ezy(z) sign(w” 2) 2P (o, w12 [G < [w” 2]]
1 2 |wt 2|
~ ——a,E.y(z)sign(w’ 2)zq/ = —.
2 T |wl]
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Here the two approximations come from the fact that £ has boolean coordinates and not Gaussian,

T
and from an approximation of the Gaussian distribution, which holds whenever H’:Uj”‘ is small. By

taking the expectation over z € {1, =z}, the last line of Eq can be shown to evaluate to

|| |aw]
- —Wsig + ————Wopp- (4.3)
lwlvar ™ fwlvar ™
Observe that near initialization, this gradient is quite small, since % is approximately ﬁ fora

random initialization. Nevertheless, this gradient suggests that wy;, will grow exponentially fast.

Bounding the difference VL) — VL,. Tobound |V,,L, — V,,Lol|2, first recall that
VLo = VL, = Epay,(0,(x) — 0y (x))o (wh ).

Defining A, := (¢, (z) — £y(z))o’ (w” z), we can show using routine arguments (see Lemma

for the details) that:
||VUJLP - vaO”Q = |aw|H]EzAmx” < ‘aw| V EQ:A% “4.4)
~ ‘aw| Emfp(x)z

< 1o IR SO 7
S loulBy [l ~ s
While this deviation bound is useful for showing that w; doesn’t move too much, this bound far

exceeds the scale of the gradient in the wy;g, which is on the scale lawl pear initialization. Fortunately,
we can show in Lemmamthat the deviation is much smaller on the first two coordinates, namely,

w1 -
Vs = VonsLall < laulOlo*@) (B, llawwnall + B, flawull[221) i)

Note that since near initialization ||w1.2]| < ||w|| for all neurons, this guarantee is much stronger than
Eq. In fact, since throughout this phase we can show that a,, and ||w|| change relatively little,
staying at the scale 1/polylog(d), the approximation error in Eq. is smaller than the gradient in
the wyi, direction (Eq. whenever say ||wsig|| > 100E,[||a.,w1:2[/], which occurs on a substantial
fraction of the neurons.

Lemma [D.3]is the most important lemma in our Phase 1 analysis. At a high level, it shows that
the approximation error ||V, L, — V., Loll2 can be coupled with the growth of the signal,
—(VwLo)T 2. This is because we use a symmetrization trick with the pairs z + £ and —z + &

llwsigl *
to show that both the error and the signal gradient only grow from samples x = z + £ where
2T w] > [€7w.

In more detail, to prove Eq. 4.5, we also need to leverage the fact that for any & € {1, 2} and

z € {£p1,tpu}, we have |€p E+2) — e;(g — 2")| < 4pE,[||awwi.2||], much smaller than we can

expect |¢),(x) — £o(x)] to be. Thus [Agy. — Ae_z| < 4pE,[[|awwi.2|]] whenever [T w| > 27w

(such that o’ (w”' (€ + 2)) = o’ (w” (&€ — 2))). Following the symmetrization trick in Eq.|4.2 we have
1

- (vwl:zLﬁ - V1U1:2L0)

Qo

= ”ETArZ”

= || E¢E.Aet2||

1
S IEE:(Agss — Ag—z)z]

< 2V2E, [lapwiz]] + V2EE: (€ w| < [T w])[Aql-
A careful computation comparing w” ¢ to a Gaussian distribution then shows that

[|w:2]]

[[]l

E-1(1¢"w| < |eTw])|Ag| & (Po[l€Tw] < [Twl]) (Bs|Aq]) £ Ep[llawwl].
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Putting Phase 1 Together The building blocks above, combined with standard concentration

bounds on VL p» suffice to show that a substantial mass of neurons will evolve according to Eq
leading to exponential growth in wgjs. After ©(log(d)/n) iterations, for these neurons, we can achieve
llwsig|| > [lw1 + wopp||. Formally, we show the following for some ¢ = 1/polylog(d):

Lemma 4.1 (Output of Phase 1: Informal; See Lemma[D.T|for formal version). With high probability,
for n < O(1) and some = 1/polylog(d), after some T' = ©(log(d)/n) iterations of minibatch
SGD, with m = O(d) samples in each minibatch, the network pr satisfies:

1. EﬂT[HwL + wopp||2] <é.

2. Foreach pi € {1, tps}, on atleast a 0.1 fraction of all the neurons, we have wsTigu >0,
and ||wyig|[* > ¢716.

We remark that the analysis to prove Lemmal4.T]is somewhat subtle, since the tight approximation in
Eq[4.2)breaks down when ||wsig|| approaches [Jw ||. The details are given in Appendix D}

4.1.1 PHASE?2

The conclusion of Lemmad.1]is a sufficient condition of the network to begin the second phase. In
the second phase, we have that (for most x)

0 (x) = 0,(2), (4.6)

where we recall that z is the component of x in the space spanned by p1 and po. We refer to this as
the clean loss derivative, and our main tool will be analyzing the evolution of SGD under this clean
surrogate for the loss derivative. Namely, we define:

VL, = awEol)(2)0'(w )z and VY L, :=E.l,(2)o(w"z). 4.7)

Before proceeding, we introduce the following definitions, which will be useful in Phase 2 (summa-
rized in Table I):

Vmin ‘= min Y, Imin ‘= min |[/ (,U/)| = M
. pe{Etp1,£p2} a e pe{tp1,tp2} p 1+ exp(_'Ymax)
exp(_’Ymin)
= max = max El —
’Ymax ’YIL gmax lte{iltl»iALZ} ‘ p(u)|

pe{tp,tp2} 1+ exp(—Ymin)

To ensure the approximation in Eq. .6]holds throughout the entire the second phase, we will maintain
a certain inductive hypothesis, which ensures the the scale of the signal-direction components of
the network continue to dominate the scale of the non-signal-direction components of the network.
Formally, we consider the following condition.

Definition 4.2 (Signal-Heavy Inductive Hypothesis). For parameters ( = o(1) and H > 1 with
¢ < exp(—10H), we say a network is (¢, H)-signal-heavy if there exists some set of heavy neurons
S on which exp(6H)||w 1 || + |wopp || < C|lwyigll, and

Ep1(w ¢ S)l[wl® < CFmin-

Here we have defined 7, := E[1(w € S, wipu > 0)awo(w” )] and Jpin = ming, e () 40,3 Y-
Further,

Ep(llw]’] < Epllaw|’] + CH < 28,
and for all neurons, we have |a,,| < ||w||.
We show via a straightforward argument in Lemma that if the conclusion of Lemma4.T| (from

Phase 1) holds for some ¢, then the network is (©(¢!/?), H)-signal-heavy, for H = ©(log log(d)).

Assuming that the network is (¢, H)-signal-heavy, using a similar approach to Eq. we can show
(see Lemma for the precise statement) that for any neuron (w, @, ),

1

||

vaLp - vf};l’p”2 é \/]Ew(fp(x) - fp(z))Q é Ep[”awwlm < (Vmaxs
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and similarly [|[Vq, L, — V¢ Lpll2 £ [|w]|¢Vmax-

By working with the clean gradients, it is possible to approximately track (or bound) the evolution
of wyig, w1, and wepp on neurons in S, the set of neurons for which ||wsig|| > |lwi + wopp||. In
Lemmas @ and@we show the following for any w € .S (let 1 be the direction of wy;,):

1. The signal component wgg grows quickly. We have —w,V$ L, = |a.L,,(11)|7, where
T = %. Also a,, grows at a similar rate. This growth is due to the fact that points with
z = —p will almost never activate the ReL.U, while points with z = p almost always will.

2. A linear combination of ||w ||? and ||wpp||* decreases. The argument here is more subtle,

but the key idea is to argue that if |wl¢| > |w0Tppz| frequently, then [Jw ||* will decrease.

Meanwhile, if [w¢| < |w], z| frequently, then wy, will decrease (and there is a sizeable
event on which they both decrease).

Since most of the mass of the network is in .S, this shows that the signal will grow at the exponential

rate 7|(),(11)| — or for the “weakest” cluster, that is, in the direction x that maximizes 7, we will
~ (t+1) ~ (1)

have .. Z (1 + 217 gmax) Ymin-

On neurons outside of .S, we show in Lemma that they grow at most as fast as the rate of the

weakest clusters, meaning we can essentially ignore these neurons.

Remark 4.3. If we did not train the second layer weights (and for instance they all had norm 1),
then our tools would not suffice to maintain the signal-heavy hypothesis in Definition Indeed, the
neurons in S would grow at a linear rate of T|€;(u) , and at (up to) an equal linear rate outside of S.
Thus the neurons outside of S might eventually attain a non-negligible mass. However, because the
layers are trained simultaneously, this leads to positive feedback between the growth of || wqe|| and
|aw|, leading to exponential growth, maintaining the mass ratios between the neurons in and out of S.

Combining the ideas above, we prove the following lemma, which shows that after one SGD step, the
network stays signal-heavy (with a slightly worse parameter), the behavior of the weakest margin
improves, and the network (measured by the size of the largest margin vm.x) doesn’t become too big.
Lemma 4.4 (Phase 2 Inductive Step: Informal; See Lemmafor formal version). If a network
pt is (¢, H)-signal heavy with heavy set S, then after one minibatch gradient step, with probability
1—d®,

1. pry1is (C(1+ 10nCH), H)-signal heavy.

2. 38 > (14 207 (1 = 0(1))gomar) 7

3. a&iﬁ;” < (LT4+2n7(1 4 o(1))gmin) i,(nta)x, where ﬁ,S,Qx P= MAX e (g 0} ﬁl,st).

Theorem [3.1]is proved by iterating this lemma © (loglog(d)/n) times, yielding Vmin & Jmin = w(1).

5 CONCLUSION

In this work, we showed that in O(d) samples, it is possible to learn the XOR function on Boolean
data on a 2-layer neural network. Our results shows that by a careful analysis that compares that
dynamics to the dyamincs under the surrogate L loss, we can show that SGD find the signal features,
and escape the region of the saddle where it was initialized. Then, after learning the feature direction,
we show that SGD will enlarge and balance the signal components to learn well-classify points from
all 4 clusters. We discuss some of the limits and possible extensions of our techniques in Section [A]
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A DISCUSSION
We now discuss some of the limits and possible extensions of our techniques.

Minibatch SGD vs SGD vs GD. In this work, we study minibatch SGD, with a batch size
of m > dpolylog(d). This affords us enough samples at each iteration to have strong enough
convergence to the population loss. Extending our results to SGD with a batch size of 1 is an
interesting open question, and it is possible that this could be achieved using the drift-martingale
techniques in Tan & Vershynin| (2019); |Arous et al.| (2021)); Abbe et al.|(2023)). Such methods allow
larger fluctuations from the population loss at each step, but show that the fluctuations concentrate
over time, even when SGD is run for 7' = w(1/n) steps, enough time to escape a saddle.

We remark that in this problem, using minibatch SGD with fresh samples can achieve stronger
sample complexities than that required to show uniform convergence of the empirical gradient to
the population gradient (as in|Ge et al.[(2017); Mei et al.|(2018a))), which in our setting, is Q(d2)
samples. This means proving the convergence of GD on the empirical loss would require tools
beyond uniform convergence.

Boolean Data vs Gaussian Data. One limitation of this work is that our results only hold for
boolean data, and not gaussian data z ~ A(0, I;). As a matter of convenience, it is easier to
compute the population gradients V,, Lo and V¢ L, with Boolean data, and the gradient does not
depend on interactions between wy;; and wepp. With some willingness to perform various Gaussian
integrals, we believe the analysis in Phase 1 could be extended to the Gaussian setting. This would
require changing Lemma to reflect the population gradients, and modifying the definition
of “strong” neurons (Def. to be a more restrictive set that only includes neurons where
[lwoppll < ||wsig|l, such that wg;, grows at the maximum possible rate. We do not know of any way
to directly extend Phase 2 to the Gaussian case. This is because if the cluster margins -y,, become
very imbalanced, it is possible wy;, could grow in the wrong direction.

Classification vs Regression. In our classification setting, it suffices to show that the margin on
each cluster grows large. We accomplish this in our Phase 2 analysis by showing that there is a large
mass of neurons primarily in the p-direction for each p € {£pu1, 1o }. Adapting this strategy may
be possible for XOR regression on Boolean data, but on Gaussian data, representing the ground truth
function would require more specialization among the neurons. To see this, consider the following
simpler example: to represent the single-index function f*(z) = (ef'x)? on Gaussian data on a
ReL.U network without biases, the neurons cannot all be oriented in the +e; direction, otherwise
the output would be ao(x1) + bo(—x1) for scalars a, b. Studying the power of SGD to perform
this specialization is an exciting open direction. We believe that our Phase 1 analysis may be a
useful first step in this regard to show that the network can become signal-heavy. More powerful
techniques would need to be developed to show specialization once the network contains sufficient
signal.

13
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B NOTATION AND ORGANIZATION

We use Rad’ to denote the uniform distribution on {£1}*. Any expectations or probabilities over
are over the distribution zz ~ Rad®. Whenever the variable z is used, we use z = z(z) to denote the
projection of x onto its first two coordinates (the space spanned by 17 and u2), and we use £ = £(x)
to denote the projection of x orthogonal to z. We use expectations over z and ¢ to mean expectation
over z(x) and &(z), where - ~ Rad’. For a vector v € R?, we use the notation v\; to denote the
vector v — e;v;, which sets the ith coordinate of v to 0.

Throughout, we often remove the superscript (¢) and use w to denote w(*). Sometimes for emphasis,
or when we are comparing w**1) and w(®), we will include the superscripts. However, the reader
should not be alarmed if we use w® and w interchangeably, even in such calculations. The same
holds for all other neural network parameters.

Throughout the appendix, will use the notation = € a £ b to mean that | — a| < b.

We recall that much helpful notation used throughout the appendix is summarized in Table[T]in the
main body.

In Section|[C| we derive several auxiliary lemmas which will be used throughout the appendix. In
Section[D] we prove our results for Phase 1. In Section [E] we prove our results for Phase 2. In
Section We prove the main theorem. In Section we sketch why (:)(d) samples are needed for
learning the XOR function with a rotationally invariant algorithm.

C AUXILIARY LEMMAS

C.1 FrOM BOOLEANS TO GAUSSIANS

The following section provides some lemmas to handle the fact that our data is drawn from the
Boolean hypercube, and not Gaussian. At a high level, our goal is to show that for all neurons w,
for any @ > 0 we have that

P5~Radd[|§Tw| < a] & Pxono, 1| X w| < al.

Of course, this is not true for all vectors w (eg. if w is sparse, these two probabilities may differ
significantly.) Fortunately, the neurons w we care about will be equal to their initialization (which is
a random vector on the sphere) plus a small arbitrary perturbation. Thus we will define a notion of a
“well-spread vector”, claim that at initialization with high probability all neurons are well-spread
(Lemma|C.2), and then use Lemmas [C.3|and [C.4]to relate the Boolean probabilities to Gaussian
probabilities, for all neurons w that are near well-spread vectors. Later on in training, the neurons
may not be close to their initialization, but we will be able to bound their /., norm, and thus use the
well known Berry-Esseen Lemma to relate the Boolean and Gaussian probabilities.

Definition C.1 (Well-Spread Vector). We say a vector v € R? is c-well-spread if:
_ log(d
1. [0l < 20[[0][3d1/2 and [[v] oo < 2L o],

2. Let S index the set of d/c? coordinates of v with smallest absolute value (break ties arbitrarily).

Theny , g |vi| > Hvﬂis\/a, and max;eg |v;| < %

Lemma C.2. For any constant c large enough, the following holds. For any r > 0, ifw ~ S~ 1(r),
then with probability 1 — d=*M), w is c-well-spread.

Proof. Without loss of generality we may assume r = 1. We can write w = u/X, where
u~N(0,%1;), and X = ||u|. With probability 1 — d=“(), the following events hold:
1. We have X € [0.9, 1.1]. This holds by Bernstein’s concentration inequality for sub-exponential
random variables.
2. |ulloo < lozgﬁ. This holds by a union bound over all d coordinates, and using the Gaussian

Vid
CDF.
3. |lu||3 < 10d—'/2. This holds by applying Lipshitz concentration of Gaussians to the function
f(w) := ||u||s- Indeed, this function is 1-Lipshitz since ||ul|s < ||u|l2. We have E[||ul|s] =

, 1/3 _\1/3
BI(S: )] < (BRI < (SVEEW) = (0aTB) - <
2d~1/6, so Lipshitz concentration yields that ||u|[3 < 2.1d~'/% with probability 1 — d=<(1),
and such, that ||u||3 < 10d—1/2.
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4. For c large enough, there are at least d/c? indices i for which |u;| < f This holds by a

Chernoff bound for Bernoulli random variables, since for any ¢, P° {|u,| <% f] > 4%.

5. There are no more than d/(2¢?)

f
Chernoff bound for Bernoulli random variables, since for any ¢, P° {|ul| <3 f} < i—g.

Combining the first, second, and third items above yields the first property of a well-spread vector
for w. Combining the first, fourth, and fifth items above yields the second property of a well-spread
vector for w. O

Lemma C.3. There exists a universal constant Cy such that the following holds for any C-well-
spread vector v for C > Cy. For any A € R% with || All2 < ¢||v]2 if { < zwowo, we have for d
large enough:

1 1
Pe [1€7 (v + A <”””} > —exp(—100C®
e[l + ) > 5 exp(~100C) .
Lemma C.4. There exists a universal constant Cy such that the following holds for any C-well-
spread vector v for C > Cy. For any A € R% with ||Alls < ¢||v]|2 if ¢ < ﬁ we have for d
large enough,

P¢ Radd (€T (v + A) € [al|v]],b]|v]]] = P@‘ < QP@(\/Z—F maz(|al, |b)?) + 200Csd /2,
where

Pe:=Pgno)llGl < ] =Pxno,1) | X 0] < cllv]],
and Chgg is the constant from Theorem|C.5]

Our main tool in proving these two lemmas is the Berry-Esseen Inequality.

Theorem C.5 (Berry-Esseen Inequality). There exists a universal constant Cgg such that for
independent mean 0 random variables X1, - - - X,,, with E[X?] = 02, and E[| X;|?] = pi, we have

2o pi
(X o?)32
where ® is the CDF of N'(0, 1), and F,, is the CDF of % Thus if u € RY, then

sup |Pegaar [’ € > 2] — Paano,)[G > o/||ull]| < Cpe

sup |®(z) — Fo(2)| < Cpe

ull®
ull3
We will use the following lemma which follows from Chebychev’s inequality and Berry-Esseen.

Lemma C.6. The following holds for any constant C' large enough. Suppose u € R satisfies
|u]|oc < 1. Then for & ~ Rad", we have

T
Pll¢ u| < O] > C\/

Proof. We need to do casework on the size of ||u||. Applying Berry-Esseen, if C' > 8,/7Cpgg and
lu]l2 > 8y/7CgE, we have

3
u
PelleTu] < €] > Poonow 1G] < O/ ulla] — 20se 11

[[ull3
[[l|3 ]|l 0
> Paanon)l|Gl < C/|lull2] — 2Cs W
2
2CgE
> Paononl|Gl < C/ull2] — ]|

\/T C 208k
Z — —
T C+lull2 [Jull2
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Here in the second inequality we used Holder’s inequality (with p = 1, ¢ = 00), and in the final
inequality we used the bounds 8v/7Cgg < ||ullz < v/||ullee < V¥ and C' > 8/7Ch.
If ||u|| < 44/7CgE, then by Chebychev’s inequality, we have for C' large enough:

BT _ Julf | 1

Tyl > (0] < )
Pell€Tul 2 €] < =0 = T 57

O

Proof of Lemma|C.3| Let w := v + A. Let B be the set of “bad” coordinates on which |A;] >

C';"\l[ Thus since [|A|| < ¢[|v]|, we have |B| < (3C3)?d(? < 57 for C large enough. Let S be
the set of d/C? coordinates of v with smallest absolute value (as in the definition of well-spread).

Thus letting S” := S\ B, we have:

D1
S il = 3 fod ~ 1" mie || = |B] max o
€S’ €S
JelVa (el N d (el
=5 2 \308va) 3¢t \ova
_ Iva
- 3C3

[l 2|lv]l2
<

- lollz
D2 maxies' |wil < 52 + 5055 < Tud

Without loss of generality, assume the coordinates of w are ordered with the with the indices not in
S’ first, followed by the indices in S’.

Let X; fort = 1...d be the random walk X; = Z _1 &w;. Let 7 be the first time at which the
random walk crosses zero after step d — |S’|, such that | X | < |w|. If it never crosses zero after
this time, let 7 := d + 1.

Let A be the event that 7 # d + 1, and let B, be the event that ’Z?:t 41 &iwi| <5
with a sequence of claims.

‘”‘(li. We proceed

Claim C.7. If A and B, occur, then‘Z:z 1 &Gwi| < L\f‘
Proof. If A and B, occur, then
w; | < X+ Z &w;
1=7+1
[[v]]
= T + =
[wr| Wi
< max |w;| + —HUH < M
ies” " o/d T VA
for C' large enough. O

Claim C.8.

Aand B;| > P [A i P¢ |B
Pe[Aand B,) > Bc[4] _min  Pe[B]
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Proof.
d
Pe[Aand B,] = Y Pelr =t|P¢[By|r =1
t=d—|S’|
d
= Y Pe[r=t]P¢[B]
t=d—|S'|
d
> Pelr =t in P [B
>\ X PBelr=t) _min  PelB
t=d—|9'|
=P[A in P [B].
el }te[d{l‘lg,‘}d] ¢ [Bi]

Claim C.9. Foranyt € [d—|5'|,d], P [B:] > ﬁ.

Proof. We will apply Lemma Fix t and let v/ € R~ be the vector with v} = w; ;. Then

0] 0 < Qk‘[h by Letu := ”u,” . Applying Lemmato u yields (so long as C' > 4o,

where (fgrg) is the constant in Lemma

o= B el st

zP[MTulsﬂ
> 1
- Gggvd—t

1

qum

1 1
> > —
~ Cggy/d/C? — Vd
Here the first inequality in the last line follows from the fact that |S'| < |S| = &. O
Claim C.10.

Pe[r > d—|S']] > %exp(—loocfﬂ).

Proof. Because for any scalar b and any set of coordinates P we have P [Zl cp Lw; = b] =
Pe [Ziep &w; = *b], we have

d
Pelr > d—|9'| > Pe [|[Xaojo | <200l]P | D &wiz2fof|. (€D
i=d—|S"|+1

We will show that these two probabilities are sufficiently large via Berry-Esseen. For the second
probability, let u € R4=15"I be the vector with u; = Wiy q—|s'|- Then we have by

lulls > A 1 A e
- \/|S’ 05\/|S’| ~305,/]S] 30

while by Holder’s inequality and[D2] we have

|22||v||.
*ovd

lull < llull3llulloo < [lul

17
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Thus by Berry-Esseen, we have

d

2||v
P Taw; > 2||v||| > Pan G > 2|v||/||u]]] — Cgg——=——  (C.2)
i—d_z|s;|+1£ [[ll G~N (O] l[oll/ 1] N
6C3
> P0G > 6C* — CBEW
> exp(—100C®),
for a constant C' large enough (and d sufficiently large).
Now consider the probability P¢ [|X4_|s/| < 2||v||]. By Chebychev’s inequality, we have
E[X7 5]
—15']
Pe [|Xa—js| 2 2|l £ —=5—
3 [ [S] } A[v]|2
_ B )
Affv[?
lwl* _ 1
Al T2
Combining this with Eq[C.2]and Eq[CT]yields the claim. O
Combining Claims [C.7HC.10] yields
1 1
P Tw| < ”v” > —exp(—100C%)—,
el < UL > 2 expa000) -
which proves the lemma. O

Proof of Lemma[C4) We can without loss of generality assume b > |al, since the variable ¢ is
symmetric. Define B := {i : |A;| > ﬂ”%} Observe that since ||A]|2 < ¢]|v]|, we have | B| < (d.
Let w = v + A. We can write

Pe [¢"w € [a, b]||v]|] = / Pe [Z §iw; = ﬂflvlll Pe | > &wi€la—a,b—alv|
F=—00 i€B i€[d]\B
(C.3)

We use the following claim to bound this integral.

Claim C.11.
Pe| > &wi€la—z,b—a[v]| — Pra| < Pos (ﬂ+ (Jz| + b)2/2) + 200C3zd /2.
i€[d]\B
Proof. We use Berry-Esseen. Let u € R%IZ! with coordinates equal to the set {wi}icjaps- Then
[lll* = lol?| < 1Bl max [vi]* + | A" + 2[v[| A
< Clog(d)?||v]l* + 3¢]|v]*
< VCl?,
where the last line follows because ¢ < 1/log”(d). Further

fulld <Y wi <> 4wl + AF) << 4lfv)|d + 4 A% sup | Aq] < 4fjo]|§ + 4¢3 |jv]|3d /2 < 100]|v[[d 2.
i¢B i¢B i¢B

In both these computations we have used the fact that v is well-spread to bound ||v||~ and [|v]|3.

18
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By Berry-Esseen (Theorem|[C.3)), we have

} : 3
v U4
Fe giwi € la—x,b —allvll | € Pernon {G €la—=b-2] ||||u|] 2CBE:uH§
i€[d]\B 2
(C4)
Now we have
P G b o]l
G~N(0,1) €la—z,b—x] Tl

€Panon) |G € la—x,b— ] [1—\/14-[}
€ Poonon {Ge{b2a7b2aﬂ[ b+|x| \/71+\/]

where we have used the fact that l”—‘ [\/7 \/T} € [1—+/C,1++/C], and that a < [b].

Now
W =exp(—(b+ |z)2/2) > 1 — (b+ |z])?/2,
Fonaen) {G clamabe “'ZH € Poa [1 - VC = (b [2)?/2,1+ V(]

Thus returning to Eq[C.4] we have

Pe| Y Gwicla—zb-allvl| € Pue [(1- (o] +0)?/2= V() 1+ /| £200Ckea /2,

i€[d]\B

which yields the desired result. O

Returning to Eq[C.3] we have

’Pg [€7w € lafjoll, bl|v]] = Proe (Jz| +b)*

P >
< Poa/C + 200Cked 1/2+§P%/ 1 [Z&wizmlvll

T=—00 i€EB

Pa(ﬁ+b2)+2oocsﬁd—1/2+P%a/ P [Z&wizmlll x?

T=—00 i€B

2
Po(v/C +b?) +200Csed Y/ + Py aW E¢ <Z§w>

i€B

1 2
()
i€B

S w? < 3T 2A2 4 0?) < 2 A + 2Bl maxv? < /||

i€EB i€EB

= Po(V/C+ %) +2000ped ™"/ + Po_s

Now

Thus we have

[P 117wl € fallol, bloll]] ~ Pacs

< 2P1>—Ta(\/€—|— b2) + 2000}3]5d71/2,

which proves the lemma. ]
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C.2 SIMULTANEOUS TRAINING OF TWO-LAYER RELU NETWORKS

We will make use of the following general-purpose lemma for training neural networks with ReLU
activations and Lipshitz loss functions.
Lemma C.12 (Empirical Concentration). If we train with data from Py on any loss L that is
2-Lipshitz in the output of the network, with a minibatch size of m > dlog(d)?, we have for any
neuron (w, a,,) with probability 1 — d=*(1),
A 2 A 2
L VL = Vi L|)? < 25D 62 - and for any i € [d), | Vo, L — Vi, L||? < 26D g2 .

2. Vo, L — Vo, L|? < 412y,

2.
)

Proof. We can use the Generalized Hoeffding’s inequality to prove this.

For the first statement, each coordinate of £/,(x)o’ (w” z)2 minus its expectation a random variable
bounded by a constant, and is thus subgaussian.

For the second statements, K;(a:)a(wa) minus its expectation is subgaussian with parameter ||w|].
O

Lemma C.13. [f we train with data from Py on any loss ¢ that is 2-Lipshitz with respect the the
output of the network, with a minibatch size of m > dlog(d)? and n < 1/4, we have for any neuron
(w, ay) with probability 1 — d=~(),
S1 ||V, L] < 2|ay,
82 VoLl < 2[wl;
83 If aiy)| < [w®]], then |ty ™| < (D).
S4 w2 — (@) < diPlald P+ [w®]2 ~ |(ai) 2

>

Proof. Consider the first statement first. We have

1
——||VuL|| = sup ]EmE;(x)U’(wa)xTv
|ay| viflv]|=1
< Eqol€),()||z"v|
< 2R, |z 7|
< 2.

For the second statement, we have
IVoL| = Eyl,(z)o(w” z)
< 2[|w].

For the third and fouth statements, we use the shorthand a = ai(f,), w = w®, To prove the third

statement, we can write
(a2 = (a _ nvaﬁ)z
= (a)? = 2naV L + n*(V.L)?
and
[ VNP = Jlw = 9V, L||?
= [lw]|* = 2w Vi L + n*|[ V. L.

Because we use the ReLu activation, we have

(W'Y L =aPV,L.
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Thus
(aH)2 — D)2 = (@®)2 — w2 + 2 ((Val)? - ”V L)
< (a(t))Q - ”w(t)”2 +n ( |wH2 (wvaIA’F)
— (@ = o) 4 2 (7. ”wzwﬂz)

= (@O~ )+ T 2> (wil? - a?)

)\2 )2 n (Vail)2
= ((@)? = ) (1_HwH2>

By the previous conclusions of the lemma and Lemma C.12| we have with probability 1 — d—<(),
(VaL)? < 2(VaL)? + 2¢]|wl|* < 2]w]? + 2¢|w]|?,

where ( = log(d)Z%. Assuming 77 < 1/4, this yields the desired statement.

For the fourth result, we have with probability 1 — d—<(1),

[ D = @) — O] + (@©)? = o (VW L) - (VaL)?)

<2 (Vo Ll + Vil = Vo L|?)

< 4772an.

D PHASE 1

In this section, we prove the following lemma.
Lemma D.1 (Output of Phase 1; Formal). For any constants c sufficiently large, and C sufficiently
large in terms of c, for any d large enough, the following holds. Let  := 1/1og(d)®.
Suppose we train a 2-layer neural network with minibatch SGD as in Section[2.2|with a minibatch
size of m > d /62, width 1/0 < p < d°, and step size n < 0, and initialization scale 6. Then with
probability at least 1 — 0, after some Ty = ©(log(d)/n) steps of minibatch SGD, the network pr,
satisfies:

L. Epy, [laguwl] < 1;

2. By, [llwe + Wopp|?] < 46%;

3. For all u € {xu1,tuo}, onatleast a 0.1 fraction of the neurons, we have ||wge|| > log(d)°0

and wﬂg,u > 0.

Additionally,
Ep:rl[”wH ] < EPTl Haw‘ ]+ V1,

and for all neurons, we have |a,,| < ||w]].

D.1 PHASE 1 GRADIENT BOUNDS

The core ingredients of Phase 1 are the following three lemmas, which relate the gradient VL, to
V L and compute several properties of the Ly population gradient. Recall that we have

Vuwlo = Exaiéo(x; p) = —Epauy(z)o’ (whz);
w

So—to(ip) = ~Eayl@o(uTa),

which is independent of the full distribution p.

Vaw LO = Ex
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Lemma D.2. For any neuron (w, a.,),
GI Vo, Lo = Va, Ly < 2[|w|[E,[[|aww]]]
G2 VLo — VLol < 2lauE,[a,wl]
Lemma D.3. Suppose E,[||a,wl] < d°(). For any neuron (w, a,,), for any i € [d),
HVWiLP - VwiLOH
< law| (4B, llawwi]]) + 210g(d)E, [laww B (j2Tw] < fwil) +d~+D).

Lemma D.4 (Signal Subspace Lo Population Gradients). For any neuron (w, a,,), we have
BI —wl, VLo = 2|au|Eel(|w”¢] < V2||wggl]) |wil
B2 —w}, VLo = —Z|aw[Eel(jw¢] < V2l|wop|) [ wapll

2ol B [1(JwTe| € (V2] wsigll V2lwopp N TN wappll > sl
— B [1(|l07¢] € [VE|woppl, V2lwsigDIwT €l lwoppll < llwiiell-
B4 Fori € [3,d), with X = (€ — e;&;)Tw, we have

T

Aoy | W5
wlltil (B [x € [Vl — el Vgl + ] — B [X € [Vl — sl V2l + ] ).

B3 —wTV, L < {

Proof of Lemma First consider By symmetrizing over the pair (z 4+ £, —z + &), we have

T

sig Vwlo = ayEpy(z)o’ (wT:c)szSig

—w
T

1
= 50uBey(2)(0" (WE + wy2) — o' (W' € — wiyz))2 Wiy

1 .
= 50wBey()1(|[w"E| < wig2]) sign(wiyz) 2" wyg

sig
V2
T4
since y(2)a,, > 0if z € span(wyig).
Next consider By a similar calculation via symmetrization, but using the fact that y(z)a,, < 0
if z € span(wepp), We have

|aw|EeL(lw" €] < vV2|wsg]|) wsig

1 .
wr VLo = iawEgy(z)1(|wT§| < |w:;’;,pz|) s1gn(w:;’;,pz)szopp

~ Popp
V2
4
Next consider Symmetrizing over the pair (z + &, z — £), we have

_wfvwr Lo = awEwy(x)a’(wa)wff
1

|aw|Ee1(Jw"€] < v2lwopp )| woppl-

= aw§E$y(z) (o'(w"z +w"¢) — o' (w"z —w"¢)) wié
= G Bay(:)1(w7 €] 2 s

_ {IawliEsl(leﬁl € [v2l|wopp |, V2l wsigDIwTE|  [lwoppl| < [|wsigl
- 1
—law| 1 E1(|wT ¢l € [V2llwsgll, V2lwopp[DIwTE] lwsigll < [lwopp|

Finally consider[B4} Recall that &, ; denotes £ — e;&;. Then symmetrizing over the pair (z + &,; +
eili, 2 + &\ — €:&i), we have

~wl'Vy, Lo = —a,Bry(x)o’ (w! z)w;é;
1
= _awiExy(Z) (o' (w2 +wT&; +wi&) — o' (w2 +w"&; — wi&s)) wi&;
1
= —awﬁEIy(z)lﬂsz + wa\i| < |wi])|ws|
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Now explicitly evaluating the expectation over z and noting that the variable &\ ; is symmetric, we
have

G By ("2 + wTEy] < i)
1
= laul5Pe,, [0 6y € [V2wgll — hwil, VZwagll — il

1
— laul5Pe,, [w7 6\ € [VElwopll = [wil, V2lwoppll — il ]

Thus with X = w”&;, we have

_szva LO =
|| |wi]

1 (Px [X € [V2lwoppll = sl V2l wppll + hwil]] = Px [X € [v2 gl = ], V2l + il )

O
To prove Lemma[D.2]and [D.3] we will need the following lemma.
Lemma D.S. Suppose x ~ Rad®. Then
Eo (0 (2) = €(2))* < A(E,[llaww]]])*.
Further for any x on the boolean hypercube and i € [d],
(0 (i + €ii) — L (w; — €m;))? < 16(E,[[|awwl[])?.

2y(x) exp(—y(z) fo(x
Proof. Recall that £,(z) = —2log (m), and so 0, (z) = — ﬁgxpé’fy("’j)}f(m()))).

Observe that ¢/, (z) is 2-Lipshitz with respect to f,,(z). Thus for the first statement, using Jensen’s
inequality, we have

E.(0,(x) — (7)) < AR, f,(z)?
=4E, (I[*]pawcr(wa))2
=4 sup E, (E|awwl|[v”z])’

vi|Jv]|=1
= A(E, ||awwl)?
For the second statement, by the 2-Lipshitzness of ¢/, we have
(ﬁg(x\i +eim;) — Z;(x\i —ex))? < A(fol\; + €izi) — folay; — eix;))?
=4 (Epaw(a(wa\i + wim;) — a(wa\i — w;;)))
< 4(E,2lay|jwil)’
= 16(E[[lawwil|])*.

2

O

Proof of Lemma[D.2] For convenience, define A, := (£,(x) — £4(x))o’(w"x). We consider
item [GT] first. By Cauchy Schwartz, we have

IV Lo(aw) = VL (aw)] = [Ea(6) (@) ~ ()0 (w )]
= |EIA$wT1‘|
< VE,[AZ] /By (wTz)?
< VB (@) = @) w2

Now by Lemma we have E, [(€,(z) — £5(2))?] < 4p*(E,[||aww|])?. Plugging this yields
and[G2]
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For item[G2] we similarly have
IVuly = VuLollz = |aw|[[E:Acz]
= |aw| sup E;A.(v,z)

villoll=1
<law| sup VEAZ\/E,(v,z)?
oilloll=1

< aw| V ]E;,;A%

< law |2E[[lawwl].
O
Proof of Lemma[D.3] Define A, := (¢,(x) — £y(x))o’ (w” x). Using the symmetry of the data for
pairs (x\; + e;z;, 1\; — €;r;), we have
1
o (vwin - vwiLO)

’a/w

= H]EzArxz”
1

= §||E$(Ax\i+ei$i - Ax\i—eiﬂfi,)'r’i”
1 1

< §||Ex1(|x\Tiw| > |wil)(Asyteiw — Dayi—eiw,)Til| + §||Ex1(|$\Tiw| < lwil)(Agyiteiws — Doy i—eias )il
1

<3 sup 10 (2 + eqi) — Ly (2y; — eaws)| + BoL(|aw] < |wil)| Ayl

Here the last line follows from the fact that whenever \x@w\ > |w;|, we have o’ (w” (z\; +€;x;)) =
T( < |0, (2 + eixi) — £, (z\; — eiz;)|. Note

o' (w™ (w\; — €;x;)), and thus [Ay, 1ei0, — Ay —eya;
that the sup is over z on the boolean hypercube.

Now by Lemma|D.5] we have sup,, |¢/,(z\; + e;;) — £, (2\; — ei2i)| < 4(E,[[|awws]]]). Further,
by the 2-Lipshitzness of E’p with respect to f,(z), (see the proof of Lemma , we have

E,1(|lz7 (w — wiz;)| < [wi])|Ag|

< 2B, 1(Ja" (w — wiz)| < Jwi])|fo ()]

< 2B, 110" (w — wiw)| < lwil) 1og(d)E [lawwll] + 2 (VAE, [lawwl]) Pallf,(x)] = log(d)E, [law]]

< 2B, 1(je” (w — wiz)| < |wi]) log(d)E, [|aww]] +d =W,
where the last line follows from McDiarmid’s inequality of bounded differences. Thus putting these
pieces together,

[V, Lp = Vo, Lol
< lau| (4B, lawwil] + 210g(d)E, [lawwl |12 Tw| < fwi)) +dO),

which yields the lemma. ]

We additionally state and prove the following helper lemma that will be used in Phase 1.

Lemma D.6 (Helper Lemma). Suppose for some vector uy and reals 0 < Qy < By < 1, we have
llus||? < Q% + OB2. Also suppose that for some vectors G and G and some x > 0'/%:

I —ufG < x(QF +0B})
2. |G-G|l<6B,
3. |Gl < O(By).
4. n < 6% =o0(1).
Then with usyq 1= uy — né, we have
[ueal* < (QF +0BF)(1 + 5nx).
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Proof. Define W7 := Q? + 0'/2B2, such that B, < W,6~1/2.
||Ut+1||2 = [Jus — WGHQ
< Juel® = 2nuf G + 2n|w |G — G|l + 20°(IG — G|* + 20| G|
< WZ(1+ 2n0x) + 2n|u||0B, + O(n° B})
< WE(1+ 2x) + 3n||We[|6B;

< W2 (1 + 2nx + 37791/2)

< Wf (1+ 5nyx) .
O

D.2 INDUCTIVE LEMMAS, AND PROOF OF LEMMAASSUMING INDUCTIVE LEMMASS

We now give a short sketch of the analysis in Phase 1 used to prove Lemma Let ¢ = 1/1og(d)
and =1/ logc(d), where ¢ and C' are sufficiently large constants. While we will omit stating
it explicitly, in all the lemmas henceforth in Section[D} it is assumed that first ¢ is chosen to be a
sufficiently large constant, and then C'is chosen to be sufficiently large in terms of c.

Phase 1 will be broken down into two sub-phases, 1a and 1b. The analysis in both sub-phases
is quite similar, but our approximation of the gradients will be courser in Phase 1b than in 1la.
Phase 1a will last for most of the time (some T3, = O(log(d)) iterations), and and the end of the
phase, we will guarantee the existence of a substantial set of “strong” neurons (see Definition [D.T3)
for which ¢(*%|lw|| < |lwsg|| < ||w||. Note that this is a very meaningful guarantee, since at
initialization we have [|wyig|| ~ % |lw]|, and ¢ is 1/polylog(d). Phase 1b will last for only some

Ty, = O(loglog(d)) iterations, enough to guarantee that on some set of strong neurons, we have
|waigll > llw. + woppl|/¢. This will suffice to prove Lemma|D.1]

To formalize this, we state three definitions will will be the basis of our inductive analysis for Phase
1. Our goal will to be to show that all neurons are “controlled” or “weakly controlled”, meaning
Wopp and w1 don’t grow too large, while a substantial fraction of neurons are “strong”, and in these
neurons, wsig grows quickly.

In what follows, we define the rate parameter 7 := \/% to be the approximate rate at which the

neurons near initialization would grow at under the L population loss if |a,,| = ||w]||. To see this,
observe that from Lemma|D.4] we have
*wsjiﬂng,ig LO |aw| \/ﬁ

= “ZPe1(JwTE] < V2w
w2 lwggll 4 ¢ ¢

~ |aw| V2 2\6stig”

”wsigH 4 v 27||w|
1

V2r

Note that the “~” approximation step will hold under the conditions that ||wgg|| < [|w | = |aw],
and that the vector w is well-spread among its coordinates — that is, none of its coordinates in
the standard basis are too large, which could preclude the central limit theorem convergence of
wl'é — N(O, |wy]|) in distribution. The details of the comparison of the probability over the
boolean vector to the analogous probability over a Gaussian vector is fleshed out in Section[C.I]
This calculation gives some intuition for two conditions that we will maintain in our definition of
controlled neurons for Phase 1a: we should have |a,,| ~ ||w_ ||, and w, should be well-spread in
some sense, which we will enforce by requiring that wgf) - wﬁ?) and ||w || are small. We define
the following control parameters.

Definition D.7 (Control Parameters). Let 11, and T1;, be as defined in Definition Define
B2, log™ @0 (1 4 2pr(1 4 1/ log(d)))* t < Tia:
- 3 2
C R (1t 2nr(1+ 1/ og(d)) e (14 dy)t ¢ Thg <t < T

5 log’(d)6? 50n \'
G <”1og(d>>'

D.1)
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Let Cyys be the universal constant which is the maximum of the constants in Lemmas and
IC.4]

Definition D.8 (Phase 1 Length). Let T}, be the last time at which we have B? < 6*C?, that is,

log(d) + 21o — 3log(log(d 1
7y, | o)+ 2108(C) — loglogd) | _ 1
log(1 +2n7(1 4 1/log(d))) 7
Let Ty, to be the last time at which we have Bt2 < 02¢690 that is,
log(92c—598/B%la
log(1 + 4n)

Definition D.9 (Controlled Neurons). We say a neuron (w, a,,) is controlled at iteration t < Ty, if:
CI |wgl|* < min(BE, 6¢?).

C2 |lwopp|* < Q7 + 0B

C3 |ay| € 0(1 £ tnC), and |a,| < ||w]|.

C4 |lw, — wf) | <6¢*nt, and wf) is Cys-well spread (see Definition .

C5 |wi|3 < QF + 0B}

In Phase 1b, we will need to consider the case where ||wy;,|| grows larger than 6¢ for some neurons.
Thus we introduce the following definition of “weakly controlled” neurons.

Definition D.10 (Weakly Controlled Neurons). We say a neuron (w, a,,) is weakly controlled ar
iteration t € T4, Tp) if:

W1 62C% < |yl < B < 62¢-0,

W2 [lwp||* < 20BF(1 + 3n¢)" < 467¢%.

W3 [[wl]® > |ay|* > [lw]]> — ¢"/26% — 8n*(t — T14)02¢ 0,

W4 [lw[|? < 26%(1 + 3n¢)" < 30%

W5 Either we have ||[w || < |lwsigll, or [|w ||eo < ¢F2E100009(1 4 21Cpen)t~Tre < (1000 |0p ||,

where Cpg is the universal constant from Theorem[t’_:‘)']

1
Tip :="Tha + { )J =T+ 6@(loglog(d)).

We note the following simple claims which can be verified by plugging in the values 71, and 77y,
and recalling that ¢ = log~“(d) and 6 = log~ (d) for ¢ and C sufficiently large.
Claim D.11. For any t < T, conditions of Definition imply conditions of
Definition
Claim D.12. If all neurons are controlled or weakly controlled at time t, then

1. E,,[llawyw|]] < 2max (62, Bf) < 262¢~6%,

2. Foranyi € [d], E,, [||aww;|] < 3max (0B, BY).
We now define strong neurons, which is the set of neurons on which ||wsie || grows quickly.
Definition D.13 (Strong Neurons). We say a neuron (w, a,) is strong at iteration t if it is controlled

7wl > 0, and

or weakly controlled, wg,w,

6 »
lwagl® > 57 := =[] (1 +207(1 = )",

s<t
where
1-— C% s < Cylog(800CsE)/(nT);
€5 := { 5CY/10 4 7(15_02%?;50‘{;:/2 Cs10g(800Cgg)/(n7) < s < Tha;
1- % Tia < s < T,
and we have defined the universal constant Cs := &\/%0 exp(100C%).

While the definition of a strong neuron is technical, the meaning is that ||wg||? grows roughly at
the rate of (1 + 2n7)*. Indeed, this is the case when €, is small, which is true in the middle range of
values s above, which covers most of the iterations. (The fact that ¢, is constant for small s comes
from some errors derived in comparing probabilities of events on Boolean vectors to their Gaussian
counterparts; see Section [C.T).

We have the following implication of the definition of a strong neuron.

26



Under review as a conference paper at ICLR 2024

Lemma D.14. Fort < Tiq, we have S? > B2/ log (d). Thus for a strong neuron, after T, steps,

we have st[ || > (Y20. Further, after Ty, steps, we have ||w“g“’)|| > (716

8

Proof. We check the first statement first.

B2 L1+ 207 (1 + 1/ log(d))

<
gz Slos (d)};[l 1+ 297(1 — )
t

< logs(d) H (14207 ((1+1/log(d))) (1 —2n7(1 —€) + 47727'2)

(Defs. D.7)

s=1
(15 S1—q+d Yg>0)
¢
< log’(@) [ 1+t (1 o) + ) 1 = o(1))
< log®(d) exp (4777' Z 1/log(d) + €5> I+g<e? VYg>0)
s=1

= 0 (log”(d)) < log*(d).

Here the last line follows from the fact that e, is constant for ©(1/n) iterations, and then it is
exponentially decaying down to a minimum of 5¢*/1°, Thus since ¢ < T}, = O (log(d)/n).the sum
is ©(1/n).

Thus after T}, steps, since ¢ = o(log™*(d)), we have

. B o
lwlE| >~ > 2 > (19,
log®(d) — 2log*(d)

For the second statement, we consider ||w517;1b) ||. Observe that

B2 B2 T1p 144
s O | e (Defs. T3 D7)

2
St ST, Tt 1+n7/10

B% T1p

S S21a C72 H (1 _|_477)0.99

Tia s=T1a+1
—0.01

B, (B,

_ 1 (002 (Def.[D7)
S%la B%la
B2

< T 55, (Def.[D.8)
STlu.

and thus S3,, > 83, (5% > (02¢%)( %5 > 6°¢. It follows that [lw(l™|| > 6¢ . O

The first main lemma for Phase 1 is the following inductive step.
Lemma D.15 (Controlled Neurons Inductive Step). Suppose for some t < Ty, all neurons are

controlled or weakly controlled. Then with probability at least 1 —d=*Y), for any neuron (w ®), agﬁ))
which is controlled, at step t + 1:

1. The neuron (w1, agﬂ)) is either controlled or weakly controlled.
2. If (w®, 0 is strong, then (wt+V) ol is strong.
The following is our main inductive step for the second half of Phase 1.

Lemma D.16 (Weakly Controlled Neurons Inductive Step). Suppose for some T, < t < 11y, all
neurons are controlled weakly controlled. Then with probability at least 1 — d=*“M, at step t + 1,
all neurons are controlled or weakly controlled, and any strong neuron remains strong.
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We defer the proofs of Lemmas [D.15]and [D-16]to the following subsection. Assuming Lemma[D.T6|
we can now prove Lemma|[D.I] which we restate here for the readers convenience.

Lemma D.1 (Output of Phase 1; Formal). For any constants c sufficiently large, and C sufficiently
large in terms of c, for any d large enough, the following holds. Let 6 := 1/ log(d)°.
Suppose we train a 2-layer neural network with minibatch SGD as in Section[2.2|with a minibatch
size of m > d /02, width 1/0 < p < d°, and step size n < 0, and initialization scale 0. Then with
probability at least 1 — 6, after some Ty = ©(log(d)/n) steps of minibatch SGD, the network pr,
satisfies:

1. Epp, [llaww]] < 1;

2. Bpp [llwe + Wopp[|?] < 46%;

3. Forall i € {+p1,+p2}, on at least a 0.1 fraction of the neurons, we have ||wyg|| > log(d)°0

and wggu > 0.
Additionally,
Epr, [[0]%] < Epy, [lawl?] + v/,

and for all neurons, we have |a,,| < ||w].

Proof of Lemma([D.1] Choose Tt = Ty, + 1. First we confirm that at initialization, all neurons are
controlled (Definition[D.9), and at least a 0.1 fraction of neurons are strong (Definition[D.T3). Indeed
log(d)?
N
Taking a union bound over all 7 and over all at most polynomially many neurons yields properties

[C1] [C2] and [C5] for all neurons. Property [C3] holds for all neurons since a,, is initialized to
have norm 1. Finally, with probability 1 — d—<(), by Lemma all neurons are well-spread at
initialization, yielding[C4] Now we can applying Chernoff’s bound to bound the number of neurons

for which ||w§i(,)g) | > id, yielding a 0.1 fraction of neurons with ||ws(i?b,)

each pu € {1, £p2}
Now with probability 1 —d—“(), after T}, steps, Lemma|D.15|guarantees that we have a network for
;] )

which all of the neurons are controlled or weakly controlled (D.10), and for each u € {£pu1, £pus},
at least a 0.1 fraction of the neurons are strong and wl_p > 0.

sig

Now applying Lemmale — Ty, times yields that with probability 1 — d—(1), after T, steps,
for each 1, we have at least a 0.1 fraction of the neurons are strong and wSTigu > 0, and all neurons
are controlled or weakly controlled.

We can now conclude the first item of the lemma, which bounds E,,. [[|a.,w/||] from properties W1
and The second item, which bounds E,,,. [[|w 1 +wopp [|?] follows from properties
and M Note, if any of the neurons are controlled (instead of weakly controlled), the same bounds
hold from the respective properties of controlled neurons. The third item follows by considering the
set of strong neurons, and observing that on strong neurons, by Lemma[D.T4] we have

[wsigl| > ¢716 > log(d)°6.
Finally, the additional clause follows from properties [C3|and [W3] O

for any neuron w, by the Guassian CDF, with probability 1 — d=“(1), we have |w;| < 6

| > % and wSTigu > 0 for

D.3 PROOF OF INDUCTIVE LEMMAS (LEMMAS [D. T3] AND[D.16))

To prove Lemma[D.T3] we will need to compute several bounds on the L, population gradients on
controlled neurons. Recall that most of the gradients have been computed already in Lemma [D.4}
the following lemma just gives some additional bounds that hold for controlled neurons.

Lemma D.17 (Phase la Ly Population Gradients Bounds). If all neurons in the network are
controlled or weakly controlled at some step t < Thy, then for any controlled neuron (w, a,, ),

Al ||V, Lo|| < 3min (VOB 6¢1/?).
A2 |V, Lo| <40 min (VOB 0¢1/?) .
A3 Foranyi € [d], |V, Lo|| < 3 min (B, 6¢).
A4 Foranyi € [d], |V, Lo — Vu,L,|| < $0B,.
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Proof. We begin with[AT] Recalling that z = z + & for z = z1.2, we have
1
—Vu, Lo =By — y(x)o’ (w"z)¢
Ay

= —Euy(2)o’ (w" )€ + Euy(2) (o (w'w) — o (w'€))¢
= Eyy () (o' (w'z) — o' (w"€))E,

since y(z) is independent of .

Now consider the norm of E,y(z) (o’ (w?z) — o’ (wT'€))¢. We have

IEzy(2)(o (w'z) — o' (w€))El = sup Euy(z)(o’(w'a) — o (w'€)eM

vif|v]|=1
< \/IE "wTz) — o' (wT¢)) \/Eg vTE)?
= \/E1(|¢Tw] < |2Tw])
< \/BelleTw] < Vel

Now since (w, a,,) is controlled, the property |C4{ and Lemma (plugging in v = wﬁ)), A=

w(t) wﬂ?), and a = % < 1) guarantees that

Pe[|¢Tw| < V2|lwia]] € 2Pgno.) |G < a] + 200Cpd /2

le 2“ +2000 d 1/2

Thus we have
IV, Lol| < 21/0][wia]] + 15|aw|v/Ceed~"/* < 3min («/0&,6(“2) :

where we have used the fact that since the neuron is controlled, |a.,| < 26.
Next consider[A3] By Lemma[D.4] we have

1
IV, Loll < 7law (Bol(jway| < fwi))

|| |w| —1/2
< Twl 200Cged "/
=7 ||w(O)H+ BE

1
< §|wl| + 5OCBEd_1/29

< %min (B¢, 0¢),
where the third to last line follows from Lemma[C.4]and plugging in the Gaussian density P, :=
PanonllGl < a] < \/ga. The final inequality follows from and
Next consider[A2] Combining [A3]and[AT] we have
|V, Lo| = [wl'V,Lo|
< Jwl Vi, Lo| + |01:2V, Lo|
< Nwllli Ve, Lol + l[wr2[[[[Vaw., Loll

< 8w min (v/OB, 0¢/2) + [lw] min (B, 0C)
< 40 min (\/eBt,egl/Q) .

Finally consider[Ad] Applying Lemma[D.3|and then Claim[D.12]yields
[V, Lp = Va, Lo|| (D.2)

< laul (4B, lawwil]) +210g(@)E, [lauw||EE-1 (el w] < us]) +d==0)

<20 (12Bt max(0, Bt) + 4log(d) maX(GQ,BtZ)EgEzl(|x\Tiw| < |wgl) + df“’(l)) .
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Now w(f) is well-spread, and Hw(t) - w(f) | < 0(1)||w(0) || by the definition of controlled. Letting

v = wi and A = t) wf), plugging in Lemma |C.4|{ we obtain
|wil

E.E.1(Jzl;w| < |w;]) < Paonon [G| S —
\ 1 [[w — eiw]
< Jwil

= Tl
2min(By, 6¢)
0
2By

< 4ot
~ max(0, B)

} (1 + o(1)) 4 200Cggd /2

d-1/2

where the second to last line follows from the definition of controlled and of B; (eq.[D.I). Thus
returning to Equation[D.2] and using Claim[D.12} we have

\Vw,Lp — VLol < O(log(d)) (0B; max(0, By) + By max(0, B;)) < 0B, /2,
since max(6, B;) = o(1/log(d)).

We are now ready to prove the inductive step, Lemma[D.15]

Proof of Lemma[D.I3] Suppose that (w(®) aw is controlled. Our first goal will be to show that
for (w1, ay, (¢+1) 1temsnn C2| and C5 hold. We will handle ||wy;,|| at the end.
Next we prove that- IC3| To prove that |a,,| € 6(1 £ t7¢) holds at the (¢ + 1)th step, we have with
probability 1 — d—«)
) — a0 = |9V L)
<nVa, Lol +nlVa,L, - vawﬁp| +n|Va, Lo — Va, Ly

dlog(d)?
< (4@%1/2 + el LB g, )

(Lemma (item[A2)), and[D.2]respectively)
< nf¢. (4 < 62, ClaimD.12)
Here the final inequality we also used the definition of controlled to bound ||w||. With probability
1—d M, by Lemmau L we have \a (t+1) | < JJw D).
To prove that which states that ||w; — J_ 0 I <6¢ 1/4pt, continues to hold, we similarly have
with probability 1 — d—«(1),
t+1 t -
[l —w ) = 9V, Ll
<V, Lol +0lVwLy = VuLpll +0[VwLlo = VuL,|

leg(d) + 2|aw|Ep[||awwH]

(Lemma m (item [AT), @ and[D.2] respectively)
< n041/4~ l, =< 62, Clalm

Next we check that item [C2} which states that ||wep||> < Q7 + 0B, continues to hold. We will
use the helper lemma, Lemma[D.6] Observe that we have:
1. — OppV Lo < 0by Lemma
2. |Vasrn Lo — Vi || < 8B; with probability 1 — d=“(). This follows from combining
Lemma item [A4] (applied twice to ¢ = 1, 2) with Lemma|C.12}
3. |V Loll < B: by Lemmal[D.17)item [A3]

<7 (3041/2 + |a|
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Then calling Lemmawith U = Woppy G = V., Lo, G = Vwmﬁp, and Q; and B; as in
Definition [D.7} we achieve

sy VI < (@F + 0B+ 516'%) < QR + 0B,

as desired.

Finally we check thatﬁ, which states that ||w |2, < Q% +6B2, continues to hold by showing that
for any i € [3, d], w? cannot grow too quickly. From Lemmaltem L with X = (&€ — ;&) T w,
we have that

| [|wi] )
TV, Lo = U (B [X € [VEwigpll — il VE gl + m-n} ~ P [X € [Vl il VE ] + )]

Now employing Lemma twice with v = wf), A = w(t) — wf) — ew;
both times, and [av[,b]|v]]] as the intervals [v2[|wg, — — |w;|] and

[\@Hwoppﬂ — |wsl, ﬂ”wopp” — |w,;|], we obtain that

1 d 2 ) 2 2
LTV Lo < lawlwi P iy (1 [2ntcia + 2807 oy wralPH wallse ) L og00n a1/ 0w,
) Vd (0)
(@) me |
Hw(t (0)

where P, := Pg..nr0,1)[|G| < ¢]. Here we have used the fact that %)Hew” < ¢t/

% byand which serves as the role of ( in Lemma

Simplifying this expression, and observing that the second term in the parenthesis becomes insignif-
icant by [CT}{C5] we have that

—w!'Vy, Lo <

‘awH
Jw|
Thus since |a,| < |lw|| < 26, and ||w || > 6/2 (by[C3|and[C4), we have

il Bl 19 4 200Ced ™2 aw||wi.

Qo

w!'V oy, Lo < 2|ws|*¢Y? 4 200C5ed ™ 20|w;| < 2¢Y°|w;|* +
log(d)

|w .

Now we proceed via Lemma Observe that for any ¢ € [3, d], we have:

1. —w!I'V,Lo < (Q? + 6B}) (2( /9 4 10g1( d)) by the calculation above and the assumption
that w is controlled.

2. ||V, Lo — Vw,i[A/,,|| < 0B, with probability 1 — d=“(1). This follows from combining
Lemma [D.17litem[A4] with Lemma [C.12]

3. [V, Lo|| < By/2 by Lemma[D.17)item[A3]
Then calling Lemmawith Ut = Woppy G = V., Lo, G = Vwmf/p, and @; and B; as in
Definition|D.7] we achieve with probability 1 — d—~(),

1
||w§t+1)||2 <(Qf+6B}) (1 + 51 (241/9 + 1ng)>> Q741 + 0B},

as desired.

Finally we check the growth of ||wy,||, which we will use to show that either orholds at
step t + 1, and that a strong neuron stays strong. We have by Lemma item [B1|that

t+1
w2 =

it —npup”V Ly (w®)|? (D.3)

va +1n ||,u IA//JHQ
\Y LO 2nwsig(vwi/p - VwLO) + n2||MMvaipH2

= ”wsigH - 277w<1g

= ||wsigH2 - 277w51g

Y

=||wsigH2+2n7|aw\||wsigllX 211wy (Valy = Vi Lo) + 1 lun™ Vi L,|?,

sig

where X = E¢1(JwT¢| < V2| wgg)-
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Now with probability 1 — d~“(}), we can control the last two terms as follows.
- 277ws1g(va vaO) + 772||/1/1vaip”2‘ < 277||wsig||||vw1:2j;p - vw1:2L0|| + 772||/»(‘]§j‘xjwf/p”2
< 277||w5ig||||vw1:2LP - le:QLOH
+ 2772||Vw1;2Lp - Vw1;2LOH2 + 2772||Vw1:2[/0||2-

Now we have

||Vw1;2ip - vwl:zLOH < val:z‘ip - vwthP” + HV'WI:ZLP - vw1:2L0”
<0B:/2+0B:/2 < 0By,

by Lemma|C.12] and Lemma [D.4] -@ Second, we have ||V, Lo||? < B? by Lemma[D.4]A3]
Plugging these two bounds back into Eq. [D.4]yields

fe(VwL, = VuLo) + 0? | up" Vi Lo|P| < 2nl|wegl|0B: + 4n° B < 6n6B7, (D.5)

where we have used the fact that [|wg|| < By (property[C1) and that 77 < 6. Now by Lemmal|C.4]
we have

| — 2nw

V2wl

G| < 0| + 200CEd /2 (D.6)

X < (143¢Pgno)

2v/2 [Jwge
V2r [wl®|

< (1 +3¢1/19) + 200Cggd /2

(Upper bound Gaussian density by density at 0.)

2 1
<= 1+ 3¢9 4 ) Definition[D.7]of B; and
o= (s ( ¢ and D
< B, 2 <1+ 2 ) (¢ = log™“(d) for ¢ large enough.)
=t = - ) ¢ )
=9 7\ e (a) & ge enote
O
Here we have used Lemmawith v = wﬂ?), A=w, — wf), and ¢ = 5 < ¢V (by ,
w;
Wy || V2
and b = — HH g(‘o|>”

To check that eitherin the definition of controlled continues to hold at time ¢ + 1, so that w(+1)
is controlled (Def. [D.9) or that item [W1]in the definition of weakly controlled (Def. [D.10), it

suffices to check that ||wsfg+1) |? < B?,,. Indeed from combining Eqs. we have with

probability 1 — d—« ),

1
+ —=llwsgll|aw] X + 61057

V2
2
< B} + 27 B} (1 + log“(d)> + 610 B}

< B? (1+2m <1+10g1(d)>)

2
< Biii-

t+1
iV < flwggl|?

Here the second inequality we used the fact that |a”‘ <1+ 0O(log(d by.

Now we check that if the neuron is strong, it stays strong. To do thls we need to lower bound
X =Ee1(JwT¢| < v2||wgg||). For the case that HZ“H is small (ie., ¢ is small), we use Lemma
which yields that

1
> .
~ 2exp(100CH¢)Vd

Indeed, we can apply Lemma wit v = wf) and A = w, — wf), which by yields
Ial « cl/s,

lloll
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Recall the definition of .S; from Definition For t < Cs1og(800Cgg)/(n7), we have S; =

% (1+ 27'77/Cs)t/2 < %e”"/cs = %SOOCBE, and thus

X 1 L S 2 (82
~ 2exp(100Cy5) 800CE 6 Cs \ 0 /7 ) '

where we recall that Cs = &\/gj exp(100CY). Further, from Lemma applied as in Eq.
we have

V2||wg 2000
X Z (1 _ 3<1/10)PG~N(O)1) l|G| S || g” _ \/ZiBE

> (1 — 3¢1/10) ( 2 |wsigl ) e 2 _ 200Cgg

0
w!]

Va wl| Vd
(Lower bound Gaussian density by endpoints of interval)

2 |lwsg|| [|wsig || 200CBE _
2(1_3C1/10) ( Og 1— Og _ (6 le—CE)

Vv w ] w1 Vd

2 ||wsi H 200035 wgg||?
> (1 — act/10y [ 2 g . . llwsiell” 2b
= ( ¢ ) ﬁ ||w5?)|| \/E (HwSJ)HQ < (* by )

Thus from the definition of strong neurons, since ¢, is decreasing for s < Ty, (see Def.[D.13), we

2 o2
have J“ﬁj‘i‘hz > Hgl}élz‘ > %(1 +2n7/Cs)t, and so

X>Qﬂmo2m@MEWﬂ>(zwwg
= Vi 2wl ) \V sl

> (1 - 4¢t/10 200CsE VT 2wl
- (L+2n7/Cs)"2 ) \vm lwill )

Returning to Eq.[D.3] we have that

t+1 V2

ol 1P > s I” + 20 laul lwse | X — 6n9B?.

To complete this computation, observe that for t < Tj,, by Lemma [D.14, we have B? <
S2log®(d) < S?0~'/2. Thus since |lwg| > S, using the previous lower bounds on X, we
have

V2
w12 > 57 (1= 696"72) + 25w sl X

sig
S2(1- 600"+ 2r 2 %) t < Cs1og(800CsE)/ (17);
. A
S2 (1= 6n01/2 + 207 (1 - 4CH10 — 2900/ ) anl )4 > Clog(800Css) /(17);
s2(1+27) t < Cs1og(800Csr)/(n7);
2 S

§2 (14207 (1= 5¢1/10 — 20CE)) 1> Cs log(800Cke), (n7);
= SP(1+297(1 - &),

which means that the neuron stays strong.

We are now ready to prove Lemma[D.16

Proof of Lemma[D.16] By Lemma|D.15] it suffices to prove that with probability 1 — d=«(1), all
weakly controlled neurons stay weakly controlled, and that all weakly controlled and strong neurons
stay strong at iteration ¢ + 1.
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Suppose (w®, aq(,f)) is weakly controlled. We begin by showing that with high probability, the five

properties [W2| W3] [W4] [W5|of controlled neurons hold at iteration ¢ + 1. We will omit the
proof that[W2|continues to hold, as this proof is nearly identical to the proof for[C2]in Lemma[D.T3]
which proceeds by applying Lemma[D.6]
We begin with We have with probability 1 — d—«(1),
|al VP = [[w V)2 > Jaw[* = [[w]® = 47°|aw
> |ay|? = [lwl]? — 4n?|Jw|®
> |ay|? = [Jw]|* — 8n*67¢7°°,
Here the first and second inequalities are from Lemma[C.13] 1tem|S_7f| and [C3|respectively, and the

third is from combmmg- [W2] and[W4]to bound ||w||. This, in addition to Lemma{C.13[S3] yield
the desired conclusion since the gap between a2, and ||w||? cannot grow by more than 8n“6%¢ ~600

at each step.
Next we show [W4]holds at step ¢ + 1 with high probability. Observe that we have:
1. —wTV, Lo < 0by Lemman since by the definition of weakly controlled, ||wsg | > ||wopp||.

2. |VwLo—VL,|| < 6¢ with probability 1—d~«(1). This follows from combining Lemmas
and Clalm@ (which together yield IVwLo — VwL,|| < 6¢ ) with LemmalC.12] (Wthh
yields |V L, — VoL, < ¢0/2).

3. |[VwL,|| < 3B; with probability 1 — =) by Lemma|C.13} and Lemma

Note the all the above approximations are very loose. Thus we have
1 . .
[l V1P < P12+ 20llw 1V Lo = VLo | + VL |
< 20%(1 + 3n¢)" + 2n(20)0¢ + 99> B?
< 20°(1+3n0)" (14 3n¢) < 20°(1+ 3n¢)"*,

as desired.

We can carry out an almost identical computation to bound Hwopp Yo prove that continues to
hold, so we omit the details.

Next we show that property [W1]holds at step ¢ + 1 with high probability. Let 1 be the direction of

S(lg) Following the same steps Lemma , we have
t+1)
eI

Wsjg ‘= W
= ||lwsig — nppt VL, |2

= ||wsig||2 —277wsTigV i/ + 02 | Vo L ||2

VLo =+ 2n||wsig[|[[VwLp — Vi Lo| iﬂgHﬂuvaﬁpHQ

€ |Jwsig||* — 2nw, Vi Lo & 610 B7 .

Here the final inequality follows from Eq. [D.3] from the proof of Lemma the difference
in assumption that the neurons are weakly controlled and not controlled does not affect this
computation.

Now plugging in the Ly population gradient from Lemma[D.4] we have

€ ”wsigH2 - 277ws1g

lwgie™ I € llwsgll — 2im0d, Vo Lo = n6n6 B} (D7)
V2 ay
e ) <1+ 1 e Bl < VEug ] ) £ 66

Now to prove thatholds attime ¢+ 1, we upper bound P¢[|w?'¢| < v/2||wgl|] by 1 and consider
two cases:

1. Case 1: Hwb(;)H < B;/2. In this case, since |a,,| < ||w| < 2By (since the neuron is weakly

controlled), we have ||wsfg+1)||2 <B? <BZ,.

2. Case 2: ||w || B;/2. In this case, since t > Ty,, we have By > 6(1 — o(1)) (see
Definition|D.8), and 5o |[wyg|| > |a,|/4. Thus we have

ﬂg sig

) V2
g™ 117 € w112 (1+2n44>i6n982<||w‘”|| (L+4n) < Q7
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We now show that the if the neurons have the additional strong property at step ¢ (Definition [D.13)),
they continue to have this property at step ¢t 4+ 1. To do this, we need to lower bound the probability

Pe[[wT €] < v/2|wgg]]-

Claim D.18. If (w, a,,) is weakly controlled and strong, then

Pellw”] < VEjuwggl] > =1l

5|lwy + wslg”

Proof. We will use the Berry-Esseen Inequality (stated in Theorem|[C.3)). We have

V2||wg w3
Pe07e] < VBlusgl] = Ponion |16 < YAiel | _ gy llonls gy
[Jw. |l w3
V2||ws w ||o
> Paonn) |IG] < V2wl | CBE” L
[ w2
wigll BE||w¢Hoo
" A wsig +w || w2
Now by. either we have ||w || < ||lwsg||, or H\Ii}vt”ﬂo; < (1000,
We first consider the latter case when ”Htfvj ””°2° < C3. By definition of a strong neuron and
Lemma[D.14] we have
||wsig|| Z St 2 9<700-
Thus we have from Eq.[D.§|
T ”wmgH
w g < f wbl T
[| ‘ || g”] 5||w51g +wL||
Now if ||w, || < ||wsigl|, then we have by Chebychev’s inequality,
Pellw”¢| < V2lwigll] > 1 — Pe[lw"¢] > V2| wg ]
T ¢\2
1 Bl
2||wsig|
B Huullz2 1y lwsigll
2wsigl* ~ 2 7 Bllwsig +w ||
O

It follows from Claim[D.T8] Eq.[D.7] and the definition of weakly controlled that

t+1 t \[ \aw| ||w1||
w2 > flwl))? <1+2 e — 6n0B?

4 meg” 5st1g +w ||

)2 V2 |lwig +w[|/2 2
> w2 (14 2p Y2 MWie FWLN/2Y 6 op2 (0] > [lw]l/2 by [W3)
l g||< PPl P2 iomz ) a2 oy

t \@ t
> w1+ 055 | — 6"l

(|wg|| > S¢ > B:¢®™M by Lemma|D.14] and C is large enough in terms of c.)

()2 ( n )
> \ 1
= stlg | + 20

which means that the neuron stays strong.

We now check that continues to hold. If ||w L) I < st(ltg) ||, then it is a routine calculation to

verify from the above computation and Lemma|D.4] (and the associated [high probability] bounds
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on the gradients in Lemmas m nthat with probability 1 — d=~™), ||lw L) || grows at a slower
1

rate than st1g ||, and thus ||w} )H < Sltgﬂ) ||. We omit the details of the calculation.
If ||w5f)|| ||wSIg . Fixany 7 > 3. M; :=

X CpEL00009 (1 4+ 21Cpgn)t~T1e is the bound guaranteed on on ||w | ||« in Definition|D.10} item
We will show that w? cannot grow too quickly. Recall that &\ denotes £ — e;&;. Then symmetrizing
over the pair (z + &\; + €&, 2 + &\ — €;&;), we have

—w! Vo, Lo = apBpy(z)o’ (whz)é; (D.9)
= aw%Emy(z) (o' (w"z + wT& + wi&) — o' (w2 + W&, — wi&)) wig
1
= awamy(z)1(|sz + wTﬁ\i| < |wi)|wq|

2
Now explicitly evaluating the expectation over z, we have

auEy(2)1(jw" s + w6yl < fu)
1
= law| B, |10V 2lwsell + w780l < fwil) + 11 = V2| + w76l < i)

1
~ Jawl7Be, [L(V2lweppll + w7 &l < fel) + 1] = V2l wegpll + w6l < )]

Since the neuron is weakly controlled and thus ||wsig|| > ||woppl|, this equals
1 1

—laul7Pe,, [T\l € lwil = V2wl lwil = VEwopll] + law| TP, [0 €l € uwi] + V2 woppl, il + Vsl |

By Berry-Esseen (Theorem|[C.3)), we have

—Pe,, ([T eyl € lwil = Vgl il = VElwoppll] + e, [l €l € husl + VElweppll, hes] + Vgl
ol

[wi — eqw]|3
i lloe

[wr = eqwil2

M,
fwills’

< 4Cgg
< 4Cgg

< 5CBgT——

Here the the first inequality following because the Guassian analog of the first probability will be
greater than the Gaussian analog of the second probability, since the intervals in question are of the
same length, but the first one is closer to 0. The last inequality follows from|[W3] since the neuron is
weakly controlled.

Now returning to Equation|[D.9] we have

M2
lw| Jw |

Since we are in the case that |[|w || > ||wsig|| (Which is also at least ||wopp||), We have |Jw, || >
llwl|/v/3, and thus since |a,,| < ||w)| (recall Lemma , we have

—’wivaiLo S 1OCBEM,52~

We can show via the same calculation performed in this lemma for ws,, that with probability

—w; VW LO < SCBE|aw| |wz| < 5CBE|CLw|

1 — d=“™), the approximation error due to using the population gradient V L instead of VL p and
due to the second order term in 7 are sufficiently small. We omit the details; as before, this uses

Lemmas and Thus with probability 1 — d—«(1),

(wi™)? < MP (1+n21Cse) < M2,
as desired.
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E PHASE?2

Throughout Phase 2, we will show that we can maintain the following invariant. Recall that we have
defined the following notation (summarized in Table [T)):

Y = Fo()y(1e)

Yonin = min ~y e min |€/ (1)] = exP(—Vmax)
BRI S By BTI=Y EurR T S 1 + exp(—Ymax)
eXp(_'Vmin)
= max ax L= max v = v
Tmax pe{tp1,tp2} T Jmax pe{xp1,£p2} | p(M)| 1 + exp(—"Ymin)

Definition 4.2 (Signal-Heavy Inductive Hypothesis). For parameters ( = o(1) and H > 1 with
¢ < exp(—10H), we say a network is (¢, H)-signal-heavy if there exists some set of heavy neurons
S on which exp(6H)||w i || + ||wopp|l < Cllwyigll, and

Ep1(w ¢ S)[[wll* < ¢Fuin-

Here we have defined 7,, := E[1(w € S, w;{gu > 0)awo (W 1)) and i = Wit s ) T
Further,
Eoll|w]?) < Epllaw|] + CH < 2H,

and for all neurons, we have |a,,| < ||w|].
We will additionally use/recall the following definitions.

Definition E.1. For a ((, H)-signal heavy network p with heavy set S, we define the heavy-margin:
F = E[l(w € S,)ayo(w’ 1)),

and S, = SN {w : whp > 0} Let Ypin = mingeiin 1) Yo and Fmax =

MAX e {4y, +p0} Voo

Throughout this section, we define the rate parameter

We additionally define the following quantities.

Definition E.2 (Parameters for Phase 2). Define (r, = log~%3(d), where c is the constant in

Lemma|D.1} and H := —log((ry ) /20.

Our main inductive lemma for this phase is as follows:

—1/160
Ty

Lemma E.3 (Phase 2 Inductive Lemma; Formal). Suppose t < Ty + . If a network py

is (¢, H)-signal heavy with heavy set S and ¢ < (7, (1 + 10nCH)*=T1, then after one minibatch
gradient step with step size n < (3, with probability 1 — d—<(),

1. pey1is (C(1 4+ 10nCH), H)-signal heavy.
2 A = (1 207(1 = 0(1))gnar) T
3. Amas ) < (L4 207(L+ 0(1))gmin) e
Here (1, and H are defined in Deﬁnition and T = %.

Lemma E.4 (Base Case from Phase 1). Assume the conclusion of Lemma(D.1|holds for the network
pr, after Ty steps. Then pr, is (Cry,, H) signal-heavy for the parameters (1, and H define in
Definition[E2]

Further, we have ‘y,(nﬁ) > log=®W(d), and &,(,,5}) <1

Proof. Let p := pr,, and we will likewise drop the superscript 77 on all other variables. First
observe that Y. < 1 since for any p1 € {£p1, +pus}, we have 7, < E,[||a,wi:2]|] < 1.

For p € {+pu1, s}, define

Sy = {w : G0 > exp(6H) [w || + ol aw() > 0},
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andlet S := 95, US_, US,, US_,,.
First observe that for any y € {41, %412}, by the third item of Lemma|D.1] we have

Y = Ep[1(w € S,,)||awwsigl]
> % log®(d)6?
> log~ %W (d).
fFinally, we have
E,[1(w ¢ S)|wl’] = B, [Lw ¢ ) (llwws]l” + wsi]*)]
<E, [1(w ¢ S)||wns|? (1+(exp(6H)CT )?)]
Ep (] (1+ (¢°)?)
492(4‘4/ P4 1)
(20108 ™ Fimin)
< 160CT14/ °C3. Amin
< (1 Ymin-

Finally, observe that the last clause of Lemma[D.T]yields the final condition of Definition #.2]abound
E[||w]?]. This yields the lemma. O

We recall that in Phase 2, our main analysis tool is to compare to the “clean” gradients V*!, which
are defined in Equation[d.7] as

VL, = ayEol)(2)0’'(w )z and V¢ L, :=E.l,(2)o(w"z).

Similarly to Phase 1, the main building blocks of Phase 2 are computations of the gradients V'L,
and bounds on the distance ||V$ L, — VL,||. We state these main lemmas here.

Throughout, we define
H, :=E,[lawwl],

such that we have
exp(—Hp) < gmin < gmax < 2. (E.1)
E.1 BOUNDING DISTANCE TO CLEAN GRADIENTS.
Lemma E.5. For any neuron w, we have
||VZLP = VL2 < 4law|CH,;
HVZZwLp = Va, Lpll2 < 4f|wl|CH,.
Proof. Letting A, := (€),(x) — ()0’ (w”x), we have

HVS;LP - vaPH2 = ‘aw|”E$Aw$H
= |ay| sup E A, {v,z)

vifvfl=1
<law| sup VE AZ\/E,(v,z)
vifvll=1

= |ay|VEzAZ.
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Now

N

E.[A2] < Eo[(£) () — €,(2))?)
U (x 2
= IEZ(K;(Z))2E§ <€7EZ; o 1)
E. (€,(2))°Ee (exp(|f, () — fy(@)]) — 1)?
< G2uEe (exp(Eplaw”g]) — 1)°
< GnEe (exp(E,[lagw 7)) - 1)°

where v is any unit vector. Here the last line holds because the expression will be maximized when
all neurons are in the same direction (up to sign).

Then since v7 ¢ is subgaussian, defining N := E,[||la,w ||| < (H,, we have
Ee (exp(v7€]) — 1)° < (exp(2N + 2N?) — 1) < (exp(CH, + (*HZ) — 1)? < 4C2H.

(Explicitly, we can verify this by upper bounding the moments of [v”¢| by moments of a Gaussian,
and then using the moment generating function of a half-Gaussian distribution.)

Thus plugging this back in and recalling that g, < 2 always, we achieve
chul;Lp - vap”? < 4|aw|CHp <1
as desired. Similarly, we have
IVe, Ly = Vau Lollz = Eu[l| Apw™2|l] < |w]l/E.AZ2,
and thus
vazleP — Va, Lpll2 < 4fjwl|CH,.

E.2 CLEAN GRADIENTS

E.2.1 NEURONSIN S
Claim E.6 (Clean Gradients in Signal Direction). Ifw € S and uwa,-g > 0, then

P Vi Ly = —law|rg.(1 £ 0(1)),
and
~y(1)Vg, Ly = (1 £ o(1)) | wsig|79p-
Proof. First, we compute
ptver, = aw]EzE;)(z)a’(sz)zTu - Exéz(z)(al(wa) — o' (wh2))z'
€ —Tauwy(p)gu + V2E,|0,(2)[1(jw"¢| > [w”z)

wo|f?

€ —Tlaw|g, £ V2 |Gy | Gmax (Chebychev’s inequality)

|| §1gH
€ 7T|aw|g,u + \/§|aw|gmaXC (w e 9S)
= —|aw|Tg, (1 £ o(1)).
Second, we compute
ve L,=E.l (z)a(wTa:)
= —T1y(p) (g ”wugH + O (gmax[[was]))
= —7y(1) (gullwsig|| £ O (gmax(llwsig|))
)
— (1 0(1) 2 g .

9u
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In the following lemma, we lower bound the size of the gradient in the w, and wep, directions.
Lemma E.7. For a neuron (w, a,,), let X = Pe[|wl¢| > v/2||woppl]. Then

1 . 1
—wIVu],Lp Z 7gminX||wJ-|| - CHU}J—H

|aw| 8
and
1 . 1 GmaxV/2
oo Vil 2 S 2] — P X

Proof of Lemma[E77] 'We compute
sign(aw)Eo ), (2)0" (W' z)z" w1 = BB 0, (2)0 (w" & + w" 2)¢Tw,
= %EgEzéi)(z) (' (w'e+w"2) — o' (—w¢ +w'2)) Tw,
= SEL (Bl (w7E] 2 [T 2]l
> LBl (07 €] > V)€ |+ S gL (1078] > V2l wegp DIE 01
> o\ Ee[1(1u7€] > V2 D]y /Bl w1 ] + 7 ominBe L (107 ] > V3 wpyl €704

1
> —gmax\/IF’[IwTﬁl > V2|wsigl[lllw ]| + J gmin X 0|

1
2 —CllwLll + 7 gmin Xlw |

where here in the last line, we used the inductive hypothesis that ||w || < |Jwys|| < ([|wsig|. We
also compute the gradient in the w,p, direction:

. 1 1
sign(aw)Ee () (2)0” (" 2)2" wopp > = T Begman (10" E] > V2| wopp )V 2 wopp | + 5 Gmin V2 [ opp

Imax V2 1
= - ma4 X||woppl + ggmin\/inwopp”-

O

We derive the following corollary of Lemma [E-7] which will be used to show that a weighted
average of ||w ( [|* and ||wopp||* decreases under the clean gradients.

Corollary E.8 (Clean Population Gradients for wys). If w € S, then
_V%waozw - exp(GH)VZl)L;{wJ_ < _42/3 ([[woppl| + exp(6 H)[lwL[]) |aw|

Proof. The gist of the proof of this claim is to show that if wqp,, is large relative to w, , then the
gradient will be large in the wop, direction, thereby decreasing wqpp. Conversely, if w) is large
relative to wopp, then the gradient will be large in the w direction. Because however we are working
on the Boolean hypercube, where £ is not rotationally invariant, the exact condition of “w,p, being
large relative to w ” is slightly nuanced.
Let

X = Prljwi¢| > \/inoppH]-
If X is large, then we will show that w? V¢ L, is sufficiently large to yield the desired result. If X
is small, we will show that wl, V¢ L, is sufficiently large to yield the desired result.
Now

1 .
— (wg;)pr}}Lp + exp(GH)wIVZIJ)

|aw|
1 Imax V2 exp(6H
> <ngm¢§|wopp I V2 g PO g X~ Cexp(6 s |
1 exp(H) gmin V2 exp(6H
> SoninBlwegpl — LIV g PO ] — g ex(TH) o
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First we will consider the case that |jw || is large relative to ||wopp||. We will need the following
claim.

Proof. If || w i ||oo > v/2||wopp ||, then with i := arg max |(w );|, with probability 1/2 condtional
on {&;},2, & is such that |w? €| > |(w, );|, and thus

1
X =Pllwl¢| > vV2|lwopp ] > 3
Otherwise, by Berry-Essen (Theorem|[C.3)), we have
i f ||w I s
Pl = Valuml] 2 Pouion (6] ¥ el |~ e

> Pgno,1) |G| >

f ||wopp||] V2| |wapp |

lw]] l[w]]

> Pgonio, |G = 10 10

oo

>

l\J\»—t

Thus if [|w_ || > 10||wepp ||, by bounding 3 < X < 1, we have

a |(woppVC1L —l—exp(GH)wIV‘{le)

1 exp(H) gmin V2 exp(6H

> (89mm\/§|wopp — %men + %gmmllwﬂ\ — Commexp(TH)w. |
exp(6H exp(H)gminV/2

= #g‘“i“”wl” - %OMHWLH — (gmin exp(TH)||w .||

(lw L[| = 10]wopp )

exp(6H

> %gmmllwlﬂ (¢ < exp(—10H)
gm]n

> 73y Ulwopp | + exp(6H) Jw_][). (Jw || > 10]|weppl))

Now if ||wLH < 10||wopp ||, we have

1
m( VL, +exp(6H)wl VS L,)

opp

1 exp(H ) gminV/2 exp(6H)
> <89mm|wopp — OV )+ PO g, | Cexp(6) o

Y

1 exp(H)gmin\@ exp(GH)
(mgmmnwoppn — R0 X g + S gin X 04|

(¢ < exp(—10H),

1
> Egmin\/inoPpH (2\@QXP(_5H)HUJOPP” < [lwLl)
V2
2 Gnin 505 XP(=6H) (||lwopp | + exp(6H) w_]]) ([lw ]l < 10]lwopp )
> %3 gmin (|| wopp|| + exp(6H)Jw_|]).- (¢ < exp(—10H))

Here the third inequality follows from the fact that if [Jw | > 2v2exp(—5H)|wopl|, then
the positive term with an X exceeds the negative term with an X. Alternatively, if ||w, | <
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112

2v/2 exp(—5H ) ||wopp||, then by Chebychev’s inequality that X < 2“%;‘)”2 < 4exp(—10H), so
we can bound the negative term with an X.
These two cases prove the lemma.

E.2.2 NEURONS NOTIN S

Finally, we need to show that the neurons not in .S don’t grow too large. To do this, we use the
following claim, which states that no neuron can grow more at the rate 7gm,x, which is the rate of
growth of the neuron in the direction arg min,, p”.

Lemma E.10 (Clean Gradient Bound for all Neurons). For any neuron,
Ve, Lol = [0 VG Lol < 7Gx |wl].
Proof. First recall that
WV, Lol = B2l (2)Eeo(w” z +w'€)| = |VG, L.
We compute
\Ezélp(z)Ega(sz + wT§)|
< sup i (gmaxBeo(w” i+ w"€) + gminBeo(—w” p+w'¢))
< sup igmax (Beo(wp+w"€) + o(—w" p+ w'¢))
= sup o (Eco(w" s+ 7€) + o(~w" i+ w7€) + 0w~ w'E) + o (0"~ w7E))
V3

2
< T”ngmax = T Gmax ||w]|-

Indeed, the last inequality follows from the fact that the expression is maximized when w is in the
direction of . O

We additionally use the following lemma.
Lemma E.11. For any neuron w, with high probability
VN2 < w7 (1 + 20(1 + 20CH) T giar) -
Proof. With high probability,
w2 = [[wP|? = 290" Vo L + 0?|| Vo L]
< [w®|? = 200" VL, + 20l|w|| |V L, — Vi L] + 77|V L]
< w* = 20" VG L, + 2[w|*CH gmax + 77| Vo L[
< (w2 = 20wV L, + 4nH Goax [0,
where in the second inequality we used Claim [E.3] Plugging in Lemma[E.10]yields the claim. [

E.3 PROOF OF INDUCTIVE LEMMA

We break the proof of Lemma [E.3]up into three main lemmas. The first lemma shows the growth of
Amin- The second ensures that 4p,,x doesn’t grow too fast. The third lemma ensures that the network
stays signal-heavy.

Lemma E.12 (). Suppose py is (¢, H)-signal heavy for some signal-heavy set S. Then ifn < (3,
with probability 1 — d—~(),

o2 (1 207(1 = 0(1)) gnae) -
Further, for any neuron for which ||w(t)H < exp(6H)||w(f)|| + ng,)pH, we have ||w(t+1)|| <

sig sig
t+1 t+1
exp(6H)|[w! V| + [[wip V-
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Lemma E.13 (Jiax). Suppose py is (¢, H)-signal heavy for some signal-heavy set S. Then if
n < (3, with probability 1 — d—v@),

AAEED < (1 + 207 (1 + 0(1)) gumin) V-

To prove these two lemmas, we will also need the following lemma which states the the network
doesn’t change too much at each iteration.

Lemma E.14. [f p, satisfies Deﬁnitionand n < 2, then with probability 1 — d—*(1), we have

Further for any p,
Ve — Al < 2CH. (E.2)

Proof. Using Lemma|C.13} and we have with probability 1 — d—(1)
75D = A0 < 0B [ Vay, Loll[w] + [V Ly | [law]

< B, [lw]l® + [ ] (Lemmal[C.13|and[C.12))
< 8nH (Definition [4.2)
<V (H <log(¢~1)/10 < log(n~'/?)/10 < n~1/2/8)

For the second statement, we have

e = 3l < EplLw ¢ 8)awwll] + E,[L(w € S)ay wopll
< E[1(w ¢ S)lw|®] + CE,[1(w € §)]lawl]
< 2CH.

O
Proof of Lemma[EI2] Our approach here will be to show that for any pu € {41, £42} from which
5/;1 < :Ymin + 2\/"7, we have
- V2 3
7;St+1) > (1 + 177(1 + 0(1))gmax 7r(r,t1),1 (E.3)

Then by Lemma for any p for which ﬁ,gt) > ’?I(ntlzl + 2,/7, we have

~ ~ ~ ~ \/5 v
D 3 A0 < i > 30+ Vi ()3 > (1 L2000 ) 5.

Let us prove Equation Fix any p with 4, < Amin + 2,/7. We first define a set of neurons on
which the growth of signal is large. Let
Sy = {w: CwTU > Jlwy + wnpp”vawy(ﬂ) > 0},
thatis, S, = SN {w: wz;gp > 0}, where S is the signal-heavy set from Deﬁnition
Claim E.15. Foranyw € S,

ol Dl = ol (14 2071 = o(1)g)
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Proof of Claim[ET3)] Observe that (with y=y(p)and X := Tg,(f), we have

yal V™l = y(al) = nVa, L) (i | = " VL)
> y(aws 1%, L) gl ~ VL) — O (nlaul VL, — VLl + nllusil [V, Ly — Ve, Lyl ) — 002 sl
(Lemmal[C.13)
> ylaw = 1Va, Lo)(lwsgll —nu" Vi Lp) = O (nCH,(ax, %) = O(*[lawwll)
(Lemma[EZ3))
> yay |wsg|l +n(1 = 0(1)) (X [Jwsel® + Xai,) — O (nCH,(az, + [w]*)) — O(?|laww])
(Lemmal[E.6)

> Yau|wsigl| + 2Xn(1 — o(1 ))yawmegH +0(° IIawwII)
AM-GM, and (H,, = 0(gmin) by Eq.[E.1} ¢ < exp(—10H))

> ya D |lwlQl| (1 +20(1 - o<1>>X> 7
as desired. O

Now we have
9 _ eXp(_'YM + '7min)(1 + exp(_'Ymin»

Imax 1+ eXp(*’YM)
> exp(—'yu + '7min) (’Yu 2 Ymin)
> exp(—=Fu + Jmin — 4CH) (Eq[E2)
> exp(—2y/n — 4CH) (LemmalET4)
>1-0(1).

Plugging this in to the previous equation yields
1
yal  wly™ | > yallwl) | (14 2rm(1 = 0(1)) gmes)

(t+1) ” >
sig =
exp(6H Hw(tﬂ) | + ||wOpp 1) || at time ¢ 4 1. Observe that for every neuron in .S, we have:

t+1
L flugg™ > ey
bound on —w, V¢ L, and the upper bound on ||V, L, —VL,|.

Now it remains to check that if a neuron is in S, at step ¢, then that neuron still satisfies ¢ ||wg;
||. This is easy to show (as in the calculation above) by plugging in the lower

2. Since 7 is small enough (relative to (), if exp(6H)||wL)|| + ||w0pp|| Cst(ltgH/Z, then
GE 1w (tHD) (+1))) o < (t+1)
exp(6H) [w ™V + iy V| < ¢l < Clwle .

sig
3. 1f exp(6H)[[w” | + [wSph ]| > ¢[lwS)]|/2. then

1
exp(6H) [l V2 + ulbt 2 ~ (exp(©H) w2 + i)
< —2nexp(6H)(w ")V, L, — 2p(w() "V, L, + exp(6H)n? ||V L |2

Wopp
— o (exp(6H)WT VI L, + 2y 9 L,) + 20(exp(6H) w1 || + 1oy ) [V L — Ty
+ exp(6H)n2||ijLp||2

Now we can use Corollary [E-8]to bound the first term, and Lemma [E.3] Lemma [C.12} and
Lemma|C.13|to bound the second and third terms. Thus we have

exp(6H) [l V2 + ulht 2 ~ (exp(@H) |l ? + lwlfpl?)
< =20¢2/% (Juwopoll + exp(6H)l|w 1) o] + 2n(exp(6H) || + ltwopp [} Hplaw| + O(exp(GH )| au?)
< =133 (Jwepoll + exp(OH)l|w.L ) au| + O(exp(6H)n lau]l?) (¢ < exp(~10H))
¢ (|lwoppll + exp(6H)[w o]} |aw | + O(exp(@ )P [wlllaw])  (aul < [l

=n6* (¢ /D)l|wll|aw| + Olexp(6H)n’ [wau )
(Clleigll/2 < exp(6H)||w || + [[wopp| < ¢l

(n<¢)

N

IN
o
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Thus it follows that exp(6H)||w$tJrl |+ ws ™| < exp(6H)||w(f)|| + B < ] <
g™

31g

sig

O
Proof of Lemma[ET3] Our approach here is similar to the previous lemma. We will show that for
any p € {%p1, £z} from which 5, > Yimax — 24/7, we have
. V2
T < (1 1175 (1+ (1)) gmin | T

Then by Lemma | for any p for which ’y;(L ) < ’Yrglax 2,/n, we have
(t+1)<7t)+f<7 \f<71(rfa)x

For any neurons w € Sy, using LeAmma-to bound VI L, Lemmanto bound V¢ L,—V,,L,|,

and Lemma to bound ||V, L, — V,,L,||, we have with probability 1 — d—«(1),

2l
ot ||2<||w51g|2(1+2n| 2 ru(1+o1 >>)
Wsig

Similarly, by the same 3 lemmas, we have with probability 1 — d—«(),

(2 = (12l g 104 o).
Thus
E,, 1w € 8,)|altDuwl) (E.4)

mg
elrgu o)) (140! 28 rg, 14 01

[[wsig | |aw|

Pt+1

<E,1 (w ®es )”awwilg” <1+7l

S Epl(w € Sp)llawwsigll +n7g,(1+ o1 ))]Epl(w € Su)u) (a’?u + [|wsig]|*)
< E 1 (w € Sy)lawwsigl +n7gu (1 + o ( pl1 2a;] + O(log(d)nH))
< Epl(w € Sp)llawwsig|| (1 4 277g,(1 4 o(1 )))
(law| < fJw]| < (14 o(1))]|wsig]| since w € S.)

Next we show that gg—‘f is small. We have

97“ — eXp(—’yN + 'Vmax)(l + eXp(_'Ymax))

Gmin 1+ exp(—7y)
< exp(—’yu + Yinax) Ve < Ymax)
< eXp<_§/M + Ymax — 4<H) (EQIELZI)
< exp(2y/n +4CH) (Assumption that 7, > Jmax — 2,/7)
<14o0(1).

Plugging this into Eq.[E-4]yields

A < A (1+ 207 gmin(1+ 0(1)))
as desired.
O

Proo Lemma The second and third items of Lemma [E.3] follow immediately from Lem-
mas|E.12/and|E. 13| To prove the first item, we first need to control the growth of E,[1(w ¢ S)||w]|?].

We compute
Ep, i [[w]’1(w ¢ )] < Ep, [[w]*L(w ¢ )] (1 + 20(1 + 2CH)Tgimax)
< C’Ymm (1 + 277(1 =+ 2CH)7-gmax) (LemmalE.11])
(t+1) L+ 20(1 + 2CH ) T Gmax
S Cin 1 20 (1= 2CH) 7 g (Lemma[E.T2)

< G (1 + 100¢H) .
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Letting ¢’ := ¢ (1 4+ 10n¢ H) be the new signal-heavy parameter, it follows that
¢ < ¢(1+10n¢H)
< Cr, (1+10p¢H)™ "

—1/2

CTI C—l/2
<{p (14 10n¢H) (t — T1 < =-=— by assumption)
S CT 610<HCT1/2
<d(re
< exp(—10H). (LemmalE.4)
Further, by Lemma , we have that with probability 1 — d~«(1), Sj“ | <
lw 1], and
Epe [0 V1% = By, [(aGHD)?) < By, [Ilw %] — Ep, [(a))?] + 41°E,, ()
< 2CH +2n*H
< 2¢'H.
Finally, to bound E,,, ,, [(a {111)2) e have
Epen [0 7)) < By [llaly w0 (E.5)

<Ep,, 1w € §)lafw D] + By, L@ ¢ 8) it uw D]

B
pe{Ep1,£pu2}
S5’7(t+1)-

max

‘We bound %(ni ) in the following claim.
Claim E.16.

(Ti4<¢ 2 /m)
Amax o < —log(¢ry)/20.

Proof. Let t* be the last time at which Jpay is at most — log({ry )/40. If t* > Ty + (;11/ 160 /m, then

1/160/77. Then by Lemma , we have

we are done. Suppose t* < T1 + (g,

—1/160/

(T+¢ ) < o
'?max I(ntdx) 1+ 277(1 + 0(1)) ma)E g,(n?l
t*<s<Ti+(p "%/
P m
-1 5 1
< M 1+2n(1+0(1))7 max gfmﬂ
40 t*<s<Ti+Cp "/
—log(Cry) ~1/160 (s)
< —to8ler) 1.5 i
= 40 b r, < «T?ﬁx 1160 /) Jmin
-] _
< % exp <2CT11/160 exp(— ’Yrgqtax)))
—1 - 40
< TO8n) (a0 )
o —log(¢ry)
- 20

Here we have used Lemma[E.14] to bound

i) < 2exp(—Ek) < 2exp(—FS + 2CH),
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and thus

max gr(nslzl <21 exp(—ﬁlgf;x)).

t*SSSTlJrC;ll/leo/n

Plugging this claim into Eq. [E-3]yields
Ep, [(af )% < 5701 < —log(¢ry)/20 < 2H.

w max

The above computations, in addition to Lemma proves that p; 1 is (¢, H) signal-heavy with
the heavy set S. O

F PROOF OF THEOREM[3.1|

We now prove Theorem [3.1] from Lemmas [D.T]and Lemmas[E.3] We restate the theorem and these
two lemmas for the readers convenience.

Theorem F.1. There exists a constant C > 0 such that the following holds for any d large
enough. Let 0 := 1/log(d)®. Suppose we train a 2-layer neural network with minibatch SGD
as in Sectionwith a minibatch size of m > d /0, width 1/ < p < dc, step size n < 6, and
initialization scale 6. Then for some t < C'log(d)/n, with probability 1 — d=“("), we have

Eonp,llp, ()] < (log(d))~®.

Lemma D.1 (Output of Phase 1; Formal). For any constants c sufficiently large, and C sufficiently
large in terms of c, for any d large enough, the following holds. Let  := 1/log(d)®.

Suppose we train a 2-layer neural network with minibatch SGD as in Section[2.2|with a minibatch
size of m > d/02, width 1/0 < p < dC, and step size n < 0, and initialization scale 6. Then with
probability at least 1 — 0, after some T1 = O(log(d)/n) steps of minibatch SGD, the network pr,
satisfies:

1 Epp, [llawwl]] < 1;
2. Epp, [[lwi + wOPP||2] < 46%;

3. Forall i € {£p1,%p2}, on at least a 0.1 fraction of the neurons, we have ||wyg|| > log(d)°0

and wggu > 0.

Additionally, ) )
Epr, wll] < Epr, [law!] + v/n;

and for all neurons, we have |a,,| < ||w]].
4—1/160
Ty

Lemma E.3 (Phase 2 Inductive Lemma; Formal). Suppose t < Ty + . If a network py

is (¢, H)-signal heavy with heavy set S and ¢ < (1, (1 + 10n(H)'~T1, then after one minibatch

gradient step with step size n < (3, with probability 1 — d—<(),

1. peyyis (C(1+ 10nCH), H)-signal heavy.
2 A 2 (L 207 (1 = 0(1))gmar) Ay
30 A < (14207 (1 + 0(1)) gin) itk
Here (1, and H are defined in Deﬁnition and T = %.

Proof of Theorem[3.1] Let pr, be the network output by Lemma[D.T] By Lemma [E-4] we have that
pry is (Cry, H)-signal-heavy, where (7, and H are defined in Definition[E.2] Further, we have that
~(T1) — 1/200
Vmin Z T .

Let us iterate Lemmafor T; = —Cil/wo

/1 steps. We will show that (7 +72) > 35 1og (7).
If ﬁ(tgl fort € [T, Ty + T3] ever exceeds ﬁ log(gil), then we are done since 4, always increases.

m
(t) 1/200

Suppose it does not exceed this value, and thus g,/ is always at least (7,
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Then we can show that gy, is relatively large, and thus by the second item of Lemma@ Fmin Will
grow quickly. Indeed for d large enough:

min ’ymm

5THT) 5 (1) (1+2m<1—o<1>> min @)

> 50 (14 2 (1 - o(D)GH™)

> 7&11;1) exp (<T11/160(C1/199)>

> (00 exp (¢ (Lemma[E)
= exp(log@“><d>) (Cr, = log=®M(d))
Z 200 IOg(CTl )-

Here in the second inequality we have lower bounded gr(é)n by (1 — o(1)) exp(— “Yr(mb using
Lemmal[ET4

Finally, we check the loss guarantee of the network pr for T' = T} + T5. Since pr is (¢’, H)-signal
heavy for ¢’ < 2(z, (see the proof of Lemma[E.3), and by Definition[E:2} (7, H = o(1), we have

1
Baty ) = ~2log (1 exp(—fp<x>y<x>>>
< Ex2exp(—fp(z)y(z))
< Eg2exp(—ymin + [, (2) = fo(2)])
< 2 exp(—ymin) Bz exp(| f, () — fp(2)])
<2 eXP(_'Ymin)Eﬁ eXp(EplawwffD
< 2exp(—Fmin + 2¢'H)E¢ exp(E,|a,w] &) (LemmalE-T4)
<3 eXP(*’?min)Eg eXP(EPMwWEED

Since a,,w? ¢ is subguassian with norm O(||a,,w, ||), we have

Beexp (S, lauul€)) < exp(O(E, auw. 1)) < exp (© (Byllan Py 1) ) < expio(irc)
S0 SiNCe Ymin > 55 log(CT ) = O(loglog(d)), we have

Eplpy () < 3exp(—3min) exp(O(HC)) < 4exp(—Fmin) = log~ 7 (d).
This yields the theorem. O

G LOWER BOUND OF ©(d) FOR LEARNING THE XOR FUNCTION WITH
ROTATIONALLY INVARIANT ALGORITHM.

Proposition G.1. Suppose A : ({£1}4)" x {£1}" x {£1}¢ — A({£1}) is an algorithm, which
given n labeled samples X from the Boolean hypercube, and an additional unlabeled sample,
outputs a distribution over labels. Suppose additionally that A is rotationally invariant, that is, for
an orthonormal rotation U, we have A(UX,y,Uzx) = A(X,y, ), so long as UX and Ux are on
the hypercube.

Then if n < d/log?(d), if X = (x1,...,2,) and = are sample uniformly at random from the
hypercube, and i, j are sampled uniformly without replacement from [d], we have

Px.2,,iPgmax,y(x),0) [0 # y(@)] = 0.03,
where y(x) := —(2Te;)(zTe;), and y(X) € {£1}" denotes the labels of the entire set X.
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Proof. Let H = {41} denote the Boolean Hypercube. Let Q := {h € H : hTaz; = 2Ta,Vi €
[n]}. Because the geometry of the set of points (z1, ..., z,,x) is the same as the geometry of the
points (z1,...,Zn, q), for each ¢ € Q, for each such ¢, there exists (at least 1) rotation U such that
Uz =qgand Uz; = x; fori € [n].

Thus by the rotational invariance of A, for all ¢ € @), we must have that A(X,y, ¢) is the same
distribution. Let us denote this distribution by Dx 4 .

We make the following claim:

Claim G.2. For some sufficiently small constant c, if |Q| > 2%=°%, we have that with probability at
least 0.25 over i, j, for any distribution D, Py 3~ply(q) # 9] > 0.15.

Proof. Without loss of generality let ¢ = 1. It suffices to prove that with probability 0.25 over j, at
most a 0.85 fraction of the points in ) have the same label.

Suppose this was not true. For j € [d], let v; denote the majority of y(¢) over g € @ (break ties
arbitrarily), where the labeling function y is determined by i and j. Let P C [d] be the set of all j
such that P, [y(¢q) = v;] > 0.85, such that we must have |P| > 0.75d. To abbreviate, for j € P,
define y;(q) := —(q” a1)(q" a;). Then for at least a 0.1 fraction of points in ¢ € @), we must have
P,~ply;j(g) = v;] > 0.8. Indeed, if not,

EjnprEqul(y;(q) =vj) = EqgEjnpl(y;(¢) =v;) <0.1%1.0+0.9%0.8 < 0.85.

Now we consider how many points / there are in H satisfying P;.p[y;(h) = v;] > 0.8. Consider
first the number of such points over Hy := {h € H : e; = 1}. Having P;..p[y,(h) = v;] > 0.8
implies that —h; = v; for at least 0.8|P| > 0.55d coordinates. By a standard Chernoff bound,
the number of such points is smaller that 2¢~! exp(—Cd) for some constant C. The same holds

for the set of all points where h”e; = —1. Thus the total number of points in H satisfying
Pj~ply;j(h) = v;] > 0.6 is at most 2¢ exp(—Cd). Thus if |Q| > 552¢exp(—Cd) we have
reached a contradiction. This holds for |Q| > 24~ for ¢ small enough. O

Now fix X and partition H into K disjoint sets (1, @2, . . . @k such that that for any k, for all
q € Q, the projection of ¢ onto X is the same. We have

K
Bosrisli # 0] 2 3 LB, B, 13 o)
k=1

K
>3 R (0.25)(0.15)1(Q] > 210))

Now since K < (d + 1)" = 2°(9) (indeed, the projection onto each z; can only take on d + 1
different integer values —2d, —2(d — 1), ..., 2d), we have that

K
Do 1Qk[1(IQk] = 27079) > 27 — 2907V K > (1 - o(1))2%.
k=1

Thus for any X, we have that

Pjax.y(x),2) [0 = y(@)Penm,i i[9 # y(z)] > (0.25)(0.15)(1 — o(1)) > 0.03.
The result follows. O

49



	Introduction
	Related Work
	Organization of Paper
	Notation

	Model and Setting
	Data.
	Training.

	Main Result
	Proof Overview
	Phase 1
	Phase 2


	Conclusion
	Discussion
	Notation and Organization
	Auxiliary Lemmas
	From Booleans to Gaussians
	Simultaneous Training of Two-Layer ReLU Networks

	Phase 1
	Phase 1 Gradient Bounds
	Inductive Lemmas, and Proof of Lemma D.1 assuming Inductive Lemmass
	Proof of Inductive Lemmas (Lemmas D.15 and D.16)

	Phase 2
	Bounding Distance to Clean Gradients.
	Clean Gradients
	Neurons in S
	Neurons Not in S

	Proof of Inductive Lemma

	Proof of Theorem 3.1
	Lower Bound of (d) for Learning the XOR function with Rotationally Invariant Algorithm.

