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Appendix A. Proofs of Theorems in the Paper

A.1. Proposition and lemma
The following proposition holds for the mini-batch gradient.

Proposition A.1. Let t € N, & be a random variable independent of £ (j € [0 :t —1]),
6; € R? be independent of &, and V f,(6;) be the mini-batch gradient, where fe,, (i € [by])
is the stochastic gradient (see Assumption 1(A2)). Then, the following hold:

2
: : o

Ee, |V, (00) |61 ] = V1(68,) and Ve, |V, (0|61 | < T
where Egt[-|ét,1] and Vgt['fét—l] are respectively the expectation and variance with respect
to & conditioned on &1 = ét_l.

Proof Assumption 1(A3) and the independence of b; and &; ensure that

Eg, [Vth(ot)’étfl] = E¢,

by by
bltzvfft,z (Ot) étll = bltZE&ﬂ |:Vf§t,z (Ht)‘ét,l} ,
i=1 i=1

which, together with Assumption 1(A2)(i) and the independence of & and &;_1, implies
that

bt
Be, [V fa(00[é-1] = > V(60 = V560, (6)
=1

Assumption 1(A3), the independence of b; and &, and (6) imply that

Ve, [V12.00) -] = Ee, 197200 = V(8|21 ]

by 2
= E& { blt Zl Vfét,i (et) - Vf(at) étl]
1 b ?
= it > (Ve (0) —VFO)| |€-
=1

From the independence of & ; and & ; (i # j) and Assumption 1(A2)(i), for all i, j € [b]
such that i # j,

Ee, . [(Vfe,.(8) — V(0:), Ve, ,(8:) — VI(6:))|€-1]
= (B, [V e, (00)|€—1] — Ee, [V f(80)|€-1]), Ve, ,(6:) — V(1))
=0.

Hence, Assumption 1(A2)(ii) guarantees that

3 1 S : o°b
Vﬁt |:Vth<9) Et—11| = b*% ;Eét,i [“Vfgtl(et) — Vf(et)HZ ’51&_1] < ?t _ b—t7

which completes the proof. ]
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Motivated by Lemma 1 in (Liu et al., 2020), we prove the following lemma.

Lemma A.1. Under Assumption 1, Algorithm 1 satisfies that, for all t € {0} UN,

too ? L g2-i)
E ‘mt —(1=B)> BTV | <(1-8)%7> T
i=0 =0

where & denotes the total expectation defined by E := Eg E¢, - - - Eg,.

Proof The definition of m; and m_; := 0 ensure that
my = pmy_1 + (1 — B)V B, (0:)

= p{Brmu—2+ (1 —B)Vfp,_,(0:i-1)} + (1= B)V[5,(6:)
= B*my_o+ (1 — BBV fB,_1(0:-1) + BV fp,(6:)}

t
=B m o+ (1-8)) BV 5, (6)
1=0
t
—B)> BTV f5,(6:),

i=0
which, together with ||0]|? = (6, 8), implies that

2

Hmt —(1-8) S BV

=0
¢ 2
Z (Vf5,(6;) — V£(6,))
=0
222 (B [5,(6:) = V£(6)), B (V [5;(8;) = V[(8y))) -

Let ¢ and j satisfy 0 < j < i < t. Proposition A.1 and Assumptions (A2) and (A3) imply
that

E[(V/5,/(6:) — V[(6:),V 5, (8;) = Vf(6;))]

= Eg B¢, -~ Ee, [(V5,(6:) — Ee, [V 5,(0:)],V f,(6;) — Ee,; [V f5,(6;)])]

= E¢,Ee, - Eg, [(V5,(0:) — E¢,[Vf5.,(0:)],Vp,(68;) — Eg; [V 5, (6;)])]

= B¢ Be, - Ee,, [(Be,[V/f5,(0:)] — Ee,[V5,(0:)], VB, (0;) — Ee,[Vf5,(8;)])]
=0.
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A similar argument as in the case of j < i ensures the above equation also holds for i < j.
Hence, Proposition A.1 guarantees that, for all £t € N,

2
E

|mt — (15 BV

=0

= (1= E[(B 7 (Vf.(0:) = V[(6:)), 8 (V f5,(6:) = V(6:)))]

=0

=(1-8)*)Y_ BVE[|VE(6:) ~ V(6]

i=0
2 é 2(t—i) 9 §
< (1— 0
<(1-5) ;5 :
which completes the proof. O

A.2. Proofs of Theorems 3.2 and A.2
Using Lemma A.1, we have the following.

Lemma A.2. Suppose that Assumption 1 holds and (0y) is the sequence generated by Al-
gorithm 1. We define (z;) for allt € {0} UN as

0, t=0)
Zt =
U0 - 150 (> 1).

L{(lf/s)Q*g}"‘l

Lo2n2 =1 po(t—1—4) 1
+M{62Z’8+

2 P b; by

Then, for allt € {0} UN,

Elf(zt+1)] <E[f(z¢)] +n E[IV £(6)]1%]

1— 8 < ’
-~ > BTIV(6:) = V£(6:)
=0

+< ! >2L2(1—6t)2E
1—5) "

Y

where L := %Zie[n} L; s the Lipschitz constant of V f and we assume that Zz;lo a; := 0
for some a; € R.

Proof The descent lemma (Beck, 2017, Lemma 5.7) ensures that, for all ¢t € {0} UN,
L
B, [f(ze11)] < f(21) + B, [(Vf(20), 2001 — 20)] + S Be [ll2e41 — 2],

which, together with z;41 = 2z — nV fp,(0:) (Liu et al., 2020, Lemma 3), implies that

B, [f(zt41)] < f(2t) = nEe,[(Vf(2:), V5,(61))] +L777 Ee, [V f5,(6)]°] - (7)

Xt Y:
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From Proposition A.1, we have that

Xt = <vf<zt)7E€t [vat (et)D = <Vf(Zt), Vf(at)>,

which, together with the Cauchy—Schwarz inequality, Young’s inequality, and L-smoothness
of f, implies that, for all p > 0,

Xy = (Vf(z), -V [f(6))
= (Vf(2t) = Vf(8e), —nV f(6:)) — [V £ (8,
(VllV £ (z) = V6N (VlIVFB)) — nllV £ (0:)I7

SNV = VIO + 5 IV =0l V(80P

VAN

IN

IN

L? 1
P o= 024 (5= 1) 19100

The definitions of z; and 6; (= 6,1 — nm,_;) ensure that, for all ¢t > 1,

= 1i50t - lfﬁ(gt-i-nmt_l) = Ot — 1_ﬁ677mt_1‘

From m_; := 0 and zp = 6y, we have that, for all t € {0} UN,

Zt

zt =0 — ——nmy_1.

1-p
Accordingly, we have that

312 2
—x < PLE () a4 (5 - 1) 197001 )

From ||6; + 62> < 2||61 ] + 2||02]|?, we have that

2 2

t—1 i—1
Il < 2|lmyy — (1= B)>_ BTIIVEG)|| +2((1-8)D BTV - (9)
=0 =0
Z
Moreover, for all t > 2,
1 1-p A . ’
a g <2AVIOIF 2|15 gﬁt*-lwwi) = V() (10)

Wi
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Meanwhile, we also have that

2

L0 S 51w 4(6,) - V£(6)

1 Bt =0
2
- 11__5 (B'V£(60) + BIf(81) + -+ + BV f(811) + VF(8)) — V(8)
2
— |15 (vrt6n + 8719560 4 5OV SB) + ({5 1) VA6
_ _pt 2
— 5 (39000 + #7100 - V(6 - S0
_ _ pt—1 2
== gtﬁ (8197 00) + -+ 6T (0 ) + VI (O00)) - L 5 BVI6)
2
1—,81‘/71 2 1—6 t—1 e
=0 (7 ) | o) - v
1— /Bt_l 2
:52< e ) e
which implies that, for all ¢ > 2,
2
(1=8 [ 1-8 <~y
Wi = - BTV F(0:) — V() (11)
t B2(1 — pt-1)2 1_@5@2& t
From (9), (10), and (11),
t—1 ‘ 2
lme [ < 2|lme — (1= 8) ) 877V f(6)) +2{%1—ﬁ“5ﬂvfw0w
=0
_ g2 B < . ?
21—y ng - g}l)g L S8 6) - V1(6) }
=0

2

=2 +4(1 = B2V F(0)]?

t—1
me1— (1= B)Y BV E(6))
=0

41— By i
+ 62

1-5 : t—i
1_5t§ :B V£(0;)—Vf(6)
i=0
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Hence, (8) ensures that

3L2 2 2
—nX, < F5 (1135) {2 +4(1 = B2V £(6)]?

t—1
m1— (1= B)> BV E(6))
=0

4(1 - )2 : 1
+ 32 l@t Zﬁt va i) — V[(6:) } +n <2p - 1) HVf(Gt)HZ
B 2 t—1 . 2
::pn3[? <1‘_/3> 7nt—1"(1"5)j£:ﬁ#_1_“7f(00
ﬁ , i=0
2oL (1_5) (1= B2V 5(60)]
2
1 1— i
oI <1_ﬁ> (-8 =5 Zﬂt V1(6:) — V()
T (;p - 1) V@)

Let us take the total expectation on both sides of the above inequality. Lemma A.1 then
guarantees that, for all ¢ > 2 and for all p > 0,

ﬁZ@—l—ﬂ

2
—nE[X;] <pn3L2< ) B)* QZ b
2
+opPL? (1 ) — BR[|V £(8) ]

t
+ 201’ L? (1 ) (1-5E [ 11__5 > BTIV(6:) = V£(6r)
=0

n (1 - 1) E[IV £(6,)|) (12)

2p
[32(t 1- 3
2]

2
< P12 6% 22 Lo (+25) Euvse

g

1-8 o t—i
— 5tZB Vf(6:) —V(6)
=0

l

2
+ 201’ L? (1_15) (1-8")°E [

i (;p - 1) E[IV£(6.)].
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Moreover, Proposition A.1 guarantees that
E[Yi) = Be, [V /1,(60) = V£(8:) + V1 (60)]* |év-1]
= E[|Vf5,(6:) = VF(0)*] + 2E[(V f5,(8:) — V[ (6:), V.f(81))] + E[[[V £(6:)[]]

0,2
< 5 FElVI6)]7)
(13)

Therefore, from (7), (12), and (13), for all ¢ > 2 and for all p > 0, we have

2
E[f (1)) < E[f(=0)] ~ 7E{X)] + “LE[¥]

1—14)

,32(t
< E[f(20)] + pi° L?8%0 QZ -

1=0

fﬁ) E[V£(0)2] 41 (1/) - 1) B[V £(6)|)

L2<
1
20m° L2 [ ——
A <1—5>
Ln?

(7 +Euw<9t>n2}>

2 2
= E{f(=0)] + {2m73L2 (25) +n(55-1)+ L;} B[V (8,
7

2 2 2 ﬂ“ll 1
L L
+ Lo nﬁz + %

+2p1°

2

2

I
2 1—
(1-p5Y? Zﬁt "Vf(0:)— V()

5t

Z

By

1 \2
+2on°L? <1_> (1-p%°
c

2
1-—

Zﬁt 'Vf(6;) — V()

g P
The setting p := T implies that, for all £ > 2,
A= LLQZP’ (&)QJH?(LU— 1)+ L2772 = Ln? (1_/86>2+77(L77— 1)+L;72
() i
B, = I;Zf; :z_é ﬁz(tbilz) <ﬁ2 Z B Zl 2 1) o= 2;1;25 e

When t = 0, from |fm_;|| = 0 and Y, a; := 0, the assertion in Lemma A.2 holds. When
t = 1, assuming 1—160 := 1, the assertion in Lemma A.2 again holds. This completes the
proof. ]




Kamo IIDUKA

Using Lemma A.2, we have the following lemma.
Lemma A.3. Suppose that Assumption 1 holds and (0;) is the sequence generated by Al-
gorithm 1 with n > 0 satisfying
n < i
2v2v/B + B%L
Let (z;) be the sequence defined as in Lemma A.2 and define Ly € R for allt € {0} UN as

f(z0) = f* (t=0)
Ly =4 f(z1) = f* (t=1)
Flz) = 4+ i 10— — 0il* (¢ >2),
where f* is the minimum value of f over R? and (¢;) C Ry is defined by
B+ B2)L3n? 2\ '
4T - m?{(l(— By E T e = e (e + ) 8 (i+ ) 12 e -1,
Then, for allt € {0} UN,

2
<7 L{(lfﬁ> +2}n—1+4cm

Lo2n? Qt—l ﬁQ(t—l—z’) 1 2 = ﬂ2(t i)
+ 5 {5 Z b + - b + 20177 Z
i=0

E[Liiy — L E[|[V£(8,)]

where we assume that Z;:l() a; := 0 for some a; € R.

Proof Let ¢t > 2. The definition of L; implies that

t t—1
D cillOami = Oupail® =D cillOnpai — at—iHZ]

=1 =1
ZEU@HQ—f(H+Ekﬂ@H—9Mﬂ

t—1
Zcz+1 ||0t+1 ’L_at z” _ZCzHOtJrl z_at 'LH ]

= E[f(zm) — f(z0)] + E[er |01 — 9tH ]

E[Lt+1 — Lt] = E[f(zt41) — f(2t)] + E

+Z Cir1 = i)E[||01-5 — i?].

Lemma A.2 thus ensures that

2 3 I 1 ogai-1-i)
E[Lis1— L] < L{(&) +2}n— E[|[V£(8)I] + C”? {5 ;Bbiﬂ)t}
o () pa - gy || 120 iﬂ”vf(@)—vf(@) 2
1-5) " - pl & ' !
t—1
+ e Bl mal*] + D (civr — )E[|0r11-: — 0:—4]1%). (14)

=1
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A similar discussion to the one showing (9) and (10) ensures that

2
lme ]| < 2

t
m;—(1—8)) BV (0
1=0

1

Zﬂt 'Vf(6;) ~ V(6r)

i {2(1 = BVHOI 4201~ B2 | T

| }
which, together with Lemma A.1 and 1 — 8¢ < 1, implies that

2 2 2 : B \2 2
Efflm.[]"] <2(1-8)%c ZT +4(1 = B)7 IV f(6)]

2

+4(1 - gY? Zﬁt 'Vf(0:) — V()

IBt

2(t—1)
<2(1- )2 Z B avre

t 2

Z BTIVF(6:) — V £(6))

1=0

+4(1 - ')

Vi

Lemma 2 in (Liu et al., 2020) guarantees that

t—1 LQﬂtfi ,8
EVI) < 3 ayEl6:1 — 6P, where ag; = 20— (t iy ) |

i=1
which implies that
t—1

L2 % )
E[V] < Zat,t—iE[HgtH—i — 0[], where a;;—; == 1 _Bﬂt (Z T fﬁ) . (15)
i=1
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1-5
Moreover, c¢; > 0 when n < AL Hence, (14) ensures that
E[Lt+1 — Ly
5\ .3
LS| —— —n—1
{(1 —8) Ta"

Lo [ t—1 BA=1=i) g 1 2 ) 9
+2{BZ b +Ft +<1_6> Ln~(1 - ") E[Vi]

=0

<7 E[|Vf(6.)]7

L p2(t—i)
+ e {2(1 ~ 80?32 o +AEIIV @)+ 401 - Bt)QE[Vt]}

=0

t—1
£ (Cisr = )E[Bri1-i — 0,

=1

N P R . R o P e e

n 1= 3 5 (" 1 t

Lo2n2 1 ge—1-i) 4 L g2
+0277{62Zﬁb+bt +201772(1_5)202Zﬁb4

i=0 ’ =0

t—1 2
1
+§:{<1—5>Zm%1_WP%&¢+%W%1_HF%¢4+@HI—Q&Emﬂﬂ%_eﬁﬂﬂ
=1

Nt i

Finally, we prove that N;; < 0. From the definition of a;;—; in (15) and

2 .
ni =i (ten+ 2 ) o (14 155 ) 2

we have that
1 2
1> L(1 = B")2as—i + 4ern*(1 = B ars—i + (ciy1 — i)
1)° LB ([
<1> L772(1 — IBt)Q + 401772(]. — /Bt)2} <’l + B >

1-p¢ 1-3
2 L772 if - B 2
- (40”’ +(1—B)2>’8 <“1—5)L

®

-t i) =)o et
= Ln*p <i+1fﬁ> [(1_LB)2(1—5t—1)+4c1(1—ﬁt—1)]
-0 (i 755) [ 40
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From
R . (8+ 8L 16)
- 2fL\/6+B2 T -1 - B2 4B+ FOLIRY
we have that
2
c = L (ftg)4 >0
1 — .
B+B2
L= P Ly
Accordingly,
- L
N. ;= _L2 200 [ - ﬁ 4 t .
t, nﬁ<z+1—5)[(1—5)2+ 61]5 <0
This completes the proof. ]

Lemma A.3 leads to the following.

Lemma A.4. Suppose that Assumption 1 holds and (0y) is the sequence generated by Al-
gorithm 1 with n > 0 satisfying

1 < max 1- 5 (1 _ B)
- 2v2\/B + B2L" (58% =68 +5)L [

Then, for all T > 1,

T—1 T—1 ¢
1 2(f( ) f* 2L7] o2 ﬁQ(t 1)
=Y Bl < 2% >3 5

n
t=0 t=0 =0
Proof Lemma A.3 guarantees that, for all t € {0} UN,
5\, 3 2
—n |L +5 ¢ n—L+den| E[IV£(6:)]]
1-8 2
D
LO’ ) IBQ(t 1—1) 1 2 2 62(t i)
S E[Lt1 — Le] + {/3 ZZ% T + - by + 2e1m%( Z
Ut

where 8 € [0,1), and n and ¢; satisfy (16). Summing the above inequality from ¢ = 0 to
t=1T—1 gives

T—1 T-1 T-1
DZE IVF(0)12) < S"E[Li — Lisa] + > Uy =E[Lo — L7 + Y U,
t=0 t=0 t=0 t=0
which, together with Ly > 0, implies that
T-1
D> E[|[V£(6,)]] <LO+ZUt (17)

t=0
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From (16), we have

2 L3 8+52
_ Ty 22 BHA2 _ 1
T g, T g =
T2
which implies that
< L oy L (18)
“E8a-p2\8) Tag-pe
Accordingly, from (18) and n < L(S%%%, we have that
5V, 31 - 2 B\ .31, Li?
D=—L 2 —de? > —L 2 -
{(1—5 Tagmnmiam==it=g) T T -
532 — 63+ 5 n n
=Ll 2P s Ty =T,
q—gr T1Z T tn=3>0 "
19
Moreover, from (18), we have
Lcr2172 ) t—1 B2t=1-1) 1 ) - t 32t=0)
U, = £ 4= 2 1—
t Bzz; 5t + 21 ( 5)0123 b
Ln ) t 62(15—1)
. {2+2cm 1-p) }2_% - (20)
Lt | L\ B L gD
(R s
Therefore, (17), (19), and (20) ensure that
T—1 T—1 T—1 t ;
1 1 2L 2L77<72 [2t=9)
= DBV’ D T Vs E T Z 5
T3 T= t=0 i=0
This completes the proof. ]

Proof [Theorem 3.2]: Let b; be defined by (4), i.e., for all m € [0 : M] and all t € S,,, =
NN [0 KiEr il KiEx) (So == NN [0, KoEo)),

by = 5”{%} b

which implies that b; = 67y (j € ;) and

(b()abl;”' 7bM) - (b(]vb()?"' 7b076b075b07'” 75b07"' 75Mb075Mb07"' 75Mb0)7

KoEy Ki1FE, KME]\/I
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where T' = ZM K, Ep,. Define Koy := max{K,,: m € [0: M|} and Epax := max{E,,: m €
[0: M]}. Then, we have

T—1 h T—1 T-1
i/ﬂt—” _ zt: 200 KB K P iﬁw‘”
=0 i=0 ¢ =0 i=0 M)O - bo =iz
_ Ko B o zt: L KB N ot~ (35)
- 28V 1
bo = = (B%9) bo t=0 1= 5%
_ KnaxPonax Tzl gl (325)"" KinaxBumaxd < { gy _ L }
bo —~ 1— %5 bo(5%0 — 1) —~ e I
which implies that
Tzlzt: B KinaxBuaxd [ B2(1=87) 1= (5)"| _ KuaxBunaxd (82 1
pr e b; _b0(525—1) 1-p2 o—1 T bho(B26-1)\1-p82 6-1)°
This completes the proof. ]
Proof [Theorem A.2]: NSHB with n = %5 coincides with SHB defined by (2) (Section
2.2). Hence, Theorem 3.2 leads to Theorem A.2. O
A.3. Proofs of Theorems 3.1 and A.1
Lemma A.1 and the proof of Lemma A.2 with p = ;ﬁ immediately yield the following

lemma. Hence, we will omit its proof.

Lemma A.5. Suppose that Assumption 1 holds and (0y) is the sequence generated by Al-
gorithm 1. Let (z;) be the sequence defined as in Lemma A.2. Then, for all t € {0} UN,

2
Blf (i) < Bl + {2 (755 + 5 ) w1} EIT 601

2 52 (171815)2 9
(1+5+1>+1—B Ln°E

2

0SB — V()

_ At
2 1-8"=

where L := %Zie[n} L; is the Lipschitz constant of Vf and we assume that Z;lo a; := 0
for some a; € R.

Moreover, Lemma A.5 and the proof of Lemma A.3 with p = % yield the following
lemma, whose proof we will also omit.

Lemma A.6. Suppose that Assumption 1 holds and (0y) is the sequence generated by Al-
gorithm 1 with n > 0 satisfying

_1-5
"= A BT L

Let (z¢) be the sequence defined as in Lemma A.2 and let Ly € R be defined as in Lemma
A.3, where (¢;) C Ryy is defined by
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(B+B8)Ln?
(1= B{A = B)* — 4B+ B*)L*n*}
Then, for all t € {0} UN,

c] = and cit1 = ¢; — (401772 + %) ik (z + %) L? (ielt—1)).

(3— B+ 5Ly

it - 1) <o { SR 1 senn Vs

B2 L  2¢(1-p) n?o?
+{<1+5+1)2+ 1+4 } b

Lemma A.6 and the proof of Lemma A.4 with p = % lead to the following.

Lemma A.7. Suppose that Assumption 1 holds and (6;) is the sequence generated by Al-
gorithm 1 with n > 0 satisfying

7 < max 15 1-5
- 22/ + 2L (5—B+26%)L [
Then, for all T > 1,

T-1 e 02 )
=SBV < XIS o {“35 +1}.
t=0

nT b 21+ p5)

Proof [Theorems 3.1 and A.1]: Lemma A.7 leads to the assertion in Theorem 3.1. NSHB
with 7 = 125 coincides with SHB defined by (2) (Section 2.2). Hence, Theorem 3.1 leads
to Theorem A.1. I

Theorem A.1 (Upper bound of min; E||V f(6;)| of mini-batch SHB with Constant BS).
Suppose that Assumption 1 holds and consider the sequence (0;) generated by (2) with a
momentum weight B € (0,1), a constant learning rate o« > 0 such that

a2
NP ot )
2v2\/B + B%L
and Constant BS defined by (3). Then, for allT > 1,

, 2(1—-B)(f(60) — f*) , Lao® [3B°+
teg}guE[HVf(Ot)W] < T T an {2(1+ﬁ) + 1},

that is,

1 o2
in E[[|Vf(0)]] =0 —+ — 1.
min IV f@:)l] ( 7t )
Theorem A.2 (Convergence of mini-batch SHB with Exponential Growth BS). Suppose
that Assumption 1 holds and consider the sequence (0;) generated by (2) with a momentum
weight B € (0,1), a constant learning rate a > 0 such that

o[ a-sy (1-B)®
= 2V /B 1 B2L (58 — 68+ 5)L [
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and Ezponential Growth BS defined by (4) with § > 1 and 326 > 1. Then, for all T > 1,

—B)(f(00) — f*)  2Lao?KpaxBmaxd [ 52 1
oT (1—B)(B20 — 1)bT (1—52_5—1>’

2(1
min  E[|V£(6,)]?] <
te[O:,} 1 V(O] <

that is,

min BV 5(601] =0

i)

A.4. Training ResNet-18 on Tiny ImageNet

ning

Full Gradient Norm of Empirical Loss for Trail

Epochs

Learning rate and batch size schedules Full gradient norm versus epochs

ning

racy Score for Test

Accut

Empirical Loss Value for Trai

" Epochs ° Epochs

Empirical loss versus epochs Test accuracy score versus epochs

(c) (d)

Figure 4: (a) Schedules for each optimizer with constant learning rates and constant batch
size, (b) Full gradient norm of empirical loss for training, (c) Empirical loss value for training,
and (d) Accuracy score for test to train ResNet-18 on the Tiny ImageNet dataset.
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Figure 5: (a) Schedules for each optimizer with constant learning rates and batch size
doubling every 25 epochs, (b) Full gradient norm of empirical loss for training, (¢) Empirical
loss value for training, and (d) Accuracy score for test to train ResNet-18 on the Tiny
ImageNet dataset.
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Figure 6: (a) Schedules for each optimizer with constant learning rates and batch size
quadrupling every 50 epochs, (b) Full gradient norm of empirical loss for training, (c)
Empirical loss value for training, and (d) Accuracy score for test to train ResNet-18 on the
Tiny ImageNet dataset.
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A.5. Visualization of SFO complexity (Tables 2-4)
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Figure 7: (a) SFO complexity to reach gradient norm thresholds with b = 8 (corresponding
to Table 2), (b) SFO complexity to reach gradient norm thresholds with b = 128 (corre-
sponding to Table 3), (c¢) SFO complexity to reach 70% test accuracy (corresponding to
Table 4). Results are obtained using ResNet-18 on the CIFAR-100 dataset.
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A.6. Results on wall-clock time

Since wall-clock time is an important practical metric of optimization efficiency, we addi-
tionally measured it under the same experimental settings as in Table 2, using CIFAR-100
with ResNet-18 and NSHB, with the maximum batch size set to 1024.

For the fixed batch size b = 8 and the increasing batch size starting from b = 8 and
doubling every 20 epochs, the results are as follows:

Table 5: Wall-clock time to reach gradient norm thresholds (b = 8)

Method Time to reach |V f(6;)]] < 0.1 (h:mm:ss) Time to reach ||V f(0:)] < 0.05 (h:mm:ss)
Fixed batch size (b= 8) 2:22:58 3:40:05
Increasing batch size (initial b = 8) 0:49:50 0:54:03

All experiments were conducted on the same computing server, using identical hardware
and software environments to ensure a fair comparison. These improvements in wall-clock
time are consistent with the reductions in SFO complexity reported in the main paper.

A.7. Assessing the validity of experimental learning rates in light of Theorem
3.2

The learning rate condition in Theorem 3.2 can be expressed as

n < max 1-8 (1-5)°
= 2v2\/B + B2L’ (58% =68 +5)L [

Substituting S = 0.9 into the first term yields approximately

_ 0.0270
="

This upper bound depends on the smoothness constant L, which is typically unknown and
difficult to estimate accurately in practice. When L is large, the bound becomes more
restrictive, requiring a smaller 1. Conversely, when L is small, the condition allows for a
relatively larger 7, under which our empirical choice of 7 = 0.1 still appears to fall within
a theoretically reasonable range. Consequently, the learning rate setting adopted in our
experiments can be regarded as theoretically justified across a wide range of possible values
for L, and it is consistent with common empirical practices. Although the exact satisfaction
of the theoretical bound cannot be rigorously verified, the consistent convergence observed
in our experiments suggests that our setting lies within a reasonable range.
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