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Abstract

As modern machine learning models continue to advance the computational fron-
tier, it has become increasingly important to develop precise estimates for expected
performance improvements under different model and data scaling regimes. Cur-
rently, theoretical understanding of the learning curves that characterize how the
prediction error depends on the number of samples is restricted to either large-
sample asymptotics (m — oo) or, for certain simple data distributions, to the
high-dimensional asymptotics in which the number of samples scales linearly with
the dimension (m o d). There is a wide gulf between these two regimes, including
all higher-order scaling relations m oc d”, which are the subject of the present
paper. We focus on the problem of kernel ridge regression for dot-product kernels
and present precise formulas for the mean of the test error, bias, and variance, for
data drawn uniformly from the sphere with isotropic random labels in the rth-order
asymptotic scaling regime m — oo with m/d" held constant. We observe a peak
in the learning curve whenever m ~ d” /r! for any integer r, leading to multiple
sample-wise descent and nontrivial behavior at multiple scales. We include a colab?
notebook that reproduces the essential results of the paper.

1 Introduction

Modern machine learning has entered an era in which scaling is arguably the most critical ingredient
to improve performance. Recent breakthroughs such as GPT-3 [24] and PaLM [11] have demonstrated
that performance of various learning algorithms improves in a predictable manner as the amount of
data and computational resources used in training increases. The functional relationships between
performance and resources are loosely referred to as learning curves. While extrapolation of empirical
learning curves is widely used to make predictions about how a model might perform when extra
resources become available, a rigorous theoretical understanding is lacking. A fundamental obstacle
in developing a detailed theoretical model of such learning curves is that they depend on many moving
parts, e.g. the data distribution, the network architecture, the training algorithm, among others. In
addition, even in the simplest possible settings, the learning curves can exhibit non-trivial structure
that naive scaling laws fail to model, e.g. the well-known double-descent phenomenon [7, 3].

In the past couple years, a large amount of effort from the community has improved our theoretical
understanding of such phenomena and in some cases precise characterizations of learning curves
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Figure 1: Precise Sample-wise Learning Curves for One-hidden Layer CNN kernels. The
theoretical predictions (Eq. (18), solid lines) agree with finite-size simulations (markers) across several
orders of magnitude and captures cases in which the curves are relatively simple (monotonically
decreasing, small spectral gap) and complex (multiple-descent, large spectral gap). Simulations are
obtained from kernel regression with one-layer CNN kernels averaged over 50 runs. The input is of
shape d = dy x p with size dy = 14 and number of patches p = 6. We vary the kernels by varying
the ratio (aka spectral gap) between consecutive eigenspaces, where the ratio Gap € [2, 8, 32, 128].

have been obtained (see e.g., [21, 1, 31, 34, 28]). These results have helped clarify several puzzling
empirical observations, such as the origin of the double-descent peak [2, 27, 13] and linear trends
between in- and out-of-distribution generalization performance [38, 39, 30], among many others.
However, the precise predictions from many of these analyses have been possible only in the linear
high-dimensional scaling regime in which the number of training samples m scales linearly with the
dimension d, i.e. m o d. In these asymptotics, the model’s effective capacity is limited to linear
functions of the features. In contrast, many state-of-the-art models operate in a regime where the
amount of data is much larger than the data dimensionality; for example, large text corpora can
contain trillions of tokens, whereas the effective input dimensionality of language models is at most
millions . Therefore, going beyond the linear scaling regime (m o< d) to higher-order scaling regimes
(m o< d") is essential in improving our understanding of modern machine learning systems, and is
the focus of the current paper.

Several works have investigated the behavior of the learning curves for nonlinear scalings in the
dot-product kernel or random features setting, but they have done so only in the noncritical regime
where m ¢ d" [17, 32, 26]. [8, 10] also derive the closed-form predictions of the learning curves for
both the critical and the noncritical scalings, but they have done so via nonrigorous statistical physics
methods and a “Gaussian equivalence conjecture” [12, 22, 16, 18, 19, 20]. Rigorously extending these
results to include the critical regime m o d" is nontrivial, both from the technical perspective, namely,
proving a “Gaussian equivalence conjecture", and also from the phenomenological perspective, as we
shall see the critical behavior induces nonmonotonicity and multiple sample-wise descents.

In this work, we obtain precise formulas for the sample-wise learning curves in the kernel ridge
regression setting for a family of dot-product kernels for spherical input data in the polynomial scaling
regimes m o< d” for all » € N*. This family of kernels includes the neural network Gaussian Process
(NNGP) kernels and Neural Tangent Kernels (NTK) associated with multi-layer fully-connected
networks or convolutional networks. Both kernels serve as important starting points towards a deeper
understanding of neural networks as they often capture the first order learning dynamics of neural
networks in certain scaling limits [23, 25, 4].

1.1 Contributions

Our primary contributions are to establish the following, for data drawn uniformly from the sphere:



1. The empirical spectral density of the Gram matrix induced by degree-r spherical harmonics
converges to a Marchenko-Pastur distribution when (d”/r!)/m converges to a positive
constant as d — oo (Theorem 1);

2. A precise closed-form formula for the sample-wise learning curves for dot-product kernel
regression when m o< d" for all r € N* as d — oo (Theorem 2);

3. Empirically, the theoretical predictions agree with finite-size simulations surprisingly well
even in the strong finite-size correction regime (Fig. 1);

4. An extension of the above results to convolutional kernels (Section 5).

Finally, we note that our results also assume the high-degree coefficients of the label function to be
random and isotropic; see Eq. (11). It remains an open question to prove similar results®* when the
label function is deterministic.

2 Notation and Setup

Let X = S;_; denote the input space, where Sy_; is the unit sphere in R? and X is equipped with
the normalized uniform measure o. We use Ay to represent any quantity (a scalar, vector or a matrix)
with |||Ag||| — 0 as d — oo (in probability if A is stochastic), where ||| - ||| can be the absolute
value of a scalar, the norm of a vector or the operator norm of a matrix.

Let X € R™*4 be the training inputs where the i-th row of X is z; . We assume {@i}icpm) is
sampled uniformly, iid from X. The label function f : S;_; — R will be defined in Section 4. Let
K = K@ be a dot-product kernel defined on Sy_; x Sy_1, i.e., K(x,x') = h(x x’) for some
function h € [—1,1] — R. We assume h has the following decomposition

h(t) =Y hiPy(t), with > hi < oo, (1)
k=1 k=1

where Py is the k-th order Legendre polynomials in d dimensions. For simplicity, we assume

h = (ilk)kZI is a sequence that is independent of d and ﬁk # 0 for all k£ < ko where ky is sufficiently
large. As such, we can decompose the kernel function using sperical harmonics,

K@a)=Y o Y Yi@)VYii(a) =) oi¥i(z) Yi(z), )
k=1 1€[N(d,k)] k=1

where Y, ; is the I-th spherical harmonic of degree k, N (d, k) = d* /k!+O(d*~!) is the total number

of degree k spherical harmonics in d dimensions, 07 = ﬁi /N (d, k) is the eigenvalue of Y}, and

Y. () is the column vector [th(m)]zTe[N(d,k)]- We also denote by Y} (X)) the m x N(d, k) matrix

whose i-th row is Yy (z;) .

3 Structure of the Empirical Kernel and Marchenko-Pastur Distribution

The structure of the empirical kernel matrix K (X, X) plays a critical role in characterizing the
sample-wise test error for the kernel ridge regressor associated to /. We assume the training set size
scales polynomially, i.e. m ~ d" for some positive integer r € N*. Decompose this kernel into low-,
critical- and high-frequency modes as follows,

K(X, X) =Y oiVi(X)Vi(X) T + o2V (X)Y(X) T+ ) oVi(XOV(X)". ()
k<r k>r
The low- and high-frequency parts have simple structures since N (d, k)/m either diverges to in-

finity or converges to zero with rate as least d*!, yielding concentration that results in significant
simplification. To be precise, for high-frequency modes & > r, Y3 (X) is a “fat" matrix and

3See Sec. 6 for empirical evidences in favor of these results.
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Figure 2: Marchenko-Pastur Distribution of Spherical Harmonics. Top: the empirical distribution
of product kernels Y;.(X)Y,.(X) " /N(d,r) vs theory prediction from 1, for various degrees r, input
dimensions d and number of samples m as indicated in the titles. Bottom: the empirical distribution
of the CNN kernel Y;.(X)Y;.(X) " /pN(d, r) vs theoretical prediction. We fix r, d and m but varying
the number of patches p € {6, 10, 20}.

Yi(X)Y3(X) " /N(d, k) = I,,, + Ay where A4 vanishes as d — oo [32]. Thus, the high-frequency
parts behave like a regularizer in the following sense,

> oV (X)Yi(X)T =D oiN(d, k)L + Ag = <Z 152) I, +A,. )
k>r k>r k>r

On the other hand, when k¥ < r, Y;(X) is a m x N(d, k) “tall" matrix with N(d,k)/m =
O(d*/m) = O(d= %) — 0. Similarly, Mei et al. [32] show that Y3,(X) Yy (X)/m =
In(a,k) + Ag, implying that when restricted to the subspace spanned by low-frequency functions
{Y%1}k<r, the regressor associated to the empirical kernel K (X, X') acts like a pure multiplicative
scaling.

It remains to understand the critical-frequency mode Y;.(X)'Y,(X). It turns out that if
N(d,k)/m — «a € (0,00), then the empirical spectral measure of the random matrix
Y,(X)TY,(X)/m converges to the Marchenko-Pastur distribution s, whose density is given
by

+
ot = (1= ) oot + Dy e =0 V@2 )

2mat

where o (t) = 0if t # 0 else 1. See Fig. 2 for visualizations of ;.. The r = 1 case is obvious

as Y1(X) = ¢4 X for some normalizing constant cq and it is clear LY;(X) Y} (X) = %XTX
converges to the Marchenko-Pastur distribution pi,, if d/m — « € (0,00) as d — oo [37]. Our first
result show that this result continues to hold for all degrees.

Theorem 1. For fixed r € N and o € (0,00), if N(d,r)/m — a € (0,00) as d — oo, then the
empirical spectral distribution of %YT(X )TY,.(X) converges in distribution to the Marchenko-
Pastur distribution pyip(q) -

In the top panel of Fig. 2, we generate the empirical spectra* of LY,.(X)TY,.(X) for various values
of r, d, and o. The Marchenko-Pastur distribution u,, perfectly captures the empirical measures of
the random matrices -Y;.(X) "Y;.(X) for all  considered. We sketch the main steps of the proof of
the theorem below; see Appendix B for the whole proof.

*In the plot, we generate the spectra of the kernel matrix Y; (X )Y, (X)" instead of the covariate matrix
Y (X )TYT.(X ). Although both of them have the same set of non-zero eigenvalues, the former can be easily
implemented via Legendre polynomials P, (" a').



Sketch of Proof. From Bai and Zhou [5, Theorem 1.1], it suffices to prove concentration of the
following quadratic forms: for every sequence of N (d, k) x N(d, k) matrices { Ay} with operator
norm || Ag4|lop < 1, the variance

N(d,r)2V(Y,(x) T AgY,(x) — Tr(Ay)) -0 as d— oco. (6)
For the purpose of illustration, we assume A = Aj is a diagonal matrix. Then we only need to show
N(d, k)™ > AuApr (B Y (2)YE (2) — 1) — 0. (7)

LU €[N (d,k)]

By hypercontractivity of spherical harmonics [6],
1/2
EoY (@)Y (2) < (EaYi(2) B Y,y (z)) 2 < CrEaYi () By Yy (2)? = Cr,  (8)

where C}, is some absolute constant. Since |A;| < ||Al|op < 1, we can drop any o(N(d, )?) pairs
of (1,1") in Eq. (7). We show that for the remaining pairs (I,!’), the eigenfunctions are asymptotically
uncorrelated in the sense

EoY (2)Y ) (2) = Eo Y (2)Ee Yy ) (x) + O(d™) =1+ O0(d™) )
which implies Eq. (7). O

4 Generalization Error of Dot-Product Kernel Regression

In this section, we establish the average generalization error for the kernel regression in the asymptotic
regime N(d,r)/m — a, for some oo € (0,00) and r > 1 fixed. We assume the label function

f € L?(S4_1) is given by
=3 > fuYul@) =D fi Vil (10)

E>11€[N(d,k)] E>1
where fkl are the “Fourier" coefficients and fk =] fkl] IEN(d,k)" We need to make a technical
assumption that for k', k > r
. - 2 .
Efi =0, Bfifi = Wkk)IN(d”“) and  Efifi = Onamxn@e) (1D

i.e. fk is centered with isotropic covariance and { fk} k>r are mutually uncorrelated. Note that we
allow fkl to be deterministic for k < r. We let F' = (Fk);l be a fixed sequence with >, -, F,? < 00,
where F2 = Sl R f& for k < r. For convenience, set F2; =Y, . F? (similarly for 2
Fé o etc.) and use f to denote the random vector { fkl} k- Given training inputs X and observed
labels Y = f(X) + €, where € ~ N(0,021,,) is the noise, the prediction using kernel function K
is given by
y(x) = K(z, X)(K(X,X) + AL,,) '(f(X) +e). (12)
Here A\ > 0 is the regularization. As such, the mean test error over the random labels is given by
Err(X;\, F,h) = EfErr(X; )\, f,h) where Err(X;\, f,h) = Egcly(x) — f(2)|?. (13)

To state our results, we need to introduce two functions x g and xy which are related to the bias and
variance in the generalization error,

xsla,€) = / (1+6)pat)dt and  xy(a,€) = ag? / HL+E0) 2pa(t)dt.  (14)

Both x 5 and xy have closed-form representations; see Appendix C.5. Define the effective regular-
ization associated to the r-th order scaling to be

. h2
&(hoh o) = ————— (15)
a(A+h2,)
Finally, we define the bias and variance associated to the r-th order scaling to be
B, (a) = B.(a; \, F, h) =xp(a, &-(h, A, ) F2 + Fgr (16)
Vi) = Vi(es A Fo ) =xv (a,6(h, X)) (B2, +0?) (17)

The following is our main result, which characterizes the test error in the asymptotic regime m o d”.



Theorem 2. Let o € (0,00) and r > 1 be fixed. Assume N(d,r)/m — « as d — oco. Then the
average test error is given by

Err(X; A\ F, il) =B, (;\, F, fl) + V(s A\ F, il,) + Ay, (18)
where A g — 0 in probability.

4.1 Interpretations

We provide some high-level interpretations of the bias term B, and variance term V,.

The Bias. From Eq. (16), the regressor learns all low-frequency modes (£ < 7) but none of the
high-frequency modes (kK > r) as the bias B, contains no low-frequency modes (i.e. £ < r) but

all high-frequency modes F2,. Importantly, the regressor is progressively learning the critical-
frequency mode Y, as the training size m = éN(d, r) increases, i.e. from o = coto o = 07
since x g (v, & (h, A, ) = 1if a — oo and x (o, & (b, A, @) — 0 if o« — 0T, See Fig.3 for the
illustration.

The Variance. From Eq. (17), the variance term

xv treats all high-frequency modes E 2 the same

as the noise term €. Moreover, yy — 0as a — 0

or oo and is peaked at « = 1. The height of the

peak depends on the effective regularization &, and
1

Bias-Variance Decomposition

— B3+V3
- B,
——V
— Bi+Vs

-,
W

it diverges to infinity with rate £? as &, — oco. In-
deed, when o = 1 and £71/2 <t < £71, we have
t(1+Et) "2 pa (t) o< €71/ which implies yy (1, €) >
& [t(1+ &) 2 pa(t) L1 jpcpce—rdt oc E/2.

Finally, Eq. (18) not only gives precise generaliza-

. A - 1 N(d, =1) N(d, =2) N(d,=3) N(d,=<4)
tion formula (up to a vanishing term A,) when m ~ m: # Training Samples (log scale)
N(d,r) ~ d" but also when d"1+% < m < d"—?

i “a = " 6 < < epe ] .. .
(ie. when “a = oo") and when d"° S m S yocition. Theoretical predictions of the bias

r4+1-46 (; “n — O)F"
m .(1.e. when a= 0 ). for any 9 € (01’ 1({2)' and variance from Eq.16 and Eq.17. For each
Indeed, in the non-critical scaling regime d"~17° < r, the variance is non-monotonic and has a

m < d %, a= N(d k)/m — ooasd— oo and peak at N(d, < r) = 3, .. N(d, k).

Bi(a=o0)+ Vi(a=o00)=F2 +0=F2 . B (19)
As such, the regressor learns all low-frequency modes but none of the critical- and high-frequency
modes (k > r), which is consistent with the result in [17, 32]. A similar argument also shows
Bi(a=0")+V,(a=0") = Fi,,, namely, the regressor also learns the r-frequency mode. This
observation implies that we can glue together Eq. (18) for » > 1 and remove all duplicate terms to
generate a sample-wise learning curve (LC):

LC(m; A, £, h) =Y (BT (N(iT);A,f,ﬁ) —(r— 1)F3) +V, (W;A,f,ﬁ)

r>1

Test MSE (linear scale)
-,
W

T,
W

Figure 3: Multi-scale Bias-Variance Decom-

(20)
where N(d, < r) = Y2r_, N(d, k). The “—(r — 1)F2" term in the above equation is due to the
fact that FTQ is over-counted (r — 1) many times (one in each By, for k = 1, ..., (r — 1).) It is worth
mentioning that using o = N(d, < r)/m rather than o = N(d,r)/m in the variance V, captures
the finite-size correction more accurately. See Eq. (206) in Appendix.

Corollary 1. If. for 1 <r € N, (1) N(d,r)/m — a for some a € (0,00), or (2) d" 10 <m <
d" =9 for some & € (0,1/2), then

Err(X; f,h,A) = LO(mi X, £, h) + Ay 21)
where Ay — 0 in probability as d — oo.
Recall that for each r, the variance term V,. could diverge to infinity as £, — oo at & = 1. Thus we
might expect a peak in the learning curve for each r, yielding the multiple-descent phenomenon, as

shown in Fig.1. However, such phenomena can disappear by making the heights of the peaks small
via choosing &, small. We will discuss this point in the experimental section.



4.2 Proof Sketch

The proof of this theorem is quite involved; see Appendix C. For simplicity, we assume the observed
labels are noiseless, i.e. 02 = 0. An ingredient is to understand the structure of the operator

Tx f(z) = K(2, X)(K(X, X) + \L,) " f(X). (22)

The high-level strategy is as follows. We decompose the function into low-, critical- and high-
frequency parts f = fo,. + fr + f>,. As such, the test error is roughly

Err(X) ~ Erro,.(X) + Err,.(X) + Errs,(X) where Err,.(X) = EfE, | Tk fr(z) — fo(x)),

and similarly for Err.,.(X) and Err~.,.(X). The next step is to estimate each part separately.

Low-frequencies. Using the fact that the low-frequency parts of the kernel function K is almost an
isometric operator on the column space of Y_,.(X), one can show that E | Tk (f<,)(x) — f<,(x)|? =
A4 — 0 in probability, pointwisely.

Critical-frequency. Up to a vanishing term, one can remove all non-critical frequencies in the
kernel function K in T in the sense of making the following substitutions

K(z,X) = o2V, (x) Y (X)T and K.(X,X') = o2V (X)Yo(X)" + 52, 1,,. (23)
Thus, with v = (A + h2,), T fr(x) — fr(x) = Yy (2) T M,(X) f + Ag, where
M(X) = (Inwr) — o7 ¥o(X) (Ve (X)Y(X) T +70n) 71V (X) - (24)
Taking expectation with respect to & (using orthogonality of Y;.(x)) and then with respect to f;.,
Ef, Eo|Y,(x) "M, (X)f:|* = Ey, |M(X)f[* = FITe(M})/N(d. 7). (25)

Applying the Sherman—Morrison—Woodbury formula and then Theorem 1,

F2Tr (YT(X)TYT(X)/m+m0$/VIN(d,T))_2 /N(d,7) %Ff/%dt.

High-frequencies. The cross term EfE, Tk fsr () f~r(x) = Ag and thus
Ef,:clTKf>r(w) - f>r(w)|2 = Ef,m TKf>r($)|2 + Ef,m|f>r(w)|2 + Ad . (26)

The second term is equal to F 2. The calculation of the first term is similar to that of the critical
frequency above (namely, we remove all high-/low-frequency components in K.)

5 Convolutional Kernels

5.1 One hidden layer

Our analysis can be extended to analyzing NNGP kernel and NT kernel for one-layer convolution [35,
36, 43]. In this case, we assume the input space is X = Szo_l, where dg is the dimension of a
patch, p is the number of patches, and d = pdy is the total dimensions of the inputs. The measure
associated to X is the product of the uniform measure on S4,—1. We assume that both the filter size
and stride of the convolution are equal to dy. As such, after the first convolutional layer, the input
is reduced to a vector of dimension p. We then apply a non-linearity and a dense layer to map this
p-dimensional vector to a scalar. The NNGP and NT kernel have the following general form. Let
x = (T;)icp) € X, where x; € Sq,_1 is the i-th patch

1 1 . o2
K(@a') ==Y h@lz)=-> > P z)=Y 2> > Yu@)Yulz).
P i iclp) k=1 i1 P ich) e (N (do.k))

Denote Yk(l’)(:c) = Yi(x;) and Yy () = [Yk(li) (a:)T]lTe[N(d07k)]7i6[p]. Then Yy () is the degree k
spherical harmonics associated to this kernel, which span a space of dimension pN (dy, k).



Theorem 3. Let r € N* and o € (0, 00) be fixed. If pN (do,r)/m — « € (0,00) as dy — oo and
the rows of X are sampled uniformly, iid from Sso_l, then the empirical spectral distribution of

LY, (X) Y. (X) tends to the Marchenko-Pastur distribution (i, as dy — oo.

The assumptions on the label function are similar to that of dot-product kernel, e.g.>

F2
f(z) = Z fil Vi(x), with fr~N <0, WI,,N(%’,CJ ifk>r, 27)
k>1 ’

otherwise fj, is deterministic with || fx[|3 = 2.

Theorem 4. Let o € (0,00) and r > 1 be fixed. Assume pN (dy,r)/m — « as dg — oo. Then the
average test error is given by

Err(X; A F,h) = Bo(a; A, £, h) + V(s A, f,h) + Agy, (28)
where Ay, — 0 in probability as dy — oc.

Corollary 2. If, for 1 < r € N, (1) pN(do,r)/m — « for some o € (0,00), or (2) pdy *+° <
m < pdly~° for some § € (0,1/2), then

Err(X; f,h, ) = LC(m; A, £, h) + Ag, (29)

where Ag, — 0 in probability as dy — oo.

5.2 Deep Convolutional Kernels

The eigenstructure of general CNN kernels are much more complicated as they depend on both the
frequencies (i.e. the order of the polynomials) and the topologies of the networks [42]. To rigorously
describe the eigenstructure, a heavy dose of notation must be introduced, which is beyond the scope
of the paper. Nevertheless, the approach developed here is readily extended to cover general CNN
kernels. We briefly describe the main ideas.

Following [42], we assume the input space is still X = Szo_l, where p is the number of patches. For
simplicity, we assume the network has L convolutional layers and in each layer, the filter size and the
stride are all equal to dy. Thus the spatial dimension of the input is reduced to 1 after L convolutional
layers. We then add a non-linearality and a dense layer to generate the logits. The kernel has the
following form

K(z,a') =) > k1Yt (@) Yia(2'), where  Yiy(x) = [] Yiu (i) . (30)
KENP 1€, ¢, [N (do,ks)] ie(p]

Unlike dot-product kernels in which k is a scalar and the eigenvalues depend only on |k| (i.e. the
frequencies), 0,267 ; depends on both |k| and the spatial structure of the vector k in a rather complicated

manner. Nevertheless, as dg — oo, 0,2” ~ daj’“ = d=I%/L for some L < Jr € N. We can then

categorize the eigenvectors according to the decay order of o7 ;. Unlike the case of dot-product
kernels or the one-hidden layer CNN kernels, in which eigenvectors with same-order eigenvalues
are in the same eigenspace (i.e. the eigenvalues are the same), multiple-layer CNN kernels can have
multiple eigenspaces with the same-order eigenvalues. Although this results in extra challenges (see
below), our overall approach carries over. Consider the critical scaling regime m ~ d", for r = j/L
for some L < j € N. Likewise, we can decompose the kernel into low-, critical- and high-frequency
parts according to ji < 7, jr = 7 and ji > 7, resp. Following similar assumptions on the labels and
eigenvalues, the bias and the variance can be essentially reduced to computing

XB :Ni Tr R} (R, + Y, (X) Y, (X)/m)~? 31)
X =S TRy + Ve (0 Ve (X)) HYer(X) Ve (X0 (32)

>The Gaussian assumption is unessential. We use it here for convenience.
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Figure 4: Simulation vs Prediction. We generate the learning curves obtain from

by densely varying m from 1 to 24000. For each m, we average the MSE over 20 runs. The closed-
form prediction from Eq. (18) captures the simulations surprising well even for small d. Left: dot
product kernel with d = 24. Right: one-hidden layer CNN kernel with dy = 20 and p = 6. The
spectral gap is Gap = 32 in both plots.

where R, and R<, are diagonal matrices whose entries are determined by the eigenvalues of the
critical-frequency modes. In the dot-product kernels or one-hidden layer CNN kernels setting,
R,/R<, is a scaled identity matrix and simple, closed-form expressions for the above traces straight-
forwardly follow from the Marcenko-Pastur distribution. However, for a general diagonal matrix
R, with bounded limiting spectra, R,. does not commute with Y, (X)Y,.(X), and a more detailed
random matrix analysis is needed. See the supplementary material for more details.

6 Experiments

We provide experiments to show that our learning curves (Eq. (21)) accurately capture empirical
sample-wise learning curve even when the ambient dimensions remains small. Even though our
theoretical results require averaging the test error over random labels (aka, mean test error), our
experimental results suggest this is unnecessary, i.e. the learning curve Eq. (21) can capture the test
error accurately for any given draw of label function.

Experimental setup. We generate a polynomial kernel function h(t) = 22:1 ﬁz Py (t), where Py
is the degree-k Legendre polynomial in d dimensions. The kernel function can be efficiently computed

via K(x,2') = h(me’) We choose the label function to be f(x) = Zzzl Eyyi(z), where
ye(@) =3, €[] Wh.j Hz;k_l x;, and the coefficients wy, ; are randomly sampled from a Gaussian

and then normalized so that Eg|yx(z)|> = 1 for each k. Therefore E|f(x)|? = 22:1 F2. For
simplicity, we also set 02 = 0 (i.e. noiseless) and A = 0 (i.e. ridgeless). Note that when m < d", the
regressor still contains “effective noise” 2, from un-learnable high-frequency modes and “effective

~(k—1)

regularization" ﬁir. Finally, in our experiments, we choose F,? =k~ 2and fz% = Gap , where

we will vary the value of the spectral gap: Gap = fzi / iz% 1 1- Under this setup, the predicted learning
curve LC(m) = LC(m; Gap) depends only on the spectral gap of the kernel.

To simulate higher-order scaling (r > 3), the dimension d has to be very small as we need to invert a
sequence of matrices of size ranging from m = 1 to m o d" /r!. Due to the constraints in compute
and memory, the largest m we can have is typically mpyax &~ 25, 000 for one single GPU and d in our
experiments is typically around d = 24. As such we are in a regime with strong finite-size corrections.
Finally, all experiments are run in a single A-100 using Google Cloud Colab Notebooks.

Learning Curves Accurately Capture Simulations. In Fig. 4, we generate the empirical sample-
wise learning curve by applying kernel regression Eq. (13) with training set X. We vary the training
set size m densely in [1, mu.x] and for each m we sample 20 independent X to get the

for the test error. The closed-form learning curve is obtained from Eq. (21) and the calculation
is done in Sec.C.5. Even in the low-dimensional regime with d = 24 for dot-product kernel (dy = 20
and p = 6 for one-hidden layer CNN kernel), the predicted learning curve captures the empirical
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Figure 5: Simulations approach predictions as d — co. The mean and the standard deviation are
computed over 32 runs. The predictions and simulations are obtained via the second peak r = 2,
namely, m = N(d, < 2).

learning curve surprisingly well, which has a highly non-trivial multiple-descent behavior. It is worth
mentioning that, from the simulation, the deviation of the test error from its mean is relatively large
when m is small but vanishes quickly as m becomes larger. This suggests Theorem 2 and Corollary 1
should hold in a pointwise fashion, i.e. without averaging the test error over random labels.

Finite-size correction vanishes as d — co. Our theoretical results assume that the input dimension
d is sufficiently large and these results are exact when d = oo. To visualize the finite-size correction,
we plot the dependence of the correction (between simulations and predictions) on the the input
dimension d. Fig. 5 (a) shows that the means of simulations are converging to the theoretical
prediction. Fig. 5 (b) shows that the standard deviations are converging zero.

Small Spectral Gap Eliminates Multiple-descent. In Fig. 1, we plot both the predicted learning
curves and simulations when Gap ranging in [2,8,32,128]. For 1 < r < 6, we have . =

Gapf(rfl)/ ZZ:T Gap~ Y and &, ~ Gap when Gap is large. Recall that the variance term V.,

peaks at « = 1 and the peak scales like {}/2 R Gap1/2. When Gap is large, e.g. Gap = 32,128,
the variance is also large near o = 1, the multiple-descent phenomena are more prominent. On the
other hand, when Gap is small, e.g. Gap = 8,2, such phenomena disappear and learning curves
become monotonic.

7 Conclusion

In this work, we establish precise asymptotic formulas for the sample-wise learning curves in the
kernel ridge regression setting for a family of dot-product kernels in the polynomial scaling regimes
m o d" for all r € N*. We demonstrate that these formulas can capture empirical learning curves
surprisingly well even in the regime where strong finite-size corrections would be expected. We
rigorously prove that the learning curves can be non-monotonic near m o d" /r! for each r € N*.
There are a couple limitations of our approach which could be improved in future work. The first one
is the strong assumption on the distribution of the input data, namely, the uniform distribution on
the spherical type of data. In addition, the learning curves are obtained only in the kernel regression
setting and extending the results to the random feature setting (see, e.g., [29]) and the feature learning
setting [44] would be meaningful future directions.
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A Appendix Guidelines

The appendix is organized as follows. We prove Theorem 1 and Theorem 3 in Sec. B. In Sec. C,
we prove the test errors for dot-product kernels, namely, Theorem 2 and for one-hidden-layer
convolutional kernels, namely, Theorem 4. The proof also shows how to reduce the test error of
multiple-layer convolutional kernels to evaluating Eq. (31) and Eq. (32). Finally, in Sec.D, we provide
additional plots to empirically verify that the finite-size correction becomes smaller as d grows larger.

B Proof of Theorem 1

We begin with some notations. For positive numbers a and b, we use a < b to mean there is a constant
independent of d such that ¢ < Cb. In addition, a ~ b, if a < band b < a.

The proof of Theorem 3 is similar. We only present the proof of Theorem 1. Our proof is based on
the following result from [5].

Lemma 1 ([5]). Let x,, € R? be random vectors and X = [Xp1, ... Tps] be a p X m matrix with iid
columns. If for every { Ap}p, p X p matrix with uniform operator norm,

1
FE@?AP% —Tr(A,))]* =0, (33)

then the empirical spectral distribution of %X XT converges to i, weakly if p/m — o € (0, 00).

We prove a slightly more general version.

Theorem 5. Letr € Nand o € (0,00) be fixed. Assume m = m(d) with N(d,r)/m — a € (0, 00)
as d — oo. Let u = u(d) be a sequence of functions defined on Sy_1 such that

(1.) the cardinality of u satisfies |u|/d" — 0 as d — oo;
(2.) the functions in u and Y, are mutually orthogonal;

(3.) for any unit vector 0, let E,|07 Z,.(z)|* < 1 uniformly of d and 6, where Z,.(x) is the
concatenation of u(x) and Y,.(x).

Let ZT(X% be the concatenation of Y,.(X ) and uw(X). Then the empirical spectral distribution of
L 7. (X)T Z,(X) converges in distribution to the Marchenko-Pastur distribution [i.

We mainly use the case when w is the empty set, i.e. Z, = Y, and the case when u = [Ykl]{q, i.e.
Zr =Y<,.

Proof of Theorem 5. We apply Lemma 1 to Z” (X). We only need to show for matrices A = A(%)
with || Allop < 1,
(Ju| + N(d, 7)) *E| Z ()" AZ,.(x) — Tr(A)|> -0 as d— oo, (34)
or, equivalently
N(d,r) *E,|Z,(x)T AZ.(x) — Tr(A)|? -0 as d— ooc. (35)

since |u| = o(d"). The assumption || Al|,, < 1implies that the absolute values of all entries of A are
bounded 1. A key observation in proving the above estimate is that, up to a unitary transformation,
almost all functions in {Y.;(x)}; are monomials of the form

gi(@) = Cap [ [ i (36)

i€

where ¢ C [d] with |¢| = r and Cy,, is a normalizing factor such that

er/ [[lziPde =1. (37)
Sa—1

i€
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We prove later that for any finite integer r > 1,

/ G dw—H/ l@i[2da + O(d—"1) = d= + O(d~") (38)

Sa-1 ¢4 i€

Now we proceed to prove Eq. (35). First note that G = {g; : ¢ C [d], |4| = r} is an orthonormal set.
This can be proved by noticing that if ¢ # j, then there is ¢ € ¢ buti ¢ j. Clearly, the symmetries of
the measure on S;_; implies

/S gi(x)g;(x)dx =0. (39)

We choose B = {b;} j¢[p so that GLIB forms an orthonormal basis of Z,.(x). Note that the cardinality
of Bis o(d"). Indeed,

p=lul N = () =l (T (T () = 0@ = otar)
(40)

Thus 5+ — 0as d — oo. After a change of basis, we can assume Z,(z) = [g(z)", b(z)"]",

where g = [g;]7 and b = [bj}j c[p- Here we use the fact that Eq. (35) holds for all A with uniform
operator norms is equivalent to that it holds for Q7 AQ for all such A and any unitary matrix Q. We
write,
An A
A= 41
[A21 Az “D

where A1 is the upper left (f) X (i) block of A, Ay, is the lower right p x p block of A and the
other two blocks are defined similarly. Note that || A;;|lop < ||Allop < 1fori,j € {1,2}. As such,
we have

N(d,7) *Ey|Z, ()" AZ,(z) — Tr(A) > < 5(I + I + I3 + Iy + I5) (42)
where
= N(d,r) *Eg|g(x)" A11g(x) — Tr(Aq)[? (43)
=N(d,r)” 2Ew|b(as)TA22b(a:)|2 (44)
= N(d,7) *Ey|g(x)” Aob(x)|? (45)
= N(d,r) *Ex|b(z)" An1g ()’ (46)

N(d,7)"2|Tr(Ag)? 47)

We prove I; — Ofor1 <14 < 5. The ¢ = 1 case is the most difficult and the others are straightforward
since pN(d,r)~t — 0. E.g., wheni = 3

I < N(d,r)"*Eqlg(@) 3| Ar2]12, | b(2)|?, (48)
< N(d,r) 2 (Ea|lg(@) |4 Ea|b(2) 1) (49)
< N(d,r)"? max(Eq|g; ()| *Eq |b; (z)[*) /2pN (d, 7) (50)
2,]
= COpN(d,r)™* =0 (51)

where we have set C' = (Eg|g;(z)|[*Ez|bj(x)|*)'/2, which is O(1) due to assumption (3.) in
Theorem 5. The bounds for 5 and I4 can be obtained similarly. For I5, we simply use Tr(Ags) <
pllAllop < p.

It remains to control /. To ease the notation, denote B = A;1. We split I; < I11 + 112, where 14
and I, are the diagonal and the off-diagonal parts, resp.,

Iy =2N(d, T)szm| ZBH(QE@) - 1)|2 (52)
I = 2N(d,7‘)72ﬂ‘:w|ZBl]gng(m)|2 (53)
i#£]
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Bounding the diagonal part I1;. Using E,g;(x)? = 1, we have

Ly =2N(d,r)"*Eq »  BiiBjj(9i(x)g; () — 1) (54)

©,J
We spit the proof into two cases: 4N j = () and 2N 5 # (). The following is the key estimate to handle
the first case.
Lemma2. IfiNj =0,
max |E,g (2)g5 () — 1] S d ™' (55)
1,3

We prove this lemma later. We show how to use this lemma to handle the 2 N j = () case. Recall that
|B; j| < 1 and the number of tuples (%, j) is fewer than N(d,7)?. We have

N(d,r)%[Ex Y BiiBjj(gi(z)gj(x) — 1) (56)
1,7,8N7=0
Y max |Eg ()9 (2) — 1| (57)
%,7,2N7=0 “J
<max|Egg; (x)g;(x) — 1| Sd'. (58)
2,7

We turn to |2 N j| = ¢, 1 < ¢ < r. For each fixed 4, the number of choices of j is

d— S
= () g

1<t<r 1<t<r
As such,
N(d,7) *Eq Z |BiiBj;(g; (x)g; (x) — 1) (60)
,7,4N5#0
<SN(d,r)"2N(d,r)d"~ 1maXE lg2(x)g ( ) — 1 (61)
<dt (62)

Off-diagonal terms /;,. Bounding the off-diagonal terms can be reduced to a combinatorics
problem, which is similar to the random tensor model considered in [9]. We need to estimate

112—2N(d T Z BnglkEmgz( ) ( )gl( )gk(w) (63)
1#7,l#k

By symmetries of the uniform measure on the sphere, we can assume the monomial
gs()g;(x)gi1(x)gr () has no linear factor, that is the degree of any z; in this monomial must
be at least 2 if not 0. In addition, for such monomials, the Holder inequality and hypercontractivities
yield,

[Eagi(2)g; () g (@) gn ()| < maxEqy|g; ()" S max(Eg|g:(2)[*)* = 1. (64)

As such, we only need to show that the growth of the number of such quadruples (4, 7, k, 1), as a
function of d, is slower than N (d,r)? ~ d*". We proceed to prove this claim. For each fixed 4, let
t=|tNj|where0 <¢ <r—1(+#rsince ¢ # j). Let J(¢;¢) denote the set of such j, whose

cardinality is
d— ,
)= (7) (02]) <t sa. 65)

Next we estimate the number of tuples (I, k). Letw = [({ U k)\(¢ U j)|. Since [l Uk Ui U j| < 2r
and |2 U j| = 2r — ¢, we have w < t. The cardinality of choosing such k U I cannot exceed

S (d—(ir—t)) 2’"2” <2vr> <. 6

0<w<t v=0
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With k U 1 given, the pair of (k,1) cannot exceed (2:)2 < 1. Thus, with 4, § and ¢ fixed, the number
of pairs of (k,1) is < d'. Using | Bik| < 1 and max; (3, B%;)'/? < || B|lop < 1, we have

N(d,r)?La > Y, Y Byd (67)

i 0<t<r—1jeJ(ist)

<30T MY BE)Y A (68)

i 0<t<r—1 jeJ(ist)
SlAlepY, >, drvid (69)
i 0<t<r—1
< N(d,r)d> =1/ (70)
which gives I < d~1/2. O

Proof of Lemma 2. 1t suffices to prove that for any finite integer j > 1,
/ I[ zide=d7+0@@ 7). (71)
Sa-11<t<;
Indeed, assuming this estimate, we have C; 2 = d~7 + O(d~7 =) and C3 ; = d/ + O(d’~'). For
any ¢ and 7 withiN 7 = (),
Eeg;(x)g;(x) —1=Cy, / I[ #idz=ci,Cp5, —1=0(") (72)
Sa-1 yeiuj
It remains to prove Eq. (71). By symmetries,
1 1 1
2 2
xtdw:f/ xtdwzf/ ldx = —. (73)
/Sdl d Sa—1 1§tZ§d d Sa-1 d
By symmetries again,

/ I[ 2ida (74)
S

d-11<¢<j—1

:/ I 2 3 @2+ «2|de (75)

Sa-11<t<j—1 1<i<j—1 j<i<d
=(d—-j+1) H ridx + (j — 1)/ z? H ride (76)
Sa-11<1< Sa-1 1<i<—1

We use hypercontractivities to bound the error term, namely, the second term. Recall that for any
q > 2 and any polynomial defined on the sphere,

1/q 1/2
( / If(w)lqdw> < (g — 1)tes/2 ( / f(w)2dw> . )
Sda—1 Sa—1

Setting f(x) = x; (with deg(f) = 1) gives

q/2
/ |2 |%dx < (g — 1)7/? / |2t |2da =(q—1)"?d"% . (78)
Sd71 Sd—l

By Holder’s inequality and symmtries

(.

/s z? H r2dx < /S |z1|% dx H /S |24|% dac (79)
d=1 1<t<j—1 d=1 1<t<j—17d=t
= / o[V da < (2j —1)7d™ (80)
Sqa—1
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Thus
/ aide = (d—j+1 II #idz+0(d) (81)
Sa—1 1<t<g 1 Sa-11<i<;
and
/ 11 :z:fda:* 5 / 22dx 4+ O0(d™71). (82)
Sa—1 1<t<y (7 - Sa—1 1<t<7 1

Finally, Eq. (71) is a consequence of this estimate and induction.

C Generalization

We aim to obtain the asymptotic formulas for the test error in this section. In the high-level, we
decompose the empirical kernel K (X, X) into low-, critical- and high-frequency modes, where we
have concentration in the low- and high-frequency parts of the kernel. The test error associated to
these two parts are easier to handle. The critical-frequency part is more difficult in which random
matrix behaviors emerge, namely, the Marchenko-Pastur distribution. As such, our first step is to
remove the contribution in the test error coming from the non-critical frequency parts. After that, the
remaining is essentially equivalent to computing the trace of certain functional forms related to the
Marchenko-Pastur distribution.

We consider a general setting that includes the dot-product kernels, the one-hidden-layer and the
multiple-layer convolutional kernels (NNGP and NT kernels.) In what follows, we use Ay, A/, A7,
etc. to represent quantities that converge to 0 in probability (the absolute value of a scalar, the norm
of a vector, the operator norm of a matrix, etc.), whose exact form may change from line to line.

C.1 Setup

For d € N*, let X¥ C R be the input space associated with a probability measure (¥ and a
kernel function K (). Assume the kernel function has the following eigen-structure

ED(@a)=3" 3 (o) 3 ¢\2(x)opm () (83)

}i)>1 ne Ek] lENlid)
in the sense K (9, as the integral operator from L?(X (d), @) to itself,

K60 (@) = [ KO@,a)o ()0 (da') = (o1 P00 () (84)

Here {¢§:Ql}knl is an orthonormal basis of L?(X® ¢(9). We also assume K(? is a trace-class
operator, i.e.,

STEDe oy =3 3 N (o2 (85)

knl k>1ne[Ey]

In the above notations, we use the triplet (k, n,!) to index the eigenfunctions cb](jl)l. The tuple (k,n)

determines the eigenspace, whose eigenvalue is of the form “(o ]id)) = C,d~* 4+ Lower Order"

and [ lists all eigenfunctions in the kn-eigenspace. We make the following assumptions.

Kernel Assumptions.

(1.) Spectral Gap. There are Jy > 0 and a sequence of strictly increasing positive real numbers
{sr} with |sx, — si_1| > d¢ for all k£ > 2 such that

(ox )2~ d=or ~ (D) (86)
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Moreover, {Fr} C N* is independent from d which grows at most exponentially. We

also assume that there is a sequence of real numbers {ﬁin}kn with ﬁin # 0 unless k is
sufficiently large and

Z Z h?, < oo and (a,i(fg)QN,Ei) —h2, as d— oo 87
k nel[Eg]

(2.) Hypercontractivity Inequalities. For any p > 2 there are constant C,, ;, such that for any
function f in the closure of Span{gbﬁ)l bi<k

1fllp < Cpkllfll2 (88)

(3.) Concentration of Quadratic Forms. Let ng,(Cd) (x) denote the column vector consists of

elements {qﬁ,&dn)l () }ie [N, (d)ne[r,)- For every sequence of matrices { A} with uniformly
bounded operator norm,

-2

S NP Ealol” (@) TADS D (@) - TrAD? 50 as d oo (89)
n€[Ey)

(4.) Addition Theorem. For k € N* and n € [E;] and 2z € X(¥

S o (@)? = N (90)
1e[N{Y]

Let us briefly explain the assumptions. The Spectral Gap assumption basically says, we can classify
the eigenvectors into countably many categories indexed by & € N*. In the k-th category, it has
exactly F, many eigenspaces, each of them has dimensions ~ d°* and eigenvalues d . It also
implies the number of eigenfunctions with eigenvalues < d~** is ~ d®*. Assumptions (1.), (2.) and
(4.) together are stronger than those in Theorem 6 in Mei et al. [32] (and slightly less technical), which
allow us to apply kernel concentration from Mei et al. [32]. In particular, they imply concentration of
the low- and high-frequency parts of the empirical kernel K (9) (X, X). Finally, Assumption (3) is
designed to meet the requirements in Lemma 1, which allows us to claim Marchenko-Pastur type
behavior of the gram matrix induced by the feature map ¢;. We provide a couple examples.

Example 1 (Dot-product Kernels). When X @ — Sq_1 and KD s the dot-product kernel, we have
Ep =1, 8, =k, Ngn = N(d, k) ~ d*/K\, and ¢prn; = Y1 (note that n = 0 since Ej, = 1.) Note
that by the Addition Theorem of spherical harmonics (Theorem 4.11 in Frye and Efthimiou [15]),

Z Ykl(:l:)2 = ]\/v(d7 k‘) (91)

I€[N(d,k)]

Example 2 (One-hidden-layer Convolutional Kernels). Sightly more general setting is the one-layer
convolutional kernel (NNGP or NT kernels). In this case, x@ = SZO_I where p is the number

of patches and the input dimension is d = pdy. We can set either p = O(1) (i.e. independent of
do — 00) or p ~ d*» for some oy, > 0. This kernel is essentially the sum of p dot-product kernels. As

such, By, = 1, Nyn(d) = pN(do, k) ~ pdf /k! and (o pd)? ~ (pd&) L. If p ~ d* and do ~ d*?o
with ag, + o = 1, we have s, = oy, + ko, and d~°% is the decay rate of the k-th order spherical
harmonics.

Example 3 (Multiple-layer Convolutional Kernels). General convolutional kernels are much more
complicated [42]. In this case, X @ = 85071 where p is the number of patches and the input
dimension is d = pdy. We additionally assume, p = k:g ~L for some ko € N* and the network has L
convolutional layers with filter size and strides being the same in each layer (equal to dy in the first
layer and to kg for the remaining (L — 1) layers.) The eigenstructures of such kernels are studied in
Xiao [42]. The eigenfunctions are tensor products of spherical harmonics defined on copies of Sq,—1,

Yia(@) = [ Yiu (=) (92)
]

i€lp
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The eigenvalues are more complicated to compute as they depend on both the frequencies of Yy, ; and
the topologies of the networks. When dog o< d® and ko o d*o with agy + (L — 1)ag, = 1 and
Q> Oy > 0, the eigenvalue of Yig is o< d=(FR)I+7R) a5 d — co. Here F (k) = |k|ay, is the
frequency index of Yy and 7 (k) = Jyou, is the spatial index, where Jy, is the number of edges in
the sub-tree connecting all interacting patches (i.e. k; # 0) to the output; see Xiao [42] for more
details.

As there can possibly exist k and k' with # (k)+ .7 (k) = F (k') + 7 (k') (i.e., same order of decay)
but (F(k), 7 (k)) # (F(k'), L (K)) (ie. different space-frequency combination), there can exist
more than one eigenspaces whose eigenvalues decay to zero with the same rate d—(F F)+7 (k) pyy
with different leading coefficients. This is the main reason why we need to allow |Ey| > 1 in Eq. (83).

Next we discuss the assumptions on the label function. Let X be the training set with m ~ d°" many
training samples for some r € N* fixed. Then let the ground true label function to be

=> > > Frmd\o (). (93)

keEN* n€[Bk] 1[N (D]

Let Nf* = ¥=,c1s,) Niv, - We assume, for k > 7, fin = {fint}, (o) is a random vector with

: ;v PP
Efin=0 and Efinfin = 5Ty (94)
Nkn kn

and { f;m}ne[ Ey],k>r are mutually independent. One concrete example is

R F2
fin ~ N0, 8T @ | 95)
N kn
kn
For k < 7, we assume the coefficients are deterministic with >°, f2,, = F2 , 3 F2 = F? and
Z F? <00 (96)
keN

Our goal is to compute the average test error over the random labels defined above in the scaling limit
m ~ d°r.

C.2 Structure of the Empirical Kernels

For convenience, denote

(d) (d)

<k ( ) [d)_]nl( )]ZE N(d)] 1<]<knE[E], (97)

N = 3T N (98)
n€[Ey)

NG = 30 N (99)
1<j<k

Let x| be the i-th row of the training matrix X . Similarly,

Zi(X) = [0 (®0), -+, 8 (@m-1)] Zn(X) = [0 (o), - .. 6 (@m_1)] T (100)
Ay, = diag ([(U;(m)) INIEfﬂnG[Ek]) A< = diag ([( N(Z)]nG[Ej]¢1§j§k> (101)

Note that Z(X) (Z<;(X)) is an m x N (m X N<k) matrix and Ay (A<y) is an N(d) X N(d)

(V. idk) x N. Ldk) ) diagonal matrix. The followings are defined similarly,

Zen(X), Zpn(X), Ack, Agn, N9 N (102)
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Next, we decompose the train-train kernel into two parts: the < r frequency part and the > r
frequency parts,

KX, X) =Y Zi(X)AZi(X)" = Z<n(X)A<Z<o(X)T + Y Zu(X)ArZi(X)T

keN* k>r+1
(103)
= Z<(X)A<Z<,(X)T+ D 3 (04)? Zion(X) Zin(X)T (104)
k>r+1ne[Ey]
= KYx, x)+ K%(X,X) (105)
- <r ? >r 9

Assumptions (1.) (2.) allow us to apply kernel concentration [17, 32], which implies that the low-
frequency and high-frequency parts of the empirical kernels are concentrated. By saying concentration
in the high-frequency part, we mean

Claim 1. Let

Aj = (d) Zin(X) Zen(X) " — Ly (106)
Nkn
Then
ES" S a0 o, — 0 (107)
k>r ne[Ey]

The proof of this claim essentially follows from the arguments and results in Theorem 6 of [32]; see
Sec. C.7. Thus

KOX,X) = 37 D (000N (T + AL (108)
k>r+1ne[Ey]

ST+ >0 > kAl (109)

k>r+1 k>r+1nelEy]

Denote

=3 3 NYoh?~ (110)

k>r+1 TLG[E)C]

SN A, (111)

k>r+1ne[Ey)
we can write
KY(X, X) =02, I, + A where E|AY ., —0 (112)
By saying the low-frequency part of the kernel concentrates, we mean (Theorem 6 [32])

1
—Zo(X)T2<(X) = Lyw + A%, where  EJA)op =0 (113)

Finally, Lemma 1 and Assumption (3.) imply that if Nﬁd) /m — a € (0,00), then the empirical
measure of the critical part of the kernel matrix - Z,(X) " Z,(X) , and the low-and-critical frequency
parts %ZST(X )T Z<,(X) converge to the Marchenko-Pastur distribution /., weakly by Lemma 1.
In particular, || £ Z,(X) " Z,(X)lop + |2 Z</(X) " Z<r(X)||op = O(1) in probability as d — occ.
For convenience, we summarize the structure of the empirical kernel in the following.

Corollary 3. Assume Assumptions (1.-4.). Let r € N* and a > 0 be fixed and m = m® be such
that Nﬁd)/m — a € (0,00) as d = co. Let X, of shape m x d, be the training set matrix whose
rows are drawn, uniformly, iid from X @) Then we have the following structure for the empirical
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kernel matrix

High-frequency Features: K (>dr) (X,X)= h2 I, + A(ﬁz, (114)
1
Low-frequency Features: —Z (X)) Z(X) = I+ A(<d,,). (115)
m <
1
Critical-frequency Features: the empirical measure of — Z,(X)" Z,(X) = pia
m
(116)

1
Low-and-critical-frequency Features:  the empirical measure of —Z<,(X)" Z<,.(X) = ia
mes <
(117)

Let 0 < A = O(1) be the regularization and y = A + iAL2>T be the effective regularization. To ease the
notations, denote

Z - %ZST(X) 7> = ﬁZ>r(X) Z, = LmZT(X)

K< =7 mA< XS :'Y_lmAS K> 27_1mA> Kr :’y_lmAT
Clearly, Corollary 3 and the assumption on the spectra imply that in probability as d — oo
”Z<||Op + ||7S||op + HZTHOP + ||X<||op + HXSHOP + ||Xr||0p <1 (118)

Then we can write K(%) and K* as

KX X)= KD(X,X)+ M, =v(Z<AZ. + L)+ A=K +A% (119

where
- <« =T
K=vZA<Z_+1,) (120)
Then by Sherman—Morrison—Woodbury formula

_ — _T— \—1__ 11—
KL=t (Im -7 (A +217.) ZI) —7 (1. -2<D'ZZ) 2
where
1 —T—
D-A.' +Z.7Z.. (122)

The matrix D plays a critical role in the remaining analysis. We have the following control regarding
its eigenvalues, which says the eigenvalues of D are away from 0 and oo

Lemma 3. There are constants 0 < A1 < Ag independent of d such that, in probability as d — oo,
MI <D < XTI (123)

We will prove the lemma later in Sec.C.6.

Note that
KX, X)"' = (KX, X) " K)K ' = (I, + K 'AY) K1 = (I, + A K
(124)
where || A/;|lop — 0 in probability since || K ~!||op, <! and |\A(>d,).||Op — 0 in probability.
Similarly, we can write
M(X,X)=EK(X,z)K(X, x)T (125)
=3 N (0@ T3S M Zin(X) Zr (X)) (126)
1<k<r n€[Ey] k>r nelEy]
:m_lfyzZSXzSZ; + m_lAg (127)
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where

mz Z akn A 2 (X)) Zpon (X —mz Z akn s —|—A(d)) (128)

k>r ne[Ey] k>rne[Ey]

We have ||Al|lop — 0 in probability as d — oo, since

mY " 3" (VAN ~m ST dm Y (o )2ND (129)

E>7 n€| By k>r n€[Ey)
<dd- SH—lZ Z n (130)
k>r ne[Ey)
<dvdTn ) ), B Sd =0 (131
k>r ne[Eyg]

Finally, the above estimates imply

H=K"X,X)"'MX,X)K{"(x,X)™! (132)
= (I, +A)K'M(X, X)K (I, + A}) (133)
= Ly + AYK N (VPZRZ L+ N)K (I, + A)) (134)
= m! <Z§ (A +7270) Zi+ Ag’) (135)
—m™ (Z<D “ZZ+AY) (136)

with the error term ||A’}'||o, — 0 in probability.

C.3 Reduction I: Reducing the MSE to Traces

We will repeatedly use the following simple results.

Lemma 4. Let u be a random vector with Eu = 0 and Buu' = o°I;. Then for any k x k
deterministic matrix A,

Eyu' Au = 02 Tr(A) (137)

Ey|Au|3 = o?Tr(AT A). (138)
Next, we compute the loss by decomposing it as follows. Recall that the observed labels is f(X) + €
where € is the iid noise term, which is centered and has variance 062. Thus the average test error is

Err(X; A\ F,h)
2

:]Ef,e,m f(w) - K(d) (Ji, X)K'(yd) (Xv X)il(f(X) + 6)
—EEq f*(x) — 2B 5By f (2) K'Y (2, X)KIY(X, X) 7' f(X) + Ep f T (X)H f(X) + 02 Tr(H)
EEfIl + Ef]z + Ef]s + 1.

Here
I = Eof*() (139)
I = —2E;Eq f(x) KD (2, X) KD (X, X) 7 f(X) (140)
Iy =Ez [ (X)Hf(X) (141)
Iy = o*Tr(H) (142)

We estimate each [; individually.

Estimate I;. We simply keep it unchanged at the moment.
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Estimate /5. Note that

Eof(@)KD(@,X) = 33 fua(ol?26\ (X)) = VmfIAZL + S Vmf MZy
k

n,l k>r
(143)
1 T & 1 T &
zvﬁnggzS +27ﬁfk ALZ, (144)

k>r

where fg is the column vector with elements { f;ml} k<, and f<, f>, fk, etc. are defined similarly.
In addition,

F(X)=vVmZ<fc+VmY_ Zpfy (145)

k>r

We then use the fact that f- is centered to eliminate all cross terms between fg and f>. Denote

E-, E; and Ey,, the expectation operator over f>, over f'k and over f;m resp. Under this notation,
Ef = E,E-. Using Eq. (124) and Eq. (125),

T=—1=T— 2 . — =T 1=\ 2
Esly=—2fID Z.Z<f<—2E- ) fi (Aka E9(X, X) 1Zk) Fi + Mg (146)
k>r
for some Ay — 0 in probability. The second term goes to zero since, for each & > r and n € Fy
~ f— —T e ~
Ekn.f};; (Aknzanﬂ(yd)(XaX) 1Zk:n) .fkn
=3 /NG T R (23 K (X X) 7 2
~ ¢ _ —T -
=B, ING Y o) T (Z, KO (X, X) ™ 2 )
—1g d d _ — T
<y ER N ol UKD (X X0 op Tr (Zin Z )

- d d 1 @ 1
SEE NG o) TN~ Zin 2
kn

. 1
=F2 m(c\™)2 = Tr(I,, + AlY)
m
d d
<m(o )21+ |AY [lop)
d) 3 d
=m /NS B2, (1 + 1A op)
Sr—Sk T, d
~d® = h2 (14 | AL lop)

Clearly, the sum over k > r and n € [E}] of the above is bounded by < d~% in probability. Thus

ol =2 (fID"'Z1Zf<) + A (147)
Estimate /3. Again, we use the fact that cross terms have mean zero

E-l; = f (X)Hf(X)=m (ng;HZSfS T ZEJJZZHZJQ (148)

k>r
=T ——2—=T— =T ——2—-T— &
=flZ.ZD Z. Z f<+> Ef{Z,Z<D Z Zifu+0s (149
k>r
=1+ 132+ Ag (150)
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Note that

= —=—2=T 2 - =T
Io=> > ExaWZ<D ZfinfZinZy, (151)
k>r n
=N 2N TNZD 2. 2.2y, (152)
k>r n
=SS B /mTZ<D ZL(L, + AY) (153)
k>r n
—m YN B, (Trﬁ’zigig) 1+ Ay) (154)
k>r n
—1£2 AN A /
=m P, ThD "Z_Z.+ Ay (155)

where A/, — 0 in probability since ||D*27;?S llop < 1 in probability.
Estimate I,. The I, is similar to /3 » above and we have

L=m"'o?TtD "Z.Z<+ Ay (156)
All Together. Combining all terms we have
Eoly + 1o+ Iz + I (157)

——1=T= r 2 -1 —2=T—= 2 -1 —2=T—= 2
- H(I— D Z<Z<) f<H + (1 +m Tt D Z<Z<) P2 +m ' v D Z.Z<0%+ A
<@<) <], <4< <4<
(158)
——1—1 5 [|2 1 =—25T5 \ 29 i =25T= o

= DAL+ (14 WD ZLZ) B2 4 m D 2 20 + Ar (159)

=T+ + T3+ Ag (160)
where
——1—1 5 |2

T = HD Al fe ‘2 (161)

T, = (1 +ml Trﬁ_zi—;?g) £2, (162)

Ty=m' T+ D "Z.Z<0? (163)
As such, it remains to handle

E,(Ty + T2 + T3) = E, Ty + T + T3, . (164)

C.4 Reduction II: Reducing Traces to Integrals

Recall that KS is a diagonal matrix with elements v~ m(a,(jl))Z, whose multiplicity is N ]ii) for

k< randn € [Ey. When k = r, y"'m(c\?)2 ~ 1, otherwise V*Im(al(c(fl))z ~ d*~~*%, For
convenience, we let

1

Ne=NY, N_=N?, N =N (165)
Therefore,
—1 A 0
Al = [0 R} (166)

where A is an N x N_ diagonal matrix whose entries are 7171*1(0,(;2))’2 ~ d=Gr=%) and R

is a N— x N_- diagonal matrix whose entries are ~y1n*1(a,(fi))’2 ~ 1. As such, we claim that we
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can replace f< by [0, f-] in estimating 7} and replace the A in K;l by any pIn_ for any finite
non-negative constant p in estimating 75. The first claim is obvious as, by Lemma 3,

_—1—1 —_——1 ——1 — - —(sr—s
1D AL [f 2,0 2 < ID lopll A< [£ <, 0] ll2 S Ay (mo?_yy HIIF cllz S d~C ) =0

(167)
To prove the second claim regarding estimating 75, denote
D= [pI(JJV < 192] +Z.7- (168)
We claim that, in probability,
m~ Tr ((b’2 - 1:)—2)7;75) (169)
—m 1Ty ((5‘1(5‘1 -DYhY+(D - D—l)[)—l)igig) =0 (170)
We only bound the first term as the second term can be handled similarly.
m-1Tr (ﬁ’l(ﬁ’l _ D—l)ZQZS) (171)
—m 1Ty ((E‘l _ 13—1)7;7@—1) (172)
—m 1Ty (ﬁ‘l([) — E)D*Z;ZSE*) (173)
L Ty ((D _ 5)[)—17;755’2) (174)

Then we use the facts that (1) the upper right No x N_ block matrix of (D — D) is a diagonal
matrix whose entries are in [0, 1] and the three remaining block matrices are zeros, and (2) all entries

in B’17;7§5_2 are bounded above by a constant (each matrix in ﬁ’17;7§5_2 has bounded
operator norm®) to conclude that

‘m_l Tr (5’1(5’ _ D—l)ZIZS)‘ <mIN. (175)
Thus
T, = (1 +m! Trb_ziljg) 2 4 A, (176)

which will be handled later.

It remains to handle 77. We make two steps of reductions in estimating E,T;. The first one is to
—1
replace A" by

Al = {8 1%] 177)

and the second one is to replace K;l + 7;73 by

—T—
Iy B} Iy Z_7Z_
W = < =|_+=< _ 1< (178)
[BT C|~\zlz. zz_+r
Here we have applied
—T—
Z<Z<=IN<—|—Ad (179)

The reason we could do so is exactly the same as we replaced D by D above as we only perturb the
entries in the upper N x N block by O(1).

SRecall that ngg follows the Marchenko-Pastur distribution.
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Note that W is symmetric and is also strictly positive definite, i.e. the minimal eigenvalue of W is
2 1; see the proof in Sec.C.6. Thus by the Schur complement,

NN

E,.T) = 1+ Ay (180)

2

+Aq (181)
2

:E’r‘

[—B(C - BTB)—lRf_]
(C-B"B)'Rf_

By the fact that f: is mean zero and isotropic, we have the above equal to
E. Ty =Tr (R(C-B'B)"'B"B(C - B"B)"'R+ R(C —~ B"B)?R) F?/N_ + Ay

(182)
=Tr(RCT2R)F2/N_ + A, + Ay (183)
where
,=Tr(R(C-B'B)"'B"B(C-B'"B)"'R) /N_+ (184)
Tr (R((C-B'B)"?>-C ?)R) /N-. (185)
We claim that A/, — 0 in probability. For the first term, we have
Tt (R(C-B'B)"'B'B(C-B'B)'R) /N_ (186)
=Tr((C-B'B)'R*(C-B'B) 'B'B)/N- (187)
=[[(Cc - B"B)"'R*C - B"B)"!|,, Tr (B"B) /N_ (188)
<I(C =B B) |op| R?[lop(C — BT B)~"{|op Tt (B B) /N= (189)
<Tr(B'B) /N~ N./N- =0 (190)
in probability as d — co. We have used
| R[op S 1 (191)
I(C = BTB) op < W Hlop S 1 (192)
1 Tt (B'B) ~ No/N_. (193)

N_—

The last one holds because B " B is a rank N_ matrix with operator norm < 1. Note that this also
implies that BT B has at most N many non-zero singular values, which is upper bounded by < 1.
Using Von Neumann’s trace inequalities, for any matrix A, we have

Tt ABTB| <Y 0,(A)0; (BT B) < N || Alop (194)
J

where o;(A) is the j-th (in descending order) singular value of a matrix A. Now we proceed to
control the second term. Note that

(C-B'B)2-C? (195)
—(C-B'By?*-(Cc-B'B)"'c'+(C-B'B)"'c!'-C* (196)
=(C-B'B)?B'BC'+(C-B"B)"'B"BC? (197)

As such, by Eq. (194) we have
|TrR(C — B"B)2B"BC'R|/N- (198)
=|TrC'R*(C - B"B)"?B" B|/N- (199)
<N./N_|C7'R*(C — B"B)™?||op — 0. (200)

The other term can be bounded similarly. This finishes the proof of A/, — 0 in probability. To sum
up, we have the test error to be

Err(X; A, F,h) = Tr (R2C~2) /N_F? + (1 +ml Trf)*ﬁlig) 2 4 201)

m e Tt D2Z . Z< + A, (202)
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Generalization Error via Marchenko-Pastur The next step is to reduce the traces to the integral
form when d — oco. That is evaluating the followings as d — oo,

Tr (R2 ) /N— and m 'o?Tr ﬁ_Qigig (203)

We begin with the simpler case F,. = 1 and then consider E, > 1.

The E, = 1 case. l.e., there is only one eigenspace with eigenvalues ~ d~°. This is the case for
one-hidden layer convolutional kernels and dot-product kernels. In this case, n = 0 and

R=(E") Uy, with &7 =4 lm(e@)? = h2y "t 5 E =a 2yt (204)

N=

Choosing p = (Efnd))*l and applying Theorem 1, we have when” N_/m — «a € (0, c0)

1 (0) N [ g Pl (205)
Nl wp2zlzZ. —>a5f/t(1 FE ) 2 (t)dt (206)
m NS - =
Therefore,
Err(X; )\ F,h) = F2/“(’7@ F2> F2 402 -?/M A
rr(X; A, F, h) (, (1+§,,t)2dt+ 2, +( >,+ae) g, (1+£rt)2dt+ d
(207)

Both integrals have closed form formulas and they are computed in Sec.C.5.

The E,. > 1 Case. Recall that R is a diagonal matrix with entries W(m(a,(«i?)Q)_l whose multiplic-
ity is Nr(fl,,). We assume the limiting density exist
Y(m(e )"t = yah 2 and N/ Z N - 7., (208)
n€(Ex]
and let vp () denote this distribution. For convenience, we still R to represent a (sequence of)
diagonal matrix with limiting spectral vy (7). By our assumptions on h, the support of vy (r) is

bounded away from 0 and oco. Thus, ignoring vanishing correction term between ZZZS and ZIZ=,
we need to compute the limit of the following -

N<
(209)
1 1 e o
— TR+ Z.Z<) 7. Z<=—Tr ((R+ Z.Z ) - (R+ Z;ZS)*QR) (210)

N< - = NS

To evaluate the limit, we may need extra assumptions on the eigenfunctions qb,ml to ensure IR and
Z < are asymptotically free. Nevertheless, under the freeness assumption, computing self-consistent
equations that characterize the asymptotic values of the trace objects in Eq. (209) and Eq. (210) is
then straightforward using tools from operator-valued free probability [33]. We do not elaborate
on the details here, but refer the reader so many related works for examples of how to apply these
tools [14, 1, 2, 38, 39].

C.5 Computing the Integrals.

It remains to compute the above integrals. Note that

2 [ tpa(t) < fa(t) ta(t)
a/a+awﬁ‘§(/u+anﬁ /a+¢wﬁ) @b

"Note that N« = N_(1 + o(1))
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As such we only need to compute, for k = 1 and k = 2,

Cal& o k) = / uﬁ“g)kdt (212)

Note that one only needs {,(&; o, 1) as (,(§; «, k) can be obtained from ¢, (&; o, k — 1) by taking
derivative w.r.t. £. Denote by = (1 &£ /a)? and A = a; — a_. Then

.
Ha(t) = (1 - ;) goft) + Y ;;35 SO (213)
Withb = (14 &,a-)/ (€ (ay —a))and e =Ea_/E (ay —a_)) = a_/(ay —a_),
/ (1+&:8) " na(t)dt (214)
+ - — O

+ 1
_ (1_ 1) b (7(a+—a_>)1—’f/0 Bt e+t WVil—Bdt  (©16)

2maé,

Thanks to wolframalpha.com, we have, after doing some algebra,

Lot —t) [ l+b+ec
A EDET R ( H mu+mu+@> @17
/1 =1 , _ T 218)
o (t+b)*(t+0) 2V2 1 0((b + ¢ + 2be) + 24/ (b + 1) (c + 1)be)

C.6 Proof of Lemma 3.
Note that this lemma is trivial if limg_, o, m/N. édr =a !>1as ngg follows the Marchenko-
Pastur distribution, and the smallest eigenvalues is bounded from below by a_ = (1 — /a)?. When

a~1 <1, we need to use the regularization term K;l. We provide the details below.
Recall that 7; = [71,7: ], where 71 is am x N matrix consisting of low frequency modes
and 7: isam X Nr(d) is a matrix consisting of critical frequency modes. We have V. idr) ~ dr1,
N ~ Nid) ~ d°" and
Z.Z —I.w+A (219)
<Z<=Iyw+ A

@
where E[|Ag|lop — 0 as d — oo in probability. Let u = [B<el, f,e,]T be a unit vector in RV=<r,

. . (@ ()
where e and e, are unit vectors in RV<+ and R¥+" resp., and ﬂi + %2 = 1. We want to show that
for some A\ > 0

M<uDu=u A utu Z Z<u (220)

| . . .
Note that the entries in A~ corresponding to the critical-frequencies are m(ag‘f) )2 ~ 1. Thus there
is a constant ¢ > 0 such that

uw A u > of? 221)

In addition, if C' = || Z .e,||2 then C' < 2ar; in probability. Thus by the triangle inequality,

u'Du > cf} +||f<Z<e< + B, Zre. |5 (222)
> B+ (|B<Z<ecl2— 1B, Zre,|2)? (223)
> B2+ (1 — Ag)|B<| — C|B,])? (224)
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where Ay — 0in probablhty If C|B,| < £|B<|, the above is greater than (1/2 — Aq)B82 +¢f2 2 1;
otherwise C|B,| > 3|B<| and u" Du > ¢f? > (55 8<)? and as a result

1 1
w' Du > 2cf2/2 > (¢f2 + c(%6<)2)/2 > cmin(1, %)2/2 >1 (225)

~

T . —1 =T=
The other direction is easier as both A and Z . Z < have operator norms bounded above.

C.7 Proof of Claim 1
The proof is split into two part: the ultra-high frequency parts k > j, and the median-high-frequency

part, 7 < k < jo. The first part is done by a moment-based calculation and the second part is done by
matrix concentration [40].

Controlling the Ultra-high-frequency. Recall that

Al = ( 7 — Z(X) Zpo(X) T — I, . (226)

By Assumption (4.), the diagonals are zero and we have

d d
Then
d d
ElAR 5 < BIALIE =B |Zum (20 Zin () /N (228)
Z#J
d
( Zz¢knl Ti ¢k:nl :I:J) knl' (i) ;(m)l/ (x5) (229)
kn i#y LU
d d
:WEZZ@WE(% ()2 (230)
(Niew )25 0
1
=—=m(m—1) < m? (231)
N N

Recall that FE}, grows at most exponentially, i.e. E < C* for some constant C. Thus, choosing d
large enough such that Cd—%/% < 1 and summing over k > jo = [4s,./0 + 4] + 4,

d d
ES S A op £ 37 CFm? /N2 (232)
k>jo neL), k>jo
SN ckdme/re (233)
k>jo
<> ckakoo/zre (234)
k>jo
< Z d—k50/4+3r < d—j050/4+8T < d—5o (235)
k>jo

Controlling the Median-high-frequency. It remains to show, for some € > 0

EY Y AW e Sd (236)

r<k<jon€FEj
As there are only finitely many terms in this sum, we only need to show that for each &k and n,
(d) -
ElAgllop S d™°
We use the following theorem from Vershynin [40] regarding matrix concentration to prove this

claim.
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Theorem 6 (Theorem 5.62 Vershynin [40]). Let A bea N x m (N > m) matrix whose columns A,
are independent isotropic random vectors in RN with || A;j||2 = N a.s. Let K be defined as

_ 1 T 412
K = Emax > 1Af A (237)
i€[m],ij
Then
E||[ATA/N — In|lop S /K log(m)/N (238)

We apply this theorem to A = Zj,,(X)T. The columns of Zj,(X)" are A; = ,(i) (x5), j € [m]

which are independent. Let N = N, ,Ei) By Assumption (4.),

ATA; =" o () = N. (239)
l

We claim that K §k,q m1+% for any ¢ > 1. Indeed, let
Bi= Y |AJA (240)
i€[m],i#j
We then remove the maximal function by paying an m'/¢ factor
1/q
1 IRy a1/ 1 4 T 4 12\2q/2
K = GEmaxB; < om NEB]|M = m! IE(‘ Z .|Aj Aq)?)% (241)
i€[m],i#j
Next we apply the Minkowski inequality to swap the L??-norm and the /?-norm,
1 1
K< le/q Z (E|AJTAi|2q)1/2qX2 < le/q+1(E|A;FAi|2q)1/2qx2 < C£7qm1/q+1

i€[m),i#j
(242)

if (IE\AJTA |2a)1/2ax2 < C2 4V, which is done by hypercontractivities below. Indeed, for ; fixed,

Zm(:nj)TZm(wl) isa llnear combination of qﬁk ;» Assumption (2.) gives

Eq, |A] Ail*! =Ea, | Zrn(25) " Zin (i) (243)
2q
< (Cra(BaulZrn (@) Zrn())?) (244)
=Cpd N* (245)
where we applied
B\ Zn () " Zyn(2:))? =Eqg, Z¢knl )6\ ()2 (246)
d d d
=E., Z D (@)D () Bl (@) Sl () (247)
i

= Z O\ ()2 (248)
:N (249)

Therefore with A = Z;,,,(X) T, we have
ENA lop = El Zin (X) Zin ()T /N = Lullop Stq /m*+/0logm/ND . (250)

For each fixed k > r, s, — s, > dp, by choosing ¢ sufficiently large (depending on k and d¢), we
have

E AW lop S d %72 (251)
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D Additional Plots

To simulate the learning curves for higher-order scalings, e.g. » = 4, we must chose d small. As
such, we are in a strong finite-size correction regime. In this section, we vary d to visualize the
finite-size effect of the predictions. Note that for larger d (= 60 here), we can only simulate up to the
quadratic scaling. For smaller d (d = 10), we observe noticeable finite-size correction. However, the
predictions match the simulations quite well. When d become larger d = 60, the predicted learning
curves match the simulation almost perfectly.

E Further Analysis

E.1 Reducing finite-size Effect.

There are two non-obvious improvements in our results that lead to near perfect agreements between
simulations and predictions even for small d. The first one is to use m = N(d, < r) to compute
r-th peak vs. m = N(d,r) (or m = d"/r!). As itis shown in Fig. 9 (a), using m = N(d,r) as the
peak in the theoretical prediction, the prediction is a bit off to the left. The second one is to use the
sum over all contributions from all critical scaling m = N(d, < r) (i.e., Eq. (21) rather than the
contribution from a single critical scaling (i.e., Eq. (18).) As it is shown in Fig. 9 (b), the predictions
are a bit smaller than the simulations when using the latter. These two improvements together lead to
accurate agreement Fig. 9 (c).

E.2 Choosing the number of peaks by choosing the right regularization.

Recall that the height of the r-th variance term scales like

R 1/2

R 2

Gy = ) (252)
A+ hE,

If h2 > b2, and A < h2, then &, (h, A)'/? is large, which could lead to a peak at m = N (d, < r).

To eliminate this peak, we could choose \ ~ flf which implies ﬁr(iz, A1) < 1. We verify this
observation in Fig. 10. When A = 0, the unregularized learning curve have 4 peaks. By increasing A
tole—7,1e —5,1e — 3, 1le — 1, the number of peaks are reduced to 3, 2, 1, 0, respectively. A similar
result has also been observed in a linear design setting [41]. The similarity between the linear design
in [41] and the nonlinear design here shouldn’t be surprising, as we prove a "Gaussian equivalence
conjecture,” which implies that the polynomial scalings are essential "replicas" of linear designs with
different scales.

E.3 Natural Data vs. Spherical Data

We compare the spectrum of the NTKs of CIFARI10 associated with three architectures (FCN:
fully-connected networks, CNN-VEC: convolutional networks without pooling, and CNN-GAP:
convolutional networks with a global average pooling) against the one-layer convolutional kernels
with spherical-type of data. Recall that the larger spectral gap between eigenspaces triggers the
multiple-descent phenomenon. This phenomenon disappears, and the learning curve becomes
monotonic when the spectral gap is small. Fortunately, for CIFAR10, the spectrum of the NTKs are
continuous, and the learning curves are monotonic (power-law decay.) As such, there is still a gap
between our results/assumptions and natural data.
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Figure 7: Small d = 20

Prediction: Gap=128
Prediction: Gap=32
Prediction: Gap=8
Prediction: Gap=2
Simulation

10°

10! 102 103 104
m: # Training Samples

Figure 8: Large d = 60
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2.5 —— Theory Prediction with a = N(d, r)/m 2.5 Bias; + Var;
N(d, ) Bias; + Var;
2.0 ¢ Simulation 2.0 Biasz + Vars
Bias, + Varg
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i 3
~ 1.0 = 1.0
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(a) Using o = N(d,r)/m (b) Using Eq. (18)
2.5 —— Theory Prediction with a = N(d, < r)/m
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B 1.5
=
@
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10° 10! 10? 103 10
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(c) Using Eq. (21)

Figure 9: Two improvements reduce the finite-size effect. (a) The theoretical prediction is a bit off
to the left when estimating o using N (d, r)/m. (b) The prediction from Eq. (18) is a bit smaller than
the simulation due to the finite-size effect. (c) Almost perfect agreement between the prediction and
the simulation after two improvements (1) replacing Eq. (18) by Eq. (21) and (2) estimating o with
N(d, < r)/m rather than N(d, r)/m. Here d = 20 and p = 1, i.e., inner product kernel.
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Figure 10: Controlling the number of peaks by varying the strength of regularization.
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Figure 11: Spectrum (top) and learning curves (bottom) of Spherical data (left) vs. CIFAR10
(right.) The spectrum of CIFAR10 has a power-law decay and does not contain any sizable spectral
gap, which is the main cause of the multiple-descent phenomena. The learning curves of CIFAR10
have power-law decay for all three kernels.
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