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A Technical Proof

In this section, we present the regularity conditions and proofs for all the lemmas and theorems. By
nature, the vocabulary size is finite; as such, all random variables — including the prompts X and the
responses Y — are discrete.

A.1 Proof of Lemmal[ll

By direct calculation, it follows that

E {w(Y<1>,X)Z} r(VV1X)

Tret(Y (V| X)

{
{ 7( Y(1)|X (Y<1> v® X>}
=

EJE
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R )

where the first equality is derived by the law of total expectation, the second equality follows from the
definition of the preference function g*, and the third equality follows from the change-of-measure
theorem (e.g., Radon—Nikodym theorem).

Following a similar argument and using the fact that 1 — Z = I(Y(?) = Y (1)), we obtain

E {w(Y<2>, X)(1 - Z)} = E {Eywﬂ.mg* (y Yy, X) } :
Consequently, p*(7) = $E[w(Y ™, X)Z + w(Y®, X)(1 — Z)], which finishes the proof of the
lemma.

A.2 Auxiliary lemma for proving Theorem 2]

Before proceeding to the proof of Theorem 2] we first introduce an auxiliary lemma.

Lemma S1. Under Assumption|l} with n independent data tuple W; = (X, Yi(l), Yi(2), Zi),i =
1,...n, the efficient influence function [see e.g., I} for the detailed definition] for p*(r) is given by

% Yo (X, Yi(l), Yi(z), Ziy Ty et §° ) — p* (), with 1 defined in equation (8).

Proof of Lemmal[S1] To simplify notation, we denote (W) = P(X, YD YR Z:m ety g7).
Let M denote the model that generates these data triplets, which are i.i.d. copies of W =
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(Z,YD Y®) X). This model involves three types of parameters: (i) those to model the prob-
ability mass function fx (e) of the prompt X (denoted by +); (ii) those to model the reference policy

which generates response Y ()| Y(2) independently conditional on the prompt X (denoted by b)
and (iii) those to model the preference probability g* which characterize the probability of Y1) is
preferred than Y (?) given X (denoted by 7). Then the likelihood function for a data tuple W is given
by

{W;7,b,m) = f(X)m(Y V1 X)m, (VP X) g, (YD, Y, X)Z (1 = g, (YD, Y, X)) 7.
(S.1)
Additionally, let (o, bo, o) denote the true parameters in the model so that f,, = fx, Tpy = Trer
and g,, = g*.

The proof follows from standard techniques in semi-parametric statistic; see e.g., Chapters 2 & 3 in
Bickel et al. [2] and Theorem 3.5 in Tsiatis [[1]]. See also the proof of Theorem 1 in [3]]. Specifically:

1. For any given policy 7, we first prove that E[{¢)(W) — p*(7)}V log {(W; v0, bo, 10)] is a valid
derivative of p*(7) with respect to the parameters (g, bo, 70), where V denotes the gradient
operator.

2. We next prove that ©)(W) — p*(m) lies in the tangent space of the data generating process model
M (denoted by Tp), that is, (W) — p*(7) € Tam.

Step 1: E[{¢p(W) — p*(7)}V log I(W; 70, bo, n0)] is a valid derivative of p* () with respect to

(70, b0, 10)-
Noted that the log-likelihood has zero mean. Therefore, in order to prove step 1, we only need to
verify the following three equations hold.

() E {z/J(W)%logl(W;%,bomo)} = %P*(W)H:vw
(i) E{y(W) 2 log (W30, b0, 10) } = 20" (7)p=bo>

(i) B {w(W) 2 1og LW; 70, bo,0) } = £0" (W) y=ao:

By definition, p*(7) can be represented as

pi(m) = E[Ey ~rpyonmaP(y1 = 42| X)]
= > 9 Wy, ) (Y [2) et (y2|2) fx ().

Z,Y1,Y2

Let w = (2,1, y2, 2) denote the realization of W = (X, Y1), Y2 7). It follows from equation

(S.1) that

logl(w;,b,m) = log fy(x) + log my(y1]x) + log my(y2|z)
+2z10g gy (y1, Y2, ) + (1 = 2)log(1 — gy (y1,y2,2)).  (S.2)

With some calculations, we obtain

1 0

0

— log I(w; 0,0 T~

6"}’ 0og (wv’YOa 0a770) fX(:C) a’Yf’Y(x)”Y:’YO’

210 I(w; v, b ) = #gw( |m)‘ + ———— |=’E)‘

b & 70, %0:0) = 7Tref(y1|l'> 0b b b=bo 7'rref(y2|m) ob e b=bo’
o z 1—=2 0

— log! w; ,b 3 = - a._ ) , T

(917 g ( Yo, 0o 77()) (g*(yla y2793) 1-— g*(y17y2’ I)) 6’)’79”(:‘/1 Y2 )‘17:770

In the following proof, we omit |y =, [p=p, and |,=,, to ease notation.



47 For equation (i): Let Ber(p) denote the Bernoulli distribution with success probability p. The
48 left-hand-side (LHS) of equation (i) can be represented by

E {¢(W)(9a’y IOgZ(W,’}/(), b07n0)}

1 m(y1|x) m(y2|7) .
= 3 Z EZNBer(Q*(yhyz,x)){ ( 1‘ - 2 (Z—g (yl,yg,x))

z,Y1,Y2 Wref(y1|1') 7Tref(y2|l')

><7Tref(yl |$)7Tref(y2|x)£yf"/(x)}

1 * [k * [k * 5
+§ § (G (Y y1,2) + 9" (V" y2, @) 7y |x)7rref(il/1|x)ﬁref(y2‘x)%fv(x)
z,Y1,Y2,Y*

49 Using the fact that E _per(g+(y, y2,2)) 12 — 9" (¥1, Y2, )} = 0, the first term on the right-hand-side
50 (RHS) of the above equation vanishes. Therefore,

E{lﬂ(W)alOgl(WWo,bomo)} 5 X 80 )l o) mlinle) 5 o (o)

87 Y1,y
1 - . 9
+§ Z g (" Y2, 2)m(y |5E)7Tref(y2‘$)af%(x)
z,y2,y*
* * * a
=D FW YT ) mer(ylr) 5 fr (2)
. Y
9
_877}7 ().

51 For equation (ii): Notice that the LHS of equation (ii) can be represented as

0b

1 T(yilr)  w(ye|r) > ( 19
= 35 E.Ber(g T - a7 T r)+
3, 2 Bttt >>{ <7rref(y1x) (1) ) \ o) 21

T,Y1,Y2

E {w(W)a log I(W;70, boﬂlo)}

i) ) X (- g*(yl,yz,x))w(yl|x>mef<yz|x>fx<x>}

+% > (W) + 9" v x)) 7r(y*Ix)%[m(yﬂ%)m (y2l2)] fx ().

T,Y1,Y2,Y*

52 Follows a similar argument in proving equation (i), the first term on the RHS equals zero. The second
53 term can be further represented by

12 Z (g*(y*,y1,x) +g*(y*,y2,x))7r(y*|x)7rb0(y1|x)7rb0(y2|x)fx(x)

2 0b «
x,Y1,Y2,Y
1 8 * * *
= S 2 9 Wy ) m, (o) fx (@)
z,y1,Y*
1 8 * * *
om0 90 )y )T, (el) fx (2)
z,y*,y2
* * * a
= D Wy )y |2) g (yln) Fx ()
9
= %p (m).

54 This finishes the proof of equation (ii).
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For equation (iii): Its LHS can be represented as

E{whﬂgibgﬂwrmﬁmnw}

1 (yi|x w(y2|x ;
T2 > Ez~Ber<g*<y1,yz,w>>{< nle) _ 1l ))>(z—g (Y1, 92, 7))

z,Y1,Y2 7Tfef(yl |$) 71'ref(y2|$

z 1—=2

0
xwref(yl‘z)ﬂ'ref(yﬂx) (g*(y1 s ZC) - 1 —g*(y1 Ya .Z')) 8ngn(ylay27 )fX(I)}

Z EZNBer(g*(yl,yz,w)){ (" (" y,2) + 9" (W y2, ) 7 (Y |o) s (y1 | )

z,Yy1,Y2,y*

><7Tref<y2‘x)fX(x) (

z 1—2 ) ( )
- - 9n\Y1,Y2,T).
g*(yhy%x) 179*(y17y23x) 877 K

The second term is equal to zero due to the fact that

z~Ber(g* (y1,y2,z * o * -
(0" w22\ Gl g a) 1 — 4" (1,52, 7)
On the other hand, since
z 172
E.Ber(g* )y (Z =9 (Y1, 2,2 ( - >}
Ber(g* (y1,y2,7)) {( (¥1,92,2)) 9 (y1,y2,2) 1—g*(y1,92,2)
1

= 9" (y,y22) x (1 —9"(y1,92,2)) ————
W1y, ) x ( (1,32 ))g*(yl,yz,x)

-1

+(1 = g" (W1, 92, 2)) x (=g (Y1, 92, 0)) ——F—F——
( ( ) > (=97 ))1—9*(y1,y2,$)

=1

)

the LHS in equation (iii) can be further represented by

l\.')\»—l

Tref y1|$) Wref(y2|1')

Z ( m(yilz) _ m(y2lz) )7Tref(y1|x)77ref(y2|w)aangn(ylay%x)fX(x)

Y2

> (<0l a1l — 7ol (inl2) 50 o2, ) e o)
z,Y1

= Z W(yl|$)ﬂ'ref(y2|x)%gn(ylvy27m)fX(fL')

l\.’)\r—l

T,Y1,Y2
0
= _—p* S.3
o’ (m) (S3)
where the second-to-last equality follows from the fact a% (Y1, Y2, @) = _a% 9n(y2,y1, ). This

finishes the proof of equation (iii).
Thus, with equation (i) - (iii) verified, Step 1 is proven.

Step 2: (W) — p*(n) lies in the tangent space 7 ,.

By definition, the tangent space 7T is the linear closure of the set of score functions of the all
one-dimensional submodels regarding M that pass through true parameter; see Definition 2 in [3].
Based on the likelihood function in equation (S.2), we can explicitly calculate the tangent space
of the data generating process model M. In fact, the tangent space 7 is a product space, which
can be represented as Ty @ T @ T, with Tz, T, T, being the sets of score functions of all one-
dimensional submodels passing through the marginal distribution fx (), conditional distribution 7
and preference probability g*. Take the calculation of 7; as an example. Consider a one-dimensional

submodel { f.(x)}, defined as
fe() = f(2)(1 + eq()),
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where ¢(z) satisfies > f(2)g*(z) < co. Since we require f. to be a valid probability mass function,
it must satisfy > f-(z) = 1, which indicates Eq(X') = 0. Then the score function with respect to &
is given by

d
T log [.(2) = q(a).

Therefore, the tangent space for the marginal distribution function f(z) can be represented as

Tr = {q(x) LE[g(X)] =0,)  f(2)g*(w) < OO}-

Following similar arguments, we can obtain

T = {q(yl, 2) +q(y2,2) : By [a(y, 2)| X = 2] = 0, mer(yla) g (v, @) < OO} ;
Y
T {Wg(yl,yQ,x) DY @y o) f@) T (1 [2) me (v ) < oo}.
Z,Y1,Y2

To verify (W) — p*() lies in the tangent space, consider the following three functions:

vl = (L TR (o g, )il () 0
WQ*O = 9") (m () Trei (y2| ) — 7 (Yol @) mres(y1]2)) fx (),
Ya(y1,y2,%) = Eyenn {g(y" v1,0) + 9(u" y2,2)} — QEQ’?I:‘{:“?) {9(v™,y,2)},
Us(z) = 2By~macrs {9(y7y, )} — 2p* (m).

y ~m(e|z)

It is easy to verify that 11 (W) € T, ¥o(Y M, Y?) | X) € T, and ¢3(X) € T;. Therefore,

(02(W) + 42D, Y@, X) 4 45(X) ) € Taa:

NN

B(W) = p*(m) =

This finishes the proof of Step 2.

With Step 1 and Step 2 verified, together with the fact that E¢)(W) = p*(7), we obtain that ¢)(TW) is
an efficient influence function. O

A.3  Proof of Theorem

Let E,, denote the empirical average over the n tuples (X Yy y® 7z ) in the dataset D. We further
define the following norms:

1/2
-l = (Efaro.v®,x - gy, x))
R o\ 1/2 o\ 1/2
max | [ Emax {Trref(mX) — 1} E max [mef(yX) — 1}
Yy ’/Tref(y|X) ’ Y ;T\ref(y‘X)

Accordingly, our estimator for p*() can be represented by E,¢)(w; 7, Trer, §). With some calcula-
tions, it can be further decomposed into

H%ref/ﬂ'ref - 1H

End)(w; T, %reﬁ @\) = End}(w; Ty Tref g*) +I+1I+ IIL



ss where

2
1 r(Y@W|X)  7(YX)
1 = ZE, ~1)%Z - g*(X, YD, y® -
2 {Z( ) ( 9 ( ’ ’ ) %ref(y(a”X) ’/Tref(Y(a)|X) ’

a=1

II

2
%En {Z Eymrn(olz) [@— 9 )(X,y, Y(“))} }

2
1 RY@pX)
—=E, e T L v @)
2 {g( ) Wref(Y(a)|X)(g g )( s , ) 7

(Y (@] X) (V@] X)

1
M = -E,<(=1)%G - ¢")(X vy y@) — .
2 {( ) (g 9 )( ’ ’ ) %ref(y(a)p‘() '/Tref(Y(a)“i)

g7 From Lemma|[S1] we know that E,,¢)(w; T, Trer, g*) is an unbiased estimator for p* () with variance
ss equal to SEB. Since both 7 and g are obtained from external models independent of D, analogous
g0 to the proof of Lemmal[l] we know that the first term I and the second term II have zero means. The
90 third term III is the bias term. Therefore, we obtain the following bias-variance decomposition for
9t MSE(pPpr):

MSE (ppr (7)) = Var(E, 1 (w; 7, T, g*) + 1 4 11 4 IIT) + (E[I11])? (S.4)

92 Since ¢g* is bounded by 1, under the coverage assumption, we obtain that

1 1 2(Y|X
Var(Ey o (wi 7, T, g*) = = Var((wi m, g, g)) = O (nE77rT2((Y||X)) )
ref
S.5)
e Ry (1 (
o o)~ ()
93  Moreover, we have
a1 ey yeype [ AYX)  ayx) 7°
EL 2nE{(Z CEYEYEN 200 mVX)
1 7T2(Y|X) 7I_ref(YP‘AXF) 2
SQ’I’LE{WEef(Y|X) |:/7T\'ref(YX) - 1:|
(S.6)

_1 w2y X) [mer(ylX) 7
_QTLEX {Z mef(yIX) {%ref(yp() 1:| }

Yy
2
O<1 ),
ne

94+ Follow a similar argument, we obtain

1 1
EII? = O ( 15— g*||2> ., EN*=0 (
ne

Tref

-1

Trref

Tref 1

NE || Tref

2
> . (S.7)

95 By Cauchy inequality, we have for any random variables X and Y that [Cov(X,Y)| <
96 Var(X ) Var(Y). It follows that

)

Tref

1. *
Cov (Enw(wQ 7T,7Tref,g*),H) =0 (TLE ”g -9 ”) ) (S.8)

Tref 1’ ) )
Tref

1
Cov (Enw(wa T, Trefy g*)v I+ HI) =0 <
ne

1
Cov (I + II1,1I) =0 ( 19 —g"I -
ne
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Assuming that ||Ter/mer — 1|| is bounded, the high-order terms Var(T), Var(I) and Var(III) are
dominated by the first two terms in (S.8). Combining equations (S.3), (S.6),(S.7) and (S.8) yields

1. 1 || Tre
Var(E, t)(w; 7, Tt ¢*) + I+ 11 + I11) = SEB + O ( 15— g*|> +0 ( et _ 1H) (S.9)
ne NE || Tref

Finally, using Cauchy inequality again, we obtain that

1/2
R 1/2 Teet (V| X) 2 m2(Y|X)
_ 2 1) 1@ t _
Eul o ]E{(g gyXYTY )} E{{%if(YlX) 1} T (Y]X)

1
e (ﬁna 01 - [t — 1||) .
Combining (S.4) and (S.10), we obtain

MSE (ppr (7)) E At (w; T, Fret, §) — p* ()}

1., .. N 1 N
SEB+ 0 (|g g |) ‘o (umef/mef - 1|)
ne ne

1 ~ ~ *
+0 (Himet/fs = 117 I3 - °17)
This finishes the proof of Theorem [2]

A.4 Proofs of Corollaries 3 and 4

The proofs of Corollaries [3]and 4] follow directly from the assertion of Theorem [2]

A.5 Proof of Theorem

Let 7* denote the maximizer of p*(7) in the policy class II. Throughout the proof, for any policies
71 and 72, we use a shorthand and write Ex .pDxy,[71(e | X) || m2(e | X)] as KL(71||72). Since 7
is a maximizer of ppgr(7) — SKL(7||Ter), we have

Por(7) — BKL(T|[Teer) = Por (7)) — BKL(7||rer).
It directly follows that

p'(7") —p*(7)

< p(7") = Por(7") + por(7) — p*(7) + BKL(7"||Trer) — KL(7||7rer) )

< Elp*(7*) — por(7*)| + E [por (%) — p*(7)| + O (Blog ™" €)

< 2E suIr)I |p* (7) — ppr(7)| + O (6 log™! e) , (S.10)
S

where the second inequality follows from the coverage assumption that KL(7||7ef) =

7 (y| X —
EXNDEy~7r(o|X) log %reféhX)) = O(log 1 6).

Additionally, following the proof of Theorem [2] the bias of the proposed preference evaluation
estimator can be upper bounded by

* ~ * * 1 ~ * ~
sup " (r) — Pon()| = EIE, (w7, 7)) + O 115 = 711 /s =11
TE
(S.11)

It remains to upper bound the empirical process term E sup,. <17 [Por (7) — Eppr(7)|. Toward that
end, we employ Corollary 5.1 in [4]. To invoke this corollary, notice that

1. According to Assumption ] II is a policy class with VC dimension v. Under Assumption I} it
follows from Lemma A.6 in [4] that the function class F = {t)(e, 7, Trer, §)|m € II} also has a
VC dimension of v.
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2. Using the coverage assumption again, the function class F is uniformly bounded by O(1/e).
3. The variance sup ;. » Var(f(W)) is uniformly bounded by O(1/¢€?).

Consequently, an application of Corollary 5.1 in [4]] yields that

E sup |por (7) — E[por(7)]| = ( NG log Zlog162>

mell
0 1 vlog™'e . vlog™'e
e\ n ne

Combining equations (S.10), (S.11) and (S.12), we obtain for any 7 € 1I that

% R _ 1 vlog716 vlogfle 1, .. . .
p*(r*) —p*(7) = O | Blog 16"’2\/ n + ne +E||9—9 | et/ rer — 1]

This completes the proof of Theorem [5]

A.6 Proof of Corollary 6]

The proof of Corollary [6] follows directly from the assertion of Theorem 3]

A.7 Proof of Theorem

Suboptimality gap for DRPO: If the BT assumption holds, we have ¢*(y1,y2,2) = o(r*(y1,2) —
r*(ya2,x)) where o(z) = 1/(1 + e~ ) is the sigmoid function. Since the sigmoid function is mono-
tonically increasing, under the realizability assumption, 77* which maximizes J () also maximizes
p* (). This follows from the classical results on the maximum rank correlation estimator that has
been widely studied in the econometrics literature [see e.g., |5, (6]. Therefore,

pr() =P (@) = Bynrs gorymma {970 4,7) — 97 (0,9, 2)}
* * * * [~ * 2
= By gnsymme {01(5) [(T (y* 2) —r*(y,2)) — (r*(y,2) — 7 (yax))]}
= Eynr gor {0 (0" (¥, 2) — 1" (7, 2))}
> Co(J(7") = J(7)),
where Cj is some positive constant and £ is some real number between r*(y*, z) — r*(y, z) and
r*(y,z) — r*(y, x). Here, the second equality follows from mean value theorem. The last equality
follows from the identity that o’(z) = o(x)(1 — o(z)), which is bounded away from zeroo under

Assumption [2] that the reward is bounded by some constant. Thus, we obtain J(7*) — J(7) =
O(Reg(7)) and the suboptimality gap for DRPO follows directly from the assertion in Theorem 5]

Suboptimality gap for PPO-based algorithm: We begin with some notations. For a given estimated
reward 7, define

* U(m) = E[Ey~r7(y, X)] — BKL(r||7rer),

o (7)) =E Eyonm(y, X) — BKL(7 || Trer)s

o T =argmaxen (),

* T = arg maxyer ln (7).
Using the fact that [(7) > [(7*) and [,,(7) > {

J(@*) = J@) < E{[J(x") - Ur")] +
< EA{U) —1(@)]} +

For the first term, we have

E{|J(m") = U(m")[}

(7), eobtaln the following upper bound:
() = ln(T)] + [In(7) — U(7)] + U(ﬁ)*J(ﬁ)]}
E{li(m) - J(7 )]}+2Esup{|l( ) = I (m)[XS.12)

L

Ey~71'* ‘?(y7 X) - T* (y> X)' + BKL<7T* H7Tref)

B (yX) * B
= By, [Ww,m—uy,xn +O(Blog~" ¢

?—r*||> +O(Blog te), (S.13)

ol
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where the last equation follows from Cauchy inequality.
Using a similar argument, we obtain that E {|I(7) — J(7)|} = O (ﬁ |7 —7*|| + Blog™* e).

Finally, under assumption the function class F = {Zy 7y, X)m(y| X)|m € H} is bounded by a

constant. Using similar arguments to the proof of Theorem 5, we can employ Corollary 5.1 in [4] to
show that

E sup {|i(7) — l,(7)|} = O (v + \/?> +0(Blog ' e). (S.14)
well n n
Combining equations (S.12)), (S-13)) and (S.14)), we obtain that

J(@*) — J@) =0 (510g_1e+ -+ \/Z+ ;g||?r*> .

Suboptimality gap for DPO-based algorithm: We need some additional technical conditions to
prove the suboptimality gap for DPO-based algorithms. Recall that when BT-model holds, there
exists a one-on-one correspondence between the policy and reward model [7]. We further assume

Assumption S.1 (Realizability). The oracle reward r* lies in the bounded reward function class
R = {Blog(nm(y|x)/met(y|z)) + 8Z(x) : m € 11} induced by the policy class II.

Assumption S.2 (Coverage). Both s and Tt are lower bounded by some constant € > 0.

Assumption S.3 (Suboptimality gap for oracle reward). Let y = arg max, r*(y|z) and g, =
arg max, .y« 7 (y|z). There exists a positive constant ¢ such that for any =,

(e x) =" (Yo, ) 2 .

Notice that both the realizability and the coverage in Assumptions and differ from those
in the main text. Specifically, Assumption [S.T|imposes the realizability assumption on the oracle
reward rather than the optimal policy whereas Assumption [S.2]is stronger than that in the main text
by requiring the denominators of the IS ratios to be strictly positive.

We next introduce some notations. For a given estimated reference policy 7, any policy 7 induce a
reward function

" (y,2) = Blog <%> + BZ(x) (8.15)

Let [(7) be the log-likelihood function induced by reward ™ and [*(7) be its variant with 7 in
the denominator of (S.15)) replaced by the ground truth 7. Denote 7 = arg max, E,l(7) and
7 = arg max, El(r). It follows that

E,l(7) — E,l(7) — El(%) + Ei(7)

< EI) - ElF)
< EI(7) - EI*(7) + EI*(7) — EI(7)
2
—~ ~ * * 2 %ref(Y(1)|X)
< OB [F(n.) ~ P ) = 7" n.) + ()l + 52 (g A
< =010 + BPCo||Tret/ et — 17, (S.16)

where 02 = E ||7(y1,2) — 7(y2, ) — r*(y1,x) + 7* (y2, x) ||§, both C; and C are positive constants
because the Hessian matrix is bounded away from zero and infinity, which follows from the bounded-

~ 2 ~ 2
ness assumption on the reward, and the last inequality is due to that E {log %} <E (@ - 1) ,

Tref

which can be further bounded by || % — 1|3, according to the definition of the norm.

Moreover, according to Corollary 5.1 in [4], using similar arguments to the proof of Theorem 5 and
PPO-based algorithms, we have

E,l(F) — Enl(R) ~ BI(®) + EUR) < 2B sup li(x) — Eln(r)

< O(oy/=+ —). (S.17)
n n
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This together with equation (S-16)) yields that Cy (0 — ¢\/v/n)? < ¢v/n + B2Ca||Tret/Tret — 1]|? for
some constant ¢ > 0, and hence

oc=0 (\/Z + ﬁ”ﬂ_ref - %ref||2> . (518)

Recall that 7* is the true optimal policy, and 7 in this part of the proof denotes DPO’s estimated
optimal policy. We further define 7* as a softmax optimal policy based on the oracle reward function
,',,*

T (ylz) exp(57* (y, 2))
>y T |x) exp(57* (Y, @)

T (ylr) =

With some calculations, it follows that
J(m*) = J(7)
=E[Eyrr"(y, X) — Eyzr™(y, X)] (S.19)
=EEyrr™(y; X) — Eyozer™(y, X)) + E(Eyzer"(y, X) — Eyzr™(y, X)),

where the outer expectations are taken with respect to the prompt distribution.

Recall that i denotes the optimal response to the prompt x. The first term E[E,.-r*(y, X) —
Ey~7+7*(y, X )] can be upper bounded by

52, 7 (4 X eyl X) exp (77(y, X))
52, iyl X) exp (3, X))
(Y% X ) Trer (Y% | X) exp (ér*(yﬁo X))

52, Aty X) exp ($r(y, X))

Er*(yx, X) — E[Eyz-77(y, X)] Er*(yx, X) —E

IN

Er*(yx,X)—E

(i ()

where the last equality is due to that under Assumptions[S.2and[S.3] the difference between 1 and

Tref (Y% exp(L1r*(y%, . _
Z:(;Xfij )X) :x(pﬁ(%r(fa );()))) is of the order O (% exp (—%) ) almost surely.

Using mean value theorem, the second term can be bounded by

the ratio

B Y RIX) -7 61X)] < S [P, X) = (0 X) € g2 lF = (S20)

where the last inequality follows from the fact that

IF=rl = E{F )2

1/2
= E{Zm@f@mmm—r*(yX>>2}

1/2
> \/EE{Z(?(le) —T*(y|X))2}
> \/Emyax|?(y,X) — " (y| X)|. (S.21)

To complete the proof, it remains to upper bound |7 — r*||2 using o%. Recall that 02 =
E|r(y®, X) —7(Y®, X) —r* (YD, X) +r* (Y, X) HZ- Since Y2 is independent of Y (1)
given X and that 7. is lower bounded by € > 0, it follows that

2
0? = B [F(y ™, X) = 7y, X) =" (YD, X) + 7 (5o, X)),
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for a fixed yo. Notice that the RHS corresponds to the mean squared error between 7 and 7*, up to a
baseline term that is independent of Y (). Without loss of generality, we can assume this baseline
term 7*(yo, X ) — 7(yo, X) this equal to zero without affecting the validity of the proof. This is
because the true reward can be redefined as r* (e, X) — r*(yo, X ), since it is equivalent up to a
function independent of the response. Similarly, the estimated optimal policy 7 (e|z) computed by
DPO can be represented using the difference 7(e, 2) — 7(yo, ), and we can replace 7 in (S.20) using
this difference. Consequently, we obtain that 02 > ¢||7 — r*||? and hence

~ * _ v _ -
HT =T || =0 (6 1/2\/;+ /66 1/2||7"-ref - 7Tref|2) .

Combining this together with equations (S.18]) and (S.19), we obtain that the regret is upper bounded

by
exp(—¢f~1) 1 v 1 . B
O <€ + @ ﬁ + ;”ﬂ-ref/’”ref 1” .

The proof is hence completed.

B DRPO Algorithm Details and Practical Implementation

This section details our proposed algorithm. Notably, the reference model 7,.¢ and the preference
model g are pre-trained independently prior to policy optimization. The proposed objective function
is defined as

J (795 Trets Gn» D) = por(7) — BEx~pDxy[m(e | X) || Trer(® | X)]. (5.22)

The gradient of 7 (7g) is given by:

1 -~ a
VoJ (me) = iEX,Y(1)7Y(2)~’D {ZEywe(.X) [g(vaaY( )WV 10g7fe(y|X)}

a=1

Vome (Y@ X) N
yort 280 (7 —g(X vy y®@)
+§ = VO (Z -g(x, YV, Y®))

—BVQDKL[WQ(. | X) || 7Tref(0 | X)] (523)

Intuitively, the gradient operates as follows: The first term guides the policy to favor responses
preferred by the preference model g. When Y1) = V(2 which means Z = 1, the second term
enhances the likelihood of Y1) while diminishing the likelihood of ¥'(?), and vice versa.

The empirical loss function is constructed such that its negative gradient corresponds to Vg7 (7g) in
Equation [S.23] The direct-method term is approximated using Monte Carlo sampling by drawing
several new responses D% := {Y™* | Y* ~ my(e | X)} from the current policy 7y for a given prompt
X at each policy update. A k3-type empirical KL divergence is utilized, following [8]].

1
Lprro = *iEx,yu),y(z)Np Ey«vps,

2
> Gy, Y X) log m (V7| X)
a=1

2

L mo(Y(@ X . L
S 2 g

a=1

Fret W7 X) o Tt 1 X) X)} (S.24)

Ev s opr xmo
By s x D[vre(Y* B9 8 (V7| X)

Maximization of 7 (my) is achieved by minimizing the loss function. In practice, the original offline
dataset is augmented to D to D by including swapped pairs (i.e. for (X, Y1) Y2 7 ), we add

(X, Y@ vy 17 ) to D, simplifying the empirical loss function ( i Furthermore the impor-
tance samphng ratio is clipped, and its calculation is decoupled from the gradlent computation. This is
achieved by stopping auto-differentiation for the ratio and multiplying the importance sampling term

11



216 by log 7y, which shrinks (rather than eliminates) gradients in small 7, regions while maintaining
217 approximate arithmetic equivalence. Consequently, the loss function is reformulated as:

1

‘CDRPO = _2EX,Y<1),Y(2)~5{ EY*ND} |:/g\<Y*)Y(2)7X) 10g7T9(Y*|X):|

term I

(Y D[X) Sy y® W
+Sg(Chp(ﬂ—ref(}/(1)|)()’1_61,1+62>(Z_9(Y ,Y 7)()) logﬂ'g(Y |X)

term II
7/Fref(yv* ‘ X) 1— 10g %ref(Y* | X):|

ey xen ey < T R o

218 where sg(e) denotes stop-gradient operation, clip(e, a, b) signifies clipping values to the interval
219 [a, b, and €7, €5 are hyperparameters defining the clipping range. See full details in Algorithm

Algorithm 1 Double Robust Preference Optimization

Require: reference policy 7,e¢, preference model g, offline dataset D = {X;, Yi(l), Yi@)7 Zi},
clipping range [ey, €], regularization parameter 3, and other hyperparameters, effective batch

size | B|, learning rate « and the optimizer, number of Monte Carlo samples |D*|.
Ensure: trained policy 7y
1: Initialize policy Tl'éo), total train steps T' = %. For brevity let the number of training epochs

N=1.
2: fort=1,...,Tdo
3: foriin B, :={(t—1)|B|,...,t|B|} do
* * * t—1
4 Sample D, = {Y;" | ¥} ~ 7'V (o | Xi)}jeqpe -
5 Esitmate term I:

~ 1 —
=iy 2 907 Y Xologm (V7 IX)
X

Y*eD%

6: Estimate term II:

(t=1) (1 (1) x

~ . i ~

I; = cnp<”9 ( ) X g 62> (Z -3V, v, X))
Tret (Y57 X5)

7: Estimate KL divergence:
~ 1 Tret (Y| X) Tret (Y | X)
Dy, = 77— (—1—1og
Dk, Y*g,;} mo(Y* | X) mo (Y | X)
8: Compute the empirical loss function on the batch:
1 g i (t=1) (y(1) B
L =~ >3- 3| T +sg(1L; ) logmy (Y, | X;)| + BDku,
1€B

9:  end for
10:  update ) with gradient descent and get wét):

0t = 9t=1) _ V,L

11: end for

12
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C Experiments Implementation details

For the baseline models training, we follow the framework of TRL: Transformer Reinforcement Learn-
ing [9] and Transformers: State-of-the-Art Natural Language Processing [[L0]. For the general pref-
erence model, we follow the framework of general-preference/general-preference-model
proposed by Zhang et al. [11]]. All models were trained with default hyperparameter configurations
unless otherwise specified.

The Preference Evaluation experiments are conducted on a machine equipped with an NVIDIA RTX
6000 Ada GPU and an AMD Ryzen Threadripper PRO 7945WX 12-core CPU. The Preference
Optimization experiments are performed on a system with an H20 NVLink GPU and a 20 vCPU
Intel(R) Xeon(R) Platinum 8457C processor. AdamW [12] are used as default optimizer.

C.1 Preference Evaluation Experiment on IMDb

Oracle Preference Model. Since the IMDb dataset does not contain human preference labels, we
adopt the known sentiment classifier siebert/sentiment-roberta-large-english [13], as a
ground-truth reward-based labeler. This classifier will give a score s(X,Y") = p(positive | X,Y),
which we convert into a reward signal using the log-odds transformation:

s(X,Y) > ’

r*(X,Y) = log <1—3(XY)

Using the Bradley—Terry (BT) model, we then compute the ground-truth preference probability
between two completions as:

P (YD = YO |X) = o(r* (X, YD) — (X, YD),
where o (e) is the sigmoid function.

Data Generation and Policy Training Process. We begin by fine-tuning a supervised fine-tuning
(SFT) model based on the EleutherAI/gpt-neo-125m base model [14]] for 3 epochs using the
25,000 training samples from the IMDb dataset. Prompts are constructed by extracting 5-word
prefixes from movie reviews. Using the fine-tuned SFT model as the reference policy, we generate
pairs of completions for each prompt. Next, we use the oracle preference model to estimate the
preference probabilities between each pair of completions. Based on these probabilities, we sample
binary preference labels indicating which response is preferred. This synthetic preference dataset
is then used to train a target policy using the Direct Preference Optimization (DPO) algorithm over
an additional 3 epochs. To quantify the relative preference for the target policy over the reference
policy, we adopt a Monte Carlo estimation approach. Specifically, for each of the 25,000 prefixes in
the IMDb test set, both the target and reference policies generate a single completion. The oracle
preference model is then used to compute the preference probability between the two completions.
Aggregating these results, we estimate the overall probability, which is 0.681, that the target policy’s
outputs are preferred over those of the reference policy.

Preference Evaluation Process. We consider two versions of the reference policy estimator Ty
a correctly specified version, where 7r corresponds to the SFT model, and a misspecified version,
where T.s corresponds to the untrained base model. Similarly, we consider two versions of the
preference estimator g: a correctly specified version, which uses the oracle preference model, and
a misspecified version, where g is drawn uniformly at random from [0, 1]. By taking all pairwise
combinations of 7. and g, we construct four distinct variants of the preference evaluation framework.
For the Direct Method (DM) estimator in Equation [6] we apply a Monte Carlo approach by sampling
8 responses from the target policy for each prompt. For the Importance Sampling (IS) estimator
in Equation 7| we use a clipping ratio of 100 when 7 is correctly specified and 40 when it is
misspecified. In contrast to the clipping ratio used during preference optimization, a larger ratio
is adopted here to better demonstrate the double robustness property of our preference evaluation
framework.

C.2 Preference Optimization Experimen on Real Data

Baseline models training. For the summarization task, we adopt models from a group of Hugging
Face, cleanrl, known for their validated and quality-assured implementations [15]]. Specifically,
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we use cleanrl/EleutherAI_pythia-1b-deduped__sft__t1ldr as both the reference and ini-
tial policy model. This SFT policy is trained via token-level supervised fine-tuning on human-
written summaries from a filtered TL;DR Reddit dataset [15]. The associated reward model is
cleanrl/EleutherAI_pythia-1b-deduped__reward__tldr. For Proximal Policy Optimiza-
tion (PPO) training, we search the hyperparameter over the KL coefficient 5 € {0.05,0.1,0.2}
and select 5 = 0.05 based on empirical performance. Notably,we observe that PPO training can
experience policy collapse under low-precision, as the value function fails to fit accurately; thus, PPO
models are trained under full precision (FP32). In contrast, all our models are trained using bfloat16
(BF16) for improved computational efficiency. To ensure a fair comparison, we set the maximum
response length to 128 for all models, providing a consistent basis for assessing summarization
quality.

For human dialogue, the SFT model is trained from the base model Qwen/Qwen2.5-1.5B [16] to
better align with the Helpfulness and Harmlessness (HH) dataset. Unlike the summarization SFT
model, this version leverages both the preferred (chosen) and non-preferred (rejected) responses
from the HH preference dataset. It is trained for 3 epochs. We also train three versions of the
reward model, all from the same base model (Qwen/Qwen2.5-1.5B) to avoid additional information,
corresponding to epochs 1, 2, and 3, as we observe that PPO training in this setting is highly sensitive
to the reward model. When the reward model overfits or becomes overly confident, the KL penalty
becomes ineffective, and PPO tends to suffer from policy collapse, hacking the reward model by
repeating high-reward tokens. To mitigate this issue, we select the reward model from epoch 1, which
achieves an evaluation accuracy of 72.1%. We further conduct a hyperparameter search over KL
coefficients 8 € {0.05,0.1,0.2} and learning rates in {1e-7, le-6, 3e-6}. We select a KL coefficient
of 0.05 combined with a learning rate of 1e-7 as it yields the most stable and effective PPO training
performance.

DRPO Implementation DRPO implementation inherits transformers. Trainer class. For DRPO-
BT, we compute the rewards for two candidate responses and output the preference probability under
the BT framework as g. For DRPO-GPM, we directly compute the preference probability using
the corresponding general preference model [[11]. Although our proposed algorithm allows the use
of a more powerful general preference model for estimating g, as in [17], we ensure fairness by
training all preference models using the same base model and dataset. This avoids introducing any
additional information that could bias the comparison. For both tasks, we set the clipping range to
[0.04, 2.5], a fairly casual (and wide) specification only to force the IS ratio to not deviate far from
1 and thus not inject too much variance into our estimation. The regularization parameter /3 is set

Table S1: Query template for the summarization task.

Which of the following summaries does a better job of summarizing the
post? Strictly follow two criteria when selecting the best summary:
1. Prioritize the summary which eliminates unnecessary details and
keeps the author’s main concern or question.

2. Prioritize the shorter summary as long as it remains clear and
preserves the main idea.

Post: <post>
Response A: <response_a>
Response B: <response_b>

FIRST provide a one-sentence comparison of the two summaries,
explaining which

you prefer and why. SECOND, on a new line, state only "A" or "B" to
indicate your

choice. Your response should use the format:

Comparison: <one-sentence comparison and explanation>
Preferred: <““A” or ‘B>
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Table S2: Query template for the human dialogue task.

For the following query to a chatbot, which response is more helpful?
Query: <user_query>

Response A: <response_a>

Response B: <response_b>

FIRST provide a one-sentence comparison of the two responses and
explain which you feel is more helpful. SECOND, on a new line, state
only

““A’> or ‘B’ to indicate which response is more helpful.

Your response should use the format:

Comparison: <one-sentence comparison and explanation>
More helpful: <““A”’ or ‘B>

to 0.04, the same as that in the default trl implementation for GRPO [8]], which also uses k3-type
empirical KL divergence. The number of Monte Carlo samples |D*| is set to 3 (TL;DR) or 2 (HH).
Although more samples may mitigate bias, the effect of adding samples is marginally decreasing
(since the convergence rate is O((n*)*% )). As such, it is proper to choose a parsimonious volume of
samples and thus incurring little extra computational cost compared to PPO. Other not-mentioned
hyperparameters are simply set to default values. For further details, please refer to the examples in
the codebase.

Evaluation We compare DRPO with DPO and PPO using GPT-40-mini to evaluate the quality of
generated response of each task. Specifically, for the language model fine-tuned by either baseline or
our method, we can sample a response at a certain temperature after it receives a prompt. With the
responses of two methods (say A and B), we feed them with a query asking GPT to judge which is
more aligned with certain demands. The query template used for TL;DR is shown in Table [ST] which
tries to avoid GPT’s favor of lengthy responses following [18]]. The query template used for HH is
shown in Table[S2] a standard template that is widely adopted by e.g. [[7,[19,[18].. It is noteworthy
that we randomly shuffle the order of the responses for each query to eliminate the potential bias
from the order of the responses.

Here, temperature is the scaler of logits before softmax, which can be used to adjust the output
distribution of a certain policy. In general, a temperature less than 1 tends to make kurtosis of the
distribution larger (thus more greedy when generating responses), and a temperature larger than
1 generate even more random responses. The win rate of A over B is equal to the proportion of
GPT-40-mini that prefers the responses returned by method A.

D Additional Empirical Results

In this section, we first provide pairwise win rates on the TL;DR dataset with other sampling tem-
peratures (see Figure [ST). Our method consistently dominates across all temperatures. DPO’s
performance improves when temperature gets lower, which is in line with results in [7]. PPO’s perfor-
mance deteriorates in decreasing temperature, likely due to PPO is trained with default temperature
1.0. Next, we present pairwise win rates on HH dataset with other sampling temperatures (see Figure

. The results are consistent with that of temperature 1.0. In general, DRPO-GPM > DRPO-BT ~
DPO > PPO, showcasing the robustness of our algorithm.

Additionally, we present some of the sampled responses of our method and baselines and how
gpt-4o-mini judges the quality of the completions. See Table [S3] [S4] [S3] [S€ for TL;DR examples

and Table for HH examples.
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Figure S1: Pairwise Win Rates on TL;DR Dataset under different sampling temperatures (left: 0.75;
right: 0.25)
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Figure S2: Pairwise Win Rates on HH Dataset under different sampling temperatures (left: 0.75;
right: 0.25)

E Limitation and Broader Impact

A potential limitation of our methodology is its reliance on IS ratios for preference evaluation, which
can result in high variance when the target and behavior policies differ substantially. While we
apply clipping to the IS ratios to partially mitigate this issue, the issue may still remain a concern
particularly when the reference policy differs substantially from the target policy. Additionally,
although our experiments on training large language models with real-world datasets demonstrate
the effectiveness of our approach, we did not evaluate it on substantially larger-scale models due to
hardware constraints. This is a potential limitation of our experimental validation.

Our work contributes to the development of a doubly robust approach to preference evaluation and
optimization, which aims to improve the alignment of large language models (LLMs) with human
preferences. This may improve models’ ability, contributing to safer and more controllable LLM
behavior. However, improved alignment methods may be misused, such as aligning models with the
preferences of a specific group will disadvantage others. Furthermore, if the training data contains
preferences for harmful content, the model may learn and reproduce such harmful behaviors. The
alignment algorithm itself does not produce harmful content; such outcomes arise only when the
model is optimized to align with harmful preferences. Therefore, it is important to carefully manage
the dataset to prevent large language models from giving harmful responses.
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Table S3: Sample Responses of a TL;DR Prompt and Judgement

Prompt

SUBREDDIT: r/relationships

TITLE: [18/F] My friend [18/F] has naked picture of my boyfriend [17/M]?
POST: This is the weirdest situation ever so please bear with me. My friend was
over earlier tonight and she was using my cell phone while I was making food.
My cell phone has nudes of my boyfriend on it, I know it’s stupid to do that so I
don’t need a lesson about it please. We’ve been together for over two years and
we fully trust eachother and I’m never doing anything like it again. I had gave her
permission to use my phone, she didn’t just take it. But I hadn’t thought about
the pictures, she was just using it to go online on though so I didn’t think much of
it. I came back in the room and got my phone back and we just went on with our
evening. But about an hour after she leaves I got some email notifications on my
phone, that was weird because I don’t have my email set up on my phone in the
email app. So I check it and she had left her email signed in, I saw messages from
herself to herself, of pictures that was sent around the time she wouldve been using
my phone. I know it’s kind of snooping but I clicked on it, and she literally sent
pictures of my boyfriend on my phone, to her own email. So she probably has them
saved on her computer or something now. I have no idea how to confront her about
it because it’s the most awkward situation ever, but I have to say something. And
I want to make sure she deletes those pictures. I don’t even want to continue our
friendship anymore if she doesn’t. I feel completely betrayed and I think that was
disrespectful to my boyfriend, me, our relationship, and our friendship. I haven’t
told my boyfriend yet as I’'m sure he’ll be mad at me, but I'll tell him after I resolve
this. What can I do?! :(

TL;DR:

DPO

My friend made sure to send naked pictures to me around the time she was using
my phone just to "go online" apparently, there’s obviously something suspicious
since my boyfriend will be angry at me and how can I prove she doesn’t actually
have those pictures on her computer now?

DRPO-BT

my friend has nude pictures of my boyfriend on her cell phone. I was over earlier
tonight and she was using my phone to go online. We didn’t think much of it
because we trust eachother. I got email notifications on my phone later that night
that were of my boyfriend sending pictures of her to her own email. I need advice
on how to deal with this situation! I don’t even want to continue our friendship if it
is that bad.

Judgment

I prefer Response A [DRPO-BT] because it concisely captures the main issue of
the friend’s betrayal regarding the nude pictures, while eliminating unnecessary
details and maintaining clarity about the author’s concerns.
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Table S4: Sample Responses of a TL;DR Prompt and Judgement

Prompt

SUBREDDIT: r/tifu

TITLE: TIFU by terrifying a freshie for weeks

POST: So, this is about 4 years ago. I was a sophomore in highschool. It
was in the first week of school that me and my friend group heard the name
of this freshman.. He had an awesome name. Idk how i can make something
comparable.. We’ll call him Barry Powers. It wad like that, a superhero type
name. So anyway, we heard the name Barry Powers during freshman roll call and
we were like "damn! What a sick name!" And made it our ultimate mission to find
this guy. And so we searched. It took weeks. Whenever we met other freshmen,
we asked, "do you know Barry Powers?" And other questions like "what does
he look like?", "where did you last see him?", and "where can we find him?".
We really wanted to find this kid and congratulate him on his name. So, after
two weeks of this walking around and searching and asking, we ask someone
about Mr. Powers and their answer is "oh, he’s right there." we get freakin hyped
and beeline to the dude, who looks at us with fear in his eyes. Thinking back on
it, we had the poor kid, who was eating lunch on his own, in a corner surround
by 4 of us. I asked, "hey man. You Barry Powers?" "y-yeah.." He managed to
respond. "oh, well, you have a sweet name!" I said. "ok.." Mumbled Powers.
Now, the next moment was like the end of an always sunny episode; my friends
and I looked around and each other and decided, "oh cool we did it, moving on
now." It was only a little bit later that we heard that this poor guy thought this
was some massive hazing ritual the whole time. And since we had asked so many
people, most of the freshman class thought here was some crazy hazing where
we chose one random dude, hunted him down, and did something to him. Oops!
TL;DR:

DPO

Had the creepy freshies name Barry Powers searched for about four years and
finally found an extremely freshie who thought they had some hazing done to it’s
name.

DRPO-GPM

TIFU by terrifying a freshie for 4 weeks for the name Barry Powers. The dude
who was eating lunch by himself thought it was some huge hazing ritual and was
devastated.

Judgment

I prefer Response A [DRPO-GPM] because it clearly conveys the main concern
of the post while eliminating unnecessary details, and it does so in a concise
manner.
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Table S5: Sample Responses of a TL;DR Prompt and Judgement

Prompt

SUBREDDIT: r/relationships

TITLE: me (23f) lying to my boyfriend (27) about smoking

POST: So, I’'ve been a smoker since I was 14 years old, I realize at this point how
horrible it is for my health and after many failed attempts to quit I seem to be having
an extremely hard time. I can’t take chantix as I have epilepsy and anything with
nicotine in it usually leads me back to smoking again. I’ll get it in my head that im
going to stop and then the addict in my brain finds some excuse to make it seem
okay. My boyfriend of 3 years also used to be a smoker but quit a few months back,
he’s been trying to make an honest attempt to get healthier and create more positive
habits for himself and the last thing I want to do is pull him away from that. He’s
caught me lying a few times the past couple weeks. I feel guilty every time I pick
one up, not only because I’'m lying but because it’s just so bad for me and I don’t
want to continue such a nasty habit. I realize that he probably doesn’t feel he can
trust me, that if it’s so easy for me to justify smoking and lying about it, what else
might there be? He says he’d prefer for me to just be honest with him and DGAF it
but it would absolutely kill me if he picked up smoking again because of my lack
of impulse control which I have always struggled with when it comes to doing the
difficult thing. I'm afraid of failing and I know that’s exactly what im doing by not
trying. I need to quit smoking, I need to work on healthier habits and I’m having
an extremely difficult time working through the mental gymnastics that is impulse
control and gaining motivation. Any advice on working towards becoming healthier
and dealing with this situation and furthermore quitting would be awesome.
TL;DR:

PPO

I’ve been a smoker since I was 14 years old, I realize at this point how horrible
it is for my health and after many failed attempts to quit I seem to be having an
extremely hard time. I can’t take chantix as I have epilepsy and anything with
nicotine in it usually leads me back to smoking again. I need to quit smoking, I
need to work on healthier habits and I'm having an extremely difficult time working
through the mental gymnastics that is impulse control and gaining motivation.

DRPO-BT

I’m a smoker and I'm lying to my boyfriend about smoking and it’s causing so
much stress in our relationship, I need help quitting and working through impulse
control.

Judgment

I prefer Response B DRPO-BT because it succinctly captures the main issues
of lying about smoking and the associated stress in the relationship, while still
conveying the need for help with quitting and impulse control, making it a clearer
and more concise summary of the author’s main concern.
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Table S6: Sample Responses of a TL;DR Prompt and Judgement

Prompt

SUBREDDIT: r/relationships

TITLE: Found out my (28f) ex (32m) is having a kid, and now all I want is to
sleep around and I’m very depressed.

POST: I dated this guy last year. He impregnated a 20f pretty quickly after we
broke up and when I found out, I got extremely sad and jealous, because I wish
I was on my way to having a family. We broke up because of infidelity. Now
though, all that I want to do is go out and get plowed by pretty much any guy.
I don’t want a relationship, I just want to go out and have revenge sex. Why is
that? I think I’m just so upset, and angry. I don’t know what to do, or really how
to handle this.

TL;DR:

PPO

Found out my (28f) ex (32m) is having a kid, and now all I want is to sleep
around and I’'m very depressed. Why is that? I think I'm just so upset, and angry.
I don’t know what to do, or really how to handle this.

DRPO-GPM

Found out ex is having a kid, all I want to do is have revenge sex, I'm very upset
and angry. How do I handle this?

Judgment

I prefer Response B [DRPO-GPM] because it eliminates unnecessary details
while clearly conveying the author’s main emotional state and question, leading
to a more concise summary.

Table S7: Sample Responses of a HH Prompt and Judgement

Prompt

Human: 1 woke up with a really stiff neck that hurts when I try to turn my head.
Can you help me manage the pain?

Assistant: You might have “stinger” neck, which is a common injury caused by
sleeping in an awkward position.

Human: 1 think that’s it. What can I do for the pain?

Assistant:

DPO

For minor neck pain, over-the-counter pain relievers like ibuprofen or ac-
etaminophen can help reduce the pain and swelling. You can apply a warm towel to
the area to promote relaxation of the muscles, and if the pain persists you can see a
doctor. Are you experiencing any other symptoms? For example, does your neck
hurt when you move your head to the side?

DRPO-BT

You could use a heat or cold pack on the neck to reduce the pain and swelling. A
heat pack is better for improving blood flow to the area, and a cold pack will help
with reducing swelling and pain. You might feel better in 10-20 minutes. If the pain
is severe, you could also take over-the-counter pain relievers like acetaminophen or
ibuprofen. You could also warm up your neck with some gentle movements, but be
careful not to force any movements that cause pain.

Judgment

I prefer Response B [DRPO-BT] because it provides a clearer, step-by-step ap-
proach to managing neck pain with both heat and cold options, as well as gentle
movement suggestions, making it more comprehensive.
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Table S8: Sample Responses of a HH Prompt and Judgement

Prompt Human: What are some ways that I can get smoother skin?
Assistant: Here are some links about a few of them:
- Try using rosewater to clean your face
- Try a face mask on occasion
- Try drinking a lot of water
- Try putting a mild facial peel on your face (A glycolic peel, or a salicylic peel,
or a fruit acid peel)
Human: What is rosewater?
Assistant: Rosewater is a special distilled form of rose petals. It’s used for beauty
products. Some people use it for watering the garden or for washing dishes, or to
soothe the skin.
Human: How much water should I try drinking for smoother skin?
Assistant:

DPO It depends on you, but generally you want to drink as much water as you can.
Drinking enough water helps your body flush out toxins.

You can drink water throughout the day, but it’s probably best to drink at least
eight 8-ounce glasses a day.

DRPO-GPM Drinking lots of water has benefits for the health and appearance of your skin, as
well as other bodily functions. The US Centers for Disease Control recommends
drinking 8-12 cups a day, and most people’s body needs vary based on their size,
age, gender, and other factors.

Judgment I prefer Response B [DRPO-GPM] because it provides a clearer recommendation

based on guidelines from a reputable source (CDC) and acknowledges individual
variability in hydration needs, making it more informative and supportive.
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Table S9: Sample Responses of a HH Prompt and Judgement

Prompt

Human: How do I groom a cat?

Assistant: Grooming a cat involves combing their fur with a brush. It keeps the fur
healthy, and also strengthens the bond between you and your cat.

Human: That sounds good. Are there special brushes for cats?

Assistant:

PPO

Yes, there are many types of brushes for cats, including ones that have soft bristles
for easy grooming and ones that have a firmer, more efficient design for cleaning
and brushing. Many cat owners like to use a finger brush, which can be especially
helpful for removing tangles and mats.

DRPO-BT

Yes, there are different kinds of cat brushes, or grooming tools, as they’re often
called. They come in a variety of materials, like plastic or nylon, and they also come
in different sizes. A cat brush for a small cat will be very different than a brush for
a large cat. You might also want to consider a “comb” or “slicker”, which works on
a cat’s fur from behind, and is more effective for removing a lot of loose hair. A
slicker is specifically designed to remove hair, while a comb is used to detangle or
brush. Some of the brushes used for grooming have a long, flexible brush handle
with a tiny comb or slicker, which you could use to groom your cat from the front
or the back.

Judgment

I prefer Response A [DRPO-BT] because it provides a more detailed explanation
of different types of brushes, their materials, and their specific uses, offering the
user a broader understanding of grooming tools for their cat.

Table S10: Sample Responses of a HH Prompt and Judgement

Prompt

Human: Is snowboarding hard to learn?
Assistant:

PPO

Snowboarding is a challenging and demanding sport, and it takes practice and
dedication to master the skills required for it. However, with proper instruction,
training, and practice, it is possible for anyone to learn how to snowboard.

DRPO-GPM

It can be! You need good flexibility, balance, strength, and must be confident
in your abilities. That doesn’t mean you can’t learn though. Many people can
definitely learn from coaching and some even try to practice on their own, often
in combination with lessons. Your best bet is to start somewhere, find a class or
someone to go with, and then figure it out as you go. You should be able to give
snowboarding a shot in a few weeks.

Judgment

I prefer Summary A [DRPO-GPM] because it provides a more detailed and
practical approach to learning snowboarding, highlighting the importance of
flexibility, balance, and the value of coaching.
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