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Appendix of “Contextual Bandits with Knapsacks beyond Worst
Cases via Re-Solving”

A From Discrete Randomness to Continuous Randomness

In the main body of this work, we explicitly assume that both the context set and the external factor
set are discrete. Such an assumption can suitably capture most real-life situations. For example, in an
agent’s online bidding problem with budget constraints, if we presume that the context is the agent’s
actual value and the external factor is the highest competing bid, it is natural to suppose that all these
three values are discrete. Nevertheless, for theoretical completeness, we expand our results in this
section to circumstances where these two sets are infinite, i.e., the two underlying randomnesses is
continuous. It is imperative to note that the scenario where one randomness is discrete and the other
is continuous would be analogous in analysis by incorporating the techniques presented in Section [5]

Conceptually, the re-solving heuristic still works: we solve the optimization problem in each round
concerning the remaining resources based on previous estimates. However, technically, since the
distributions of context and external factors are continuous, we should further elaborate on the setting.
In this section, we suppose that the context set © = [0, 1]% and the external factor set I' = [0, 1]%>.
We denote u(6) and v(+y) as the density function of U and V, respectively. We assume that p € {u, v}
belongs to the 3,-order L,-Holder smooth class 3(3,, Lp). Here, for the foundation, given a vector
s =(81,...,84), define

9s1++sa

sl=s1 4+ +5sq, D= ———F—.
st ’ ozt - - Oy

Subsequently, for a positive integer 3, the S-order L-Holder smooth class is defined as

Y(B8,L) :={g : |D’g(x) — D°g(y)| < L||x — y||2, for all s such that |s| = 8 — 1, and all z, y}.

Now, suppose X1, - - - , X, are k i.i.d. samples from a distribution with density function p € (5, L).
According to|Wasserman| [2019]], we have the following result, which implies that we can calculate
an estimator from these samples that converges to the density function.

Proposition A.1 ([Wasserman, 2019]]). Suppose X1, --- , Xy are drawn i.i.d. from a d-dimension
distribution P, with density p € X(3, L) for some L > 0, and k is sufficiently large. Then there exists
an estimator py, such that for any € > 0,

— )

- C«/log(k’/e)] <

Pr [sgp Ip(z) = Pr()l > — 57550

with C a constant.

The details of constructing such a density estimator are postponed to Appendix [F.I] We now return
to the re-solving heuristic and Algorithm [T} In the algorithm, with continuous randomness, the

~

constrained optimization problem to be solved in each round J(p;, H;) fort = 1,2, - - - becomes:

~

J(pt,Hs) = max d(0,a) | r(0,a,7)v:(v)u(6) dydo,
500

$:OX AT >R

s [Y o0 / €(6,0,7)0,(7)(6) dy A8 < .

a€At

3" 6l0,0) <1, WoeO,

acAt+
#(0,a) >0, V(0,a) €O x AT,
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Correspondingly, the reference optimization problem J(p;) is given below:

J(pt) = max / Z o(0,a /r (0, a,v)v(y)u(d) dydo,

$:OX AT >R

acA+ v
se [ 30 00.0) [ e0.0.000)u0) 700 < o
acAt
> ¢(0,a) <1, WHeO,
acAt

#(0,a) >0, V(0,a) €O x AT,

At this point, it is worth mentioning that solving J (pt, H¢) in each round could be hard as it could
be a continuous yet non-convex constrained optimization problem. Nevertheless, we assume the
existence of an oracle that aids us in solving this optimization, and we focus on the regret of the
re-solving method. Let o, == (By +dy) /(28 + du) and o, = (B, +dy)/ (28, + d,,), and we have
the following two results, respectively, under full and partial information feedback.

Theorem A.1. Under continuous randomness, with full information feedback, the expected accumu-
lated reward Rew brought by Algorithm|l|satisfies:

VFL — Rew = O((T* + T +TY?)\/logT), T — oc.

Theorem A.2. Under continuous randomness, with partial information feedback, the expected
accumulated reward Rew brought by Algorithm|[I] satisfies:

VFL — Rew = O((T** + T?)\/log T + T* log®/*~** T), T — .

The proofs of the above theorems are presented in Appendices[F.2)and [F3] respectively, which almost
follow the threads of Theorems[3.1]and[3.2

B Specifying the Worst-Case Location — Proof of Theorem [2.1]

To prove the lemma, we first introduce an intermediate value, which we denote as VHYb (o upper

bound VON, and show that the gap between V" and V¥ is O(+/T') under the given condition.
Specifically, we have the following definition:

Hyb . E E
Vb= Egh..,ﬂT max Qt, s
1 T AT SR

t=1qc A+

T
> Y Clnajina) < pT, M)

t=1 aqc A+
Z ¢t(a) S 17 Vt S [T]a
a€At

¢i(a) >0, VY(t,a)e€[T]x At.

To see that VP gives an upper bound on VON, we fix a request trajectory 1, - - - , 8. Now, for any
non-anticipating strategy 7, we let

pi(a) =Prlaff = a6, 0]
be the total probability that af = a conditioning on the pre-determined request sequence, with respect
t0 1, -+ ,t—1 and the randomness of strategy 7. We show that {p] };—1 ... r is a feasible solution
to VP under 0y, - - - , Or. Here, a key observation is that for any ¢ € [T

E[C(9t7a’?7’yt) | Hla e 70t] = EVt Z C(et,a?»%) : PI‘[G? =a | 917' te ,Gt]

a€At

= 3 Cbr, )} (a).

acAt
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In the above, the first expectation is taken on 71, - - - , 7, and the random choice of strategy 7. Since
2321 c(0s, a7, v:) < pr always holds, we derive that

T T
YD Clbs,a)pila) =E [Z c(01,a7, ) | 01, 07| < pT,
t=1qcAt+ t=1
which indicates that {p[ };—1 ... 1 is feasible to VHYb under 6y, - - - , 0. To the same reason, we also

have

ZZRQt, a)p; (

t=1 aqe A+

T
Z etaata/yt |917 79T]

equals the conditional expected reward of strategy 7. Thus, since VH¥® is a maximization problem
for any request trajectory, we conclude that Vb > 1/ON,

It remains to show that when V%, or J(p) has a unique and degenerate solution, V¥ — VHYb —
Q(V/T). We first present a transformation of VP, We let
2(0) = #[appeal;a:nce of 6]

be the random variable indicating the frequency of 6 when 6 is drawn T times i.i.d. from /. Obviously,
the mean of x is u. We now demonstrate that

Vv — TR, max Z x(0) Z R(0,a)9(0,a)| ,

@@XA+HR9

€O acAt
st Y x(0) Y C(6,a)p(6,a) < p,
0co acAt (2
> ¢(0,a) <1, V€O,
acAt

#(0,a) >0, V(0,a) €O x AT,

To see this, in form (IJ), it is not hard to see that conditioning on 6y, -- , O, the value of the
optimization is only related to the number of times that any § € © appears in the sequence, and
irrelevant with their arriving order. Therefore, by taking an average, it is without loss of generality
to suppose that ¢ = ¢;, aslong as §;, = 6;,. Under such an observation, it is natural that (TJ) is
equivalent to (2)).

For convenience, we now recall the definition of VFL:

FL _
VEEST | guax g 2 ulf) D Ribi)é6,a),

A<C] acAt
st Y u(0) Y C(0,a)¢(6,a) < p,
6cO acAt
> ¢(0,a) <1, WHeO,

acAt
#(0,a) >0, V(0,a) € ©x AT,

By Sierksmal [2001], we know that when .J(p) has a unique and degenerate solution, then its dual
form has multiple solutions. We then adopt the framework of [Vera and Banerjee|[2021]]. In particular,
we let A > 0 be the dual variable vector for the resource constraints, and 4 > 0 be the dual
variable vector for the probability feasibility constraints. If we take w(0) = p(6)/u(6), then the dual
programming of VT /T is the following as a function of w:

D[Z(u)] = r)r\lin P Atu'w,

st. ATC(0,a) +w(®) > R(0,a), VY(0,a) €O x AT,
A>0, w>0.

14
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Now, suppose (A!,w!) and (A2, w?) are two different optimal solutions to D[Z ()], which directly
leads to A! # A? by the programming formation. We let A’ = A! — A? and w’ = w! — w?. Then,

PN +uTw =p" N ru"w? = pTN+u'W =0. 3)
Further, notice that (A!, w!) and (A2, w?) are both feasible for D[Z(z)] for any x. Since D[Z(z)]
is a minimization problem, by a convex combination, we have

DZ(x)] < (p" AN +2 wH1p" N+ W <0+ (p" XN +2"w)ip' N + 2w > 0.
Further, by optimality, we know that for any x,

DZw) = AN +u'wH1p™ NV +2T <0|+ (p "N +u'w)1p" N +2"w >0].
Now, by weak duality, since VI¥P /T for any given @ is a maximization problem, we know from the
above two equations that

(VFL _ VHyb)/T
> D[Z(u)] — Eq [D[Z(x)]]

> By [((u—2) w1[p N + 27w <0+ (4 —2) w1l N + 2w > 0]]
© Fy [((u— ) Tw) 1w — )0’ > 0] + ((u—2) w?)(1 - 1[(u - ) o' > 0))]
O g, [(u—2)Tw) 1w —2) W' > 0]

Here, (a) is due to (3), and (b) is since the mean of x is u. Now, we let { = \/T(u — w)Tw/ be
the normalized scaled variable. By Central Limit Theorem, {1[¢ > 0] converges to a half-normal

distribution, which has constant expectation. Thus, we arrive at VF — VIY> — O(\/T), which
finish the proof.

C Missing Proofs in Section 3]

C.1 Proof of Theorem

We now give a proof of Theorem[3.1] The proof draws inspiration from that of [Chen et al.| [2022], but
significantly diverges in terms of the problem setting.

C.1.1 Regret Decomposition

We start by presenting a regret decomposition approach, which stands on the dual viewpoint. We first
recall the optimization problem V¥l =T - J(p,):

J(pl) = ¢'@@2§HR ]EGNZ/{ Z R(Qv a)d)(gv a)] )
' a€At
s.t. E@NU [ Z C(e7a')¢(97 CL)] < P1;
a€AT

3" 6l0,0) <1, Woeo,

a€At
#(0,a) >0, V(h,a)cO x AT.

Recall that u () denotes the mass function of U, then the above linear programming can be expanded
as

J(p1) = PRI eeezem u(0)R(6,a)¢(0, a),

s.t. Z u(0)C(0,a)d(0,a) < p1,

0€0,ac At

3" 6l0,0) <1, VoeO,

acAt
#(0,a) >0, V(0,a) €O x AT,
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Now let A > 0 be the dual vector for the consumption constraint and {¢*(0) }gpco > 0 be the dual
variables for the action distribution constraint. By the strong duality of linear programming, there is
an optimal dual variable tuple (A\*, {1*(0)}gco) > O such that:

Jpy =Y (u®) (BO,a) = (A)TC6,a)) —pn*(8)) 6i(6,a) + (X)) Tpr+ D u'(6)

0€©,acAt €O
= Y u®)(R(B.a) — (X)TC(8,a) 61(6,a) + (X) T p1.

0€O0,ac At
“
Here ¢7 is the optimal solution to .J(p). With (@), we have the following lemma for regret decompo-
sition.
Lemma C.1. For any stopping time T, < Ty adapted to the process { B;}’s, we have

VFL _ Rew

Te
<E|Y Y (uld) (R:a) - (N)TCE,0) - 1(9)) (¢1(6,0) - 5;(6,0))
t=10€O,ac A+

&)

Te
CEY Y ) (1 oy 5;(9,@)]
t=10€O acAt
+ (A TE[Br, 1] + pcB3X, (R(0,0) — (A)TC(0,a)) -E[T —T.].

The proof of Lemma|[C.T]is deferred to Appendix [C.2] We now give a brief explanation on this result.
The first two terms in (5)) depicts the gap between the choice of Algorithm [T]and the optimal decision.
This is apparent for the first term. For the second term, we should notice that by complementary

slackness, for each § € O,
e (0) - (1 -y ¢>t(e,a>) =0.

a€At
Therefore, the second term in (3)) is bounded if (;ASI is close to ¢7.
On the other hand, the last two terms are closely related to the choice of stopping time 7, and the
consumption behavior of Algorithm 1} Intuitively, if 7, is sufficiently close to T, then E[T" — T¢]
should be appropriately bounded. Nevertheless, if the algorithm spends the resources too fast,
then such a sufficiently large 7T, would be impossible. Conversely, if the resources are consumed

substantially slower than the optimal, then the term E[Br, 1], the remaining resources at the stopping
time, would be unbounded.

In the following, we will deal with these two parts correspondingly. A crux to the analysis is to pick a
satisfying stopping time 7, which we will first cover.

C.1.2 The Gap to Optimal Decision

We first give a realization of the stopping time 7, which relies on Assumption[3.1} As is shown by
Mangasarian and Shiau [1987]],|Chen et al.| [2022], local stability holds for an LP with unique and
non-degenerate optimal solution, that is, the basic variables and binding constraints are kept within a
minor purturbation on the coefficients. To this end, we first explicitly define the relevant concepts.

Definition C.1. A context-action pair (0, a) is a basic variable for J(p1) if ¢5(6,a) > 0, or else, it
is a non-basic variable. Similarly define basic/non-basic variables for J (P, He).
Definition C.2. i € [n] is a binding constraint for J(p1) if
> u(6)C(0,a)$;(0,a) = pi,
0€0,ac At

or else it is a non-binding constraint. We let

S := {i € [n] : i is a binding constraint for J(p1)},

T :={i € [n] : i is a non-binding constraint for J(p1)},

16



529
530

531

532
533

534
535

536
537

538

539
540
541
542

543

544

545
546
547
548

549

550

551

552
553
554

555
556

and use ks to define the sub-vector of & confined on S, similar for |7. Further, § € © is a binding
constraint for J(p,) if
> di0,0) =1,

acAt

~

or else it is a non-binding constraint. Similarly define binding/non-binding constraints for J(p:, Hz).

Under the above definitions, we have the following lemma, which is a derivation of the result in|Chen
et al|[2022]. We will provide the proof in Appendix [C.3}

Lemma C.2 (Stability). Under Assumption there is a D > 0, such that when the following
holds:

max {|(u(0) — u(0))ocolloos [|(v(7) = Ve(7))yerlli} < D,
max {[[p1ls = pelsllo » max {pilr = pil7}} < D,

J(p1) and J(p:, H:) share the same sets of basic/non-basic variables and binding/non-binding
constraints.

(6)

With Lemma[C.2]in hand, we can derive that when condition (6] is met, it holds that

(u(®) (R(8.a) = A)TC(0,a)) = u*(0)) (#7(6,) = 67 (9.0)) =0, )
> wr(0) <1 -> 5;;(9,@)) = 0. ®)
0co acAt

To see these, notice that by the dual feasibility of .J(p1), we have u(9) (R(6,a) — (A\*)TC (6, a)) —
1*(0) < 0. When u(6) (R(6,a) — (A*)TC(8,a)) — p*(0) < 0, by primal optimality, ¢; (6, a) = 0
and thus (0, a) is non-basic for J(p;). By Lemma (6, a) is also non-basic for J(p;, H;) and
(/b\z‘ (6,a) = 0 holds as well. This finishes the deduction of (7). A similar reasoning on binding
constraints would help us achieve (8], which we omit here.

As the above goes, it is then natural for us to define 7, the stopping time in our analysis as follows:

T, = min{Tp, min{t : max{||p1|ls — pt|sllec, max{p1|7T — pe|7}} > D} — 1}, )
where T} is the stopping time of Algorithm [} That is to say, we always have max{||p1|s —
Ptlslloos max{p1|7 — pe|7}} < D when t < T,. What we are left is to bound the situation when

max{||(u(0) — ©(0))oco|loo, |[(v(Y) = Ve(7))yer|l1} > D for 1 <t < Te. In total, we arrive at
the following result for this part, with the proof given in Appendix [C.4}

Lemma C.3. Under Assumption 3.1} with full information feedback, we have when T — oo:

Te
EIY Y (w0) (RO.0) - (A)TCH,0) — 1 (0)) (61(6.0) - 5i(6,0)) | = O1),

t=1 0O, ac A+

E =0(1).

S0 0) (1 -y a:;(e,a))

t=1 0cO acAt

We are now only left to bound the last two terms in (3)).

C.1.3 The Gap to Optimal Consumption

As presented in (3), we now bound the remaining two terms, respectively E[Br, 1] and E[T — T¢]
for T, defined in (9). It turns out that these two terms are closely related. Due to this observation, we
would first bound (A*) " - E[Br, 1] by E[T — T.], and then bound E[T" — T.].

Now by the strong duality of J(p1), we know that complementary slackness holds, that is A*|7 = 0.
We therefore have
(A)'E[Br,+1] < (X) "E[Br,] = (X|s) "E[Br,|s] = (X*|s) "E[(T — T¢ + 1)pr. |s]

a

< n(p™* + D)|A" oo - E[T ~ T, +1].

(10)

—~
Naid
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In the above, recall that p™?* denotes the maximum coordinate of p;, and D is specified in
Lemma Consequently, (a) is due to the definition of 7, and that ||p1 + D1||c < p™** + D.

We are left to bound E[T — T.]. Nevertheless, this part would be rather technical and involved.

Therefore we defer the analysis to

Appendix[C.3] and only give the final bounds.

Lemma C4. Under Assumption[3.1] with full information feedback, we have when T' — co:

(X)) "E[Br, 1] + penax

€0,

a€A+

Combining Lemmas [C.T] [C3]and [C:4] we arrive at Theorem 3.1}

C.2 Proof of Lemmal[C1]

The proof is obtained by the following set of (in)equalities.

VFL _ Rew
To
=T -J(p1)—E [ T(thatﬁt)]
t=1
@ &
<T-J(p1)—E Zr(ematﬂt)
t=1

o

(]
(]

“”T~J<p1>E{

o
Il
o
>
m
@
IS
m
ES
+

s

u()R(6,a)é; (6, a)]

(R(0,a) =(X)T - C(0,0)) E[T — T.] =

o(1).

Te
95 {Z > () (R©0) ~ (A)TC(6,a)) — 1*(6)) (#1(0.0) - 67 (6, a))]

+ (Z 1 (0) (1— > ¢1(0,a)

ac€At

+ D (wO)(RO,0) — (X\)TC(6,a)) 67(6,0a) | -E[T ~T]

>> 'E[T_Te]

SE(Y. Y (ul) (Re.0) - A)TC0.) - 5 (9) (¢10.0) - 5 (6,0))

t=10€O,ac A+

+E

t=10€0O a€At

A)TE[B
+ ) EBroyl+  max

iZu*(@ (1— > 8:(0@))]

(R(0,a) — (A*)TC(0,a)) -E[T —T.].
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In the above set of derivations, (a) holds since Ty > T, (b) is due to Optional Stopping Theorem
since 7T, is a stopping time, (c) is by the strong duality of J(p1) as given by (@), (d) establishes by
rearranging terms. At last, for (e), the diminishing term is by strong duality, the transformation from
the fourth term in (d) to the third term in (e) is derived by another application of Optional Stopping
Theorem on the accumulated consumption vector, and for the last term, the upper bound is achieved

since Y, 4+ ¢71(0,a) < 1forany 6 € © and ), o u(f) = 1.

C.3 Proof of Lemmal[C.2]

We will apply the stability result in |Chen et al.| [2022] as an intermediate to prove our version.

As given, we know that J(p;) and T (pt, H+) has the same set of basic/non-basic variables and
binding/non-binding constraints as long as the following conditions hold for some constant Dy > 0:

<U(9)Z (7)r(0,a,v) —u: (0 Z’Ut r(6 a’Y) < Dy,
(0.a)€Ox A+

~

(11
<u(9)z (7)c' (0, a,) th (6, a 7)> < Dy, VYie€ln],
v (0,0)€OX AT || o
lpils = ptlslloe < Do, max{pi|7 — pt|7} < Do.
Now, by a standard insertion technique, we have
u((‘))z ()r(0,a,v) —u(0 th r(0,a,7)
gl
= (U(G) - a15(9)) Z v(’y)?"(@, a, 7) + ut(e) Z(’U(’}/) - at(/-)/))74(97 a>’7)
¥ ¥
(@)
< [[(u(8) = ut(0))oeolloo + [[((7) = Vi (V))yer|s- (12)

For (a), the first term is bounded since (6, a,y) < 1and > v(7) = 1. The second term is similarly
bounded as @;(#) < 1. Therefore, we let D = Dy /2, then when we have

1(w(0) =t (0))ocolloc <D, [(v(7) = vi(¥))yerlh < D,

the first condition in (TT)) is met. An almost identical reasoning also holds for the second condition in
(TT). Consequently we finish the proof of the lemma.

C.4 Proof of Lemmal[C.3|

Recall that we are going to prove that

Y @l (RE.a) - ()T CB.0) - i (0)) (¢10.a) - 5i(6.0)) | = O,

t=10€O,ac At

E izu*(a) (1— Yo M)] =0(1),

t=1 0O ac€At

when 7' — oo under Assumption [3.1] For simplicity, we give the following abbreviations:

Pi= 3 () (R(B.0) - (N C(0,0)) — 1(0) (61(6,0) — 35 (0,0))

0€O,ac€at
@:ZM@G—Z&@Q,

€O a€A+
Eu = [[|(w(0) — w(0))ocollo < D), Evr = [Il(v(7) = 0e(V))rerlh < DJ.
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On this end, we first utilize Lemma|C.2]to show that when condition (6] holds, we have
P, =Q,=0.

Specifically, for P, by the dual feasibility of J(p1), we have u(f) (R(6,a) — (A*)TC(6,a)) —
©*(0) < 0. When u(6) (R(6,a) — (A*)TC(8,a)) — p*(0) < 0, by primal optimality, ¢; (6, a) = 0
and thus (6, a) is non-basic for J(p;). By Lemma (6, ) is also non-basic for .J(p;, H;) and
7 (0,a) = 0 holds as well. In conjunction with the case that u(d) (R(6,a) — (A\*)TC(6,a)) —
1*(0) = 0, we obtain that P, = 0.

For Q);, notice that we have p*(6) > 0 for any 6 € ©. The case that ;*(0) = 0, again, does not
contribute to the total sum. When z*(¢) > 0, by complementary slackness, » . 4+ ¢#7(0,a) = 1,
i.e., 0 is a binding constraint for J(p1). This, by Lemma implies that 6 is also binding for

~

J(pt, H), which shows that the second term is also zero.

With the above, it remains to consider the situation that condition @ does not hold when t < T, or
in other words, &, + A &, does not hold. Note that P, < 1 and @); < 1 always hold. Thus, we only
need to bound the probability that =(€, ; A &, ;). By a union bound, we have

Pr[ﬁ(gu,t A gv,t)] = Pr[ﬁ u,t Vo v7t] < Pr[ﬁ 'U,}t] + Pr[ﬁ v,t]-

For the first term above, we apply the Hoeffding’s inequality and a union bound to derive that
Pr[=E€y] = Prll|(u(0) — @ (0))scollc > D] < 2|0 exp (~2D*(t 1)) .

Whereas for the second term, we use the concentration result inWeissman et al.| [2003]] to derive that
Pr[=E,4) = Pr{|(v(7) = B3 erlh > D) < (27 = 2) exp (=Dt~ 1)/2).

Synthesizing the above all, we have

E[P] = E[P: | Eut A o] - Prl€us A Eud] + EIP: | 7(Eue A Eut)] - Pr[o(Eu A o))
<O+ 1-Pr[~(Eut Auy)l

< 2|0 exp (—2D2(t — 1)) + (2‘“ - 2) exp (—~D2(t —1)/2), (13)
E[Q,] < 20| exp (—2D%(t — 1)) + (2‘” - 2) exp (—D2(t —1)/2). (14)

Summing (T3) and (T4) from 1 to T., we achieve that
T. T,

{e|yr] 2 [320]}
t=1 t=1

(2\®| exp (—2D*(t— 1)) + (2‘FI - 2) exp (—D?(t — 1)/2))

JE

<

M=

o~
Il

2|0 2l — 2
~ 1—exp(—2D2) 1—exp(—D2/2)’

which conclude the proof of the lemma.

C.5 Proof of Lemma[C.4

As implied by (10), the proof of this lemma reduces to bound E[T" — T,], i.e., showing that T, is
sufficiently close to 7'. On this side, we first recall the definition of T, in (9):

T. = min{Ty, min{t : max{||p1|s — pt|s|lco, max{pi|7 — pt|7}} > D} — 1},

where Ty is the stopping time of Algorithm[l} and S and T correspondingly represent the set of
binding/non-binding resource constraints in LP J(p1). For simplicity, we define

N(p1, D,S) = {r : max{||p1ls — Kls oo, max{ps|7 — k|7}} < D}.
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e06 It is without loss of generality to suppose that D < p™*, We let
Tp =min{t: p; ¢ N(p1,D,S)} -1, T_=|T+1-1/(p™ —D)|.
607 We show thatift <7T_ andt < Tp, then ¢t < T,. In fact, under the condition, we derive that

1
B, >(T—-t+1 -D1)> ——
> ( +1)(p1 )—pmm—D

608 which implies that ¢ < T}, and therefore ¢ < T,. As a result, we have

(pl _D]-) Z 17

T_ T_

T T_
E[T]=) Pril.>#>Y Pr[l.>t]>> Pr[Tp>t]=T_—» Pr[t>Tp]. (15
t=1 t=1 t=1 t=1

60s Before we continue to bound (I3)), we first give an observation on the dynamics of p;. By the update
st0 process of the budget, we have forany ¢t > 1,

Bt+1 = Bt —C —> pt+1(T*t) :pt(T*t+1) — Ct

Pt — Ct
T—t°

= Pt+1 =Pt

611 Now let

P~ Eontt [Toenr 10,00C0.0)|  Eouu [Soear 91(0,0)C(0,0)] ~ e

MFC = N, =
¢ Tt o Tt
612  We then have
—c
Pt+1 — Pt = % = Mtc + NtC' (16)
—t
613 We now define an auxiliary process which benefits the analysis. Specifically, for ¢ € [T7, let
- { Pt, t <Tp;
Pt =
PTp t>1Tp.
614 Therefore,
_ . [MFP+ NP, t<Tp;
Prr1— P = 0, t>1Tp.

615 We further define the following two auxiliary variables for ¢ € [T

MO — MF, t<Tp; NC NE, t<Tp;
t 0, t>Tp.’ t 0, t>Th.

616 As a result, we have . .
pre1— Py = M{ + Nf.
617 Now we come back to (T3). Notice that
Pr[t > Tp] A7)
=Prps ¢ N(p1,D,S) for some s < ¢] = Pr[p: ¢ N(p1,D,S)]

t—1

t—1
gPr[ Z(M§+f\f$) s >Dor minz(ﬁf+ﬁf) |T<D]
=1 00 =1
t—1 N t—1 N t—1 N
<Pr || MC| | >D/20rmin) MF| < -D/2|+Pr||> Nf 2D/2].
=1 o) =1 T=1 o)
(18)

s18  For the second term in (I8), we observe that each entry of {}___, N ©1, is a martingale with the
619 absolute value of the 7-th increment bounded by 1/(7" — 7). Since

t—1 1

1
<
(T—-7)2 " T-t

T=1
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621
622

623

624

626

627

628

629

630

631
632
633

by applying the Azuma—Hoeffding inequality and a union bound, we achieve that

t—1 N - 2
o |52 e -opr),
=1

8

> D/Q] < 2nexp (—

We now come back to the first term in (I8), for any { Dy, - - , D1} such that Z:;ll D, /(T—-1)<
D/2, we have

t—1 i—1
{ S M| >D/2or minZME\T<—D/2}
T=1 0o T=1
-y DT AT D‘I’
— {HMTC|5H<>O > m_or mlnMTC|T < T—T} for some 7 € [T — 1].

We now define

D,
T—71

-7

& (Dy) = (HME]SHOO < ) A <minM§yT > —TDT ) holds for Vp, € N(p1,D,S).

Since MTC # 0 only when t < Tp, i.e., p; € N(p1,D,S), by the definition of £.(D ), we have
the following claim:

t—1 1 1 o
_ . - b
{ ;Mﬂs ) > D/2or mm;lMﬂT < —D/2} - TL:jlﬁgf(DT), v; ——<D/2.

19)

Thus, we forward to bound Pr[—&, (D, )] for a suitable choice of { D }1<,<r. Recall that we have
defined events £, , and &, , as follows:

Eur = [[[(w(0) = ur(0))oeolloc < D], Evr = [[[(v(7) = V- ())yerls < DI

We have the following lemma, which we are going to prove in Appendix [C.6}
Lemma C.5. When p. € N(p1,D,S) and &, + N\ E, » hold,

(T =) [|MF ]l < lIu(8) —ar(@))scellr + II(v(y) = Tr(1)rerlls,
(T = 7)min M| - > —[|(u(0) = @r(0))ocolh — I(v(7) = 07 (3))rer |-

Further, it is clear that (T — 7) || M| g < 1and (T —7)MF|, > —1 holds. Inspired by the

above observations, we let the series of Dy, --- , Dp_; be the following form:
1, T <nT;
D- = -1/4 !
(r—1) , T>nT,

where 1 € (0, 1) is a constant to be specified. We need to satisfy the following constraints:

T-1 D
Y e s/, ()<,
P T—1

Here, the first constraint is instructed by (19), and the second is to guarantee that when || (u(6) —
- (0))ocollr + [|(v(y) = 0y (M)rer|s < (1 —1)"Y4 for 7 > 0T, £, A &, - naturally holds, and
therefore we can apply Lemma|[C.5] For the first one, we notice that

T—1 nT T—-1

D, 1 1 T-1 logT
E = E [E— E <1 .
T 7 T or 2 T BT 1 ()
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634 Therefore, for some 7 such that log(1 — ) > —D/4, Zthl D;/(T —t) < D/2 establishes for
635 sufficiently large 7" >> 1, and the second constraint is also satisfied.

636 We are now prepared to bound Pr[—&; (D, )] for the {D.} we just proposed. To start with, when
sa7 7 < 0T, E(D,) always holds, thus Pr[~&,(D,)] = 0. When 7 > T, since 7~'/4/2 < D, by
638 Hoeffding’s inequality and union bound, we have

Pr[~&,(D-)]
< Pr [[u(®) = @ Oeols < (7 = 1)74/2] +Pr [0 = 5, ()rerll < (r = 1)74/2]

< 2/6]exp (“””) T 2T exp (“”“) .

NEE S|T2
e30 Here, (a) is by Lemma|[C.5|and a union bound. Therefore, according to (I9), we have
t—1 t—1 t—1
Pr ||y MC || >D/2ormin) MZ| < —D/Q] <> Pr[=&:(D-)),
=1 0o T=1 =1
and therefore,
0, t< 9T +1;
=1 =1 o
c . c _ -
Pr Z:lMT |S > D/2 or mlnz_:lMT |T< D/Q] < Z exp{le/z}, t>nT +1.
n > = T=nT+1

es0 Plugging the into (I8) and (T5), we obtain that when T' — oo,

E[TYA’TE
<T-T_
T- t=1 t=1 (T_t)DQ
+ Pr MC > D/2or min Yy MC| < —D/2| 4 2nex ()
% (|50 _» preo o <o e (-5

< S + 20— exp(=D/8) 7 + O(T) exp (-12) = oq).

641 At last, combining with (I0), we finally finish the proof of Lemma[C.4]

e42 C.6 Proof of LemmalC.3

643 To start with, we notice that

(- = .-t | F0000.0)

acAt
644 Now, notice that p. € N(p1,D,S) and &, A &, - are the condition of Lemma therefore, the

~

e45 set of resource binding constraints of J(p;, H;) are identical to that of J(p;), i.e., S. Hence, for any
s46 1 € [n],

pils —Eonrs | D &(a,a)Ci(Q,a)ls]

acAt
= > w0)i0,0)> 50 a,ls — Y. u®)sr(0,0) Y v(y)c'(0,a,9)]s
0€0,ac At el 0€O,ac At Y
= > (®) —(0)65(0.0) Y v(7)c (0,a,7)|s
0€0,ac At ol
+Y 0 A(0)65(0,0) Y (B-(9) — v(1))e(0,a,7)]s
0€0,ae At Y

(@
< [[(u(0) = u-(0))ocollr + [I(v(v) = - ())yerl-
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660
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663

664

665
666

Here, the bound on the first term in (a) establishes because for any 6 € O,

37 610,0) Y v(7)el(Ba,7)]s < 1

a€At Y

since ), - 4+ ¢5(6,a) < 1. The bound on the second term is similar. Thus, we achieve the result for
binding constraints. The proof for non-binding constraints resembles the above by noticing that

p-|T 2 Z *(0,a) ZUT c(8,a,7)|Tr

0€O,ac A+

D Missing Proofs in Section 4]

D.1 Proof of Theorem [4.1]

With Lemma[4.1]in hand, we now show how to derive Theorem[4.1] Specifically, the regret decompo-
sition technique in Lemma [C.1]still works fine. We only need to re-derive corresponding results for
Lemmas|C.3|and[C.4] We have the following results on this side, which are proved respectively in

Appendices|D.3and [D.4]

Lemma D.1. Under Assumption 3.1} with partial information feedback, we have when T' — co:

S @l (R.0) - ()T C0.0) ~ 1 (0) (¢1(0.0) - 5i(60.0)) | = O,

t=10cO,acAt

|3 w0) (1— G a)] OlogT).

t=10cO a€At

Lemma D.2. Under Assumption with partial information feedback, we have when T — 0c0:
A)TE[Br, 1] + énaé(/ﬁ ( 0,a) — (AT - C’(&a)) E[T—T.) = 0(1).
Lemmas|C.1] [D.T]and [D.2]in together leads to Theorem 4.1}

D.2 Proof of Lemma [4.1]

Some preparations are required before we come to prove the lemma. To start with, we notice that
Y; = Prla; # 0] + - - - + Pr[a;—1 # 0]. By the control rule of Algorithm|[1]} we have

> ¢1(0,0) | H] :

a€At

Prla; # 0] = Egi

We first give a lower bound on Eg y[> ,ca+ ggj(ﬁ,a) |  H,] with p., taking
Ey . D acat q@i(&, a) | 1] as an intermediate.
Lemma D.3.

Ey . [Z ¢7(0,a) | Hr ] > min {1, min p;}.

a€A+

Proof of Lemma|D.3] To start with, when p, > 1, then clearly, all the resource constraints in

J(pr,H.) are satisfied even when } 1+ ¢(0,a) = 1 holds for any € ©. Therefore, an optimal
solution should have this form.
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688

We now consider the case that min p, < 1. In this case, if there is a feasible solution that
> a.ca+ ¢5(0,a) = 1 holds for any 6 € ©, then the proof is also finished. Otherwise, there is

~

at least a binding resource constraint in J(p., H, ), which we denote by i*. Consequently,

@%[Z&mﬂzm%¢25mm&@4=ﬂzmwr

a€A+ a€A+

This finishes the proof of the lemma. O

Thus, we have

Prla; # 0] = Egy Z ggi(ﬁ,a) | Hr

a€A+

>Eyq l > 6r0,a) | Hr] — [lu(®) — - (0)[lx
acAt
> min {1, min p, } — [u(6) — 2 (6) . 0)

Further, we have the following result bounding min p, when ¢ is no larger than a fraction of 7.
Lemma D.4. Whent < (p™*/2) - T, min p, > p™" /2.

Proof of Lemma[D4} In fact, for t < (p™"/2) - T,

T -Yile Tt _p
T—-t4+1 - T -2
This concludes the proof. O

T

Now, by Weissman et al.|[2003], with probability 1 — O(1/T), we have

lu(8) = - O)|h < F=. vr > ©(log 7).

Taking into (20), we derive that
min pmin
2

Consequently, within the period, the probability that there are (2(log T") consecutive rounds in which
the agent chooses to quit in all these rounds is O(1/T"). This proves the first part. Meanwhile, at time
t = [(p™/2)-T7 + 1, by Azuma-Hoeffding inequality, we derive that with probability 1 —O(1/T),
Y; = 32074 Prfa, # 0] > Q(T), which proves the second part.

T=1

p

Prla, # 0] > T VO(logT) <t < -T.

D.3 Proof of Lemma[D.1]

We concentrate on adapting the proof of Lemma|[C.3]into the partial information feedback setting.
To start with, we suppose that the conditions given in Lemma [.T] hold. In fact, since the failure
probability is only O(1/T"), and the sum is upper bounded by O(T'), therefore the failure case only
contributes O(1) to the total expectation.

Now, recall the following definitions:

Pi= 3 () (R(B.0) - () C(0,0)) = 1(0)) (61(6,0) — 35 (0,0))

0€O,ac€at

@:ZM@G—Z&@Q,

€O a€A+
Eu = [[[(w(0) — w(0))ocello < DI, Evp = [[(v() = 0e(¥))yerlr < DI,

and by (13) and (T4), we have
E[P] < Pr[=&yq] + Pr[=€u 4],  E[Qi] < Pr[=&y ] + Pr[=&, 4.
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Now, the bound on Pr[—&, ] inherits the analysis in the proof of Lemma as partial information
feedback does not affect the learning of the request distribution. That is,

Pr[=&,,] = Pr[||(w(8) — @ (0))ocol|« > D] < 2|0]exp (—2D(t — 1)) .

For Pr[~&, ], when ¢ < ©(log T), it is obviously bounded by 1. By Lemma[d.1] when ©(log T') <
t < Cy - T, by|[Weissman et al.[[2003]], we have

D2Cy(t - 1)) '

Pr[=&, +] = Pr[|[(v(7) = 0¢(7))erlls > D] < (2|F‘ - 2) eXp ( 2log T

Further, when ¢ > Cj, - T', we correspondingly derive

Pr[—&,] < (2‘FI - 2) exp (—DQCT;t_D> .

Putting the above together, we achieve that
T. T.
{z|y-r| 2|50/}
t=1 t=1
T
<> 2|0exp (—2D*(t — 1)) + O(log T)
t=1

Cy- T . T .
g 2 e (Fah) s X e ()

t=0(log T) t=Cy-T+1

< O(1) +6(logT) + (2 - 2) ( + exp(@(T)))
< O(logT).

E

o)
1—exp(—06(1/logT))

Here, for the last inequality, by Taylor expansion, we have 1 —e™% > x — 22 /2 for © > 0, therefore,

1 1
1 —exp(—O(1/1ogT)) = O(1/logT —1/1og®T)

< O(logT).

This finishes the proof.

D.4 Proof of Lemma[D.2|

As in Appendix when we prove Lemma|C.3] we only consider the case when the conditions in
Lemmaestablish, as the contribution of the failure cases on the expectation-sum is O(1). We now
bound E|[T" — T¢] in the good case when the sample accessing frequency under partial information
feedback is guaranteed. Specifically, as predefined in the proof of Lemma[C.3] we only need to
re-calculate the following, as the other terms remain unchanged with partial information:

T- t—1
S Y Pefle) =S Mherlh < (r-1)7V42]

t=nT+2 r=nT+1
Here, 7 is specified in the definition of D;. It is hard for us to directly compare 1 and C}, in Lemma[4.1]
Nevertheless, in any case, we know that when 7T is sufficiently large, Y, /(7 — 1) = Q(1/logT) for
7 > nT. Therefore, we have

B (1 —1)1/2 )
IT[20(logT) ) -

P [I(0) = 0-)erlls < (7 = 1)71/472] < 2o
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717

718

719
720

721
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723
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727

Hence,

Z Z Pr [” 0r(7))yer|li < (7 — 1)71/4/2}

t= nT+27' nT+1

7'—1)1/2
on Yy 3 eXp( r|20<logT>)

t=nT4+2 7=nT+1

- oo (-2 (Z2)) - 0w

Combining with the other parts, Lemma|D.2]is proved.

E Missing Proofs in Section

E.1 Proof of Theorem[5.1]

We will prove Theorem [5.1]in the following, and we are inspired by the analysis in[Chen et al|[2022]).

E.1.1 Another Regret Decomposition

Different from our analysis for the regular cases, in general circumstances, we introduce another regret
decomposition method. The reason for involving such an alternative is that without the regularity
assumptions, we no longer have any local stability guarantee even when the estimates are close.
Therefore, the decision given by Algorithm [T|does not coincides with the optimal decision even when
the distribution learning process converges well, and the corresponding analysis in Section [3]does not
work out anymore.

We now present a more general regret decomposition as follows:

To

ZT(atvata%)]

t=1

ZEQ Z ¢t 9 a )
acA+

S

t=1

VEE — Rew =T-J(p1) —E

S

T-

®)

] 2D
=J(p1) E[T -To] +E 0 [Z %7 (0, a)R(0, a)

5 won )|

Here, (a) holds due to the Optimal Stopping Theorem, since 7 is a stopping time. Meanwhile, by
the decision process, we have for any 6;:

Eoa, m [F(01, 00,%) | 0] = > 67 (0, @) R(61, ).
a€A+

Further, (b) is by a re-arrangement. To give a bound for (21I)), we respectively analyze E[T" — Tp] the
stopping time, and difference between the optimal accumulated rewards and the real ones.

E.1.2 Bounding the Stopping Time

To settle the stopping time, we first reduce it to max(p; — p¢,0) for ¢ < Tj, and then deals with
these values. We notice that t < T} as long as that B; > 1, or p; > 1/(T — ¢t + 1). Now, since for
any i € [n],

pi=pi—(pr—p)' > p™™" —max (p1 — p1,0),
we have min p; > p™" — max(p; — ps,0). Therefore,

. 1
t<T min __ _ >7
S 1o <= p max (p; pt’o)*T—t—i—l
. 1
<= - )< p™ - ——, 22
max (p; — p,0) < p T i1 (22)
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Since E[Tp] > Pr[Ty > t] - ¢ for any ¢ € [T, we only need to bound the following term for some
certain ¢:

. 1
Pr {max (p1 — pt70) S pmln — w:| .
We will further prove the following lemma in Appendix [E.3}
Lemma E.1. It holds for any t < T that
1 logT logT
Pr[max(pl—pt,())Z@(Tl—&- gq—,l g ) ( )

With the light of Lemma[E.T] it is natural for us to compute

\/logT~4th_27 2<t<(T+1)/2

1 <

t—1

- logT
> T—72=1 =

2
=2 ViegT - ——, t> (T+1)/2.
In fact, to derive the above, we notice that when 2 < ¢ < (T +1)/2,
=L _ 2 ti 1 _ i1
ot 7—1)1/2_T—1722(7— 2= r-1"

Meanwhile, when t > (T'+ 1)/2, we have T' — t < t — 1, which leads to

§ / 12
( -7) 7—11/2_ T—l (T —7)32 = T =t

<T+1>/2

With these calculations, we come back to the bound on E[Tp], we notice that when T is sufficiently
large and t = T' — O(log T'), it holds that

1 = logT logT .
P— < m]n.
6<T—1+T§:_2 T-2r-1 VT—¢ —t+1 =0 =p

Thus, we have

E[T—Ty) = T— E[Ty] © T — Pr[Ty > T — Olog T)] - (T — Olog T))
(%) T— (1 -0 <l)> -(T'=0(logT)) = O(log T). (23)
T

In the above, (a) is because E[Ty] > Pr[Ty > t] - t for any fixed ¢, and (b) is due to Lemma
Consequently, we finish the analysis of the stopping time in Z1)).

E.1.3 The Gap to the Optimal Reward
The rest part of (2I)) that we are left to consider is the following:

> 61 (0.a)R(0, a)

a€At

= (J(p1) = T(pu 1) +< G [Z 61 (0, 0)R(0, )

a€A+t

> . (24)

Note that the second difference term in (24) reflects the estimation error on distributions of the context
and the external factor, which leads to the following result as to be proved in Appendix
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743 Lemma E.2. We have fort > 2:

Z(;StQa (0,a)

acAt

log7T 1
<O = .
- ( t—1+T>

744 Lemmainduces an O(/T log T) accumulated regret considering (24) when summing from ¢ = 2

745 to Ty < T. While for the first term in (24)), our main thread here is to bound J(pe, Hy) with J(py).
746 To fix the idea, we compare these two optimization problems:

Jp)=  max S u(@)é(6.a) Y r(B.a,7)0(7).

OX AT R
¢ * 0co,acAt v

st Y u®6(6,0)Y eld,a,)0(7) < pr,

0€0,ac At Y
> ¢(0.a)<1, WeO,
acAt
$(0,a) >0, Y(0,a) €O x AT,

E l (ptaHt

Houte) = max 37 @(0)6(0,0) 3 10, a,7)0()
0€O,ac At ol

sty W(0)e0,a) ) e(8,a,7)8:(7) < pr,

0€0,ac At Y

> ¢(0,a) <1, WeO,
#(0,a) >0, V(0,a)cO x AT,

747 Now, conceptually, if there is a 0 < 7; < 1 such that for any (6,a) € © x AT,
’UJ(G) Z C(G, a, 7)1}(’7) 2 Wtat (0) Z C(Qa a, 7)615(7)7
¥ v

748 then for an optimal solution ¢} of J(p;), we see that 1, ¢; is a feasible solution of the programming
749 J(p¢, He). Thus,

T M) = > w(0)d;(0,a) > r(0,a,7)(v)

0€®,ac At 2

@

>ne Y. u®)er(0,a) r(0a.9)v()
0€©,ac At Y

= ne([[(w(0) = w(0))ocollr + 1(v(7) = 0e(7))rerl)
= e (pr) = ([(u(8) = ue(0))oeollr + [[(v(7) = Ve(7))yer(l1)-

750 Here, since r(6,a,v) < land ) 4+ ¢;(0,a) < 1 for any 6, (a) is expanded as

Z ¢t (6, a) th r(0,a,7) Z u(@)(bf(&a)Zv('y)r(O,aq)

€O, ac AT 0€O®,ac At ol
= > (ﬂt(ﬂ)—u<9))¢2‘<97a)Zﬁt(v)r(&am)

0€0,ac At Y

+ Y ul0)ei(0.a) Y (@:(7) = v(1)r (0. a,7)

0€®,ac At o

< I(u(8) = @(@))ocollr + [[(v(7) = 0e(7))verlhr-
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Consequently,

~

J(p1) — J(pt, Ht)
< (X =mn)J(p1) +ne(J(p1) — J(pe)) + [(u(0) — ur(0))ocollr + [[(v(7) — Ve (¥))verl1- (25)

On top of this, a key observation is that

max (p1 — pt,0
J(p1) = J(pr) < (pmint)‘J(Pl)~ (26)
In fact, when p; < p, (26)) is natural as J(p1) < J(p:). Otherwise, let ¢} be the optimal solution to
the programming J(p;). Let i* be the index that minimizes p} /p% . We have pi” > pi . Evidently,
we know that ¢% - pi” /pi is a feasible solution to the programming of .J (p; ). By the optimality of

J(pt), we have

3%

T(pe) = 20 J(p0),
P1

which leads to

it ma _
)0 = PPl ) < PPy,
1

ﬂm)J@og@%*
P1

Synthesizing the above two parts, (26)) is proved.

As for E[max(p1 — p¢, 0)], we note that for any non-negative random variable X with upper bound
X and any positive &, we have

EX]<EPriX <&+ X(1-PrX <¢) <&+ X(1-Pr[X <g). 27)
Notice that max(p; — py, 0) is certainly upper bounded by 1. Therefore, as a corollary of Lemma

we have
—logT
0<\/(t )log +\/1°gT+1>, 2<t<(T+1)/2

T T—-t T

E [max (Pl - ptﬂo)] <
O( T — T

logT 1
o8 +>, t>(T+1)/2.

We almost finish the bound now except for determining 7; in (23], which we hope is asclose to 1 as
possible. Nevertheless, we leave the technical parts to Appendix which derives the following
lemma on the total bound:

Lemma E.3.
To

> (I = Tlou, 1))

t=1

E

=O(y/TlogT).

Now, we sum the result in ZI) from ¢ = 2 to Ty, and plus the constant term for ¢ = 1 to obtain that

z(): (j(Pn’Ht) — K lz 6:(0,a)R(0,a) ) =O0(v/TlogT).

t=1 ac€A+
Synthesizing Lemma[E.3] 24), (23), and (Z1)), we derive Theorem[5.1]

E

E.2 Proof of Theorem[5.2]

The proof of this theorem follows the line of Theorem [5.1] and the only difference is to adopt
Lemmal.1|when considering the concentration of estimates. On this side, we can disregard the cases
when t < ©(logT), as the accumulated regret in this phase is bounded by O(log T'). On the other
hand, the time range that ¢ > ©(T) is asymptotically identical to the full information setting since
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the accessing frequency is a constant. We only need to consider the case that O(log T") < ¢t < O(T)),

when we have
1

Pr |10 = aiherlh < -6 (L) <0 (5)

Taking into the proof of Lemma[E.T|and then into the main body, we should find a sufficient large ¢
such that

Pr [n(u(e) —@0))ocolr < O ( 1%{)

(28)

o logT (—)f) logT n § logT logT
T-1  San VT —m2r-1) g, VT =2 -1
g
<pmin_ 1
- T—t+1

and t = T — O(log T)) still suffices. Therefore, E[T — Ty] = O(logT) also holds under partial
information feedback.

Nevertheless, for the counterpart of Lemmal[E.2] by (28), when we sum from ¢ = 1to 7y < T, we
derive that

At last, for J(p1) — J (pt, H¢), we face the same degradation on the estimation accuracy, which leads

to
E li (J(Pl) - j\(Pt,Ht))] = O(\/TlogT).

t=1

< O(VTlogT).

To
E lz (j(pt;Ht) - EQNM l Z (’5:(9’ a)R(e’ a)

t=1 acAt

Therefore, Theorem [5.2]is achieved.

E.3 Proof of LemmalE.]|

Now that we are going to bound max(p; — p¢,0). Recall the definitions below which we give in
Appendix [C.5] when we prove Lemma[C.4}

o P Eoid [Cear G10,00C0.0)] | Boeu [Seear 91(0,0)C(0,0)] — e
M = N, = .
t ’ t T — ¢

Tt
By (16), we have

— C,
Pt+1*Pt:p}_tt = M{ + Nf.

Consequently,
t—1 t—1 t—1 t—1
max(p; — pr) = max (— (ZMTC + ZNE)) < —minZMTC — minZNTC.
T=1 =1 T=1 T=1

For the second term, we notice that each entry of {)__,
value of the 7-th increment bounded by 1/(7" — 7). Since

NE}, is a martingale with the absolute

t—1

Y F s T
(T—7)2 =Tt

T=1

by applying the Azuma—Hoeffding inequality and a union bound, we achieve that

t—1
2logT
Pr l—minZch Og <

n
T | ST 29




790 On the other hand, for the first term, when 7 = 1, it is apparent that — min M 1C <1/(T —1). When
791 T > 2, we have for any i € [n],

acAt
(a) ~ ) ~ )
= D, w0)6:(0.0) Y 00— D ul®)ér(0.a) Y v(v)e'(0a,7)
0€EO,ac At vy 0€O0,ae At Y
= > (@(0) — w©)d;(0,a) Y T-(7)¢ (0, a,7)
0€O,ac At ol
+ Z u(@)A: 0,a Z 0 (y) —v(7))c"(0,a,7)
0€O,ac At y

2 —[[(u(0) = ur(0)ocollr — [[(v(y) =0 (V)yerllr:

792 In the above, (a) is because qgj is feasible for J | (pr, H-). By Hoeffding’s inequality and a union
793 bound, we have

~ logT (C)
P [|<u<9> ~ @, (0)coll < 6] <9

I logT r
Pr |0(7) = 5 ()nerls < I <

794 Thus, suppose the above events hold for all 7 < T with failure probability only O(1/T),

mmtiMC>@ +Z 10# <ot (30)
Z(r—=1))| — T)

T=2

Pr

795 Combining (29) and (30), we derive the lemma.

796 E.4 Proof of LemmalE.2|

797 We notice that

f(pt,’Ht)z Z (;St (0,a) Zr@a,'yvt
0€0,ac At el
798 and
Z ﬁt(9)$2‘(9,a)zvt( )r(0,a,7y) — Z 1 (0,a) Zv r(0,a,7)
6€0,ac At 0O, ac At el
= > (@) —u(®)); (6, a) th r(0,a,7)
0€O@,ac A+
+ u<9>$:<e,a>2<@<w>—v(v))r(o,a,w
0€O,ac At ol
< l(u(@) —1e(0))scollr + [[(v(7) — Ve(7))ver]lr-
799 Thus,

T(pe He) — B [Z 510, 0)R(0,a) | < [[(u(0) — T@(0))pcolls + I(0(x) — Bu()serll.

acAt
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goo By Hoeffding’s inequality and a union bound, we have

Pr l”(“(e) —ue(0))oeoll1 > O QE?g_Tl) < @11‘7
Pr [(U(V) = 0¢(7))yerll = [T QEjg—Tl) < L;j

sot  Further, the difference we hope to analyze is certainly upper bounded by 1. As a result, with (27), we
go2 finish the proof.

gos E.5 Proof of LemmalE.J|

s+ We come to consider J(p1) — J (pt, Ht). As per the thread in the main body, we let

5. e 1(®) = @ (0)ocolloc + [[(v(7) = ve(7))yerlls
¢ mingeg qea+{min{u(6)C(0,a) > 0}} '

805 We now claim that for any (0, a,i) € © x AT x [n],
@ (0) Y c'(6,a,7)0u(v) < (L+6)u(9) Y €'(6,a,7)v(7).
g B!

gos The above is obvious if C(#,a) = 0, or ¢*(#, a,~) = 0 holds for any . When C(6,a) # 0, then
o7 foranyi € [n],

ﬂt(ﬁ)z (0, a,7)0:(y Zc (0,a,v)v

~

_ ) 30,0 1) + 1(6) Y .0 9)0() — v(2)

< [l(u(0) — ﬂ(9))eeoHoo+||( (v )_vt(')’))'yel‘”l
< du(0) Z (0,a,v)v

sos  This finish the explanation of the claim. Upon that, if we let g, := 1 —d; < 1/(1+ d;), we derive that

u(6) Y e(b.a.)u() < 15 l0) Y b))
S ntat (9) Z 0(0, a, V)at (7)
sos  With respect to (23)) and (26)), we obtain that
J(p1) — J(ps, He)
< o) (1= + LD 4 u(6) ~ lOace s + 16001) = 5)erl
= (1) (5 + LD L uo) — @@acells + 1(6) ~ B erlse GD

As we have already shown in the main body that

O<\/(t2)10gT_’_\/10gT_’_1>7 2 <t < (T+1)/2;

T T—-t T

E [max (p1 — p;,0)] <
0( logT+1>, t> (T +1)/2,

T—-t T
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it suffices for us to bound

E[l[(w(0) = @:(6))oeo lloo], Elll(w(0) — :(6))oco 1], E[(v(7) = 0e(7))yer|1]-

On this side, as we have shown that

Pr l”(u(e) —u(0))oecollr = 0| QE;g—Tl) < QT"
2 l(vm el 211y 8T <

it is natural that

{E[ll(w(8) — ue(6))oco o] E[l| (u(0) — ur(0))ocol|1], E[(v(y) — ve(v))yerl1]}
logT 1
<0 < 1 T) '

Thus, putting all the above into (3T)) and summing from ¢ = 1 to Ty < T, we have

=O(y/TlogT).

To

> (I = Tlou, 1))

t=1

E

This concludes the proof.

F Missing Details in Appendix [A]

F.1 The Density Estimator
We now present details on the kernel density estimator which we apply in Appendix [A]for approximat-
ing continuous distributions, which comes from |Wasserman| [2019]. We consider a one-dimensional

kernel function K such that

° fK(x)d.IZI;
o [2°K(z)dz =0, V1I<s<p;
o [|z|P|K(x)|dz < oo.

Now, given k independent samples X, - - - , X, from P and a positive number h called the bandwidth,
the kernel density estimator is defined as

k

~ 1 1 |z — X

Pr(r) = EZWK <h2 .
i=1

Furthermore, to satisfy Proposition we should choose h = k'/(28+4) Jog k when p € X(3, L) is
the density of P on R%.

F.2 Proof of Theorem[A.I|
By (21)), we know that

VFL— Rew = J(p1) -E[T ~ Ty +E |3 <J<p1> ~Ey | Y 4 (8.0)R(0,0) )] :
t=1 acAt

and we bound these terms in order. For the expected stopping time E[T}], by the analysis in Section
our goal turns into bounding max(p; — p¢,0), which further by and (29), reduces to bound
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ME . With continuous randomness, we have for any i € [n],

(T - 7) (ME)'

Ejﬁﬁwwmw]

ac€At

= p, —Ey

(0, a,7)07(7)ur(0) dydo

aEAJr L
/y

/ Z (b (0,a) | c(0,a,v)v(y)u(d)dydo
acAt

/ Z (Z) (0,a /c (0,a,7)0(v)(u-(0) —u(f))dydo
a€At v

gy

() R _
> —sup () — U (0)] — sup [(v(7) = (7)]-

(0,0) [ €(6,0,79)(@0) — v()u(6) d do

aGA+

In the above, (a) is by the constraint feasibility of qASi, and (b) is because Zae A+ &(9, a) < 1 holds
for any 6 € ©. Further, by Proposition[A.1] we have for T = Q(1),

Thus, when t = Q(1), we derive that with failure probability O(1/T), it holds that

-1l (r 1)t logT
— <O | ——++logT —
max (p1 = pi,0) T_1 V8 2021)< T—r T 1-7 )Jt\NT=

Further, for p € {u,v}, whent < (T +1)/2,

t—1 t—1
(r—1nrt 2 2t —2)
< (T—1)%"" < ———;
T_%(l) T—71 T—lTZ:2 a,(T—1)

and when ¢ > (T'+ 1)/2, we have

t—1 _ 1—ap _
(r—1)&=t 1/ 2 L, (T —t)o!
e A N T 2< o2

2 v =, \T—1 * Z ( (R g

7=6(1) =(T+1)/

Thus, whent =T — @(log(z(kma"{1/2’0‘“’a“}))_1 T), we have

(1 — 1)~ 1 7 — 1)1 logT
7+\/10gT Z ( T _ +< TJT >+ ﬁ

T
7=0(1)

‘ 1
< nlln_
=P T—t+1

which leads to
E[T-Ty) =0 (log@(l_ma"{l/Qv‘lu’Ofv}))’1 T) .

This concludes the analysis of the stopping time.
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ss0 For the second part, By (24), we have

- ]EG l Z (}tk (9, CL)R(G, a)

a€At

= (J(pr) = T(pu 1) +< (P, He) = [Z 9 (0,a)R(0,a)

a€A+t

841 On the second difference term, similar to the proof of Lemma@ we have

(Pt,/Ht [Z ¢t (A a ,a)

a€At

/ Z gbt (0,a) / (0, a,v)0(y)us(0) dydo — / Z ¢t (0,a Ar(97a,7)v(v)u(9) dy dé

acA+ acAt
Ssgplm ) — U(0)] + sup | (v(y) — e(7)]-
Y

g4z Thus, when ¢ = Q(1), by taking € = 1/T" in Proposition[A.1]and (27), we arrive that

Zd)tﬁa ,a)

a€At

E (ptaHt

=0 (\/@ (=) 4 (t =11 + ;) :

843 We now focus on .J(py) — J(pe, Hy). We let

supg [u(0) — 1 (0)| + sup,, [(v(7) — ve(7)]

o= Mmingeg, qcA+ {min{u(0)C(0,a) > 0}}

s44  We prove that
at(9)/ci(97a,7)@(7) dy < (1+5t)U(9)/ci(9,a,w)v(v) dy
¥ gl

845 holds for any (6, a, i) tuple, which is obvious if ¢*(f, a,~y) is almost surely zero with respect to .
gs6  Otherwise, we observe that

a(6) / ¢ (8, a,7)54(7) dy — u(6) / ¢ (0, a,7)0() dy
= @(6) ~ u(6) [ ¢6.0750)dy+ul®) [ & 6.0.2)(@0) o) dy

< sup [u(0) — @ (0)] + Sup [(v() = 2e(7)]
< dpu(0) / c'(0,a,v)v(y)dy.

47 and thus, with g, == 1 — &; < 1/(1 4 &;), we derive that
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This proves the above inequality. Thus, for an optimal solution ¢} of J(p;), we see that 1, ¢; is a
feasible solution of the programming J(p:, H.). Thus, we notice that

ptht >77t/ Z ¢y (0, a) / (0, a,v)ve(v)ue (0) dydo

acAt
>0 [ 3 ¢i0.0) [ r6.a0)00)u0) a0
acA+ v

- m(sgp lu(8) — @, (0)] + Sup [(v(y) = V(7))
=nJ(pt) — (sgp [u(0) —u(0)] + Sup [(v(7) = 0e(M)])-

With respect to (26)), we obtain that
T(pr) = T(pr, He)

< o) (1= + PEOLZLO) 4 sup u(6) — 0(0)] + sup (0(3) — )
= (1) (30 + LD sup (o) = 34(6) + sup (0(3) ~ )

Now, when ¢ = ©(1), we have
B sup u(#) - 00)]| = 0 (VigT(e - )™ 4 7).
B [suplot) - 5l | = 0 (ViegT(e - 1t 4 7).

Y

By the previous reasoning on max(p; — p¢, 0), we obtain that when ¢ = Q(1),

E [max(p1 — p, 0)]

—1)eu—t —1)av—1 log T
<0 T+\/logTZ(T Gty )+ o8

- T T—T1 T—1
T=0(1)

Therefore, summing from ¢ = 1 to Ty < T, we achieve that

E lTZ (J(pl) - f(pt,Ht)) -0 ((T1/2 T Tav)\/loﬁ) .

t=1

Combining with previous bounds on E[T" — T] and the estimation errors, we derive the theorem.

F.3 Proof of Theorem

Similar to the proof of Theorem [5.2] we concentrate on re-bounding the three terms under partial
information feedback, respectively E[T'—Ty], J(ps, Hs) —Eo[d ,ca+ ¢5(0,a)R(0,a)],and J(p1)—

J (pt, Hi). As for E[T — Tp], with Lemma we argue here that the main term in bounding
max(p; — pt,0) when ¢ = O(T) becomes

t—1 _ o(T) 1
(T*].a” 1 T*l/lOgT)a” 7'71
o visT | ¥ 5> Ty
T=0(1) T=0(1) T=6(T)

Consequently, when ¢ is close to T, we have with failure probability O(1/T),
max(p1 — pt,0)

=° (Tl_ - VIogT (T =) 4 (1= )72) 4 (1= )™ log? >~ T) |
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ss1  This leads to
E[T — Ty = O (logmax(l,l/(z—mu),(3—2%)/(2—20(1,)) T) .

se2 For the estimation error term J(p;, Hy) — Eg D acat é1(0,a)R(0,a)], when Q(1) < t < O(T),
83 the bound now becomes

E | J(pi, H) — lz 61 (0,a)R(0, )
a€At
1
=0 (x/logT(t — 1)l plog® P T (t - 1) 4 T) :

see At last, for J(py) — J(pr, Hy), we derive that

E limax(pl — pt,O)- =0 (\/loﬁ (TO‘” +T1/2> +log?/2~ T T"‘“) ,

Zsup\u )0 | =0 (ViogT - T+)

Zbup [v(y) = ()| =0 (log?’/z*a“ T- TO‘”) .

t=1 7

85 Putting together, we obtain that

E li (J(Pl) - j(Pt,Ht))

t=1

-0 (\/logT (T% + T1/2) +1og/2 7 T T“”) .

ge6  Synthesizing all the above, we finish the proof of the theorem.
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