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Abstract

Finding a good way to model probability densities is key to probabilistic inference.
An ideal model should be able to concisely approximate any probability while
being also compatible with two main operations: multiplications of two models
(product rule) and marginalization with respect to a subset of the random variables
(sum rule). In this work, we show that a recently proposed class of positive semi-
definite (PSD) models for non-negative functions is particularly suited to this end.
In particular, we characterize both approximation and generalization capabilities
of PSD models, showing that they enjoy strong theoretical guarantees. Moreover,
we show that we can perform efficiently both sum and product rule in closed form
via matrix operations, enjoying the same versatility of mixture models. Our results
open the way to applications of PSD models to density estimation, decision theory
and inference.

1 Introduction

Modeling probability distributions is a key task for many applications in machine learning [17, 5].
To this end, several strategies have been proposed in the literature, such as adopting mixture models
(e.g. Gaussian mixtures) [5], exponential models [32], implicit generative models [11, 13] or kernel
(conditional) mean embeddings [16]. An ideal probabilistic model should have two main features: )
efficiently perform key operations for probabilistic inference, such as sum rule (i.e. marginalization)
and product rule [5] and, i) concisely approximate a large class of probabilities. Finding models
that satisfy these two conditions is challenging and current methods tend to tackle only one of the
two. Exponential and implicit generative models have typically strong approximation properties
(see e.g. [32, 29]) but cannot easily perform operations such as marginalization. On the contrary,
mixture models are designed to efficient integrate and multiply probabilities, but tend to require a
large number of components to approximate complicated distributions.

In principle, mixture models would offer an appealing strategy to model probability densities since
they allow for efficient computations when performing key operations such as sum and product rule.
However, these advantages in terms of computations, come as a disadvantage in terms of expres-
siveness: even though mixture models are universal approximators (namely they can approximate
arbitrarily well any probability density), they require a significant number n of observations and of
components to do that. Indeed it is known that models that are non-negative mixtures of non-negative
components lead to learning rates that suffer from the curse of dimensionality. For example, when
approximating probabilities on R?, kernel density estimation (KDE) [21] with non-negative compo-
nents has rates as slow as n~2/(4+4) (gee, e.g. [38, page 100]), and cannot improve with the regularity
(smoothness) of the target probability (see e.g. [9, Thm. 16.1] for impossibility results in the one
dimensional case).

In the past decades, this limitation has been overcome by removing either the non-negativity of the
weights of the mixture (leading to RBF networks [27][35]), or the non-negativity of the components
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. Sum Product Concise Optimal  Efficient
Non-negative

Rule Rule Approximation Learning Sampling
Linear Models X v v v v X
Mean Embeddings X v v v v X
Mixture Models v v v X X v
Exponential Models v X v v v X
PSD Models v v v v v

v
(see [14]) (Prop. 1)  (Prop. 2) (Thm. 6) (Thm. 7)  (see [15])

o

Table 1: Summary of the main desirable properties for a probability model.

used in the mixture (leading to KDE with oscillating kernel [35]), or both. On the positive side this
allows to achieve a learning rate of n=B/(26+d) for B-times differentiable densities on R<, Note
that such rate is minimax optimal [10] and overcomes the curse of dimensionality when 3 > d.
Additionally the resulting model is very concise, since only m = O(n®/?) centers are necessary to
achieve the optimal rate [36]. However, on the negative side, the resulting model is not a probability,
since it may attain negative values, and so it cannot be used where a proper probability is required.

In this paper, we show that the positive semidefinite (PSD) models, recently proposed in [14], offer a
way out of this dichotomy. By construction PSD models generalize mixture models by allowing also
for negative weights, while still guaranteeing that the resulting function is non-negative everywhere.
Here, we prove that they get the best of both worlds: expressivity (optimal learning and approximation
rates with concise models) and flexibility (exact and efficient sum and product rule).

Contributions. The main contributions of this paper are:

i) Showing that PSD models can perform exact sum and product rules in terms of efficient
matrix operations (Sec. 2.1).

ii) Characterizing the approximation and learning properties of PSD models with respect to a
large family of probability densities (Sec. 3).

iii) Providing a “‘compression” method to control the number of components of a PSD model
(introduced in Sec. 2.2 and analyzed in Sec. 3.3).

iv) Discussing a number of possible applications of PSD models (Sec. 4).

Summary of the results. Table 1 summarizes all the desirable properties that a probability model
should have and which of them are satisfied by state-of-the-art estimators. Among these we have:
non-negativity, the model should be point-wise non-negative; sum and product rule, the model should
allow for efficient computation of such operations between probabilities; concise approximation, a
model with the optimal number of components m = O(a’d/ #) is enough to approximate with error
€ a non-negative function in a wide family of smooth S-times differentiable functions [36]; optimal
learning, the model achieves optimal learning rates of order n~#/(2#+4) when learning the unknown
target probability from i.i.d. samples [35]; efficient sampling the model allows to extract i.i.d. samples
without incurring in the curse of dimensionality in terms of computational complexity. We note that
for PSD models, this last property has been recently investigated in [15]. We consider under the
umbrella of linear models all the models which corresponds to a mixture > 7", w; f;(x) of functions
fj + & = R, with eitherw; > 0, Vj =1,...,mor f; > 0, Vj = 1,...,m or both. We denote
by mixture models the mixture models defined as above, where w; > 0, f; > 0, Vj = 1,...,m.
By mean embeddings, we denote the kernel mean embedding estimator framework from [30] see
also [16]). With exponential models we refer to models of the form exp(E:;n:1 w; f;(x)) with
wj € R, f; + X — R [32]. With PSD models we refer to the framework introduced in [14] and
studied in this paper. We note that this work contributes in showing that the latter are the only
probability models to satisfy all requirements (we recall that non-negativity and efficient sampling
have been shown respectively in [14] and [15]).

Notation. We denote by R? , the space vectors in R¢ with positive entries, R"*“ the space of
n x d matrices, ST = S, (R") the space of positive semidefinite n x n matrices. Given a vector

n € RY, we denote diag(n) € R%*? the diagonal matrix associated to 7. We denote by A o B



and A ® B respectively the entry-wise and Kronecker product between two matrices A and B.
We denote by || A7, || A, det(A), vec(A) and AT respectively the Frobenius norm, the operator
norm (i.e. maximum singular value), the determinant, the (column-wise) vectorization of a matrix
and the (conjugate) transpose of A. With some abuse of notation, where clear from context we
write element-wise products and division of vectors u,v € R? as uv,u/v. Given two matrices
X € R4 Y € R™ % with same number of rows, we denote by [X,Y] € R"*(d1+4d2) their
concatenation row-wise. The term 1,, € R™ denotes the vector with all entries equal to 1.

2 PSD Models

Following [14], in this work we consider the family of positive semi-definite (PSD) models, namely
non-negative functions parametrized by a feature map ¢ : X — H from an input space X to a suitable
feature space H (a separable Hilbert space e.g. RY) and a linear operator M € S, (), of the form

fl@; M, ¢) = ¢(z) "M ¢(a). (1)

PSD models offer a general way to parametrize non-negative functions (since M is positive semidef-
inite, f(z; M,¢) > 0 for any x € X) and enjoy several additional appealing properties dis-
cussed in the following. In this work, we will focus on a special family of models of the
form (1) to parametrize probability densities over X = R?. In particular, we will consider the
case where: i) ¢ = ¢, : R? — 7, is a feature map associated to the Gaussian kernel [26]
by (2, 2") = ¢y () Ty () = e~ (@) diae)(@—=") "with 1) € RY, and, ii) the operator M lives in
the span of ¢(x1), ..., ¢(x,) for a given set of points (z;);, namely there exists A € S'} such that
M=>, Aijd(x;)p(z;) . We define a Gaussian PSD model by specializing the definition in (1) as

n

f(I, A,X, 77) = Z Ai,jkn(xivx)kﬂ(zja'r)7 Ve Rd (2)

ij=1

in terms of the coefficient matrix A € S}, the base points matrix X € R™*4 whose i-th row
corresponds to the point x; for each ¢ = 1, ..., n and kernel parameter 7). In the following, given two
base point matrices X € R"*% and X’ € R™*4, we denote by Ky, x/, € R"*™ the kernel matrix
with entries (K x x7)ij = kn(2i, 1'/7) where z;, m’j are the i-th and j-th rows of X, X’ respectively.
When clear from context, in the following we will refer to Gaussian PSD models as PSD models.

Remark 1 (PSD models generalize Mixture models). Mixture models (a mixture of Gaussian
distributions) are a special case of PSD models. Let A = diag(a) be a diagonal matrix of n positive
weights a € R" . We have f(x; A, X,n/2) = > 71 Aiikyo(xs,x)? = Y0 agky (x4, ).

Remark 2 (PSD models allow negative weights). From (2), we immediately see that PSD models
generalize mixture models by allowing also for negative weights: e.g., f(-; A, X,n) with A =
(1, —2%; —%, i) € S?g,n =1,X zz(xl;xg) and x1 = 0,5 = 2, corresponding to f(x; A, X,n) =
e 2 4 ie_%”_z) — %6_2(36_1) , l.e. a mixture of Gaussians with also negative weights.

2.1 Operations with PSD models

In Sec. 3 we will show that PSD models can approximate a wide class of probability densities,
significantly outperforming mixture models. Here we show that this improvement does not come
at the expenses of computations. In particular, we show that PSD models enjoy the same flexibility
of mixture models: 3) they are closed with respect to key operations such as marginalization and
multiplication and i) these operations can be performed efficiently in terms of matrix sums/products.
The derivation of the results reported in the following is provided in Appendix F. They follow from
well-known properties of the Gaussian function.

Evaluation. Evaluating a PSD model in a point g € X corresponds to f(z = xg; A4, X,n) =

K )T(JOJ]AK X,z0,n- Moreover, partially evaluating a PSD in one variable yields

flz,y=yo; A, [X7 Y]a (m,m2)) = f(z; B,X,m) with B=Ao (KY»y07772K;|;,y0,7]2)' (3)

Note that f(x; B, X,n;) is still a PSD model since B is positive semidefinite.



Sum Rule (Marginalization and Integration). The integral of a PSD model can be computed as
/f(:r; A, X,n) dz = coy Tr(A nyx’%) with cy = /kn(O,x) dx, 4

where ¢, = 7%/2 det(diag(n))~!/2. This is particularly useful to model probabiliy densities with
PSD models. Let Z = [ f(z; A, X,n)dz, then the function f(z; A/Z, X,n) = L f(z; A, X,n)
is a probability density. Integrating only one variable of a PSD model we obtain the sum rule.
Proposition 1 (Sum Rule — Marginalization). Ler X € R™*% Y e R™*¥ A e S, (R") and
ne Rff__,_, n € Rff_q_. Then, the following integral is a PSD model

/ f(I,y;A, [X7Y]7(777n/)) dI:f(ya B7Y7nl)7 with B:CQT]AOKX,X,gv (5)

The result above shows that we can efficiently marginalize a PSD model with respect to one variable
by means of an entry-wise multiplication between two matrices.
Remark 3 (Integration and marginalization on the hypercube). The integrals in (4) and (5) can be

performed also on when X is a hypercube H = H?Zl [at, bs] rather than the entire space R%. This
leads to a closed form, where the matrix K x P RL replaced by a suitable K x X,2.H that can be
computed with same number of operations (the full form of such matrix is reported in Appendix F).

Product Rule (Multiplication). Multiplying two probabilities is key to several applications in
probabilistic inference [5]. The family of PSD models is closed with respect to this operation.
Proposition 2 (Multiplication). Let X € R"*% Y ¢ R"X% Y/ ¢ RmXd 7 c R™MXds A ¢ S7,
B e ST andn € Riﬂr, N2, My € Riﬂ, 73 € Riﬁ. Then

f(%?% A7 [Xa Y]7 (771’772))f(y7 Z3 B7 [Y/7 Z]» (T/éa 773)) = f(.’lf, Y, 23 07 VV7 n)a (6)
is a PSD model, where C = (A ® B) o (vec(Ky,y 7,)vec(Ky,y' 5,) " ), with ils = UZZ':%é base
matrix W = [X ® 1,,, JTQ%Y ® 1, + n;ﬁln @Y, 1, ® Z) andn = (n1,m2 + 15, 03).

We note that, despite the heavy notation, multiplying two PSD is performed via simple operations such
as tensor and entry-wise product between matrices. In particular, we note that X ® 1,, € R"™*x%
and 1,, ® Z € R"*% correspond respectively to the nm x d;-matrix containing m copies of each
row of X and the nm X ds-matrix containing n copies of Z. Finally, nY ® 1,, + 1’1, ® Y is the
nm X dg base point matrix containing all possible sums (ny; + 7’ Z/;):LJTL of points from Y and Y”.

Reduction. As observed above, when performing operations with PSD models, the resulting base
point matrix might be of the form X ® 1,, (e.g. if we couple the multiplication in (6) with
marginalization as in a Markov transition, see the corollary below). In these cases we can reduce the
PSD model to have only n base points (rather than nm), as follows

fle; AX ®@Ly,n) = f(z; B,X,n)  with  B= (I, ®1,)A(I, ® 1), (N

where A € S7" and I,, € R"*" is the n x n identity matrix. The reduction operation is useful to
avoid the dimensionality of the PSD model grow unnecessarily. This is for instance the case of a
Markov transition.

Corollary 3 (Markov Transition). Ler X € R"*%1, Y € R"*d2 Y/ ¢ R™*42, A € S, B € ST
andm € Ril+, N2, 1 € R‘_ﬁ_. Then

/f(x,y; A7 [X’ Y]7 (nlv 772)).]0(3/; vala 775) dy = f(JU, C, X, 771)’ 3
with C € S obtained by applying in order, Prop. 2, Prop. 1 and reduction (7).

We remark that the result of a Markov transition retains the same base point matrix X and parameters
7 of the transition kernel. This is thanks to the reduction operation in (7), which avoids the resulting
matrix C' to be nm x nm. This fact is particularly useful in applications that require multiple Markov
transitions, such as in hidden Markov models (see also Sec. 4).



2.2 Compression of a PSD model

From Prop. 2 we note that the multiplication operation can rapidly yield a large number of base points
and thus incur in high computational complexity in some settings. It might therefore be useful to
have a method to reduce the number of base points while retaining essentially the same model. To
this purpose, here we propose a dimensionality reduction strategy. In particular, given a set of points
T1,..., %, € R we leverage the representation of the PSD model in terms of reproducing kernel
Hilbert spaces [3] to use powerful sketching techniques as Nystrom projection (see, e.g., [40]), to
project the PSD model on a new PSD model now based only on the new points. Given A € S%,
X e R4 5 e RY . Let X € R™*? be the base point matrix whose j-rows corresponds to the
point Z;. The compression of f(-; A, X,n) corresponds to

fles AX.m)  with  A=BAB" €S}, B=K ; Kgy, €R™" (9
which it is still a PSD model since the matrix BAB" € S’*. We not that even with a rather simple
strategy to choose the new base points 21, . . . , Z,, — such as uniform sampling — compression is an
effective tool to reduce the computational complexity of costly operations. In particular, in Sec. 3.3 we
show that a compressed model with only O(¢ polylog(1/¢)) centers (instead of ¢2) can e-approximate
the product of two PSD models with ¢ points each.

3 Representation power of PSD models

In this section we study the theoretical properties of Gaussian PSD models. We start by showing that
they admit concise approximations of the target density (in the sense discussed in the introduction
to this paper and of Table 1). We then proceed to studying the setting in which we aim to learn an
unknown probability from i.i.d. samples. We conclude the section by characterizing the approximation
properties of the compression operation introduced in Sec. 2.2.

3.1 Approximation properties of Gaussian PSD models

We start the section recalling that Gaussian PSD models are universal approximators for probability
densities. In particular, the following result restates [Thm. 2 14] for the case of probabilities.

Proposition 4 (Universal consistency — Thm. 2 in [14]). The Gaussian PSD family is a universal
approximator for probabilities that admit a density.

The result above is not surprising since Gaussian PSD models generalize classical Gaussian mixtures
(see Remark 1), which are known to be universal [5]. We now introduce a mild assumption that will
enable us to complement Prop. 4 with approximation and learning results. In the rest of the section
we assume that X = (—1,1)¢ (or more generally an open bounded subset of R? with Lipschitz
boundary). Here L°°(X) and L?(X) denote respectively the space of essentially bounded and

square-integrable functions over &X', while Wzﬁ (X) denotes the Sobolev space of functions whose
weak derivatives up to order 3 are square-integrable on X (see [1] or Appendix A for more details).

Assumption 1. Let 8 > 0,q € N. There exists fi1,..., f, € Wf (X)N L (X), such that the density
p: X — R satisfies

q
ple) =Y fi(x)?  Vzedx. (10)
j=1

The assumption above is quite general and satisfied by a wide family of probabilities, as discussed in
the following proposition. The proof is reported in Appendix D.1

Proposition 5 (Generality of Assumption 1). The assumption above is satisfied by
(a) any probability density p € Wf(X) N L*(X) and strictly positive on [—1,1]%,
(b) any exponential model p(x) = e~ withv € W} (X) N L®(X),
(c) any mixture model of Gaussians or, more generally, of exponential models from (b),
(d) any p that is B + 2-times differentiable on [—1,1]%, with a finite set of zeros, all in (—1,1)4,

. .o, . . . — 2
and with positive definite Hessian in each zero. E.g. p(x) x x%e™%".



Moreover if p is -times differentiable over [—1,1]%, then it belongs to W5 (X) N L>(X).

We note that in principle the class Cg ¢ = WQB (X) N L>(X) is larger than the Nikolskii class usually
considered in density estimation [10] when 8 € N, but Assumption 1 imposes a restriction on it.
However, Prop. 5 shows that the restriction imposed by Assumption 1 is quite mild, since it the
resulting space includes all probabilities that are 3-times differentiable and strictly positive (it also
contains probabilities that are not strictly positive but have some zeros, see [24]). We can now proceed
to the main result of this work, which characterizes the approximation capabilities of PSD models.
Theorem 6 (Conciseness of PSD Approximation). Let p satisfy Assumption 1. Let € > Q. There exists
a Gaussian PSD model of dimension m € N, i.e., pp(x) = f(x; Am, Xon, ), with Ay, € ST and
X, € R™¥ and n,, € Ri+, such that

lp = Brnllz2(xy <&, with m = O(e="P(log 1)"/?). (11

The proof of Thm. 6 is reported in Appendix D.3. According to the result, the number of base points
needed for a PSD model to approximate a density up to precision € depends on its smoothness (the
smoother the better) and matches the bound m = e~4/B that is optimal for function interpolation [18],
corresponding to models allowing for negative weights, and is also optimal for convex combinations
of oscillating kernels [36].

3.2 Learning a density with PSD models

In this section we study the capabilities of PSD models to estimate a density from n samples. Let
X = (—1,1)% and let p be a probability on X. Denote by x1, ..., x, the samples independently
and identically distributed according to p, with n € N. We consider a Gaussian PSD estimator

Pr,m = f(z; 1217 X, 7) that is built on top of m additional points Z1, . . ., Z,,, sampled independenly
and uniformly at random in X. In particular, n € Ri X € R™* 5 the base point matrix whose
j-th row corresponds to the point Z; and Ae ST is trained as follows

A = argmin / fz; A, X, n)dx — %Zf(a:, CA X, ) + N|KY2AKY?)2, (12)
Aest Jx =

where K = K ¢ % - Note that the functional is constituted by two parts. The first two elements are
an empirical version of || f — p||2L2( x) modulo a constant independent of f (and so not affecting the
optimization problem), since x; are identically distributed according to p and so % Z?:l flz;) =
[ f(2)p(x)dz. The last term is a regularizer and corresponds to | K/2AK /2|2, = Tr(AK AK),
i.e. the Frobenius norm of M = 37", A;;¢,(%;)¢,(Z;). The problem in (12) corresponds to a
quadratic problem with a semidefinite constraint and can be solved using techniques such as Newton
method [24] or first order dual methods [14]. We are now ready to state our result.

Theorem 7. Letn,m € N, A > 0,n € Rff__,_ and p be a density satisfying Assumption 1. With the
definitions above, let p,, ,, be the model p, ,(x) = f(x; A, X,n), with A the minimizer of (12).
Letn = n77 15and X = n~55%4 . When'm > C'n?¥a (logn)?log(C"n(logn)), the following
holds with probability at least 1 — 9,

I~ Bl 22y < O™ 75 (log n)¥/2, (13)
where constant C depends only on 3, d and p and the constants C',C" depend only on 3, d.

The proof of Thm. 7 is reported in Appendix E.2. The theorem guarantees that under Assump-
tion 1, Gaussian PSD models can achieve the rate O(n~"/(26+4)) _ that is optimal for the 3-times
differentiable densities — while admitting a concise representation. Indeed, it needs a number

m = O(n% 2#+d) of base points, matching the optimal rate in [36]. When 8 > d, a model with
m = O(n'/3) centers achieves optimal learning rates.

3.3 The Effect of compression

We have seen in the previous section that Gaussian PSD models achieve the optimal learning rates,
with concise models. However, we have seen in the operations section that multiplying two PSD



models of m centers leads to a PSD model with m? centers. Here we study the effect of compression,
to show that it is possible to obtain an e-approximation of the product via a compressed model with
O(mpolylog(1/¢)) centers. In the following theorem we analyze the effect in terms of the L>°
distance on a domain [—1, 1], induced by the compression, when using points taken independently
and uniformly at random from the same domain.

Let A € S?, X €¢ R4, g ¢ Rff_ +» we want to study the compressibility of the PSD model
p(z) = f(x; A, X,n). Let X € R™*% be the base point matrix whose j-rows corresponds to the
point #; with Z1, ..., Z,, be sampled independently and uniformly at random from [—1, 1]¢. Denote
by Py () the PSD model p,, (z) = f(z; A, X,n) where A is the compression of A via (9). We have
the following theorem.

Theorem 8 (Compression of Gaussian PSD models). Let ¢ € (0,1], ny = max(1, max;—1,. . 47).
When m satisfies

sz((ni/zlogW)dlog%) , (14)
then the following holds with probability at least 1 — 0,
p(z) = Pm(2)| < € +evple),  Voe[-1,1)7 (15)

The proof of the theorem above is in Appendix C.1. To understand its relevance, let p; be a PSD
model trained via (12) on n points sampled from p; and p, trained from n points sampled from
P2, where both pq, po satisfy Assumption 1 for the same 8 and m, A, n are chosen as Thm. 7, in
particular m = n% (844 and n = n 14, ny = n*>/F+D . Consider the model p = p; - po.
By construction p has m2 = n2d/26+d) centers, since it is the pointwise product of pi, ps (see
Prop. 2) and approximates p; - py with error ¢ = n~#/(26+4) polylog(n), since both py, po are
e-approximators of pp, pa. Instead, by compressing p, we obtain an estimator p, that according to
Thm. 8, achieves error € with a number of center

m' = O(nf]l._/2 polylog(1/¢)) = O(n?/2A+d polylog(1/e)) = O(mpolylog(1/e)). (16)

Then j approximates p; - p at the optimal rate n~?/(26+4) but with a number of centers m/ that is
only O(m polylog(n)), instead of m?. This means that p is essentially as good as if we learned it
from n samples taken directly from p; - po. This renders compression a suitable method to reduce the
computational complexity of costly inference operations as the product rule.

4 Applications

PSD models are a strong candidate in a variety of probabilistic settings. On the one hand, they are
computationally amenable to performing key operations such as sum and product rules, similarly to
mixture models (Sec. 2.1). On the other hand, they are remarkably flexible and can approximate/learn
(coincisely) a wide family of target probability densities (Sec. 3). Building on these properties, in this
section we consider different possible applications of PSD models in practice.

4.1 PSD Models for Decision Theory

Decision theory problems (see e.g. [5] and references therein) can be formulated as a minimization

0, = argmin L(0) = E,, £(6,x), (17
9co

where £ is a loss function, © is the space of target parameters (decisions) and p is the underlying
data distribution. When we can sample directly from p — e.g. in supervised or unsupervised learning
settings — we can apply methods such as stochastic gradient descent to efficently solve (17). However,
in many applications, sampling from p is challenging or computationally unfeasible. This is for
instance the case when p has been obtained via inference (e.g. it is the ¢-th estimate in a hidden
Markov model, see Sec. 4.3) or it is fully known but has a highly complex form (e.g. the dynamics of
a physical system). In contexts where sampling cannot be performed efficiently, it is advisable to
consider alternative approaches. Here we propose a strategy to tackle (17) when p can be modeled
(or well-approximated) by a PSD model. Our method hinges on the following result.



Proposition 9. Let p(z) = f(x; A, X,n) with X e R4, AeSt, neRL, . Letg: R - R
and define cg ,(2) = fg(:r:)e‘””‘E_Z”2 dx for any z € R%. Then

Eunp 9(z) = Tr((Ao Kx x.,2)G) with — Gyj = cg.on(ZT552). (18)

Thanks to Prop. 9 we can readily compute several quantities related to a PSD model such as its
mean E,[z] = X Tb with b = (A o Ky /)1y, its covariance or its characteristic function (see
Appendix F for the explicit formulas and derivations). However, the result above is particularly useful
to tackle the minimization in (17). In particular, since VL(0) = E,~.,V¢{(6, x), we can use Prop. 9
to directly compute the gradient of the objective function: it is sufficient to know how to evaluate
(or approximate) the integral ¢y, ,(2) = [ Vol(, JL')e’””g”’ZH2 dz for any § € © and » € R%.
Then, we can use first order optimization methods, such as gradient descent, to efficiently solve (17).
Remarkably, this approach works well also when we approximate p with a PSD model p. If ¢ is
convex, since j is non-negative, the resulting L(6) = E,; £(6, x) is still a convex functional (see
also the discussion on structured prediction in Sec. 4.2). This is not the case if we use more general
estimators of p that do not preserve non-negativity.

4.2 PSD Models for Estimating Conditional Probabilities

In supervised learning settings, one is typically interested in solving decision problems of the form
mingee E(zy)~p £(ho(x),y) where p is a probability over the joint input-output space X' x ) and
hg : X — )Y is a function parameterized by 6. It is well-known [see e.g. 34] that the ideal solution of
this problem is the ¢, such that for any 2 € X’ the function hy, (z) = argmin, .y Ey ;o) €(2,7)
is the minimizer with respect to z € ) of the conditional expectation of £(z, y) given x. This leads to
target functions that capture specific properties of p, such as moments. For instance, when / is the
squared loss, hg, () = E,p(.|s)y corresponds to the conditional expectation of y given x, while for
¢ the absolute value loss, hg, recovers the conditional median of p.

In several applications, associating an input x to a single quantity hg(z) in output is not necessarily
ideal. For instance, when p(y|z) is multi-modal, estimating the mean or median might not yield
useful predictions for the given task. Moreover, estimators of the form hg require access to the full
input x to return a prediction, and therefore cannot be used when some features are missing (e.g. due
to data corruption). In these contexts, an alternative viable strategy is to directly model the conditional
probability. When using PSD models, conditional estimation can be performed in two steps, by first
modeling the joint distribution p(y, ) = f(y,z; A,[Y, X],(n,7")) (e.g. by learning it as suggested
Sec. 3) and then use the operations in Sec. 2.1 to condition it with respect to zy € & as

Ao (Kx.aom KX ayy)
Ply|Zo :7:fy,B7Y,T] Wlth B: e »20,M
(ylzo) (o) ( ) C2nTr(A o (KX,wo,n’K)Tg@O,n/)Ky,y,n)

In case of data corruption, it is sufficient to first marginalize p(y, ) on the missing variables and then
apply (19). Below we discuss a few applications of the conditional estimator.

p(y, 7o)

. (19)

Conditional Expectation. Conditional mean embeddings [31] are a well-established tool to effi-
ciently compute the conditional expectation E,,.,(.|,) g(y) of a function g : ) — R. However,
although they enjoy good approximation properties [16], they to not guarntee the resulting estimator
to take only non-negative values. In contrast, when p is a PSD model (or an approximation), we
can apply Prop. 9 to p(-|zo) in (19) and evaluate the conditional expectation of any g for which we

know how to compute (or approximate) the integral ¢, ,(z) = [ g(y)e‘"”y_Z”2 dy. In particular
we have Ey,(.o) 9(y) = Tr((B o Ky y,/2)G) with B as in (19) and G the matrix with entries

Gij = cg72n(yi;y]‘ ). Remarkably, differently from conditional mean embeddings estimators, this

strategy allows us to compute the conditional expectations also of functions g not in H,,.

Structured Prediction. Structured prediction identifies supervised learning problems where the
output space ) has complex structures so that it is challenging to find good parametrizations for
hg : X — Y [4, 19]. In [7], a strategy was proposed to tackle these settings by first learning an
approximation ¢ (z, x) ~ Eyp(.|2) £(,y) and then model hg () = argmin, .y, ¢g(2, z). However,
the resulting function (-, ) is not guaranteed to be convex, even when £ is convex. In contrast, by
combining the conditional PSD estimator in (19) with the reasoning in Sec. 4.1, we have a strategy
that overcomes this issue: when p(+|z) is a PSD model approximating p, we can compute its gradient



Algorithm 1 PSD Hidden Markov Model
Input: Transition 7(z4,z) = f(z4,2; B,[X+, X], (n+, 7)), initial p(z0) = f(xo; Ao, Xo,m0) and
observation &(y, ) = f(y,z; C,[Y, X'], (Nobs,n’)) distributions. X as in Prop. 10. 7 = aln tni)

n+n’'+n4
X = e X @ Ly + 1,0 X, and =
For any new observation y;:
Cr = Co(Kyy, n Ky yenons) // Partial evaluation @;(z+) = @&(y = y¢, +)
B = (B® A1) o (vec(Kx x -)vec(Kx % n)T) // Product B (x4, x) = 7(z, )A(a:|y1 . 1)
Dy = (I, ®1},,)(B: o Kz i g)( ® Lom) // Marginalization f; () = [Be(zy,z

Ey = (C:® D)o (vec(KX+’X,’%)Vec(KX%X,A’%/)T) // Product #¢(z4) = wt($+)5t($+)

. o ~ 7e(zy)
Ay = Ey/er, with ¢y = CQ(n’+n+)Tr(EtK)~(7)~(’n’+n+ ) // Normalization p(z4|yi:¢) = m

2

Return f(x;; AtyXJ?/ +n+)

Eyp(.|z) V2£(z,y) as mentioned in Sec. 4.1 using Prop. 9. Moreover, if (-, ) is convex, the term
Ey~p(.|2) £(-,y) is also convex, and we can use methods such as gradient descent to find /() exactly.

Mode Estimation. When the output distribution p(y|z) is multimodal, having access to an explicit
form for the conditional density can be useful to estimate its modes. This problem is typically
non-convex, yet, when the output y belongs to a small dimensional space (e.g. in classification or
scalar-valued regression settings), efficient approximations exist (e.g. bisection).

4.3 Inference on Hidden Markov Models

We consider the problem of performing inference on hidden Markov models (HMM) using PSD
models. Let (z;):en and (y;):en denote two sequences of states and observations respectively.
For each t > 1, we denote by z¢.;, = x9,...,2¢ and y1.4 = y1,...,y; and we assume that
(] 0:t—1,Y1:4-1) = P(@e|@i-1) = T(24, 24-1) and p(ye|To.t, Y1:4-1) = P(Yele) = w(ye, T4)
with7: X x X - Ry andw : Y x X — R respectively the transition and observation functions.

Our goal is to infer the distribution of possible states x; at time ¢, given all the observations y;.; and a
probability p(x¢) on the possible initial states. We focus on this goal for simplicity, but other forms
of inferences are possible (e.g. estimating x.,, ¢, namely m steps into the future or the past). We
assume that the transition and observation functions can be well approximated by PSD models 7 and
w (e.g. by learning them or known a-priori for the problem’s dynamics). Then, given a PSD model
estimate p(zo) of the initial state p(x(), we can recursively define the sequence of estimates

7(ye, 1) [ w(@e, e—1)p(@e|y1:0—1) dre—q
J (e, xr)w(@e, xe—1)p(xe|y1a—1) dapdzy 1

ﬁ(xtlym) = (20)

Note that when 7, @, p(xg) correspond to the real transition, observation and initial state probability,
the formula above yields the exact distribution p(x¢|y;.¢) over the states at time ¢ (this follows directly
by subsequent applications of Bayes’ rule. See also e.g. [3]). If 7, &, p(xo) are PSD models, then
each of the p(x¢|ys.1) is a PSD model recursively defined only in terms of the previous estimate and
the operations introduced in Sec. 2.1. In particular, we have the following result.

Proposition 10 (PSD Hidden Markov Models (HMM)). Let X, € R™*4 X, X € R"*4 X' ¢
R4y € RmMX4 Ag € ST, A €S, B € ST and no,n,n', 4 € RE, 1ops € RY . Let

7A-(x-‘rax) = f(.’L‘+,$; B, [X-HX]’ (77+777))7 d}(yam) = f(y,x; C, [Y’X/]a ("7063777/))7 (2D

be approximate transition and observation functions. Then, given the initial state probability
P(xo) = f(xo; Ao, Xo,M0), for any t > 1, the estimate p in (20) is a PSD model of the form

ﬁ(xt‘yt:l) :f(mtv At7Xa77,+77+)7 (22)

where X = n/i ®1, + n,z_ﬁlm ® X4 and Ay is recursively obtained from A;_1 as in Alg. 1.



Remark 4 (Sum-product Algorithm). Egq. (20) is an instance of the so-called sum-product algorithm,
a standard inference method for graphical models [5] (of which HMMs are a special case). The
application of the sum-product algorithm relies mainly on sum and product rules for probabilities (as
is the case for HMMs in (20)). Hence, according to Sec. 2.1, it is highly compatible with PSD models.

5 Discussion

In this work we have shown that PSD models are a strong candidate in practical application related
to probabilistic inference. They satisfy both requirements for an ideal probabilistic model: i) they
perform exact sum and product rule in terms of efficient matrix operations; i¢) we proved that they
can concisely approximate a wide range of probabilities.

Future Directions. We identify three main directions for future work: ¢) when performing inference
on large graphical models (see Remark 4) the multiplication of PSD models might lead to an inflation
in the number of base points. Building on our compression strategy, we plan to further investigate
low-rank approximations to mitigate this issue. i) An interesting problem is to understand how to
efficiently sample from a PSD model. A first answer to this open question was recently given in
[15]. i4i) The current paper has a purely theoretical and algorithmic focus. In the future, we plan to
investigate the empirical behavior of PSD models on the applications introduced in Sec. 4. Related
to this, we plan to develop a library for operations with PSD models and make it available to the
community.
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Appendix

The appendix is organized as follows:

* Appendix A introduces notation and some key definitions and results that will be useful to
prove the results in this work.

» Appendix B provides basic notation and definitions for working with linear operators
between reproducing kernel Hilbert spaces.

» Appendix C discusses in detail the effects of compression introduced in Sec. 2.2 in the main
paper. In particular we study the approximation error incurred by a compressed model as a
function of the number of base points used.

* Appendix D reports the proofs of the results in Sec. 3.1 regarding the approximation
properties of PSD models.

» Appendix E reports the proof of Thm. 7 characterizing the learning capabilities of PSD
models.

» Appendix F provides the derivations for the PSD models operations discussed in Sec. 2.1 as
well as some results directly related, namely Prop. 9 and Prop. 10.

A Notation and definitions

We introduce basic notation and review results that will be useful in the following.

Multi-index notation. Let o € N¢, 2 € R? and f be an infinitely differentiable function on R%, we
introduce the following notation

d d . d o N a|o¢\f
— — — J —
\a|—E a;, a!—”aj!, x —Ilacj7 af_i@a:aluﬂxad'
j=1 j=1 j=1 ! d

We introduce also the notation D that corresponds to the multivariate distributional derivative of
order o and such that
Def=o%f

for functions that are differentiable at least || times [1].

Fourier Transform. Given two functions f, g : R? — R on some set R?, we denote by f - g the
function corresponding to pointwise product of f, g, i.e.,

(f-9)() = f(z)g(x), VzeR™
Let f,g € L*(R9) we denote the convolution by f x g
(frg)(x) = g fW)g(x —y)dy.

We now recall some basic properties, that will be used in the rest of the appendix.

Proposition A.1 (Basic properties of the Fourier transform [39], Chapter 5.2.).
(a) There exists a linear isometry F : L?>(R?) — L?(R?) satisfying
Flfl = /R e f(2)dr Vf e LNRY) N LARY),
where i = \/—1. The isometry is uniquely determined by the property in the equation above.
(b) Let f € L*(R?), then || F[f]l| L2ray = | f]l L2 (Ra)-
(c) Let f € L*(RY),r > 0 and define f.(x) = f(%),Vz € RY, then F|f,])(w) = r?F[f](rw).
(d) Let f,g € L*(RY), then F|[f - g] = F[f] x Flg).
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(e) Leta € N¢, f, D f € L*(R%), then F[D* f|(w) = (2mi)l*lwe F[f](w), Yw € RY,
() Let f € L'(R?) N L*(RY), then || F[f][| oo (ray < || Il L2 ma)-
(@) Let f € L=(R?) N L*(R?), then || f|| oo ey < |F[f]ll L1 @e)-

Reproducing kernel Hilbert spaces for translation invariant kernels.. We now list some impor-
tant facts about reproducing kernel Hilbert spaces in the case of translation invariant kernels on R<.
For this paragraph, we refer to [34, 39]. For the general treatment of positive kernels and Reproducing
kernel Hilbert spaces, see [3, 34]. Let v : R? — R such that its Fourier transform F[v] € L!(R¢)
and satisfies F[v](w) > 0 for all w € R?. Then, the following hold.

(a) The function k : RY x R? — R defined as k(z,2') = v(z — 2') for any z,2’ € R%is a
positive kernel and is called translation invariant kernel.

(b) The reproducing kernel Hilbert space (RKHS) H and its norm || - || are characterized by

I F[f1(w)?
Flol(w)

(c) H is a separable Hilbert space, whose inner product (-, -),, is characterized by

_ [ FlAw)Flglw)
b= [ i

In the rest of the paper, when clear from the context we will simplify the notation of the
inner product, by using f " g for f, g € H, instead of the more cumbersome ( f, )y

(d) The feature map ¢ : R? — H is defined as ¢(x) = k(z — -) € H for any € RY.
(e) The functions in ‘H have the reproducing property, i.e.,
f@)=(f,0(2))y, VfeH,zeR?, (A2)

in particular k(z/, z) = (¢(2'), p(x)),, for any 2/, z € R%.

= (e PRl <ooh 1= [ do, (A

We now introduce an important example of translation invariant kernel and the associated RKHS,
that will be useful in our analysis.

Examp/leTi (Gaussilan Reproducing kernel Hilbert space). Let n € R‘_f_ 4 and ky(z,2") =
e~ (=) diag(n)(z=2") " for 3= 2 € R? be the Gaussian kernel with precision 1. The function ky is
a translation invariant kernel, since k,(z,z") = v(z — ') with v(z) = e~ID'2:1” p = diag(n)
and Flv](w) = cne_”2‘|D71/2“"|2, ey = 12 det(D)"V2, for w € R%is in L*(R?) and satisfies
Flv)(w) > 0 for all w € R The associated reproducing kernel Hilbert space H,, is defined
according to (A.1), with norm
1 2 —-1/2 2
113, = — [ IFN@P e 1P dw, vy e L2, (A3)

Cn Rd

The inner product and the feature map ¢, are defined as in the discussion above.

A.1 Sobolev spaces

Let 3 € N,p € [1,00] and let Q C R be an open set. The set LP(2) denotes the set of p-integrable
functions on € for p € [1, 00) and that of the essentially bounded on 2 when p = co. The set W/ (£2)
denotes the Sobolev space, i.e., the set of measurable functions with their distributional derivatives
up to S-th order belonging to L?((2),

WRQ) =1 € L) Il < ooh Ilpi = S0 1Dy (A4
lal<B

where D¢ denotes the distributional derivative. In the case of p = oo,

17120 = e 1D L= (AS)
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We now recall some basic results about Sobolev spaces that are useful for the proofs in this paper.
First we start by recalling the restriction properties of Sobolev spaces. Let Q C €' C R< be two open
sets. Let 8 € Nand p € [1, c0]. By definition of the Sobolev norm above we have

H9|Q||W;(Q) < ||9HW;(Q’)7

and so glg € W () forany g € W (Q2'). Now we recall the extension properties of Sobolev spaces.

Proposition A.2 (Stein total extension theorem, 5.24 in [1] or [23]). Let ) be a bounded open subset
of R* with locally Lipschitz boundary [1]. For any measurable function h : Q0 — R, there exists a
function h : RY — R, such that h|Q = h almost everywhere on Q) and for any f > 0 and p € [1, 0],
the condition ||h||W3(Q) < oo implies Hh’”WB(]Rd) <

b ()"

Corollary A.3. Let X C R? be a non-empty open set with szschltz boundary. Let € N, p € [1, o0].
Then for any function f € Wﬁ( ) N L*°(X) there exists an extension f on R% i.e. afunction
fe WE(RY) N L>(R) such that

f=flxae onX, |fllLe@a < ClifllLex)s 1 llwsgay < Cllfloe(ay. (A.6)

The constant C depends only on X, d, and the constant C' only on X, 3,d,p

Proposition A4. Let X be an open bounded set with Lipschitz boundary. Let f be a function that is
m times differentiable on the closure of X. Then there exists a function f € W (X) N L*°(X) for

any p € [1, 00|, such that f = f on X.

Proof. A function f that is m-times differentiable on the closure of X belongs also to W7(X)
since each derivative up to order m is continuous and the set X is bounded. Then f satisfies also

f € Wm(X) N L>®(X) since W2 (X) C L>(X) and WZ(X) C W (X), by construction, for
bounded X and any p € [1, o] O

The following proposition provides a useful characterization of the space WQB (RY)

Proposition A.5 (Characterization of the Sobolev space WX (R?), [39]). Let k € N. The norm of
the Sobolev space || - ||k (ra) is equivalent to the following norm

150 = [, 1PN 0+ [l do, VF € R (A7)
and satisfies
@ I s gay < W lweay < 221515y x ey, ¥F € LA(RY) (A8)

Moreover, when k > d /2, then W} (R?) is a reproducing kernel Hilbert space.

Proof. Consider first the seminorm ‘9|€Vt(1Rd) = jal<t ||D°‘gH%2(Rd). We have that HgH%Vk(Rd) =
2 — 2

> f:o | g|%,Vt (R4)" Now let 0 < t < k. By using the properties of the Fourier transform (in particular,
2
the Plancherel theorem and the transform of a distributional derivative Prop. A.1) we have that

gy = D 1Dl 2@y = D 1270) w0 Flgl(@) 172 ey / > (2mw)* | Flg)(w)|*dw.

la|=t la|=t || =t

Now note that, by the multinomial theorem, || 27w || = (27w?+- - -+27w3)* = |al=k ( ) (2mw)e.
Since 1 < (’) < 2! forany o € N¢, |a| = ¢, then 27¢||27w||?* < Z|a\=t(27m’)2a < ||27w]|?, so

sy < @rP [ [0l 1Flel@)Pdw < 2 gy ey (A9)

. k k k k
Since, (1 + Jwl|)F = Y5 (4) wll2* and so S5 [lwl|? < (1+ [Jwl2)* < 25 25 ][, then

k k
lgllws ey = D 19y ey < (2% / ][ | Flg) (w) Pde < (27)%" / (1 |wl?) | F g (@) 2,
t=0 t=0
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moreover

ﬂwwmv |%ﬁ2%r/MWf F«ﬂmem—2MWW)

To conclude, we recall that when k > d/2 the space W} (R?) endowed with the equivalent norm

I| - ”;/V; (Ra) is a reproducing kernel Hilbert space [39]. O

B Useful linear operators in RKHS

Consider the space G, = H, ® H, = {v ®v' | v,v" € H,} endowed with the inner product
(uu,ve® v’)g77 = (u, U)Hn (v, v’)Hn for any u,u’,v,v" € H,,. Denote by vec the unitary map
that maps the Hilbert-Schmidt operators on H,, in vectors in H;?. In particular, for any u,v € H,,

we have vec(uv ") = v ® u, moreover for any M, M’ : H,, — H,, with finite Hilbert-Schmidt norm

<Vec(M),Vec(M’)>g =Tr(M*M’), (vec(M),v ® u>gn = v Mu. (B.1)

Now denote by 1, the feature map ¥, (z) = ¢, (x) @ ¢,(z) for any z € R?. We define the operator
Q € S, (Gy) and the vectors 0, v € G, as follows

= T z) T da ﬁ:ln x; v = x)p(z)dz
Q= [ @, 0= S 2ve. v= [ @i @2

Define the operator S : G,, — L%(X) as

Sf= (), flg, € L*(X), Vfeg, (B.3)
S*a = /a(x)wn(m)dm €G,, YaeclL*X). (B.4)
Note, in particular, that @) and v are characterized by
Q=S5"S, v=>S5"D. (B.5)
Given &y, ...,%,, € R? define the operator Z : H,, — R™ as Z = (¢,(#1)",..., ¢p(Zm) "), in

particular we have

Zu = (¢77(5:1)Tu, A gbn(a?m)Tu),Vu € Hy

- Ui B.6
Z*OL:Zd)n(fi)ai,VOé ERm, ( )
i=1
In particular, note that for any A € R™*™
Z*AZ =" Aijon(E)bn(E5)", 22" =Kg g, (B.7)

ij=1
Given Z : ‘H,, — R™, define the associated projection operator P: ‘H,, — H, on the range of the

adjoint Z*. In particular, note that

L
P=Z"K' Z (B.8)

indeed, since 77* =K X% and it is invertible for any 7 € Ri 4 then

* 7 — — 7k - o -1 7 __ ok po—1 _ D
P2=7z K~7X,nZZ K~,X,17Z =7 KXX KXX??KXXnZ_Z KX,XmZ_P' (B.9)
and

D% _ ok po—1 7 7% * T — o _ *
P2 =Z'K('¢ 27" = 2K Kg 5, =2" (B.10)

and analogously Z P = Z. This implies also that P¢, (&;) = ¢,,(#;) forany i = 1,...,m.
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C Compression of a PSD model

Let X C R? be an open set with Lipschitz boundary, contained in the hypercube [~ R, R]? with
R > 0. Given #1,...,#,, € X be m points in [~ R, R]?. Define the base point matrix X € Rmxd
to be the matrix whose j-th row is the point Z;. The following result holds. We introduce the so
called fill distance [39]

h= max min|z—z|, (C.1D

z€[—R,R]? 2 X

In the next lemma we specialize Theorem 4.5 of [22], to obtain explicit constants in terms of R and
of our 7. In particular, we identify the scale parameter ¢ = min(R, 1/,/max; 7;). This is interesting
since it shows the effect of the precision 7 of the kernel (if it was a Gaussian probability, it variance
would scale exactly as 1/,/7).

Lemma C.1 (Norm of functions with scattered zeros). Let T = (—R,R)? and n € R% . Let

u € H,, satisfying u(Z1) = - -+ = w(Zm) = 0. There exists three constants ¢, C', C"" depending only
on d (and in particular, independent from R, 1, u, T1, ..., Ty), such that, when h < o /C’, then,
lulloeiry < Caye™ %85 Ylullay,, (C2)

with ¢, = det( dlag( ))~'/* and 0 = min(R, ) and Ny = max;=1,.. 4.

1
Vit
Proof. By Theorem 4.3 of [22] there exists two constants By, B/, depending only on d (and in-

dependent from R,Z;), such that for any k¥ € N,k > d/2 + 1 and u € WE(T) satisfying
w(Z1) = -+ - = u(Zy,) = 0, the following holds,

BELk—d/2 B

lull ey < 225 B2 Julyg o, (€3)

when kh < R/B!. Here the seminorm \u|W2k(T), by using the multinomial notation recalled in
Appendix A, corresponds to |u|%V;(T) = |al=k ||D°‘u||2L2(T). Our goal is to apply the result above
to f € H,. First we recall that H,, C W¥(R?) for any k [22]. Then, since T C R%, we have
|f|$/1/2k(T) = Z\od:k ||Daf||2L2(T) S Z|a\:k ||Daf|‘%2(]Rd) = |f|€V2k(JRd) Then’ USing (A9) we
have |f‘?/V’“(]Rd) < (2m)2% [ ||w|**|F[f](w)|*dw. Now, denote by D the matrix D = diag(n) and

2

¢ = /% det(D)~1/2. By the characterization of the norm || - [|3, in terms of the Fourier transform
reported in Example 1, we have

91 < @0 [ w7 4
77‘,2 1722 1 221 D=1/2012
= [ elPeyfeme IO L I F pw)Pas (€5)
n
2 —-1/2 2 1 2 —-1/2 2
< a2m)? sup [eHe 1P [ L IR F )P o
teR4

Cn

1113, e(2m)% sup [j¢][2Ee= 1020, (C.7)
teRY

Now, since sup,cga [|2]|**e 171" = sup, 7?*e" = k¥e % < kl'and || D|| = max; m; = n,

_1 : k
sup ||t||2ke_7r2HD zt)? _ sup ||%D%Z||2k€_”ZH2 < 1o|* sup ||Z||2ke—HZ\|2 — %]:' (C.8)
teRd z€R4 z€RY

Then,

1 lwg ey < NFllae, e * (dng) 2 VL (C.9)

By plugging the bound above in (C.3), we obtain that when k, h ; , satisfy kh ¢ , < RB/ then,

k—d/2
o (Caki)

| fll ooy < N £l (C.10)
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where Cy = 2,/; By, and C = (4B27)%4 det(n/n; )"/, Let now C3 = 1/ max(B},2B,).

Assume that h < chd min(R,1/,/ny) and setk = |s] and s = 52 min(R, 1/,/7y). Note first, that
with this choice of h and k we satisfy hk < R/B/, so we can apply Theorem 4.3 of [22]. Moreover,
by construction d/2 +1 < § < s —1 < [s] < s. Then Cy[s]h < 1 and [s] —d/2 > 0, so

(Cah|s])Ls1=4/2 < 1. Moreover ﬁ < e 5185 50 we have

|flwr) < C(Cahls|)lemt2em 2l o8 3led £y, (C.11)

< Cem T BT | fllw, < i8R | fln, (€12

The final result is obtained by writing s/4 = co/h with o = min(R, 1/,/m1) and ¢ = C5/4 and by
writing the assumption on h as h < o/C" with C' = (2 + d)/Cs. O

Lemma C.2 (Lemma 3, page 28 [20]). Let X C R? with non-zero volume. Let H be a reproducing
kernel Hilbert space on X, associated to a continuous uniformly bounded feature map ¢ : X — H.
Let A : H — H be a bounded linear operator. Then,

sup [|[Ag(x)||n < sup [[A* fllo- (C.13)
TEX [IfI<1

In particular; if X C R is a non-empty open set, then sup ¢ y || Ad(z) ||z < | A* fll Lo (x)-

Proof. We recall the variational characterization of the norm || - ||3; in terms of the inner product

(s ) as [Jv[la = supj g <1 (f; v)4- We have the following
sup [|[Ag(x)||lw = sup  (f,Ad(x))y < sup [ (A"f, o))y | (C.14)

zeX TX,[IflI<1 TEX,|IflI<1

= sup sup [(A"f)(x)| = sup [[A"fllcw)- (C.15)

IflI<1zex i<t
Finally, note that when X C R? is a non-empty open set [|A*f||c(x) = [|A* f||L(x). since
A* f € H and all the functions in  are continuous and bounded due to the continuity of ¢. O

Theorem C.3 (Approximation properties of the projection). Let R > 0,1 € Ri +,m € N Let
X C T = (—R, R)? be a non-empty open set and let %1, ..., T, be a set of distinct points. Let

h > 0 be the fill distance associated to the points w.r.t T (defined in (C.1)). Let P: H, — H, be the
associated projection operator (see definition in (B.8)). There exists three constants c, C, C’, such
that, when h < o /C’,

sup [|(I — P)g, ()|, < Cqy e” 71087 (C.16)
zeX

Here q,, = det(ﬁdiag(n))_l/4 and o = min(R, \/%) Ny = max;n;. The constants ¢,C’,C"

depend only on d and, in particular, are independent from R, 1, %1, ..., Tpm.

Proof. We first recall some basic properties of the projection operator P: ‘H,, — H,, on the span
of ¢(Z1),...,¢yn(Tm), defined in (B.8). By construction P, (Z;) = ¢, (Z;) is of rank m for any

i = 1,...,m. Now note that for any f € H,, the function (Pf)(Z;) = f(&;), indeed, by the
reproducing property of H,,

(Pu)(i‘i):<15u,¢n(5ci)>ﬂ =<u,13q§,7(5ci)>ﬂ = (U, by (E:))y, = (i) (C.17)

n
n n

Then (f — Pf)(#) = 0 forany i = 1,...,m. By Lemma C.1, we know that there exist three
constants ¢, C, C' depending only on d such that when h < o /C”’ we have that the following holds
ull poe(ry < Cagy e % 18 %, for any u € H,, such that u(Z1) = - -+ = u(Z,,) = 0. Since, for any
f € H,, we have that f — P f belongs to ‘H,, and satisfies such property, we can apply Lemma C.1
with u = (I — P)f, obtaining, under the same assumption on h,

I(T = B)flliecr) < Cag e F 8 | fllae,, Y € Hy, (C18)
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where we used the fact that ||(1 — P)f”m, < |II - ]5H||f||Hn and ||[I — P| < 1, since P is a
projection operator and so also I — P satisfies this property. The final result is obtained by applying

Lemma C.2with A =1 — ]3, from which we have

sup [|(1 = P)(x)llz < sup [[(I = P)fllp=(ry < sup Cgye” 7 85 | fllag,  (C.19)
rex NS !

=Cgy e 71087, (C.20)
O

Theorem C.4 (Compression of a PSD model). Let n € R%, and let M € Sy (H,). Let X be an
open bounded subset with Lipschitz boundary of the cube [-R,R]Y, R > 0. Let &1,...,%, € X

and X, be the base point matrix whose j-rows are the points T; with j = 1, ..., m. Consider the
model p = f(-; M, ¢,)) and the the compressed model p = f(-; Ay, X, n) with
_ —1 ~ 7% —1
Ay = KX,X,n ZMZ KX,X,n’ (C2D

where Z H,, — R™ is defined in (B.6) in terms off(m. Let h be the fill distance (defined in (C.1))
associated to the points I, . . . , Zp,. The there exist three constants ¢, C, C’ depending only on d such
that, when h < o /C’, with 0 = min(R,1/,/ny), N+ = max;—1,._ a0, qn = det(idiag(n))_l/‘l,
then

~ L0 g £O _2¢0 |gg £O
p(x) = p(x)] < 2Cq,\/[M[p(x)e” T 185 + C22|[M||e” 7 8%, Vo eX. (C22)

Proof. Lete € (0,1/¢] and np = 714 € R? with 7 > 0. Consider the projection operator P: H, —
‘H,, associated to the points Z1, . .., Z,, defined in (B.8). Note that the adjoint Z* has range equal to
span{¢,(Z1),...,¢,(Z1)} and that by construction Z M.Z* € S and so A,,, € ST".

Step 1. Error induced by a projection. By the reproducing property ky(z,2') = ¢, (z) ¢,(z')
(see Example 1 and (A.2)) and the fact that P = Z*K)T(1 - 77Z, (see (B.8)), then, for any = € R¢

F@s A, Xonon) =Y (Am)ijkn (@, &)k (2, &5) (C.23)
ij=1
= dn(@) T (D (Am)igbn(@:)dy(#5) ") by() (C.24)
ij=1
= ¢y(2) " Z* A Z ¢y () (C.25)
= ¢ ()" Z*K;(}XWZ M. Z*K;(}XmZ o) (C.26)
= ¢y(x)T PMPg,(x) (€.27)
= f(z; PMP, ;). (C.28)
This implies that, for all 2 € R? the following holds
F@s A, Xon,m) — f(z3 M, ¢y) = f(z; PMP,¢y) — f(z; M, ¢y) (C.29)
= ¢ (z) T (PMP — M), (). (C.30)

Step 2. Bounding |, (z) T (PM_P — M), ()|. Now, consider that
PMP — M. = M(I — P) + (I = P)M + (I — P)M(I — P). (C.31)

Since |[a" ABAa| < ||Aal|?,||B| and a" ABa < ||Aal|3||B*/?||||B/%a| %, for any a in a Hilbert
space H and for A, B bounded symmetric linear operators with B € S (), by bounding the terms
of the equation above, we have for any = € R4,

|6 (2) T (PMP — M)y ()| < 2(I = Py () [l2¢,, M2 M2 () |, (C.32)
+[[(1 = P)gy (@), [IM] (C.33)
=202 f(2; M, ) /2Ce™ T 1085 4 eyii(a)?, (C.34)
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where ey = ||[M|| and we denoted by () the quantity @(x) = ||(I — P)¢y,(z) ||, and we noted
that [M'/2¢, (2)[13,, = én(2) "My (x) = f(z; M, ¢y).

Step 3. Bounding u. Now, by Thm. C.3 we have that when the fill distance h (defined in (C.1))
satisfies h < o /C” with 0 = min(R, 1/+/7), then

]| oo 2y = sup (I = P)gy ()|, < Ce™ 71087, (C.35)
€
with ¢, C, C’ depending only on d. O

C.1 Proof of Thm. 8

Thm. 8 is a corollary of the next theorem, considering that 1/o < (1 + 7;)"/? and moreover

det( dlag( ) = H?:1’7i/77+ <1, Tr(AKx x,n) < |A||Tr(Kx x,,) since both A, Kx x, €
ST, and by construction Tr(K x x ) = n, then ca , < ||A4||n.

Theorem C.5. Let A€ S, X € R™*4 g € Ri+' Let &1, ..., T, be sampled independently and
uniformly at random from [—1,1]%. Let § € (0,1], ny = max(1, max;—1__47;). When m satisfies

m > Q'n, d/2 (log Ql‘?”n)d log(QN(lg_"*) log QH?”"), then the following holds with probability at
least 1 — (5

p(z) —plx)| < 2 +evpla), Voel[-1,1]% (C.36)

Here the three constants Q, Q’, Q" depend only on d.

Proof. First let us rewrite f(-; A, X,n) in the equivalent form f(-; M, ¢,) with M € S, (H,)
definedasM = Y7 i1 A qﬁn(wl) ,,( 7). In particular, by the cyclicity of the trace

Z A jon () by(x5) Z A; jky(zi,25) = Tr(AKx x ). (C.37)

17=1 17=1

The proof of this theorem is an application of the approximation result in Thm. C.4 to the model
f(-; M, ¢,;) where we use as compression points, the points Z1, . .., &,,, sampled independently and

uniformly at random from [—1, 1]¢.

The result of the theorem depends on the fill distance h, defined in (C.1), and associated to the points
Z1,...,Zm. Let ¢, C,C’ be the constants depending only on d from Thm. C.4. To apply Thm. C.4
we have to guarantee that h < o/C” with ¢ = min(1,1/,/7y), in particular, choosing A such that
h <min(e,1/C")o/(elog(2Cca,,/c)) guarantees that h < o /C’ and by applying the theorem we
have, for all z € [—1,1]¢

2co

p(x) — p(x)| < 2Cqy\/|[M]|p(z) e T 8% + Cql M| e” 77" 18 5, (C.38)
< 20cany/plx)e” W 18T + C%ch e e~ 5% log 57 (C.39)

with ¢, = det(;- —diag(n ))~'/* where in the last step we used the fact that |[M| < Tr(M) =
Tr(AKx x ) and so [Mllg; < Tr(AKx xn)q; = ¢ ,- Note now, that by the choice we made for
h, we have log(co /h) > 1 and so that e~ % 18 % < ¢/(2Cc, ). This implies

Ip(z) — p(x)] < ey/pla)+e>. (C.40)

The final result is obtained by controlling the number of points m such that h satisfy the required
bound in high probability. By, e.g. Lemma 12, page 19 of [37] and the fact that [—1,1]¢
convex set, we have that there exists two constants C, Co depending only on d such that h <
Cym~Y4(log(Cym/5))'/?, with probability at least 1 — 4. In particular m satisfying

eCy 1 2Ccy ¢ d Com
> - ’ :
e (min(c7 1/C") o log € ) log 4] (C41)
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guarantees that Cym /% (log S5™)1/? < gmin(e.l/C7) g 2940 Note that, given A > ¢, B > e,
the inequality m > Blog(Am) is satisfied by m > 2Blog 2AB indeed log A > log 1ogA and
log 2B > loglog 2B and so, when m = my = 2B log 2AB we have

Blog(Amg) = Blog(2ABlog(2AB)) (C.42)
= Blog A+ Blog2B + Bloglog A + Bloglog2B (C.43)
<2BlogA+2Blog2B = 2Blog2AB = my, (C44)

and moreover m — Blog(Am) is increasing for m > B. Then, to satisfy (C.41) we choose

m > 2Blog(2AB) with B = (mm(eccf/c 7 - log ZCZA’") and A = =2, in particular

mQ( loch‘“’> 1og(Q lochA"). (C.45)

with Q = 2d( 555 76m)" with Q' = 2C, Q" = 2C,Q". O

D Approximation of a probability via a PSD model

In this section we prove Prop. 5 and Thm. 6.

D.1 Proof of Prop. 5

Lemma D.1. Let 8 > 0 and p be a continuous strictly positive function such that p € Wgﬂ (X)n
L (X), with 8 > 0, be a function such that p > 0. Let X be a compact set with Lipschitz boundary.

Then there exist a function in f € W (X) 0 L°(X) such that p(z) = f(x)? forall z € X.

Proof. First, let p € W2 (R?) N L>(R?) be the extension of p on all R% (see Cor. A.3),i.e. p = p
on X and ||p||W2;s(Rd) < C’||p|\W25(X) for a fixed constant C. Let ¢ = inf,cx p(z) and C =
sup, ¢y P(x), we have that ¢ > 0 since X" is compact and p is continuous. Note that g(z) = /2
is C* on the open interval (0, +00). Let u € C°°(R) be the bump function that is identically
0 onJ = (00,¢/2] U[2C, ) and identically 1 on the interval I = [c,C]. Then the function
h(z) = u(z)g(z) is identically 0 on J and h(z) = y/z on I and h € C*°(R) since h = 0 on J and
both u, g € C*([c¢/2,2C]). Now, denote by f the function f(z) = h(p(z)) for all z € RY. Since
p(z) € I forany x € X, we have f(z) = h(p(x)) = \/p(z) for any x € X. Moreover, by Theorem
1, page 8, in [28], f € W/ (RY), since h € C°°( ) C CB+1( ) and p € W2 (R?) N L>®(R%). The
fact that f € L°°(R?) derive from the fact that it is the composition of a compactly supported smooth

function / and an L>(R¢) function p. The proof is concluded by taking f to be the restriction of f
to X. O

Lemma D.2 ([24] Corollary 2, page 23). Let X be an open bounded subset of R? with Lipschitz
boundary. Let p be a probability density that is B + 2-times differentiable on the closure of X,
with B > 0. The zeros of p are isolated points with strictly positive Hessian and their number is
finite. Moreover there are no zeros of p on the boundary. Then there exist ¢ € N and q functions

fi... f, € WP(X) N L®(X), such that

q

p(x) = Zfi(x)27 Ve e X. (D.1)

i=1

Proof. Let jp be the 3 + 2-times differentiable extension to R? of p (via the Withney extension
theorem [12]), i.e. p = p on the closure of X. We apply [24] Corollary 2, page 23 on p, obtaining ¢
functions fi,..., f; € CP(R?) such that p(x) = Y, fi(x)? for all z € X. The result is obtained by
applying Prop. A.4 on the restrictions fi,..., f, on X. O

Now we are ready to prove Prop. 5. We restate here fore convenience.

Proposition 5 (Generality of Assumption 1). The assumption above is satisfied by
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(a) any probability density p € Wf(X) N L>(X) and strictly positive on [—1, 1],
(b) any exponential model p(x) = e~ withv € W (X) N L>(X),
(c) any mixture model of Gaussians or, more generally, of exponential models from (b),

(d) any p that is B + 2-times differentiable on [—1, 1]%, with a finite set of zeros, all in (—1,1)¢,

. .. . . . — 2
and with positive definite Hessian in each zero. E.g. p(x) < x2e~% .

Moreover if p is B-times differentiable over [—1,1]%, then it belongs to Wf (X)NL>(X).

Proof. Let X = (—1, l)d. The case (a) is proven in Lemma D.1. Note that (b) and (c) are a subcase
of (a). For the case (b), let v € Wf (R9) N L>(R?) be the extension of v (see Cor. A.3), by Theorem
1, page 8, in [28] the function e? — 1 € Wf (R4)N L2 (RY) since exp(+) — 1 is analytic and 0 in 0. Let
g = (e"=1)|x,q € WJ(X)NL>®(X) andsoalso g = g+1 belongs to W£ (X)NL>®(X), since X is a
bounded set. Finally note that g = ¢” on X’ and min ¢y g(z) = mingcy e~ > e~ lvlr=w) >,
so it satisfies the point (a). The point (c) is a consequence of (b) indeed if p = 22:1 a;e” v and each

v; satisfies (b), then e~ = Y79, f2. with f; ; € WE(RY) N L®(RY),s0p = S, AT
with g; j = /oufi; € WQB (R%) N L°°(R?). Finally, (d) is proven in Lemma D.2. O

D.2 Additional results required to prove Thm. 6

We now focus on proving the result in Thm. 6. To this end, we first prove some preliminary result
that will be useful in the following.

Let S C R We recall the definition of the function 1g, that is 15(w) = 1 for any w € S and
1s(w) = 0 for any w ¢ S. Define moreover,
9(@) = g llzll = Jase@mllz])) Ja2 (4r|]]) (D.2)

o pd/2
2)<1 9% = Ty

Lemma D.3. The function g defined above satisfies g € L'(R?) N L2(RY) and [ g(x)dx = 1.
Moreover; for any w € RY, we have

1)<} (W) < Flgl(w) < 1gju)<sy(w)- (D.3)

where J;,5 is the Bessel function of the first kind of order d /2and Vy = fH

Proof. In this proof we will use the notation about the convolution and the Fourier transform
in Prop. A.l. Define b(z) = ||z||=%2J/2(27|z|) where Jy/o is the Bessel function of the
first kind of order d/2. Note that b € L2(R?) N L'(R9), since there exists a constant ¢ > 0
| Ja/2(2)| < emin(2%/2, 271/2) for any z > 0 [33]. Moreover note that the Fourier transform of
bis F[b](w) = 1yjw|<1} (see [33], Thm. 4.15, page 171). Define now g(z) = V%b(x)b(Z:c) =
VidHa:||*de/Q(27r||x|\)Jd/2(47r||:r||). Note that g € L*(R?) since

llgllLrray = [[6(-)b(2-) | L1 (may < [[6C) || 2y 16(2:) ]| 2Ry < 00, (D.4)
and analogously
lgllz2®ay = [16(-)b(2)[| 2Ry < [[B(-)l| Lo ey 10(2) ]| L2 (Re) < 00. (D.5)
By the properties of the Fourier transform, we have Flg] = v%f [b] = Fb(2-)] =
V% J 12 <13 1{||w—-2|| <2} dz. Note that for any w € RY, since 1,_ <2} < 1,
Flgl(w) = Vid/1{uzus1}1{||w—z||s2}dz < Vid/l{nzusudz <L (D.6)

Now, note that when |w||,]|z]] < 1, then |lw — 2| < Jw| + ||zl < 2. So we have
L{jwl <y gz <1y Ljw—si<2} = L{jz)<1}- Then

1

Ljwi<1yFlgl(w) = Vd/1{uwu§1}1{nzn31}1{uwfzugz}dz (D.7)
1

= — 1 z d = 1 w . D.S

Vd/ {I1z11<1392 = 1{ju)i<1} (D.8)
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Moreover note that for all |w| > 3,]z|| < 1 we have |w — 2| > ||lw] — ||z]|| > 2, then
L{jwl>3 L{l1zl<1} Ljlw—zl|<2) = 0. So for any [lw] >3

1
Le>spFlolw) = 37 / Ljwi>31 1z <13 L w—z)<2yd2 = 0. (D.9)
To conclude [ g(z)dx = fg(x)e‘Q”inde = Flg](0) = 1. O

Theorem D4. Let 3> 0,9 € N. Let f1,..., f, € Wf(]Rd) N L>(R%) and denote by p the function
p=>1 f?. Lete € (0,1 and letn € RiJr. Denote by 1o = minj—y ... q4n;. Let ¢, be the feature
map of the Gaussian kernel with bandwidth 1 and let H,, be the associated RKHS. Then there exists
M. € Si(H,) withrank(M.) < q, such that

1G5 Meydg) = p()llprey <& Tr(M) < Clp' (1 + 2 exp(Se75)),  (D.10)
forallr € [1,2], where |n| = det(diag(n)) and C,C" depend only on 3, d, HfZHW,f(]Rd)v Il fill Lo (may.-

Proof. Lett > 0 (to be set later) and let g be defined according to (D.2). Define g;(x) = t~%g(z/t).
Given the properties of g in Lemma D.3, we have that [ g;(z)dz = 1, g; € L*(R¢) N L?(R?), that
Flgt)(w) = Flg](tw) and so that | Fg:](w)| = |F|g](tw)| < l{tHwHS?’}( w). Moreover we have that

1= Flgd (@) = [t = Flgl(tw)] < Lggje)>13 (@)

Now, note that [ (1 + [lw][2)? | F[/](w)|2dw < 227 2

W (R’ as discussed in Prop. A.S.

Step 1. Bounding || f — f * g¢| 2 (re)-
Since, we have seen that |1 — F[g¢](w)| < 14, >1. then for any f € W2 (R%) we have

Lf = f* el 72may = IFL] = FLUf % gell172may = IFLAM = Flod)l1 72 ga) (D.11)
/\1— 1 (tw) 2| F[£)(w)]?dw g/ Flf)(w)?dw (D.12)
tllwl|=1

= /t| H>1(1 + [lwl?) 7 (1 + [|wl*)P[F[f) (@) Pdw (D.13)
< sup (14 [w|*)~” /(1+ llwo[|*)P|F[f](w) [ dew (D.14)

tllwl|>1

2

= PN Vg s < g (207 0.15)

Step 2. Bounding || f x g¢|#,-

However, the function f x g; belongs to H,, for any n € Ri .- Indeed, as discussed in Example 1, we
have that [|u||3, is characterized as

lull3,, = e / [Flul(w)Pem e,

and u € H, iff [|ul|3, < oo, with¢, =7 —d/2 det(diag(n))l/z. Now, let 779 = min;—;_47;, since
we have seen that | F[g;](w)| < 14,|<3(w), then we have that

v, = o [ 1LY Flgl () P00t (D.16)

<e, / IF[£)(w) Fla)(tw)2e 01 d = e, / IFIA @) Pen“Faw  @.17)
tflw]<3

) oy eIl
=c | FLA@) (1 + f|wl) g dw (D.18)
! / lwll<3 1+ wl?)?
w2
ey sup T / FLA@P + [|ew][*) deo (D.19)
tlw|| <3
< 2 28 5’“ ™ /"0
< W15 ayen2 2131% T (D.20)
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Step 3. Bounding Tr(M.).
Note that the function (1+ e exp(* T 2) has only one critical point in r that is a minimum,

then su —L n’y < S o 1+ (t/3)%F N

Pr<s/t {Tr2)P exp(© o ) < max[ ) (t2+9)6 eXP(n0t2 ) < 1+ (t/3) exp(n tz)- ow
let consider the functions f;; = f; x g, fori € {1,...,¢} and note that, by the results above
e = fillz ey < Willwg ey (207 and | fiellFe, < Iill5 5 oy 027 (1 + (¢/3)%7 exp(55))-
Since f; ; belong to the reproducing kernel Hilbert space H,,, define the operator M. as

M2 Sk
)

First note that M. € S, (H,), moreover rank(M.) = ¢ and

Z 1fitll3s, < en2P(1+ (1/3)%Pemnr®) Z 1fill 3 gy (D21)

Step 4. Bounding ||p — f(z; Mc, ¢y) 1 (ra)-
Note that

f(l‘; M€a¢n):¢n(x)TMe¢n(x):Z fzt¢ Zfzt
=1

Then, since a? — b2 = (a — b)(a + b) for any a, b € R, by applying the Holder inequality

q
lp — f(x; Mc, dp)ll L1 (may = ||Zfi2 Zello way = HZ = fi)(fi + fit) o1 (ray (D.22)

i=1
q
<Y Wi = fiallizz@ey(1fill Laey + 1L fitl 22 gay), (D.23)
=1

finally, by the Young convolution inequality,
I fitll 2 ay = 1fi % gell L2way < || fill L2 rayllgell L1 ray-

By the change of variable x = zt, dx = tddz, we have

lgell s ey = / lge (t2) | dex = / t g (e /1) |dz = / 9()ldz = gl (D24)

then we obtain
q
Ip = f(z; Me, dp) ey < (20)° (14 HgHLl(Rd)>ZHfinf(]Rd)”fi”L?(]Rd)- (D.25)
i=1
Step 5. Bounding ||p — f(z; M., ¢) || 12 (ra)-

With the same reasoning above, we have

q
lp = (25 Mey o)l p2may = 1) SF = fhall o (eay —HZ = fi)(fi + fit) | L2y (D.26)

i=1

q
<Y N = fiillpe ey (I £: ) (D.27)
=1

finally, by the Young convolution inequality,

| fi,tll oo ray = [ fi % gell oo ety < || fill Loo mey 1921 L1 (Y-
Then,

q
Ip— (x5 Me, &) | 22 ray < 20P (1 + |lg]l 12 ray) Z [ fill s gy I fill e () (D.28)

i=1
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Step 6. Setting ¢ appropriately.
Finally, noting that by construction || f|| 2 re) < [|f ”WB(JRd) and setting
2

N :
= (&) =Pt ) S Wl w1l il o) ©29
=1

then, [[p — f(z; Mc, ¢y)llLire)y < €, with j = 1,2. By Littlewood’s interpolation inequality,

I llor@ay <1l - ||L21/Egd - ||iQ((]§ér) when r € [1,2] (see, e.g, Thm. 8.5 pag 316 of [6]), we have

lp = f(2; Me, o)l Lr(rey <&, Vre[l,2]. (D.30)

By setting Cy = 227 37 || fil|? we have

Wﬁ (R4)’

Cl )2/5

_89_ o
Tr(Me) < ¢,Ca(1 + et (£/3)*7) < ¢,Ca(1 + 2 c ? ) < ClnlM2(1 + 2em=?),

where || = det(diag(n)) and C’ = 89C?/* and C' = 7=%/2Cy max(1,3728 /C2). O

D.3 Proof of Thm. 6

We can now prove Thm. 6. We will prove a more general result Thm. D.5, from which Thm. 6 follows
when R = 1and X = (—1,1)% applied to f1, ..., f, € W2 (R%) N L>°(R¢) that are the extension
to R? of the functions fi, ..., fq characterizing p via Assumption 1. The details of the extension are
in Cor. A3

Theorem D.5. Let R > 0 and let X C T = (R, R)? be a non-empty open set with Lipschitz
boundary. Let fi,. .., f, € WE(R?) N L= (R%) and letp = S0, f2. Then, forany ¢ € (0,1/e],
there exists m € N, n € R++, a base point matrix X e Rmxd and a matrix A € S such that

Hf( ) AaX777) L2(Xx) S 25, with

mYd < O + C'log EE 1 " Re™ 5 (log U1R))3 D.31
< g g ~— ( )
where C,C",C" depend only on X, 3, d, Hfj”WB(Rd)» | fill oo (ray for j = 1,...,q. This implies
2 ’ ~
that there exists a model of dimension m such that || f(-; A, X,n) — pllr2x) < &

m =0 (Rds_d/ﬁ(log %)dm) . (D.32)

Proof. Lete € (0,1/e]and = 71, € R? with 7 > 0 and m € N. Let M, € S+(Hn) be the
operator constructed in Thm. D.4. We consider the compression of the model p. = f(-; M, ¢,) as
in Thm. C.4. In particular, let 21, ..., Z., be a covering of T with £5. We consider the following

model p,, = f(-; A, Xm, n) where X,, € R™*4 is the base point matrix whose j-th row is the
point Z; for j = 1,...,m, and where A, € ST is defined as

_ —1 7 7% —1
Ay = Kl IMZTKGl (D.33)

where Z : H, — R™ is defined in (B.6) an it§ adjoint Z* has range equal to
span{¢,(Z1), ..., ¢,(Z1)}. Note that, by construction Z M.Z* € ST and so A,,, € ST".
Step 1. Approximation error decomposition. We will split the approximation error as follows,
1Pm — pllzzxy < IPm — pellrzx) + Ipe — pllz2(x)- (D.34)
Note that for the second term, by Thm. D.4, we have
Ipe = pllzrxy < Ipe = pllLrmey < e, Vrell?2] (D.35)
Step 2. Error induced by a projection. Since an h-covering of a set has fill distance h, by definition

of fill distance (C.1), then we will choose the m base points Z1, . . ., Z,, to be an h-covering of the
hypercube T'. Since the ¢5-ball of diameter 1 contains a cube of side 1/ V/d, it is possible to cover a
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cube of side 2R with m < (1 + 2R\/ﬁ/h)d balls of diameter 2k (and so of radius h), see, e.g., Thm.
5.3, page 76 of [8]. Now, by Thm. C.4 applied to M., we have that when the fill distance h (defined
in (C.1)) satisfies h < o/C’ with o = min(R, l/ﬁ), then

pe(x) = B ()] < 2CV/[[Mc|lpe(= o5 | C2|M, | e %!

with ¢, C, C’ depending only on d and cy =. Now denoting by o = 2C/[[M.[le~ % '°¢ %~ and
B=C M| e

co

Vee X (D.36)

n 108 57 we have

lPe = Pmll2xy < llay/pe + Bllr2xy < allv/pellzzxy + Bl 22 x) (D.37)
< (2R)Y?B + a||p1/2||L2<X>. (D.38)

where we used the fact that ||1HL2(X) < H1||L2(T) = [ dz = (2R)%.
Step 3. Final bound. First, note that by Thm. D.4

Te(M.) < Ci7%2(1 + 2 exp(S2e™ 7)) (D.39)
where C7, C5 are independent on ¢, 7 and depend only on 3, d, ||fi||W2/3 (R4 | fill oo (ray- By setting
T = 20125 12+R we have

IM.|| < Tr(M.) < Cy7¥2(1 4+ e exp(L2e75)) < (1 4 R)2Cye~ V5. (D.40)

with C5 = 2*d/26’1C2d/2. Then, note that ||p;/2||L2(X) = ||p5||1L/12(X), s0, using (D.35), we have

Ipellrxy < llpe —pllerxy +llpllziey <1 +e <2 (D.41)

By choosing h = co /s with s = max(C”, (1+ %) log 2 + (1+ %)log(1+ R) +1og(C/C5) +e),
since s > e, then log s > 1, so

Ce™ FVET = Cem* 185 < Ce™ < L (14 R)™/4 45, (D.42)

Gathering the results from the previous steps, we have
[Bm — pllrzxy < € +4|Mc[|Y/2Ce™ 7 8 % 4 ||M,||RY2C%e™ 5 108 5 (D.43)
<e+ (14 R 4 Lo ()72 (D.44)
< 2e. (D.45)
To conclude we recall the fact that Z4, . . . , Z,,, is a h-covering of T', guarantees that the number of

centers m in the covering satisfies

< (1+ 2/dyd, (D.46)

Then, since h > co/(Cylog M) with Cy = 1+ d/ min(23,4) and Cs5 = (C/Cze)'/“1,

and since o = min(R, 1/y/7), then R/o = max(1, Ry/7) < 1+ /C2/2e~ /8 (log LEE)~1/2 50
we have

mi <1+ 2RVd/h <1+ Ca(1+ R\/&(%)l/%*%( og M)_%) log M (D.47)
= (14 C4logC5) 4+ Cylog L + RC4\/g(%) LRy~ 7 log M (D.43)
<Cs + C4 log% + RC757%(log (1-4;7}%))% (D.49)
with Cg = 1 + Cylog Cs5, C7 = C4v/d(2)Y/? log(eCs), since log(eCs) > 1, then

(1+R) 1 (1+R)

< (log 605)(1 + log (1+R)) < (logeCs)(1 + log (1+R)) (D.51)

log C5(1E+R)

The constants C, C’, C" in the statement of the theorem correspond to C' = Cg, 0’ = Cy, C" =
Cr. O
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E Learning a PSD model from examples

In this section we provide a proof for Thm. 7, which characterizes the learning capabilities of PSD
models. We first provide intermediate results that will be useful for the proof.

Let X be a compact space and let p : X — R be a probability density which we assume to belong to

p € L2(X). Letxy,... 2, sampled L.i.d. according to p. We will study an estimator for p in terms
of the squared L2 norm H || 12(x)- Let n = nolq with 7 > 0 and X € R™* the base point matrix
whose rows are some points Z1, . .., Z,,. We will consider the following estimator p for p
p(x) = f(gc, A X ), A= min Ly(A), (E.1)
AeST

and, denoting by R the Cholesky decomposition of K X,% .y 1-€. the upper triangular matrix such that
Kg x,= RT R, we define

Li( / fz; A X, n)ds — 721;\4 x)flzi; A, X, n) + A|RART||%. (E.2)
i=1
Denote by L (A) the following functional

- / s A X, n)2de — / f(r: A, X p)p(e)de + N|RART[2.  (E3)
X X

and by Am)\ € S the matrix /LM = minaes, Lx(A). We have the following result

E.1 Operatorial characterization of L X Lox

We can now rewrite the loss functions as follows
Lemma E.1 (Characterization of L z, Ly in terms of 0, v). For any A > 0 the following holds
LA(A) = ||Svec(Z* AZ)|[2a ) + Allvee(Z*AZ)|3, —2 <ﬁ7vec(Z*AZ)>g (E.4)

L(A) = [|Svec(Z*AZ) 3oy + MlIvec(Z*AZ) |3, —2 <v,vec(Z*AZ)> . (E.5)

n

Proof. With the notation Appendix A and by using the operators defined in Appendix B for any
M € S (H,) we have

fla; My gy) = (1, (), vec(M)), Vo € R? (E.6)

and in particular for any A € S, we have

flos A X n) = flu; Z°AZ, 6,) = <¢7( ), vec(Z*AZ)> , VzeR! (B

n

Now note that, by ciclicitly of the trace, for any matrix A, B € R™*™ we have

|BY/2ABY2|2 = Tr(B'/?ABY/?BY/2 AB'/?) = Tr(ABAB). (E.8)
This implies that HK1/2X AK1/2 HF = Tr(AKg 5 ,AKx % ,)- Moreover, by ciclicity of the
trace, definition of Frobenious norm and since ZZ* = K %,% ., We have

Te(AK; 3 AKx 5.,) = TH(AZZ*AZZ*) = Te(Z2*AZZ* AZ) (E.9)
= <vec(2*AZ),vec(Z*AZ)>g = ||Vec(Z*AZ)Hén. (E.10)

By linearity of the integral and the inner product and since ¢,, and so v, are uniformly bounded,
[ £ Moo = [ (vec(M) (@) () vec()) g, o E11)
<Vec (/ Py () (z de) vec( > (E.12)

Gn

= (vec(M), Qvec(M )>g = (vec(M), S*Svec(M ))Qn (E.13)
= (Svec(M), Svec(M))g = ||Svec( M)||L2(X) (E.14)
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Then, we have
La(A) = ||Svec(Z* AZ) |22 ) — 2 <v Vec(Z*AZ)>gn + Allvec(Z*AZ) |13, (E.15)
The identical reasoning holds for L (A), with respect to v. O

Theorem E.2 (Error decomposition). Let A be a minimizer of Ly over a set S C R™*m (non-

necessarily convex). Denote by u(A) the vector i(A) = vec(Z*AZ) € G, for any A € S. Then for
any A € S the following holds

(1S1(A) = plZag) + Alu(AE ) < (I1S6A) = pl2 ) + Min()]3,) "

(E.16)
+ 3\f\|(Q+/\I) Y20~ v)llg,-

Proof. We start noting that since A is the minimizer over S of Ly, then Ly(A) < Ly (A) for any

A € S. In particular, since A € S this means that L (A) < Ly (A), then Ly(A) — L(A) < 0, this
implies that

La(A) — Ly(A) = La(A) — Lx(A) 4+ Lx(A) — Lr(A) + Lx(A) — Lx(A) (E.17)
< La(A) = La(A) + La(A) — La(A). (E.18)

Denote /i = vec(Z*AZ) and i = vec(Z* AZ). Now note that, by the characterization of Ly, Ly in
Lemma E.1, we have

LA(A) = La(A) + La(A) — La(A) =2 (0 — v, — fi)g, - (E.19)
Step 1. Decomposing the error.
Note that, since v = S*p, then (v, w)g = (S*p,w)g = (P, Sw) 2y for any w € G,. Then,

for any A € S, denoting by 1 = vec(Z*AZ), and substituting (v, u)Qn with (p, Sp) 12 () in the
definition of Ly (A), we have

LA(A) + P12 = 100320 = 2 (0 St gy + P22y + AlllE,  (E20)
= [1Sp =l 722y + Allell3, - (E21)
From (E.17) and (E.19) and the equation above, we obtain
1S = plZacay + MG, = La(A) + [IplI:
< La(A) + Il Zexy +2(0 = v, o = g, (B.22)
= [1Si = plliexy F ARG, + 20 —v,i— g,

Now, note that

IS—pl2agr) = I1S(0 — ) + (S~ p)|3a ) (E.23)
—HS(M 722y +2(S(i = i), (SE = D)) oy + [1SB = Pl 729 (E24)
121g, = I(a — m) +u||g,7 = |l = Allg, +2 (i o — ig, + A3, - (E.25)

Expanding ||Sj — p||%2 (x) and ||ﬂ||é in (E.22) and reorganizing the terms, we obtain

1S (i = i)1Z2 ) + Ml = fillg, < =2(S( — ), (S = P)) g2y
— 2\ (@, o — i), (E.26)
+2<@7v7ﬂ7ﬂ>gn'
Step 2. Bounding the three terms of the decomposition.

The proof is concluded by bounding the three terms of the right hand side of the equation above,
indeed

—2(8(f = ), (S =) 22y < 2058 — Bl 2220) [1SE = Pl 2 () (E.27)
—2 (fiji = fi)g, < 2\l [z — fils, - (E.28)

Gn
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For the third term we multiply and divide by @ + A (it is invertible since Q) € S; (G,)) and A > 0), so
20— v, o — g, =2((Q+ N0 - 0),(Q+ N2~ 1))
Gn (E.29)
<20(Q+ N8 = v)llg, (@ + N'2(i — g, -
Note that for any w € G,;, since @ is characterized as () = S*S, we have

1(Q + M) Pw|3, = (w,(Q+ Nw)g = (w,Qu)g + A (w,w)g

(E.30)
= (Sw, Sw)g + A(w,w)g = (| Sw||2 g, tAllw Ik

Gn®
By applying the equation above to w = i — i, since Va2 + b2 < a + b,Va, b > 0, we have

1@+ 22— Dlls, < 15— @)l ) + VAN G — D)o, - (E31)

Combining (E.26) with the bounds in (E.27) and (E.28) for the first two terms of its right hand side
and with the bounds in (E.29) and (E.31) for the third term, we have

IS(i = m) 7220y + Ml = G, < 2allS(@ = m)llezxy + 26VAIR - fillg,.  (E32)

with o = [[S7i = pll L2 + [(Q + N)7V2(0 = v)llg,. B = VAllfillg, + [(Q + ) 71/2(0 = v)]lg,.

Step 3. Solving the inequality associated to the bound of the three terms.
Now denoting by = = ||S(f1 — fi)||r2(x) and y = VA|| 2 — [il|g, . the inequality above becomes

z? +y? < 20 + 28y. (E.33)

By completing the squares it is equivalent to (z — )2 + (y — 3)? < o? + 32, from which we derive

that (z — a)? < (7 —a)? + (y — 8)? < o + 2. This implies < a+ /a2 + 32 < 2a+ 3. With
the same reasoning we derive y < « + 2, that corresponds to

1SG = )l 2y < 2057 — Pllzzca) +31@Q + V26 = v)llg, + VAllals, (€34
i~ fllg, < 1S — pllae + M@+ 2726 - 0)lg, +2als,  (E3S)

Step 4. The final bound.
The final result is obtained by bounding the term (0 — v, ji — [L>gn in (E.22). In particular, we will

bound it by using (E.29), and by bounding the resulting term ||(Q + A\)'/2(j1 — )||g, with (E.31)
and the resulting terms ||S(ft — z)|| 2 (x), |2 — fillg, Via (E.34). This leads to

1S = plIZ2 ) + Mallg, < 187 —pliz + AllAlG,

‘ ] (E.36)
+ 67(|SE — pll 2y + VAllg, + 27).

with 7 = [|(Q + A)~'/2(% — v)||g, . We can optimize the writing of the theorem by noting that since
2ab < a?+b% forany a,b € R, we have a+b < /2(a? + b2) and so HSﬂ*pHm(X)JF\A”ﬂHgn <
\/ (1S —pl3. ) T )\||,qu ) and the bound in (E.36) becomes

ISk — pHQLz(X) + /\||ﬂ||én < 22+ 67(V22 +27) < (2 + 3V27)? (E.37)

where 22 = ||Sj — pH%z(X) + )\||ﬂ||én. The final result is obtained by noting that, since A is the
minimizer of Ly, then for any A € S" the following holds

= [Pl + La(A) = llpll® + min, LA(A') (E.38)
< pl* + LA(A) = [[Sp(A) = pll72(a) + All(A)E,- (E.39)
O
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Lemma E3. Let X C R? and let ) € R‘fH. Let %1, ...,%m be a set of points in R* and let
X € R™*% pe the associated base point matrix, i.e., the j-th row of X corresponds to ;. With the
notation and the definitions of Appendix B denote by (A) = vec(Z*AZ). Then, for any A € St
and any p € L*(X)

1Su(A) = pllT2cay = (-5 A X,m) = pllZ2 (), (E.40)
and moreover

l(A)]

&, =127 AZ|%. (E.41)

Proof. Denote by 11(A) = vec(Z* AZ). We recall that the operator used in the rest of the section are
defined in Appendix B. First we recall from (E.20) that, by definition of S : G,, — L?(X), we have
Su(A) = (¥ (), 1(A))g, € L?(X). In particular, by definition of vec, for any z € X

(Su(A)) () = (u(A), Yy(@)g, = (vee(Z"AZ), 6y(w) & ¢n<x>>g7 = y(2) T 2 AZ ) (x).
(E.42)

Now, since Z*AZ = >ri1 Ai jon(xi)dn(x;) T, and, by the representer property of the kernel k,
we have k, (z,2") = ¢,,(z) " ¢,,(2') (see (A.2) and Example 1), then

On(2)T 27 AZy(x) = Y Aij(0y(2) T 6y (2:))(n(2;) T 64 (2)) (E43)
ij=1
= Z Ay k() kg (x,25) = flz; A, X, 7). (E.44)
i,j=1
Then Sp(A) = f(-; A, X,n) € L*(X). So
1Sp(A) = pllT2gay = (-5 A X m) = pllT2 () (E.45)
To conclude note that, by the properties of vec (see Appendix B), we have
(A3, = (veolZ*AZ),vec( 2" AZ)) | = 12" AZ3 (E46)
O

Lemma E4. Let s € Nand 6 € (0,1], A > 0 let X C R be an open set with Lipschitz boundary
and let p € L*(X) N L>®(X). Then the following holds with probability 1 — §

1@ +AD™2(6 — )|

(E.47)

n

< Cri/4 log % 2Tr(Q;1Q) log %
Gn = n(\rd)d/as ’

where C'is a constant that depends only on X | s, d.
Proof. We are going to use here a Bernstein inequality for random vectors in separable Hilbert spaces
(see, e.g., Thm 3.3.4 of [41]). Define the random variable { = Q;l/zwn (2)1x(x) with z distributed

according to p and @ = @ + AI. To apply such inequality, we need to control the second moment
and the norm of (. First note that

Step 1. Bounding the variance of (. We have

B¢ = Tr ( / <ch<x>dw)=Tr ( [ @ ey @) ;”2p<x>dx) (E.48)

< Pl Tr <Q§1/2 ( /X wn<x>wn<x>%) Q§1/2> (E49)

= Il 2o 0 Tr(@Q Q%) = Tr(QQY). (E.50)
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Bounding the norm of {. Applying Lemma C.2 the the operator Q;l/ % we have that
—-1/2 —-1/2
ess-sup||Clg, < sup |32y (@) < sup [1Q3 () (E51)
zEX Ifllg, <1

Now, according to the definitions in Appendix B, note that the reproducing kernel Hilbert space G,, is
associated to the kernel h(z, ') = v, (z) "1, () T, that corresponds to

h(z,a") = g () "y (2) T = ($9(2) ® oy (@), $y (") © by (2"))3, o, (E.52)
= (¢n(@) " dy(2"))? = ky(x,2")? = kop(z,2"). (E.53)

Then G, is still a RKHS associated to a Gaussian kernel, in particular ka,,, so G, C W5 (Rd) for any
s > 0. In particular, by (C.9) and the fact that X C R, we have

£ lws ey < llgllws ey < Cllfllg, 77972, Vf € Gy, (E.54)

where C' depends only on s, d. Now by the interpolation inequality for Sobolev spaces (see, e.g. Thm
5.9, page 139 of [1]), we have that for any g € W3 (X) the following holds

lgll Ly < Cllgllivsin lallzias™ (E.55)
Applying the inequality above to the function g = Q;l/ *f, with f € Gy and || f[|g, < 1, we have
1Q3 Y2 Fllz ey < CIQY Pl 1Q3 2 Fll (e (E.56)
< O Cd/2s gt |\Q_1/2f||d/28||Q_1/2f||1L;(d/\/f()28)7 (E.57)
< OO TN QR 2 . (E.58)

Finally note that, since by the reproducing property g(x) = (¢ (z), g) g, for any g € G,, we have
that for any f € G, such that || f[|g, < 1, we have

1QY2F 250y = / (QY2f)(x)dz (E59)
= [ (@1, (i)™ QY1) (E.60)
X gn
:/< QY2 (/ (@) (@ )%) §/2f> (E.61)
Gn
< 121y 2QQy 2 < 1. (E.62)

Then, to recap

—1/2 1/2 d/(2s) 1/2 d/(2s
6, = s QN flieiy < swp QNI IR fla(a) ®63)

Il fllg, <1 I fllg, <

< 'O/ CT \—d/4s (E.64)

Step 3. Bernstein inequality for random vectors in separable Hilbert spaces. The points
z1,...,T, are independently and identically distributed according to p. Define the random variables

¢ = Q N 1/2 ¢n(x;)1x(z;) fori = 1,..., n. Note that ; are independent and identically distributed
with the same distribution as (. Now note that

BG =B = Q3 [ pla)un(a)de = @5, (E.65)

moreover -- 27 16 = 1/ %5. Then, given the bounds on the variance and on the norm for (, by

applying a ‘Bernstein 1nequa11ty for random vectors in separable Hilbert spaces, as, e.g., Thm 3.3.4 of
[41] (we will use the notation of Prop. 2 of [25]), the following holds with probability 1 — §

Mlog 5 Slog%
el ; —2, E.66
e, = || E G —pllg, < A (E.66)

A~4/45 and S = 2Tr(Q; Q). O

1320 —

(s—d)d d)d

with M = C'C%/ 25
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Lemma E.5. Letn = 71, withT > 1and A < 1/2. Let X C [—1,1]% Then
Tr((Q + A1) 7'Q) < 72 (log 1), (E.67)

Proof. Let 0;(Q) with j € N be the sequence of singular values of () in non-increasing order. First
note that for any k£ € N,

Q)<Y 0;(Q) <T@ )Tr</)(1/1n(x)1/1n(x)de>/Xz/J,,(x)éndngi, (E.68)

JEN
since [|¢,(2)[|g, = 1 and X C [~1,1]%. Moreover, for k € N, let Z14,.. ., 74 be a minimal
covering of [—1,1]%. Let Py be the projection operator whose range is span{Z1 j, . . ., 74 4 }. Note

that P, has rank k. By the Eckart-Young theorem, we have that 0k4+1(Q) = infrank(ay=r [|@Q — A%,
then

orr1(Q) = ranli?Af)zk 1Q — Al < 1Q — PQllr (E.69)

<| /X (I = Py @)y @)dar| < /X (I = Py (2) by (2) | rde (E.T0)

= /X I(Z = Pe)yoy(@)llg, 14 (2)llg, dx < 2° sup I(I = Py ()lg,.  (ETD)

Since Z1 i, - - - , Tk, is @ minimal covering of [—1, l}d and since the /5-ball of diameter 1 contains
a cube of side 1/+/d, it is possible to cover a cube of side 2 with & balls of diameter 2k (and so of
radius h) with h < 2v/d/(k'/¢ — 1), see, e.g., Thm. 5.3, page 76 of [8]. Since G,, is a reproducing
kernel Hilbert space with Gaussian kernel k»,, as discussed in (E.52), by applying Thm. C.3, we have
that when h < 1/(C’/7) and

- Z ¢ log o c(k1/d_1) log c(kl/d_1)
sug (I — Py)y(2)llg, < Ce vor 8V < Ce  2vavr ENCNEN (E.72)
S

with ¢, C, C’ depending only on d. Take k, > (1 + 2max(1,e/c,C’)Vdr)?. When k > k., we
have h < 1/(C'\/T), ¢/(hV/T) < e,and k > 29,50 (k'/? — 1) > k'/?/2, then

cqkl/d

sup ||(I — Pu)vy(x)llg, < Ce™ V7, Vk>k,. (E.73)
reX

_e1 174 . . . .
with ¢; = c/(4\f) Let g(z) = Ce v for z > 0. Since g is non-increasing then g(n +
n+1 Lyt/d c c
)= [ g(x)da. Since [ e G < d(\/—l;) I'(d, kl/d\}) where I'(a, x) is the incomplete

Gammafuncnon and is bounded by I'(a, x) < 2z%~* for any x,a > 1 and > 2a (see Lemma P,
page 31 of [2]). The condition to apply the bound on the incomplete Gamma function in our case
corresponds to require k to satisfy k > (2d/c;)*7% 2. Then, for any k € N, we have

[t t< K
> Q) <2 g (E.74)

/
s dke t> kL,

where k. = max(k,, 2+ (2d/c1)%7%/?). The bound on Tr((Q + AI)~1Q) is obtained by considering
the characterization of the trace of an operator in terms of its singular values and the fact that

zfr)\ < min(1, ). For any k& > k!, we have
N P . () (@ RAC) E75
Q=2 T T 2 @ m@ e B
S14k+ 1Y Q) < 14+k1+ L) F (E.76)

t>k+2

In particular, choosing &k, = (/7Cslog(1 + £))? with Cy = 2d/c; + max(1,e/c, C')Vd, then
k >k’ and so

Tr((Q + N)7'Q) < 1+ (V7Czlog(1 + 1))? < (V74C3 log($))". (E.77)
O
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E.2 Proof of Thm. 7

We are finally ready to prove Thm. 7. We restate here the theorem for convenience.
Theorem 7. Letn,m € N, A > 0,n € REZH_ and p be a density satisfying Assumption 1. With the
definitions above, let p,, ,, be the model p, ,(x) = f(x; A, X,n), with A the minimizer of (12).
Letn) = n77 15and \ = n~35%4 . When'm > C'n ¥ (logn)?log(C"n(logn)), the following
holds with probability at least 1 — 9,

1= Bl 2y < Cn™ 75 (logm) /2, (13)

where constant C depends only on 3,d and p and the constants C',C" depend only on 3, d.

Proof. Lete € (0,1],h > 0andn = 714 with 7 € [1, 00), to be fixed later. Denote by p the model
associated to matrix A € S’ that minimizes Ly over the set S, i.e., p=f(; 151, X, 7). The goal
is then to bound ||p — p||L2(Rd). First we introduce the probabilities p., p., useful to perfom the
analysis. Let M. € S (#,,) be the operator such that p. = f(-; M., ¢,,) approximates p with error
¢ as defined in Thm. D.4, on the functions fi, ..., f, € WQB (R4) N L>°(R9) that are the extension to
R? of the functions f, ..., fq characterizing p via Assumption 1. The details of the extension are in
Cor. A.3. Now, consider the model the compressed model p. = f(-; fls, Xm, n) with

i g1 2 Sx o—1
Ao = Ky IMZT KT (E.78)

where Z : ‘H,, — R™ is defined in (B.6) in terms of Xon.

Step 1. Decomposition of the error.
By applying Thm. E.2 with A = A, and Lemma E.3 to simplify the notation, we derive

~ _1 .
16— plle2xy < llBe — pllr2a) + VM F +51Q5 2 (8 — v)llg,, (E.79)
where Q) = Q + Al and M, = Z*A.Z.. Note that
v — ~* 1 ~ — N* 71 ~ N* 71 ~ — D, D,
M.=7Z"A.Z. =7 KX,X,nZMEZ KX,X,nZE = PM.P, (E.80)

where P : ‘H,, — H, is defined in Appendix B and is the projection operator on the range of Z*, 50
IMc||p = |PMP|lr < [|P|?[Mc]lr < || Mc| 5. (E.81)

Bounding [|p: — pl|2(xy With [|p: — pllz2(x) < [1Pe — Pellz2(ay + [[Pe — pllz2(x)» We obtain
_1
16 = pllrzcxy < 1B — Pellrzcxy + Ipe — pllrzcry + VAIM:|p +51Q, 2 (0 — v)|lg,, (E.82)

Step 2. Bounding the terms of the decomposition.

Let h be the fill distance (defined in (C.1)) associated to the points Zy,...,Z,,. By Thm. C.4,
there exist three constants ¢, C, C’ depending only on d such that, when h < ¢/C’, with 0 =
min(1,1/+/7), then for any 2 € X

2cao

[Pe(2) = pe(@)] < 2CV/[Mellpe(2) €™ 7187 + C[M | em 5 08 (E.83)
Since ¢, = 1, pe(z) = ¢(z) T Megy(z) < ||M5||||q5,,(a:)H§{n = ||M.|| for any z € R, since
160 (@)I13,, = dn(x) " dy(x) = ky(w,x) = 1, then

1P = Pellp2(xy < vol(X)(2C + C?)[[Mc[le™ 7 108 % (E.84)

where vol(X) is the volume of X and is vol(X) = 2¢. By Thm. D.4 we know also that ||p. —
pllz2(xy < llpe — pll2rey < €. Moreover, we also know that there exists two constants C1, Cy

depending on X, 3, d and the norms of fl, ey fq (and so on the norms of fi,..., f, via Cor. A.3)
such that

[Mc]| < [[Mc||p < Tr(M,) < CLr¥2(1 + &2 exp(%g—%)) < 20,72 exp(%g—%) (E.85)

33



By bounding [|Q, * (0 — v)||g, via Lemma E.4, with s = d and Lemma E.5, then (E.82) is bounded
by

-2 o co
16— pllzar) <+ Cor®/2eFe * (VA4 e 18 ) (80
1/2
2 d 1\d 2
Cilog3 | <C5T /2(log 1) log5> EED
nAl/4 n

C3 = 2C; vol(X)(2C + C?),Cy = 5C, where ) is from Lemma E.4 and depends only on d, while

C5 = 50C%, where C} is from Lemma E.5 and depends only on d. Setting € = nfﬁ, T=g"2/8
and \ = g2+2d/8 = = (28+24)/(26+d) since 1/(n\'/*) = ¢ and /8 /n = €2, then

19 = pllrzxy < (14 C3e9)e + CeC2e/Pem 7108 % (E.88)
+ Cylog 2e + C';/Q(QQ%Lﬁdd)d/2 e(logn)??(log %)1/2. (E.89)

Step 3. Controlling the number m in terms of /.

The final result is obtained by controlling the number of points m such that h < C’#ﬁ (in order to be

able to apply Thm. C.4) and such that b < % max(e, (1 + %) log %)*1, so log 5> > 1 and
eWPe= Wl W < WP W <. (E.90)

By, e.g. Lemma 12, page 19 of [37] and the fact that [—1,1]% is a convex set, we have that there
exists two constants Cg, C; depending only on d such that b < Cem ™'/ %(log(Cym/5))'/9, with
probability at least 1 — 4. In particular, we want to find m that satisfy

CeCer?(log 1/e)*m > log €2, (E.91)
with Cg = max(%, C’,e,1 + d/B). With the same reasoning as in (C.42), we see that any m
satisfying m > 2B log(2AB) with A = CsCd79/%(log 1/)? and B = C+ /4 suffices to guarantee
the inequality above. In particular, since ¢ < n and e%/# = n¥r < nd we choose
m = Cyn 73 (logn)? dlog(Cllédn(log n)). (E.92)
with Cg = CsC¢, C19 = 2C9C~. With this choice, we have

1
15— pllzacx) < (1+2C3e%)e + Cuclog 2 + CZ (2E21)% 2(logn)* (log 2)* (E.93)

1
< (1+205¢% + Oy + C2 (2521)%) ¢ (logn)  (log 2) (E.94)
=Chn =7 (log n)% (log 2). (E.95)
with C1y =1+ 2C3e% + Cy + Cé(é%fj)%. O

F Operations

We report here the derivation of the operations discussed in Sec. 2.1 for PSD models. For simplicity
in the following, given a vector 2 € R? and a positive vector 1 € R, , with some abuse of notation,

in the following we will denote 7 ||zz||* for 2T diag(n)z when clear from the context.

F.1 Properties of the Gaussian Function

We recall the following classical properties of Gaussian functions, which are key to derive the results
in the following. For any two points x1,z2 € R? and n,n2 € Ri > with the notation introduced

above, let ¢, = 7%/2 det(diag(n))~/? and z3 = % and 73 = L. We have

by, (2, 21)ky, (2, 22) = Ky qn, (@, 23)kn, (€1, 22)  and /kn(x,xl)dx = ¢y F.1)
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Additionally, we recall that the joint Gaussian kernel corresponds to the product kernels in the two
variables, namely k;, .n,) (2, ), (2',y")) = kn, (x, 2" )y, (y,1/).

We begin by recalling how the equalities in (F.1) can be derived. First, we recall that for any positive
definite matrix A € S | (namely an invertible positive semi-definite matrix), the integral of the

Gaussian function e~ {%42) ig

/ e~ Mel® gy — 74/2 det A™V2 (F.2)
]Rd

which yields the required equality in (F.1) for A = diag(n) andn € R% .
For the second property in (F.1), let 21, 25 € R? and 1,1y € R‘_i._ 4. Forany x € R? we have
km (xa xl)kn2 (1’7 :[,’2) = einl ‘|$7I1 H27772”w*$2 H2 . (F3)

By expanding the argument in the exponent we have

m |z — x|+ ne llz — 22 (F4)
= (m +n2) [l2]* = 2@, mas + naas) +m |z1])* + 02 |22 (E.5)
2
2 x T x x

= (o + ) (Il = 2 (, mams) o | mancans | (F6)
+ o [l |” + n2 |2 (E7)

2 2 2 2
= (m +mn2) |z — 23|I” + 1 (|1 [” + m2 lz2ll” — (1 +n2) [|lza]” (F.8)

_ MmxTi1+1n2T2
where x3 = R Now,
2 2 2
m @ ||” 4+ m2 |22 = (m1 + n2) [|3]| (F.9)
2 o |lmar + 772302”2
=m ||z ||” + n2 |zo” - ————— (F.10)
m + 12
2 o 3 lla]® + 2mme (w1, w0) + 13 |||
=m [z I” +n2 |22 - (F.11)
m + n2
_ 1] = 2mim2 (w1, 22) +ming 22| (F12)
m + 12
mm2
= —||z1 — 22| (F.13)
mo— |71 — 22|
. _mn
We conclude that, for n3 = "711"!‘;2 , we have

oy (0, 1 iy (2, 0) = e~ M1l =mallz—az|® (F.14)
— o mAm)e—as|® — 2 oy~ ? (F.15)
= k(n1+172)(‘r51‘3)k773 (I17Qj2)7 (F16)

as required.

Finally, we recall that for any vectors x, 2’ € R% and y,y’ € R?% and positive weights 1, €
Ril 1,12 € Ry, we will make use of the fact that

Fm ey (@,1), (2 y) = e~ @ w=y") T diag(mma) (@=a’sy—y") (E.17)
— o~ (a—a’) T diag(n)z—y " diag(n2)y’ (F.18)
=k, (2, 2"k, (y,9') (F.19)

F.2 Evaluation

We recall that, given a PSD model f(z; A, X, n) evaluating it in a point x( writes as

flea=m0; A, X, n) = Kx 4y nAKX 50 (E.20)

35



Given a PSD model of the form f(z,y; A,[X,Y], (n1,72)) we denote partial evaluation in a vector
Yo € ) as

f(zvy =yo; 4, [Xv Y]’ (7717772)) = Z Aﬂjkm (;E,L',;E)k'm (zjvx)knz (yivyo)kﬁz (yjay()) (F21)
ij=1
= Z [km (i> Y0) Aighn, (Y5> Yo) | kny (i, )k, (25, 2) (F.22)

ij=1

flas Ao (Kyyyma Ky yym)s Xom) (F23)

F.3 Integration and Marginalization

We begin by showing the result characterizing the marginalization of a PSD model with respect to a
number of random variables.

Proposition 1 (Sum Rule — Marginalization). Let X € R"*%, Y € R™*¥ A e S (R") and
n e RELF, n € RE{JF. Then, the following integral is a PSD model

/ f('rayaAa [X7Y]7(777n/)) dx:f(y1B7Y7n/)7 with B:CQWAOKX,X,g7 (5
Proof. The result is obtained as follows

/f(w,y; A X Y], () dy = ) Aijkn’(yi7y)kn’(yj7y)/kn(l'iay)kn(xjvy) dr (F24)

ij=1
- zn: Aiik%(xi’xj)kn’(yi,y)kn’(yjay)/bﬂ%,x) dx
e (F.25)
= Czy i {Aia‘k%(%%’)}kn’(yi,y)kn’ (t;,y) (F.26)
ij=1
= f(y; coy(Ao Kx x 1),Y, n') (F.27)
O

Integration. Analogously, we can write in matrix form the full integral of a PSD model (with respect
to all its variables): let f(x; A, X,n), we have

/f(x, A X, n)de = Z Aij/kn(xi,x)kn(asj,:r) dx (F.28)
ij=1
= Z Aijkg(xi,xj)/kQW(migzj,x) dz (F.29)
ij=1
= C2y Z A”k% (xl-,:vj) (FSO)
ij=1
= anTI'<AKX7X,g), (F31)

which yields (4).

Integration on the Hypercube. In Remark 3 we commented upon restricting integration and
marginalization on the hypercube H = Hle [at, bt]. Both operations can be performed by slightly
changing the integrals above. In particular, let G € R™*™ be the matrix with i, j-th entry equal to

d
Gij = coy Herf (\/27715 (bt — m”;x]t)) —erf (\/27% (at - W)) (F.32)
t=1
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Then, integration becomes
/H (X3 A, X, 35 =)Te((A 0 Kx x 3)G) (F33)

and marginalization

/f(xaya Aa [X? Y]7 (77?77/)) dy = f(y, 027714 o KX,X,g o G) (F34)

This result is a corollary of Prop. 9 that we prove below.
Proposition 9. Let p(z) = f(x; A, X,n) with X e R"*4, A e St, neRL, . Letg: R - R
and define cg ,(2) = fg(x)e_"”””_z“2 dzx for any z € R%. Then

Emwp g(m) = TI‘( (A o KX,X’T]/2) G) with Gi]’ = 697277(%—5%). (18)

Proof. Following the same proof for Prop. 1, we have

/g(l’)f(r; A XY () dy =) Aij/g(w)kn(m,y)kn(xjvy) dx (F.35)

ij=1

= Z Aijkg(xi,xj)/g(x)kgn(“;””,x) dz (E.36)
i,j=1

n

T; + Xy
= 3 [Aihzz (21, 3) | cg 20 =) (F37)
ij—=1
= TI'((A ] KX,X,U/Q)G)' (F38)
0

F.4 Multiplication

Proposition 2 (Multiplication). Letr X € R"*% Y ¢ RnXdz Y/ ¢ Rm*Xd2 7 ¢ Rm>ds A ¢ S,
B e ST andn € Rd+1+’ N2, M € Riﬂ, 73 € Rier' Then

f('r7y7 A> [Xa Y]a (7717772))f(y7 Z3 Ba [Y/u Z]7 (n/2a 773)) = f(xa Y, 23 C7 M/a 77)7 (6)
is a PSD model, where C' = (A ® B) o (vec(Ky,y" 7, )vec(Ky,y' 5,) "), with flz = nZTE;’ base

matrix W = [X @ 1, 220V @ Ly + 2,1, @Y, 1, @ Z] and ) = (m1,7m2 + 1, 73).

Proof. We begin by explicitly writing the product between the two PSD models

fl@ys A IX Y] (n,m2)) f(y, 25 B [Y', Z], (13, m3)) (F.39)
= (2 Auglon (o), (5, 2o, ()b (1)) (F.40)
ij=1
( > Bunkg (4, y) kg, (Whs ¥y (20, 2) ki, (2, Z)) (F41)
£,h=1
= Z [Asi Bunsy (i, Yo ki (05, Uh) o, (LR )l (USRS ) (F42)
i,j,6,h=1
ey (25, @)k, (25, 2)kny (20, 2) kg (20, 2), (F.43)

where we have coupled together the pairs (7, ) and (j, k) using the product rule between Gaussian
functions. Let

C = (A & B) o (VCC(Ky}yI)ﬁz)VCC(Ky)yfﬁz)T), (F44)
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and denote by i : N x N — N now the indexing function such that i(¢,¢) = (i — 1)n + £. It follows
that the term

AqijBenki, (Wi vo) ki, (Y5, Yn) = Cigi0)iGn)» (F.45)
corresponds to the (i(¢, £)i(j, h))-th entry of the matrix C. Analogously, let:

* Tigig) = %Zzy’ is the i(4, £)-th row of the matrix ¥ = WT% Y®1l,+ Jﬁln ®Y’,
which is the nm x ds matrix whose rows correspond to all possible pairs from Y and Y’
respectively.

* Ty(p) = x; is the i(4, £)-th row of the matrix X=X®1,, namely the nm x d; matrix
containing m copies of each row of X.

* Zi(i,ry = 2o is the i(4, £)-th row of the matrix Zln ® Z, namely the nm x d3 matrix containing
n copies of Z.

Then we have that
n,m

D [ABenki, (Yis Yo ki (Y55 Yi) sy (BB ) Koy oy (P ) (F.46)
i,5,6,h=1
(25, 2) Ky, (25, 2) K, (20, 2) ks (20, 2) (F47)
= Z Ci(i,0)iG,m) Enatn, Tici,e)s V) kg tns (Tici,nys Wy (Tiga,e), ©)kny (Tiggny, ) (F48)
i,5,0,h=1
ks (Zigi,e), ) ks (Zigi,nys ) (F.49)
= Z Ostkﬂ2+7]/2 (g& y)kﬂz-‘rné (gtv y)km (i& [E)km (jh x)kﬂd (gsa z)kns (gh 1‘) (FSO)
s,t
:f(xvyvz; Cv [X»?,Z]»(n1,772+77/27773))7 (F5l)
as desired. O

F.5 Reduction

The reduction operation leverages the structure of the base matrix X ® 1,, to simplify the PSD model.
To this end, fenote by X = X ® 1,,, and consider again the indexing function i(é, £) = (i — 1)n + £.

Then (see also the proof of Prop. 2 we have that the i(i, £)-th row of X is Ti(4,6) = T, the i-th row of
X. Therefore we have

Flos A X n) =" Awhy(is, )k (i, ) (F52)

s, t=1

= Z AiGi0yigin) ko (Zigi 0y ©) Ky (Ti(j,m), T) (F.53)
i,4,0,h=1

= Y Aok (@, o)k (2, 2) (F.54)
i,5,0,h=1

= [ 3 Ai(l—j)i(jﬁ)}kn(xi,x)kn(xj,x) (E.55)
i,j=1 £,h=1

= Y Bijky(wi, x)ky(z;, ), (E.56)
i,j=1

where B is an x n PSD matrix and each of its entries is the sum of the entries of A corresponding to
the repeated rows in X ® 1,,. Therefore B = (I,, ® 1] )A(I,, ® 1,,) as required.

We give here the explicit form for the Markov transition in Cor. 3

38



Corollary 3 (Markov Transition). Let X € R"*%1, Y € R"*d2 Y/ € Rm*d2 A € St B € ST
andn, € Ril+, N2, 1 € Riz_,_. Then

/f(x,y; A (X Y] (m2)) f(ys BY o) dy = f(as Co X m), (®)
with C € S obtained by applying in order, Prop. 2, Prop. 1 and reduction (7).

Proof. We first multiply the two PSD model to obtain, by Prop. 2

f(xa Y; Av [Xa YL (771,772))f(y; Ba Y/,ﬂlz) = f(xa Y3 A17 [5(:3 }7}7 (773 12 + 77/2))a (F57)
with
. 7%
Ar = (A® B) o (vee(Ky yr)vee(Kyyrz,) ) iy = —212 (E58)
N2 + 12

< _ e _ 7]2 17/ . . . .
andhX =X®1l,andY = Tk Y® +o +277§' Then, we proceed with marginalization. By Prop. 1,
we have

/f(xvyv Ala [),Z7i;]a (777772 + 77;)) dy = f(xa A27)?777); (F59)

where Az = cy(y, Jmé)Al o K?, Finally, since X=X 1,,, by reduction (7), we have

Y, (n2+n})/2°
s Ag, X,n) = f(a; C. X, m) (F.60)
with C = (I,, ® 1,} ) A2(I,, ® 1,,), which concludes the derivation. O

F.6 Hidden Markov Models

We conclude this section by providing the derivation of the HMM inference in Sec. 4.3.
Proposition 10 (PSD Hidden Markov Models (HMM)). Let X, € R™>4 X, X € R"*4, X' ¢

R7™Xd Yy e RmXd Ay e S, A €S, BeSTandn,n,n',ny € RLL, nops € R‘fr/+. Let
(24, 2) = f(z4,2; B, [ X4, X], (04,1)), w(y,z) = f(y,z; C.[Y, X/], (7)obsa77/))7 2D

be approximate transition and observation functions. Then, given the initial state probability
p(zo) = f(zo; Ao, Xo,m0), for any t > 1, the estimate p in (20) is a PSD model of the form

P(@elyen) = flaes A, Xon' +14), (22)
where X = n’im X' ®1, + n,iﬁlm ® X4 and Ay is recursively obtained from A;_1 as in Alg. 1.

Proof. Let f(xy; Ap—1, Xt—1,m:—1) be the estimate p(x;—1|y1..—1) obtained at the previous step,
with A;_1 € S’f’l and X;_; € R™~1 We then proceed by performing the operations in (20).

Observation wi(z). A new observation y; is received. By (3) we have
d)t(z) = d)(y = ytax) = f(y =Y, T4 Ca Dfa X,L (nobmn/)) = f(x, CtaX/a 77/)7 (F61)
with

Cy = Co (Kyy, s Ky (E.62)

,yt,nobs)'

Product By(z4,x) = 7(x4, 2)p(x|y1:1—1). We perform the product between the transition function
and the previous state estimation

,8($+,l‘) = f(JU_A,_,JJ; B7 [X-HX]’ (77+,77))f(.73; At—laXt—lant—l) (F63)
:f(x+,x; Bta[X+®1nt_1aXt},(77+an+77t))v (F64)
with
Bt = (B ® Atfl) o (VeC(KXaXtaﬁt)Vec(KX,Xuﬁt)T) ﬁt = ’F]T)Tt’r] ) (F65)
t
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and

Xt X @1y, + 721, @ X, (E.66)

Marginalization (+ Reduction) By () = J By (x4, x) dx. We perform marginalization by Prop. 1
to obtain

Bi(ay) = / By, x) du (F67)
= /f($+,.13; Bt7 [X+ ® 1’ﬂt—1’j€t]a (77+777 + Ut)) dx (F68)
:f(l'+, D1/57X+®177«f—1777+) (F69)
with

D; = CQ(U‘HH)Bt (¢] K)?t,)’zty'f]t/2' (F70)
Since the PSD model has a redundant base point matrix, we can apply reduction from (7), to obtain
Bi(r4) = flass D X4 @ L, 1) (F71)
= f(z4+; Di, X4,n4), (E72)

where
Dy=(I,®1, )D)(I,®1,, ,). (F.73)

Multiplication #y(x4) = @&y(x4)B:(x,). We now multiply the observation term with the state
estimation to obtain

#r(wy) = @u(ay)Bi(y) (E74)
= floy; O, X'\ f(y 5 Dy, Xyymy) (E75)
= flass B, X' +ny), (F76)

with
E, = (C, @ Dy) o (vee(Kxr x5 )vee(Kxr x.7) ") i = ,"/7” (E77)
[/ al/

v _ _n ’ n+
and X = 77,_~_77+X ®1, + P 1, ®X,.

Normalization p(z¢|y1.¢) = 7te(24)/ [ #e(x4) doy. We finally integrate 7 (1) in order to normal-
ize it. By (4) we have

o= /ﬁt(m) dey = /f(9€+; B, X0 +ny) dey = (40 ) THEK g % (g y/2)

(F.78)
and therefore
arline) = oot = s A Kool 4 12). ©79)
with
Ay = Ei/ey. (F.80)

This concludes the proof showing that, at every step, p(|y1.;) has always same base point matrix X
and parameters 1" + 71.. Note that the proof above also recovers explicitly the steps in Alg. 1. [
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