Supplementary Materials of Theoretically Provable Spiking
Neural Networks (Appendix)

In this Appendix, we provide the supplementary materials for our work “Theoretically Provable
Spiking Neural Networks", constructed according to the corresponding sections therein. Before that,
we review the useful notations as follows.

Let [N] = {1,2,..., N} be an integer set for N € N, and | - | » denotes the number of elements

in a collection, e.g., |[N]|4 = N. Leti = y/—1 be the imaginary unit, and < 0 means that every
element x; < 0 for any ¢. Let the sphere S(r) and globe B(r) be S(r) = {z | ||z| = r} and
B(r) = {x | |z|| < r} for any r € R, respectively. Given a function g(n), we denote by hy(n) =
©(g(n)) if there exist positive constants ¢, ¢z and ng such that c;g(n) < hy(n) < cag(n) for every
n > ng; ha(n) = O(g(n)) if there exist positive constants ¢ and ng such that ho(n) < cg(n) for
every n > ng; hz(n) = Q(g(n)) if there exist positive constants ¢ and ng such that hs(n) > cg(n)
for every n > ng; ha(n) = o(g(n)) if there exists positive constant ng such that h4(n) < cg(n) for
every ¢ > 0 and n > ng.

Let C(K,R) be the set of all scalar functions f : K — R continuous on K C R™. Given a =
(a1, az,...,qm,)" € N™, we define

9 g o%m
T Oz Gxez T Pram
where © = (z1, 2, ..., 2,) € K. Further, we define

CYK,R)={f| f€C(K,R)and D" f € C(K,R), for € [l]} .
For 1 < p < oo, we define

D f(x) (x) ,

EP(K’ R) = {f

1/p
feC(K,R)and |Ifl, = (/Kf(fv)pdw) < OO} ~

This work considers the Sobolev space WL”(K ,R), defined as the collection of all functions f €
C'(K,R)and D" f € LP(K,R) for all || € [I], that is,

1/p
D% flly 1 = ( /K D f(oc)lpdac> oo,

This paper employs E,, to denote the n x n unit matrix and det(:) to indicate the determinant
operation on the matrix. Two n-by-n matrices A and B are called similar, denoted as A ~ B, if
there exists an invertible n x n matrix P such that B = P! AP. The general linear group over
field IF, denoted as GL(n, ), is the set of n x n invertible matrices with entries in F. Especially,
we define that a special linear group SL(n, ) is the subgroup of GL(n,F) and consists of matrices
with determinant 1. For any field [F, the n x n orthogonal matrices form the following subgroup

O(n,F) = {P € GL(n,F) | PTP=PP' =E,}

of the general linear group GL(n,F). Similarly, we have the special orthogonal group, denoted as
SO(n,F), which consists of all orthogonal matrices of determinant 1 and is a normal subgroup of
O(n,F). This group is also called the rotation group, generalizing that linearly transforms geome-
tries while holding the surface orientation.

Let ¢*(x) be the density function of some probability measure 1, which satisfies

/ ¢2(:B)d:13:/ lde =1,
xeR™ xzeB

where B is an abbreviation of the unit ball B(1). For continuous functions f, g, we have the following
equalities under Fourier transform

176 — 90l Latu) = 1f6 — 99l Loy -

and
fo=f*¢, for theconvolution operator * .
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A Full Proof for Theorem [0

For convenience, we abbreviate f(-,t) as f(-) in this proof. For r € [I], we have

D" f(x) = - D/T\f(y) exp (27r inaf:) dy

= - Drf(By) exp (2nBiy ) d(By)

~

=/m(27rﬁiy)r (By) exp (27Biy @) |8 dy

= /m [yrlﬁlmf(ﬂy)_ [(27B1)" exp (2nBiy )] dy @

_ / W DT.(B)exp (2nBiy )| dy
(By) [

= /m % _/}R D" f.(a) exp (—27ifa) da} exp (2rBiy " z) dy,

where «, 5 € R, and the above equations hold from the Fourier transforms and some of their prop-
erties. By taking the real part of Eq. (), we have

/ / Y D" f.(a)K (e, B,y) dady | ®)
where R
1B|™ f(By) exp [2nBi(y Tz — a)] .

Klef9) = 7.(8)

In this proof, we set

1 —t
a:yTw—&-h, Y = Wi m]s h:Z—Texp(—S )Vi’jsj(t’),

. m 7_7”
J€[n]

and the k-th element of vector & equals to a temporal-weighted average of I (¢) at time interval

']
t /
—t
T = / exp (_s ) Ii(s)ds.
+ Tm

Kl ) = LLEY P CTEMY & gy ) and sup [a] < C,

f(B) zeK

Based on Eq. (B), we can construct a family of approximation functions of the form

Thus, we have

fula) = /B [ 1wTe sy anay ©)

where By = {x | x < k} and B2 = {z | x < (Cym + 1)k}. Thus, we have

D" fo(w /B /B v D" fu(y @ + W)Ks(hy) dhdy | (10)

It suffices to prove that D" f,, — D" f uniformly on K, as kK — co. Now

D fo(x) - D'f / / "D Loy @ + W) (hy) dhdy
R'"/Bl

+// Yy D" fe(y @+ h)Ks(h,y)dhdy
By JR/B,

éR1+R2.

14



For R, one has

Ry| = / / D" fu(y @ + B)Ks(hy) dhdy
Rm/Bl R

<

R™ /By

<.
]Rm/Bl

<fprsw’e e,

Rm™ /Bl

foly x4+ m)Ks(h,y) dh' dy

Iﬂlmf(ﬂy)
f-(8)

By 76w,
7.9)

IﬁAylrf(/By)
fe(B)18]"

Yy f (y)‘ dy,

- (y :c—|—h)dh‘

d(By)

<prstyTe )l |

R/B;

D sy e+ B, /
f(B) R/By

where B; = {fz | Sz < Br}. For Ry, one has

IRa| =

| [ wpriyTe s nisuy) dndy
B, JR/B,

<)
By |JR/B,
)

S/R/1§2|D fe(“)'dﬂ'/gl TR

Df. 5
g/ D)l du I i (1)1, 5,
® /B> 7.(8)

where p =y @ + hand By = {z | < x} since |p| > x. Summing up the inequalities above, we
have

181" y" [ (By)

D" + h)dh
fely"a+h) 7.8)

dy

d(By)

1 2
sup | D7 fu(@) — D" f(a)] < =t Cr
zeK fe(ﬂ)
with
CL= | D" oty e+ 1), / N w)|dy ana 2= D" L), / P,

which tends to 0 as k — oo.

Given &, it suffices to construct a series of approximations to f,; in Eq. (8). Formally, we define

=> Bf@ x+h),
peu

where

= (1, 2y i) with g € [-n,n]NZ for i€ [m)],

B = (Cam + 1)(k/n)"Ks(R, ) ,

Y= pr/n,

h=p*(Com+1)k/n with p* €[-n,n]NZ.
It is observed that f,? belongs to the set of IFR functions, and

D'fr(x) =) (Com+1)(i/n)™ ™ §"D" fo(y @ + h) Kp(h, §) - (11
peu
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Next, we are going to prove that D" f;‘ — D" f,; uniformly on K, as n — oco. For simplicity, we
define the following function

Go(x,y,h) =y D" fe(y &+ )Ks(h,y) .
Thus, Eq. (I0) and Eq. () become

D' fu(@) =Y Gﬁ x,y,h)dhdy
weu
and
D (@)= Gﬁ x,y,h) dhdy
peu
respectively, where Ucy B3 = {(w0,21,...,Zm) | o € Ba, (x1,...,2m)" € B} C R™FL

Hence, one has
sup ‘Gg(x,y,h)—Gg(:c,Q,ﬁ)’ <00.
(h,y),(h,9)EBs
Let
Cro) = s |Gal@y.h) — Gale,g,h)|.

(n,y),(h,5)€B3
[(h,y)—(R,g)|<sm+1

Thus, we have

D" (@)~ D' (e Z/B Gy, )~ Gl 5,7 andy

< Z/ C™(k/n)dhdy

peu

< Cl(k/n) Z/ dhdy

pneu
< Cr(k/n) 20)" 1 (Com +1)(k/n)" T,
where the last inequality holds from
dhdy = (Cym + 1)(k/n)™ and  |[U|y = (2n)™ .
B3

Further, we can obtain

sup | D" f*(x) — D" fu(x)| < (Com + 1)(26)™ L C™(k/n) ,
zeK
which tends to 0 as n — oo.

Finally, we finish the proof by taking double limits n — oo before Kk — oo. ]
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B Full Proof for Theorem

There are two proof methods for Theorem [, one based on the rotation group action and one based
on the Fourier transformation, which are detailed in this and the following sections, respectively.

This proof idea can be summarized as follows. It is observed that the IFR function comprises
the radius and phase since V is a symmetric matrix. Thus, there exist some linear connections
(including rotation transformations) such that the combination of these spiking neurons is invariant
to rotations. In other words, the IFR function led by scSNNs with one-hidden layer can easily
and well approximate some radial functions, see Lemma [, since the radial function is invariant to
rotations, and is dependent on the input norm.

B.1 Proof of Lemma [

Let f' : R™ — R be a radial function with f’(x) = ||«||. According to Theorem [, for any 6 > 0,
1 € [n], and m > 1, there exists some time ¢ such that

f'(@) = |fi(@.0)l| < 5/2. (12)

sup
zER?

where f; denotes the IFR function of the i-th hidden spiking neuron, defined by Eq. (#). Further, we
define a new function ¢’ : R — R as follows.

g'(s) = aife(s),
i=1

where o, a} € R. For Lipschitz continuous function /- and from [22, Lemma 1], we have
sup [g(Vs) —g'(s)] <9/2, (13)
s€[rk, RF]
where n’ < C'L(R* — r*)/(3/76) for some constant C’ > 0 and integer k& > 2. Further, we have
19'(s) = f(. )] < |g'(s) = f'(@)| + | () — fl=, )], (14)
where

fl@) =3 wi |fi(=1)

in which {w}} denotes another collection 02’; i}veighted parameters that corresponds to f(-,t) =
Zie[n] w; fi(+,t). The first term of Eq. (Id) can be bounded by ¢/4 from [A2, Lemma 1] for any
s € [r*, R¥]. The second term is at most §/4 when n > n/ from Eq. (I2). This follows that

l9'(s) = fla, )] < 6/2. (15)
Combining with Egs. (I3) and (I3), we have

lg(llll) = f@, )] < |g(¥s) = g'(s)| +19'(s) = f(=m, )| <6,
where € R™ and s € [r*, R¥]. We finally obtain
n < Co(RF —7¥)Lm/({/76)

provided n < mn’ and C’ < Cj. Finally, we can complete the proof by setting £ = 2 in the above
upper bound. (|

B.2 Proof of Lemma 2

Let r = Cyy/m, R = 2C3y/m, and m > 1, then we have r > 1, which satisfies the condition
of [32, Lemma 1]. Invoke Lemma [ to construct the concerned spiking neural networks and define
4§’ < §/d. Then for any L-Lipschitz radial function g : R™ — R supported on Sa, we have
sup [g(x) — f(a, 1) < 0",
xzER™
where the width of the hidden layer is bounded by

CS(CQ)B/QmL CS(CQ)S/2L
— 5 m 5

n < )P < (m)7/* .

This completes the proof. O
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B.3 Proof of LemmaQ3

Define a branch function
maX{H{HIBH S Qi},NDi}, if B; =1,
hZ(CL') =

0 ., if B;=0,
with 1 .
Di min{ ]| — <1+ - >02\/% el = <1+Z> cgm‘} .
N N
Let
N
h(x) = Zeihi(w) ,
=1

B; =1, Q;’s are disjoint intervals, h;(x) is an N-Lipschitz function. Thus, k is also an N-Lipschitz
function. So we have

N 2
I (h(m) Zeigq;(w)> Payde= [ Y& hl@) - @)’ (o) deo

i=1 i=1
N
2
= [ (@) - 5i@) (o) de
i=1 7/ R™
< (3/(C2)*vm)
where the last inequality holds from [0, Lemma 22]. This completes the proof. |

Based on the lemmas above, we can finish the proof of Theorem D.

Finishing the Proof of Theorem O. Let g(x) = Ef\; €;g9;(x) be defined by Eq. (8) and N >

4025 m2, According to Lemma B, there exists a Lipschitz function h with range [—1, +1] such that
_ V3
Co(m)1/4 -

Based on Lemmas [ and B, any Lipschitz radial function supported on Sa can be approximated by
an IFR function f(x, t) led by scSNNs of one-hidden layer with width at most C3C(m)'®/4, where
Cj is a constant relative to C's and ¢. This means that there exists some time ¢ such that

sup |h(x) — f(x,t)] < 4.
rER™

Ih(@) — (@)1, <

Thus, we have
||h($) - f(w7t)||L2(lL) <6.

Hence, the range of f(-,¢) isin [-1 — §,+1 + ¢] C [—2, +2]. Provided the radial function, defined
by Eq. (8), we have

lg(@) = f(@, Ol Logu) < lg(@) = (@) || o) + [1A(2) = (@, D) Lo ) < 02(\5;1/4 +a.

This implies that given constants m > Cs > 0 and C5 > 0, forany 6 > O and ¢; € {—1,+1}
(i € [N]), there exists some time ¢, such that the target radial function g can be approximated by an
IFR function f(x,t) led by scSNNs of one-hidden layer with range in [—2, +2] and width at most

CgCS(m)15/4, that is,

V3
Hg(m) - f(mat)”Lz(u) < W +0< 61 .

This completes the proof. O
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C Another Proof for Theorem

The another proof idea can be summarized as follows. Given any permutation operation on the input
channels, there are some permutation operations on the self-connection and final connection weights
such that the output of SNNs are invariant. In other words, the IFR function led by scSNNs with
one-hidden layer admits the rotation transformations. Therefore, it suffices to show that before final
weighted aggregation, the component IFR functions of hidden spiking neurons can approximate any
L-Lipschitz radial function, similar to the proof line of Lemma [, and then find a special radial
function that can be well approximated by these IFR functions within the polynomial parameter
complexity, similar to the proof line of Lemma 3.

Lemma 5 Let f. and f(x,t) be an l-finite function and the IFR function led by scSNNs with one-
hidden layer; respectively. For any § > 0 and A € SO(m, R), there exists some time t such that

|f(Az,t) — [lz]| < 0.
Lemma 6 Let f. be an l-finite function, g : R — R is a scalar function, and f(x,t) is the IFR

Sunction led by scSNNs with one-hidden layer, where x € S(r) and S(r) is a sphere supported with
density ¢? for 0 < r < oco. For any & > 0, if there exists some time t € R such that it holds

[f(z,t) = g(llz])] <& ifandonlyif |f(Az,t)—g(llz])l <3,
forany A € SO(m,R).

Lemma 7 Define a radial function g’ : R — R with the form of

N
def
g (=) =D e {z] € 2},
i=1
where N is a polynomial function of m, € = (e1,...,en) € {—1,+1}Y, and Q;’s are disjoint

intervals of width O(1/N) on values in the range ©(y/m). For C2,C5 > 0 withd > Cs, any § > 0,
and any choice of €; € {—1,+1} (i € [N]), there exist some time t and A € SO(m,R) such that

V3

/

lg'(l]]) — f(Az,t)| < W +4,

where f(x,t) indicates the IFR function led by scSNNs of one-hidden layer with range in [—2, +2]

and at most C3Cs(m)*>/* hidden spiking neurons.

Finishing the Proof of TheoremD.  The rest proof is a straightforward combination of Lemmas B, B
and [. Define a radial function ¢’ : R — R with the form of

N
g (lzl) = e I{lle] € i},
=1

where N is a polynomial function of m, € = (e1,...,ex) € {—1,+1}¥, and Q;’s are disjoint
intervals of width O(1/N) on values in the range ©(y/m). Obviously, ¢’ is equivalent to another
radial function defined in Eq. (B) as follows

N
g(x) = _Zeigi(w) with  gi(z) = I{[[=] € 2},

provided € S(r). From Lemma [, it is observed that provided the concerned radial function g(x)

with a collection of choices e, there exist some time ¢ and n € O(C3C,(m)*®/*) such that g(x) can
be approximated a IFR function f(x, ) led by one-hidden-layer scSNNs of with range in [—2, +2]
and at most n hidden spiking neurons, such that

V3

lg'(lz]l) — f(Az, )] < Co(m)i/A

Let A € SO(m,R). If ||z| € Q; C S(r) for 0 < r < oo, then it holds ||Az|| € ; C S(r) and
9 (|lz|)) = ¢'(J|Az||). According to Lemma B, we have

+9.

lg(z) = f(@: )l = 9" (l]) = flz. )] = lg'(l2])) - f(Az, £)] < @(\531/4 +0,

without any incremental change in the parameter complexity. This completes the proof. |
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D Full Proof for Theorem 3

We begin this proof with an investigation that acting SVD on the matrix G. Let G = P A¢ Q"
where P € R™*"™ and Q € R™ "™ are two unitary matrices, Ag € R™*" is a diagonal matrix.
Thus, we have

I [VF(@,8)] = GAll, = || QV Eq [£(. )] - PAGA| [|QT|, < 2||V Ex [F(2,6)] - AcA||,

If the matrix G is degenerate, then A contains some null diagonal elements. Then there must exists
a non-degenerate sub-matrix Gy, of G such that Inequality (H) degenerates to one about Gy in a
lower dimensional space within at most constant time cost. Thus, we only care about the case that
G is a non-degenerate matrix. When m < n, the vector Ag becomes a constant vector, denoted

as A, whose elements consist of A\, ..., A, and n — m zeros.

Notice that the n x n-dimensional matrix V is symmetric and non-degenerate, since V is a symmet-

ric and non-degenerate matrix and Q € O(n). Thus, we have V.= U Ay UT, where U € O(n)
and Ay = diag{p1, ..., pn} in which p; # 0 for any k € [n]. Then we have the following lemma.

Lemma 8 (Lemma 4 as aforementioned) Given U = /Ay INJT,S\ € R", and ¢ > 0, when
t>0Q (%) it holds |[U f(X,t) — || < ¢, where the modified IFR function f(X,t) is led

by a scSNN without connection matrix W and fed up to the constant spike sequence X at every
timestamp.

This lemma is a straightforward derivation of [8, Theorem 1] due to the following two facts. (1) For
any 0 < v < min{py, k € [n]}, the matrix U meets the regular conditions of [, Definition 1]. (2)

The optimal solution of Uz = X becomes z* = U~ X. Hence, we omit the detailed proof of this
lemma.
Finally, it suffices to prove that the concerned IFR function f(z, t) can approximate f(X, t*) within

time interval [0, 7] where t* < T and T' > Q( /n Ill“cf;\‘llz) Since f. is the linear function defined by

Eq. B). The approximation above can be converted into another one between

uiu):/tfem(tnt’) (3 Visio+ Y Waan(n))as

J€[n] ke[m]

and
t* s—t\ -
u;(t) = / exp ( ) Ai(s)ds
Iz Tm
Since
t s — t/
E [u, ()] = /t exp( — ) (Z ViE[s; (0] + S Wik [my(t )]) ds
j€[n] ke[m]
t st/
= /t/ exp ( _ ) ( Z VijE [Sj(t)] + Z Wik)\k(t)> ds
j€[n] ke[m]
we have

IE ()] - at)| < e, [[UB@D]-at)|<e and |[UEMT) - a(t)] <.

Thus, we have .
|VEf(@. )] - F@.t)

‘ge.

We finally complete the proof according to ||Gll2 = ||Ag]|2 and /|| V|2 = [|U]|2. O
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