Appendix

A Related works

In this section, we review closely related literature on decentralized optimization, communication-
efficient algorithms, and communication compression.

Decentralized optimization Decentralized optimization, which is a special class of linearly con-
strained (consensus constraint) optimization problems, has been studied for a long time [3}[9]. Many
centralized algorithms can be intuitively converted into decentralized counterparts by using gossip
averaging [14} 53], which mixes parameters from neighboring clients to enforce consensus.

However, direct applications of gossip averaging often lead to either slow convergence or high error
floors [34]], and many fixes have been proposed in response [44, 15638, [7}35]. Among them, gradient
tracking [38, [7, 35], which applies the idea of dynamic average consensus [59] to global gradient
estimation, provides a systematic approach to reduce the variance and has been successfully applied
to decentralize many algorithms with faster rates of convergence. For nonconvex problems, a small
sample of gradient tracking aided algorithms include GT-SAGA [55]], D-GET [48]], GT-SARAH [54],
and DESTRESS [22]]. Our BEER algorithm also leverages gradient tracking to eliminate the strong
bounded gradient and bounded dissimilarity assumptions.

Communication-efficient algorithms While decentralized optimization is a classical topic, the focus
on communication efficiency is relatively new due to the advances in large-scale machine learning.
Roughly speaking, there are primarily two kinds of approaches to reduce communication cost: 1) local
methods: in each communication round, clients run multiple local update steps before communicating,
in the hope of reducing the number of communication rounds; 2) compressed methods: clients
send compressed communication messages, in the hope of reducing the communication cost per
communication round.

Both categories have received significant attention in recent years. For local methods, a small sample
of examples include FedAvg [32], Local-SVRG [10], SCAFFOLD [13] and FedPAGE [58]]. On the other
hand, many compressed methods are proposed recently such as [1, (15,149,147, 16|26} [11} 25140} 8} 157].
In this paper, we will adopt the second approach based on communication compression to enhance
communication efficiency.

Decentralized nonconvex optimization with compression As discussed earlier and summarized
in Table 1] there have been limited existing works on decentralized nonconvex optimization with
communication compression. In particular, SQUARM-SGD [45] can be viewed as CHOCO-SGD
with momentum, but its theoretical convergence rate is slower than the original CHOCO-SGD.
Deepsqueeze [51] and CHOCO-SGD have a close relationship, where Deepsqueeze can be viewed as
decentralized SGD (DSGD or D-PSGD) with the explicit error feedback framework, and CHOCO-SGD
uses control variables to implicitly handle the compression error.

B Examples of Compression Operators

We provide some examples of compression operators satisfying Definition [I] that are used in our
experiments.

gsgd, [1] gsgd, : R? — R (b > 1), or random dithering, is a compression operator satisfying the
following formula

=l . —o-1) | 207 V=]
gsgd, (x) := — - sign(x) - 2 | ———Fu|,
’ T |

where 7 = 1 4+ min { 22(%1), 2(5,@1) }, and w is the random dithering vector uniformly sampled from

[0, 1]4. Tt follows that gsgd, satisfies Deﬁnitionwith a=1/T.

top,, [2,47] top, : R? — R< is a compression operator satisfying the following formula

top, (@) := = © u(a),
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where u(z) € {0, 1} that satisfies ||u||, = k and u; = 1 for all i € Z such that |x;| > || for any
i€Zandj € [d]\Z. Inwords, top, keeps the coordinates of « with the k largest absolute values,
and sets the other coordinates to 0. It follows that top,, () satisfies Definition with a=k/d.

C Additional Experiments

This section provides two numerical experiments in addition to Section [5] to investigate BEER’s
performance under different network topologies and compression operators. Analogous to Section [3]
we run logistic regression with nonconvex regularization (o = 0.05) on unshuffled a9a dataset split
evenly to 40 agents, and use FDLA matrix for weighted information aggregation.

C.1 Comparison between different communication topologies

This experiment compares BEER’s performance on the following network topologies: ring topology
(p = 0.022), star topology (p = 0.049), grid topology (p = 0.063), and Erdos-Renyi topology with
connectivity probability p = 0.5 and p = 0.2 (p = 0.51 and p = 0.77, respectively). All experiments
use the same best-tuned step size = 0.5, batch size 100 and v = 0.7, to guarantee convergence
while achieving fast convergence.
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Figure 4: The training gradient norm and testing accuracy against communication rounds for BEER
using biased gsgd, compression [[1]] with b = 5 on logistic regression with nonconvex regularization
on unshuffled a9a dataset.

Figure [4] shows the experiment results, which empirically verifies that BEER is robust to network
topologies, i.e., despite the huge difference of spectral gap p between different topologies, BEER
can use nearly the same hyperparameters to obtain similar performance. The experiment results
complement our theoretical analysis and show that BEER may converge way better in practice despite
its cubic dependency of 1/p in Theorem

C.2 Comparison between different compression schemes

This experiment compares BEER’s performances on a ring topology using the following compression
algorithms: identity (no compression), gsgds and top,,, which are defined in Appendix [B] Parameters
are chosen such that BEER with different compression operators transfer similar amount of data per
communication round. All experiments use the same best-tuned step size n = 0.5, batch size 100 and
v = 0.7, except that we use 1 = 0.005 and v = 0.8 for top,, compression.

Results are shown in Figure 5] From the right two panels in Figure [5] we can conclude using any
compression operator outperforms the non-compressed baseline, in the sense that, all compressors
converge to a solution with lower gradient norm and higher testing accuracy at a lower communication
cost. From the second to the left panel in Figure[5] we can find in terms of communication rounds and
testing accuracy, different compression operators can lead to significantly behaviors. For example,
BEER with gsgd, compression operator converges faster than BEER without compression, but BEER
with top;, compression operator converges slower than BEER without compression. Among all
experiments, BEER with gsgd; reaches the highest final testing accuracy, while behaves similar to
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Figure 5: The training gradient norm and testing accuracy against communication rounds (left two
panels) and communication bits (right two panels) for BEER using different compression algorithms
on logistic regression with nonconvex regularization on unshuffled a9a dataset.

BEER without compression in terms of communication rounds, which implies that gsgd, (random
quantization) may be a more practical compression operator, or may be more suitable for BEER.

D Proof of Main Theorems

D.1 Technical preparation

We first recall some classical inequalities that helps our derivation.

Proposition 1 Let {vq,...,v,} be a set of 7 vectors in R%. Then, V3 > 0, we have
(vi,vj) < *HUHQ ||U||27 ()
28
1
Jos 4 031P < 1+ Aol + (14 3) Tl ®

T 2 T
dowi| <7y llil* 9)
i=1 i=1

Here, ([7) is referred as the Cauchy-Schwarz inequality, (8) and (9) are referred as Young’s inequality.

Additional notation The following notation will be used throughout our proof:
VF(X):=[Vfi(x1),Va(xa),...,Vu(xz,)],
VFb( ):=[Vfi(x1),Va(xa),..., Viu(xn)],
VF(z) := [V fi(2),Vfa(T),. .., Vu(@)],
Vo F(Z) = [Vo f1(Z), Vo f2(Z), . .., Vi fu(@)],
where & := %Xl with X = [x1, @2, ..., T,

Properties of the mixing matrix We make note of several useful properties of the mixing matrix
in the following lemma.

Lemmal Let W be a mlxmg matrix satisfying Assumption[l|and has spectral gap p, then for any
matrix M € R¥>™ and m = Ml we have

MW —m1 |2 = [MW —m1"W|. < (1—p)||M-m1T|. (10)

In addition, for any ~ € (0, 1], the matrix W=1I+ ~(W —1I) satisfies Assumptionwith a spectral
gap at least ~yp.

Proof: The first claim follows from the spectral decomposition of W. Since W is a doubly stochastic
matrix, the largest absolute eigenvalue of W is 1 and the corresponding eigenvector is 1. Let
Vg, ..., v, be the eigenvectors of W corresponding to the remaining eigenvalues. Then, we have

MW —m1T[[} = |[MW —m1 W[5 =3 [W(m, - m1)|?,
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where the first equality follows from 1T W = 1T, m; denotes the transpose of i-th row of matrix
M, and m; denotes the average of m;. Now we decompose m,; — m;1 using the eigenvectors of
W . Noting that

1
1" (m; —ml)=1"m; —1"1-1"m; =0,
n
and thus we can write

n
m; — ’ﬁ’l,l‘]. = E CjU;
J=2

n
for some {c;}7_,. Then, we have

2
n

_ 2 2
W (mi —m)|* = ||W o < (1-p)* Y < (1-p)Y_ ¢ = (1-p)[lm; — my1|",
j=2 j=2 j=2
and we conclude the proof of this claim.

For the second claim, recall the fact that if v is an eigenvector of W corresponding to the eigenvalue

A, then v is also an eigenvector of W with the corresponding eigenvalue (1 — ) + . This claim
follows from simple computation based on this relation.

A key consequence of gradient tracking Before diving in the proofs of the main theorems, we
record a key property of gradient tracking. Specifically, we have the following lemma.

Lemma 2 [f2° = %@bF(XO)l, then for any t > 1, we have
1.
ot = EVbF(Xt)l, (11)
and
=zt - I, (X1 (12)
n

Proof: We first prove (1)) by induction. For the base case (¢ = 0), the relation (1)) is obviously true
by the means of initialization. Now suppose that at the ¢-th iteration, the relation @ is true, i.e.,

1.~
ot = —V,F(X")1,
n
then at the (¢ + 1)-th iteration, we have

o+l — lvt+11
n

1 1 1 /- )
= V4 G (W = D1+~ (VX = VF(XY)) 1 (13)
n n n
I e t+1y € t
= ~V'14 (va(X ) — Vo F(X )) 1
= l@bF(XtH)L
n

where follows from the update rule of BEER (cf. Line[6)), the penultimate line follows from
W1 = 1, and the last line follows from the induction hypothesis at the ¢-th iteration. Thus the
induction hypothesis is also true at the (¢ + 1)-th iteration, and we complete the proof of .

For (12),, it follows from the update rule of BEER (cf. Line 3] that
gl =zt + TH(W -1 - 1via
n n
=zt — ot =zt — IV, F(X1)]1,
n

where the second line uses W1 = 1 and (T1). O
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D.2 Recursive relations of main errors

As mentioned previously, the proof is centered around controlling the following set of errors which
we repeat below for convenience (cf. (3)),

(compression approximation error:)  Qf =E || H' — Xtﬂi , Q5 =E|G" - VtHIi ,
(consensus error:) Qé:]EHXt—aT:tlTHi, QZ:EHVt—'BtlTHi,
(gradient norm:) Qf =E ||'6t||2 )

In particular, we aim to build a set of recursive relations of Qﬁ to Qfl, which will be specified in the
following lemma.

Lemma 3 Suppose Assumptions|[I] 2land[3|hold, then for any t > 0, we have

2 2 2 2
ot < (129 7N g gar O Cq | S g O (14a)
2 o o o]
1 2 L2 2 1 2 L2
Q§+1§787 ¢ Qb+ (1—3‘+67 C>Q§+8W ¢ Q4
@ e !
2 1 L2 2 1 L2 2 12 2
L OO I8 8L, | 12007 (14b)
! ba
6~vC 67>
QQ“S%Q§+O~Q§+(1—¥)Q§+%QZ+O-Q§7 (14c)
18yCL? 6vC 18yC L2
Q< =0 + 20+ =0
p
18L2n? 18nn?L? 12no?
p (122 I o I8TET o 12007 (14d)
2 byp
where
C =W —I|* = opax(W — I)? (15)
is the square of the maximum singular value of the matrix W — 1.
Note that the eigenvalues of W and I all lies in [—1, 1], and thus clearly C' < 4.
Proof: We will establish the inequalities in one by one.
Bounding Q! in (14a) First from the update rule of BEER (cf. Line[5), we have
2 2
Bt X = e ) - X
<(-a) || X —H[g
- t 2, 2 t+1 t12
(-9 Ix - 2 XX e

where the first inequality comes from the definition of compression operators (Definition[T)) and the

second inequality comes from Young’s inequality. It then boils down to bound ||X X t| i, for

which we have
2
X =X,
= |vH (W — 1) — V||
— |y (H = X)W —I) + (X" — &1 T)(W - I) — V|2

<3y2C | X - HY | +392C || X = @17 ||L + 307 VY
= 3720 | X' — HY||, +32C | X' — &1 |+ 307 [V — o1 |0+ 30%n |0, (17D
where in the first line we use the update rule of BEER (cf. Line EI), in the second line we use the

property of the mixing matrix 1T W = 1T, and in the third line, we apply Young’s inequality (cf. @)).
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In the fourth line, we use ||v||? = ||[v — 01||* + nv? for any vector v with an average v. Plugging
this back into (T6), we get

2 a 692 2 672C _ 2
HHt+1 _ Xt+1||F < (1 _ 5 + > HXt HtHF + T HXt _ mtlTHF

612 _ 2 6n77
B N T
Plugging in the definitions of Q, we obtain .

Bounding Q% in ( . Similar to the derivation of (14al - by applying the update rule of G* in
BEER (Lme@) the definition of compression operators (Definition[I)), and Young’s inequality, we
have

[Vt @ =l vt - @ - v
<(1-a)G" -V
« 2 2 2
<(1- 5) |G = V|| + ~ [V =V

||F. (18)

It then boils down to bound ||V — V! H; By the update rule of BEER (cf. Line IEI) we have

[veet = v

= |he'w - 0+ (@) - e

= [r@ = vHW — DAV =T W - D)+ (VX - G F(X)

2

F

Caro |G - VP 4 320 |V - o1 T| + 3 [Vorxtn) - %F(Xt)H2

) ’
< 370G~ VIE 4320 [V - 8172+ 3|[VE(X) - VE(XY)|E + 2
(iii) §
< 3920 ||G - VU2 +352C ||V — 01T || + 3L | X - XL+ nbg
(i)
< 35°C |G - V|2 + (372C + 9L%p%) [V — w1 |2

6no?

+9y°CL? || X! — HY|[2 + 9y2CL* | X' — 217 || + 9L%n%n ||o!|* + -

where (i) comes from Young’s inequality (cf. @)) and basic facts of matrix norm (cf. @)), (ii) comes
from the bounded variance assumption (Assumption [3), (iii) comes from the smoothness assumption
(Assumption2), and (iv) follows from (T7). Combining the above inequality with (I8), we have

Jver - e

F

@ 2 2 2
<(1-3) e = Vli+ 2 v - v

a 6’y 2 6792C + 18L2n? _ 2
<(1-5+ 0 ) e - v+ L v

187 CL? 18w CL?

HXt 18L72 n n || tH 12na

2
I+ 1" = @17 +

Plugging in the definitions of Qf, we obtain (14b) .

Bounding 2} in 1) To bound the consensus error || X**! — 2117 H;, by the update rule of
BEER (cf. Line[3), we have

||Xt+1 _ :it+11T||F

— || Xt A H (W —I) =V =217 + 17|
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© ’Xtﬁv/ —#1T y(H — XYW —I) -V + nﬁ’flTHi
< (1481 —9p) || X" - :at1T||§ + (1 + ;) (272 |(H' = XYW — D)5+ 20 |V' — 5t1T|\§)
< (1 - %) Xt —&'1T|% + (1 + jp) (272 [(H! = X)W — D)% +20* ||V — ﬁtﬂ”i)
(iv) vp _ 2 2 2 _ 2
< (1 - ?) | Xt — mtlTHF + <1 + %0) (2720 HHt _ XtHF +29? vt - vtlTHF)
vp _ 2 67C 2 67? - 2
= (1 - 7) | X =@ 17|+ e | = X"||p + S V' =17,

where (i) follows from the definition W =1+ ~(W — I), (ii) follows from applying Young’s
inequality twice and Lemmal[T} i.e.

|x' W —aT| <1y X -2

(iii) follows by choosing B p/ 2, and (iv) uses the definition of C' (cf. -) Plugging in the
definitions of Qf, we obtain (14¢

Bounding Q) in (14d) First, note that

HVt+1 _ ,BtJrllTH HVt+1 _ot1T 11T — 1—)t+11T||§
e ARt A R Tl
<|lv - o

Thus by the update rule of BEER (cf. Line[6), we have
||Vt+1 _ ,l—)t+11T||;
<[V -7

~ ~ 2
- va FAGHY W — I) + V, F(X'™1) — VF(X!) — @tlTHF
2

_ H(vtﬁvf ~ 511 T) 4 (G — V(W — I) + (V, F(XH) — mF(xt))H
(1)

B 9 9 2 4no?
< (1 5 ) [VE—a'1T|, + (1 + w) (2%0”@ — V2 2L || X - XL+ 5 )

F

—

ii

t—tT2% t_t267L2 1 yrt]2
20-2) o+ 2 o - v+ e x4

=

12n0?
byp

2,2
(1= YR e v
+

P
18’yC’L ' 2 18yCL? b T2 18n77 L 12n0?
X" = H o+ ——— || X" =21 + I8 + 5=
P P
where (i) and (ii) are obtained similarly as the derivation of (I4c)), and the last line follows from (17).
Thus, we can get (| - ) by plugging in the definitions of 2! and conclude the proof. (]

D.3 Proof of Theorem [ and 2]

Note that Theorem [2]is a strict generalization of Theorem|[I] and thus we will directly prove Theorem
This proof makes use of Lemma[2]and Lemma 3] by constructing some proper Lyapunov function

and demonstrate its descending property using a linear system argument, which is also used in, e.g.,
Li et al. [22], Liao et al. [29].
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Step 1: establishing a “descent” property of the function value First, we have the following
inequality captures the “descent” of the function value.

f(:f}t+1)
< p@) (o Vi) + TE o]
= p(at) - Vs - ! H«vtn T ey
2 2
— 1@ = BV + F Vst o) - (- ) o)
< p@) - L@ + L [vr@hn - e - (—)Hf)tHQ
= 1@ - J 9@ + gl [P - vreen | - (- TE ) ot

1 HVF(Xt)l - @bF(Xt)lH + (VF(X')1 = VyF(X)1, VF(#')1 - VF(X)1),

where (i) comes from the L-smooth assumption (Assumption E]), (i) comes from Lernma@ Take ex-
pectation on both sides, and using the bounded variance assumption (Assumption 3 and independence
of stochastic samples, we get

Ef( t+1)
<Ef(z') - 3E[|Vf@")]* +

n?L
LB [V~ VP(X]* - (2 )EH I %

(i)
< B/@) - JE (V@) + LB VP - VF@); - (- )En t|| L

(ii)
< 5/@) - 295 + LB X - T - (”—L) o)+

where (i) comes from Young’s inequality, and (ii) comes from the L-smooth assumption (Assumption
again. Finally, by substituting definitions of 2 and Q%, we reach

_ _ n o2 nmL? n 1L no?
Ef(2'!) <Ef(@") - JE | VF(@")|" + T-05 - <2 — )k a9

Step 2: constructing the Lyapunov function By representing
Q=107 9 Q Q, (20)

Lemma [3|can be written more compactly as

| _ g4 &iC 0 6r'C o
o éx 2 2 @ 2,2
18v2CL? 1— a4 6v2C  184%CL 6~v2C+18L%n
Qt—i-l < «@ 2 « «@ a, Qt
= 6~+C 0 122 67]
P 2
18yCL? 67C 18yCL? 1— ’yp + 18L n
p p p
=A
6n'r]2 0
| |12 o2
[0 -

+ 8 Qg + 0 = 2n

18nn? L2 12n

P \iﬁ_/
N————
=:by =:b2
Define the Lyapunov function
c1L cop? C3L cap”
=Ef(z") - f+7 Qb+ —— T Qb+ Q4+ LQ4



=Ef(z") - f*+s'Q, (22)
where

n nL n nL
for some constants c1, co, c3, c4 that will be specified later.

S[ClL cp® sl Cﬂ

By (1) from Lemma 3|and the descent property (I9), we have

Dt y1

— Ef(:it-&-l) o f* + sTﬂt—H

o2

b

o 2, L2 n L o2
<Ef(@") - f* - JE||VF@)|” + 505 - <2’ - ’72> O+ 2 +s" <Aﬂt + Qb +
(23)

2L 2 2
<o TelwsE - (- TE) s 17 6TA s g T (0l 00

s

2 2 2bn
2
=& — JE||Vi(@")]" + (sTA-sT +q")0 - (” TR sTbl) Qb+ (% +57by) z,

2
where ¢ = [0 0 % 0]". For a moment we assume that there exist some constants

c1,Co2,C3,c4 > 0 such that
s'(A-I)+q' <0, (24a)
2
L
g - ”7 —sTh, >0, (24b)

leading to

||2 360402

IR 9t P+ (Lt sThe) < b — 1B |V f(a"
Dy <O ZEHVf(SD)H +( +s bQ)()S(I)t 2]EHVf(w) +c7Lboz'

2n
The proof is thus completed by recursing the above relation overt = 0,...,7T — 1.

Step 3: verifying (24) It boils down to verify (24) is feasible, and it is equivalent to verify there
exist parameters c1, ca, 3, C4, 7y, n > 0 satisfying the following matrix inequality:

&1
I-AT] .. [L p* L p*]|c q
[ b, }dlag [ T e = 7L n |

o

3

C4
Note that by choosing v = ¢, pa, n = ¢,7p?/ L, and setting ¢, < ﬁ and ¢, < §, we get
6+2C 18L%n?
I A S R/ (25)
2 «a 4 2 vp 4

Now, it suffices to show that there exist c1, c2, ¢3, ¢4, C, ¢ > 0 such that the following inequalities
are satisfied:

al . 186,2yap4L _ 6eqal B 18Cc,yap2L
4n n n no, 0
0 ap® 0 _ 6Ccyap &1 0
anL L
_ 6cypyCL . 18&pr ~pL _ 188‘pr C2 > Cn;PL
n n 2 n C3| — 7
6c2cyyp® 6Cyp” (1432 p") Geinp? v s
- nL . - nL T T nlL 4anL Co Cn X 3 — 1)1
—12¢ycyp* 2 —36¢,cyp° % 0 —36¢,p3 (eneyarp )3

Given o < 1, p < 1, this can be further reduced to show the existence of ci, ¢2, ¢3, ¢4, ¢y, ¢ > 0
such that

1 —720¢2 —24Ce, —T2Cc, 0
C1
0 1 0 ~24Cc, | | 0
—12C¢c, —-35Cc, 1 =36C | | 2| = cn
—24c2c,  —24cy(1+3c2)  —24c} 1 o 0
—12¢,c, —36¢,¢, 0 —36¢;, -1+ ¢y,

This can be easily verified by noting that as long as ¢, and c, are set sufficiently small, it is
straightforward to find feasible ¢y, cs, c3, c4.
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D.4 Proof of Theorem 3 and 4]

Since Theorem[]is a generalization of Theorem [3] it suffices to directly prove Theorem[d] The proof
strategy of Theorem [4]is similar to that of Theorem 2] However, in order to achieve the advertised
linear convergence rate under the PL condition (Assumptiond)), we need to use a slightly different
linear system.

Denote x := L/u. Taking the same Lyapunov function ®; in , by the same argument of
Section[D.3]up to (23, we have

Dt y1
_ .0 N n 'L no® 1 o’
<Ef(z') - f —§E|\Vf(:ct)]| +2nﬂg—<2—2 Qg+%+s Aﬂt+ng1+?b2
2L 0.2
< (1_— by px T Tvot _ (1 _TL 71 ¢ n T o
<A —n)Ef@) - f)+(sTA+q)9 (2 o —sTby ) O+ (G- +sThy) S

0.2

2L
= (=)@ + (sTA—(1—np)s’ +q7)Qf - (” = sTb1> Of + (1 + sTb2> =,

2 2 2n

whereg=[0 0 L’ 0], and the second inequality follows from the PL condition (Assumption

M). If we can establish that there exist there exist some constants ¢y, ¢z, 3, ¢4 such that

s"(A—(1—nuI)+q' <0, (26a)
2
L
g_LQ —5"by >0, (26b)
we arrive at
2 2
n T o 36cq0
By0q < (1—np)d (7 b>—<1— o
t41 < (1 —nu)®; + 2n+8 2) % < (1 —nu)®; + Lha

Recursing the above relation then complete the proof.

It then boils down to establish (26). By similar arguments as Section [D.3] in view of (23] and
a <1, p < 1,itis sufficient to show there exist constants cy, ¢z, €3, 4, Cy, ¢, > 0 such that

1— 4%% -720¢2 —24Cc, —T72Cc, 0

0 | deacy 0 —2Cc,| |2 0
12ce, 350, 1-22 —36C | || 2 cn
—24c2e, —24c,(1+3c2)  —24c3  1-2 | |, -1 JPC c
—12¢p¢, —36¢;,4 0 —36cy m

This can be easily verified by noting that as long as ¢, and c, are set sufficiently small, it is
straightforward to find feasible ¢y, cs, c3, c4.
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