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Abstract

Thompson Sampling (TS) has emerged as a powerful algorithm for sequential
decision-making, with strong empirical success and theoretical guarantees. How-
ever, it has been shown that its behavior under stringent safety and robustness
criteria — such as safety of cumulative regret distribution and robustness to model
mis-specification — can sometimes perform poorly. In this work, we try to address
these aspects through the lens of adaptive variance inflation for Gaussian Thompson
Sampling. Our one-line change introduces a time- and arm-dependent inflation
factor into the sampling variance, and yields several compelling benefits. The
resulting policy achieves provably worst-case optimal expected regret and worst-
case optimal fast-decaying regret tail bounds, even in the presence of heavy-tailed
(sub-exponential) noise or mis-specified environments. The policy is also robust to
mis-specified noise variances. Beyond cumulative regret, we further demonstrate
that our method ensures strong post-experiment guarantees: simple regret and
estimation error per arm exhibit fast-decaying tail probabilities, contributing to
more reliable and robust downstream decisions. Finally, we extend our policy to
incorporate settings with unknown arm-specific variances and empirically validate
the consistent performance of our approach across a range of environments.

1 Introduction

The stochastic multi-armed bandit (MAB) problem is a foundational framework for sequential
decision-making under uncertainty, with broad applications ranging from recommendation systems
[27] to clinical trials [33] and financial portfolio optimization [[16]. A central challenge in MAB is
balancing exploration and exploitation. Among the many algorithms proposed to address this trade-off,
Thompson Sampling (TS), originally introduced in [32]], has emerged as both a conceptually elegant
and practically effective approach. As a Bayesian method, TS selects actions based on samples drawn
from the posterior distributions over arm rewards. By naturally balancing exploration and exploitation
through probabilistic sampling, TS enjoys near-optimal theoretical guarantees [19, |1} 2| 24} [3| |25} [20]
and demonstrates excellent empirical performance [10} 25 [11]]. Its simplicity of implementation and
strong empirical results have contributed to its widespread adoption in real-world systems.

Despite its success, recent work has revealed notable limitations of Thompson Sampling, particularly
regarding regret tail behavior [14} 30} 31]] and statistical inference power [23} 29| 22]. Intuitively,
this is because TS — like many other bandit algorithms — is primarily designed to maximize the
expected cumulative reward within an experiment from an instance-dependent perspective. As a
result, it tends to adapt quickly to a perceived optimal arm and reduce exploration prematurely. This
limited exploration can lead to sub-optimal performance on other critical dimensions, such as safety
under heavy-tailed risks and robustness to model mis-specification.
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While efficiency (i.e., good expected outcome) remains a central goal, safety (i.e., concentration of
outcomes around the mean) and robustness (i.e., stability of both the mean and distribution with
respect to hyperparameter tuning and environmental mis-specification) are equally important for
practical deployment. In this work, we revisit Thompson Sampling from the perspective of efficiency,
safety, and robustness, and ask:

How can we modify Thompson Sampling to achieve efficiency, safety, and robustness,
ensuring strong performance both during and after an experiment?

1.1 Our contributions

Our work makes both methodological and practical contributions. We propose Thompson Sampling
with Variance Inflation (TS-VI), a simple yet effective extension of Gaussian Thompson Sampling
that inflates the posterior sampling variance using a carefully designed time- and arm-dependent
factor, with the goal of achieving strong theoretical guarantees and robust empirical performance —
particularly in settings that involve multiple tasks and require safe decision-making.

Within-experiment regret control. We show that TS-VI achieves a worst-case optimal cumulative
regret tail decay rate of exp(—$2(x /v KT)), where  denotes the regret threshold. As a corollary,

its worst-case expected regret grows at the optimal rate of O(\/ KT). Moreover, we demonstrate
that TS-VI is robust: it maintains these performance guarantees even under mild mis-specification of
policy hyper-parameters and environmental conditions.

Post-experiment decision quality. We establish that TS-VI facilitates high-quality post-experiment
decisions. Specifically, both the simple regret (in best-arm identification) and the per-arm estimation
error (in mean reward estimation) exhibit fast tail decay and optimal expected error rates. Our analysis
further implies that TS-VI promotes exploratory behavior in worst-case environments.

Simulation validation and practical refinement. We complement theoretical results with numerical
simulations, demonstrating that TS-VI is efficient, safe, and robust across diverse environments. To
handle unknown arm-specific variances in practice, we incorporate Gamma-Normal Bayesian updates
into our design and show that this amendment preserves the stability and effectiveness of the policy.

1.2 Other Related Work

Safety and robustness in bandit algorithms. Recent work has increasingly focused on understand-
ing the safety and robustness of bandit algorithms, particularly in the context of within-experiment
regret. Early studies by [6,126] showed that regret concentration typically occurs only at a polynomial
rate. More recently, [4] demonstrated that bandit algorithms targeting logarithmic expected regret can
be fragile: a mis-specified risk parameter (e.g., the sub-Gaussian noise level) can lead to instance-
dependent regret growing polynomially in 7'. Building on this line of work, [[14}130] established that
standard bandit algorithms achieving instance-dependent O(1) regret — such as TS and its variants
— can suffer from poor tail behavior: the probability of incurring large regret decays slowly with
the time horizon. [30]] also show that this tail performance can be significantly improved under
worst-case design. Further, [31] offers a comprehensive characterization of the trade-off between
expected regret and tail risk, shedding light on the intrinsic tension between efficiency and safety.

Bandit experimental design. There is also a growing literature on understanding the quality of
post-experiment decisions in bandit settings, shifting focus from cumulative regret to final outcomes.
In best-arm identification [13} 8} [17} 28} 36, 35]], a commonly used performance measure is simple
regret, introduced by [[7], which quantifies the gap between the optimal arm’s mean and the selected
arm’s mean. This contrasts with the probability of selecting a sub-optimal arm [5], a metric that
is highly sensitive to the smallest sub-optimality gap [9] and often becomes meaningful only at
large sample sizes. For mean estimation tasks [12} 29| [34} 21]], it has been shown that standard
bandit policies achieving instance-dependent O(1) regret often perform poorly due to insufficient
exploration of sub-optimal arms. Much of this literature has focused on minimizing the estimation
error in expectation or constructing (anytime) valid confidence intervals. However, questions of
decision safety and robustness in these post-experiment settings remain largely unexplored.



Before proceeding, we introduce some other notations. Throughout the paper, we use O(+) (O(-)) and
Q(-) (€2(-)) to present upper and lower bounds on the growth rate up to constant (logarithmic) factors,
and O(-) (6(-)) to characterize the rate when the upper and lower bounds match up to constant
(logarithmic) factors. We use o(-) to present strictly dominating upper bounds. In addition, for any
a,b€R,aAb=min{a,b} and a V b = max{a,b}. Forany a € R, a; = max{a,0}.

2 Model and Setup

Let the number of arms be K. Ineach timet = 1,2, - - -, the decision maker (DM) needs to decide
which arm a; € [K] should be pulled. To be more precise, let H; = {a1,71, -+ ,a;—1,7¢—1} be the
history prior to time t. When ¢t = 1, H; = (). In time ¢, the DM adopts a policy 7; : H; — a; that
maps the history H; to an action a;, where a; follows a discrete probability distribution 7;(a.|H;) on
[K]. The environment then reveals an independent reward r; o, = f1q, + €4, to the DM. Here, p,,
is the mean reward of arm a;, and €, ,, is an independent zero-mean noise term. We assume that €, 4,
is (o, v)-sub-exponential. That is, for any time ¢ and arm k,

E [exp(Xer k)] < exp (A%0?/2), VA:[A| < 1/v.

Let = (p1,- -, ibxc) be the mean vector. Let p,, = max{u1,- - , ux } be the optimal mean reward
among the K arms. Note that DM does not know g at the beginning. Let Ax = u. — g be the gap
between the optimal arm and the kth arm. For theoretical analysis, We assume |Ag| < 1 (which is
not necessarily known by the DM). Let I be all 2 € RE such that |Ay| < 1. Let N1, be the number

of times arm k has been pulled prior to time t. That is, n; 5, = Z:ll 1{as = k}. We additionally
define 5 (n) as the time period that arm k is pulled for the nth time. Let y; 5, be the empirical mean of

arm k prior to time ¢. That is, fi j = Zi;ll rsl{as = k}/ 22;11 Has =k} =300 rey () /M-
2.1 Evaluation metric

Denote £ = (u; 0, v) as the environment parameter. Fix a time horizon 7' > K (which may not
be known a priori by the DM). We are interested in two types of tasks — within-experiment regret
control and post-experiment decision quality, illustrated as follows.

Within-experiment regret. Define the cumulative regret of a policy 7 under the environment £ up

to time 1" as
T

K
RE(T) = (ie — pra,) = Y nr1 1Ak
t=1 k=1

For simplicity, we write R, (") instead of RE(T'), but we need to keep in mind that R} (7) is depen-
dent on the environment profile. We are interested in studying the efficiency metric sup,, e E[R], (7')]
and the safety metric sup,cp P(R](T') > z) for large x, and the robustness of these two metrics
with respect to mis-specified policy hyper-parameters and environment parameters (such as (o, v)).

Post-experiment decision. We are interested in two post-experiment decisions: best arm selection
and mean estimation.

Best arm selection. After T' steps, the task is to select an arm a7 such that Ag» is as small as possible.
In particular, we are interested in studying the efficiency metric sup,,cp- IE[A&*T] and the safety metric
SUper IP’(A@*T > y), and their robustness to policy hyper-parameters and environment parameters.
Mean estimation. After T steps, the task is to estimate the true mean of each arm such that the
error is as small as possible. In particular, we are interested in studying the efficiency metric
sup,,cr E[[| iry1 — pl|Z.] and the safety metric sup e P([| ar 41 — pll2,|| > v), and their robustness
to policy hyper-parameters and environment parameters. Here fi7 1 is the estimated arm mean vector
after the experiment.

Remarks on the worst-case analysis. The rationale for focusing on the worst-case scenario is twofold.
First, worst-case analysis provides strong, uniform guarantees that hold across all environments. In
particular, it allows us to investigate policy robustness with respect to both the mean reward vector
w1 and the broader environment profile (o, v). In contrast, instance-dependent optimal policies are
often fragile, exhibiting unsafe and highly sensitive behavior in both within- and post-experiment
performance [14, 30} 29].



Second, from a practical standpoint, the DM can only observe empirical quantities — namely, the
cumulative reward and the sample mean of each arm:

Ntk Nt k

T K T
1 1

Zrt = Z”Tﬂ,kﬂk + Zemt and — Zrtk(e) = pr+ — Zetk(s),k'

t=1 k=1 t=1 Mk o Mk

The noise terms in both expressions are generally not controllable by the decision-maker. While
these terms vanish in expectation, they remain significant when considering tail probabilities of high
cumulative regret or large estimation error. In such cases, it is meaningful to focus on thresholds of the
form 2 = Q(v/T) or y = Q(1/+/T), as any threshold below these (e.g., z = o(~/T), y = o(1/V/T))
will typically be dominated by the noise, rendering tail bounds ineffective or uninformative.

2.2 Thompson Sampling with adaptive variance inflation

We present Gaussian Thompson Sampling (TS) in Algorithm [I] and introduce our one-line modifica-
tion, TS with Variance Inflation (TS-VI), in Algorithm 2} Both algorithms follow a Bayesian updating
framework that corresponds to placing an improper prior on each arm, p(u) o< 1 (or, approximately,
a weakly informative prior pj, ~ A'(0,02) with o, — 00), and assuming the reward distribution for
arm k is Gaussian: r, ~ N (ug, 03) (see, e.g., [18]]). The key distinction in TS-VI (Algorithm is
that each posterior sample is drawn from a Gaussian distribution whose variance is inflated relative to
the standard posterior variance o3 /n; j, by an adaptive factor ¢/(Kn; ;). Importantly, this inflation
affects only the sampling distribution; the Bayesian posterior update remains unchanged.

Algorithm 1 TS Algorithm 2 TS-VI
1: Input: A = [K], o3. 1: Input: A = [K], o3.
2: Pull each arm once. 2: Pull each arm once.
3: fort=K+1,--- do 3: fort=K+1,--- do
4 For each arm k, draw a random sample 4 For each arm k, draw a random sample
. 1 . t/K
Xt,k NN <Mt,k, 0'(2)) . (1) Xt,k ~N </Lt,k, /20'(2)> . (2)
Ntk ek
5: Take action a; = arg maxy{ Xy }. 5: Take action a; = arg maxy{ X, }.
6: Collect reward 7; o, = ftq, + €t,a,- 6: Collect reward 14 o, = [la, + €t,a,-
7: end for 7: end for

3 Within-experiment regret

In this section, we study the safety and robustness behavior of TS-VI. Our goal is to build safety
guarantees for the tail distribution of cumulative regret R7, (T'). Starting from the safety result, we also
build guarantees for efficiency (low expected regret) and robustness (robust regret tail distribution).

3.1 Main results

Theorem 1 (Within-experiment regret) Fix o and (o, v). Define M (cg;0,v) =1V ooV %

There exists absolute positive constants ¢ and C such that for any x > ¢- M (0¢; 0,v)VEKTIn K InT,
we have

sup P (R;r (T) > z) <exp

x
wel <_C~M(Uo;a,u)\/KT) .

We provide a brief discussion on the proof for Theorem [I]and highlight how we address the proof
challenges. Without loss of generality, we assume that arm 1 is the optimal arm. The proof is based
on the fact that for any time ¢ a sub-optimal arm k is pulled, we have

t/K

€11 < ek + €tk
Tt,1 Ntk

fe1 +



Ntk nt,1
— {A’“ < D=1 €ik + vt/KEt,k} U{Ze:1 €t1(0),1 t/K Ak} 3)

+ €t1 < ——
2 Nk Nk N1 g1 2

To establish the desired bound, it suffices to control the probability of each of the two events in (3).
However, there are two main challenges that render the techniques in [30, 31] insufficient for our
setting.

The first challenge lies in relating Ay, and n; , to the time index ¢ and the regret threshold z in a
way that yields the desired tail decay dependence on z, K, and 7" simultaneously. This is nontrivial
because n;  and ¢ are inherently intertwined. We address this by carefully designing a regret
decomposition, showing that if the cumulative regret reaches a level x, then Ay must satisfy a precise
lower bound that depends on K, T', and ¢x(n), and meanwhile, n741,, must be sufficiently large.

The second challenge arises from the noise term ¢ , which is a mean-zero random variable beyond
the DM’s control. This term could cause the second event in to occur with non-negligible
probability. To handle this, we analyze multiple values of ¢ collectively: when np4 1 i is large enough,
there exists — with high probability — at least one time ¢ at which arm k is pulled and £ ; exceeds a
fixed constant 7 > 0. Howeyver, care must be taken in selecting the range of ¢ considered — smaller ¢
leads to smaller +/¢/ K, which weakens the tail bound. Thus, bounding the overall tail probabilities
is delicate, and we defer the full technical details to the supplementary material.

3.2 Implications

Efficiency. Theoremimplies that the expected regret of TS-VIis O(v KT In K InT), where in
O(-) we are hiding a constant factor. In fact, we have that

+oo
sup E[R(T)] < 27 + sup/ P (R}(T) > z) dx < (2¢ + C)M(0¢;0,v)VKTIn K InT.
pel’ pnel’

T=T

The expected regret bound is worst-case optimal on both K and 7" up to a logarithmic factor. We
would like to point out that in contrast to most approaches taken in the literature that obtain expected
regret bound, the approach we take here is to first derive regret tail bound and then yield a guarantee
in expectation. While the current work is not trying to obtain the best dependence on logarithmic
factors, it would be interesting to see whether and how these logarithmic factors can be removed.

Safety. Theorem [I] gives the optimal regret tail decaying rate. As is shown by [30] through a two-
armed bandit case, for the family of policies that obtains the worst-case expected regret performance
guarantee O(v/T'), the tail probability P(R](T) > z) cannot be decaying faster than exp(—x/ VT)
for large z. While [30,[31]] only consider UCB-like deterministic policies, our result show that the
standard TS policy, as a randomized policy, can also be amended to achieve the desired optimal safety
guarantee.

Robustness. Lastly, we would like to emphasize the robustness performance of TS-VI, which can
be of great importance in practice. Note that our policy is almost parameter-free (the only input
parameter is K and o) without assuming any knowledge to the distribution of the environment.

Knowledge of K. Typically K is known to the decision-maker. If K is not known a priori or not
utilized in variance inflation, we can derive a worst-case guarantee similar to that in Theorem [I] with a

sub-optimal dependence on K (but not on T") — by setting o, = VK oy, the expected regret becomes

O(K~/T). In other words, the 1/K factor in the variance inflation term is a “recommended” scaling
parameter that makes sure the worst-case rate has an optimal dependence on K.

Robustness to hyperparameter og. TS-VI is robust to mis-specified oy, in the sense that for any o
(as long it is positive), we can always achieve the optimal regret tail decaying rate as well as the
optimal regret expectation growing rate, with only constant factors affected. Apparently, if we have
prior knowledge on o and v (say in the sub-gaussian case we know o and we know that v = 0), we
can set 0g = o V v to obtain better constant factors. In Section[3} we will examine selection of g
under various situations.

Robustness to environment mis-specification. A feature of our result is that we consider a sub-
exponential environment, where the reward tail can be heavier than that from a sub-gaussian distri-
bution. Regardless of whether the environment is sub-gaussian or sub-exponential, TS-VI does not



require any knowledge on environment profiles, and each random sample is drawn from a Gaussian
distribution (instead of a heavier-tailed distribution that caters to the environment). As we will
empirically show in Section 5] standard TS and some of it variants can lead to high hidden risk in the
tail region under an exponential environment, while our policy can significantly alleviate the issue.

4 Post-experiment decision

In this section, we study the safety and robustness behavior of TS-VI for two types of post-experiment
decisions. Our goal is to build theoretical safety guarantees for the tail distribution of simple regret
Ag: and estimation error [|fiz 11 — ptf|oo. Starting from the safety result, we build guarantees for
efficiency (low expected simple regret and low expected estimation error) and robustness (robust
simple regret tail distribution and robust estimation tail distribution). Our analysis also provide deeper
insights on the exploration behavior of TS-VI.

For any T' > K, we adopt the following decisions: (a) Best arm selection. We select the arm that is
pulled the most often in the second half of the time horizon: &%, = arg maxy{nry1 x — n[T/2]+1, k)
(b) Mean estimation. For each arm k, we simply take the empirical mean fir 1 j.

4.1 Main results

Theorem 2 (Post-experiment best arm selection) Fix oo and (o,v). There exists absolute con-

stants c¢1,Cy > 0 such that for any y > ¢1 - M(og;0,v)4/ % we have

Y T
P (A= >y) < -/ = ].
P (Ba; y)—e"p< C1 - M(00;0,v) K)

Theorem 3 (Post-experiment mean estimation) Fix o and (o, V). There exists absolute constants

¢a, Coy > 0 dependent only on oy and (o, v) such that for any y > co/ % In* T, we have

N yNJy |T
supP iz — % > v) <esxp [ -/ LY 2

pel 02

The proof of Theorem2]is based on Lemma [I] which indicates that the number of times that each sub-
optimal arm is pulled for Q(7"/K) times is exponentially decaying with respect to the sub-optimality
gap Ay. Intuitively, for the second half of the whole time horizon, with very low probability that
TS-VI is continuously exploring or even sticking to any sub-optimal arm. Since we are selecting the
arm that is pulled the most often, Theorem@]then follows.

Lemma 1 There exists absolute positive constants ¢|,C1 such that for any k and A, > ¢} -

. KInKInT
M(oo;0,v)y ) =252,

P(npy,—n N RPN D R
T+1,k T+ = 577 | = Xp Cr - M(og,o,n) VE |

The proof of Theorem [3is based on Lemma[2] which shows an interesting fact that TS-VI with very

high probability explores each sub-optimal arm with at least Q(1/7"/K) times. Intuitively, TS-VI
circumvents tail risk by inflating the variance and doing more exploration. Since the worst-case

expected regret is O(\/ KT) (followed from Theorem , this leaves enough space for TS-VI to

explore each arm on average for Q2(1/7'/K) times, which leads to more estimation accuracy shown
in Theorem

Lemma 2 There exists positive constants ¢y, Ch dependent only on o, (o,v) such that for any k,

we have
, | T 1 T
P NT41,k < Co ? S exp 7@ ? .



4.2 Implications

Efficiency. Theoremimplies that the expected simple regret of TS-VIis O(+/K/T), and Theorem

shows that the expected deviation between the empirical and true means is also O(y/K/T'). Both
results follow from similar arguments as the expected regret bound in Theorem [I] These bounds
are worst-case optimal in their dependence on K and 7T, up to logarithmic factors (see, e.g., [3, 29]).
In particular, for Theorem [3| the O(1/+/T) rate is known to be optimal for any policy achieving
expected regret O(v/T) [29].

Safety. Unlike prior works (e.g., [29]) that focus solely on expected performance, Theorems |2|and
also provide exponential tail bounds for simple regret and estimation error, respectively, offering
reliability guarantees for decision quality. These are obtained by first deriving tail bounds — similar

in spirit to Theorem [I] — and then translating them into expectation bounds. It remains an open
question whether the logarithmic factors in these results can be improved or removed.

Robustness. TS-VI also exhibits robustness to both the prior variance oy and environmental mis-
specification. While additional environmental knowledge may improve empirical performance,
incorrect assumptions only affect constant factors, without changing the asymptotic efficiency loss or
tail decay rates.

5 Numerical Experiments

We conduct numerical experiments on the 2-armed bandit case to illustrate the benefits brought by
our policy. The mean vector is fixed as u = (—0, §) with 6 = 0.3. We focus on 4 empirical metrics:
(a) expected regret vs. t;
(b) log tail probability of cumulative reward < 0 vs. ¢;
(c) mean absolute estimation error per arm vs. ¢;
(d) log tail probability of absolute estimation error > J vs. t.
For each policy considered below, we collect 10* trajectories. In (a) and (c), we also show the error
bars (95% confidence interval) for the expected regret and the mean absolute estimation error. In the

supplementary material, we also provide experiments for § = 0.5, and a 6-armed bandit case study
with § = 0.3,0.5.

5.1 Environments and Results

Well-specified environment with known variances. We first consider Gaussian environments where
the noise variances are correctly specified. We consider 02 = 2 for both arms. Results are provided
in Figure[T]

* For both TS and TS-VI, we assume the prior is (0, 103).

* We consider the standard TS (09 = o), a slightly under-specified TS (o9 = 0.90), and a
slightly over-specified TS (oo = 1.10).

* For TS-VI, we consider og = 0.30,0.40, 0.50 — we empirically find that a oy being slightly
less than the true o yields empirically stronger performance.

» We also consider the UCB policy with the bonus term o¢+/2Int/n [13], where oo = 0.90
(slightly under-specified), oy = 1.00 (standard), 1.1c (slightly over-specified).

Mis-specified environment with known variances. We then consider Exponential environments
with Laplacian noises — that is, the probability density function is (2b) ! exp(—|z|/b). We consider
b = 1 for both arms. Note that the variance of a Laplace distribution is 2b. Results are provided in

Figure[2]
* For both TS and TS-VI, we assume the prior is A/(0, 10%).

¢ For TS and UCB, we treat each sample as if it is drawn from a Gaussian distribution A/(0, 2).
We consider og = 0.90,1.00,1.10.
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Figure 1: Results for the well-specified environment with known variances

* For TS-VI, we consider oy = 0.30,0.40,0.50.

Mis-specified environment with unknown heterogeneous variances. Finally, we consider Exponen-
tial environments with noises following unknown Laplace distributions. We consider by = 1,by = 2.
We focus exclusively on TS and TS-VI in this environment. Results are provided in Figure 3]

* Since variances are unknown, we adopt the Gamma-Normal TS where the variance of each
arm o} is modeled following an inverse Gamma distribution. The detailed paradigms of
Gamma-Normal TS and its inflated version are provided in the supplementary material.

* For TS, we treat each sample as if it is drawn from a Gaussian distribution N'(0, 7). The
sampling variance is taken as o¢ = 0.90%,1.00%, 1.10%.

* For TS-VI, we consider oq , = 0.30%,0.404,0.50.

5.2 Observations and Implications

Efficiency. Across all environments, TS and UCB consistently exhibit lower expected within-
experiment regret compared to TS-VI under various hyperparameter settings. This is expected, as
TS-VI encourages greater exploration than TS, leading to more frequent pulls of sub-optimal arms —
consistent with Lemma@ However, we also observe that for smaller time horizons (e.g., T < 1000),
the performance gap narrows and in some cases, TS-VI even achieves lower expected regret than
TS and UCB. For larger horizons such as 7" = 10000, the increase in expected regret under TS-VI
remains moderate, generally ranging from 20 to 100 (or 20 to 40 for TS-VI-0.3). This controlled
sacrifice in regret is compensated by markedly improved estimation accuracy. In particular, across all
settings, TS-VI consistently yields lower mean absolute estimation error compared to TS and UCB.

Safety. In terms of tail risk — both for within-experiment regret and post-experiment decision —
TS-VI significantly outperforms TS and UCB. The empirical probability of incurring a negative
cumulative reward or large estimation error for the best arm under TS-VI decays rapidly, typically
approaching zero by 7" =~ 5000 (and in many cases as early as T' ~ 2000). TS-VI also substantially
mitigates the risk of large estimation errors for sub-optimal arms, whereas TS and UCB exhibits
much slower tail decay.



120 _ ---- TS-09 —— TSVI-0.3 - UCB-0.9
100 e =05 T5-1.0 TSVI-0.4 UCB-1.0
_ © 1.0 ---- TS-11 —— TSVI-0.5 - UCB-1.1
g 80 3 -15
[
2 e Z 20
© o
3 2 -25
E 40 =
2
S £ -30
PN TS-0.9 —— TSVI-0.3 - -
T5-1.0 TSVI-0.4 UCB-1.0 g -35
o ---- TS-11 —— TSVI-0.5 - UCB-1.1 _40
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
Time step t Time step t
12 ---- T5-09 —— TSVI-0.3 - UCB-0.9 0.0 ---- T5-09 —— TSVI-0.3 - UCB-0.9
’ T5-1.0 TS-VI-0.4 UCB-1.0 © T5-1.0 TS-VI-0.4 UCB-1.0
=10 ---- TS-11 —— TSVI-0.5 - UCB-1.1 1_05 ---- TS-1.1 —— TSVI-0.5 - UCB-1.1
gt 8T N
= QNS
2os8 c
S 2 -10
*r-u‘ ©
£ 0.6 £
£ 5
204 1
o c:
&
0.2 2 0
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
Time step t Time step t

Figure 2: Results for the mis-specified environment with known variances

Robustness. TS-VI demonstrates stable performance across different hyperparameter settings and
environmental conditions, both in terms of efficiency and safety, validating the theoretical results
presented in Sections [3]and @ In contrast, while TS reliably achieves low expected regret within an
experiment, it consistently underperforms on the other three metrics: estimation accuracy, tail safety,
and robustness. Notably, the safety performance of either TS or UCB deteriorates significantly in the
presence of environment mis-specifications.

Finally, we would like to provide an additional remark on the performance of TS and UCB under
under-specified (0o = 0.90) and over-specified (cg = 1.10) variances.

* For under-specified policies, while they perform well in terms of expected regret, they suffer
significantly in terms of tail safety and mean estimation accuracy.

* For over-specified policies, they show slightly worse average regret but improved tail behav-
ior and mean estimation. However, the tail decay remains slow as 7' grows, suggesting that
while empirical gains are possible via over-specification, achieving intrinsic improvement in
safety necessitates explicit variance inflation. We also discuss this point via a distribution
visualization in the supplementary material.

6 Conclusion

In this work, we propose TS-VI, a modified version of Thompson Sampling in which the sampling
posterior variance is inflated by an adaptive factor. We show that TS-VI achieves efficiency, safety, and
robustness in the worst-case setting, both for within-experiment regret control and post-experiment
decision quality. These theoretical findings are validated through simulations, and we further extend
the policy design to handle heterogeneous, arm-specific variances via Gamma-Normal Bayesian
updates. Several promising directions remain for future investigation, and we highlight three below:

Instance-dependent analysis. While this work focuses primarily on worst-case performance, it
would be insightful to conduct an instance-dependent analysis. It remains unclear whether the
safety and robustness guarantees established here continue to hold under such a perspective. An
instance-dependent view may offer a more nuanced understanding of how efficiency, safety, and
robustness interact and trade-off with each other in different environments.
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Figure 3: Results for the mis-specified environment with unknown variances

Asymptotic behavior. Our theoretical results provide finite-time error bounds for various within-
and post-experiment objectives. However, questions remain about the asymptotic behavior of TS-VI
— for example, what is the limiting proportion of times each arm is pulled? A deeper analysis of the
long-run behavior could yield sharper characterizations of the policy and offer principled guidance
for hyperparameter tuning.

More complex models. This work focuses on the standard stochastic multi-armed bandit setting.
Extending our approach to more complex frameworks — such as linear bandits, nonparametric
models, and Markov decision processes — is both challenging and worthwhile. It is also important to
investigate how the presence of heavy-tailed reward distributions (beyond sub-exponential) affects
the performance guarantees and policy behavior.
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A Proof of Results

Lemma 3 Assume &1,...,&, -+ € SE(0?,v) are i.i.d. sub-exponential random variables with zero
mean (i.e. E [£1] = 0). Then for any B > 0, we have

1< t (B2 B
P<t§fs>3><exp<—2(az/\y>>7

1 B* B @
t
- <-B|< —— (= A=)
P<t;§S B) exp< 5 (0_2 A V))
Lemma 4 Assume &1, ...,&, -+ € SE(0?,v) are i.i.d. sub-exponential random variables with zero
mean (i.e. E [&1] = 0). Then forany 0 < A < %,B > 0, we have
: A
P <ﬂt > 1s.t ;55 > B+ At) < exp <—2B02> ,
h . ®)
P (Elt > 1s.t. ng <-B- /\t> < exp (—232> .
o
s=1

Proof of Lemma@ It suffices to prove the first inequality. Let S; = 22:1 (&s — €). We first show
that M, = exp (22 5;) is a super-martingale with 7y = o(&1, -+, &). In fact,

E [M;|Fi1] = M,y - E [eXp <20/\2(€t - A))}

)\2 02 A 2
oo (25) o (2
= M;_.

Define 7 as the stopping time that S; first arrives at or above B. It suffices to bound P(7 < 400). By
optional sampling theorem, for any ¢ > 1, we have

1=FE[M:ro] = E[Mpt] > P(7 < t)-exp (QB/\Q) )
o

Since ¢ can be arbitrary, we can get P(7 < +o00) < exp (—2B2;).
O

Proof of Theorem Fix a time horizon of T'. Define ¢;(n) as the time period that arm k is pulled
for the nth time. Let ny, := npy1 1 be the number of times arm k is pulled in the first 7" time periods.
To simplify notation, we denote ¢, = ¢ ([ (nr + 1)/2]) as the time period that arm & is pulled at the
[(ng + 1)/2]th time. By the definition of ny, and ¢, for any ¢ = t5(1),- - , tx(nk), the following
event happens w.p. 1:

R R Vi/K
e+ €1 < fig s + ———¢C¢k
Ntk

t,1
Define

AZ{k#l:nkgl—&— ;?,T}

Fix x > 2K. We have
IP’(RZ(T) > x+K)

P(anAk+anAk2x+K>

ke A k¢ A
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Y )

kA
(ng — Dz

Lg({(nk ~ DAz ke A}U{(nk -~z o kg A}))

< >
R (N
|

To prove that the second inequality holds, we only need to show that the following cannot hold
simultaneously:

_ x 5 (n )z
B.:{ —1)A <—,Vk€A}; = — 1A, < VEk ¢ A
o= {e -1 < o= {on - var< B v af
If not, then we have
Z(nk — 1)Ak = Z(nk — 1)Ak + Z(nk — I)Ak
k#1 k€A kgA
w\AI
< > o
4‘F k¢.A
<3 >
f keA
<7 n T
T4 =g
-2 2
In fact, to bound ZWA 5—%, we can assume 0 = ¢, < tx, <tg, <---.Then we have
1
the 2 5 (e + o+ )
because before up to time t,, arms £y, - - - , k; have been pulled completely, and after time ¢, none
of them will be pulled. Thus,
R 7T
<2 =24 [l <2
ey \/> tk + tk7 1
Now fix k # 1.
If By happens, we have
vV i1 x A VT
Y ' P x ML) zm
If Ci happens, we have
VT T A VT
—-1> > = A -1)>
m-l2 e oA, T = T M- Dzm
Therefore,
B, UCy,
. /K . i/ K ne+1
C qhua+ / er1 < fi g + / Etk, Yt E {tk(’Vk-‘)f" ’tk(nk)};
n¢.1 Nk 2
Vit

I /\(nk—l)ka}
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M, 1 m
Z t/K 1 €ty t/K
_ {Ak n Ze_1 €ty (0),1 n / et < 24_1 €ty (m),k + / op t=tr(m+1),
Tt g,1 m m
1 VitpT
Ym € e =1 YA > 1>y (6)
2 K
Now define
m) t/K
5}2":{<ZZ 1€t;,( / Et7k,t:tk;<m+1)a nkzmk+1}) (7)
2 m m
s Vt/K A teT
Fp-{zEor VUK By e, Y L )
N1 ng1o 2 K
Gt ={et1 <, t=tg(m+1), ni, > my +1}. 9)
Then
@<r| N (srUsr)
Dh 2=l <mcny,
<[ U &|U
$<m<nk Lk 1§m<nk
<P U & |+p n =
el <m<ng "k ! <m<nyg
<P U e |+p n ﬂ(Ug’,;n) 4P n o
"’“7 <m<ng ""7 <m<ng MSm<nk
(10)
The first tail probability can be bounded via a union bound.
P U Em
2l <m<ng—1
T m
Ap _ D m Et(m) t/K
S Z P<2< m + m Et,ks t:tk(m+1)
m=[my /2]
T m T m
A Dimi Eta(m)k Ap D im Ete(m)k T/K
< Pl — < == =0 Pl == < = 5
< 3 <2- ) 5 (G s St L
m=[ms /2] m=[my /2]
< TP ZZ 1 tk + TP Aﬁ S ZKZI etk(m),k + TP Ak < V T/th A
2 4 m 4 m ’
(mAk)Q (mAk)
< _
< 2T exp ( 5902 V 2T exp + T exp 32U§T/K
< 2T exp —uif —|—2Texp< )+Texp (4K)2
- 320°T/K 32Kv 320 2T/K
<3Tep (T ) ore ( x ) (11)
=P 51200V 00 2K T P\ 320Kk
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The second tail probability can be bounded via Lemma ] by noticing that ;1 > 1 happens for at

least one t.

Pl N A NUer)

£§m<nk
ne,1
< 2621 €L (D)1 + t/—K?7§ _ﬂ7 my, < ViT
Ng,1 N1 2 K
- Ak mk\/f
<P|3dn: — | < =
) <n ZZ<“+ ) <

mkAk\/K> Ve < 9 mk\/KU >
P\ =2 o=
o 2v

<ex o/ R
o a2
N nx
<exp|————= ) Vexp| — 12
= p( wm) p( m/ﬁ) (12
The third probability can be bounded via a union bound

P Ay

1
Dk <m<ng

Etp(m+1),1 < 77)

<m<nk

<P ( max
'Ilk
< Z < InaX 5tk(m+1) 1 < 77)
n=[mg]
m UN
< Texp 5 exp _R

(13)

Therefore, we have

P(sJa)
x? nx
< 3T exp <512(0 v ao)2KT> e <_2(02 v y)\/KT> * (1
(15)

T 2
T v 1
P < 3201V K P < 2ag)>
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P (RZ(T) >x 4+ K)
nx

l'2
< 3KT _ K B e——
= ofRs e (256(0 v 00)2KT> R ( 202 v y)\/KT> "

T 2
KTexp [~ exp [ — 2L,
xp ( 3201V K P ( 2ag>)

Take v = Q(VKTIn KInT) = Q(K InT), we have
x
C (1vay v i22) VRT

sup P (R7(T) > z+K) <exp |-
pel’
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If we know o and v, then we can set 09 = o V v and 1 &< o, which yields

x
supP (R} (T) >z + K §exp( )
per (75D ) C(1VoVV)VKT
O
Proof of Lemmal(} For simplicity, we write 73, := n7 41, Assume arm 1 is optimal. We define
m Ay Zm: €ty (m),k t/K T
EN = {2 < =4 1mk( Lh Stk T = tk(m 1), nry1r > npr/2)41,k + 2% (
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” 2721 €t,(0),1 t/K A T
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N1 Ng1 2 2K
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Note that when ny, > 1 9141,k + % and m > ny — Llj -1> 7.
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Take 77 = 0. Summing up the inequalities above, then for Ay, > ¢} - M (op;0,v)y/KIn KInT/T),
we have
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Proof of Theorem [2}
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Proof of Lemmal Suppose for some arm k we have nyyq , < ch+/T/K. Considert € ([T/4],T].
There exists an arm such that it is pulled at least 37'/(4K) times. Without loss of generality, assume
that this arm is arm 1 (note that arm 1 may not necessarily be the optimal arm). Then for each time ¢
that arm 1 is pulled, we have

. t/K
€1 = ftx + —E¢ k-

)

t,1 Nt k
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and
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Take n = 60¢ and ¢}, = 7. Therefore,
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Proof of Theorem 3
Lety > 02\/K/T1n4 T such that co > 1. Then
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‘We need to make sure that

1 Jynyy |T
— — >4InT > 3InT +1n2.
5 Cy K> nl'>3nl" 4+ In

This is equivalent to setting

y > 64C2\/§1n2 T and y> 642022§ T
Therefore, it suffices to take
co =1V 64%C3.
Note that the above tail bound implies that the expected error is bounded by O(\/W ). In fact,
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B Additional Experiments

To gain a more intuitive understanding of how our policies improve regret safety, Figure @] plots the
average reward distribution at 7' = 10000 for TS-1.1, TS-VI-0.3, and UCB-1.1 in a two-armed bandit
with § = 0.3, a mis-specified Laplacian environment, and known variances. Overall, all three policies
exhibit approximately bell-shaped distributions and comparable average performance. However,
when we zoom in on the tail region where the average reward falls below 0.2, we observe that both
TS and UCB occasionally perform extremely poorly (even though their variances are over-specified).
In contrast, TS-VI consistently avoids collapsing into this tail region across all trajectories.
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Figure 4: Comparison among TS, TS-VI, UCB for regret distribution

We now introduce Thompson Sampling with Gamma-Normal Updates (TS-GN) in Algorithm
to handle unknown variances. Note that for standard policies, VIF(n,t,n7) = 1. In our design,
VIF(n,t,n) = n*t/(Kn). All the code are provided in the supplementary material. We implement
the simulation via Numba so that the experiment can run very efficiently for large number of time
steps and trials, as long as there is sufficient memory.
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Algorithm 3 Thompson Sampling with Gamma-Normal Updates (TS-GN)

1: Input: Prior parameters (110 k, Ko.k> 0 k> o,k )_;. Variance Inflation function VIF(n, ¢, 7).
2: Initialize: For each arm £, set:

30 K < Moks Rk < Kok

4 o 4 0k Br — Pok

5: fort =1to 1T do

6 for each arm k = 1 to K do

7 Sample g, j, ~ Gamma(cy,, 1/5%)

8 Sample X ~ N (pur, VIF(kg, t,1) /(9e.17k))

9: end for
10: Choose arm a; = arg maxy X i
11: Collect reward r; from arm a;
12: Update parameters for arm a;:
13: Qq, & 0q, +0.5

. (re—pa )2"@1
e Cves

. KayHay Tt
15: Ha, ﬁ
16: Kq, & Kq, +1
17: end for

B.1 2-armed bandit

We provide experiments same as in the main paper, but with § = 0.5. Results are presented in Figure
|§| (well-specified, variance known), |§| (mis-specified, variance known), |Z] (mis-specified, variance
unknown).
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Figure 5: Results for the well-specified environment with known variances (2-armed, § = 0.5)

B.2 6-armed bandit with mis-specified environment
We consider the multiple-arm setting with mean vector [—3d, —20, —d, 8, 24, 35]. We run experiments

for § = 0.3,0.5. Noise follows the Laplace distribution with parameters being [1,1, 1,2, 2, 2]. The
number of total time steps is 7' = 20000, and we run 10000 trials under each environment per policy.
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Figure 6: Results for the mis-specified environment with known variances (2-armed, 6 = 0.5)
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Figure 7: Results for the mis-specified environment with unknown variances (2-armed, § = 0.5)
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For regret tail, we take the threshold as 26¢ (remember that the optimal expected total reward is 34t).
For the estimation task, we show empirical mean and tail probability of the absolute error of the
optimal arm as well as the infinity norm of the absolute error of all sub-optimal arms.

Known heterogeneous variances. This is the same as described in the main paper. Variances are
2,2,2,8,8,8]. Results are presented in Figure 3] [0]

Unknown heterogeneous variances. We apply TS-GN (Algorithm [3). Results are presented in
Figure [I0]and [T} Our amendment on handling unknown variances remain efficient, safe, robust.
However, better designs to improve practical performance might be of interest for future work.
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Figure 8: Results for the mis-specified environment with known variances (6-armed, § = 0.3)
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Figure 9: Results for the mis-specified environment with known variances (6-armed, § = 0.5)
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Figure 10: Results for the mis-specified environment with unknown variances (6-armed, § = 0.3)
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Figure 11: Results for the mis-specified environment with unknown variances (6-armed, 6 = 0.5)
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