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Figure 4: Formation and structure of hy'y,  and hy ..

A Additional Figures

A.1 Formation of features

In Fig. 4, we illustrate the formation and the structure of the features shown in Section 2.

A.2 About the conjecture in Section 4.2

We provide some additional simulation results (in addition to Fig. 3) to validate our conjecture in
Section 4.2 that 2-layer NTK is more sensitive to different bias settings, especially when d is large.
Note that in Fig. 3, we only consider one type of ground-truth functions that contains only odd-power
polynomials. Here, we also examine other types of ground-truth functions.

Similar to Fig. 3, in Fig. 5, we consider the ideal case where there are infinite number of neurons.
We plot curves of MSE with respect to n when p, p1,p2 — o0o0. The simulation setup is similar to
Fig. 3, but here we consider more types of ground-truth functions (whose exact forms are given in
the caption of Fig. 5). In sub-figures (a)(b), Type A function corresponds to even-power polynomials.
We can see that all curves are close to each other in both low-dimensional case (d = 2) and high-
dimensional case (d = 15). This is because the 2-layer NTK without bias can learn even-power
polynomials. In other words, in high-dimensional cases, although the performance of the normal-
bias setting approaches that of the no-bias setting, it does not hurt the generalization performance
because the no-bias setting can already learn the Type A function. Sub-figures (c)(d) are exactly the
same as Fig. 3, which uses the Type B ground-truth function corresponds to odd-power polynomials.
Sub-figures (e)(f) adopt the Type C ground-truth function that contains both odd-power and even-
power polynomials. The generalization performance shown by sub-figures (e)(f) is between that in
sub-figures (a)(b) and that in sub-figures (c)(d). This is expected because Type C functions can be
viewed as a mix of Type A and Type B functions.

We also consider the situation of finite number of neurons. In Fig. 6, we fix the number of training
data and let the x-axis be p (for 2-layer NTK) or p; (for 3-layer NTK with fixed po = 100). The
setup of Fig. 7 is similar to the setup of Fig. 6 except that for 3-layer NTK we fix p; = 100 and
change p-. Both in Fig. 6 and Fig. 7, when d is large and the ground-truth function is Type B (i.e.,
sub-figure (d)), we can see that the curve of 2-layer NTK with normal-bias (the purple curve marked
by <) is closer to the curve of 2-layer NTK without bias (the red curve marked by »). This validates
our conjecture in Section 4.2 that 2-layer NTK is more sensitive to different bias settings, especially
when d is large.
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(a) type A func, d=2 (b) type A func, d =15
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Figure 5: Curves of MSE with respect to n for 2-layer and 3-layer NTK models when p, p; y P2 — 00
ande=0.Lete; =[100 --- 0]T € RY. Type A function is f(x) = (wTe1)4 (x el) Type B
function is f(z) = &2 (27 61)3 —xTe;. Type C function is f(x) = (a:Tel)2 + (T 61) Every
curve is the average of 10 random simulations.

B Derivation of the learnable set 7 fg)

For the derivation of the learnable set, we assume that the noise € is zero in Eq. (3). We
first rewrite Eq. (3) as the sum of terms contributed by each sample. Recall that HY =

[HT - H] € RP1P2)X" where H; € RV (#172) i = 1,2, n. Thus, we have h{"sy, “H” =

Dy (h{}"%‘{,o szT) el where e; € R™ denotes the i-th standard basis (i.e., the i-th element is 1
while all other elements are 0). Thus, we have

. " /1
fb(w)=h%"f%evo,mHT<HHT>-1F<X>=Z(p2h317%%0,mﬂf) pre! (HHT)'F(X). (10)
=1

For any a, b € RP', we define a set
Cp i={ke{1,2,--- ,p2} | a"Wy[k] > 0, b"Wy[k] > 0}, (11)

whose cardinality is given by

P2
= Z LiaTWo[k]>0, bTWo[k]>0} -
k=1

Intuitively, C » denotes the indices of the ReLU in the second hidden-layer that are activated both
when the output of the first layer is a and when the output of the first layer is b. Then, by Eq. (2),

14
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Figure 6: Curves of MSE with respect to p (for 2-layer NTK) or p; (for 3-layer NTK where ps =
100). Other settings such as types of ground-truth functions and € = 0 are the same as those in
Fig. 5. Every curve is the average of 10 random simulations.

we have

A\
Core
&

RF
hv x;

D2

By Assumption 1, which gives the distribution of W, we can calculate the limiting value of Eq. (12)
when there are an infinite number of neurons in the second hidden-layer. Specifically, since

1
};th“,‘%evo,mHiT = (hYy ) hY x, (12)

RF \T 1 RE
hvo) hy x,

C‘XFQ - T — arcecos | T
hv,whv,xi P ”hV,w”z'HhV,Xi 2
— , @s pa — 00, (13)
D2 2w
P . .
where — denotes convergence in probability, we have
RF \T'p,RF
P RF RF T (hV,m) V,X;
Eq. (12) — HhV@Hz' HhV;Xi , K , s Py — 00.

|

RF
2 Hhv,xi

Note that K™° is known to be the kernel of 2-layer NTK (Ju et al., 2021). It is natural that K™°
appears here, since we can regard the output of the first hidden-layer as the input of a 2-layer network
consisting of the top- and middle-layer of the 3-layer network.

2

To further simplify the above expression, it remains to calculate (hﬁ,ﬁw)Thﬁ,in. Similar to the
derivation above, when the first hidden-layer has an infinite number of neurons, we have

= T i), as pp — OQ.
W) TR« B KR (27X (14)
(Eq. (13) and Eq. (14) can be derived from integration over a hyper-sphere, which is shown in

Lemma 20 and Lemma 21 in Appendix F.6, respectively.) Note that KR is also the kernel of the
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Figure 7: Curves of MSE with respect to p (for 2-layer NTK) or ps (for 3-layer NTK where p; =
100). Other settings such as types of ground-truth functions and € = 0 are the same as those in
Fig. 5. Every curve is the average of 10 random simulations.

random-feature model (Mei & Montanari, 2019). It is natural that KRF appears here since Eq. (14)
represents the situation that the bottom-layer has infinite width, which also appears in a random
feature model. Notice that K*F(XTX;) = K®F(z”xz) = K®F(1) = 3. Thus, we have

(lag

ally - 1PV,

P
—

1
2d’

as p; — oo.

Plugging Eq. (13)(14)(15) into Eq. (12) and recalling Eq. (6), we thus have

If we let

1 P
hThree IIT KThree T}{
D V. W,z (.’I} i)7 as p1,p2 — O0.
2

9(z) =) poef (HH")"'F(X)dx, (2),

i=1

5)

(where &, (2) denotes a J-function, i.e., it has zero value for all z € S?1\ {2}, but its L;-

norm is [0, |1 := fsd,lézo(z)du(z) =

fsd—l KThree (mTz

8We acknowledge that the form here is still not exactly the same as

satisfy the constrain of finite ||g||o. Nonetheless, .Fé?)
the d-function. See footnote 4 on Page 6.

16

z)du(z), which is in the same form?® as functions in F'2..
g 1% (3)

Lo

(3)

1), then as p; and ps — oo, Eq. (10) approaches

F*2 because the §-function does not

can be relaxed to allow finite ||g||1, which then includes



C A Precise Form of the Upper Bound in Theorem 1

We first introduce some extra notations and a condition about large p; that will be used later in our
upper bound of the generalization error. Define

1 1 [(d=12\TT _ a
C(nvdvq) ::%min{Qv <(8d)> (qn) dl}v (16)

1 C(n,d,q) o [2d  ¢*n3d  qn?
J d, — — — 17
02122080 550\ Tog(an) (q” e um)
2(d+1)lo +1
Q(pr,d) == 8d\/ ( )plg(p Ly (18)

Condition 1. (Given n, d, and ¢ > 0) p; and p are sufficiently large such that 9d - Q(p1,d) < 1,

p1 > (%‘fﬁqg) and J (n, p1, p2, d, q) > 0.

Theorem 3. Given a ground-truth function f(x) = fq(x) € f(égz),for any q > 0, under Condition 1,
we must have

A1) - s < Wl o il | JAELD,

Q(Pl;
Vilals (& + )+||e||2} o

VW07

>1—— —

* @ (pr1)edtt”

J(n7p17p27 d7 CI)

A proof sketch can be found in Appendix E. To better illustrate the meaning of this upper bound,
we provide a simplification in Theorem 1 when p; and ps are much larger than n. If we view d

as a constant, we have C(n,d,q) = O(n_d%l). When p; and po are much larger than n, we have

V. _ 0 (n%J“% . 1og(n)> and 4/ W =0 (Wlog—pl). Therefore, when d is
J(n,p1,p2,d,q) p1

fixed and when both p; and p, are much larger than n, Theorem 3 can be simplified to Eq. (8) (with
high probability).

qllglh

(In the above reduction to Eq. (8), we ignore the stand-alone term appeared in Theorem 3,

since it is much smaller than the product of Term B and Term E. Slmllarly, we ignore the stand-

Qpld

alone term llgll1, since it is much smaller than the product of Term C and Term E.)

D Noise Effect

Before we present the proof of Theorem 3 in Appendix E, we elaborate on how Theorem 3 reveals
the impact of noise on the generalization error. Note that in Eq. (8), Term D denotes the average
noise power in each training sample, and Term E denotes the extra multiplication factor with which
the noise impacts the generalization error. As we see in Theorem 3 in Appendix C, the precise form

of Term E is ﬁ Therefore, we will refer to the multiplication of ||€||2/y/n with this
n,p1,p2,d.q
factor as the “noise effect”. Note that although the precise form V" of this factor in

v/ J(n,p1,p2,d,q)

Theorem 3 decreases with respect to both p; and p, by Eq. (17), when p; and p, are much larger
than n, it can be simplified to Term E, which does not depend on p; and p-.

In the following, we will analyze the relationship between the noise effect and various system pa-
rameters. First, we are interested in know how the numbers of neurons in two hidden-layers p; and
p2 impact the noise effect. Since Term E is an approximation when p; and p, are large and it does
not contain p; or p2, we conjecture that even when p; and ps are extremely large (e.g., p1, p2 — o0),
the noise effect will neither grow dramatically nor go to zero. Further, when p; and p, are not so
large, by Eq. (17), we know that the precise form of Term E in Theorem 3 decreases when p; and
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Figure 8: Noise effect on the test MSE of 3-layer NTK (no-bias) with respect to n. The noise
follows i.i.d. Gaussian distribution with zero mean and variance o2. The ground-truth function is

flz) = (ZBT€1)2 + (:nTel)3 where d = 3. Every curve is the average of 20 random simulations.

p2 increase, which suggests that the noise will likely contribute more to the test error when the num-
ber of neurons is small. An intuitive explanation of such effect is that when p; and p» are small,
the randomness of the initial weights brings some extra “pseudo-noise” to the model, and thus the
generalization performance deteriorates.

Second, we are interested in how the noise effect changes with the number of training data n. We
notice that Term E increases with n at a speed faster than y/n. However, since it is only an upper
bound, the actual noise effect may grow much slower than /n. Therefore, precisely estimating the
relationship between n and the noise effect of NTK model would be an interesting future research
direction.

We then use simulation to study the noise effect and compare them with the implications derived
from our upper bound. In Fig. 8, we plot the curves of the test MSE with respect to n. The noise
follows i.i.d. Gaussian A/(0,02). The blue curve denotes the situation where the noise level is
02 = 0.01. The orange curve denotes the noiseless situation. The noise effect (the value of the
gap between the blue and the orange curves) is denoted by the dashed black curve. As we can see,
when n is large, the value of the black curve in Fig. 8(a) (fix p; = 200, p; = 500) is higher than
that in Fig. 8(b) (p1, p2 — 00), which validates our conjecture that the noise contributes more to the
test error when the number of neurons is small. Further, Fig. 8(b) shows that an infinite number of
neurons does not make the noise effect diminish or explode for every n, which also confirms our
previous analysis on the relationship between the number of neurons and the noise effect. We also
notice that the black curve in Fig. 8(b) (where p;,p2 — o0) does not increase significantly with n,
which suggests that our estimate on how fast Term E increases with n could be further improved.

E Proof of Theorem 3

Recall that Theorem 3 is the precise form of Theorem 1, and is stated in Appendix C. To prove
Theorem 3, we follow the line of analysis in Ju et al. (2021). We first study the class of the ground-
truth functions that can be learned when weights V and W, are fixed and there is no noise. We refer

to them as pseudo ground-truth in the following definition, to differentiate them with the set F éf) of
learnable functions for random V and W,.

Definition 2. Given V and W, for any learnable ground-truth function f, € ]—'éz) with the corre-
sponding function g(-), define the corresponding pseudo ground-truth as

(hThree AZ)ThThree -
3w, (@) 5:/ LA VWo o (2)dp(z)
Sd-1 P1ip2
’C}:ARIIP hRF
= [ TR e o), (19)

The last equality of Eq. (19) follows from Eq. (2) and Eq. (11). (The form of Eq. (19) can be derived
using the similar process shown in Appendix B.)
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We prove Theorem 3 in several steps as follows.
Step 1: use pseudo ground-truth as a “intermediary” .

Recall the definition of pseudo ground-truth fiq/,Wo () in Eq. (19). We define
F%‘,WO (X) = [f\gLWO (Xl) f\g/,w0 (XQ) f\g/,w0 (Xn)]T € R™ (20)
We then have
f(x) =hY, HT (HHT) ™! (F(X) + €) (by Eq. (3))
—hY, HT(HHT)7F G (X) + b5, BT (HHT) ™ (F(X) - F{, 4, (X))

+ hy'w, . H (HH") e, 1)

Thus, we have
/(@) - f(2)]

=112 (@) — 1w, (@) + 5w, (@) — f(@)]
=|hy'W,  H (HHT) 'Y, o (X) = f{ w, (2)

+ R, HT(HHT) ™ (F(X) = F , (X))
+ [ w, (@) = f(@) + by, HT (HH') e (by Eq. 21)
< [hy', HT(HHET)T'FY, v (X) = £ w, (2)]

term A

+ Y5, < H (HH) " (F(X) ~ F{, (X)) |

term B
+ 15w, (@) — (@) + |y, - H (HH") el (22)

term C term D

In Eq. (22), term A denotes the test error when using the pseudo ground-truth function, term B
denotes the effect of replacing the original ground-truth function by the pseudo ground-truth function
in the training samples, term C denotes the difference between the original ground-truth function and
the pseudo ground-truth function on the test input, term D denotes the noise effect. Next, we bound
these terms one by one.

Step 2: estimate term A.

The following proposition gives an upper bound of the test error when the data model is based on
the pseudo ground-truth and the NTK model uses exactly the same V and Wy,

Proposition 4. Assume fixed V and W, (thus p1, p2 and d are also fixed), and there is no noise.
If the ground-truth function is f = f{’,7W0 in Definition 2 and ||g||oc < 00, then for any x € S%~!
and q > 0, we must have

1
72 .

E{{'ffcwocc) — fo()| > q”g”‘”} <.

N

The proof of Proposition 4 is in Appendix G. Proposition 4 captures how the test error decreases with
the number of training samples n, if the data model is based on a pseudo ground-truth function with
the same V and W, as the NTK. The result shown in Proposition 4 contributes to Term A in Eq. (8).
Here we sketch the proof of Proposition 4. By Eq. (19), we can find a vector AW* € R(P1P2)x1 and
rewrite f{ w, as fy.w, = Py W, AW*. The specific form of AW* can be found in Eq. (34)
in Appendix G. Then, by Eq. (3), we can see that the learned model is f%*(x) = h{?f{’,ﬁ,mmPAW*
where P := H?(HH?”)~'H (an orthogonal projection to the row-space of H). Thus, we have
| w, (®) = [2(@)] = W5, (P — DAW?| < Ay, o ll2 - (P — D) AW*|,. Further, it
is easy to show that ||h3“{’§,0m ll2 < /Pip2. It then remains to estimate ||(P — I)AW*||,, which is
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upper bounded by mingegrn [|[AW* — HTaH2 (because P is an orthogonal projection). The rest of

proof focuses on how to choose a vector a to make HAW* — HTaH2 as small as possible. Notice
that although the similar method of choosing a suitable a is also used for 2-layer NTK (Ju et al.,

2021), the process of estimating HAW* — HTaH2 is much more complicated than that in Ju et al.
(2021), since the feature vector h{}‘r{’,‘{,om of 3-layer NTK involves non-linear activation for two
hidden-layers (instead of one in 2-layer NTK).

With Proposition 4, now we are ready to estimate term A of Eq. (22). We have

Pr {termA > M%o}

qllglloo }
term A > ——— > dA,(Wy)dA,(V
/R/RX{ > 20k an, (wapan,(v)
(where A, (-) and A, (+) are probability distribution of W and V, respectively)

1
< q—Q (by Proposition 4).

Step 3: estimate term C.

Intuitively, when p; and ps become larger, the randomness brought by V and Wy, in the pseudo
ground-truth f3; v, will be “averaged out”, and thus f; v, () will approach f(x) (i.e., term C
will approaches zero) The following proposition makes this statement rigorous.

Proposition 5. For any x € S ! and q > 0, we must have
qllgllx (p17 d) d? 1
_ > 4=
VPW{ (#) — fla)] > T loll ¢ < ¢ +

VP2 p1+1edtl = g2
The proof of Proposition 5 is in Appendix I.1. Note that as p; and ps increase, both % and

Q(T’Tld)ﬂ gll1 decrease, which implies that the pseudo ground-truth f; v (x) approaches f(z)

with high probability. The above result thus directly bounds term C.

Step 4: estimate terms B and D.

We note that both terms B and D are of a similar form. Specifically, we can view the difference
between F(X) and FY; v, (X) as a special type of “noise” due to random V and Wy (which
will approaches zero when p;,p2 — o0). Then, both terms B and D are the multiplication of
hg‘r‘ef,o LHT(HHT)~! with the noise (either real noise or the special “noise” above). Further,
we can show that the magnitude of hy/'\f;, ,H" (HH”)~! can be upper bounded by a quantity

inversely proportional to the minimum eigenvalue of HH”. Thus, a key step of the proof is to esti-
mate the minimum eigenvalue of HH”. We prove the following proposition about min eig( HH”')
in Appendix H.

Proposition 6. Recall the definition of J(-) in Eq. (17). For any q > 0, when Condition 1 is satisfied,
we must have

1 7
Pr —— mineig(HH?) < J(n,p1,ps, d, } < —.
XV {Plpz ( ) (mp1, P2 dh) p < q*

Using Proposition 6, we can then bound terms B and D by the following Proposition 7.

Proposition 7. For any q > 0, when Condition 1 is satisfied, we must have

d
Vil (s + /222 + el
Pr term D + term B of Eq. (22) >

X, V, W, J(”aplaanda q)

d2
< — —.
— <p1 + 1)ed+1 + q2
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5

Vb2
(F(X) — F3, w, (X)) (which can be bounded just like Proposition 5) and the real noise €, respec-
tively. The proof of Proposition 7 is in Appendix I.2.

Note that /n||g||1 ( L+ Q(pdl’d)) and ||€||2 correspond to the magnitude of the special “noise’

Plugging the results in Steps 2, 3, and 4 into Eq. (22), the result of Theorem 3 thus follows. Ap-
pendices G to I will prove the above propositions, after we present some supporting lemmas in
Appendix F.

F Useful Notations and Lemmas

We first collect some useful notations and lemmas, which will be used in the proofs of propositions
appeared in Appendix E, as well as the analysis of learnable functions. Let I.(-,-) denote the regu-
larized incomplete beta function Dutka (1981). Let B(-, -) denote the beta function Chaudhry et al.
(1997). Specifically,

1
B(z,y) ::/ "1 —t)vtat, (23)
0
S C e L
I(a,b) == Bab) (24)

Define a cap on a unit hyper-sphere S?~! as the intersection of S~! with an open ball in R?
centered at v, with radius r, i.e.,

B, ={ve ST v — vy2 < r}. (25)

Remark 2. For ease of exposition, we will sometimes neglect the subscript v, of B;, and use B"
instead, when the quantity that we are estimating only depends on r but not v,.. For example, where
we are interested in the area of B;, , it only depends on 7 but not v.. Thus, we write Aa—1(B")
instead.

F.1 Quantities related to the area of a cap on a hyper-sphere
The lemmas of this subsection support for the proof of Proposition 6. The following lemma is intro-

duced by Li (2011), which gives the area of a cap on a hyper-sphere with respect to the colatitude
angle.

Lemma 8. Let ¢ € [0, T] denote the colatitude angle of the smaller cap on the unit hyper-sphere
S, then the area (in the measure of \,_1) of this hyper-spherical cap is

1 a—1 1
“Aa_1(8 NI, —_ =
2 1( ) sin? ¢ ( 9 2) )
or equivalently’,
L a1l a—1 1
/\a—l(B ) = §ALL—1(S )Irz(l_%) (27 2) .

where 7 < /2.

The following lemma is shown by Lemma 35 of Ju et al. (2021).

Lemma 9. For any x € [0, 1], we must have

a—11 217 2
L(—= )¢
2 9

B(*5,3) - (a=1)" B(*7,3) - (e - )VI—x
The following lemma is shown by Lemma 32 of Ju et al. (2021).

*Proof of this equivalence can be found in Lemma 9 of Ju et al. (2021).
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Lemma 10. For any integer a > 2,

Further, if a > 5, we have

F.2 Estimation of certain norms

In our proofs, we will often need to estimate the norms of the NTK feature vectors. We list some
useful lemmas below.

Lemma 11. For any © € S, we have

1A zll2 < Vo1, 1AW, w2 < VP1P2.

Proof. Notice that ||z||2 = 1 and ||V[j]||o = 1 forall j € {1,2--- ,p1}. By Eq. (1), we have

P1

1B all2 = (| D (@ VD1l @rvy ~0p)” < VP

j=1

Thus, by Eq. (2), we have

P2
[h o ll2 = ZHh 2L w0y 13 < > AR I3 < v/Pipe.
O

The following lemma is from Lemma 12 of Ju et al. (2021), but we repeat here for the convenience
of the readers.

Lemma 12. [f C = AB, then ||Cll2 < ||A||2 - ||B||2. Here A, B, and C could be scalars, vectors,

or matrices.

Proof. This lemma directly follows the definition of matrix norm. O

Remark 3. Note that the (¢2) matrix-norm (i.e., spectral norm) of a vector is exactly its {5 vector-
norm (i.e., Euclidean norm)'°. Therefore, when applying Lemma 12, we do not need to worry about
whether A, B, and C are matrices or vectors.

Lemma 13. For any A, B € R*** we must have

|A—Bl2 <k- H}%XlAi,j - Bl

Consequently, if both A and B are positive semi-definite, then

|min eig(A) — mineig(B)| < k- max|A; ; — B, ;|.
/L7J

10To see this, consider a (row or column) vector a. The matrix norm of a is
max ||ax\|2 (when a is a column vector),
| j—

or Hnﬁax |lazx||2 (when a is a row vector).

In both cases, the value of the matrix-norm equals to 1/ a2, which is exactly the £2-norm (Euclidean norm)
of a.
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Proof. Let C := A — B. Forany a € S*~!, we have

2
k k
ICall3 =>" > _Cija,

i=1 \j=1

2
k

<k( maxC” Zaj

k
<k Q(max Ci;)? Z a’ (by Cauchy—Schwarz inequality)
Jj=1
:k/’Q(maX Ci,j) (because |lallz = 1).
i\j

Because ||C|l2 = maxgesi-1 ||Call2, we have ||A — B|s < k- max; ; |A, ; — B, ;|
Let a* € argmin,cgx—1 ||Bal|2. We have
min eig(A) = min lAalls

<[lAa™[

=[I(A = B)a” + Ba’|

<[[(A =B)a™|}z + [[Ba’|2

<||A — B||2 + mineig(B) (by the definition of a™*).

Thus, we have mineig(A) — mineig(B) < ||A — B||2 < k- max;; |C; ;|. Similarly, we have
min eig(B) — mineig(A) < k- max; ; |C; ;|. The result of this lemma thus follows. O

F.3 Estimates of certain tail probabilities

Lemma 14 (Chebyshev’s inequality on the sum of iid.  random variables/vectors). Let
X1, Xo, -+, X, be i.i.d. random variables and | X;| < U for all i = 1,2,--- k. Then, for any

m > 0,
k
1 mU 1
P[5 x| —Exy >0 b«
This inequality also holds when X1, Xo, -+ , X}, are i.i.d. random vectors and || X;||2 < U for all
i=1,2,-- k.

Proof. Because | X1| < U, we have
Var[X1] = E[(X; — E[X1])*] = E[X7] — (E[X1])* < E[X7] < U
Because all X;’s are i.i.d., we have

k k
1 1
i=1 =1
The result of this lemma thus follows by applying Chebyshev’s inequality on % Zle X;. For the sit-

uation that X7, Xo, - -- , X}, are vectors, the proof is the same by using the generalized Chebyshev’s
inequality for random vectors which we state in Lemma 15 as follows. O

The following is the Chebyshev’s inequality for random vectors that can be found in many textbooks
of probability theory (see, e.g., pp. 446-451 of Laha & Rohatgi (1979)).

Lemma 15 (Chebyshev’s inequality for random vectors). For a random vector w € R® with prob-
ability distribution A(-), for any § > 0, we must have

Var(w)

Prillw—E(w)|z 2 0} < —5—,

where

Var(w) := /elaa v — E(w)||? dA(v).
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F.4 Estimation about double factorial

Let m be a positive integer. A double factorial can be defined by

m m

@m)!t:=[J @), @m-1t:=]]@i-1). (26)

i=1 i=1

They are useful in our study of learnable functions. The following lemma is proven by Chen & Qi
(2005).

Lemma 16 (Improved Wallis’ Inequality). For all natural numbers k, let k!! denote a double facto-
rial. Then

1 (2k — 1! 1
ﬂ(kJr%fl)_ (2K 7T<k'+l).

Further, the constants % — 1and i are the best possible.

F.5 Taylor expansion of kernels

The following Taylor expansions are related to the NTK kernel functions, which will also be used in
our characterization of the learnable functions.

Lemma 17. For any 6 € [0, 7],

(r—0) cosf 1 = (2k)! 4 cos 0\ 22
cosf = T i\ 2 >

2 4 27
™ = 2(2k)! cos 0\ 22
<1+2C0$9+kz_0(k:+1)(2k+1)(k!)2< > ) '

Consequently, recalling Eq. (5) and Eq. (4), by letting a = cos 0, we have

o m—arccosa a1 <= (2k)! 4 ay 2k+2
(o) caT e 0 LSS Q04 e

sinf 4 (m — ) cosf

1
U U

o S 4 2m & (R)2 2k +1\2
2.+ KX () _Vi- a? + a(m — arccos a)
T

1 T > 2(2k)! ay 2k+2
= (” 5”; (e 1) 2k + 1)(H)2 (3) > :

Proof. Using Taylor expansion on arccos x, we have

2k(kN2 2k +1°

arccos(z) =

_i (2k)! 2+

N

k=0

We then have

 rcoosfeong) = TS (20! 2 (cosg) !
¢ = arccos(cos 0) = 9 kZ:O (k2 2k+1 < 2 ) .
Thus, we have
w6 (1 1 (r @) 2 feos\
cos 6 o =cosf 5 or |32 Z (K1)22k4+1\ 2

_cosf +i 2 (2k)! 4 cos 0\ 2F+? 27
4 2m &= (k)2 2k +1 \ 2 '
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Using Taylor expansion on /1 + x, we have

=2 (2 x\ k+1
=S s () ()

Replacing z by — cos? 6, we thus have

> 2 (2K 0\ 22
sin6:\/1700529:172 ( >(COS> .
k=0

E+1\ k 2
Therefore, using Eq. (27) again, we have

sinf 4 (m —6)cosf

3=

s

T = 2 1 2(2k)! [ cos@
14+ = —
( +20059+k2=0(2k+1 k+1) (kD)2 ( 2

—_

The result of this lemma thus follows.

F.6 Calculation of certain integrals

Lemma 18. For any integer k > 2, we have
T k _ 1 s
/ sin® o dp = —— / sin* =2 ¢ dp.
0 k- Jo
Proof. We have
/ sin® ¢ dy :/ sing - sin" " o dop
0 0

= —cosp-sin®! @‘g—i—(k—l)/ cos? ¢ - sin* 2 ¢ dyp
0

(integration by parts)

=(k-1) / (1 — sin? @) sin®* =2 dyp
0

=(k - 1)/ sin* =2 o dp — (k — 1)/ sin® ¢ de.
0 0
Moving the second term of the right hand side to the left hand side, we have
k;/ sin® o dp = (k—1) / sin® =2 dep.
0 0

The result of this lemma thus follows.

Lemma 19. For any 0 € [0, 7],

w3

| costayeos(a ) da = 0 (T 0)eost

—Z+0

Proof. Notice that

I(sin(2a — 0) 4 2a cos )

D0 =2cos(2ac — 0) + 2 cos b

=2cos(a + (a—0)) 4+ 2cos(a — (a — 0))
=4 cos(a) cos(a — 0).
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Thus, we have

in(2a —0) + 2 0
/cos(a) cos(a — 0)da = sin(2a )4+ a cos(f) -+ constant.
Notice that
z
sin(2a — 6) = sin(m — 0) —sin(fd — 1) = 2sin 0,
a=—2%+0
z
2acos(6) =2(m —0)cosh.
a=—2+0
The result of this lemma thus follows. O

Lemma 20. Recall that y(-) denotes the probability density function of W [k] and is unif(SP1~1)
by Assumption 1. For any a,b € RP', we have

T
a’ b
T — arccos
(HaHszHz)

2T

L . aTb : l{aTw>0, bTw>0}d’Y(w) = a’Tb

(Although the right hand side is not defined when a = 0 or b = 0, we can artificially re-define the
value of the right hand side as 0 when a = 0 or b = 0, so the equation still holds.)

Proof. The result holds trivially when a = 0 or b = 0. When a and b are both non-zero, it suffices
to prove that

T
7T*8,I‘CCOS( a_b )

2 ’

A . ]-{aTw>0, bTw>O}d’Y(w) =
P1—

which has been proven by Lemma 17 of Ju et al. (2021) (where its geometric explanation is given as
well). O

Lemma 21. For any x,z € S*1, we have

sinf + (m — 6) cos
/ (wT’v)(ZTU)l{zTU>O, wTv>0}d)‘(U) = (;rd ) ’ (28)
Sd—1 yie

where 6 denotes the angle between x and z, i.e.,

0 = arccos(z” z) € [0, 7). (29)

To help readers understand the correctness of Lemma 21, we first give a simple proof for the special
case that d = 2, i.e., when vectors x, z, and v are all in the 2-D plane. Then we prove Lemma 21
for the general cases thatd = 2,3,4,---.

Proof (of the case when d = 2): Without loss of generality, we let

COoS (v 1 cos
=1 z= andx = | . .
sino |’ 0|’ sin 0
Thus, we have

1
The left-hand-side of Eq. (28) =5 /
TJ(0-5.0+5)0(-3. 3)

™

(cos acos @ + sin asin @) cos v dav

_L 7 cos(aw — B) cosar dav  (since 0 € [0, 7))
2w -2
o o+ (Z —0) cosé (by Lemma 19).
™
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Proof (of the general case). Due to symmetry, we know that the integral in the left-hand-side of
Eq. (28) only depends on the angle between x and z. Thus, without loss of generality, we let

x =[x @ - xg) =[00---010]", 2=1[00--- 0 cosd sind]”.
Thus, for any v = [v; vy -+ vg)T, in order for zTv > 0 and z7v > 0 to hold, it only needs to
satisfy
[cos 0 sin 0] {”d—l} >0, [10] {”d—l} > 0. (30)
V4 U4
We use the spherical coordinate ¢, = [p? ¢% - - % |17 where ¢¥, -+, 0% , € [0,7] and

% | € [0,2m) with the convention that
@y = cos(#Y),
@y = sin(p7) cos(¢y),
w3 = sin(7) sin(pf) cos(¢3),

@q-1 = sin(p}) sin(p3) - - sin(pg_s) cos(pg_1),
@q = sin(p7) sin(p3) - - - sin(pg_s) sin(pf_).

Thus, we have ¢, = [7/2 /2 - /2 0]T. Similarly, the spherical coordinate for z is ¢, =
[m/2 /2 ---m/2 6]T. Let the spherical coordinates for v be ¢, = [p? ©¥ - ©Y_,]T. Thus,
Eq. (30) is equivalent to

z"v = sin(p}) sin(py) - - - sin(py_y) (cos 0 cos(py_) + sinfsin(py_,)) > 0, 31)
xTv = sin(¢?) sin(p¥) - - - sin(py_,) cos(wy_;) > 0. (32)
Because 7, -+, ¢4_, € [0, 7] (by the convention of spherical coordinates), we have
sin(pY) sin(p3) - - - sin(pg_,) = 0.
Thus, for Eq. (31) and Eq. (32) to hold, we must have
cos(6 —pgy_1) >0, cos(pg_i) >0,
ie, oy € (—n/2, m/2)N (0 —7/2, 6 +7/2) (mod 27). By Eq. (29), we thus have

™ s
Yd—1 € (—5 +0, 5) (mod 27).
Let

A(0, 3_1) = (cos b cos(ipg_1) + sinfsin(pg_1)) cos(pg_1) = cos(pj_y — 0) cosf_y.
By Eq. (31) and Eq. (32), we have
T

(x70) (27T 0)1(zru0, aTus0y = sin(7) sin® () - sin’(0f_2) A0, 95 1).

Integrating using such spherical coordinates, we have
[ @00 a0, ar s iA0)
Sdfl
[220 A0 05 ) [g o  Jy sin (1) sin? ! (p2) - - sin® (pa—2) depr dipa - - dipg

fo% Jo e Josin® 2 (1) sin? " (a) - - sin(pg—2) dip1 dpa - - dipg—1

SR AW ) dpa g _14-2 o
i A a1 . -~§(byLemmal8)

fOQTrdSOdfl d d-1
in6 + (1 — ) cos
_sinf0+ (x - 0) cos (by Lemma 19).
2d -

The result of this lemma thus follows. O

27



F7 Convergence of - (h{f,)" hi, with respect to p,

Lemma 22 (Theorem 4.2 of Wainwright (2015)). Let .% be a class of real-valued functions f such
that || flleoc < bforall f € F. Thenforallk > 1 and § > 0, we have

k
1 k62
P — X;))— E <2RE(F)+6p>1— -— 1,
Qi o0 5 i) <2 o 21 ()
where Ry (F) denotes the Rademacher complexity, X1,Xs, -+, Xy are iid. random vari-

ables/vectors that follow the distribution X (-).

Polynomial discrimination. A class .% of functions with domain X has polynomial discrimination
of order v > 1 if for each positive integer & and collection X¥ = {X;,---, X} of k points in X,
the set .# (X¥) has cardinality upper bounded by

card(Z (X)) < (k+1)".

Lemma 23 (Lemma 4.1 and Eq. (4.23) of Wainwright (2015)). Suppose that . has polynomial
discrimination of order v and || f || < bforall f € F. Then

2
Ru(F) <3 b2vlog(k +1)

< B forall k > 10.

Given a function h : S?~! + R such that |||, < oo and given any § > 0, consider the function
class .7, that consists of functions h(v)1 (47450, 27 »>0}» Which maps v € S~ to either 0 or h(v).
By Lemma 20 of Ju et al. (2021), we have

card(.Z, (XF)) < (k +1)214+D),

(Here X} corresponds to {V[1],---, V[k]}.) Thus, combined with Lemma 22 and Lemma 23, we
have

1 P1 .
Efr { n:rclazx ]71 Z h(V[J])1{mTv[j]>0,va[j]>0} - E[h(”)l{z%>o,z%>o}]
, =

2 2
S [EEN=TED I E— )
2 BRI

Further, if we let 6 = 2\/ ”hHg@Q(dJ”;l) log(p1+D) e have proven the following lemma.

Lemma 24. For any given function h : S*~1 + R that |h||s < 0o, when p; > 10, we have

1 P1 .
Ii/r { Iglflzx ]71 221 h(V[J])1{mTV[j]>0,va[j]>0} - E[h(”)l{z%>o,z%>o}]
j=

2
<3 |h]|2,2(d + 1) log(p1 + 1)} S 1 1 .
- D1 - (p1 + 1)edt?

By Eq. (1), we have

1 P1 ‘ ‘
(hl\sz,m)Thl\sz,z :]7 Z(xTV[J])(V[J]Tz)l{mTv[j]>0,va[j]>0}
j=1

1
D1

D1

1 . .

= pT Z(V[]]VmT)l{wTV[j]>0,zTV[j]>o} z.
j=1

Notice that V[§]V[j]7 is a d x d matrix. Define

K; = (VIVE) 1 ervisorvi=op € R
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Thus, we have

1
max —(h%F’z)Th%Fyz — KRF(w,z)
| P1
1 D1
_ T — - T
fIrwl:‘izX X P ;KJ ’UNE(V)(’U’U )1{mT,U>O’va>O}

T
<max|[z" ], -

= max

T
)1{mTv>0,va>0}
z,z

ZK _UN)\

2

For any k,l € {1,2,---
(notice that | K ;| < 1), we have

max
x,z

1
(o Dett

1 P1
pil Z Kj - va(.)(va)1{mT'v>O,zT'u>0}
j=1

(because ||z]|2 = ||z]]2 = 1).

z

-||z|ly (by Lemma 12)

2

(33)

,d}, define the (k,[)-th element of K; as Kj ;. Thus, by Lemma 24

p1

2(d+1)lo +1
Z KJ k.l — < (UUT)I{:ETv>O,va>O}) <38 ( ) g(pl ) }
v~A(4) k.l

Applying the union bound on all d x d elements of K; and by Lemma 13, we have

ZK _UN)\

d2
~ (p1 + Dt

max
T,z

T)l{:cT'u>O,va>O} < 8d\/

2(d+ 1) log(p1 + 1) }
p1

Plugging it into Eq. (33), we thus have proven the following lemma.

Lemma 25. Recall the definition of Q(-,

Pr < max
A\ T,z

F.8 Some useful lemmas about multinomial expansion

1

— K®M(x, 2
o (z,2)

-) in Eq. (18). When p; > 10, we have

< Q)= 1-

d2
(pr+ 1)ttt

Lemma 26 (Multinomial theorem (multinomial expansion)). For any positive integer ¢ and non-

negative integer j,

($1+l‘2+"~+$i)j: Z (kl,]{iz,'“,k‘i)!'l‘lfll‘gz"'l‘fi,
kitkot-ki=j
where
(b, Ry oo s )t = ( kilks! - k;! !
denotes the multinomial coefficient.
Lemma 27. We have
(ZamZ) = Z Z (k1 ko, ko) - aboabr - abe | 22
=0 s=0 | kothit-th,=j

k142ko+---+sks=s
ko,k1,++ ks €Z >0

Proof. The result directly follows from Lemma 26. Notice that a;z* will not contribute to 2° when

1> 8.
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G Proof of Proposition 4
Define

* . RF g( ) _
AW [k] T /Sd—l 1{(h$}:, )TWO[k]>0}hV zp Po d,l,L(Z>7 k= 1,2,-- yP2- (34)

Notice that AW™*[k] is a vector of size p; x 1 (same as the size of hﬁ,ﬁz and h'\‘;m). The connection
between AW™ and the pseudo ground-truth f{’,)wo is shown by the following lemma.

Lemma 28. Forall z € S 1, we have
P Wow - AW = f4 ().

Proof. We have
hTVhr%O €T ' AW*
-3 Rl AWl

P2
— R \TpRrE (%)
_Zl/sm 1{(h§,§w)TWO[k]>o,(h§;z)Two[k]>o}(hv,m) hv’zplpz dp(z)

(by Eq. (2) and Eq. (34))

1 T RF T
{(RS )T Wolk]>0,(hYS )T Wo[k]>0}
/ E ol Vi (WY )TN Lg(2)dp(2)
Sd—1 P1P2

Wo
BRE \T J,RF Chgm’hw,z d by Ea. (11
sdil( V.z) V,ng(z) 1(z) (by Eq. (11))

=13 .w, (@) (by Eq. (19)).

O

The following lemma bounds the test error for the pseudo ground-truth function with respect to the
distance between AW™ and the row-space of H.

Lemma 29. Forall a € R", we have
& w, (@) — 2 ()| < Vil AW™ — H 5.

Proof. Define P := HT (HH”)~'H. Itis easy to verify that P? = P = P”, so P is an orthogonal
projection onto the space spanned by the rows of H. By Lemma 28 and Eq. (3), when € = 0 and
the ground-truth function is f{; v, . we have F(X) = HAW™ and

ff(x) = KPSy, LJHT(HHT) "THAW™ = h{y [ PAW™.
Thus, by Lemma 28, we have

& w, (@) — 2 (@)] = [hy5y, (P — AW, (35)
Because P = HT (HH”)~'H, we have
PH” = H'(HHA")'HH” = H”. (36)

We then have
|(P ~ DAW?[|; = [PAW* — AW"|,
= |P(H"a + AW* — H'a) - AW*|,
= |PH a + P(AW* — H'a) - AW*|,
= |H"a + P(AW* — H"a) — AW*||; (by Eq. (36))
— ||(P — )(AW* — H"a)],
< ||AW* — H” al|5 (because P is an orthogonal projection). (37)
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Therefore, we have
AU (P~ DAW'| =[BT, o (P - DAW],
SHhI}“\%Osz -||(P = I)AW*||2 (by Lemma 12)

</pip2|| AW* —HT a||5 (by Lemma 11 and Eq. (37)).
By Eq. (35), the result of this lemma thus follows. O

Now we are ready to prove Proposition 4.

Define K; € R(®172)x1 (the same shape as W) as

Xi) .
K’L[k] = h%ﬁxil{(h&f)xi)TWo[kbo} gp(1p2) S {17 27 e 7”}7 ke {17 27 e 7p2}- (38)
It is obvious that K1, Ko, --- , K,, are i.i.d. with respect to the randomness of X. By Eq. (34), for
allk =1,2,--- ,ps, we have
E [Ki[k]] = AWT[K]. (39)

Further, note that

9o
TG s'p|h*‘vﬁxl

< gl (by Lemma 11).
\ﬁ
Thus, we have
Kille = |3 w3 < 19l
st S/
ie.,
Voip2|Kill2 < [19loo- (40)
‘We now construct the vector a € R™ that we will use in Lemma 29. Its ¢-th element is a; = fL ;)f;i,
t=1,2,--- ,n. Then, forall k € {1,2,--- p2}, we have
k=Y H/[ka
i=1
n ( )
=ZthF,xi1{<h w0y (by Eg. ()
Z k] (by Eq. (38)),
ie.,
1 n
-~y K. 41)
nia

Thus, by Lemma 14 (with X; = /p1p2Ki, U = ||g]|oc, m = @), we have

qllglloo 1
};({ VP1p2 ( EK>)E(K1 > NG qu~
2
Further, by Eq. (41) and Eq. (39), we have
1
Ty Awl > 9l o L
F;(r{vppoHH a— AW, > N

By Lemma 29, we thus have

or {180 w, ) — ey > W=} < 2

The result of Proposition 4 thus follows.
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H Proof of Proposition 6 (Minimum Eigenvalue of HH”)

Define
R RF RF
Bij = hvxl,- Hhv,xj .
RF T 1,RF
ORF o arecos [ BVX) VX 0. 7]
i, " ’ )
Bij 2
RF .__ . RF
Ormin = 00 075.

(By Eq. (1), we know that every element of hyf 5. and hyj x = are non-negative, and hence 67 €

[0, 3]

Define H™ € R™*" as

m — ORE
irj

o (42)

The following lemma (restated) is from the proof of Lemma 1 of Satpathi & Srikant (2021), which
relates min eig(H*) to ORE . For reader’s convenience, we also provide its proof in Appendix H.1.

Lemma 30.
.= 1 p log(1/ cos 6RE )
H*®) > — .= min/_
min eig(H™) = 8t 2d \/log(2n/cos€§§n)
We then focus on estimating R .

Lemma 31. Recall the definition of C(n,d,q) in Eq. (16). For any q¢ > 0, when p is sufficient
large such that

10dngv/2d
VS < C(n,d, q). (43)
VD1
we have
4
RE > 1 _ < =
VP;( {cos@mm >1-C(n,d, q)} S

The proof of Lemma 31 is in Appendix H.2. Intuitively, when n becomes larger, some X;’s (together
with h{f x °s) will get closer to each other, and thus 6} will get closer to zero. Such intuition is

captured by Lemma 31 since C'(n, d, ¢) is monotone decreasing with respect to n.

The above lemmas study the minimum eigenvalue of H>. We need to relate it to the minimum
eigenvalue of HH”, which is achieved by the following lemma.

Lemma 32. Forany q > 0,

1 . . . qn®py 3
Pr — mineig(HHT) — min eig(H*®)| > gn?/2p1d + ¢*n’d + - < =,
XMWO{ o g( ) g(H>)| > qn"v/2p1d + ¢ T S7

The proof of Lemma 32 is in Appendix H.3. From the derivation in Appendix B, we know that
each element of I;)II—I;I)ZT will approach the corresponding element of ZD%I;IOO as p; and py get larger.

Therefore, it is natural to expect that the minimum eigenvalue of those two matrices will also be
closer to each other when p; and ps becomes larger, which is captured by Lemma 32.

Lemma 33. Forany a € (0, 1], we have log + > 1 — a.

Proof. Consider the function h(a) := log(1/a) — 1 4+ a. We have 8%—@) =141 <0. Thus, we
know h(a) is monotone decreasing in a € (0, 1]. Thus, we have h(au) > h(la) = 0. The result of
this lemma thus follows. O

32



Now we are ready to prove Proposition 6.

Proof of Proposition 6. We define three events
T = {cos@ﬁfin >1-C(n,d, q)},
j . 1 : H T : . r700 2 2 3 qn2pl
5 := 4 |— mineig(HH" ) — mineig(H*)| > gn“\/2p1d + ¢°n°d + —— ¢,
D2 VD2

1 p_ [Cn:dg)
={ = HH") < p,J d,q) = (ar
T {pg min eig( ) < prJ(n,p1,p2,d,q) 16md \| log(4n)

- (w2 vamd + Pt + ne )}
VP2
Step 1: prove 71 U > O Js.

In order to prove J; U J2 2 Js, it is equivalent to prove J;° N Jy C J4. To that end, suppose J;
and J5 happen. Thus, we have

log(1/cos ORE ) >1 — cos ORE  (by Lemma 33)
>C(n,d,q) (by the event Jy). (44)
Thus, we have
min eig(H™)
1 log(1 5 ORE
P 08(1/ 05 Oryy) (by Lemma 30)

=8r 2d\/ log(2n/ cos 6FE )
Ry log(1/ cos 6RE )
~ 167d \| log(2n) + log(1/ cos R )

min

> P1 C(nv dv q)
~167d \ log(2n) + C(n,d, q)

(by Eq. (44) and is monotone increasing with respect to a)

_*
log(2n) + a

pi_ |C(nd,q) . o1 1
> log(2) ~ 0. d,q) < =
ZTomd \| Tog(an) (since log(2) = 0.7, C(n,d,q) < 3

Thus, we have

1 .
— mineig(HH”) > min eig(H>) —
b2

1 .
— mineig(HH”) — min eig(H"o)‘

P2
(by the triangle inequality)
P1 C(na da q)

2
2 2.3 qn-pi1 .
- 2p1d d+1—=") (byth t
167d log(4n) <qn \/pilJrq n-d + N > (by the event J5)

:le(n;plap27da Q) (by Eq (17));
i.e., J5 must then occur. Thus, we have shown that 7°'NJ5 C J5, which implies that 71UJ2 2 Js.

Step 2: estimate 75
We have
Pr [J3] < _ Pr [J1UJ5] (because J; U T2 2 J3)

X, V, Wy X,V, W,

< Pr [A]+_ Pr
X,V,Wq X,V, W,

[J1] + ng’rwo [J2] (as J; is independent of W)

[J2] (by the union bound)

= Pr
X,V
7

Squ (by Lemma 31 and Lemma 32).

The result of Proposition 6 thus follows. O
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In the rest of this section, we prove Lemma 30, Lemma 31, and Lemma 32.

H.1 Proof of Lemma 30

Proof. For simplicity of notation, we define a; € RP! as

RF
V., X,

1V x, Il2

Let a? ¥ € RP1* (a column vector with p1 k elements) denote the k-time Kronecker product of the
vector a; with itself. We define

A = [al as - an] c Rp1><n7
A® = [afF aF ... a®F] e ROFn

B® .— (Aw))TA(kx

a; ‘= forall:=1,2,--- ,n

Thus, we have

RE _ T
cost;; = a; aj. (45)

By the definition of Kronecker product, we thus have'!

k T
(afa;)” = (af*)" (af"). (46)
Thus, by Lemma 17, we have
2h+2
oRE — 95? cos 9RF 1 & cos 95}; *
cos(0; ;) - or ﬂ,; k'22k+1 2

:a;fpaj n 1 i (2k)! 4 ala; oz

4 Toawm = (W22 + 1\ 2
oo 2k+2

:az'Taj + 1 Z (2k)! 4 1 ( ®2k+2>T Q2k+2

4 oam (B2 2k +1\2

Using Eq. (42), we then have

2k+2
foo o b (ATA 1SS (2R) 1\ gk
2d \ 4 2m £ (k1) 2k 2

Thus, we have

mineigH®) = min uw’H>u
u: [lull2=1

¢S} | 2k+2
B LS () e
T .
4

u: [|ull2=1

1 L (2k)! 1) 22
2%72(') (2) min eig(B*2)). (47)

™
k=0

"o help readers understand the correctness of Eq. (46), we give a toy example as follows. We have

We also have

2

([a b] [2]) = (ac+ bd)* = a*c® + 2abed + b*d’.
) aa ) cc

a]® _ |ab € _|cd

bl T lba|’ |d] T |de| T

bb Y m ®2) T ([2] ®2> = a*¢® + 2abed + b'd’.
s 13- (1) (5)



Notice that all diagonal elements of B(2¥*2) equal to 1. Thus, by Gershgorin circle theorem (Bell,
1965), we have

min eig(B(2F+2)) > — max Z B(2k+2) (48)
J#i

where ng“) denotes the (4, j)-th element of B(?*+2)_ Notice that

maXZB (2k+2) _ m?XZ (a?2k+2)T (a§§2k+2)
J#i JFi

= max ) (cos 6%)*"*? (by Eq. (46) and Eq. (45))
Jj#i

<(n—1) (cos O3

mm) 2k+2 )

Note that, when k > k* := % 1, we have

log(2n — 2)
~ log(1/ cosORE )

= (2k +2)log(1/ cos 0% ) > log(2n — 2)

2k+22>

= (n—1) (cos Hﬁﬁn)%ﬂ

1
2’
Therefore, we have

maxz B(2k+2) < , forall k > k*.
J#i

By Eq. (47) and Eq. (48), we thus have

2k+2
min eig(H>) > > Z (2k)! 4 <1>

“8dr £~ (K2 2k +1\2

_ oy k-1t 1
Bdm | Sz (R 2k 41
1 1 1

> Z (by Lemma 16)
8dm KSR W(kJréil) 2k+1

8d7r/k*+1 /733Jr 2:c+1

P1 / 1 4
> r+1 Sdx (notice that — — 1 =~ 0.27 < 1)
8dm Ji i1 Q\f( ) m
_pn 11
C8dr T VE + 2
Notice that T > % nd
log(2n — 2) log(2n) log(2n/ cos ORE )
K" +2= 1< —= 4] == " min
* 2log(1/ cos ORE ) s log(1/ cos 6RE ) log(1/ cos 6RE )
We thus have

o D1 log(1/ cos 6RE )
H min
min eig(H™) > 16dm \/log(?n/ cosd

mln)
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H.2 Proof of Lemma 31

‘We first show some useful lemmas.

Lemma 34. For any 0 € [0, 7], we have

1 sinf + (m — ) cos 6 > T 1 sin6,
T 2w
. 1— sin @+ (7 —@) cos O 1
lim —5 =—.
0—0+ sin“ 0 2

Proof. To prove the first part, we have

sinf 4 (w — ) cos 0 <sin9+ (r—0)V1—sin?6
T o us
(although cos @ could be negative, we always have cos# < /1 — sin® )

sinf + (r — 0)y/1 —sin?0 + Lsin*6
_sinf+(m—0)y/ ;

s
_sinf + (7 —0) (1—1sin®0)
B m
sinf 4 (r —sinf) (1 — % sin® 6
< ( (15 ) (because sin § < 6)
7r
_p T g
2
T—1 ) .
<1-— sin“ 0 (because sin 0 < 1),
7r
i.e.,
. sin@ + (m — 0) cos 0 5T 1 =y
m 27
To prove the second part, we have
1_— sin 0+ (7w —@) cos 0 % (1 — M)
615& Sng = eli%h 5 Sgéz ; (by L’Hospital’s rule)
. —cosf+ (m—0)sinf + cosb
= lim -
9—0+ 27 sin 0 cos 6
. ™—0
= lim
6—0+ 27 cos
1
2

Lemma 35. Consider a > 0andb > 0. Let § := |b — 1|. If § € [0, 0.5], we then have

a—ad < — <a-+2ad.

a
b
Therefore, for any c € R, we have

‘%—c‘ < |a — c| + 2ad.

Further, if we know the upper bound of a, we have the following conclusion: (i) if a < 1, we must
have § < a + 20; (ii) if a < 1.5, we must have |% — c| <|a—¢| + 3a.
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Proof. We have

<a 1
—1-946
1+ (1-26)6
PR Sl
- 1-96
1+ 6 — 262
TS
(1—=0)(1+ 29)
1-96
=a + 2ad.

(because b >1— |1 —b|=1—90)

(Sl is

(by (1 —2§) > 0 because § € [0, 0.5])

=a

We also have
g>a 1
b~ 1+6
>ali§2
149
=a — ad.

(because b < 14 |1 —b| =1+0)

The result of this lemma thus follows. O
Lemma 36. If the condition in Eq. (43) is satisfied, then

VP
1— 4dngv2d _ 4d?n2g> =1 C(Tl,d, Q)-

VP1 P1

Proof. By Eq. (43) and the definition of C'(n, d, ¢) in Eq. (16), we have

g3 11 L) ®
dngv2d _ 1 d*n2q? - 2d 1\* 1
jg<2(),an 51<<20> = 100
4dngv2d  Ad?n?¢® 1 1
— N - < £+ 505 <05 (50)
We also have
2dnq n 8dnqv/2d " 8d?n?q?
V1 VD1 p1
Sdnqm + Sdnqy/2d + 1 Sd°n’q” (because 2 < v/2d and 8d°n”q” < L < 1)
VP N/ 2 P1 P1 100d ~ 4
_9dnq\/ﬂ n dngv/2
VPL VPL
< 10dngv/2d
R
<C(n,d,q) (by Eq. (43)). (&1))
Thus, we have
M\/;q < C(n,d,q) (by Eq. (43))
120, dyg) + 2T 0,1]  (since C(n, d, q) < * by Eq. (49)). (52)
N2 8
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By Eq. (50), Eq. (52) and applying Lemma 35(i) (where a = 1 — 2C(n,d,q) + Qd\/%, b=1-

2.2 2 2.2 2
4dngv2d _ 4d°n“q , and § = 4dngv2d + 4d;11 q ), we thus have

VT VPL
_ 2dngqg
1—2C(n,d,q) + 2424
1 4dngv2d _ 4d2n2g?
VP P1

2dng  8dngv2d ~ 8d*n%q?
TRl AL SR

VD1 VP1 P

Lemma 37. Given X, for any m > 0,

Pr {
v
In other words, given any x, z € S and for any q > 0,

p1 9 2

P /o 7 2

Pr{|In oll2 - 1R

Proof. Define
Q. = (X] VKD (XT VIR Lxrvi>oy-
By Eq. (1), we have
Ligre 2 L are 7 1 RE 1< i
pr IV B = ()T W = 0D @
Note that
|Qil < IIXillz - [IVIEll2 - X3l - [ VIK]] = 1 (by Assumption 1).

Further, note that

<m

@1 = [, (K0 (XT0)1 x50 A(v) Gy Eg. (1)

~ 8in0+ 7cos0

i (by Lemma 21)

By Lemma 14, we thus have

1 1 m 1
Pr hRF,Q—'>}<. 53
V{‘plll V. X; 12 > (53)

2d VP1) T m?

D1 RF D1
> J2 e B,
>\ e - 5

(54)

Notice that
BRF_ 12 _ &‘ — [ ||hRF D1\ |||pRF _ /P
1R, 13 = 25| = (108l 4+ /25 ) - 1B 2 = /22

Combining Eq. (53) and Eq. (54), we then have

_ /P
2 2d

1
RF S 1 /2d b < {‘ RF =
F\),r{‘”bv,xi Zm 2d} = F\’,r Hhv,xi m2

3—%‘2m\/171}§

38



Finally, notice that

Big = 2d

P1 P1
18 o (W8 b = B )+ 18 e (e = 451
pP1 b1
- (1,1 = 5) (1180255 )|

_
2d

_ P

i112 2d

|1 s = 2] -
> m\/Qd} U {’Hhs}ij o — ,/%

Thus, we have
p1
2d

> {]61s - 22| = 2m/2pid + 2m?a

Applying the union bound, we thus have

> m\/ﬁ}

2
Pr{ Bij — pl’ > 2mn/2p1d +2m2d} < —
m2
O
Now we are ready to prove Lemma 31.
Proof of Lemma 31. Define three events as
2d 2dnq
j,:{ hRF R >1-2C(n,d,q) + },
Li,j p1 ( ) V,X; ( q) NG
\.72,7L,] = {Bzg S 2’116]\/ 2p1d 2TL q }7
T3, = {cos 951; 2 1—2C(n,d, q)} )
We take a few steps as follows to finish the proof.
Step 1: estimate 71 ; ;.
Define
W= (Xz'TV[k])(va[k])l{XiTV{k]>0, XTIV k=12, p1.
By Eq. (1) and the definition of Qi;j , we have
(h¥x,)" W x, = Z Q. (55)

Note that

Q371 < IXillz - IVIK]ll2 - 1X;]l2 - [[V[K]]|2 = 1 (by Assumption I and Lemma 12).

s

By Lemma 14, we then have

ZQ

m 1
> — 1< —.
m} m
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Let 6; ; = arccos(X?X;) € [0, 7] denote the angle between X; and X;, where i # j and i,j €

2

,n}. Notice that

5[6211]] = /Sdil(X?U)(X?v>1{X1T’U>O,X’Jrv>0}d)\(v) (by Eq. (1))

:sin 0;j + (m —0; ) cosb; (by Lemma 21)

Thus, we have

2dm
1 -1 .,
gﬁ 1-— sin” 6; ; | (by Lemma 34).
I ;.1 T—1 m 1
Pr{ — o> (1 in? 6; < —
Vr P1 ZQk — 2 < 21 st ) 1 [ — m?2
k=1

For any « € [0, 1], we have

Pr {sin2 Gi.j S Oé}
& ,
=Pr{#;; < arcsin (Va) OR 7 — 0, ; < arcsin (Va) }

< F)’(r {Gm < arcsin (\/a)} + F)’(r {7r —0;; < arcsin (\/a)} (by the union bound)

d—1 1
=1, <2, 2> (area of two caps, by Lemma 8 and Assumption 1)

< 2\/&04%
Td-1)V1I-a

(by Lemma 9 and Lemma 10).

Further, because

_ 1 . 1 T—1 . m
{sin®6;; > a} N {plZQk’j < 20 <1 ~ sin? 01-7]-) + pl}
k=1
2d < i ~1 2
iY@ <1-T e T2
P 2m VP1

we have

1~ 1 m—1 m
in2 ; 2
{sm 0;; < a} U {}?1 Q) > ¥ (1 — 5 sin Gi,j> + Pl}

24 CN 7—1 2dm
28 =) QY >1- o+ :
U=t )

Thus, by the union bound and Eq. (55), we have

2d T—1  2dm 1 2V/da T
P hYF AN >1 - L=+ —FF 56
V%{P( x)'hx, 21T a+\/171}_m2+(d—1)\/71—a (56)
By letting
_1)2\ &1
amin{;, <(d8d1) ) (qn)‘i‘kl}, and m = ¢n,
we have

2\/504% <2\/§\/(§adz;l
d-Dvi-a (d—1)

2\f\f @ 1, )2\ T
4 1 e (becausea<((dl)> —at

1
(because o < 5)
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Thus, by Eq. (56), we have

2
P i < . 57
V,;([jl’ 7]] = q2n2 ( )
Step 2: estimate 7, ; ;. By Lemma 37, we have
b1 9 2
Ii’/r{ﬁm- < % —2mn/2p1d — 2m d} < ol
Letting m = gn, we then have
2
i) < 5o (58)

Step 3: prove j37i7j - \7171'7]' ] jgﬂ‘d‘.

In order to show J3; ; C J1,i,; U J2,i,5, it suffices to show J3'; . 2 Ty, ; N Ty, ;. When J7; ; N
J3; ; happens, we have

2d 2d 2d 4dngV2d  4d*n2¢?
B >1— = 2ng\/2pd— = - 2n%¢*d=1— — ,
D1 P D1 aven D1 1 VD1 D1

2d 2dnq

— (T B <1-2C(n,d,q) + )

)T (ndsg) +

Thus, we have

(hVx,)" Wk,

cos 95? = B
i,
1—2C(n,d 2dng
(n,d, q) + 751
< 1_— 4dngv2d _ 4d?n2g>
V/P1 p1

<1 - C(n,d,q) (by Lemma 36)
i.e., the event 73, ; happens. To sum up, we have proven that J5'; ; 2 Jy’; ;N J3; ;, which implies
T35 € J1,i,5 U J2,4,5-
Step 4: estimate 73 ; ;. We have

VP;([jslﬂ < VP;([juﬂ + VPg([jQzﬂ (by J3,i,j € J1,4,; U J2,4,; and the union bound)

4
SW (by Eq. (57) and Eq. (58)). (59)

Step 5: estimate cos IR . We have

RF
>1—
VP;( {cos@ >1-C(n,d, q)}

min

= VP;( U j3,i,j
i#]
<n(n—1) \,P;([jgyi’j} (by the union bound)

4
<— (by Eq. (59)).
q
The result of Lemma 31 thus follows. O

H.3 Proof of Lemma 32

We first introduce two useful lemmas. Define H* € R™*" as
n— 8

HS = 3 cos(@ﬁ?) g
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Lemma 38. Given X and 'V, for any q¢ > 0, we have

1
Pr{mm( —(HHT), ; — HS qun}ST
Wy wJ | P2 ’ VP2 q
Thus, we also have
qnp1 1
Pr <max|—(HH"), ; - H>| > <.
wo,x,V{ irj pz( )i T /D2 } T ¢
Proof. For notation simplicity, given any 7,5 € {1,2,--- ,n}, we define
Ti= (h%F,Xi)Th‘%F,Xj1{(h§,}:7xi)TW0[k}>(), (&} )T Wolk]} forallk € {1,2,--- ,pa}.
By Eq. (2), we thus have
D2
(HHT); j = (W3, PVx, = D (hV ) PN x, L s )T Walil>0, (R 5 )T Wali)

k=1
P2 o
oy
k=1
By Lemma 20 and recalling Eq. (42), we have

E (0] = H3

By Lemma 11 and Lemma 12, we have
‘QL” < Hh\R/F,xz 2
Note that QZ’j are independent across k. By Lemma 14, for any m > 0, we have

Pr{ P1}<:] (60)

Nz AT
The result of this lemma thus follows by letting m = gn and the union bound, i.e.,

[IhY x, ll2 < p1-

P —(HH"), ; —H5| >m

Pr {ma_x (HHT) —H;’OJ > qnpl}zpr U{ (HHT) _Hz“; > qnpl}
wo L |2 9= U S W | YU 2 Uk
0 qnpi
<3 g { [ > 7
NG

(by the union bound)

< Z o (by letting m = ¢n in Eq. (60))

4,J

1

Lemma 39. Given X, for any q > 0, we must have

2
Pr{max’H \/ —|—qn }<2.
v 1,J q
Thus, we also have
2
P HS — 2n2d b < =,
B (e Ve i) <
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Proof. We have

_ ORF
2,7 1,7 ij T 2,7 o7 y Eq.
P1 RF ™ — RF
. ij
<|Bij— ﬁ‘  |cos(675)] - o (by Lemma 12)
1 b1 . ™
<3 Bij — Q—d’ (since 0 < 95‘; < 5),

The result of this lemma thus follows by letting m = gn in Lemma 37 and the union bound, i.e.,

F—&-qn}

Pr {max Hff;

2]

SF\’, max Bij — )>2qn\/2pT+2qn }
—prd U{ |8 — 25| = 20nv/2p1d + 2¢°n%d}

IN

f{

2
< q?n?

Bij — %’ > 2qny/2p1d + 2q2n2d} (by the union bound)

( by letting m = gn in Lemma 37)

IN
%.‘NSM M

Now we are ready to prove Lemma 32.

Proof of Lemma 32. By the triangle inequality, we have

T 700 0o '
(HH ) '_Hi,j S‘Hi,j_ i,

HHT), . — H>|.
s ( )i i

D2

Thus, we have

qnpi
Pr max HH” H® | > qn/2p1d + ¢*n’d + =
x,v,wo{ i p2< Jig —H| 2 4 prea VP2

< Pr {{max‘H —H
X, V., W

F—Fqn}

U {ma_x —(HHT),, - H | > T2 }}
“J | D2 ’ VD2
<
< o5 s )
+ Pr {maX —(@HHT),, - H3| > TP 1} (by the union bound)
X, V,Wo (45 |p2 ’ D2

3
< o (by Lemma 38 and Lemma 39).

The result of Lemma 32 thus follows by Lemma 13 (where k = n).
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I Proof of Proposition 5 and Proposition 7

We first provide some useful lemmas.

Lemma 40. For any ¢ € [0, 2], we must have sinp < ¢. For any ¢ € [0,7/2], we must have
» < S sing.

Proof. See Lemma 41 of Ju et al. (2021). ]

Lemma 41. For any a1, as € [—1,1] that |a; — as| < 1, we must have

2
| arccos(ay) — arccos(az)| < %\/ lar — as.

Proof. Without loss of generality, we assume az > a; and let § := az — a; € [0, 1]. Because
aarac;osx — 1£m2 , we have
d(arccos(a;) — arccos(ay +6)) 1 + !
day Vi—ai  /1—(a1+9)?

2

<0, whenay € [—1, fé]
>0, whena; € [-$, 1]

Thus, we know the largest value of arccos(a;) — arccos(a; + ) can only be achieved at either
ap=—lora; =1-4,ie.,

arccos(ay) — arccos(aj + 0) < max {m — arccos(—1 + ¢), arccos(l — §)} = arccos(1l — 9).
(61)

(The last equality is because arccos(—x) = m — arccos x.) It remains to show that arccos(1 — §) <
@ﬁ To that end, it suffices to prove cos(@\/g) <1-94. Letf := @ﬁ, ie.,d = %92.

When 0 > 7, we have cos(@\/g) =cosf <0 <1—¢6(sinced € [0, 1]). When 0 € [0, T], we
have

cos(\/sw\/g) =cosf = V1 —sin?f < \/1 —sin? 0 + isin‘l@:l - %sinQG

1,2

<1- 5(,9)2 (by Lemma 40)
™

=1-94.

Therefore, we have proven that arccos(1 — §) < @\/5 forall 6 € [0, 1]. By Eq. (61), the result
of this lemma thus follows. O

Lemma 42. For any real number a1, as, 61, and 02 such that as € [—1,1)], ag + 92 € [—1,1], and
|02] < 1, we must have

(a1 +d1)

m — arccos(az + d2) 7 — arccos(az) 1 V2]ai|\/]02]
—ay < oy + —————.
27 27 2 4

Proof. Define

m — arccos(ag + d2)

b:=a; o

44



we have

— 5 —
(a1 + 61)7T arccos(az +d2) o 7 — arccos(az)
2m 2m
_ 5 _
- 51)7r arccos(az +d2) bt b a17r arccos(az)
2m 2m
_ 5 _
<+ 61)7r arccos(az +d2) bl |y — a17r arccos(asg)
2m 2m
m — arccos(ag + d2) arccos(ag 4 d2) — arccos(asg)
=[01]- + laal-
2m 2m
1 2]a1]/|9
§§|51\ + W (since arccos(-) € [0, 7] and by Lemma 41).

Lemma 43. For any 6 € [0, 7], we have

sinf + (w — ) cos 0 c
m

0, 1),

Proof. We have
O(sind + (m — 0) cos 9)
00

Thus, sin 6+ (7 —0) cos 6 is monotone decreasing. The result of this lemma thus follows by plugging
0 = 0 and 0 = 7 into the expression.

= —(m—0)sinf <0.

Lemma 44. Recall the definition of K™*(-) in Eq. (6) and the definition of Q(p1,d) in Eq. (18).
When p, is large enough such that 9d - Q(p1,d) < 1, we must have

( g )Ry

T — arccos | m—rr——rrroi—

1A N2+ A7 Il d
z x _KThree(sz) Z %

1
Pr{ max | — hRF ThRF
v m,zX 1 ( V,z) V,z o7

d2
< ——
= (p1 4 1)ett

Proof. Because 9d - Q(p1,d) < 1, we have

Q. d) = VAo VAo < VAT [ = /42D @

We also have

2
2d - Q(p1,d) < 5 < 05. (63)
Define two events
1

o= (| L )T~ K@) 2 Q)

z,z | P1 ’ ’

d

Ty = {max ’a . KThree(sz)| > Q(pl’)} .

x,z d

Notice that the randomness of those events is on V. We first show [J; 2 Jo, i.e., J C J5. To that
end, suppose J;° happens. Because of J;°, we have

%
D1

max
x,z

<2d-Q(p1,d). (64)

(hY ) hY , —2d - KN (2" 2)
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By Eq. (4), we have

RF RF
KR (xTx) = KR (1) = % (65)

Thus, we have

T AR
=max o HhVFmH2 - 1‘ (the max value is achieved when | |2 = ||RY zH2)

T 1 ’ '

=max | — th,,,H2 — 2dK"(x"z)| (by Eq. (65))
<max |— Hh ng |y H2 — 2dK®¥ (2™ 2)| (since we could set z = 2 on the right hand side)

T,z
<2d - Q(pl, d) (because of Jy). (66)

By Eq. (66), Eq. (64), and Eq. (63), we thus have

1| < 0.5 forall  and z. 67)

- Hh 1hvll, —

el

Thus we then have ;d(h‘\z}:z)Th]é}im < 24||n¥E, |, - [PV ]|, < 1.5, Besides, we have

- (hl\z,F 2)ThY, > 0 because all elements of hif , and hYf, are non-negative by Eq. (1). In

other words, we have
2d
’ —(hY.)"hY , € [0,1.5] for all z and z. (68)
1

Therefore, we then have

(hY2)"hV &
max > > —2d- K®(z, 2)
zz (|, ]2 - 1R |l
2d RF \T'3,RF
=max ZdFlgFV’Z) "Va —2d - KM (z, 2)
2z | SR L2 - [P [l
2d
< | 2 (AT, — 20 K (o, 2) -+ B |20 R, - [, - ‘
z.z | Py i

2d
(by Lemma 35(ii) where a = ;(h%ﬁz)Thﬁﬁm € [0,1.5] by Eq. (68),

2d
b= 2 Y 005 = 2 R, [, — 1] € 0.03) by Ba 67
<9d - Q(p1, d) (by Eq. (64) and Eq. (66)). (69)

. hRF ThRF
Now we apply Lemma 42 by letting §; = pil(hl\z,ﬁw)Thl\(}i — KRF(xT2), 5, = Mﬁ -

2d - KR (2T 2), a1 = KRF(xT2), and ap = 2d - KR (2T z). We first check the conditions required
by Lemma 42. By Eq. (4) and Lemma 43, we have

az =2d - K¥(z"2) € [0,1] C [-1,1].
Because |(h& ) TRY | < [|RXF_ |2 - [|P8F 4 |l2. we have
(hV.)"hV .
1P N2 - [ ol
By Eq. (69) and 9d - Q(p1, d) < 1 (the condition of this lemma), we have
|02] < 9d-Q(p1,d) < 1.

a2+52:

€[-1,1].
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Therefore, all conditions of Lemma 42 are satisfied. According to Lemma 42, we then have

7 — arccos(az + d2) 7 — arccos(as) 1 V2|a1|\/|62]
(a1 + 1) —a < |0+ ——————
27 27 2 4
RF T 3, RF
T — arccos <M)
| ey TR T TR, T
D1 V.,z V.,x o

- ~2d-KRF T 11
KR () T @st2hyﬁy%$fm”m%>
hRF )T
V2| KRF (2T 2) |\/‘ TREE o TR T —2d- KRF(CCTZ)‘

By Jy and Eq. (69), we thus have

RF T 3, RF
(R )TRY
TR T TRET

’mlz) _KThree( T )

T — arccos <
r z

h hRF
max pl( 2) hya o

gQ(pQDd) +ﬁ|KRF(x7z)‘4 9dQ(p1,d)

1
<M+ 3gd Q(p1,d) (because KRF(z, 2) [0, Qd} by Lemma 43)

(\/ 36d T\ 324 ) V Q(p1,d) (by Eq. (62))
[Qpvd) . [T [9 1
< 4 (since 36 + 3276 +0.53 < 1),

i.e., J5 happens. We next estimate the probability of 7. We have

F\’;[Jz] < %F[Jﬂ (because J2 C J1)

2

[
~(p1r+ Ded!

(by Lemma 25, noticing that 9d - Q(p1,d) <1 = p; > 10).

The result of this lemma thus follows.

Lemma 45. We have
1
min eig(HHT)

=" (HHT) |, <

Proof. For any a € R", we have

HT(HHT)al, = \/(HT(HHT)—la)T HT(HHT) la = \/a”(HHT) la
lall2 .
min eig(HHT)

<

The result of this lemma thus follows.

We are now ready to prove Proposition 5 and Proposition 7.
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LI.1 Proof of Proposition 5

Proof. Fork =1,2,--- ,ps, define

(hY ) Ry,
e = /sdfl #H(h‘*&wwo[kbo, (& )T Wolk}9(2)dp(2). (70)

It is obvious that K, Ko, - - - , K, are i.i.d. (when randomness is on Wy). By Eq. (19) and Eq. (2),
we have

1 p2
fi"/,wo(w)=p:ZKk. 1)

Notice that
hRF \Tp,RF
|Ki| < / (o) v
Sd-t p1
S/ lg(z)| du(z) (by Lemma 11)
Sd,—l

=llgll1- (72)

“lg(2)| dp(=)

Thus, by Lemma 14, we have

Pr{
Wy

Forany k € {1,2,--- ,p2}, we have
£ K]

0

zq”}”l} g%. (73)

1 P2
— Y Ki— E [K]
P2 = Wo D2

LR
- /sdﬂ ¥, [Ml{(h@imwwgwpo, (hﬁf’Z)TWU[k]}‘| 9(z)du(z)

T — arccos L)Y,
_/ (hléfF;m)ThléfF;z . Hhs}:.mHQ.”h%}f,zuz
Sd—1

) g(2)du(z) (by Lemma 20)

D1 21
RF T 3. RF
(RRF YT hRE T — arccos <th:v||m)||z\k\}z|| )
~f(e)+ [ = W, Vo) (e z) | g(z)duz)
sa-1 2 ™

(by f = fy and Eq. (7).

Thus, we have

[ - @

0

RF \T 1RF T — arccos ((’?]‘(’F'”)Th]g"
(hv ) hv . 8¥[8V <

T,z D1 2T ) 7KThree(mTZ) . Hng (74)

Applying Lemma 44, we then have
Q(plad) &?
P E [Ki] — > < —. 75
Vr{\wo[ - @) 2 20D < (5)
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Notice that

ZKr
1
< E};Kk - £ [K1]

Combining Eq. (73) and Eq. (75) by the union bound, we thus have

Vf;g,o{\f%,wo<w>—f<w>\ > o 2D, }

(by Eq. (71))

fvwo ’*

(by the triangle inequality).

+ | 1l @

<VWO{ ZKk %! 1’%}+V%{‘V§O[Ku—f<w> > /Gy, ||}

d? 1
SHrivem @ "
O

1.2 Proof of Proposition 7

Proof. Fork =1,2,-, ps, define K;, € R™ whose ¢-th element is

Sd-1 P1
Note that Ky, ; is similar to K, in Eq. (70), with the only difference that the former is defined with

respect to X; and the latter is defined with respect to . Thus, we use a similar strategy to work with
K} ;. By Eq. (20) and Eq. (19), we have

1 p2
F w, (X) = -~ > K.

Ky, =

L{(nE o )TWolk]>0, (RS ) TWo[k]}9(Z)dp(2).

Similar to Eq. (72), we have
|Kk.i| < |lgll, foralli =1,2,--- ,n
Thus, we have

[Kkll2 = ZE:IC < vnlgl-
By Lemma 14, we thus have
1 & 1
Proll=3 K. - E[K > o/nlgl < 5.
Wo ||P2 i Wo VP2 q
Similar to Eq. (74), we have
-
T — arccos ( V) Ry, )
ARF T p,RF - W
S\/ﬁmax ( V,m) V,z . H w” || H2 7KThree(.’1},Z> Hng
T,z P1 2T
Thus, similar to Eq. (76), we have
d? 1
F _FY X H > Q\/ﬁ”g”l (plv ) < =
VWo {H V’WO( ) 2~ /P2 * Vollglh o < (p1 + 1)edt! + q?

77
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We note that
term D + term B of Eq. (22)
< [h5%%, o, [T EET) ], - (IF(X) = Yy, (X)ll2 + [lell2) (by Lemma 12)

VT ([P0~ F w, (X1 + el
N min eig(HHT)

(by Lemma 45 and Lemma 11).

Combining Eq. (77) and Proposition 6 by the union bound, we thus have

d
Vilals (5 + D) + el
Pr term D + term B of Eq. (22) >
XV,.Wo J(naplaPQada q)

d2
< .
= (p1 + 1)edt? * q?

J Details Related to Learnable Set

In this part, we first restate Proposition 2 in a more precise way, i.e., Proposition 46 in Appendix J.1
and Proposition 47 in Appendix J.2. Then, in Appendix J.3 we discuss the generalization perfor-
mance of ground-truth functions outside the learnable set.

J1 Fb

) contains all polynomials with finite degree

By the following proposition, we show that .7-'(% contains all polynomials with finite degree. We
formally state it in the following proposition.

Proposition 46. Let k be a finite non-negative integer. For any f(x) = Zf:o ci(xTa;)" where
¢; € Rand a; € R, we must have f € ]-'(532).
We prove Proposition 46 in Appendix K. Although Proposition 46 is only for no-bias situation of
3-layer NTK, we can easily prove the similar results for the biased 3-layer NTK with the same proof
technique.

J2 Fb

3) is a superset of F, (622)7 , (recall the definition of .. (622)7 , in Section 4.2)

The learnable sets of both 3-layer and 2-layer NTK models also contain polynomials with infinite
degree. Notice that not all infinite-degree polynomials belong to the learnable sets, because the norm
of the corresponding function g may not be finite. As we mentioned in footnote 4, the constrain
lglloc < o0 can be relaxed to ||g||1 < oco. However, with ||g||; < oo, the comparison among those
learnable sets becomes more difficult. For convenience, we just relax the constraint to ||g|l2 < oo
(instead of ||g||1 < o0) in the following result.

Proposition 47. Under the constraint of ||g||2 < oo, the learnable set of the 3-layer NTK (no bias)
is at least as large as the 2-layer NTK (both with and without bias) ,i.e., .7—'([5) U f(ef)’b - .7-'([;).
The learnable set of 2-layer NTK with bias is larger than that of 2-layer NTK without bias i.e.,
.7-"(% C .7-"([22)’17. The learnable sets of 2-layer NTK with different bias settings are the same i.e.,
.F(e;)’bl = ff;),bg forany by, by € (0, 1).

We prove Proposition 47 in Appendix L. An important message conveyed by Proposition 47 is
that, 3-layer NTK can at least learn all learnable functions for 2-layer NTK under the constraint
lgll2 < co. We conjecture that the same result may also hold for ||g||; < oo, which we leave for
future work.
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Figure 9: Curves of test MSE of 2-layer NTK with normal bias with respect to n for the ground-
truth functions fk,a(a:) where p1,p2 — 00, d = 2, and € = 0. Every curve is the average of 10
simulation runs.

J.3 Generalization performance of ground-truth functions outside the learnable set

One may wonder what happens to the generalization performance for functions outside the learn-
able set. Notice that although we have proven that ground-truth functions inside the learnable set
can be learned, it is possible that some functions outside the learnable set could still be learnable.
For 2-layer NTK models without bias, Ju et al. (2021) shows that if a ground-truth function has a
positive distance away from the learnable set, then such distance becomes the lower bound of the
generalization error. Such ground-truth functions with positive distance exist for 2-layer NTK, e.g.,
(zTe;)3, because F, (222) does not contain odd power polynomials except linear functions. However,
for 2-layer NTK with bias or 3-layer NTK, there do not exist such ground-truth functions with a pos-
itive distance away from the learnable set. In other words, functions outside the learnable set is still
in the closure of the corresponding learnable set. Thus, it is unclear whether or not those functions
have a very different generalization performance compared with functions inside the learnable set.

We now use simulation results in Fig. 9 to show that functions outside the learnable set may indeed
exhibit qualitatively different generalization performance (and thus Proposition 47 will be mean-
ingful in capturing ground-truth functions with good generalization performance). We construct
an example of functions inside and outside the learnable set (in the sense of finite ||g||2, consis-
tent with Proposition 47). For simplicity, we focus on .7-"(@22)7NL3, which is the learnable set for the
2-layer NTK with normal bias. We then consider a specific type of normalized ground-truth func-

tions fr.o = fr.a/llfr.all2 Where fi o(x) := Zle i (a:Ted)z. By previous discussion, we have

already known that if % is finite, then f; o, € .Ffj)’NLB.

foo,a € .7:{22) NLp O not is determined by the value of «. We let d = 2 and choose the value of «

However, when & = oo, then whether

to be —3.5, —3, and —1.1, respectively. It can be verified that fj, ., € .7-"(@22)7NLB when o = —3.5 or

a = —3, while fj o & F, (%,NLB when o = —1.1. In numerical experiments, it is difficult to directly

calculate f, o, as we do not know the close form of fo o. Therefore, we use fj o to approach
foo,a by increasing k. In Fig. 9(a), we let o« = —3.5 and plot the test MSE with respect to n when
k = 3 (blue curve), k = 102 (orange curve), and k = 10° (green curve), respectively. We can see
that these three curves almost overlap with each other, which implies that increasing k does not alter
the test error significantly. (Similar phenomenon also appears in Fig. 9(b) where a = —3.) In con-
trast, when we let @« = —1.1 in Fig. 9(c), larger k leads to a much flatter curve. This phenomenon
suggests that when k — oo, providing more training data becomes less effective in lowering the test
error. Besides, by comparing the curve of & = 10° in Fig. 9(a) and (c), we can see that the curve
in Fig. 9(c) is higher than the one in Fig. 9(a) by several orders of magnitude. Therefore, we can
tell that the functions inside and outside the learnable set could have very different generalization
performance.

The setup of Fig. 10 is the same as that of Fig. 9 except that here we let x-axis be k. In Fig. 10,
we can see that the curves of « = —3.5 and @ = —3 (finite ||g||2) in all sub-figures (a)(b)(c)(d) are
almost flat with respect to k. In contrast, the curves of & = —1.1 (infinite ||g||2) keep increasing
with respect to k, and have much higher generalization error when k is large than those with finite
lgll2- This also validates our conjecture that the functions inside and outside the learnable set could
have very different generalization performance.
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Figure 10: Curves of test MSE of 2-layer NTK with normal bias with respect to k for the ground-
truth functions fy o(x) where p1,ps — o0, d = 2, and € = 0. Every curve is the average of 10
simulation runs.

K Proof of Proposition 46

Proof. We prove Proposition 46 by using similar methods as in Ju et al. (2021). For any f, € ]-"éf),
we have

f@) = 9w h9 @)= [ g(Senn (s a)as, 79
S0(d)
W(x) = K™ (2" eq), (79)
where eg :=[00 --- 01]7 € R? and S is a d x d orthogonal matrix that denotes a rotation in

S9=1, chosen from the set SO(d) of all rotations. An important property of the convolution Eq. (78)
is that it corresponds to multiplication in the frequency domain, similar to Fourier coefficients. To
define such a transformation to the frequency domain, we use a set of hyper-spherical harmonics Zi
(Vilenkin, 1968; Dokmanic & Petrinovic, 2009) when d > 3, which forms an orthonormal basis for
functions on S?~!. These harmonics are indexed by ! and K, where K = (kq, ko, ,kq_2) and
l=ko >k >ky> > kyg_o >0 (those k;’s and [ are all non-negative integers). Any function
f € L?(S8% ! R) (including even §-functions (Li & Wong, 2013)) can be decomposed uniquely
into these harmonics, i.e., f(z) = Y., >k c7 (I, K)Ek (), where cf(-, -) are projections of f onto
the basis function.

In Eq. (78), let ¢4(+, -) and ¢4+, -) denote the coefficients corresponding to the decompositions of g
and h, respectively. Then, we must have (Dokmanic & Petrinovic, 2009)

cfg(l7K) =A- cg(l7K)ch(3) (170)7 (80)
where A is some normalization constant.

Eq. (80) describes an interesting “filtering” interpretation on ]—'éf). Specifically, A®) and ¢;,s) work
like a channel or a filter in a wireless communication system, where ¢, denotes the transmitted signal
and cy, denotes the received signal. Therefore, for any basis function f(z) = Ek (x), as long as
cp (1,0) # 0, we must have f = f, € ]-'f;) where the corresponding g(-) can simply be chosen as

g(z) = % Indeed, we have the following proposition about values of ¢, ) (I, 0).
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Proposition 48. ¢;,s)(1,0) > 0foralll =0,1,2,---

We provide its proof in Appendix K.1.

By Proposition 48, we know that all harmonics =k € .F(e?f) Notice that the set ]-'éf) is invariant

under addition and scale operation'?. Therefore, any finite sum of =& belongs to JF; (e;) Notice that

for any non-negative integer i and a real-valued vector @ € R?, a polynomial (x”a)? consists of a
finite sum of harmonic basis. Thus, ]-'(ZS?) contains any polynomials (x”a)! for all I = 0,1,2,---.
Proposition 46 thus follows. O

K.1 Proof of Proposition 48

It is relatively easy to prove the result when d = 2, which is omitted here. We focus on the general
case when d > 3. By Eq. (115) of Ju et al. (2021), the harmonics =}, can be expressed by

L3)

- I(l-k+ %2 —2
:é(w)=A6§(—1) (dT)k'(l—zk) (22" eq)" ", (81)

where Al is a positive number as the normalization factor of =5. We give a few examples of =} as
follows.

-—Z.d- (z"eq)® —z"eq) .

Recalling Eq. (6), we perform a Taylor expansion of KT¢(.). Let ug,us,--- denote the Taylor
expansion coefficients of 2d - K Three je.,

2d- K™(a) = > ua®. (82)

The following lemma shows that all coefficients in Eq. (82) are positive.
Lemma49. Forallk =0,1,2,---, we have ui, > 0in Egq. (82).

Proof. By Lemma 17, for any a, b € [0, 1], we have

| 2(2k)! 0\ 2h+2
2d - K*F —(1+= =
d-K7(a) =2 ( + 2”2 (k1 1)(2k + (kD2 (3) ) : (83)
b 1 [e%¢) b 2k+2
Two e - e
K =1+ Z;) ( 2) : (84)
By Lemma 43, we know that 2d - K®F(a) € [0, 1]. Thus, we can let b = 2d - K®F(a) in Eq. (84) and

then apply Eq. (83), i.e.,
KTWO(Qd . KRF((Z))

1 T i 2k)! an 2k+2
_477< 5“*;0 k+1)( 2]<;+1)(k:!)2 (3) )
20+2

1 @) 4 1 an 2k+2
Jr%l:()WQl—i-l (271'( “*Z (k+1 2k+1)(k!)2 (5) )) S CN))

Specifically, if fy,, oo € F(3)»then fo, 445 = for + foo € F(3 and fag, i= afy, € F(3.
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By Eq. (6) and Eq. (82), we know that uy, is the coefficient of a* in Eq. (85). In order to know the
sign of uy, it remains to combine similar terms in Eq. (85). To that end, we apply Lemma 27 and
have

1>2H2 (20 +2) (g)gl+1 ,

ko+ki+ko+ka+-+kai=21+2
k1+2ko+4ky+--+2iko; =21+1

o L 2(2)! 1\ 22 k2j+2
(o oo b2t (3 H<(j+1)(2j+1)(j!)2 (2) ) ’

=0

1 (20! 4 1%
T or 2 l!)221+1(27r> ' 2
ko+k1+ka+

kgt +koy=21+2
k1+4+2ko+4ks+---+2iko; =2i42

m\ k1 izl 2(2j)! 1 2j+2 kajto
(ko Kz - )t (3) H((j+1>(zj+1)(j!>2 (2) ) |

=0

As we can see, every term in those expressions of ug, u1, - - - is positive, which implies that uz > 0
forallk =0,1,---. O

From Eq. (82), we have 2d - K™ (zTe;) = 317, up(zT eq)*. We now consider the decomposi-
tion of each (27 e4)* into harmonics.

Lemma 50. Let a and b be two non-negative integers. Define the function

Q(a,b) := /Sd_l(:cTed)“ B (x)du(x). (86)
We must have
Q(2k,2m+1) = Q(2k + 1,2m) = 0, (87)
>0, ifm <k,
Q(2k,2m) {: 0. ifm >k, (88)

and
>0,ifm<k,

=0, ifm> k. (89)

Q(2k+1,2m + 1){

Proof. By Eq. (81), we have =(—x) = (—1)*Z4(x). Thus, when a + b is odd, the function
(xTeq)* =4 () is an odd function with respect to z. By symmetry of S¢~1, we then have Q(a, b) =
0 when a + b is odd, i.e., Eq. (87) holds. Eq. (88) has been proved in Lemma 53 of Ju et al. (2021)
by mathematical induction. Here we prove Eq. (89).

By Eq. (118) of Ju et al. (2021), for any a, we have
Qla+1,1+1)=q1 Qa,l+2)+qz2-Qal), (90)
where ¢;1 > 0 and ¢;2 > 0. Applying Eq. (90) for a = 2k and [ = 2m, we have
QR2E+1,2m+ 1) = gam1 - Q(2k,2m + 2) + qam 2 - Q(2k,2m).
By Eq. (88), the result of Eq. (89) thus follows. O
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Notice that

o (1.0) = [ hO@)=h(@)du)

1 —
=54 2d - K™ (2" eq)Zg () dp(x) (by Eq. (79))
Sd—l

1 o0
=5d > k- Q(k, 1) (by Eq. (82) and Eq. (86))
k=0

>0 (by Lemma 49 and Lemma 50).

The result of Proposition 48 thus follows.

L Proof of Proposition 47

Proof. Using similar decomposition in Eq. (78), we define filter functions h(?) (for 2-layer NTK, no-

bias) and hl(f) (for 2-layer NTK, with bias). The corresponding harmonic coefficients are denoted
by ¢;,2) and Cp - We have the following result about the magnitude of those harmonic coefficients.
b

Lemma 51. For any b1,bz € (0,1), we must have c, > (2k,0) = © (¢, (2k,0)), ¢, > (k,0) =
by by

S) (Chﬁz)(k’ 0)) and ¢z (k,0) = Q <Ch£?(k’ 0)) Here, O(-) and Q)(-) denote the orders as k

becomes large.

We prove Lemma 51 in Appendix M.

Lemma 51 has the following implications for the magnitude of the harmonics coefficients when the
leading index of harmonics is large (i.e., k in Lemma 51 is large). The first statement states that, for
2-layer NTK, the setting with bias and the setting without bias have the same order of harmonics
coefficients for even terms. (For odd terms, recall that for 2-layer NTK without bias, the coefficients
of odd terms except linear term are zero. In contrast, for 2-layer NTK with bias, the coefficients of
odd terms are not zero (Ju et al., 2021). Hence, the first statement does not hold for odd terms). The
second statement states that, the coefficients of harmonics for 2-layer NTK have the same order with
respect to k for all non-zero bias. The third statement states that, the coefficients for 3-layer NTK
even without bias is not smaller (in order) than 2-layer NTK with bias.

By comparing the magnitude of these filter coefficients, we can then compare whether polynomi-
als with infinite degree belong to each of the learnable sets. Specifically, consider an infinite-
degree polynomial with the form f,(z) = >, g arx - 2l (). By Eq. (80), we have g(z) =

YK %E(;‘fé)z), where h can be h(®, h® or hl(f). Thus, the magnitude of ¢y, (l,0) determines
K

the norm of g. Specifically, we have [|gll2 = >~ k K107 due to the orthogonality of harmonics

=k.. Note that Cp® (k,0) = © (chgz)(k,O)) by Lemma 51. Thus, if ||g||2 is finite for 2-layer
NTK with bias b; > 0, then it must also be finite for 2-layer NTK with a different bias by > 0.
This implies that The learnable sets of 2-layer NTK with different bias settings are the same i.e.,
]:(422),1)1 = ]-"(%)71)2 for any by,bs € (0,1). Similarly, for 3-layer NTK, by Lemma 51, we can also
show that F%2 U .7-"(@22) p © ]-'(Z?f) and ffj) C .7-'(522) »- Therefore, the result of Proposition 47 fol-

(2)
lows. O

M Proof of Lemma 51

The following lemma shows the relationship between harmonic coefficients and Taylor coefficients.

Lemma 52. Consider two polynomial functions ho(x) = Y peq ta k(T €q)* and hg(x) =
Yoo ug r(xTeq)® where uq ) > 0 andugy, > 0 forall k. Let ¢y, and Ch, denote their harmonic
coefficients. If uq r = O(ug k) (where O(-) denotes the order when k is large), then ¢, (1,0) =
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O(cny(1,0)) for large I. The same is true if we restrict to only even harmonics, i.e., if uq 21 =
O(ug ak), then cp, (21,0) = O(cn, (2L, 0)) for large I. This lemma also holds if O(-) is replaced by
Q) or ©(1).

Proof. Notice that

cn, (1,0) = h(:c)Ef)(zc)d,u(a:)

d—1

o—

M

U,k - Q(k? Z) (by Eq (86))

o
Il

0

M

Uq k- Q(k, 1) (by Lemma 50).

=
ir

and

(210 = [ h@)= @)du(z)

=t - Q(k,21) (by Eq. (86))

k=0

= taok - Q(2K,21)

k=1
(Q(k, 21) is non-zero only when k is even and not smaller than 2/ by Lemma 50).

Similarly, we have

Chﬁ(lvo) = Zuﬁ,k ) Q(kJ)’
k=l

Chy (21,0) =Y g ok - Q(2k,20),
k=l

Notice that all (-, -) and . . are all non-negative. Thus, we have

Che (lvO) . Uok Uk Chy (2170) . Un, 2k ua,Zk
——— € |min , max , € , max ———| .
chy(1,0) k>l ug g k>l ug cn,(21,0) k>l ug ok k>l ug ok

The result of this lemma thus follows. O

With Lemma 52, in order to show Lemma 51, it is equivalent to compare Taylor coefficients of

the expression of different kernels A(®), h(?), and hz(>2)- Specifically, we are looking at the Taylor

coefficients of the following expression:

m — arccos(K (z))
2 '

For 2-layer NTK, K (x) = (1 — a)z + a where a € [0, 1) corresponds to different choices of bias
(a = 0 corresponds to no bias). For 3-layer NTK (no bias), we have K (z) = 2d - K®F(x) (we
neglect the constant 1/(2d) in K™ which does not change its order.) In other words, we have

T(z):= K(x)

oD

K™(x), if K(x) = z (i.e., 2-layer NTK no bias),
T(z) =< K™((1-a)+a), if K(z)=(1-a)x+a/e.,?2-layer NTK with bias a > 0),
2d - K™ree (), if K(z) = 2d - K*(x) (i.e., 3-layer NTK no bias).

When K (x) = x, we already have the exact form of the Taylor expansion of T'(x) by Lemma 17.
However, when K () is a polynomial, it is not easy to get the close form of Taylor coefficients. We
will first estimate the Taylor coefficients when K () = (1 — a)z + a in Appendix M.1. Second, we
will estimate the Taylor coefficients when K (z) is a polynomial with finite degree in Appendix M.2.
Last, we will estimate the case of K (x) = 2d - K*(z) in Appendix M.3. (By Lemma 17, we know
that KR () is a polynomial with infinite degree.) The result of Lemma 51 then follows from these
estimates.
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M.1 Harmonic coefficients for 2-layer NTK with bias

After adding bias, the kernel of 2-layer NTK changes from x™23%% to
(1-a)x+a) ”_amos(z(;_“)xM). Here a > 0 denotes the bias setting (¢ = 0 corresponds

to the no-bias setting). By Lemma 52, we only need to investigate the relationship between the
Taylor coefficients. We define u,, ., as the Taylor coefficients under the bias setting, i.e.,

((1_a)l_+a)w—arccos(z(Tlr—a)x—&-a) _ Zua,m'$m

When a = 0, u,,m becomes ug ,, and corresponds to the no-bias setting.

Lemma 53. Forany k € {2,3,---} and any a € [0, 1), we must have *=2~ ¢

Uo,2k

2%+1 L\ 2k
1 1 1 1+<1+a) 1 1+<1Ta>
2 1+a )2 —_ 2 1l—a ’ —_ 2 l—a ’
<2+2< +1)> 1+(217+221 a 1+ 135 l-a 1+ 152
1-(45)
and “=22=1 ¢
uo,2k
2\ 2k o\ 2k
1 1 1 1*(1+a) 1 1*(@)
2 1+a)2 _ 2 l—a ’ _ 2 l1—a
(2+2< +1)) 1+1((§7+Z)21 a L+ 17 l-a 1+,
72

We prove Lemma 53 in Appendix M.1.1.

1+
0. In other words, as k becomes larger, u, 2, (as well as ugq 254+1) approaches (approximately)
a constant (that only depends on a) multiple of wug ;. Therefore, by Lemma 53, we can then
conclude that wp, o, = O(ug2k) and up, p = O(up, ) when k is large for any by € (0,1)
and by € (0,1). By Lemma 52, it immediately implies that Cp( (2k,0) = O (cp2(2k,0)),

2k+1 2%k
Note that when k£ — oo, the terms that depend on & (i.e., (1’—2) and ( ") ) all approach

¢, (k,0)=© <ch(2) (k, 0)) . This proves the first and second statements of Lemma 51.
by "by

M.1.1 Proof of Lemma 53

We first write the form of g, i.e., the Taylor coefficients under no-bias setting. By Lemma 17, we
have

T — arccos T x 1 & (x)2k+2
o =17 2 '
k= 0

Thus, for £ > 1, we have

1 (2k-2)! 4 1
_ _— 2
U2k = on (e — 1)1)2 2k — 1 228 ©2)
ug 2+1 = 0. (93)
Next, we write the expression of u, ;. To that end, we define
2k + 2i ,
da 2%k = + ! (1 — a)Qkazl, (94)
o 2k
2k+ 2042 2k+1, 2i+1
- 1— o
da2k+1,i < ok + 1 )( a) a (95)

The following lemma provides the expression of u, ;.

57



Lemma 54. For any k > 1, we must have

Uq,2k = E U0,2(k+4) da,2k,i»
=0

o0
Ug,2k+1 = E U0,2(k+i+1)Da,2k41,i-
i=0

We prove Lemma 54 in Appendix M.1.2.

Although we have the expression of u, ; by Lemma 54, it is not easy to directly estimate its value be-
cause terms like ug 2(x4)dq,2k,: have a very complicated form. Fortunately, some properties of ug 2k

. . UG 2kl N2 T2
is very helpful. Specifically, by Eq. (92), we have =202 = 15:3?21@21?-]1 — 2(13(’“2 ki)1)’

approaches 1 when k — oo. In other words, u¢, 25, has a very slow changing speed when £ is large.
Therefore, we can approximate the tail of Z;’io U0,2(k+4)da,2k,; DY treating ug o(x44) as a constant.
This allows us to focus our attention on estimating Z;’io dq ok, (and its tail Z;’il dq 2k,i), Whose

value can be calculated by examining the coefficients of the Taylor expansion of m (.e.,

the sum of a geometric sequence 1, ((1 — a)z +a)?,,((1 —a)z 4+ a)*,---). The latter is much
easier to study. We show these steps in detail as the following lemmas.

Define
2a
[ = max {k, { k—‘ } . (96)
l1—a

The following lemma estimates the target ratio Zz;’: and % in terms of Zé:o da 2k, and

Zzo da,2k,i-
Lemma 55. Forany k € {2,3,-- -}, we must have

l fe'e)
Uq,2k 1
oo € » 5 g da 2k,i E dapokil
’ (2 2 (1fa + 1)) = =

l )

Uq,2k— 1
” : € 2 Zdaﬂkfl,lﬁ Zda,Qkfl,i
U0, 2k (2 +2 (—f_“a + 1)) i=0 =0

We prove Lemma 55 in Appendix M.1.3.

whose value

In order to finish the proof of Lemma 53, it only remains to estimate 22:0 da,2k i» Zizo da,2k—1.45

Yoo da2kis Doieo da,26—1,i» Which are shown by the following two lemmas.
Lemma 56. Forany k € {2,3,- -}, we must have

L\ 2 L2
id 1 1+ (m) id 1 1= (m
a2ki = T3 = , a2k—1i = T3 T
i=0 1-a I+ 15 i=0 l-a 1+ 15

We prove Lemma 56 in Appendix M.1.4
Lemma 57. Recall that | is defined in Eq. (96). For any k € {2,3,- -}, we must have

l l
Doico a2k D i—gda2k—1, 1
€ 1

Yoo dazki Yoieo da2k—1,i 1+ (%2)
_(1+a

We prove Lemma 57 in Appendix M.1.5

The result of Lemma 53 follows by combining Lemma 56, Lemma 57, and Lemma 55.
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M.1.2 Proof of Lemma 54
Proof. We have

7 — arccos ((1 —a)x + a)

(1-a)x+a)

Thus, we have

o0 . .
_ vt i
Uai = D Uit ; (1—a)a.
i=0

Letting ¢ = 2k, we have

oo .
2k + ;
Ug,2k = g U0,2k+j< 9% ]> (1- a)Qka]
j=0

o0 .

2k + 2 .

=" up (et ( o Z) (1 a)®a? (by Eq. (93) and letting j = 2i)
1=0

= Z U0,2(k+4)da,2k,i (bY Eq. (94)).

i=0
Similarly, we have
> 2k +1+j -
Uq,2k+1 = ZUO,2k+1+j < % + 1 ]> (1- a)%ﬂaj
j=0

= 2k + 2i + 2 ,
= Uga(ri+l) < 2; J: Ir > (1 — a)2*+12+1 (by Eq. (93) and letting j = 2i + 1)
1=0

(o]
=3 U0 a(ktit1)da2ks1,i (by Eq. (95)).
i=0
The result of this lemma thus follows. O

M.1.3 Proof of Lemma 55

Proof. By Eq. (92), we have

up2k+1)  (2k — 1)22k  (2k—1)? N
uopor K22k +1)-4  2k(2k+1)

<1

By iterating the above inequality, we have U0,2(k44) < U0 2k for all + > 0. By Lemma 54, we thus
have

o oo
Uaok  Dimo U0,2(k+i)%a 2k, < Zd 2k, i
= a,2k,1-
Uo,2k Uo,2k

i=0
Similarly, we have

o0 oo
Ug2k—1 D oieo U0,2(k+i)da,2k—1i
' = < E do2k—1,i-
ug, 2k uo 2k

=0
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These prove the upper bounds in Lemma 55. To prove the lower bounds, note that for any m €
{0,1,---,1} (recall that [ is defined in Eq. (96)), we must have

U0,2(k+m) 1—_[1 (2k +2i —1)2
Uo,2k 2k+2l 2]€+2 +1)

1=0

(by Eq. (97))

m—

2k+22—1)
>
11) 2k +2i+ 1)2

__ (@k—1)p
- (2k+2m —1)2

5 (using 2k — 1 > k, which is true because k£ > 1)

2
> 5 (because m <[ < 17ak+kf0rk22).
(2+2<12fa+1)) —a

Thus, we have

o0
U2k Dim0 Y0,2(k+i)Da,2k i
U0, 2k U, 2k

(by Lemma 54)

! d
> Zi:o U0,2(k+i)Pa,2k i
- U0, 2k

1 l
gy

Similarly, we have

l
U2k — 1
u’zkkl > 5 Zda,zk—l,z’-
0,2 (2 + ) ( 2a + 1)) i—0

The result of this lemma thus follows. O]

M.1.4 Proof of Lemma 56

We first state a useful fact.

Lemma 58. For any |r| < 1, we have

o0
:E Tz

=0

Proof. The result of this lemma directly follows the sum of a geometric series (noticing that
lim; o, 7* = 0 when |r| < 1).
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Proof of Lemma 56. The proof idea is to express the coefficients of the Taylor expansion of

m (where |z| < 1) in two different ways. On the one hand, we have
1

1—((1—a)z+a)?

(1 — a)z + a)®™ (by letting r = (1 — a)x + a in Lemma 58)

2m 9
( m) (1- a)jaQ"”_jxj
0j=0 \J

2 2k + 2i ok 2\ ok N 2k + 20+ 2 21 2i41 | L2k+1
— 1-— ‘ 1- ’
kZ:O <‘_0 ( ok )( a)a® | 2% + ; o% + 1 (1—a)**ta T

K2

M

m=0

M

2 3

(by letting j = 2k, 2m = 2k + 2i for 2% and letting j = 2k + 1, 2m = 2k + 2i + 2 for 22+ *+1)

=y <<Z da,gk,i> z?* 4 (Z da,2k+1,i> a:2k+1> (by Eq. (94) and Eq. (95)). (98)
k=0 =0 =0

One the other hand, we have
1
1—((1—a)z+a)’
B 1 1
T1-(1—-a)z+a) 1+((1-a)z+a)
1 1 1 1

— . . . —
l—-a 1—2 1l+4+a 1+1+ax

1 XN (X 1-a )
= (Z xz) Z (_1 - Zx) (by Lemma 58)

1 e’} m 1— 7 o
= 5 Z Z ( T a> ™ (combine terms of 277 with i + j = m)
. a

By comparing the coefficients in Eq. (98) and Eq. (99), the result of this lemma thus follows. O

M.1.5 Proof of Lemma 57

We first prove a useful lemma.
Lemma 59. Forany a > b > ¢ > 0, we have
a a—c

b S b_c

Proof. Because a > b > ¢ > 0, we have

b<a = bc<ac = ab—ac<ab—bc = a(b—c) <bla—c¢c) = azc

> e
fwpl
|
(o)

Now we are ready to prove Lemma 57.
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Proof of Lemma 57. Recall that [ is defined in Eq. (96). For any ¢ > [, we have

k+i  k k 1 2
1< 1 <2 (because | > —J by Eq. (96)). (100)
7 7 l 2a 1—a

Thus, by Eq. (94), we have

doorivr M50 o @k+2i+1)(2k+2i+2) ,
dozei (52 C T @it DRI+ 2)
(2K + 20)(2k + 23)
- (21) - (24)

2
< (1 : “) (by Eq. (100)).

a® (by Lemma 59)

Similarly, by Eq. (95), we have

dosirivs _ (ier”) o _(2k+2+2)(2k+2i+1) ,
da,Qk—l,i (221?::211) (22 -+ 2)(2% -+ 3)
< (2k +2i +2)(2k + 2i + 3)a2
- (20 +2)(2i + 3)
(2k + 20)(2k + 2i) ,
by L 59
) - (20) a” (by Lemma 59)

2
1
< (;“) (by Eg. (100)).
Iterating the above inequalities, we have

da,2k,1+5 < <1+a>2j and da,2k—1,14j < (1‘*“1)%.
daorg — 2 ’ door—1,1 — 2

Thus, we have

; 2
Dt Qa 2k < Dt Qa2ni _ Z da 2k, 1+j i (1+G) (£
S daoki da,2k,1 o dagkl T 1— (1+Ta)2

‘We then have

S0 da2ni S da2k,i

Therefore, we conclude that

! 2
S ortodaski im0 azki + 31y Do <14+ (5
- <1+a

_0da2k.i 1
Z =0 2k c s 1
2iodagki | _(5*)
1-(152)
Similarly, we have
Yo dazk—1.i c 1 1
YiZodazk-1a |, _(552) 7
1-(H)”
2
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M.2 Expansion for a finite-degree polynomial

We plan to show the third statement of Lemma 51, which was presented in Appendix L. This is
more difficult because K®F(x) is an infinite-degree polynomial (in contrast, Appendix M.1 deals
with K (z) = (1 — a)z + a, which is much simpler). To make progress, we first consider a finite-
degree polynomial, and study the expansion. Then, in Appendix M.3, we will extend to K®F(x)
which has infinite degree. Note that Appendix M.1 is a special case of Appendix M.2. However,
since Appendix M.1 is much simpler and easy to understand, we retain the proof there, and use the
result in Appendix M.2 only as a preparation for Appendix M.3.

Recall the definition of T'(z) in Eq. (91). We denote K (x) as a polynomial, i.e.,
> .
K(z) =) az', (101)
i=0
where a; denote the coefficient of z° in K ().
Define u,, (-) as a function that projects a polynomial in x to a real value such that
T — arccos (f((x)) o0 -
- =3 un (K(@) ™ (102)

m=0

where K (z) is any polynomial of z. In other words, u,, (K (x)) is the Taylor coefficient of ™ in
T(z) when K (z) = K(x).

In this subsection, we let the number of terms of K (z) be finite, i.e., there exists s such that a; = 0
for all 7 > s. Further, we impose the following conditions.

Condition 2. (i) All coefficients of K (x) are non-negative, i.e., a; > 0 forall ¢ € Z>. (ii) The sum
of all coefficients equals to 1, i.e., Y .o a; = K (1) = 1. (iii) ap > 0 and a; > 0.

The following lemma shows that when K (x) is a polynomial with finite terms, the Taylor coeffi-
cients are on the same order as that of the even-power Taylor coefficients when K (z) = z. Note
that, according to Eq. (102), when K (z) = z, u,,(z) recovers the Taylor coefficients of the polyno-

7—arccos(z)
2

Lemma 60. Under Condition 2 and when a; = 0 for all i > s, we must have
u; (K(x))
uarj/2) (%)

mial expansion of the function x

elC, O], forallj=1,2,---,

where C > C > 0 are constants that only depends on K () and are independent of j.

We prove Lemma 60 in Appendix M.2.1. Note that Lemma 60 can be seen as a generalization of
Lemma 53, since K (x) = (1 — a) + a satisfies Condition 2 when a € (0, 1).

M.2.1 Proof of Lemma 60

We introduce some extra notations. Let b; be the coefficients of z of (K (z))?, i.e.,

2s
(K(x))” =) _ba', whichimplies that b; = »  ajay, foralli € Zy. (103)
i=0 j+k=i

As in Lemma 27, for all j € Z>, we define

t(moaml, . ,mj) = (m07m1, - 7mj)! -agLOaTl --~a;nj (we leta; = 0ifi > s), (104)
m0+7n1+...+mj:i
7;,j = (m07m1’..- ’mj) mi4+2mo+-+jmi=j o
m01m1~,"'7m_7'€Z20
dij = > t(mo,my, -+ ,m;). 105)
(mo,m1,--- ,m;)€T; ;
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Notation Description Definition/Expression

a; coefficients of 2% in K () Eq. (101)

2

b; coefficients of z° in (K (7)) Eq. (103)

ui (K (z)) | coefficients of z in K (z)(m — arccos(K (z)))/(27) | Eq. (102) and Eq. (115)

di the coefficient of #7 in (K ())" Eq. (105)

e the coefficient of 2% in 1/(1 — (K (x))?) Eq. (106) and Eq. (107)
Table 2: Summary of the notations of various coefficients.

By Lemma 27, we have

oo

1 e} ; oo ;
T~ X 0 X (X

i 1=0 \ j=0

00
Z inJ‘ x’ (since dg@j =0 when j > 2i-5s).

M

=0 \T2
Define
1 =
ej forall j € Z>g such that ———— = ejz?, (106)
1 (K(2)) ;
i.e.,
(oo}
€; = Z d2i,j- (107)
=[#]

We summarize those definitions in Table 2.
Lemma 61. Under Condition 2, we must have

2s

Zbi =1, (108)

i=0
b; € [0,1] foralli € {0,1,---,2s}, bg < 1, and by > 0.

Proof. By Eq. (103) and Condition 2, we have Z?io b = (K(1))° = 1. Because a; > 0 and
Zf:o a; = 1, we have ag < 1. Thus, we have by = a% < 1 and b; = 2agpa; > 0 (as ag is also
positive). O

Lemma 62. There exist ¢ > ¢ > 0 such that for all k € Z>¢, we must have ey, € [c, ¢].

Proof. Because
1

1+ (K(z)? — —
HE@) s

)

1 - (K())?

we have

0o s 2 0o 2s o0
Zejxj =1+ (Z aiaﬂ) . Zeja:j =1+ (Z bixi> : Zejxj . (109)
7=0 i=0 j=0 i=0 =0
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Comparing the coefficient of 712 on both sides, we have

2s
€j+2s = Zej+ib25_i for all] = 0, 1, e
i=0
This is equivalent to
2s—1
€jy2s = boejyas + Z ejtibos—; forall j =0,1,--- .
i=0
Thus, we have
2s5—1 b )
€jtos = Z 12_%6_]‘4_1‘ forallj =0,1,---.
i=0 0
It implies that
2s b
. k
. 6 . . . s . . .
Cit2s l(ie{o,lrﬂ%?Qs—l} 63“) kzzjl 1— b (iE{O,lr?-E-D,{Qs—l} ej“) Z

forallj =0,1,---.

By Eq. (108), we have 3"2° | b, = 1 — by, which implies that 37° | % = 1. Thus, we have

1—bo

€jt2s € [ min €jti max ej+i] , forallj =0,1,---.

1
i€{0,1,-- 2s—1} i€{0,1,+ ,2s—1}

Iteratively applying the above bounds, we then have

€25,€2541," " ,€45—1 € | min €;, _max €l
i€{0,1,+,2s—1} i€{0,1,--+ ,25s—1}
€45, €45+1," " ,€65—1 € | min €y max ei| €|  mi
i€{2s,2s+1,--- ,4s—1} i€{2s,2s+1,--- ,4s—1} i€{0,1,-
max eil,
i€{0,1,--- ,25s—1}
€2ks> €2kst1, """ 5 C2%st25—1 €+ * € | min €y max eil.
ie{0,1,- 2s—1} i€{0,1,- ,2s—1}

In other words,

e € min €, max e;
i€{0,1,-,25s—1} i€{0,1,---,2s—1}

By Eq. (109), we have

eo = 1+ boeo,
e1 = bieg + boeq,
ez = baeg + biey + bpey,

e2s = baseq + bas_1e1 + - - - + boeas.
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,2s—1}

, forall k = 25,25 +1,--- .

(2l
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Thus, we have

_ 1
€0 = 1_ b07

o bieg
€1 = 1_ b07
ey = baeg + bieg

1—by

_ baseg +bas1e1 + -+ breas 1

€ = .

1—bg
By Lemma 61 and using induction, we thus have
e; >0, foralli =0,1,--- ,2s — 1.
Thus, by Eq. (110), we have
er € min €, max e;|, forallk=0,1,---.
i€{0,1,-,2s—1}  i€{0,1,-,2s—1}
O

Lemma 63. When ¢ > j, there exists a bijection between T; j and Tit1 ;. Specifically, this bijection
is ﬁ)j — 7;+1)j.' (mo,ml, cee ,mj) —> (mo +1,mq,--- ,mj).

Proof. 1Tt suffices to show that for any (mg, m1,--- ,m;) € T;11,;, we must have mg > 1. To that
end, note that when ¢ > j, for any (mg, m1,- - ,ms) € Tit1,j, we have

J J
ka:i—i—l, kak:j.
k=0 k=1

Thus, we have

J J J J
mo =Y my— 3 kmy+ > (k—1)mg=(i+1—j)+> (k—1)mg > 1 (becausei > j).
k=0 k=1 k=1 k=1

The result of this lemma thus follows. O]

Lemma 64. If2¢ > j, then
. 2
daiqa,; < .22 W) .
d2i,j 2i—j

(Notice that when 21 = j, the right hand side is infinite. Nonetheless, this lemma still holds.)

Proof. We have
d2it2,; EmeTZHQ,j t(m)

doij  Yomers, tm)
Let (m) m® ..

mgy ,my -+ ,m; ) denote the k-th element in T2; ;. Because mo +my + -+ +m; = 2i

and mq + 2mg + -+ + j - m; = j, we have my > 2i — j. Thus, using the definition of ¢(--- ) in
Eq. (104), we have

t (mék) + 2,m§k)7 s ,mg-k))

t(n%m m(® ”.7ngm>

) ) j
20 +1)(2i+2) ,
(mo + 1)(mo +2)
(26 +1)(2i + 2)
(2i—j+1)(2i—j+2)
. 2 . , , .
<( ,2Z ,a()) (because ,2ZT1 < ,2Z - and ,2Z—f2 < ,2Z -).
2t — 7 20—7+1 7 21— 20—7+2 7 21—

< a% (because mg > 2i — j)
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By Lemma 63 and 27 > j, we thus have

(1) (1) (1) (IT24,51) (IT2i,51) (I721,51)
d2it2,; :t( T2my ey )+-~~+t(m0 A 2my e my )

dos (om0 Y e (D T ([T
_( 2 ?
=\2i-;") -

Lemma 65. Forany j = 1,2,---, we must have

i %:fizm T2 (1+2ao) Z} o

o=y

Proof. For all ¢ > ¢*, we have 2¢ > j and

where

. . 14+ag

2 24* J 1 . . 1 .
- ! -ag < — ! -ag < 1+1a W7 _ay = + do (by Lemma 59 and 27 > 2i* > ﬂj).
21— 7 2% — g 1@2]—] 2 1—ap

By Lemma 64, we thus have

doiso ; 1 2
2it2,J < + 4o foralli > i*.
dgiﬁj 2

Because dy; ; > 0 for all 7 and j, we have

1+ dag-
Z d21j<zd21j<d2z*jz< ao) :1_(21_,'_220)2< 1+a0 Z d274]

1=1*+1 1-— -‘

Therefore, we have

<1+1 (1+a0 > Z d2l’J>Zd217+ Z doi,j = Z dai j,

=T%] SR
i.e.,
i* 1 1 S
Z d217 > 9 (1 Z d2i,j.
T3] -5

O

Recall that u,, () denotes the Taylor coefficients of # T=2<°>*(%) The following lemma states that

usgk () is monotone decreasing with respect to k. Further, it estimates the decreasing speed. We
draw the curve of ug () with respect to k in Fig. 11.

Lemma 66. When k > 1, we have
ugi(x) > ug(x) foralli € {1,2,---  k},

and

m 1
Y2(kt )(x) > 5 forallm € 7.
une) (24 %) :
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Proof. By Lemma 17, we have ug(z) = 0, uj(x) = 7, and for all k > 1, we have

1
1
1 (2k—-2)! 4 1
UZk(x)_%(( ))2 2/{—12%7
ugg+1(z) = 0. (112)
(We also plot the curve of wuy(x) with respect to k in Fig. 11, so that we can observe the general

trend that is consistent with the statement of this lemma. We continue with the precise proof of this
lemma below.)

By Eq. (111), we have

usk+2(z) _ 2k(2k—1)(2k—1) 1 (2k—1)* (113)
usk(w) k2(2k + 1) 4 2k (2k+1)

(111)

(2k—1)?
Because -2kt T)

we have

< 1, we know that usy () is monotone decreasing with respect to k. Therefore,

Ug;i () > ugy(x) foralli € {1,2,--- ,k}.

Iterating Eq. (113), we have

Un () (2) "1‘:[1 (2k + 2i — 1)?
ugk ()

— L ori2ner+2i+ 1)

=0

(2 4 20— 1)2

> A T
T (2k +2i+1)2
_ ( —1)°

(2k +2m — 1)2

k’2

>———— (because 2k — 1 > kdueto k > 1)

(2k + 2m)?
_ 1
B 2m 2

2+%)

O
Lemma 67. Under Condition 2, for any j = 1,2, - - -, we must have

u; (K@) (1 _ 1_a0)2 1 - (Hpm)®

€.
usrjs21 (@) — \2 3—ag 2_(%)2 J

Proof. Consider i* defined in Lemma 65, i.e., i* = {2(1;[‘;00)3'-‘. Let k = [%] and m = i* — k. We
have

14+a .
o, 2|
ET H

14a

<2( 21— ;0)]—1- )
- J
2

—2 (because [«] € [a,x + 1])

2(1
:w+i,2
1—ao J
2(1
<2040) Ly o because j > 1)
1—&0
4
_170,0.
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By Lemma 66, we then have

U4* (ﬂj) - 'U/Q(ker)(.fC) > 1 S 1 _ (1 1— a0)2
)

wpm@ ) T 2eg)’ T (g 2 53— a
—ao
By the first part of Lemma 66, ug; > ug;» forall¢ =1,2,--- ,¢*. We thus have
. 1 1-— 2
um(z)>< > foralli=1,2,--- 3" (114)
uspjjo)(x) ~\2 3 -

Notice that

m — arccos (K (x))

K
(z) 2

=uy (z )+ ZUZL 2i

=uy (2)K () + Y usi(x Z da; jx7 (by Lemma 27)

i=1 7=0
1 — | < » L
:ZK(JS) + Z Z Ugi(z) - do; ; | 27 (since do; j = 0 when j > 2i - s).
=0 \s=2]
Therefore,
a; =
uj (K(z)) = Zj + Y ugi(x) - dyj forall j € Zxo. (115)
17|—2.s—|
By Eq. (115), we thus have
(K 1 -
u; (K(z) = 3" uzi()da; ; (notice that a; > 0 for all i € Zsg by Condition 2)

U2[j/21(x) - Uzpj/2) (T i=[4]

1

> doij (by Eq. (114)

2 o0

. Z da; j (by Lemma 65)

)
)12

)

)

2
2

s¢e; (by Eq. (107)).

O

By Lemma 67 and Lemma 62, we can conclude the lower bound in Lemma 60. Next we will prove
the upper bound in Lemma 60.

Lemma 68. Under Condition 2, for any j = 1,2, - - -, we must have
(K — 4
w KE) =5 _ g,
uzrj/2)(x)
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10—1 4

te(x)

10—2 4

1031 , , [ITTT?

0 5 10 15 20 25
k

Figure 11: The curve of uy(x) with respect to k. Notice that uy(z) = 0 when k = 0,3,5,7, - - -

Proof. Letk = [i] and m = [%] — [24} Thus, we have

(noting that ﬁ]
25

By Lemma 66, we then have

] 1
u“%h/ﬂ (f) = tatiem) (2) > 5z (by Lemma 66)
o/ (@) uak(r) T (24 2m)
1
(24 2s)

By the first part of Lemma 66, we further have

UQ1($) < (2 + 25)2u2[j/2] (’JJ) forall 27 > 2 ’72]—‘ .
S

Thus, we have

uj (K(x) = % = 3" ugi(x) - das (by Eq. (115))

4 ;
=[]
<(2+ 25) a2 (@ Z dai 5
i= [251
=(2 + 25)uar;/21(x)e; (by Eq. (107)).
The result of the lemma thus follows. O]

Combining Lemma 67, Lemma 68, and Lemma 62, the result of Lemma 60 thus follows.

M.3 Expansion for an infinite-degree polynomial

We now return to the proof of the third statement of Lemma 51, where the polynomial K (z) has
infinite terms. We inherit notations a;, b;, u;, d;, e; for the finite polynomial case in Appendix M.2.
Further, we introduce some additional notations as follows.
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Define

- b;
;= s foralli € Z>O, (116)
1-— bo -
and
To= ) b keZs (117)
i=k+1
By Condition 2, Eq. (103), and Eq. (116), we have
Ty, > 0 forall k € Zo. (118)
Define for any k € {1,2,---},
Li:=min{e; | j=0,1,--- k= 1}U{1} = > T, (119)
i=k

Lemma 69. For any i € Z>o and any k € {1,2,---}, we must have e; > Ly. Notice that the
indices i and k are not required to be equal.

We prove Lemma 69 in Appendix M.3.1.

In order to prove the third statement of Lemma 51, by Lemma 52, we only need to lower bound

% Notice that Lemma 67 still holds when s — oo (the proof of it will be exactly the same

after replacing [j/2s] by zero). Therefore, we only need to prove that e; is lower bounded by a
positive constant. By Lemma 69, if we can find Ly > 0 for some k, then we are done. By Eq. (119),
In order to calculate the exact value of Ly, we need to find a way to calculate the exact value of
ZZO:O T}, which is provided by the following lemma.

S _ 2 O0K(x)
Lemma 70. g::OTk = = O et
Proof. We have
ZTk :Z b; (by Eq. (117))
k=0 k=01i=k+1
i=1
_Lii b; (by Eq. (116))
Ty 2 i (by Eq.
1 . ]
=1= 2 Z i - b; (notice that by = a% by Eq. (103))
i=1
_ 1 0(EE k)
1—ag ox o1
1 9(K(@)
= —a by Eq. (103
1-a2 O m( y Eq. (103))
_ 2K(1) 0K(x)
1—a} 0z |,_,
2 0K(x) 5
=1 @ or |, (by Condition 2).

O

Now we consider the case of 3-layer without bias, i.e., the case when the polynomial K (x) is
2 - KRF(.’L') _ \/1—x2+(7r—arccos(m))ac.

— After calculation (details in Appendix M.3.2), we have
L3 =~ 0.069 > 0, which completes the proof of Proposition 47.
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M.3.1 Proof of Lemma 69

We first prove some useful lemmas.

Lemma 71. (i) Y.7°, b; = 1. (ii) ex = Y00 bp_sei forall k € {1,2,---}. (iii) e < eg =

forallk € Zx.

Proof. Note that

j{jéi::ngflfi(byka(116»
i=1 1 —bo

=1 (since Z b; = 1 — bg because by + Z by = (K(1))* = 1).

Because - -
1 ) 1
=14+ (K(zx ,
w@r T T Ry
we have

oo oo 2 oo oo oo
Zejscj =1+ (Z aia?i) . Zeja?j =1+ (Z bixi> . Zejmj
j=0 i=0 j=0 i=0 =0

Comparing the coefficient of 27 on both sides, we have
eo = 1+ boeo,
e1 = breg + boer,
ez = baeg + brer + boez,

‘We thus have

1
1—bo

1€0,
= by +bier = (b + ) eo,

e3 = b360 + b261 + b1€2 = (53 + 25251 + 6%) €o,

D

(=)

|| |

R D“l»—t

k17
ek = Y ;o bk—i€s,

ey = 5480 + 5361 + 5262 + l~)163 = (64 + 25153 + Z)g + 35?52 + B%) €o,

1
1-bg

(120)

We now prove that e, < e for all £ € Z>( by mathematical induction. Suppose that for all 7 < k,

we already have e; < eq (which is obviougly true when k£ = 0). Thus, we have

k k oo
€kr1 = E brr1—ie; < eg E brr1—i < eg E b; =
=0 1=0 =0

By mathematical induction, we thus have e; < ¢g for all ¢ € Z>. O]
For any given real number sequence A := (A, Ay, ), we define a sequence (e, ef e . -+)
by
k=1
ef i=eo, ef =Ap+ ) el ke{l,2,--}. (121)
i=0
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Lemma 72. Forany k € {1,2,---} and any A, we must have

k
€k—i
ekA—ek:E A - . .
i=1 0

(122)

Proof. We prove Eq.~(122) by mathematical induction. When k£ = 1, we have elA = A+ 61 eo (by

Eq. (121)) and e; = b1ep (by Lemma 71). Thus, Eq. (113) holds when k£ = 1. Suppose that for all
ke {1,2,---,1}, Eq. (122) holds. We thus have

!
eﬁl —erp1 =A11 + Z biy1—i(e® —e;) (by Eq. (121) and Lemma 71)
i=0
l ~
=Ap1 + Z bip1—i(e — e;) (notice that e = eq)
i=1
l ~ i e, .
A+ Y biios 3 A; % (applying Eq. (122) by induction hypothesis).
, - €0
=1 j=1
(123)
Notice that
! !

I
Z Z IN)IH,,» “Ajeiy = Z A Z Blﬂ,iei,j (by re-organizing terms)
i=1 j=1 =1 i=j

l 1—j

= Z Aj Z l~)l+1_i_jei (replacing 7 — j by Z)

j=1 =0
Plugging the above equation into Eq. (123), we then have
1 J 1—j
A -
— =A — A 16
el+1 €141 I+1 + eo Z J Zbl j+1—i€4
7j=1 =0
1
=Aj + — Z Aj - er41—; (by Lemma 71)
€o =
141

1
=— E Aj-erp1—j,
€o 2
Jj=1

i.e., Eq. (122) also holds for k£ = [+ 1. Thus, the mathematical induction is completed and the result
of this lemma thus follows. O

Now we are ready to prove Lemma 69.

Proof of Lemma 69. Let

0 ifi <k
A' — ) )
! {ZQ ifi > k.
We first prove by mathematical induction that
e >minfe; |j=0,1,--- ,k— 1} U {1} foralli € Zxo. (124)

Towards this end, note that because A; = 0 for all 7« < k, we know from Lemma 72 that eiA = e;.
Hence, Eq. (124) trivially holds for all i € {0,1,--- ,k — 1}. Suppose that Eq. (124) holds for all
1 <1 € Z>p, where | > k — 1 denotes the index of the induction hypothesis. In order to finish the
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mathematical induction, we only need to prove that Eq. (124) holds for ¢ = [ 4 1. To this end, we
have

1
elA-i-l =Ty + Z biy1_iel (by Eq. (121))

1=0
© H—l~
=" b+ bieft, s (by Eq. (117))
i=1+2 =1
> (min{e [ j = 0,1, , 1} U{1}) - > b,
i=1

=min{e* | j =0,1,--- 1} U {1} (by Lemma 71)
>min{e; | j =0,1,--- ,k — 1} U {1} (by induction hypothesis).

Thus, Eq. (124) holds by mathematical induction. We thus have

e; zeiA - Z; Aj- ;0] (by Lemma 72)
J:

ZeiA — Z Aj (since e;—; < eg by Lemma 71)
j=1

i
:eiA— E Tz
Jj=k

>min{e; | j = 0,1,k —1}U{1} = YT} (by Eq. (124) and Eq. (118))
j=k

=L

The result of this lemma thus follows. ]

M.3.2 Calculate L3 for 3-layer without bias

Coefficients of Taylor expansion of K(x) = 2d - K®F(z) = ¥ 1_m2+(”;am°s(m))m can be derived

from Lemma 17, i.e.,

1 T > 2(2k)! x\ 2k+2
K@) =2 (1 + 5“; (k+ )2k + 1) ()2 (3) ) ' (125)

By Eq. (125), We can calculate values of a;, b;, and l;z for ¢ = 0, 1, 2 by their definitions.

1 1 1
ap=—, a1 =7, Qg = —
0= M1 =g, 02 = o
1 1 1 1
bozag: ?, b1 = 2apa1 = ;, b2:2a2a0—|—a% = ?+1’
~ 1 ~ T ~ 1 2
by = b1 = be = .
R R e S T oo ™)
Then, we calculate the values of e; by Eq. (120).
2 3 (27?2 — )72 w4
= ~ 1.11 = —=~0.39 = ~ 0.57.
0= I FCa ) O B o R T g )
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Next, we calculate >~ , T; by Lemma 70.

o 9 a\/er(wfarccos(a:))m
Z L= 2 .
~ 1—ag ox 1
2 1 ( T ( () + x )
= o 7 — arccos(z —
l—adm \ V1I-a2 V1—22
V1 — x? 0 1
(notice that 5% T = \/1?7 and 32 arccos(x) = —ﬁ)
2 7w — arccos(x) = 272
1—a? ™ e=1" g2 _1°

By Eq. (117) and Lemma 71(i), we thus have T; = >.0° b; — 3;1 bi=1-— 3:1 b;. Therefore,
we have

s s 1 2
0 -1 7 -1 (7r21+4(7r21))

Now we are ready to calculate Ls by Eq. (119).

oo
Lz =e1+To+T1+ T3 _ZTi
i=0
_ 3 43 2w 1 n 72 22
(2 —1)2 72 —1 72 -1 4(x2-1) 72 —1
~0.069.
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