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Roadmap of Appendix. This appendix provides all supplemental material referred to in the main888

paper. First, in Section A we review related work on personalized federated learning (FL) and889

fine-tuning. Section B introduces the variants of fine-tuning strategies evaluated in our experiments,890

including Proximal FT, Soup FT, Sparse FT, LSS FT, and LP-FT. Section C gives full experimental891

details: computing environment, hyperparameters, dataset visualizations (Fig. 5), and dataset/model892

statistics (Table 4). In Section D we present additional empirical results, including PEFT distortions893

(Table 5) and label-shift experiments (Table 6). Section B.1 contains full proofs of Lemma 4.3, Theo-894

rems 4.4 and 4.5, along with illustrative plots (Fig. 6). Finally, Section G analyzes the computational895

overhead of LP-FT vs. FT.896

Table 3: Important notations used in the appendix
Notation Description
C Number of clients in federated learning
m Dimension of the common part of the linear head shared across clients
d Dimension of feature representations
k Dimension of the linear head
B ∈ Rk×d Feature extractor matrix
B∗ ∈ Rk×d Ground-truth feature extractor matrix (with orthonormal rows)
V ∈ Rk Linear head weight vector
V ∗
i ∈ Rk Ground-truth linear head for client i

V0 ∈ Rk Initial linear head before fine-tuning
V ∗
com ∈ Rm Common component of linear heads across clients

λ Concept shift magnitude (heterogeneity parameter)
ϵ Noise scale in the covariate shift model
Di Data distribution of client i
DG Mixture of all clients’ data distributions (global distribution)
η Learning rate used during fine-tuning
θL Parameters of the local model
θG Parameters of the global model
LL Local loss function
L̂L Empirical local loss
LG Global loss function

A Related Work: Personalized Federated Learning and Fine-Tuning897

Personalized FL. Heterogeneous FL refers to a decentralized training paradigm that accommodates898

diverse and disparate data sources or devices participating in a collaborative model-building process.899

Examples include FedAvg [37] and various improvements in terms of aggregation optimization and900

local optimization. It is shown to experience challenges in heterogeneous scenarios. Thus, various901

literature proposes alternative strategies. Here, we summarize these strategies into aggregation opti-902

mization and local optimization. FedNova [45] belongs to the category of Aggregation optimization,903

which normalizes and scales the local updates. Examples of local optimization include FedProx [32]904

and Scaffold [25], where FedProx adds a L2 regularization for each client and Scaffold adds a905

variance reduction term. However, these methods often exhibit limited personalization capabilities906

and may not adequately meet the performance requirements of different clients. Consequently,907

various personalized FL approaches have been proposed, with a primary emphasis on enhancing local908

client performance to the greatest extent possible. We can group these personalized FL strategies909

into clustering-based methods [10], transfer learning [50], and interpolating the local and global910

models [36, 8]. Some FL methods [11, 41] highlight that existing federated learning methods often911

fail under feature shift despite addressing label shift, proposing clustering and regularization strategies912

respectively to tackle diverse distribution shifts in non-IID data settings.913

Fine-Tuning. Fine-tuning pre-trained models has become increasingly popular with the rise of914

foundation models [1]. However, fine-tuning with limited data often lead to overfitting. Several915

strategies can mitigate this issue, such as using optimizers that promote a flatter loss landscape [30, 23].916

Notably, Sharpness-Aware Minimization (SAM) [9] and Stochastic Weight Averaging (SWA) [21]917
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are two popular methods that help achieve this. Additionally, a technique called model soups [47],918

uses a simple greedy weight averaging approach similar to SWA, shown significant improvements in919

fine-tuning. An interesting perspective focuses on minimizing the linear mode connectivity barrier920

between the pre-trained and fine-tuned models, helping maintain consistency in decision-making921

mechanisms from a loss landscape perspective [44]. Partial fine-tuning is another common method922

to prevent overfitting, which involves selectively fine-tuning specific layers of the model to better923

adapt to variations in data distribution [29]. Recent studies have introduced the concept of LP-924

FT [27], highlighting potential distortions in pre-trained features and their underperformance in925

scenarios involving previously unseen data. Further research on LP-FT provides a deeper analysis926

of model adaptation [43], focusing on feature distortion and simplicity bias, thereby enhancing our927

understanding of fine-tuning mechanisms and safe model adaptation.928

B Different Variants of Fine-tune Strategy929

Severe FD and Local 
Overfit in FT

Sub-Optimal Local 
Perf. in GFL

Moderate FD and Good
Local/Global Perf. in LP-FT

FL Trained 
Feature after GFL

Local Feature

Global Feature

Class 1 Class 2 

Decision Boundary (DB)

Miss-classified

Figure 4: Illustration of federated feature distortion (FD) and decision boundaries.

This section provides an overview of the baseline techniques utilized in our study. We describe the930

characteristics and implementation specifics of three main fine-tuning methods: Proximal FT, Soup931

FT, and Sparse FT.932

B.1 Proximal FT933

Proximal Fine-Tuning (Proximal FT) [31] is a method that emphasizes preserving the original934

knowledge of the pre-trained model while adapting it to new tasks. This technique employs proximal935

regularization, which penalizes large deviations from the initial model parameters during the fine-936

tuning process. The primary advantage of Proximal FT is its ability to maintain the generalization937

capabilities of the pre-trained model, thus reducing the risk of overfitting to the new task’s data. In938

our experiments, we used an L2 regularization term to enforce proximity between the pre-trained and939

fine-tuned weights, with a regularization coefficient of 0.01.940

B.2 Soup FT941

Soup Fine-Tuning (Soup FT) [46] is an innovative approach that leverages the concept of "model942

soups," where multiple fine-tuned models are combined to create a more robust final model. The key943

idea is to fine-tune several instances of the pre-trained model on the target task with different random944

initializations or data shuffling, and then average the resulting weights to form a "soup." This method945

aims to enhance model robustness and performance by integrating the strengths of various fine-tuning946

instances. For our implementation, we fine-tuned five versions of the pre-trained model and averaged947

their parameters to create the final Soup FT model.948

B.3 Sparse FT949

Sparse Fine-Tuning (Sparse FT) [28] introduces sparsity constraints into the fine-tuning process,950

encouraging the model to update only a subset of its parameters. This approach aims to improve951

model efficiency and interpretability by ensuring that only the most relevant weights are adjusted952

during training. Sparse FT can be particularly beneficial for deploying models in resource-constrained953

environments where computational efficiency is paramount. In our experiments, we applied a gradient-954

based metric to the parameter prune, setting the regularization coefficient to 0.001 to achieve a balance955

between performance and sparsity.956
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B.4 LSS FT957

In the context of FL, the Local Superior Soups (LSS) methodology [3] introduces a novel approach to958

enhance both generalization and communication efficiency. By leveraging model interpolation-based959

local training, LSS encourages clients to explore a connected low-loss basin through optimizable960

and regularized model interpolation. This strategy not only mitigates the challenges posed by data961

heterogeneity but also significantly reduces the number of communication rounds required for model962

convergence. Empirical evaluations have demonstrated the effectiveness of LSS across various widely963

used FL datasets, underscoring its potential as a catalyst for the seamless adaptation of pre-trained964

models in federated settings. In our experiments, we fine-tuned three candidate models for model965

interpolation and averaged their parameters to create the final Soup FT model.966

B.5 LP-FT967

Linear Probing and then Fine-Tuning (LP-FT) [27] is a two-step transfer learning approach designed968

to balance in-distribution (ID) and out-of-distribution (OOD) performance. In the first step, linear969

probing trains only the final layer (head) while freezing the pretrained feature extractor to ensure970

OOD robustness. The second step fine-tunes all model parameters to improve ID accuracy while971

retaining the benefits of linear probing for OOD generalization. LP-FT addresses the trade-offs972

inherent in full fine-tuning by initializing with a well-aligned linear head, reducing feature distortion973

during optimization. Empirically, LP-FT demonstrates superior ID and OOD accuracy across diverse974

datasets.975

C Experimental Details976

C.1 Computing Environment and Hyper-parameters977

All experiments in this paper are conducted on NVIDIA A40 Graphics cards using PyTorch. The978

Adam optimizer is employed with a learning rate of 1× 10−3. In FL for all datasets, the standard979

local model update epochs are set to 1. The communication round is set to be 100 epochs, where980

we validated the model results from FL converged. Unless specified otherwise, the batch size for all981

benchmarks is standardized at 128. To ensure a fair comparison with various baselines, all methods982

initiate the FL personalized fine-tuning with models derived from the best-performing global model983

in terms of overall effectiveness.984

C.2 Visualization of Original Images985

Datasets and Distribution Shifts. Figure 5 gives an overview of the benchmarks used in this986

study, organized by the four types of distribution shift we investigate—feature-, input-, output-, and987

label-level. All datasets are chosen to mirror the heterogeneity observed in real-world federated988

learning (FL) deployments.989

• Feature-level shift: Digit5 and DomainNet. Digit5 merges five digit domains—MNIST, SVHN,990

USPS, SynthDigits, and MNIST-M—whose diverse styles (e.g. grayscale scans vs. synthetic colors)991

induce substantial feature variations. DomainNet depicts everyday objects across six artistic992

domains (clip art, sketch, photo, etc.), further stressing the model’s ability to transfer features993

across drastically different visual styles.994

• Input-level shift: CIFAR10-C and CIFAR100-C. CIFAR10-C/100-C apply 50 corruption types995

(Gaussian noise, motion blur, pixelation, brightness, contrast, . . . ) to the original CIFAR images,996

emulating degradations caused by hardware or environment. These pixel-level perturbations leave997

semantics intact while challenging a model’s robustness to distorted inputs—crucial for FL settings998

such as mobile sensing and autonomous driving.999

• Output-level shift: CheXpert and CelebA. In CheXpert, we focus on two labels (Edema, No1000

Finding) and partition clients to introduce demographic biases (e.g. male patients predominating1001

in Edema, female in No Finding). CelebA clients are built by correlating gender and hair-color1002

attributes (e.g. “blonde-haired females” vs. “non-blonde males”), yielding skewed label distributions1003

that test a model’s resilience to demographic imbalance.1004
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• Label-level shift: CIFAR10 (Dirichlet-α=0.1). We partition the clean CIFAR-10 dataset among1005

20 clients using a Dirichlet prior with α = 0.1, producing highly imbalanced class proportions.1006

Such label shift typifies FL scenarios where each client serves a niche population—e.g. hospitals1007

specializing in different diseases—violating the IID assumption of standard aggregation rules.1008

(a) Feature-level Shift (Digit5and DomainNet)

(b) Input-level Shift (CIFAR10-C and CIFAR100-C)

(c) Output-level Shift (ChexPert and CelebA)

Figure 5: Visualization of the original datasets used in the paper.
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C.3 Detailed Dataset and Model Information1009

Table. 4 provides a visual overview of the datasets used in this study, categorized by their levels1010

of transformation and data heterogeneity. The table is divided into four sections, corresponding to1011

feature-level, input-level, output-level, and label shift settings:1012

Feature-Level Shift (Digit5 and DomainNet): The Digit5 dataset, which consists of digit images1013

collected from five distinct domains, including MNIST, SVHN, USPS, SynthDigits, and MNIST-M.1014

These images exhibit a variety of styles, such as handwritten digits, digits rendered in different fonts,1015

and textured representations, demonstrating substantial visual heterogeneity. The DomainNet dataset1016

is a large-scale collection featuring objects and scenes from six domains, including styles like clip art,1017

sketches, and realistic photographs.1018

Input-Level Shift (CIFAR10-C and CIFAR100-C): This type of distribution shift includes corrupted1019

versions of CIFAR-10 and CIFAR-100 datasets. The CIFAR10-C dataset applies 50 types of corrup-1020

tions, such as noise, blur, and distortions, to evaluate model robustness under various degradation1021

conditions. Similarly, CIFAR100-C extends the CIFAR-100 dataset by introducing the same set of1022

corruptions, enabling robustness evaluation on a larger and more diverse set of categories.1023

Data Heterogeneity
Type

Dataset Model Description Clients Classes

Feature-Level Shift

Digit5 ResNet18 A collection of digit images from five domains, used for
domain adaptation and digit recognition tasks [16].
Datasets include MNIST, SVHN, USPS, SynthDigits, and
MNIST-M.

5 10

DomainNet ResNet50 A large-scale dataset of images from six distinct domains
for multi-source domain adaptation [40]. Preprocessing
follows the strategy in FedBN [34].

6 10

Input-Level Shift

CIFAR10-C ResNet18 A corruption benchmark dataset for CIFAR-10 [13],
augmented with 30 additional corruption types [38] and
one extra type [4], totaling 50 corruption types (including
the original 19 types of corruption from CIFAR-10-C,
plus 30 additional corruption types and one extra type,
resulting in a total of 50 distinct corruption types).

50 10

CIFAR100-C ResNet18 An extension of CIFAR-100 with common corruptions,
following the same strategy as CIFAR-10-C.

50 100

Output-Level Shift

CheXpert ResNet50 A chest radiograph dataset labeled for 14 common chest
conditions [18]. Edema and No Finding labels are
grouped as described in [22]. Clients are spuriously
correlated with the attribute gender (e.g., 90% of label 1
examples in a client are male).

2 2

CelebA ResNet50 Over 200,000 celebrity images with 40 attributes [35].
Client splitting follows the same strategy as CheXpert,
with attributes: male, female, blonde hair, and non-blonde
hair.

4 2

Label Shift
CIFAR10 ResNet18 A benchmark dataset with label shift induced via

Dirichlet distribution (α = 0.1), distributed across 20
clients [26].

20 10

Table 4: Detailed information about the datasets used in the study. For all the settings above, each
client has an individual data distribution, while different clients prohibits the corresponding shifts
to ensure the non-IID nature required for heterogeneous FL. Feature-level shift, also referred to as
subgroup shift, and input-level shift, corresponding to image corruption, are categorized as covariate
shift. Output-level shift, representing spurious correlations in our setting, is categorized as concept
shift.

Output-Level Shift (CheXpert and CelebA): The CheXpert dataset, a widely used medical imaging1024

dataset labeled for 14 common chest conditions. In this study, the Edema and No Finding labels are1025

grouped, and spurious correlations are introduced at the client level, where attributes (i.e. gender in1026

our client splitting) are disproportionately represented (i.e., 90% of label 1 examples in a client are a1027

certain attribute). The CelebA dataset, which includes over 200,000 celebrity faces annotated with1028

40 attributes. Client splitting follows the same strategy as CheXpert, with attributes such as male,1029

female, blonde hair, and non-blonde hair used to create spurious correlations across clients.1030

Label Shift (CIFAR10): The final one focuses on label shift in the CIFAR10 dataset. This setting1031

simulates non-IID conditions by inducing label distributions across clients using a Dirichlet distri-1032

bution with α = 0.1. This creates significant variations in class distributions among the 20 clients,1033

26



mimicking real-world federated learning scenarios where data availability across clients is inherently1034

imbalanced.1035

D Further Empirical Results1036

D.1 Other PEFT Methods Distort Federated Feature1037

PEFT Method Local Global Avg.

LoRA (lr=1e-3) 41.54 26.75 26.87
LoRA (lr=1e-4) 42.01 26.41 27.18
Adapter (lr=1e-3) 48.35 39.28 38.08
Adapter (lr=1e-4) 49.07 39.83 38.36
LP-FT 68.50 57.52 53.52

Table 5: Different PEFT compared on DomainNet with ViT.

Setup. In this study, we adapted two widely recognized Parameter-Efficient Fine-Tuning (PEFT)1038

methods: LoRA [15] and Adapter [14]. Both methods were fine-tuned with meticulous adjustments1039

to their learning rates on the ViT, as detailed in Tab. 5. These configurations allowed us to assess the1040

impact of different fine-tuning strategies on federated features. The performance of each method was1041

measured in terms of local, global, and average accuracy.1042

Result. The effectiveness of bias tuning in personalized fine-tuning naturally raises the question1043

of whether other PEFT methods, commonly used for fine-tuning large models, exhibit similar1044

effectiveness in our setting. In this study, we compare the local and global performance of other1045

popular PEFT methods. Our findings reveal that while these methods can achieve high levels of1046

local performance, their global performance still drops significantly, indicating that they distort the1047

federated features to a certain extent. These PEFT methods’ local and global performance still fall1048

short compared to LP-FT, indicating that they distort the federated features to a certain extent.1049

The comparison of PEFT methods in the context of personalized fine-tuning sheds light on the unique1050

challenges and requirements of this setting. Despite the success of PEFT techniques in fine-tuning1051

large models for various tasks, our results suggest that their direct application to personalized FL1052

may not yield optimal results in terms of preserving the global knowledge captured by the federated1053

features.1054

D.2 Label Shift1055

We simulated label shift using a Dirichlet distribution with an alpha parameter set to 0.1. The dataset1056

was distributed across 20 clients, and we trained a ResNet18 model for classification. Results is1057

shown in Table 6.1058

CIFAR10

Baseline Local Global C-Std. Worst Avg
FT 87.20 (0.24) 16.67 (0.14) 26.81 (1.47) 0.01 (0.00) 34.62 (0.09)

Proximal FT 89.80 (1.21) 17.42 (1.46) 27.31 (0.08) 0.01 (0.00) 35.75 (0.09)
Soup FT 88.16 (0.15) 16.94 (0.05) 27.07 (0.11) 0.01 (0.00) 35.04 (0.04)

Sparse FT 89.16 (0.00) 17.54 (0.14) 27.27 (0.02) 0.01 (0.00) 35.57 (0.04)
LP-FT 90.15 (0.43) 17.73 (0.16) 27.37 (0.09) 0.01 (0.00) 35.96 (0.10)

Table 6: Comparison of PFT methods on CIFAR10 label shift setting.

Tab. 6 compares different fine-tuning methods on CIFAR10 across multiple evaluation metrics,1059

including local performance, global performance, robustness to corruption (C-Std.), worst-case1060

performance, and average performance. Among the methods, LP-FT achieves the best results,1061

excelling in local performance (90.15), global evaluation (17.73), and average performance (35.96).1062

Proximal FT and Sparse FT also perform competitively, with improvements over standard fine-tuning1063
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Table 7: Performance under label flipping for FT and LP-FT at different flipping ratios (F.R.).
Metric F.R. 20% F.R. 30% F.R. 40% F.R. 50%

FT Avg. ↑ 67.73 60.04 58.27 60.06
LP-FT Avg. ↑ 79.83 72.95 71.55 73.26

FT Global ↑ 68.76 55.18 53.70 56.17
LP-FT Global ↑ 83.08 72.75 69.89 72.32

FT Local ↑ 91.32 91.12 90.84 91.88
LP-FT Local ↑ 91.23 89.20 90.02 90.87

(FT) and Soup FT in most metrics. All methods show near-identical performance in the worst-case1064

scenario (0.01), indicating a shared limitation in extreme cases. Overall, LP-FT demonstrates the1065

most robust and effective fine-tuning approach on CIFAR10.1066

D.3 Further Empirical Validations for Theoretical Findings1067

Despite being based on simplified data and model assumptions, our theoretical results demonstrate1068

significant practical relevance. In this section, we empirically validate the contributions in Sec.1069

4, exploring the performance implications of controllable heterogeneities in neural networks and1070

datasets.1071

Experimental Settings. To validate the impact of λ in Theorem 4.5, we simulate a controllable1072

concept shift setting on the Digit5 dataset with label-flipping under PFT for both FT and LP-FT.1073

For each client, a proportion of labels is randomly flipped, referred to as the flipping ratio. For1074

example, class one is flipped with class two for the first client, and class two with class three for the1075

second, using a randomized mechanism. A higher flipping ratio indicates greater heterogeneity λ.1076

The settings align with prior studies: the model is pre-trained within the FL framework and used1077

to initialize both FT and LP-FT. This simulates the combined concept-covariate shift discussed in1078

Sec. 4.2. Flipping labels reflects different labeling functions, where higher flipping rates indicate1079

stronger concept shifts. The Digit5 dataset also introduces covariate shift, as outlined in Sec. 3.2.1080

Results. As shown in Tab. 7, LP-FT consistently outperforms FT in global performance across1081

various flipping ratios. This aligns with our theoretical results in Sec. 4.2, especially for deep neural1082

networks under realistic PFT settings. The flipping rate controls concept shift heterogeneity, with1083

higher rates indicating greater heterogeneity, while varying data distributions introduce covariate shift.1084

These experiments simulate the combined concept-covariate shift, as analyzed in our framework.1085

Notably, LP-FT outperforms FT in all heterogeneity levels, validating its advantage in both low and1086

high heterogeneity regimes (larger flipping ratios).1087

E Proofs1088

Proof of Lemma 4.3. We want to analyze the Fine-Tuning (FT) method, focusing on the effect of1089

initial parameters. We perform one pass through the entire dataset to simulate the complete fine-tuning1090

process. Consider the Mean Squared Error (MSE) loss function with parameters V and B, where B1091

is represented as follows:1092

B =



bT1
...
bTm

bTm+1
...

bTm+C


,

where bTi ∈ R1×d denotes the i-th row of matrix B, and m+ C = k.1093
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To apply one step of gradient descent, we need to compute the gradient of the loss function with1094

respect to V , b1, b2, . . . , bm+C , and then perform one update step.1095

W.L.O.G. we assume the local client is client 1. We define the local loss function as follows:1096

LL(V,B) = Ex∼D1

[
1

2
(V TBx− V ∗

1
TB∗x)

2

]
,

where D1 is the data distribution for client 1.1097

Now, let (X1,Y1) represent the local dataset of client 1, consisting of n1 data points {(x1j , y1j)}n1
j=1.1098

We aim to calculate the gradient of the empirical loss function with respect to the parameters. The1099

empirical loss function is given by:1100

L̂L(V,B) =
1

n1

n1∑
j=1

[
1

2
(V TBx1j − V ∗

1
TB∗x1j)

2

]
.

In practice, we take the gradient of this empirical loss function with respect to the parameters V , b1,1101

b2, . . . , bm+C . However, since we are particularly interested in computing the expectation E[bFT
j ],1102

we evaluate the expected value of the gradients using one pass through the whole dataset as follows:1103

E

 ∂L̂L

∂V

∣∣∣∣∣V=V0
B=B∗

 = E

 ∂

∂V

 1

n1

n1∑
j=1

1

2

(
V TBx1j − V ∗

1
TB∗x1j

)2∣∣∣∣∣∣V=V0
B=B∗


=

1

n1

n1∑
j=1

E
[
(V T

0 B∗x1j − V ∗
1
TB∗x1j)x

T
1jB

T
∗

]
= Ex∼D1

[
(V T

0 B∗x− V ∗
1
TB∗x)x

TBT
∗

]
.

Therefore, let V0 =
[
V ∗
com

T 0T
]T

. It follows that:1104

E

[
∂L

∂V

∣∣∣∣V=V0
B=B∗

]
= Ex∼D1

[
(V T

0 B∗x− V ∗
1
TB∗x)x

TBT
∗

]
= Ex∼D1

[(
(V0 − V ∗

1 )
TB∗x

)
xTBT

∗

]
= (V0 − V ∗

1 )
TB∗

(
Ex∼D1

[
xxT

])
BT

∗

= (V0 − V ∗
1 )

TB∗B
T
∗ (second moment is identity)

= (V0 − V ∗
1 )

T . (B∗ has orthonormal rows)

Let B∗ =



b∗1
T

...
b∗m

T

b∗m+1
T

...
b∗m+C

T


. Then, similarly, it can be shown that:1105

E

[
∂L

∂bj

∣∣∣∣V=V0
B=B∗

]
= Ex∼D1

[
(V T

0 B∗x− V ∗
1
TB∗x)(V0)jx

T
]

= Ex∼D1

[
(V0)j

(
(V0 − V ∗

1 )
TB∗x

)
xT
]

= (V0)j(V0 − V ∗
1 )

TB∗

(
Ex∼D1

[
xxT

])
= (V0)j(V0 − V ∗

1 )
TB∗. (second moment is identity)
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Here, (V0)j is the j-th element of the vector V0. For learning rate η, one step of gradient descent is:1106

VFT = V0 − η

(
∂L

∂V

∣∣∣∣V=V0
B=B∗

)T

bFT
j = b∗j − η

(
∂L

∂bj

∣∣∣∣ V=V0
B0=B∗

)T

.

These two equations can be further refined as:1107

E
[
VFT

]
=
[
V ∗
com

T 0T
]T − η(V0 − V ∗

1 ) =
[
V ∗
com

T ηλeT1
]T

E
[
bFT
j

]
= b∗j − η

(
∂L

∂bj

∣∣∣∣ V=V0
B0=B∗

)T

= b∗j − η

(
(V0)j(V0 − V ∗

1 )
TB∗

)T

= b∗j − ηλ

(
(V0)j

[
0T −eT1

]
B∗

)T

= b∗j + ηλ(V0)jb
∗
m+1.

Therefore, we have:1108

E
[
BFT

]
=



b∗1
T + ηλ(V0)1b

∗
m+1

T

...
b∗m

T + ηλ(V0)mb∗m+1
T

b∗m+1
T + ηλ(V0)m+1b

∗
m+1

T

...
b∗m+C

T + ηλ(V0)m+Cb
∗
m+1

T



=



b∗1
T + ηλ(V0)1b

∗
m+1

T

...
b∗m

T + ηλ(V0)mb∗m+1
T

b∗m+1
T

...
b∗m+C

T


=



b∗1
T + ηλ(V ∗

com)1b
∗
m+1

T

...
b∗m

T + ηλ(V ∗
com)mb∗m+1

T

b∗m+1
T

...
b∗m+C

T


.

Similarly, if the fine-tuning is done over the data of client i, we would have:1109

E
[
bFT
j

]
= b∗j + ηλ(V0)jb

∗
m+i,

which concludes the proof.1110

Proof of Theorem 4.4. We assume that the pre-trained model perfectly captures the feature extractor1111

matrix B∗, and its linear head represents the common part shared across all clients, excluding any1112

client-specific components of the ground-truth function. Thus, B0 = B∗ and V0 =
[
V ∗
com

T 0
]T

.1113

In this setting, we analyze the effects of LP-FT and FT on the model parameters. For both LP-FT and1114

FT, we determine the parameters after fine-tuning, compute the global loss, and then compare these1115

global losses.1116

W.L.O.G. we assume that we are doing the fine-tuning over the local data of client 1. First, we study1117

FT.1118

It can be shown that:1119

LG(VFT , BFT ) =
1

C

∑
i∈[C]

Ex∼Di

[
1

2
(V T

FTBFTx− V ∗
i
TB∗x)

2

]
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=
1

2C

∑
i∈[C]

Ex∼Di

[
(BT

FTVFT −BT
∗ V

∗
i )

TxxT (BT
FTVFT −BT

∗ V
∗
i )

]

=
1

2C

∑
i∈[C]

(BT
FTVFT −BT

∗ V
∗
i )

T

[
Ex∼Di

xxT

]
(BT

FTVFT −BT
∗ V

∗
i )

=
1

2C

∑
i∈[C]

(BT
FTVFT −BT

∗ V
∗
i )

T (BT
FTVFT −BT

∗ V
∗
i ) (second moment is Id)

=
1

2C

∑
i∈[C]

∥∥(BT
FTVFT −BT

∗ V
∗
i )
∥∥2
2
. (1)

We have:1120

BT
∗ V

∗
i =

m∑
j=1

(V ∗
com)jb

∗
j + λb∗m+i

BT
FTVFT =

m∑
j=1

(V ∗
com)jb

∗
j +

m∑
j=1

ηλ(V ∗
com)j

2
b∗m+1 + ηλb∗m+1.

Therefore, we can obtain:1121

(BT
FTVFT −BT

∗ V
∗
i ) = λ

( m∑
j=1

η(V ∗
com)j

2
b∗m+1 + ηb∗m+1 − b∗m+i

)
.

For i ̸= 1, we have:1122

(BT
FTVFT −BT

∗ V
∗
i )

T (BT
FTVFT −BT

∗ V
∗
i )

= λ2
( m∑
j=1

η(V ∗
com)j

2
b∗m+1 + ηb∗m+1 − b∗m+i

)T ( m∑
j=1

η(V ∗
com)j

2
b∗m+1 + ηb∗m+1 − b∗m+i

)
= λ2

((
η + η

m∑
j=1

(V ∗
com)j

2

)2

+ 1

)
. (rows of B∗ are orthonormal)

For i = 1, we have:1123

(BT
FTVFT −BT

∗ V
∗
i )

T (BT
FTVFT −BT

∗ V
∗
i )

= λ2
( m∑
j=1

η(V ∗
com)j

2
b∗m+1 + ηb∗m+1 − b∗m+i

)T ( m∑
j=1

η(V ∗
com)j

2
b∗m+1 + ηb∗m+1 − b∗m+i

)
= λ2

(
η + η

m∑
j=1

(V ∗
com)j

2 − 1

)2

. (rows of B∗ are orthonormal)

Combining these with (1), we can conclude:1124

LG(VFT , BFT ) =
1

2C

∑
i∈[C]

∥∥(BT
FTVFT −BT

∗ V
∗
i )
∥∥2
2

=
λ2

2C

((
η + η

m∑
j=1

(V ∗
com)j

2 − 1

)2

+ (C − 1)

((
η + η

m∑
j=1

(V ∗
com)j

2
)2

+ 1

))
.

(2)

We can follow the same procedure for LP-FT as follows:1125
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LP step starts from B0 = B∗ and V0 =
[
V ∗
com

T 0
]T

. From proof of Lemma 4.3, we know that1126

E

[
∂L
∂V

∣∣
V=V0
B=B∗

]
= (V0 − V ∗

1 )
T . Therefore, after one iteration of LP, we have:1127

VLP = V0 − η

(
∂L

∂V

∣∣∣∣V=V0
B=B∗

)T

After I iterations we have:1128

VLP =
[
V ∗
com

⊤ λαe⊤1
]⊤

for α = (1− (1− η)I)

Let the initial parameters after one step of LP and before the FT step be1129

BLP = B∗, VLP =
[
V ∗
com

⊤ λαe⊤1
]⊤

, α ∈ [0, 1].

Assume the first client (i = 1) runs a single full-batch gradient–descent step with learning–rate η on1130

its local MSE loss. Let VLPFT and BLPFT be the resulting linear head and feature-extractor matrix1131

and (bLPFT
j )⊤ its j-th row after the final FT step. Then1132

E
[
VLPFT

]
=
[
V ∗
com

T λ
(
α+ η(1− α)

)
eT1
]T

E
[
bLPFT
j

]
= b∗j − η

(
∂L

∂bj

∣∣∣∣ V=VLP
BLP=B∗

)T

= b∗j − η

(
(VLP )j(VLP − V ∗

1 )
TB∗

)T

= b∗j − ηλ(1− α)

(
(VLP )j

[
0T −eT1

]
B∗

)T

= b∗j + ηλ(1− α)(VLP )jb
∗
m+1.

This steps can be directly obtained exactly as we derived E
[
VFT

]
and E

[
bFT
j

]
for FT case.1133

Similar to computing LG(VFT , BFT ), we find LG(VLPFT , BLPFT ) as follows:1134

Writing S :=
∑m

j=1(V
∗
com)

2
j = ∥V ∗

com∥22 and1135

Aα := η(1− α)S +
[
α+ η(1− α)

][
1 + ηλ2α(1− α)

]
,

the expected global loss1136

LG(VLPFT , BLPFT ) :=
1

C

C∑
i=1

Ex∼Di

[
1
2

(
V ⊤
LPFTBLPFTx− V ∗⊤

i B∗x
)2]

satisfies1137

LG(VLPFT , BLPFT ) =
λ2

2C

[
(Aα − 1)2 + (C − 1)

(
A2

α + 1
)]
.

this is because the LP-FT loss can be obtained similar to FT loss as in (1),1138

LG(VLPFT , BLPFT ) =
1

2C

C∑
i=1

∥∥B⊤
LPFTVLPFT −B⊤

∗ V ∗
i

∥∥2
2
.

First, it can be shown that:1139

B⊤
LPFTVLPFT =

m∑
j=1

(V ∗
com)jb

∗
j + λAα b∗m+1.

For each client i ∈ [C], B⊤
∗ V ∗

i =
∑m

j=1(V
∗
com)jb

∗
j + λ b∗m+i. Therefore1140

∆i := B⊤
LPFTVLPFT −B⊤

∗ V ∗
i = λ

[
Aα b∗m+1 − b∗m+i

]
.

Because the rows of B∗ are orthonormal,1141

∥∆i∥22 =

{
λ2(Aα − 1)2, i = 1,

λ2
(
A2

α + 1
)
, i ̸= 1.
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Substituting the above norms in the global loss,1142

LG(VLPFT , BLPFT ) =
λ2

2C

[
(Aα − 1)2 + (C − 1)

(
A2

α + 1
)]
.

which is the stated result.1143

Now, we compare LG(VLPFT , BLPFT ) and LG(VFT , BFT ) by computing the difference:1144

∆ := LG(VLPFT , BLPFT ) − LG(VFT , BFT )

=
λ2

2C

[
(Aα − 1)2 −

(
η(1 + S)− 1

)2
+ (C − 1)

(
A2

α − η2(1 + S)2
)]

=
λ2

2C

[
C
(
A2

α − η2(1 + S)2
)
+ 2
(
η(1 + S)−Aα

)]
=

λ2

2C

(
Aα − η(1 + S)

)(
C
(
Aα + η(1 + S)

)
− 2
)

≤ 0.

This is because, at convergence of the linear probing (LP) step, α → 1, and the product1145

(Aα − η(1 + S)) (C (Aα + η(1 + S))− 2)

becomes non-positive. Therefore, we have:1146

LG(VLPFT , BLPFT ) ≤ LG(VFT , BFT ).

1147

Proof of Theorem 4.5. W.L.O.G. we assume that the local fine-tuning is performed on the data of the1148

first client. Initially, one step of linear probing is conducted with the fixed feature extractor B∗. After1149

this step, the linear head VLP will converge to V ∗
1 . This is because we know that:1150

argmin
v

∥∥X1B
⊤
0 v −X1B

⊤
∗ v∗

∥∥2
2
=
(
B0X1

⊤X1B
⊤
0

)−1

B0X1
⊤X1B

⊤
∗ v∗,

where X1 is the n× d matrix including data of n individuals. Since the fine-tuning is on the data of1151

the client 1 (local data), we have:1152

VLP =
(
B0X1

⊤X1B
⊤
0

)−1

B0X1
⊤X1B

⊤
∗ V ∗

1 .

Therefore, we have:1153

VLP =
(
B0X1

⊤X1B
⊤
0

)−1

B0X1
⊤X1B

⊤
∗ V ∗

1

=
(
B∗X1

⊤X1B
⊤
∗

)−1

B∗X1
⊤X1B

⊤
∗ V ∗

1

= V ∗
1 .

This part is identical to the initial part of the proof of Theorem 4.4. Since at the beginning of the1154

fine-tuning (FT) step, we have the perfect B∗ and V ∗
1 for the local client 1, and FT is performed on1155

the data of the same client, we can conclude that after one step of FT following LP, the parameters1156

will remain unchanged. Specifically, we have VLPFT = V ∗
1 =

[
V ∗
com

T λeT1
]T

and BLPFT = B∗.1157

For the performance on the global data, we have:1158

LG(VLPFT , BLPFT ) =
1

C

∑
i∈[C]

Ex∼Di

[
1

2
(V T

LPFTBLPFTx− V ∗
i
TB∗x)

2

]

=
1

C

∑
i∈[C]

Ex∼Di

[
1

2
(V ∗

1
TB∗x− V ∗

i
TB∗x)

2

]
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=
1

2C

∑
i∈[C]

Ex∼Di

[
(BT

∗ V
∗
1 −BT

∗ V
∗
i )

TxxT (BT
∗ V

∗
1 −BT

∗ V
∗
i )

]

=
1

2C

∑
i∈[C]

[
(BT

∗ V
∗
1 −BT

∗ V
∗
i )

TEx∼Di

[
xxT

]
(BT

∗ V
∗
1 −BT

∗ V
∗
i )

]

=
1

2C

∑
i∈[C]

[
(V ∗

1 − V ∗
i )

TB∗

(
Ex∼Di

[
xxT

])
BT

∗ (V
∗
1 − V ∗

i )

]

=
1

2C

∑
i∈[C]

[
(V ∗

1 − V ∗
i )

TB∗

(
Ez∼N (0,Id)

[
(ei + ϵz)(ei + ϵz)T

])
BT

∗ (V
∗
1 − V ∗

i )

]

=
1

2C

∑
i∈[C]

[
(V ∗

1 − V ∗
i )

TB∗

(
eie

T
i + ϵ2Ez∼N (0,Id)

[
zzT

])
BT

∗ (V
∗
1 − V ∗

i )

]

=
1

2C

∑
i∈[C]

[
(V ∗

1 − V ∗
i )

TB∗

(
eie

T
i + ϵ2Id

)
BT

∗ (V
∗
1 − V ∗

i )

]

=
1

2C

∑
i∈[C]

[
(V ∗

1 − V ∗
i )

TB∗

(
eie

T
i

)
BT

∗ (V
∗
1 − V ∗

i )

]

+
1

2C

∑
i∈[C]

[
(V ∗

1 − V ∗
i )

TB∗

(
ϵ2Id

)
BT

∗ (V
∗
1 − V ∗

i )

]

=
1

2C

∑
i∈[C]

[
(V ∗

1 − V ∗
i )

T (B∗):,i(B∗):,i
T
(V ∗

1 − V ∗
i )

]
((B∗):,i i-th column of B∗)

+
1

2C

∑
i∈[C]

[
ϵ2(V ∗

1 − V ∗
i )

T (V ∗
1 − V ∗

i )

]
(B∗ has orthonormal rows)

=
λ2

2C

∑
i∈[C]

[(
(B∗)m+1,i − (B∗)m+i,i

)2]
+

1

2C
ϵ2
∑
i∈[C]

[∥∥(V ∗
1 − V ∗

i )
∥∥2
2

]

=
λ2

2C

∑
i∈[C]

[(
(B∗)m+1,i − (B∗)m+i,i

)2]
+

λ2
(
C − 1

)
C

ϵ2. (3)

We want to analyze the fine-tuning (FT) method, focusing on the effect of initial parameters. We1159

perform one pass through the entire dataset to simulate the complete fine-tuning process. Consider1160

the Mean Squared Error (MSE) loss function with parameters V and B, where B is represented as1161

follows:1162

B =



bT1
...
bTm

bTm+1
...

bTm+C


,

where bTi ∈ R1×d denotes the i-th row of matrix B, and m+ C = k.1163

To apply one step of gradient descent, we need to compute the gradient of the loss function with1164

respect to V , b1, b2, . . . , bm+C , and then perform one update step.1165

Let V0 =
[
V ∗
com

T 0T
]T

. It follows that:1166

E

[
∂L

∂V

∣∣∣∣V=V0
B=B∗

]
= Ex∼D1

[
(V T

0 B∗x− V ∗
1
TB∗x)x

TBT
∗

]
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= Ex∼D1

[(
(V0 − V ∗

1 )
TB∗x

)
xTBT

∗

]
= (V0 − V ∗

1 )
TB∗

(
Ex∼D1

[
xxT

])
BT

∗

= (V0 − V ∗
1 )

TB∗

(
Ez∼N (0,Id)

[
(e1 + ϵz)(e1 + ϵz)T

])
BT

∗

= (V0 − V ∗
1 )

TB∗

(
e1e

T
1 + ϵ2Id

)
BT

∗

= (V0 − V ∗
1 )

TB∗

(
e1e

T
1

)
BT

∗ + (V0 − V ∗
1 )

TB∗

(
ϵ2Id

)
BT

∗

= (V0 − V ∗
1 )

TB∗

(
e1e

T
1

)
BT

∗ + ϵ2(V0 − V ∗
1 )

T (B∗ has orthonormal rows)

= (V0 − V ∗
1 )

T
(
(B∗):,1(B∗):,1

T
)
+ ϵ2(V0 − V ∗

1 )
T ((B∗):,1 is first column of B∗)

=
(
−λ(B∗)m+1,1

)
(B∗)

T
:,1 + ϵ2(V0 − V ∗

1 )
T .

Let B∗ =



b∗1
T

...
b∗m

T

b∗m+1
T

...
b∗m+C

T


. Then, it can be shown that:1167

E

[
∂L

∂bj

∣∣∣∣V=V0
B=B∗

]
= Ex∼D1

[
(V T

0 B∗x− V ∗
1
TB∗x)(V0)jx

T
]

= Ex∼D1

[
(V0)j

(
(V0 − V ∗

1 )
TB∗x

)
xT
]

= (V0)j(V0 − V ∗
1 )

TB∗

(
Ex∼D1

[
xxT

])
= (V0)j(V0 − V ∗

1 )
TB∗

(
Ez∼N (0,Id)

[
(e1 + ϵz)(e1 + ϵz)T

])
= (V0)j(V0 − V ∗

1 )
TB∗

(
e1e

T
1 + ϵ2Id

)
= (V0)j(V0 − V ∗

1 )
TB∗

(
e1e

T
1

)
+ (V0)j(V0 − V ∗

1 )
TB∗

(
ϵ2Id

)
= (V0)j(V0 − V ∗

1 )
TB∗

(
e1e

T
1

)
+ ϵ2(V0)j(V0 − V ∗

1 )
TB∗.

Here, (V0)j is the j-th element of the vector V0. For learning rate η, one step of gradient descent can1168

be:1169

VFT = V0 − η

(
∂L

∂V

∣∣∣∣V=V0
B=B∗

)T

bFT
j = b∗j − η

(
∂L

∂bj

∣∣∣∣ V=V0
B0=B∗

)T

.

These two equations can be further refined as:1170

E
[
VFT

]
=
[
V ∗
com

T 0T
]T − η

(
−λ(B∗)m+1,1(B∗):,1 + ϵ2(V0 − V ∗

1 )

)
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=


V ∗
com
0
0
...
0

+


0

ηλϵ2

0
...
0

+ ηλ(B∗)m+1,1(B∗):,1

E
[
bFT
j

]
= b∗j − η

(
(V0)j(V0 − V ∗

1 )
TB∗

(
e1e

T
1

)
+ ϵ2(V0)j(V0 − V ∗

1 )
TB∗

)T

= b∗j +


ηλ(V0)j(B∗)m+1,1

0
...
0

+ ηλ(V0)jϵ
2b∗m+1.

Therefore, we have:1171

E
[
BFT

]
=



b∗1
T + ηλ(V0)1ϵ

2b∗m+1
T + ηλ(V0)1(B∗)m+1,1e

T
1

...
b∗m

T + ηλ(V0)mϵ2b∗m+1
T + ηλ(V0)m(B∗)m+1,1e

T
1

b∗m+1
T + ηλ(V0)m+1ϵ

2b∗m+1
T + ηλ(V0)m+1(B∗)m+1,1e

T
1

...
b∗m+C

T + ηλ(V0)m+Cϵ
2b∗m+1

T + ηλ(V0)m+C(B∗)m+1,1e
T
1



=



b∗1
T + ηλ(V0)1ϵ

2b∗m+1
T + ηλ(V0)1(B∗)m+1,1e

T
1

...
b∗m

T + ηλ(V0)mϵ2b∗m+1
T + ηλ(V0)m(B∗)m+1,1e

T
1

b∗m+1
T

...
b∗m+C

T


.

It can be shown that:1172
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eie

T
i + ϵ2Id

)
(BT

FTVFT −BT
∗ V

∗
i )

=
1

2C

∑
i∈[C]

(BT
FTVFT −BT

∗ V
∗
i )

T
(
eie

T
i

)
(BT

FTVFT −BT
∗ V

∗
i )

+
1

2C

∑
i∈[C]

(BT
FTVFT −BT

∗ V
∗
i )

T
(
ϵ2Id

)
(BT

FTVFT −BT
∗ V

∗
i )

=
1

2C

∑
i∈[C]

(BT
FTVFT −BT

∗ V
∗
i )

T
(
eie

T
i

)
(BT

FTVFT −BT
∗ V

∗
i )

36



+ ϵ2
1

2C

∑
i∈[C]

∥∥(BT
FTVFT −BT

∗ V
∗
i )
∥∥2
2
. (4)

We have:1173

BT
∗ V

∗
i =

m∑
j=1

(V ∗
com)jb

∗
j + λb∗m+i

BT
FTVFT = ηλϵ2σ2b∗m+1 +

m+C∑
j=m+1

(
ηλ(B∗)m+1,1(B∗)j,1

)
b∗j

+

m∑
j=1

(
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com)j + ηλ(B∗)m+1,1(B∗)j,1

)(
b∗j + ηλ(V ∗

com)jϵ
2σ2b∗m+1 + ηλ(V ∗
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)
.

Therefore, we can obtain:1174
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)
b∗j (5)

+

m∑
j=1

(
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)(
b∗j + ηλ(V ∗

com)jϵ
2σ2b∗m+1 + ηλ(V ∗

com)j(B∗)m+1,1e1
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.

(6)

From equation (3), we observe that LG(VLPFT , BLPFT ) is a monotonically decreasing function of1175

λ and as λ approaches zero, LG(VLPFT , BLPFT ) also converges to zero. In contrast, combining1176

equations (4) and (5), we find that LG(VFT , BFT ) does not converge to zero as λ approaches zero1177

due to the presence of constant terms independent of λ. Therefore, it follows that there always exists1178

a threshold λ∗ such that for all λ ≤ λ∗:1179

LG(VLPFT , BLPFT ) ≤ LG(VFT , BFT ).

1180

F Empirical Performance of LP-FT and FT Under Theorem 4.5 Conditions1181

To give a better understanding of Theorem 4.5, we give a simple visualization of two randomly1182

generated data-generating functions for different clients and compute the global loss of LP-FT and1183

FT based on equations (3) and (4).1184

Figure 6: (a) Global loss of LP-FT and FT as a function of the heterogeneity parameter λ, with
η = 0.1, ϵ = 0.1, matrix B∗ as a 10× 20 random matrix, and number of clients C = 5. (b) Global
loss of LP-FT and FT as a function of the heterogeneity parameter λ, with η = 0.1, ϵ = 1, matrix B∗
as a 10× 20 random matrix, and number of clients C = 5.
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These examples illustrate, within the theoretical setting of Sec. 4.2, the behavior of the loss functions1185

for LP-FT and FT with a randomly generated labeling function y = V ∗
i
TB∗x, a fixed learning rate1186

η, noise parameter ϵ, and a fixed number of clients C. To compute this, we generated 1000 random1187

matrices B∗ and 1000 randomly chosen linear heads V ∗
i as ground-truth labeling functions, ensuring1188

they adhere to the theoretical assumptions. Using equations (3) and (4), we calculated the average1189

loss of LP-FT and FT across these random trials.1190

As shown in Fig. 6, there exists a threshold λ∗ such that when λ ≤ λ∗, LP-FT consistently outperforms1191

FT. While this is a simplified example with a fixed number of clients, learning rate, noise parameter,1192

and dimensionality of the ground-truth parameters B∗ and V ∗
i , the observed trend remains similar1193

across different parameter settings. The purpose of this figure is to provide an intuitive understanding1194

of Theorem 4.5 in a controlled, simplified context. More comprehensive experiments in Sec. D.31195

demonstrate that LP-FT globally outperforms FT across a broader range of heterogeneity levels in1196

real-world settings.1197

G Computational Overhead of LP-FT Relative to FT1198

In this section, we want to study the computation cost of adding one step of linear probing (LP) to1199

the full-fine tuning (FT) to see how this additional LP step affects computational cost. Suppose the1200

dimension of the output of the feature extractor layer (input of the linear head) is d and the dimension1201

of the output of the linear head is m. In fact, the linear head will be a d×m linear layer. We assume1202

having n samples. We want to see what is the computational cost of fine-tuning this linear head.1203

To estimate the computational cost of training a linear neural network layer with d inputs, m outputs,1204

and n samples, we analyze the steps involved:1205

1. Forward Pass: A linear neural network computes outputs as:1206

Y = XW,

where:1207

• X ∈ Rn×d is the input matrix (with n samples, each of dimension d),1208

• W ∈ Rd×m is the weight matrix,1209

• Y ∈ Rn×m is the output matrix.1210

The cost of this matrix multiplication is O(ndm).1211

2. Backward Pass (Gradient Computation): To update W , the gradient of the loss L with1212

respect to W is computed. We know that:1213

∇WL = XT
(
∇Y L

)
Therefore, computing

(
∇WL

)
involves:1214

• Computing the gradient of the loss with respect to the outputs Y , which has a cost of1215

O(nk),1216

• matrix multiplication ∇WL = XT
(
∇Y L

)
which involves a matrix multiplication with1217

a cost of O(ndm).1218

3. Weight Update: If using gradient descent, the cost of updating the weights is O(dm).1219

Total Computational Cost: The total cost for one forward and backward pass through the data is1220

dominated by O(ndm), which accounts for both forward propagation and gradient computation. If1221

the training involves multiple epochs, the total cost scales as:1222

O(e · ndm),

where e is the number of epochs.1223

Broader Impact1224

This paper presents work whose goal is to advance the field of Machine Learning. There are many1225

potential societal consequences of our work, none of which we feel must be specifically highlighted1226

here.1227
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Limitation1228

While our theoretical analysis is limited to concept and combined concept-covariate shifts under1229

simplified assumptions (e.g., linear models and shared feature extractors), this does not significantly1230

undermine our contributions. Extensive empirical results across seven diverse datasets demonstrate1231

that LP-FT consistently outperforms baseline methods in both personalization and generalization,1232

even in complex, real-world scenarios. This suggests that the core insights behind LP-FT—such1233

as mitigating feature distortion through phased fine-tuning—generalize well beyond the theoretical1234

scope and offer practical value for robust federated personalization.1235
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