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ABSTRACT

Real-world data distributions are often highly skewed. This has spurred a growing
body of research on long-tailed recognition, aimed at addressing the imbalance in
training classification models. Among the methods studied, multiplicative logit
adjustment (MLA) stands out as a simple and effective method. What theoret-
ical foundation explains the effectiveness of this heuristic method? We provide
a justification for the effectiveness of MLA with the following two-step process.
First, we develop a theory that adjusts optimal decision boundaries by estimat-
ing feature spread on the basis of neural collapse. Second, we demonstrate that
MLA approximates this optimal method. Additionally, through experiments on
long-tailed datasets, we illustrate the practical usefulness of MLA under more re-
alistic conditions. We also offer experimental insights to guide the tuning of MLA
hyperparameters.

1 INTRODUCTION

Publicly available benchmark datasets commonly used to evaluate classification models, such as
MNIST (Cecun’efall, T998) and CIFAR100 (Krizhevskyl, 2009), usually have a balanced number of
samples per class. In contrast to benchmark datasets, empirical evidence indicates that real-world
data often follow an exponential distribution (Reed, P00T). This also holds for classification prob-
lems involving real-world data (Spain & Perona, P007; Ci“ef-all, POT7; 2027a). Such distributions
are commonly referred to as long-tailed data. In long-tailed data, a few classes (head classes) have
a large number of samples, while most classes (tail classes) have only a limited number of samples.
This imbalance poses a significant challenge in classification tasks, known as long-tailed recognition
(LTR). LTR focuses on improving the accuracy of models trained on long-tailed data when evalu-
ated on uniformly distributed data. In LTR, there are many classes, and model predictions are often
biased toward head classes. Since tail classes make up the majority, this bias significantly reduces
the overall average accuracy across all classes (Zhang et all, Z021; [Yang et all, 20273).

Various methods have been proposed for LTR. State-of-the-art methods (Ma“ef-all, POZ1; Long
efall, Z027; Mian_ef all, D177 are generally complex but often consist of combinations of simpler
techniques, such as resampling (Drummond & Holfe, P003) and two-stage training (Kang et all,
72020). One straightforward method is logit adjustment (LA) (Menon_ef-all, P020; Kim & Kim,
207210). Among these techniques, post-hoc LA is a technique that adjusts the linear classifier on
top of the feature map without additional training after the standard training process, offering both
effectiveness and simplicity. A prominent example of post-hoc LA is additive LA (ALA) (Menon
ef-all, P07200), which is based on Fisher-consistent loss. Another type of post-hoc LA is multiplica-
tive LA (MLA) (Kim-& Kiml, P020), which aims to adjust the decision boundaries on the basis of
the differences in the feature spread across classes. Since MLA has also demonstrated significant
empirical success (Hasegawa & Satg, PZ0273), it raises the following question.

Is there a theoretical foundation behind the effectiveness of MLA?

Contribution We provide a theoretical guarantee that MLA achieves near-optimal decision
boundary adjustments. Our contributions are summarized as follows.



Published as a conference paper at ICLR 2025

* We derive a theoretical framework for adjusting decision boundaries optimally by using
feature spread estimates from neural collapse (NC) (Papyan et all, 2020) (Section EZ).

* We demonstrate that MLA is effective for LTR by proving it has similar decision boundaries
to the method based on the aforementioned theory (Section E3). This clarifies under what
conditions this approximation holds and how adjustments should be made.

* We experimentally validate that the approximation of MLA holds under realistic, non-ideal
conditions where NC is not fully realized (Section H).

* We provide empirical guidelines for hyperparameter-tuning of MLA (Section B4).

2 RELATED WORK

Long-Tailed Recognition LTR methods fall into three types: “Information Augmentation”,
“Module Improvement”, and “Class Re-balancing” (Zhang et al], Z07T). “Information Augmen-
tation” aims to mitigate accuracy degradation by supplementing the limited information available
for tail classes (Lmef all, 2020, Chu_ef all, PO20; Wang et al], Z021; Lief all, 2027RK; Wang et all,
2073a). “Module Improvement” focuses on enhancing individual components of the network to
boost overall performance. For example, Kang et all (2020) developed a two-stage training method
that separates the training of feature maps and classifiers. [Yang et al] (Z027H) and Ciief-all (P073)
proposed methods to promote NC in feature maps. Recent approaches also use contrastive learning
(Hadsell"ef all, P006A) (Ma“ef all, PO21; Man_ef all, 027; Lief-all, 2022d; Wang et al], 2022; Kang
ef all, P023) and Vision-language models such as CLIP (Radford et all, Z021) (Ma_ef all, PO21; Tian
efall, P022; Long et all, 2027). Despite these advancements, managing these methods can be chal-
lenging due to slow convergence (Ciief-all, 2023) or complex models (Hasegawa & Satd, 2073).
“Class Re-balancing” strategies adjust class imbalance to prevent accuracy degradation. Techniques
in this category include resampling (Drummond & Holfe, 2003; Ciefall, P027H) and loss reweight-
ing (Cuiefall, DOTY; Ma“et-all, 2027). However, reweighting is known to be ineffective for training
overparameterized models (Byrd & Lipton, Z019; Zhai ef all, D(0772). LA is a simple yet effective
method that falls under this category.

Logit Adjustment LA modifies logit values by using the number of samples in each class, to
bridge the distribution gap between the training and test data. LA methods fall into two categories:
loss-function adjustments (Caoef all, POTY; Menon ef all, P070; [Tang et all, Z02(; Kinief all, DO,
Wang et all, P073R) and post-hoc LA methods that do not require additional training (Menon ef all,
P020; Kim—& Kim, P020). The latter is particularly advantageous as it eliminates the need for
retraining during hyperparameter tuning, thereby reducing both effort and time. Consequently, this
paper delves deeper into post-hoc LA. Among post-hoc methods, there are two types depending
on how the logits are adjusted: ALA (Menon_efall, 2020) and MLA (Kim & Kim, 20720). ALA is
grounded in a Fisher-consistent loss (Menon efall, P070), providing some theoretical justification for
its method. However, ALA assumes an infinite number of training samples, raising questions about
its effectiveness with finite sample sizes. In contrast, MLA intuitively adjusts decision boundaries
by using the size of each class cluster (Kim-& Kim, PZ020). MLA has empirically outperformed
ALA in certain cases (Hasegawa & Satd, Z023).

Neural Collapse NC is a term introduced by Papyan et all (2020) to describe four phenomena
observed in the terminal phase of training classification models. These phenomena are as follows.

NCI1: Training feature vectors within each class converge to their respective class means.

NC2: The class means of training feature vectors converge to form a simplex Equiangular Tight
Frame (ETF) (Sfrohmer & Heath, Z003).

NC3: The class means of the training feature vectors align with the corresponding weight vectors
of the linear classifier.

NC4: In prediction, the model outputs the class whose mean training feature vector is closest to
the input feature vector in Euclidean distance.

NC is known to improve generalization accuracy and robustness (Papyan et all, 2020). Addition-
ally, Galanfi_ef-all (2021 theoretically demonstrated that NC can occur even with test samples or
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samples from unseen classes. Various studies have explored the conditions under which NC arises
(Rangamani & Banburski-Fahey, P077; Han ef all, 20077), and it is known that models trained using
cross-entropy loss can also exhibit NC (Cu & Steinerberget, Z021; Ii"ef all, 2077). However, it has
been observed that training with imbalanced data may hinder NC (Fang et all, 2021; Thrampoulidis
ef—all, 2027; Dang et all, 2074). To address this problem, some methods have been proposed to
promote NC even with imbalanced data ([Yang et all, P077h; Lin_ef all, P0773). [Yang et al] (ZO27H)
introduced the ETF classifier, which fixes the linear classifier weights to form an ETF, thereby en-
couraging NC.

3 PRELIMINARIES

We outline the notations used throughout this paper. For a comprehensive list, refer to the table
in Appendix B. For any integer 4, [¢] represents the set {1,...,7}. We use X C RP? to denote the
instance space and )V = [K] to denote the label space. In a K-class classification problem, each
sample (z,y) € X x Y is drawn from a distribution P. The training dataset, S = {(x;, y;) | ©; €
X,y; € Y}N |, consists of independent and identically distributed (i.i.d.) samples drawn from P.
Partitioning by class, we define S;, = {x; | (x;,¥:) € S,y; = k} as the set of samples drawn from
the class-conditional distribution Pj. Let N = |S| be the total number of samples, and nj, = |S]|
be the number of samples in class k. Without loss of generality, we assume the classes are sorted
in descending order of sample size, i.e., ny > ngyq for all k € [K — 1]. The imbalance factor is
defined by p = 7%1( = ﬁ‘%, which measures the degree of imbalance in the training dataset,
where p > 1 holds in LTR scenarios. In contrast to the imbalanced training dataset, the test dataset
used for evaluation has a uniform label distribution. Specifically, we denote Sj, ~ P;'* by the test
dataset for class k, with 71, samples. Then, it holds that 7, = 71/ for all k, k' € ).

Let f : R? — R be a feature map from the set 7 C {f’ : R? — R%}. We focus on the input
to the final layer of this feature map. Suppose the features are given by f(x) = Wlh(zx), where
W1 € R¥¥4 jg a linear layer, and h € H : R? — R% represents the output of the second-to-
last layer of the feature map. For simplicity, we assume that h is bounded, meaning there exists a
constant B > 1 such that sup,c v pey ||R()|| < B, where || - || denotes the Euclidean norm for
vectors.

Let the expected value and mean of the features be denoted as ps(Py) = Ezop [f(x)] and
py(Se) =LY, s, f (@), respectively. When f is clear from the context, we abbreviate these to

Nk

p(Py) and pu(S).

These features are fed into a linear classifier W € R?*X and we obtain the logits g(z) =
W T f(x), where -T denotes the transpose of a matrix. The linear classifier weights can be ex-
pressed using column vectors wy, € RY, where W = [w1, ..., wk]. Thus, the logit for class k can
be written as gx(z) = w, f(x). We assume that the weights of the linear classifier form an ETF.
This assumption holds under NC and when we use an ETF classifier (Yang et all, Z027K). This leads
to the following equation:

—% otherwise.

H !/

w,;rwk/:{l k= F, 0
Logit Adjustment MLA is a method that adjusts logits by scaling the norm of the linear classifier
weights for each class (Kim & Kim, 202(1). This is equivalent” in classification outcome to adjusting
the logit for class k, g (z), by scaling it as n; "> g, (z). Here, 75 > 0 is a hyperparameter. Kini
& Kim (Z020) used projected gradient descent to normalize the norm of the linear layer, ||wy||, to
1. This normalization step is unnecessary in our setting because we use an ETF classifier and the
weights remain fixed. In contrast, ALA adjusts logits additively. This is equivalent” to modifying
the logit for class k, g (x), by subtracting 4 log ng, where 4 > 0 is a hyperparameter.

'Kim & Kiml (2020) adjusted logits to { 2L ) gx(x), while Menon_ef all (Z020) adjusted them to

N
Nk

gx(x) — v+ log S Note that both methods differ from the adjustment used in this paper only by a

constant multiple or constant term. However, since this does not affect the ranking of logits across classes or
the classification outcomes, we adopt the adjustments described in the main text of this paper.
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4 MAIN ANALYSIS

MLA is a post-hoc adjustment method that increases the probability of classifying samples into
tail classes by changing the angles of the decision boundaries (Kim-& Kim, 2020). To derive the
appropriate angles, it is necessary to estimate the sizes of the feature spread for each class. Galanfi
efall (2021) demonstrated that NC also occurs in test samples and provided a quantitative measure of
feature spread. Following their approach, we verify the effectiveness of MLA theoretically through
the lens of NC. In the following sections, we employ the ETF classifier ([Yang et all, PZ027h) to
encourage NC. This assumption can also be derived from the assumption that NC2 and NC3 hold.
Using an ETF classifier also ensures that the weight vectors are normalized, as shown to be effective
by Kim & Kim (2020).

First, in Section Bl we outline the assumptions and additional notations necessary to present our
theory. Next, in Section B2, we demonstrate how to optimally adjust the decision boundaries from

the perspective of NC. In Section B3, we indicate that MLA approximates this adjustment. Finally,
Section B4 compares ALA and MLA in view of our theory.

4.1 PRELIMINARIES: SVD AND RADEMACHER COMPLEXITY

We consider the singular value decomposition of W', When W has rank r, we can express it
as Wl = 37| sjuv]', where for each I € [r], u; € R% v; € R%, and s; € R.. Moreover,
for all I € [r], we have ||v;|| = |lw]| = 1, and for I # I’ € [r], v,/ vy = u/ uy = 0. Without
loss of generality, we assume that VI € [r — 1], s; > s;41. In many deep neural networks, weight
matrices can be replaced with low-rank representations while maintaining performance (Frankle &
Carbirl, DOTR; [delbayev & Carreira-Perpinan, P0720; Kajitsuka & Satd, 20773). Thus, it is reasonable
to consider r < min(d, dy) in practical situations.

We define the set H; as:
H; = {(v;,h) | f € F, f = W'h, v, is the I-th right singular vector of W'}, 2)

To evaluate the generalization performance of #H;, we use the Rademacher complexity. The
Rademacher complexity and empirical Rademacher complexity of H; are defined by:

R, (M) =Es p o Z v h(z;)|, 3)
(”h E'Hz @, €8]
Rs, (Hi) = Eo Z ojv h(z;)|, 4)
(1, h)EHZ nk x; €Sk
where o = [01,...,0,,]" represents the i.i.d. Rademacher random variables. In many cases,

the Rademacher complexity scales as R,,, (H;) < C(Hi\lﬁ) where C(H;, X) is some complexity
measure independent of ny (Cao—ef-all, POTY; Galanfi_ef-all, P02T). For instance, this holds for
rectified linear unit (ReLU) neural networks; see Appendix 2 for further details. We make this
assumption in our settings. We define the mean of the complexity C(F, X) = 1 > C(H,, X)

4.2 OPTIMAL DECISION BOUNDARY ADJUSTMENT FROM THE PERSPECTIVE OF NC

We indicate that the following result holds for general neural networks. For the proofs of the propo-
sitions presented in this section and for the case of ReLU neural networks, see Appendix .

In NC, the training features converge to their respective class means (Papyan et all, 2020). It has
also been demonstrated that test features are within a certain range from the class mean of training
features, with this range depending on the sample size (Galanfief all, DOT). Following a sim-
ilar approach, we can quantitatively measure the angular deviation between test features and the
corresponding training class mean, as a function of the sample size. In LTR, sample sizes vary sig-
nificantly across classes, resulting in a considerable imbalance in the angular deviation. Thus, we
aim to adjust the decision boundary accordingly.

To achieve this, we first define the angular bound probability II(6; k) as follows.
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Figure 1: Overview of Propositions [0 and . The angular bound probability II(6; k) represents the
lower bound of the probability that the feature vector of & sampled from Py lies within the shaded
region. Proposition [ indicates that TI(; k) = 1 — O (1/+/n). Proposition B offers the optimal
decision boundary by maximizing I1(6y, x/; k) + I1(0) x; k') with respect to 0 - and 0y .

Definition 1 (Angular bound probability). The angular bound probability I1(0; k) for class k is the
lower bound of the probability that the angle between f(x) and pu(Sk), for @ ~ Py, is less than 6.

That is, we have that I1(0; k) < Pry.p, [£(f(x), u(Sk)) < 8], where Z(-,-) is the angle between
the two vectors. The angular bound probability can also be seen as concentration of the class &
features. The following proposition provides a quantitative measure of I1(6; k):

Proposition 1. Suppose ni, > 2. For f € F, assume that for all x € Sy, f(x) = p(Sk) holds.
Consider any 0 that satisfies the following condition:

T Wl > V]| (Sk) | m
TNV 12 [ 4G(F, X) +4B + By [21log YRR g T (5)
> ylasan Y Wi, 2
where || - ||2 denotes the spectral norm. For such 0, the following holds:
T W 5 20 /ru || (S |
M0 k) =1— — ¥ W2 [ 4o(F ¥) 4 4B + 1+ By/2log YRR (g
00 =1 = 5 latson | € ) AW,

The overview of this proposition is illustrated in the left side of Figure . When NC occurs, note that

F(x) = p(Sy) holds forall @ € Sy, by NCI and wy, = 43, holds by NC3. Additionally, observe

that the left-hand side of Eq.(8) and 1 — II(6; k) are O(1/\/ny,), where O denotes asymptotic
notation ignoring logarithmic terms. From this proposition, we can quantitatively infer that as the
sample size of a class increases, the features become more concentrated within a narrower region,
with higher probability. This allows us to consider the optimal angle for the decision boundary.

Consider the optimal angle for the decision boundary between two classes, k and k’. Since we use
an ETF classifier, the linear classifier weights forms an ETF structure, meaning the angle between

wy, and wy is Y = arccos (—ﬁ) Now, consider a decision boundary that forms an angle 6, ;-
with wy,. The angle between this boundary and wy, is 0y , = 90 — 0, 1. Here, 0 < 8y, 7, 0 1, < .

In this setup, the probability that a sample  ~ Pj lies on the wy side of the boundary is at
least II(0y x+; k). Similarly, the probability that a sample & ~ Py lies on the wj side is at
least I1(0) x; k). Therefore, the accuracy of classification between the two classes is at least
2 (I1(Ok, k5 k) + (6 &5 k'), which depends on the angle 6 1 of the decision boundary. Thus,
we seek the value of 0}, ;s that maximizes this lower bound. The following proposition provides the
solution to this problem.

Proposition 2. Suppose ny,, i > 2. For f € F, assume that for both k € {k, K"}, f(x) = n(Sy)
holds for all x € S;.. Consider the following maximization problem.:

max  I1(0k ks k) + IL(Ok 3 k) st Oppr, O i >0, Op 4 O 1 = 2. @)

k,k’vak’,k
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The unique solution 0} .., 0, . within the range where 0y, ., and Oy i, satisfy Eq. (B) is given by:

0 = ([ (S | /ru 65, =) Slvan C®
PR (S Imw + ISl T T Sk v + (S [[/ier

The overview of this proposition is illustrated in the right side of Figure M. When n; and ng-
are sufficiently large, Eq. (8) holds over a wide range of 0 < 6 < 7. Moreover, as K — oo,
1) = arccos (*K%) — g and 0 ;,, 0}, ;. < 5 holds, making Eq. (B) meet the condition of Eq. (B)

1
when K is sufficiently large. This is a reasonable assumption in LTR ([Yang et all, 20274d). In
practice, for CIFAR100-LT, ¢ — 7 ~ 0.01, meaning that 6} ;,, 0}, , < 7 is sufficiently valid.

This result can easily be extended to multi-class cases (refer to Proposition B). In multi-class cases,
it becomes an optimization problem of the angles 6y, 5+ for every pair of classes k, k' # k in ),
defined as © = {0y 1 | k # k' € V}.

Proposition 3. Suppose ny, > 2 forallk € Y. For f € F, assume that for all k € Y, f(x) =
w(Sk) holds for all x € S. Consider the following maximization problem:

N ’ - k! ! ’ ’ ’ ’ = .
mgxz > (O s k) + Ok g5 k) st Vh, K € Y, 0 b, 0p k> 0 and Op o + O o =

kEY k'#k
©))
The unique solution 0} ,., € ©* within the range where all 0}, ,, € © satisfies Eq. (8) is given by:
. w(Sp)|| /e
0 0 = [[1(Sk) v/ (10)

TGOy + SV

These theories suggest replacing the linear layer with a 1-vs-1 multi-class classifier with decision
boundaries of ©*. To generalize, we introduce a hyperparameter 711, and define 6} ./ (11v1) =

Y s Sl 2 with ©, = {0} . (v11) | k # k' € V}. Note that ©7, | = ©*

nE Y14 || w(Sys ) ||ng Yivl Yivi Y1ivi
holds when v;,1 = % We refer to the 1-vs-1 multi-class classifier that classifies based on this @i‘; ot
as lvsladjuster. See Appendix O for the specific algorithm of 1vsladjuster.

4.3 MLA SOLVES LTR PROBLEMS WITH DECISION BOUNDARIES AKIN TO 1VS1ADJUSTER

We demonstrate that MLA addresses the LTR problem. Since Section B2 proves 1vsladjuster has
the optimal decision boundaries for LTR, we verify MLA operates similarly to 1vsladjuster. MLA
can be viewed as a technique that multiplicatively adjusts the cosine similarity between features and
the linear layer weight vectors. This increases the probability of classifying samples into tail classes.
Although our theory in Section B2 aims to find the optimal decision boundaries between classes, it
can be connected to MLA by considering the magnitude of logits under simple assumptions.

For the following discussion, we assume that K is sufficiently large. Under this condition, it holds

that ¢» = arccos (—ﬁ) — 5, allowing us to assume that cos(6;, ., (y1v1)), cos(6} . (71v1)) > 0.
Let the MLA factor, multiplicatively applied to the logits of class k, be denoted by k. In other
words, we consider the case in which the logit g () for class k is adjusted to kg (). We present
that when adjusting the decision boundaries on the basis of 1vsladjuster, x5 o< n, "' holds. Note
that the ETF classifier ensures equal norms of the linear layer weight vectors across all classes. To
adjust the decision boundaries to be equivalent to 1vsladjuster by using MLA, we should adjust sy
such that the following holds for all k £ k' € Y-

ik oS0 1 (V1v1)) = kirr cos(0 1, (71v1))- (11)
A problem arises here because there are only K MLA factors, while they must satisfy K (K —1)/2
equations. Consequently, when K > 2, there is typically no solution. However, by considering
the following approximation, it is possible to obtain an approximate solution. First, note that as
K — o0, it holds that ¢ — 5. Letting ¢ = 5 — 1), and considering the continuity of cos, we can
approximate and solve Eq. () as follows:

5 — tan(6}, s (v141)) cos(e) — sin(e) (12)

~ tan(9}:7k, (Y1v1))- (13)

7%
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_ lp(Si)ling™?

= —— 1k then we have:
I (Se)lln vt

Now, let 75 1/ (Y1v1)

([ (Sp ) [[ruer 7 1 T 1
9* ’ v = = ~ = .
b 1) =V e+ [ w7 ) 71 2 7 (o) 11
(14)
Next, for 0 < 6 < 1, we approximate tan (Z6) using the rational function ¢(f) = 2. This
approximation satisfies the following properties:
Lemma 1.
#(0) = tan(0) = 0, (15)
1
o(3) =) =1
. . T
Pl 900) =l tan(50) = oo an
Lemma 2. Let 0 € [0,1). Then, the following holds:
1
(0) <tan(Z6) < Zo(0) (0=0<3) (18)
26(0) <tan(50) < 6(0) Lo (19)
s 2 2 '

The proof of Lemma [ is trivial and thus omitted. The proof of Lemma & can be found in Appendix
3. These lemmas suggest that the approximation ¢(6) = % for tan (g@) is particularly close

when 0 = % or 7, 1 (y1v1) = 1, but it provides a global approximation. This is especially suitable
for LTR settings, where 7, 5/ (71v1) tends to deviate significantly from 1.

Using these results, we further approximate Eq. (I3) as:

%ez,k/(%ﬂ) N 1
1= %972,1« (viv1) T (Y1v1)

h o an (6] (y1v1)) ~ (20)

R

Therefore, if we set kK = & — for any a € R, we can approximately satisfy Propo-

1 (Sk)lImy,
sition B. This corresponds to performing MLA with v« = 71,1, under the assumption of feature
normalization.

4.4 DiscuUsSION: COMPARISON OF MLA WITH ALA

In Section B3, we demonstrate that MLA is grounded in the theoretical framework of decision
boundary adjustment developed in Section BZ1. We now turn our attention to ALA, presenting the
issues that arise when applying the theory from Section B2 to ALA. This highlights the differences
between MLA and ALA, and indicates the relative advantages of MLA.

ALA is inconsistent with the concept of optimal decision boundary adjustment as described in
Proposition B. This is because the decision boundaries adjusted by ALA changes depending on
the norm of each feature, || f(x)||. For instance, let’s consider an instance @ whose logit of class
k is represented as gi(x) = || f(x)|| cos(L(f(x), wx)). The output of the classification label for
@ depends on the magnitude of || f(x)|| cos(Z(f(x), wy)) — v+ log ny, for each k. In other words,
the classification result depends on both the angle Z(f (), wy) and the norm || f (x)||. This implies
that the optimal decision boundaries during inference are affected by the norm of individual fea-
tures. This dependency conflicts with Proposition B, in which the optimal decision boundaries are
independent of the norm of each feature.

On the other hand, suppose we assume that || f(z)|| is equal for all z € X, ensuring that the
angles of the decision boundaries remain constant for each sample. Following the same reasoning
as in Section B3, we can also approximate 1vsladjuster by ALA. However, compared to MLA,
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this approximation cannot hold globally when 7, 1 (71y1) varies significantly. This inconsistency
with LTR settings, in which 73 4/ (y1v1) can deviate considerably, makes ALA incompatible. See
Appendix B for details.

These points are corroborated by the subsequent experimental results, which demonstrate the sub-
stantial differences between the properties of MLA and ALA.

5 EXPERIMENTS

We experimentally demonstrate that MLA is an appropriate approximation of 1vsladjuster from
two perspectives. First, we outline the experimental setup in Section B7l. Then, we demonstrate that
MLA and 1vsladjuster share similar decision boundaries in Section B2 and yield equivalent classi-
fication accuracy in Section B3. Finally, we present insights into MLA hyperparameters in Section
B4. Code is available at https://github.com/HN410/MLA-Approximates—NCDBA.

5.1 SETTINGS

Our experimental setup primarily follows Hasegawa & Satd (2023). We used CIFAR10, CIFAR100
(Krizhevskyl, P009), and ImageNet (Deng et all, Z00Y9) as datasets. Following Cinief-all (Z019) and
Cinefall (2019), we created long-tailed versions of these datasets, namely CIFAR10-LT, CIFAR100-
LT, and ImageNet-LT, with an imbalance ratio of p = 100. To demonstrate that this method applies
to general modal data, not just images, we also used the tabular dataset Helena (Guyon et all, 2019).
We can also show the effectiveness of the method on real data using Helena because this is an
inherently imbalanced dataset with p ~ 40.

For the network architecture, we used ResNeXt50 (Xie_ef-all, 2017) for ImageNet-LT and ResNet34
(He“ef-all, DOTA) for the other image datasets unless otherwise specified. For Helena, we used a
multi-layer perceptron (MLP), following Kadra“efall (Z021). We adopted the ETF classifier as the
linear classifier to promote NC and fix the linear classifier weights. Thus, only the parameters of the
feature map were trained. We used cross-entropy loss as the loss function and applied weight decay
(Hanson & Praff, T98Y) and feature regularization as regularization techniques. Feature regulariza-
tion was employed to promote NC (Hasegawa & Satd, ”Z023) and to prevent significant differences
in the norms of the training features across classes, fulfilling the condition for MLA to approximate
lvsladjuster. We tuned the hyperparameters 711, 7+, and v« using validation datasets. For further
detailed experimental settings, refer to Appendix EL.

We examined the behavior of MLA, ALA, and 1vsladjuster when applied post-hoc to models trained
on the training datasets. Specifically, we aimed to assess whether MLA provides an effective ap-
proximation of 1vsladjuster in terms of decision boundary adjustment and classification accuracy.
ALA, another post-hoc LA method, was included as a benchmark for comparison.

5.2 DECISION BOUNDARY ANGLES

We investigate how the decision boundary angles between classes are adjusted. Similar to the anal-
ysis in Sections B3 and B4, ML A and ALA can be interpreted as methods for adjusting the angles
of the decision boundaries between classes. Let 6, ,, and 02‘ . represent the angles of the decision

boundaries between classes k and &’ derived from MLA and ALA, respectively.

For MLA, the following holds from Eq. (I2):

(B +sin(5 - v))
cos(3 — V)

0y s = arctan [@3))

For ALA, we assume that || f(x)|| is equal across all instances « and sufficiently large, denoted as
[|£]|- Then, from Egs. (B3) and (B8), the following holds:

n

v+ log K

2 fsin (%)

91—:1@' = — — arcsin (22)


https://github.com/HN410/MLA-Approximates-NCDBA
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Figure 2: Heatmaps showing difference in angles of decision boundaries between each method and
lvsladjuster. On the left is the result for CIFAR100-LT, and on the right is the result for CIFAR10-
LT. The left side of each figure displays H,ik, — 0} s> while the right side displays 0:’,@, — O k-
Values that became NaN are shown in gray. In the case of CIFAR100-LT, the angle differences
between MLA and 1vsladjuster are generally small.
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Figure 3: Average accuracy of each model trained on each dataset and adjusted by different methods.
The error bars represent the mean and standard deviation across five trials with different seed values.
1vl is short for 1vsladjuster. MLA and 1vsladjuster consistently achieve comparable accuracy.

We investigate the differences between these angles and 6}, ;, used in 1vsladjuster and demonstrate
that MLA serves as a sufficient approximation of 1vsladjuster. Figure O displays heatmaps com-
paring 9,':’,6, — 0}, and 9;,@, — 0} j» for CIFAR100-LT and CIFARIO0-LT. Detailed experimental
settings and results for other datasets are provided in Appendices EJl and EZ, respectively. The
heatmaps representing the difference between MLA and 1vsladjuster are generally faint on datasets
with a sufficient number of classes, such as CIFAR100-LT. This means that 0;’,, — 0 ;. is glob-

ally small across all k, k' € Y. This is consistent with our theoretical predictions from Section
B3, indicating that MLA is a sufficient approximation of 1vsladjuster in large-class settings. The
same phenomenon is observed for ImageNet-LT and Helena. Note that in these latter two datasets,
this phenomenon occurs even though training accuracy is not sufficiently high and NC is not fully
realized (see Table ). This suggests that our theory holds under more relaxed conditions.

On CIFARI10-LT, which has fewer classes, the decision boundaries of both MLA and ALA differ
significantly from those of 1vsladjuster. This may be because the number of classes is so small that
approximations such as ¢ ~ 7 are not valid. However, even in this case, MLA can still be regarded

as an approximate method in that it achieves comparable test accuracy to 1vsladjuster. See Section
B3.

5.3 TEST ACCURACY

We compare the test accuracy when each method is applied post-hoc to trained models. Figure 3 dis-
plays the average test accuracy with error bars for each model trained on each dataset and adjusted
by different methods. The results on Helena and the detailed accuracy table can be found in Ap-
pendix E3. In all experiments, MLA can achieve high average accuracy comparable to 1vsladjuster.
Remarkably, this approximation holds even in cases where the assumptions mentioned in Section &
do not hold, such as when the number of classes is small (CIFAR10-LT) or when training accuracy
is low and NC has not sufficiently occurred (ImageNet-LT and Helena). In contrast, ALA achieves
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Table 1: Optimal hyperparameters and training accuracy for each model and dataset. For models
that achieve 100% training accuracy, v} and 7, are slightly higher than 0.5.

Dataset Model Y% Yivi Training Accuracy (%)
CIFAR100-LT ResNet34 0.710 £0.037  0.770 £ 0.060 100.0
CIFARI00-LT ResNeXt50 0.770£+0.087 1.010 £ 0.058 100.0
CIFARIO-LT  ResNet34 0.780 £ 0.518 0.410+0.120 100.0
ImageNet-LT  ResNeXt50 0.200 +£0.000 0.250 =+ 0.000 86.6

Helena MLP 0.480 £ 0.093  0.580 % 0.060 42.1

lower accuracy than 1vsladjuster in some cases. ALA is based on Fisher consistency (Menon ef-all,
P020), assuming that the number of training samples is sufficiently large. While our theory also
assumes a certain level of training sample size, it has been shown to work well even with more prac-
tical sample sizes. In addition, MLA and 1vsladjuster achieve comparable accuracy to ALA even
under unfavorable conditions, such as experiments on CIFAR10-LT and ImageNet-LT, where the
assumptions of our theory do not strictly hold. These results demonstrate that MLA is a robust and
practical method for improving test accuracy, even in real-world scenarios where ideal theoretical
conditions are not met.

5.4 HYPERPARAMETERS

Table [ summarizes the optimal values of MLA and lvsladjuster hyperparameters, % and 7j,,
and the training accuracy for models trained on each training dataset.

On CIFAR10-LT, which has a small number of classes, the values of v} and ~7,; are significantly
different. This is probably because the approximation of 1vsladjuster to MLA does not hold well
when the number of classes is small.

From here on, we focus on cases in which the number of classes is sufficiently large. On CIFAR100-
LT, where training accuracy has reached 100%, the optimal value is slightly higher than the theoret-
ically derived value of 0.5. This suggests that when training reaches terminal phase and NC occurs,
the feature spread can be bounded to a smaller order than 0 (1 / \/ﬁ ) For instance, recent research

has aimed to bound generalization error to a smaller order than o (1 /A /nk) (Wei & M4, POT1Y), and
this may be related.

On Helena and ImageNet-LT, where training accuracy has not reached 100%, the optimal values
can be smaller than 0.5. This is likely because the feature spread between classes does not differ
as much compared to when NC sufficiently occurs. Even in such cases, MLA and 1vsladjuster can
achieve high test accuracy by adjusting hyperparameters (see Section 83 and Appendix E3). These
results are expected to be key insights when searching for the optimal hyperparameters for MLA.

6 CONCLUSION

We provide a solid theoretical foundation for MLA, a simple heuristic method in LTR, and demon-
strate its utility. First, on the basis of NC, we estimate the feature spread for each class and present
a theory that derives the optimal method for adjusting the decision boundaries. Furthermore, we
indicate that MLA is an approximation of this method and theoretically guarantees improvements in
test accuracy. This provides clear insights into the conditions under which MLA is effective and how
logits should be adjusted quantitatively. Additionally, through experiments, we demonstrate that the
approximation holds under more relaxed conditions and that MLA exhibits practical usefulness by
achieving accuracy comparable to or better than ALA. This research forms a crucial foundation for
future advancements in LTR and imbalanced learning methods.

One limitation of this study is the lack of a more in-depth theoretical analysis of ALA. While the
current theory does not align with ALA, there may be approaches or assumptions that could guaran-
tee its performance with a practical number of samples. Future research could explore this direction.
Another potential avenue is the combination of MLA with other methods to develop more sophisti-
cated methods and achieve state-of-the-art improvements in accuracy.

10
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A  ACRONYM AND NOTATION TABLE

Table D lists the acronyms referenced throughout this paper, and Tables B, B, and 8 provide a sum-
mary of the notations used in this paper.

Table 2: Acronym table

Abbreviation Definition

Ivl lvsladjuster

ALA Additive logit adjustment (Menon ef all, 2020)
ETF Equiangular tight frame

iid Independent and identically distributed
LA Logit adjustment

LTR Long-tailed recognition

MLA Multiplicative logit adjustment (Kim & Kim, DO21])
MLP Multi-layer perceptron

NC Neural collapse (Papyan et all, 2020)
ReLU Rectified linear unit

Table 3: Notation table for operators and set

[1]

The angle between the two vectors

The Euclidean norm for vectors

The spectral norm and Frobenius norm for matrices
The Landau notation, ignoring logarithmic terms
The approximation function for tan, i.e., ¢(6) = 1%99
The average over pairs of different elements

The set from 1 to 4, i.e., {1,...,i}

Table 4: Notation table for data

DT ORE R
S

™3 z0o;
8 SR ¥

An instance space and a label space

An instance and a label

The number of classes, i.e., | V|

The instance dimension

A sample distribution and a class-conditional distribution
A training dataset and a class-specific training dataset

A class-specific test dataset

The size of S and S,
The size of S,
An imbalance factor, p = 7% = %}’:Z:

Rademacher random variables
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Table 5: Notation table for models

f. f A feature map and a ReLU neural feature map

I£l The value of || f ()], assuming that || f(x)]| is equal for all x € X

F, F, 7M The set of feature maps, ReLU neural feature maps, and ReLU neu-
ral feature maps with constraints on M

h.h The output of the second-to-last layer of the feature map, and that
of the ReL.U neural feature map

9, gk A logit and the logit for class k

W, wy, The weights of a linear classifier and its vector for class k

W The s-th linear layer from the end of the feature map

r The rank of Wt

S1, UL, Uy The [-th singular value, left singular vector, and right singular vector
of W, from its singular value decomposition

H The set of h

Hi, ﬁlM The set of (v;, h) for f € F and set of (v, h) for f € e

Ry, (Ha). Rs, (H)

The Rademacher complexity and the empirical Rademacher com-
plexity for H; (see Section E)

C(H;, X) The complexity of H; and X

C(F,X) The mean of C(H,;, X) forl € [r]

q The depth of the feature map

d, dy The dimension of f(x) and the dimension of h(x)

B The upper bound of b, i.e., sup,c v pey |R(2)]| < B
M The upper bound of [?_, [|[W*||r

pe(P), u(P) The expectation of f(x) forx ~ P

pr(S), u(S) The mean of f(x) forx € S

alP). (S Same as (P) and pi7(S)

11(6; k), I1(6; k) The angular bound probability for f and for f (see Section E2).
Yivls Vxs Y+ Hyperparameters for 1vsladjuster, MLA, and ALA

The angle of the decision boundary, the optimal angle, and the opti-

ek’ku 9;:,k/’ 9:,/« (71v1)
mal angle adjusted by 711

9;7 & 9; K The angles of the decision boundaries derived from MLA and ALA
0,0%, 05 | The set of O k7, 05 1 and 0 1 (Y1v1)
The angle between the weight vectors of an ETF classifier, i.e., 1) =
arccos (— T
. Sy I’Ylvl
Th K The ratio 7‘1‘5 ((s:/))l\‘ﬂ&}vl
my i The normal vector of the decision boundary between & and &’

B RELATED WORK

B.1 MULTIPLICATIVE LOGIT ADJUSTMENT

MLA has been validated for its effectiveness across various studies. Hasegawa & Satd (Z023)
demonstrated that MLA performs on par with or better than ALA under realistic conditions. Addi-
tionally, [Ye_ef-all (Z027) highlighted significant differences in the feature space occupied by each
class in LTR, confirming the effectiveness of class-dependent temperatures, which is equivalent to
MLA. Beyond image classification, various studies suggest the utility of MLA-like adjustments in
other fields. For instance, in object detection, Alexandridis et all (Z023) proposed an MLA variant
based on object occurrence frequency, called inverse image frequency. Similarly, in text retrieval
tasks, the inverse document frequency (Salton & Buckleyl, T98R), which adjusts the score function
by multiplying the inverse frequency of words in a document, is widely used. Thus, MLA is not
only applicable to LTR in classification problems but also serves as a fundamental technique with
potential applications across a broad range of domains.

17



Published as a conference paper at ICLR 2025

C PROOF

Here, we present the detailed proofs and supplementary explanations for the theories proposed in this
paper. Appendix 1 contains the proofs for the propositions discussed in Section 2. Appendix
2 provides specific examples of applying our theory to ReLU neural networks. Appendix C3
includes the proof of the lemma presented in Section E3.

C.1 MAIN ANALYSIS

For all k where n; > 1, the operation of averaging a pair of elements ,x’ € Sy is defined as
follows:

1
AVE, wies () = ————— Wz, x),). (23)
8x,2'cS), ( ) nk(?’lk—l) w]ZE:Sk ( J1 ]2)
1
xj, €Sk \{zj, }

First, we propose two lemmas required for the proof of the propositions in Section EZ. Then, we
prove the propositions using the lemmas.

Lemma 3. Suppose ny, > 2. Forany f € F,§ > 0, the following holds with a probability of at
least 1 —9:

Euornp | (@) = F@)] = W2 Y Avge ares, v (R(2) — h(z'))]
=1

Wz (5 [ T
< Nir AC(F.X) +4B + B\ [2log < . (24)

Proof. We derive this lemma following the proof of Theorem 3.3 in Mohri_ef all (Z012). By the
triangle inequality, the following holds:

1f () = f(2')|| =

> siww) (h(z) - h(GB'))H

=1

<Y sillwlllv] (h(z) — h(z))]
=1

< [WH, > v/ (h(z) — h(z))]. 25)
=1

We use this inequality to bound E, 5/~ p, [|| f () — f(2')||]. Then, for each ! € [r], we calculate the
probabilistic upper bound of Eg o/p, [|v) (h(z) — h(2'))|] — AVE, wes, |/ (R(z) — h(z)))|
and apply the union bound to complete the proof.

Note that Eg o ~p, [|v) (R(x) — h(z'))]] = Es,~pye [AVg, wres, |v) (R(z) — h(z'))|]. For
S}, 8% ~ P;'*, define ®;(S}) as follows:

O,(S}) = S (EM,NP,C ([0 (h(@) — h(@)]] = Avgy wes: o] (h(z) - h(m’))|). (26)
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Let S}, 87 ~ P;'* be datasets that differ only in the j-th sample «}, 3, and define ®;(S}) similarly
as ®;(S}). The difference between ®;(S}) and ®;(S?) can be upper-bounded as follows:

QSH - 0SH < s (Avegwesy o] (h(@) — h(a)
(’l)l,h)E'Hl

— AVgy wesz|vf (h(@) — h(2)])
1

= ————>  sup_(|v/ (h(x]) — h(@))| v (h(z]) — h(z:))))

nk(nk — 1) it (vi,h)EH,

1 T 1 2
< sup v, (h(x;) — h(x:
= 1) 2 i, (0 (1) = D))

2

<2 ap  [h@) @
Nk zeX,(v;,h)eH,;
2B

<—. (28)
Nk

Therefore, using McDiarmid’s inequality, we can prove that for any 6 > 0 the following holds with

probability at least 1 — 4:
2log ¥
®(Sy) < Es, [®:1(S)] + B s (29)

Note that for any f € F, the following inequality holds:
Eeanp, [[0) (h(x) = h(2))[] = Aveg arest [0/ (h(z) — h(z'))] < @u(Sh).

Using Eq. (I3), we can derive the following:

-
Left hand side of Eq. (@3) < [[W'[|2 > ®;(Sk). (30)
1=1
Thus, we aim to take a union bound of Eq. (Zd) over all [ to derive an upper bound.
Next, we bound Es, [®;(Sk)]:

Es, [®1(St)] =Es, | sup  (Ezarnp, [[v) (h(z) — h(z))]]

(vi,h)eH;

—Avg pres, [0 (h(z) - h(w'))l)]

<Egs | s (Ave,pes, v (h(@) — h(a)
(vi,h)EH,;

- AV s, [o] (h(z) - h(m’>>1)]

1
—E. o | sap —m S o] (h(&;) - k(@)
Sk Sk (v1,h)EH, nk(nk — 1) vy l J J

@, €Sp\{2;}

- Y. I/ (h(z;) — h(z;))
x; €Sy
mj/GSk\{zj}
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1
=E . sup ————— oilv) (h(&;) — h(&
o,Sk,Sk (U,,h)e’Hl nk(nk _ 1) jék ]‘ l ( ( ]) ( J ))|
J
ﬁzjlegk\{ij}
- Y. oo (h(=)) — h(z;))]
mjesk
mJ/GSk\{a:j}
1
<2Eos, | sup > ol (h(x;) — h(z))]

1

(vi,hyer; k(e — 1)

x; €Sk
z; GSk\{ﬁ:]}

=2Eqs s sup ——= ajlv/ (h(z;) — h(z;))|
* (vi,h)eH, ny(ng — 1) m;'z&:?k ’ ’ J
L :l:}/ESk
2
<oy | | L ool ey )
Nk ;1 ESk (v“h)EHL a:JESk
2
< 1]E8k Z Ey| sup — Z a0 (h(z;) — h(z;)) GD
Nk — ;1 €Sk (o Ryt wJ €Sk
an
< — o5 sup Z Ujvl ()
Nk (vi,h)eH,; nk x; €Sy
e N I DU TEI| ) g
J o J
ng(ng —1) °F 2 €8, (LR)E, j=1
< ng — 1 nkm"k Hi) + BEo ZUJ .

The transformation in Eq. (B) is similar to that of Talagrand’s contraction lemma (Cedonx & Tala

grand, T991).

In addition, the following inequality holds:

nk

2.9
=1

IN

j=1

ZJ -‘1-220']0]/

J#J’

(33)
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From Egs. (Z9), (B2), and (B3), it is proven that following holds with probability at least 1 — &,

2Ny B B | 1

< - —

D, (Sy) < — <9%nk(7{l)+ M) + N 2log 5
B 1

an

1 1
< m(ﬁlC(?—[l,X) +4B + By/2log 5). (34)

Substituting Eq. (B4) into Eq. (BO) and taking the union bound for all [ proves this lemma.

O

Lemma 4. Suppose ni > 2. For f € F, assume that for all x € Sy, f(x) = u(Sk) holds. For
any 0 < 8,8 < 1, define 0 as follows:

7 r|[Whs ( - 7“)
MW N2 (4e(F x) + 4B + By /2log - ). 35
25yl ) 208 5 G

Assume that 0,0 satisfy § < T.. For @ ~ P, the probability that the angle between f(x) and 11(Sk,)
is less than 0 is at least 1 — (& + &').

0

nf(x) = Y f@)

' €Sk

1
Eonpesirpe (@) = m(Si)l] = nkamfka,swpljk [

Proof. We bound E,_p s, . pre [l f(x) — (Sk)||]] and apply Markov’s inequality. Expanding
1 /
< —Epop, soorpr | D IF (@) = F(a)]

this,
n
k x' €Sy

=Bz a~p [l f(x) — F(2)]]- (36)
Using Markov’s inequality, for any 4’ > 0, with probability at least 1 — §’,

1 () — p(Sk)ll < %Empk,swpgk [l () — (Sl
1

= 5 Bea~r [l f(@) = f@)I. 37)

Before applying Lemma B to this case, we demonstrate that the second term on the left-hand side of
Eq. (Z4) is zero in this situation. When f(x) = pu(Sy) satisfies for all z € S, f(x) = f(2’) holds
for all z, &’ € Si.. Then, we have >_,_, s;uv] (h(z) — h(x')) = 0. Since u; are the left singular
vectors of W1, they are linearly independent for different . Therefore, for all [ € [r] and for all
z,x’' €Sy,

v (h(z) — h(z)) = 0. (38)

Then, we combine the equation Eqgs. (B2) and (BX) with the result of Lemma B by union bound. For
any 8,6’ > 0, with probability at least 1 — (6 + '), the following holds:

1r|wt - /
||f(a:)—u(8k)||<6/TH\/TT]€|2(4C(]:,X)+43+B 2logg)

2
= ZJlu(S6. (39)
™

Since 1—(d+9’) is a lower bound for the probability, even restricting ¢, 8’ < 1 does not compromise
the usefulness of the theorem.
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The angle between f(x) and p(S;) can be expressed as arcsin(%) when

W < 1. Since arcsin(t) is strictly monotonically increasing for 0 < ¢ < 1, when

we have § < 7, the upper bound of the angle between f(x) and u(Sy) can be written as
arcsin(%) < arcsin (%9) < #. This means that the upper bound of the angle be-

tween the features and the average training features of the class is less than 6 with probability at
least 1 — (0 + &').

O

Proposition 1. Suppose n; > 2. For f € F, assume that for all x € Sy, f(x) = p(Sk) holds.
Consider any 0 that satisfies the following condition:

T r[Wh > VIl (SE) m
———————[4C(F,X)+ 4B+ By/2log - | <0< =, )
2 /g (Sk)l Wl 2

where || - ||2 denotes the spectral norm. For such 0, the following holds:

r oWl ([ NI
o k) =1—- —————(4C(F,X)+4B+ 1+ By/2log ———"— | . 6)
O:k) =1 = o5 Zmdmtsn €Y S W (

Proof. Consider the following §, " > 0:

o,
20 /il (S

Wiy [ 20/ (S|
5= & Wl (o7 ) 4 4B 1 By [210g ZVEIREDI) @1
NN B W,

Given B > 1 and the condition on 0,

(40)

W, 5 V| (S |
s<o < X W2 AC(F,X) + 4B + By [2log Y=L ) 1. (42)
20 /m || 1 (Sie) | W2

Defining 6 as above, we get 6 = %% (4C(F,X)+ 4B + B,/2log %). Therefore, by
Lemma B, the probability that the angle between f(x) and pu(Sy) is less than 6 is at least

Wi, - 20/ || 1 (Sk) ||
ey =1- = Wl (er 2y a1+ By 210g YIRS - 45
(49 =1 = o s \ 6 ) 8w,

O

Proposition 2. Suppose ny,, ny > 2. For f € F, assume that for both k € {k,k'}, f(z) = n(S;)
holds for all x € S;.. Consider the following maximization problem.:

max  I1(0k k3 k) + IOk 3 k) st Op g, Ok i >0, Oppr + Ok ) =Y. @)

O 10kt i

The unique solution 0y, ., 0}, , within the range where Oy, i and O i, satisfy Eq. (8) is given by:

|1 (Sk) || /P . (S lv/7x

05 10 = , O =1 - (®
o 1S vk + Skl 5% (S vk + (Sk) |l v/mw
Proof. Noting that 0}, ;, = ¢ — 0}, 17, we have:
0 OIL(6; k) OIL(6; k")
aek,kf( (On 3 ) + T1(Ope 13 ) 90 o, , 0 oy, “4)
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SinCC 9;:7k/79;$/7k > 0 and QZJC/ + HZ/JC = 1/1, Wlth ez,k/Hu(Sk;)H\/nk = 9;:;’7kHIJ’(Sk3,)||’/nk’a the
following holds:
O11(6; k) ~ OI(0; k)
0 |,_,. 00

k,k’

Thus, we have %(H(Gk,k/; k) + 1L(0k: k; k') = O when Oy, = 0 ., and Oy . = 07, ;.

. 45)
o=v-0;, ,

Next, we prove that this is the only solution that gives the maximum value within the aforementioned
range. We have:

0 PN (Onirsy) | O°1(0;y)
a5 L0k ks (6,
aez’k/ ( (okJC 7y) + (GJ Y )) 80]%.7]6/ + 692

(46)

O=1p—0, 1

Here, we define o, = g\/%‘ﬂwuzgi)\l’ﬂ—llc(]: X)+4B+1, and ((0p 1) _2log(r(9;c k/> Note

that M = 93—”. Then, the following holds:
82H(9k k' k) 82
: = 1-— B Ok 1
002, 007, ( o <B+ V 6 (B ))>
8 1 B()ék _1
= B Opr)2) — —5— Op 1) 2
D6r <9i,k’ (ﬂ + B (Okkr) ) 7, Cr Ok rr) >
S 5 (5+BCk(9k W) % — B0y k’)ié)
D011 ek » :
2a 1 1
=9 u (5 + BC(Or,x1)? — BCe(Or,xr) 2)
b k!
[0 B 3
s <9 GO ) (O )z)
(73 _1 _3
s ( B+ 2BCk(Or)% — 3BCk(9k k)2 — BC(Ok k) 2)- 47)
k!
From the condition, there exists § < 1 such that 6, 5 = 1mply1ng > 1. Since i (0k,xr) >

2log 2 > 2, we have
821'1(9;6,;6/; k) < (677

(26 + 2BGu(0k1)* — 4BG (O )*)

Wiw — — Oiw
2a
o (5 + B (Okkr) ™2 (Ch Ok i) — 2))
Oy
<0. (48)
Similarly, we can prove that % b0 < 0.

Therefore, Eq. (8) is the only solution that gives the maximum value within the range where 6y, 1/
and 0y 1, satisfy Eq. (B).

Proposition 3. Suppose n; > 2 forall k € Y. For f € F, assume that for all k € Y, f(x) =
w(Sk) holds for all x € Sy. Consider the following maximization problem:

max Z Z Ok ks —|— H(ek’,k; k/) s.t. Vk, K ¢ Y, 9k7k./, GM >0 and 91€7k/ + ek’,k =1

kEY k'#k
©))
The unique solution 0} ., € ©* within the range where all 0}, ,, € © satisfies Eq. (8) is given by:
% Sk/ Nk
PP "% N w0

TGOV + [V
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Proof. The following holds, and the result follows trivially from Proposition .

m@ax Z Z H(@k,k/; k) + H(Gk/ﬁk; ]{7 < Z Z max H(Hk k'S k) + H(gk/,k; kl) (49)
keY k'#k keY k'#k Orc ks 01
O

C.2 CASE OF RELU NEURAL NETWORKS

In this section, we specifically demonstrate the values of C(H;, X) and B when the feature map

is restricted to ReLU neural feature maps. This allows us to validate the assumption R,,, (H;) <
C(Hi,X)

N posed in this paper and to illustrate the practicality of the proposed theory.
Let F represent the set of ReLU neural feature map, and define a ReLU neural feature map as
f(xz) = Wlmax(0,W?.. . max(0, Wiz)...) € F. Here, q denotes the depth of the network,
and the max operation is applied element-wise. We define the set fM as the set of ReLU neural

feature map where the product of the Frobenius norms from the first layer to the second-to-last layer
is bounded by M. That is,

q
7= {f/:a:l—>WlmaX(O,WQ...max(O,anc)...) € F| H||WSHF SM}. (50)

s=2

We focus on functions that belong to fM. When discussing ReLU neural networks, we add an
overline to distinguish them from the general case. For instance, h refers to a function that returns
the output of the second-to-last layer of a ReLU neural feature map. Similarly, fz(Sk) represents the
average of the features f(x) for the dataset Sy.

For such networks, we similarly define QZM, their Rademacher complexity, and empirical
Rademacher complexity as follows:

H' = {(v,h) | F e F",F = W'R, v is the i-th right singular vector of W}, (51)

Ry, (Hz ) Es wpre o sup = — Z ojv] hiz;)|, (52)
(vl’ )EHI 93163/
mSk <Hl ) =E o 1717 Z Ujvl $J . (53)

('Uh )G’HA x; ES}C

According to Golowich ef all (20T8), the empirical Rademacher complexity for this family of func-
tions is bounded by:

o (M
Rs, (’Hl ) =E, sup = — Z ojv] h(x;)
(viR)er" " 45,

— (V2rTog2 +1)M sup o]

< = (L5 + )M sup ]| (54)

L

Taking the expectation over Sy, we can replace C(F, X) = (1.5,/g + 1)M supgcy [||. Since

C(F,X) does not depend on ny, this confirms the assumption. We can also replace B =
M supye v [|]| because sup,e v pew [[R(2)]| < M supgeq 2|

In this case, Lemmas B and B can be rewritten as follows. Since these are simple substitutions, we
omit the proofs.
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Lemma 5. Suppose ny, > 2. Forany f € 7M and any 0 > 0, the following holds with a probability
at least 1 — 6:

Eoarnr, [[[f(@) = F@)|] = W2 Y Aveg wes, [0 (h(z) — h(z))]
=1

7| W2 M supgex ||z / r
2log - |.
< — 6/ +8+ 0g 5 (55)

Lemma 6. Suppose n;, > 2. For f € ?M, assume that for all ¢ € Sy, f(x) = @(Sk) holds. For
any 0 < 0,8’ < 1, define 0 as follows:

7P| WM supyey ||w||< )
0= — — 6/q+ 8+ 4/2log - . (56)
Y T ] VB 2ls

Assume that §, 0" satisfy 0 < =. For x ~ Py, the probability that the angle between f(x) and 11(Sk,)
is less than 0 is at least 1 — (& + &').

(%)

[}

We define the angular bound probability IT(6; k) for a ReLU neural network as in Section E2. Then,
Proposition [l can be rewritten as follows. The proof is omitted here as well.

Lemma 7. Suppose ny, > 2. For f € 7M, assume that for all x € Sy, f(x) = [(Sk) holds.
Consider any 0 satisfying the following conditions:

7 [ W oM supe |12 <6¢§+ 8+ \/210g<\/M>> <0< (57

2y/ni || (S| W2 2
For such 0, the following holds:

_ | W (29\/nk|ﬂ(8k)|>
k) =1— ————= 14+ Ms 6/q+ 84 (/2log| ————— .
(0:k) 20 /rx [E(Sw)|| sup [l 6va B\ AW

(58)
Propositions D and B also hold similarly, ensuring the validity of 1vsladjuster.
C.3 MLA APPROXIMATES 1VSIADIJUSTER
In this section, we provide the proof of Lemma D.
Lemma 2. Let 0 € [0,1). Then, the following holds:
1
¢(9)<tan(2 )< T 5(0) (03932>, (18)
2 1
7ngs(9)<tan( )<¢( ) (2<9<1>. (19)

Proof. When 6 = 0, the result is trivial since ¢(0) = tan(0) = 0. For the remainder, we assume

tan(le) tan( )(1 0)
¢(92) = 7 . Since h(f) = h(1£0)7

6 € (0,1) unless otherwise stated. Define h(0) =
proving the following will conclude the proof:

T 1
1§h(9)<§ <0<0§2>. 59)

First, we demonstrate that h(6) is monotonically non-increasing.

(g 2(50) —0) —tan(QH)) — tan(36)(1—6)
02

e( —9)

jus
2 ¢

— tan(gé))

_ Zeo(3 9)02 . (60)
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Now, define I(0) =

6176)_ _ tan(%6) for 6 € [0,1):

o=~ ((—29 +1) cos? (50) — 70(1 — 0)sin(50) cos(30) 1 )
2 cos*(50) cos?(%6)
7w 20cos®(50) + n(1 — 0) sin(50) cos(56)
2 cos*(Z0)
<o. 6D

Since 1(0) = 0, we have [(f) < 0 for 6 € [0, 1). Therefore, from Eq. (B0), A’ (6) < 0 for 6 € (0, 1),
indicating that /(6) is monotonically non-increasing.

Since h(6) = 1, to prove Eq. (89), we must indicate that limg_, 1 o h(6) = 5. By applying I"'Hopital’s
rule, this can be verified.

lim A(f) = lim

6—+40 6—+40 0
) ™ m (1-0)
— Jim —tan(20) +
e + 2 COSQ(%G)
™
=_, 62
5 (62)
Thus, Eq. (89) holds, completing the proof.
O

D ALGORITHM OF 1VS1ADJUSTER

Algorithm [ outlines the detailed steps of 1vsladjuster, a 1-vs-1 multi-class classifier that performs
classification based on the decision boundaries proposed in Proposition B. The derivation of the
normal vector my, iy € R¢ for the decision boundary between k and £’ is as follows. Since my x/
lies in the same plane as w;, and wy, and the angles with each are specified, it can be expressed
using «, 8 € R as follows. Note that we assume ||, 1| = 1 here.

my 1 = awy + fw

™ *
m;:k,/'LUk = COS(§ - ak,k‘/ (’YlVl)) (63)

71'
mz’k,wk/ = COS(E + 9;;/1;6(’71\,1))
Solving this system of equations for « and 3, we obtain the following:
7 sin 92,1@/ (71v1) + sin 07;,,,6(71\,1) cos
1 —cos29
sin 6, 1. (y1v1) +sin 6 1 (y1v1) cos ¢
N 1 — cos?

Thus, the decision boundary can be defined as a plane passing through the origin with my, ;. as
the normal vector. Note that Algorithm [ simplifies this by using the normal vector multiplied by
1 — cos?1). Additionally, when K is sufficiently large, my, ;- can be approximated as my, g ~
sin 0;;7]@, (y1v1)wy — sin 975',1@('71\/1)“’16’-

(64)

E DISCUSSION: APPROXIMATION OF ALA

Similar to the approximation of MLA in Section B3, we explore approximating ALA to
lvsladjuster. ALA modifies the logits by adding a correction term, —v4 log ny, where v > 0.

First, we assume that for any & € X, the feature norm is constant, i.e., f(z) = |f|. Similar to
the MLA case, we denote the coefficient of the ALA by 7. To adjust the decision boundaries in
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Algorithm 1 1vsladjuster
1: function ONE_VS_ONE(f(x), W,0% )

Y1ivi

2: let counter|[l..K| be a zero-initialized array
3: for all k£ < Y do
4: forall ¥’ «— )Y do
5: if &k = k’ then
6: continue
7: end if
8: let o = sin 0} ;. (Y1v1) + sin 0,’;,7k(fylv1) cos 1
9: let 8 = sin 9,’;,’k(71v1) + sin Gz,k/('ylvl) cos
10: let my i = QW + Bwy
11: if m;_ ., f(x) > 0 then
12: counter[k] < counter[k] + 1
13: end if
14: end for
15: end for
16: return arg max(counter)

17: end function

ALA such that it satisfies Proposition B, 7, must be set so that the following condition holds for all
kE+K ey:
11l cos (O i (vrv1)) — me = (1 F1] cos(05: k (vav1)) — e
& 11F1(cos(B g (11) — o8B (F11))) = 1 = - (65)
For the left-hand side:
cos(0  (Y1v1)) — cos(Op 1 (y1v1))
. (975,1« (v1) + GZf,k(Vlvl)) : (9;2,1« (Y1v1) — 975/,1@(’71v1)>
= —2sin sin

2 2

=-2 sin(ﬁ) sin(? — 97;/,;6(’71\/1))
=2 sin(?) sin <927k/(71‘,1) - 7’2[}>
= 2sin(q§) sin(lg — 9};7;@/(71‘;1)) (66)

sa(3)30 )

Let us denote the right-hand side as g(74 x (71v1)). We set v3 > 0 so that it can be approximated
near 7y x/(y1v1) = 1 by 277 log(7x,k (71v1))- Specifically, we set 77 to satisfy:

g(1) = 0= —2v] log(1), (67)
g (1) = Zsin(éj) =27]. (68)
The solution is v} = %sin(%). Thus, when 7y i (y1v1) ~ 1:

M — Mk ~ 277 10g ik (Y1v1)
= 74 (log (| (Si)lni ") — log(|p(Si)[I*n+))
= 7% (vilog g — y1vi log iy + 2(log || p(Sk)|| — log [|pe(Sk) )
= v171vi(logny — logny). (69)
From this, we conclude that when 7, 3/ (v1v1) ~ 1 and [|p(Sk)|| = [|e(Sw)|| for all k, k" € Y, the

ALA results in the decision boundaries as 1vsladjuster. However, under LTR settings, 7% i (Y1v1)
can vary significantly depending on k and k', making this approximation less realistic in practice.
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F EXPERIMENTS

In this section, we summarize the details of the experimental settings and results that are not fully
covered in the main text. Appendix ETl outlines the detailed experimental settings. Appendix E2
provides supplementary results for the experiments in Section 57, while Appendix EJ presents
additional results for the experiments in Section B3 under different conditions.

F.1 SETTINGS

We describe the detailed training settings in this section. We mainly followed the hyperparameters
used in Hasegawa & Sato (2023). First, we provide the details for experiments on image datasets,
and then describe the experiments on tabular data, highlighting the differences.

F.1.1 DATASETS

Following Cnief-all (201Y9) and Cincefall (2019), we created long-tailed versions of image datasets.
For tuning the hyperparameters vyiy1,7v+,7VYx, we used validation datasets. Since CIFAR10 and
CIFAR100 do not have validation datasets, we created validation datasets using a portion of the
training datasets. Following Cinef-all (Z01Y9), we constructed the validation datasets by extracting
only 20 samples per class from the training datasets and using the remaining samples as the training
datasets. For CIFAR100, we set n to 480, and for CIFAR10, we set it to 4980. The imbalance factor
p was set to 100. The classes within each dataset were divided into three groups— Many, Medium,
and Few— on the basis of the number of training samples ny. For CIFAR100-LT and ImageNet-LT,
we categorized classes k as Many if they had more than 1000 training samples (n; > 1000), Medium
if they had between 200 and 1000 training samples (200 < nj < 1000), and Few otherwise. For
CIFARI10-LT, we classified classes as Many if they had more than 100 samples, Medium if they had
between 20 and 100 samples, and Few otherwise.

F.1.2 EVALUATION METRICS

Unless otherwise specified, we used the following hyperparameters with ResNet. We chose stochas-
tic gradient descent with momentum = (.9 as the optimizer and applied a cosine learning rate
scheduler (Coshchilov_& Huffer, D{IT7) to gradually decrease the learning rate from 0.01 to 0. The
batch size was set to 64, and the number of training epochs was 320. The loss function used was
cross-entropy loss, and regularization included a weight decay of 0.005 (Hanson & Praff, T989)
and feature regularization of 0.01 (Hasegawa & Satg, Z073). Although we used an ETF classifier
for the linear layer, we did not use Dot-Regression Loss ([Yang et al], Z027H), following Hasegawa
&Safd (2023). The optimal v € {¥1vy1,7+,7x } for LA and lvsladjuster were determined using
cross-validation on validation datasets, exploring values from {0.00, 0.05, . ..,2.00}.

Next, we describe the experimental setup for ImageNet-LT. The learning rate was gradually de-
creased from 0.05 to 0, with the number of training epochs set to 200. Regularization involved a
weight decay of 0.00024 and a feature regularization of 0.00003. All other settings were the same
as those used for CIFAR100-LT.

For the experiments in Section B2, we used the optimal values of vyiy1, v+, V7% determined by the
validation data. For ALA, the value of || f|| was calculated by averaging the norm of the class mean
features for each class.

The accuracy reported in Section B3 represents the mean and standard deviation across five inde-
pendent experiments, each using different random seeds. The values of 1,1, 7x, and the training
accuracy mentioned in Section B4 correspond to these experiments. All experiments were con-
ducted on a single NVIDIA A100.

F.1.3 TABULAR DATA

Next, we describe the experiments conducted on tabular data. Since tabular data have characteristics
that differ significantly from image data, we conducted these experiments to demonstrate that our
results can generalize to other modalities beyond images. Apart from the settings described below,
the procedure was identical to that used for image data. Following Hasegawa & Satg (20073, we used
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Figure 4: Heatmaps showing the difference in angles between the decision boundaries adjusted by
each method and those adjusted by 1vsladjuster of ResNeXt50 trained on CIFAR100-LT. The angle
differences between MLA and 1vsladjuster are generally small compared to the difference between
ALA and lvsladjuster.

the Helena dataset with 100 classes. Since this dataset is not pre-split into validation and test sets,
we randomly sampled 20 non-overlapping samples per class for validation and test sets respectively.
The distribution of this dataset resembles a long-tailed distribution with p ~ 40. For each class,
those with more than 500 training samples were categorized as Many, those with 200 < n; < 500
as Medium, and the rest as Few.

In line with Kadra“ef-all (Z021)), we trained a MLP with sufficient regularization. We used a 9-layer
MLP with 512-dimensional hidden layers as the feature map. The model was trained for 400 epochs
using AdamW (Coshchilov_& Hnuffer, POTX). Regularization methods included a 0.15 dropout rate
(Srivasfava_efall, 2074, 0.15 weight decay, and 0.001 feature regularization.

F.2 DECISION BOUNDARY ANGLES

We present the results of the experiments from Section B2 conducted with different models and
datasets. Figure B illustrates the differences in the angles of the decision boundaries of ResNeXt50
trained on CIFAR100-LT, while Figures B and B display the results for ImageNet-LT and Helena,
respectively. In all cases, the decision boundaries adjusted by MLA and lvsladjuster tend to be
more similar to each other than to those adjusted by ALA.

F.3 TEST ACCURACY

In this subsection, we first present the error bar plot for the average test accuracy on Helena, which
is not shown in Section B3, followed by a detailed table of test accuracy of models adjusted by each
method.

Error Bar Figure [ shows the average accuracy of models trained on Helena, adjusted by different
methods. Notably, models trained on Helena, similar to those on ImageNet-LT, did not achieve a
training accuracy of 100%, indicating that NC has not fully occurred (see Table ). Despite this, the
results show that ML A and 1vsladjuster achieve comparable accuracy, consistent with the experi-
ments on other image datasets.

Table We compare the test accuracy when each method is applied post-hoc to trained models.
We refer to the models only trained on the training data, without the application of any post-hoc
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Figure 5: Heatmaps showing the difference in angles between the decision boundaries adjusted by
each method and those adjusted by 1vsladjuster of ResNeXt50 trained on ImageNet-LT. The angle
differences between MLA and 1vsladjuster are generally small compared to the difference between
ALA and 1vsladjuster.
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Figure 6: Heatmaps showing the difference in angles between the decision boundaries adjusted by
each method and those adjusted by 1vsladjuster of MLP trained on Helena. The angle differences
between MLA and lvsladjuster are generally small compared to the difference between ALA and
lvsladjuster.
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Figure 7: Average accuracy of MLP trained on Helena and adjusted by different methods. MLA and
lvsladjuster achieve comparable accuracy as with the experiments on other datasets in Figure B.

Table 6: Accuracy of ResNet34 adjusted with each method on CIFAR100-LT. MLA and

lvsladjuster achieve comparable average accuracy. MLA outperforms ALA in average accuracy
on CIFAR100-LT.

Method Many Medium Few Average
Baseline 77-9:|:0,3 46.8:|:1_0 15.3:‘:0.3 47.6:|:0_5
ALA (v+ =1.0) 723102 479111 283109 50.1104
ALA (best) 75.61049 49-2i1.0 25-2i2.2 50~7i0.4
1vl (y1y1 = 0.5) 76.410.3 51.71009 24.T10.7 51.7410.2
1v1 (best) 742470 53.0109 296111 529403
MLA (vx =0.5) 75.6103 52.3108 27.1i07 524400
MLA (best) 73~2:t0.8 52.8:‘:0,9 30.9:|:1_1 53.0:‘:0.3

adjustment methods, as Baseline. We present two cases for each adjustment method: when the hy-
perparameter values are set according to the values derived from each theory (0.5 or 1.0), and when
the parameters are tuned using validation data (best). In addition to the overall average accuracy
(Average), we also report the average accuracy for the Many, Medium, and Few categories. Refer
to Appendix ET for details on these categorizations. The results for CIFAR100-LT and CIFAR10-
LT are presented in Tables B and [, respectively. Table B reports the accuracy of ResNeXt50 on
CIFAR100-LT, while Tables B and [ display the results of ImageNet-LT and Helena, respectively.

In all results, the Baseline shows higher accuracy for the Many category, as naive training on long-
tailed data results in outputs biased toward head classes. The 1vsladjuster and post-hoc LA methods
successfully adjust for this bias by increasing the accuracy of Few classes, thereby improving the
overall average accuracy. As shown in Section 873, MLA achieves nearly the same average accuracy
as the lvsladjuster across all datasets. Additionally, MLA outperforms ALA in terms of average
accuracy for CIFAR100-LT.

F.4 COMBINATION WITH OTHER METHODS

Since MLA only adjusts the logits during inference, it can be seamlessly integrated with other LTR
techniques. Notably, methods classified under “Information Augmentation” and “Module Improve-
ment” in the taxonomy by [Zhang et al] (20021 are particularly compatible. Here, we present ex-
perimental results combining MLA with the approach proposed by Wang et al] (20234), which falls
under “Information Augmentation.” We compare the average accuracies of a model trained with
cross entropy loss against one with MLA. The dataset used is CIFAR100-LT of our implementation,
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Table 7: Accuracy of ResNet34 adjusted with each method on CIFAR10-LT. Although the num-
ber of classes is insufficient and the assumptions of our theory do not hold completely, MLA and
lvsladjuster achieve comparable average accuracy.

Method Many Medium Few Average
Baseline 89.2.15 763125 608446 76.8403
ALA (’}/+ = 1.0) 87.2i2.5 78.512_9 71~7i3.9 79-9i140
ALA (best) 87.7:|:1_2 78.2i3_0 70.5:|:2_7 79.7:‘:1.1
1vl (’}/1\,1 = 05) 88.0:|:2.2 78.6:‘:2‘7 68.9:&4.2 79'5:i:0‘8
1v1 (best) 8794118 793140 690427 796411
MLA ("}/X = 05) 88.1:|:2_2 78.7i2_7 68.4:|:4_3 79~4:t0.8
MLA (best) 88.0:|:1.6 79.2:‘:3‘7 68.8:&2.9 79.6:‘:1‘1

Table 8: Accuracy of ResNeXt50 adjusted with each method on Cifar100-LT. MLA and 1vsladjuster
achieve comparable average accuracy. MLA outperforms ALA in average accuracy on CIFAR100-

LT.
Method Many Medium Few Average
Baseline 77.4:|:0.3 49.8:|:0,5 18.2:‘:0.4 49.4:|:0'3
ALA (74 =1.0) 733406 509105 310404 524404
ALA (best) 76.3305 519104 262404  52.2400
1vl (’}/1\,1 = 05) 75.6:‘:0,3 53.5:‘:0‘5 27.6:‘:0.7 53.0:&0,2
1v1 (best) 70.540.7 54.0412 36.6.09 54.2.93
MLA (’}/X = 05) 74.5:‘:0,3 53.7io,s 30.3:‘:0.7 53.5:|:0_2
MLA (best) 729405 53.8:111 334106 54.0103

Table 9: Accuracy of ResNeXt50 adjusted with each method on ImageNet-LT. Although insufficient
NC has occurred (see Table M) and the assumptions of our theory do not hold completely, MLA and
lvsladjuster achieve comparable average accuracy.

Method Many Medium Few Average
Baseline 68.1:|:0_2 43.0:|:0_2 17.0:|:0.5 49.1:|:0_2
ALA (v+ = 1.0) 653102 481,01 312407 52.4:01
ALA (best) 63.140.4 48.740.2 36.740.9 52.640.2
1vl ('Ylvl =0.5) 48. 7105 48.040.4 48.4 106 48.310.2
1v1 (best) 62.8004 493103 347107 525402
MLA (yx =0.5) 389197 44.0103 52.3106 432103
MLA (best) 62-4:I:0.4 49.3i0_2 36.0:‘:0.5 52.6:‘:0.2

Table 10: Accuracy of MLP adjusted with each method on Helena.

has occurred (see Table M) and the assumptions of our theory do not
lvsladjuster achieve comparable average accuracy.

Although insufficient NC
hold completely, MLA and

Method Many Medium Few Average
Baseline 36.1i1,3 21~6i0.6 17-4j:1.0 25~2i0.3
ALA (v, =1.0) 347114 265i0s 238i03 284403
ALA (bCSt) 31.2:‘:1,2 28.8:‘:0,6 27.4:|:0_3 29.2:‘:0,4
1vl (’}/1\,1 = 05) 32-9i1.0 29-0j:1.0 24-7j:0.8 28-9i0.4
1vl (best) 31.5:‘:1.2 29-8:t1.6 25.6:‘:0.5 29.0:‘:0.4
MLA (7% = 0.5) 31.1509 302110 26.0106 29.1. 05
MLA (best) 31.311_7 29-8i1.8 25.8i140 29-Oi0.3
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Table 11: Accuracy of ResNet32 trained with Wang et all (20234d) and adjusted with MLA on
CIFAR100-LT. MLA can be used effectively in combination with other LTR methods to improve
accuracy.

Method Many Medium Few  Average

Wang et al] (Z02734) 73.5 45.1 13.5 44.9
Wang et al] (20233) + MLA  63.8 51.7 30.2 49.1

Table 12: Accuracy of ResNet34 adjusted with each method on CIFAR100-LT with p = 200. MLA
and 1vsladjuster achieve comparable average accuracy. MLA outperforms ALA in average accuracy
on CIFAR100-LT.

Method Many Medium Few Average
Baseline 78~4i0.3 48-4i0.5 12-5i0.5 43~1i0.3
ALA (v =1.0) 699408 463107 214410 434407
ALA (bCSt) 76.310,3 50~3i0.4 19-3j:1.0 45~7i0.4
1vl ('Ylvl = 05) 76.51044 53-3i0.4 20-210.6 47~Oi0.2
1vl (best) 74.6:‘:0.8 53.6:‘:0,5 23.4:|:1_2 47.8:‘:0.4
MLA (v« =0.5) 754405 53.1106 22.5106 47.6103
MLA (best) 73-5i049 52-9i1.0 24~4i0.4 47-7i045

while other code and experimental settings adhere to the official implementation by Wang et all
(P0233). Note that these results are not directly comparable with our other experiments due to dif-
ferences in setup. The results are summarized in Table [Il. As shown, combining MLA with other
LTR methods can further improve accuracy.

F.5 HIGHER IMBALANCE FACTOR

To evaluate the effectiveness of MLA on more imbalanced datasets, we conducted experiments
on the CIFAR-LT dataset with p = 200. All other experimental settings were identical to those
described in Section Bl. The results are shown in Tables [2 and [3. As in the case with p = 100,
the results demonstrate that ML A closely approximates 1vsladjuster in all scenarios. MLA achieves
higher mean accuracy than ALA on CIFAR100-LT in this case as well.

Table 13: Accuracy of ResNet34 adjusted with each method on CIFAR10-LT with p = 200. MLA
and lvsladjuster achieve comparable average accuracy.

Method Many Medium Few Average
Baseline 91.6:|:1‘6 69.7i2_2 54.0:‘:3.3 70~0:|:0.6
ALA (74 = 1.0) 8170157 693404 693.46 73.0:1s
ALA (best) 89.2,19 70.55.59 64.5:30 73.7T106
1vl ('Ylvl = 05) 88.4:|:3‘2 71.4:|:2_0 64.9:|:4_6 73-9:t0.6
1vl (bCSt) 87.5:|:3_9 71.7:‘:1‘9 66.1:|:5.4 74.2:‘:0,7
MLA (’}/X = 05) 88.8i3.0 71-4i2.0 64.1i4,5 73-7i0.7
MLA (best) 88.0434 T1.7119 654452 7T4.1i0s
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