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Abstract

In financial applications, reinforcement learning (RL) agents are commonly trained1

on historical data, where their actions do not influence prices. However, during2

deployment, these agents trade in live markets where their own transactions can3

shift asset prices, a phenomenon known as market impact. This mismatch between4

training and deployment environments can significantly degrade performance. Tra-5

ditional robust RL approaches address this model misspecification by optimizing6

the worst-case performance over a set of uncertainties, but typically rely on symmet-7

ric structures that fail to capture the directional nature of market impact. To address8

this issue, we develop a novel class of elliptic uncertainty sets. We establish both9

implicit and explicit closed-form solutions for the worst-case uncertainty under10

these sets, enabling efficient and tractable robust policy evaluation. Experiments11

on single-asset and multi-asset trading tasks demonstrate that our method achieves12

superior Sharpe ratio and remains robust under increasing trade volumes, offering13

a more faithful and scalable approach to RL in financial markets.14

1 Introduction15

Reinforcement learning (RL) has emerged as a promising decision-making framework for quantitative16

trading strategies [1, 2], including portfolio optimization [3–13], automatic trading [3, 14–19], market17

making [20–24], and option hedging [25–30]. RL’s appeal in finance lies in its ability to learn18

adaptive strategies directly from data, without strong market assumptions [1]. This makes it well-19

suited for capturing complex market dynamics and aligning with the sequential nature of financial20

decision-making.21

One of the primary challenges in training a robust and consistently profitable RL agent lies in handling22

the market impact [31–33]; that is, the influence of the agent’s own trades on asset prices in the23

deployed environment. For example, when a trader buys or sells a large volume of an asset, it can24

temporarily drive the price up or down, respectively (as illustrated in Figure 1). Typically, RL agents25

are trained on historical market data where market impact is absent. However, during deployment,26

the environment shifts from a passive historical setting to the real market, where the agent’s actions27

actively affect prices. This discrepancy between training and deployment environments undermines28

the optimality and robustness of the learned policy, and leads us to the central question in this paper:29

Q: Can we train RL agents on historical data while robustly accounting for
market impact during deployment?30

To address this central question, we adopt the framework of robust RL [34–51], which is designed31

to handle model misspecification; that is, the mismatch between the training and deployment envi-32
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Figure 1: Market impact illustration using AMZN stock on June 21, 2012, based on 5-level LOBSTER
data [52]. The left panel shows the price response to executing a buy order of 100 shares at the time
t “ 0 ms, which consumes ask-side liquidity within 1000 ms and induces an immediate upward shift
in price. The right panel shows the analogous impact of a sell order. This plot indicates that the
transition dynamics induced by trading are not symmetrically distributed around the nominal kernel.

ronments. The robust RL framework explicitly acknowledges that the real market environment may33

differ from the simulated training environment, and it aims to learn policies that are resilient under a34

range of perturbations.35

However, existing robust RL approaches face a key limitations in financial applications; that is,36

traditional uncertainty sets are typically symmetric, which fail to capture the directional nature of37

market impact. Addressing this challenge motivates our threefold contributions:38

(1) We propose a novel class of uncertainty sets, elliptic uncertainty sets (Definition 3.2), which39

generalize traditional ℓp-norm balls to the ellipse-like structure. These sets better capture the40

empirically observed directional nature of market impact as illustrated in Figure 1.41

(2) On the theoretical side, we derive closed-form solutions for solving the worst-case transition42

kernel under the proposed uncertainty sets (Theorem 3.3). Furthermore, under certain conditions,43

we present the explicit solutions (Theorem 3.4). This development significantly broadens the44

scope of tractable robust RL problems beyond symmetric (ball-shaped) uncertainty sets, enabling45

more faithful representation of market impact.46

(3) We empirically evaluate our approach on real-world financial data using trade-level market47

impact simulations in Section 4. Experimental results demonstrate that our method consistently48

outperforms the standard single-asset intra-day trading strategy and existing RL baselines in49

terms of Sharpe ratio. Moreover, we validate the robustness of our method under increasing50

strategy volume, confirming its effectiveness in high-volume regimes.51

1.1 Related Work52

Existing Approaches to Handle Market Impact The most common approach for handling market53

impact is to simulate the electronic market more accurately. By applying high-fidelity market54

simulators, often built upon limit order book (LOB) dynamics [31, 32, 53–55], trade-level data [56,55

57], or large-scale agent-based simulators [58–61], it captures more detailed market microstructure56

and reduces the gap between the simulated and the real trading environments. Prominent approaches57

to incorporating market impact into backtesting include agent-based simulation frameworks [58–61],58

data-driven LOB reconstruction models [62, 63, 55], and hybrid systems that integrate historical data59

replay with synthetic order flow generation [64, 65]. However, access to high-quality market data is60

often limited, and simulating market environments with agent-based systems remains prohibitively61

expensive. Therefore, a practical alternative is to train the agent directly on historical data without62

market impact while still encouraging it to account for potential worst-case scenarios.63

Robust RL in Finance Robust RL, with its intrinsic ability to handle model misspecification, pro-64

vides a natural framework for incorporating market impact considerations during training. Jaimungal65
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et al. [3] propose a robust reinforcement learning framework based on rank-dependent utility to66

address uncertainty in financial decision-making, demonstrating the effectiveness of robust RL in67

portfolio allocation, benchmark strategy optimization, and statistical arbitrage. Shi et al. [5] formulate68

portfolio optimization as a robust RL problem to enhance resilience. We et al. [30] extend robust69

risk-aware RL to manage the risks associated with path-dependent financial derivatives, showcasing70

its effectiveness in complex hedging scenarios. However, existing work primarily focuses on fully71

symmetric uncertainty sets, which fail to capture the directional characteristics of financial markets.72

Addressing this limitation is the central focus of our paper.73

Modeling the Uncertainty Set in Robust RL The uncertainty set captures the discrepancy between74

training and deployment environments. However, robust RL becomes computationally intractable75

when the uncertainty set is highly irregular [34, 50, 45, 46]. To mitigate this issue, it is common to76

impose structural assumptions that enable tractable solutions. We highlight several representative77

structures, with further details deferred to Appendix A.1. The R-contamination model [37] defines78

an uncertainty set as a sphere of radius R centered around the nominal transition kernel, admitting79

analytical solutions for robust policy evaluation. The ℓp-norm uncertainty sets are also widely80

studied due to their closed-form solutions [45, 46]. The integral probability metric (IPM) and81

double-sampling uncertainty sets have been shown to allow efficient computation [49]. Other works82

include uncertainty sets based on the Wasserstein metric and f -divergence, which have also received83

considerable attention [66–68].84

2 Preliminaries: Robust Reinforcement Learning85

We focus on the discounted infinite-horizon Markov Decision Processes (MDPs) [69], formally86

defined as a five-tuple pS,A,P, r, γq, where S and A denote the state and action spaces1, respectively.87

The transition kernel Pps1 | s, aq specifies the probability of transitioning to state s1 from state s after88

taking action a. The reward function r : S Ñ r0, 1s assigns a bounded reward to each state, and the89

discount factor γ P p0, 1q models the agent’s preference for immediate rewards over future ones.90

Instead of assuming a fixed transition kernel P, we account for the effects of model misspecification.91

Let P0 denote the nominal transition kernel, and define the ps, aq-uncertainty set Us,a Ă R|S| at the92

point ps, aq P S ˆ A as93

(ps, aq-Uncertainty Set) Us,a :“ tus,a P R|S| | us,a P Cs,a, u
J
s,a1|S| “ 0u,

where Cs,a Ă R|S| is a convex set, 1|S| is an all-one vector with the dimension |S| (for convenience,94

we will usually omit the subscript |S|). The convex set is commonly chosen as a ball-shaped set (e.g.95

Cs,a “ Bppβs,aq :“ tus,a P R|S| | }us,a}p ď βs,au for the ℓp-norm uncertainty set), where βs,a ě 096

is a radius parameter that quantifies the allowable deviation. The zero-sum constraint uJ
s,a1|S| “ 097

ensures the perturbed transition Pp¨ | s, aq ` us,a remains a valid probability distribution. The98

uncertainty set U and the robust transition model are then defined as99

(Uncertainty Set) U :“
ą

ps,aqPSˆA

Us,a, (1)

(Robust Transition Model) PU :“
!

Pu :“ P0 ` u
ˇ

ˇ

ˇ
u P U

)

, (2)

respectively. Throughout this paper, we assume the parameter of uncertainty set is chosen appro-100

priately such that all elements in the robust transition model is well-defined [45, 46]. Given these101

notations in place, we define the value function of the policy π with the uncertainty u as the value102

function with the transition probability Pu P P:103

V π
u psq :“ E

“

8
ÿ

t“0

γtrpst, atq | s0 “ s,Pu, π
‰

,

1For theoretical analysis, we restrict our attention to MDPs with finite state and action spaces. This assumption
avoids the technical complications arising from continuous or hybrid spaces, which, although explored in some
prior work [70–73], remain analytically open without imposing additional assumptions, especially for robust
RL problems. Nevertheless, our empirical results extend to continuous settings, demonstrating the practical
applicability of our approach beyond the theoretical scope.
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Figure 2: Illustration of the transition kernel in a simplified robust RL setting using an ℓ8-norm
uncertainty set. Only one of the upward (buy) or downward (sell) shift is plausible in a given scenario;
however, the ball-shaped uncertainty set must include both due to its symmetric structure, which
motivates us to propose an uncertainty set with non-symmetric structures.

The robust value function is the worst-case value function over all uncertainties; that is V πpsq :“104

minuPU V π
u psq. Similarly, we can also define the robust Q-function and the robust advantage function105

as Qπps, aq :“ minu E
“
ř8

t“0 γ
trpst, atq | s0 “ s, a0 “ a,Pu, π

‰

and Aπps, aq :“ Qπps, aq ´106

V πpsq, respectively.107

The goal of robust RL is to learn a parameterized policy πθ that maximizes the worst-case value
function V πθ ps0q, where s0 denotes the initial state. A standard approach applies the robust policy
gradient formula [34]:

∇θV
πpsq “ Es„dπθ ,a„πθ

rQπθ ps, aq∇θ log πθpa|sqs ,

where dπθ is the stationary distribution induced by πθ, and Qπθ denotes the robust Q-function. This108

formulation reduces robust RL to a gradient-based optimization problem, shifting the main challenge109

of robust RL to accurately evaluate the robust value function, which is our focus in Section 3.3.110

3 Modeling Market Impact with Elliptic Uncertainty Sets111

3.1 Limitations of Symmetric Uncertainty Sets112

Robust MDPs offer an ideal framework to handle model misspecification by allowing the transition113

kernel to deviate within a prescribed uncertainty set. However, most existing formulations adopt114

symmetric structures, typically the ball defined by a specific norm, that treat all directions of115

perturbation equally. While mathematically convenient, these symmetric structures often fail to116

reflect the directional nature of real-world uncertainties.117

Symmetry in this context typically refers to invariance under the signed permutation group (see118

Appendix A.2 for details). A canonical example is the ℓp-norm ball:119

Bppβq :“ tu P Rd | }u}p ď βu,

which satisfies the property that for any u P Bppβq, all signed permutations of u are also contained in120

the set. It enforces an implicit assumption of isotropic uncertainty, equally plausible in all directions,121

which often includes unrealistic perturbations. We demonstrate it in the following example:122

Example 3.1 (Symmetric Sets Fail to Capture Directional Uncertainty). In financial markets, large
buy or sell orders induce directional shifts in asset prices due to liquidity consumption (see Figure 1).
In Figure 2, we consider the following classical ℓ8-norm ps, aq-uncertainty set:

Us,a :“
␣

u P Rd | }u}8 ď 2ε, uJ1 “ 0
(

.

This set includes, for example, the perturbation vectors

u1 “ rε, ε,´2ε, 0, 0sJ, and u2 “ r0, 0,´2ε, ε, εsJ.

Both u1 and u2 satisfy the norm and mean constraints, and since they are signed permutations of123

each other, they must either both belong to Us,a or be excluded together. However, this symmetry124
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fails to reflect market realities: under a buy action, u1 represents a plausible upward shift due to125

liquidity-driven market impact, while u2, corresponding to a downward shift, is implausible. Thus,126

the symmetric structure forces inclusion of perturbations that contradict the directional market impact,127

potentially leading to overly conservative or unrealistic robust policies.128

This observation underscores the importance of developing a robust RL framework that can capture129

the directional nature of environment shifts observed in financial markets. To this end, we introduce a130

novel class of elliptic uncertainty sets, which generalize traditional norm-bounded sets by allowing131

non-symmetric perturbations, while retaining closed-form tractability under certain conditions.132

3.2 The Elliptic Uncertainty Sets133

The elliptic uncertainty sets generalize the classical ℓp-norm uncertainty set by incorporating direc-134

tional non-symmetry. Formally, we have the following definition:135

Definition 3.2 (Elliptic ps, aq-Uncertainty Set). For each state-action pair ps, aq P S ˆ A, the elliptic136

ps, aq-uncertainty set is defined as137

Us,a :“

#

u P R|S|

ˇ

ˇ

ˇ

ˇ

ˇ

N
ÿ

n“1

}u ´ us,a
n } ď βs,a, u

J1|S| “ 0

+

, (3)

where tus,a
n uNn“1 P R|S| are called the foci of the ellipse, βs,a ě 0 is the uncertainty size, and138

} ¨ } : Rd Ñ R is an arbitrary norm. Particularly, when } ¨ } is taken as the ℓp-norm (p P r1,`8s),139

Us,a is called the ℓp-ellipse uncertainty set.140

Here the constraint uJ1|S| “ 0 ensures the perturbed transition still defines a valid probability141

distribution. For convenience, we will omit the superscript in us,a
n and the subscript in βs,a when the142

context is clear.143

Connection to the Classical Ellipse Our definition draws directly from the geometric characteriza-144

tion of an ellipse: the set of points for which the sum of distances to multiple foci is bounded by a145

constant βs,a. We show that it recovers classical structures as special cases with the following two146

concrete examples:147

(1) When N “ 1 and u1 “ 0, the set Eq. (3) reduces to the ℓp-norm ball

Bppβq :“ tu | }u}p ď βu,

which aligns with the standard uncertainty set used in robust RL (e.g., [45, 46, 34]).148

(2) When N “ 2 and p “ 2, Eq. (3) becomes }u ´ u1}2 ` }u ´ u2}2 ď β. Defining the midpoint
ū :“ u1`u2

2 , there exists a matrix A such that this constraint is equivalent to a classical quadratic
form of an ellipse:

pu ´ ūqJApu ´ ūq ď 1,

where the detailed derivation is given in Lemma B.10.149

These examples demonstrate that our formulation significantly generalizes classical ellipses by150

allowing arbitrary norms and accommodating multiple foci, thereby enabling more flexible modeling151

of non-symmetric perturbations. However, such generality often comes at the cost of increased152

complexity. To address this concern, in the next section, we show that, under certain parameter153

choices, our proposed uncertainty set remains as trackable as traditional ℓp-norm uncertainty sets.154

3.3 Solving the Worst-Case Uncertainty155

Solving the worst-case uncertainty u˚ :“ argminV π
u ps0q plays a crucial role in efficient robust156

policy evaluation. The ℓp-norm uncertainty set [45, 46] and the R-contamination model [37] are157

popular as the solution u˚ is closed-form. When the uncertainty set is complicated, many existing158

robust RL methods require an external optimization loop to determine the worst-case transition159

probability, which can be impractical in real-world scenarios.160

To address this issue, we derive an implicit solution (Theorem 3.3) for the worst-case uncertainty161

that avoids additional interaction with the environment. Under certain conditions, we further provide162
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an explicit closed-form solution (Theorem 3.4), enabling direct computation without the need for163

external solvers.164

We start with recapping some backgrounds in robust TD learning. Let V denote all functions mapping165

from the state space S to the Euclidean space R. Given that U is an arbitrary uncertainty set, the166

robust Bellman operator associated with the policy π, T π
U : V Ñ V , is defined as167

T π
U vpsq “

ÿ

aPA
πpa|sq

«

rps, aq ` γ min
uPUs,a

uJv ` γ
ÿ

s1PS
P0ps1|s, aqvps1q

ff

.

As shown by [74, 34], when γ P p0, 1q, the robust Bellman operator is a contraction operator, which168

admits the unique fixed point as the robust value function V π P V . When U is given by the ℓp-ellipse169

uncertainty set (Eq. (3)), then170

T π
U vpsq “

ÿ

aPA
πpa|sq

»

—

–

rps, aq ` γ min
ř

n }u´un}ďβ

uJ1“0

uJv ` γ
ÿ

s1PS
P0ps1|s, aqvps1q

fi

ffi

fl

.

It turns out that if we can solve the optimization problem171

min
ř

n }u´un}ďβs,a

uJ1“0

uJv, (4)

the robust Bellman operator is just the standard Bellman operator (over the nominal transition172

probability) with a solved shift. As the result, we can simply apply the standard TD-learning with173

adding this correction term to solve the desired robust value function. In the following theorem, we174

present a general recipe of solving this optimization problem.175

Theorem 3.3 (Implicit). Let d :“ |S| be the cardinal of state space. Suppose that tunuNn“1 Ă Rd

for each ps, aq P S ˆ A, the uncertainty size β ě 0, and v P Rd. Then there exists λ˚ and µ˚ such
that the optimization problem defined by Eq. (4) is solved by

u˚ “ argmin
u

“

pv ` µ˚1qJu ` λ˚

N
ÿ

n“1

}u ´ un}p
‰

.

Remark. We say a solution of the optimization problem is “implicit” if it can be represented as an
equation in the form gpu, v, β, tunuq “ 0. In this theorem, as the right-hand side

Gpu, v, β, tunuq :“ pv ` µ˚1qJu ` λ˚

N
ÿ

n“1

}u ´ un}p

is proper, convex, and coercive; we can surely re-write it as the sub-gradient form by letting

gpu, v, β, tunuq P BuGpu, v, β, tunuq.

Then we obtain the implicit representation gpu, v, β, tunuq “ 0. Moreover, we derive the formula of176

λ˚ and µ˚ beyond the existence; the full result is presented in Theorem B.12 with more details.177

The implicit solution has already shown significant advances compared to some of existing robust178

RL methods which typically require to solve the worst-case transition probability using additional179

state-action sample generated from the agent-environment iteration. However, it is still (slightly)180

impractical to solve additional convex optimization problems in every iteration. Fortunately, under181

certain conditions, the solution can be “explicit”; that is, we can write the optimal solution in the182

form of u˚ “ fpv, β, tunuq.183

Theorem 3.4 (Explicit). Let d :“ |S| be the cardinal of state space. Suppose that tunuNn“1 Ă Rd184

for each ps, aq P S ˆ A, the uncertainty size β ě 0, and v P Rd. The optimization problem defined185

by Eq. (4) is explicitly solved in the following cases:186

(a) Let N “ 1 and 1
p ` 1

q “ 1. Then the minimizer of Eq. (4) is given by

u˚ “ u1 ` β
signpv ` µ˚1q d |v ` µ˚1|q´1

}v ` µ˚1}
q´1
q

.

Here sign and | ¨ | are coordinate-wise sign function and absolute value, respectively; d is the187

coordinate-wise product; and µ˚ :“ argminµPR }v ` µ1}q .188
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(b) Let p “ 1 and N “ 2. Suppose that β ą }u2 ´ u1}1. Then the minimizer of Eq. (4) is given by

u˚ “
u1 ` u2

2
´

β ´ }u1 ´ u2}1

2

“

signpv ` µ˚1q d It|v`µ˚1|“2λ˚u

‰

.

Here sign, | ¨ |, and I are coordinate-wise sign function, absolute value, and indicator func-189

tion, respectively; d is the coordinate-wise product; µ˚ :“ ´
maxj vj`minj vj

2 ; and λ˚ :“190

´
maxj vj´minj vj

4 .191

(c) Let p “ 2 and N “ 2. Suppose that β ą }u2 ´ u1}2. Then the minimizer of Eq. (4) is given by

u˚ “
u1 ` u2

2
´

a

β2 ´ }u2 ´ u1}22

2

1

λ˚ Ω
´1pv ` µ˚1q.

Here Ω :“ I ´ 1
β2 pu2 ´ u1qpu2 ´ u1qJ, λ˚

“
a

pv ` µ˚1qJΩ´1pv ` µ˚1q, and µ˚ “192

´ vJΩ´11
1JΩ´11 .193

Remark. This result presents a clean form of the worst-case uncertainty u˚ under certain conditions.194

Unlike the implicit case where it takes an additional root-finding algorithm to solve an approximated195

u˚, in the explicit case, if the current value function v P V is given and the parameters of the196

uncertainty set (ui and β) have been determined, the uncertainty u˚ can be explicitly solved. The full197

proof is presented in Theorem B.13.198

3.4 Robust TD Learning Algorithm199

Given Theorem 3.3 and Theorem 3.4 in place, we immediately obtain the robust TD learning200

algorithm for robust policy evaluation. Given the current value function v, we can calculate u˚ using201

the implicit and the explicit formula; assume the current state-action pair is given as ps, a, s1q, then202

the updated value function is given by203

v1psq “ vpsq ` η

˜

rps, aq ` γ
ÿ

s1

`

P0ps1|s, aq ` u˚ps1q
˘ “

vps1q ` γvps1q
‰

´ vpsq

¸

. (5)

We can further simplify this update rule by using an unbiased estimator of that:204

v1psq “ vpsq ` ηγvJu˚ ` η
`

rps, aq ` γvps1q ´ vpsq
˘

, (6)

where s1 „ P0p¨|s, aq. The formulation leads us to Algorithm 1.205

Algorithm 1: Robust Policy Evaluation

Input: The target policy π, the foci tpiu
N
i“1 Ă Rd, and tβs,au the uncertainty size

1 Sample the initial state s0 from the initial distribution;
2 Initialize the value function v0;
3 for t “ 0, 1, 2, . . . , T ´ 1 do
4 Sample the action at „ πp¨|stq; Transition from st to st`1 „ P0p¨|st, atq;
5 Calculate u˚ using tpiu

N
i“1, tβs,au, and vt;

6 Robust TD-learning: v1psq “ vpsq ` ηγvJu˚ ` η prps, aq ` γvps1q ´ vpsqq;
7 end

Output: The final value function vT

206

Remark. The convergence of this algorithm, as well as its corresponding Actor-Critic-style policy207

gradient algorithm, follows directly by applying the standard proof routine from the robust RL208

literature (e.g. [49]). For completeness, we include the convergence result and full proof in the209

supplementary material.210

4 Experiments211

To validate our theoretical findings and demonstrate the practical effectiveness of robust RL framework212

in the environment with the market impact, we conduct experiments on two different tasks that are213
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Table 1: Performance comparison of different RL agents on selected assets under the simulated market
impact from June 9 to December 9, 2022. Robust RL with ℓp-ellipse uncertainty set consistently
achieves the highest Sharpe ratio.

Asset Method Final Value ($) Annualized Return (%) Sharpe Ratio Max Drawdown (%)

META

Momentum 96 334 ´7.3% ´0.95 ´4.2%
Non-Robust RL 120 347 44.8% 1.74 ´11.3%

Robust RL (ℓp-Ball) 97 103 ´5.7% ´0.28 ´13.4%
Robust RL (ℓp-Ellipse) 138 011 90.8% 2.48 ´9.9%

MSFT

Momentum 105 163 10.6% 1.10 ´5.3%
Non-Robust RL 87 440 ´23.5% ´1.75 ´16.9%

Robust RL (ℓp-Ball) 92 159 ´15.1% ´0.82 ´11.2%
Robust RL (ℓp-Ellipse) 111 485 24.4% 1.20 ´10.1%

SPY

Momentum 107 333 15.2% 1.69 ´3.2%
Non-Robust RL 91 947 ´15.5% ´1.64 ´11.9%

Robust RL (ℓp-Ball) 100 560 1.1% 0.17 ´6.4%
Robust RL (ℓp-Ellipse) 109 272 19.4% 1.60 ´5.8%

Figure 3: Performance comparison of trading strategies on the META stock from June 9 to December
9, 2022, under simulated market impact. The left panel compares the final portfolio values with (in
red) and without market impact (in green), illustrating the robustness of each method to execution-
related slippage. The right panel shows the cumulative returns over the evaluation period, tracking the
performance of the four strategies in Table 1, alongside the baseline performance of the META stock.

closely tied to market impact: (1) minute-level single-asset strategy, and (2) large-volume portfolio214

rebalancing. In minute-level trading, even small trade sizes can noticeably move prices, leading to215

slippage. Similarly, large-scale portfolio rebalancing, often performed by large financial institutions,216

can significantly affect asset prices due to the large order volumes involved.217

4.1 Performance Comparison on Single-Asset Intra-Day Trading218

We start with the single-asset minute-level trading. The non-RL baseline is chosen as the momentum219

strategy [75], which is designed based on the empirical observation where assets that have performed220

well in the recent past are more likely to continue performing well in the near future.221

Training and Evaluation of RL Agents We implement a Gym-like RL environment [76, 77]222

constructed on historical data, with full environment details provided in Appendix C.3. All RL agents223

are trained on one year of earlier historical data (from May 9th, 2021 to May 9th, 2022 as the nominal224

environment) without accounting for market impact. Their performances are then evaluated over225

the period from June 9 to December 9, 2022, with the market impact included. To simulate market226

impact, we reconstruct LOB dynamics using a short period of real trading orders and determine the227

execution price via the volume-weighted average price (VWAP). A simple example illustrating this228

estimation process is shown in Table 2, Appendix C.229

Results As shown in Table 1, our proposed method consistently outperforms the momentum strategy,230

the non-robust RL, and the symmetric robust RL baselines (based on ℓp-norm balls) in terms of the231
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risk-adjusted return (Sharpe Ratio). These experiments validate the following key understandings:232

(i) While robust RL with symmetric uncertainty sets significantly mitigates the effects of market233

impact (as illustrated in the left panel of Figure 3), it often produces overly conservative strategies234

that compromise profitability by taking implausible perturbations into consideration; (ii) the non-235

robust RL usually suffers greater risk exposure, resulting in the highest Max Drawdown among all236

methods; (iii) in contrast, the proposed ℓp-ellipse uncertainty set effectively captures the directional237

non-symmetry of market impact, allowing the agent to achieve a more favorable trade-off between238

robustness and return.239

4.2 Robustness to the Market Impact Scaling in the Trading Volume240

In this subsection, we show that a policy trained in a low-volume environment continues to mitigate
market impact when transferred to portfolios with significantly larger volumes. We consider a
multi-asset portfolio allocation task, modeling the realistic setting where large volumes are traded
over short periods to maintain a low-variance portfolio. The same Gym-like RL environment and
evaluation period from the previous experiment are used. We evaluate the robustness to the market
impact using the relative portfolio gap, the normalized absolute difference in final portfolio value
with and without market impact:

Relative Port. Gap “
|Port. Value with MI ´ Port. Value without MI|

Initial Cash
,

where MI represents the market impact. Additional experimental details are provided in Appendix C.241

Figure 4: Robustness of RL agents to market impact under increasing trading volumes. The left three
panels show normalized portfolio values over time across initial cash levels, with dashed and solid
lines indicating performance with and without market impact, respectively. The right panel shows the
relative portfolio gap, which increases sharply for the non-robust agent but remains small and stable
for the robust RL agent with ℓp-elliptic uncertainty sets.

Results As shown in Figure 4, the robust RL agent with ℓp-ellipse uncertainty set consistently242

outperforms the non-robust RL method both in return and in mitigating the effects of market impact.243

While the performance gap is small at low volume, the non-robust agent degrades rapidly as volume244

increases, suffering from instability and larger drawdowns. In contrast, the robust agent remains245

stable and profitable even at high volume („ 200 M), demonstrating strong scalability.246

5 Conclusion & Broader Impact247

This paper focuses on the market impact appearing in quantitative trading, where an agent’s actions248

affect prices. By modeling the training environment as the nominal transition kernel, the proposed249

novel ℓp-ellipse uncertainty sets better captures the non-symmetric nature of price responses compared250

to traditional symmetric sets. We established the theoretical tractability of this approach by deriving251

implicit and explicit closed-form solutions for robust policy evaluation within this framework,252

enabling efficient robust TD-learning algorithms that account for the market impact during training253

on the nominal historical environment. Experiments on real historical data demonstrated that our254

method significantly improves robustness and risk-adjusted returns over non-RL, non-robust RL, and255

symmetric robust RL baselines. This work broadens the applicability of tractable robust RL and256

offers a more faithful modeling approach for market impact. The broader impact involves potentially257

more stable and profitable automated trading strategies.258
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A Backgrounds461

A.1 Common Uncertainty Sets in the Literature462

When evaluating the robust Bellman operator463

T π
U vpsq “

ÿ

aPA
πpa|sq

«

rps, aq ` γ min
PPPs,a

ÿ

s1PS
Pps1|s, aqvps1q

ff

, (7)

the uncertainty set U “ tPs,aups,aqPSˆA plays a crucial role. Certain structures in U enable efficient464

robust policy evaluation. Below, we summarize several widely adopted constructions.465

f -divergence The f -divergence family [67, 68] generalizes statistical distances between distribu-466

tions using a convex function f : p0,8q Ñ R with fp1q “ 0. For distributions P and P0 such that467

P ! P0, the f -divergence is defined as468

Df pP}P0q :“

ż

S
P0psqf

ˆ

Ppsq

P0psq

˙

ds.

Special cases include the Kullback-Leibler divergence (fptq “ t log t), total variation distance469

(fptq “ 1
2 |t ´ 1|), and χ2-divergence (fptq “ pt ´ 1q2). In robust RL, the f -divergence ball around470

the nominal transition kernel P0p¨|s, aq yields the uncertainty set471

Ps,a “

!

Pp¨|s, aq P ∆|S| | Df pPp¨|s, aq}P0p¨|s, aqq ď βs,a

)

.

The inner minimization in Eq. (7) becomes a distributionally robust optimization problem over P0.472

As the result, the robust policy evaluation under the KL-divergence often requires to repeatedly solve473

an additional convex program.474
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R-contamination Model The R-contamination model [37] assumes that the true transition kernel475

lies within a convex mixture of the nominal model P0 and an arbitrary distribution P1:476

Ps,a “

!

p1 ´ RqP0p¨|s, aq ` RP1p¨|s, aq | P1p¨|s, aq P ∆|S|
)

,

where R P r0, 1s quantifies the contamination level. This model leads to closed-form solutions for the477

robust Bellman operator, with the worst-case distribution taking mass at the minimum of the value478

function v. As a result, this setup enables efficient and model-free learning algorithms, including479

robust variants of Q-learning, TD learning, and policy gradients. It is particularly well-suited for480

online learning, where P0 evolves with the observed data.481

ℓp-norm These sets constrain the deviation from the nominal model P0p¨|s, aq using the ℓp-norm:482

Pppq
s,a “

!

Pp¨|s, aq P ∆|S| | }Pp¨|s, aq ´ P0p¨|s, aq}p ď βs,a

)

.

When p “ 1, the constraint corresponds to total variation distance, while p “ 8 bounds the largest483

single-coordinate deviation. These sets are commonly used due to their interpretability and explicit484

analytical solution given in [45, 46]. However, their axis-aligned geometry can lead to overly485

conservative policies in high dimensions.486

Integral Probability Metric (IPM) The IPM measures the discrepancy between distributions487

through expectations over a function class F :488

dF pP,P0q :“ sup
fPF

|EPrf s ´ EP0
rf s| .

The corresponding uncertainty sets are:489

Ps,a “

!

Pp¨|s, aq P ∆|S| | dF pPp¨|s, aq,P0p¨|s, aqq ď βs,a

)

.

The IPM-based uncertainty sets are particularly useful when the state space is extremely large or490

continuous, as explicitly solve the minimization problem in Eq. (7) does not requires to access values491

at all states [49].492

Wasserstein Distance The Wasserstein distance [66], grounded in optimal transport theory, ac-493

counts for the geometry of the state space. Given a cost function d : S ˆ S Ñ R` and p ě 1, the494

p-Wasserstein distance between P and P0 is495

WppP,P0q :“

ˆ

inf
γPΓpP,P0q

ż

SˆS
dps, s1qpdγps, s1q

˙1{p

,

where ΓpP,P0q denotes the set of joint distributions (couplings) with marginals P and P0. The496

uncertainty set is then497

Ps,a “

!

Pp¨|s, aq P ∆|S| | WppPp¨|s, aq,P0p¨|s, aqq ď βs,a

)

.

Despite their strong theoretical properties, solving the inner minimization often requires dual formu-498

lations or approximation techniques.499

General Uncertainty Sets There are also many techniques developed to handle the situation500

where the uncertainty set is general. For example, However, [50] proposes a bilevel approach that501

iteratively solves the worst-case transition kernel to approximate the robust value function. However,502

as demonstrated in [34, 50, 74], solving robust RL problems in the general case is NP-hard.503

A.2 The Signed Permutation Group504

The signed permutation group plays a central role in characterizing the symmetry structure of505

uncertainty sets in our robust RL framework. Informally, this group consists of all matrices in506

R|S|ˆ|S| satisfying the following conditions:507

1. Each entry is either 0, 1, or ´1.508
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2. Each row and each column contains exactly one nonzero entry.509

In other words, every element of this group is a matrix obtained by permuting the standard basis510

vectors of R|S| and possibly flipping their signs. Each such matrix can be expressed as the product511

DP , where D is a diagonal matrix with diagonal entries in t˘1u, and P is a permutation matrix512

representing an element of the symmetric group S|S|. This leads to the following formal definition:513

Definition A.1 (Signed Permutation Group). Let S|S| denote the permutation group over |S| elements,514

and let pZ2q|S| be the direct sum of |S| copies of the cyclic group of order 2. Then the signed515

permutation group, denoted by SignedpS|S|q, is the semidirect product:516

SignedpS|S|q – pZ2q|S| ¸ S|S|,

where the action of S|S| on pZ2q|S| is given by permuting the order.517

In this work, we define the “symmetry” of sets as the invariance under the group action induced by518

the signed permutation group. Specifically, we say a set B Ă R|S| is symmetric under a group action519

by G if g ¨ B Ď B for all g P G (or G ¨ B :“ tg ¨ bugPG,bPB Ď B). This notion of symmetry leads to520

the following structural property of ℓp-norm balls:521

Proposition A.2. Let B :“ tBppβqupě1,βě0 be the family of ℓp-norm balls, where Bppβq :“ tu P522

Rd | }u}p ď βu. If there exists a group G such that all elements in B are symmetric under the group523

action by G, then G must be isomorphic to a subgroup of SignedpSdq.524

Proof. All elements in B are symmetric under the group action by G; that is, for every p ě 1 and525

every β ě 0,526

g
`

Bppβq
˘

“ Bppβq @g P G.

Therefore, the act g : Rd Ñ Rd is a norm-preserving bijection; by the Mazur–Ulam theorem, it must527

be affine. Then as it preserves 0, it must be linear.528

In particular, taking p “ 1 and β “ 1, each g P G is an (invertible) linear isometry of the 1-norm unit529

ball530

B1p1q “
␣

u P Rd : }u}1 ď 1
(

,

whose extreme points are exactly531
␣

˘e1,˘e2, . . . ,˘ed
(

.

Because a linear automorphism of a polytope must permute its extreme points, for each i and each532

g P G there must exist a sign εi P t˘1u and an index σpiq P t1, . . . , du such that533

gpeiq “ εieσpiq.

Thus in the standard basis g is represented by a signed permutation matrix:534

g “ DP,

where D “ diagpε1, . . . , εdq and P is the permutation matrix corresponding to σ P Sd. Hence every535

g P G lies in the signed permutation group SignedpSdq. In other words G Ď SignedpSdq, which536

equivalently shows G is isomorphic to a subgroup of SignedpSdq.537

This result provides a useful insight in designing the ℓp-ellipse set: the signed permutation group538

is the largest group under which all ℓp-norm balls are symmetric. Consequently, to construct a set539

with less symmetry than the standard ℓp-norm balls (as we aim to do with our ℓp-ellipse sets), it is540

necessary to enlarge the family B to include non-ball shapes.541

B Worst-Case Uncertainty under ℓp-Ellipse Uncertainty Sets542

B.1 Supporting Lemmas543

Definition B.1 (Minkowski sum). Given two sets A,B Ď Rd, the Minkowski sum ` : 2R
d

ˆ 2R
d

Ñ

2R
d

is defined as
A ` B “ ta ` b | a P A, b P Bu.
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Definition B.2 (Fenchel conjugate [78]). Let g : Rd Ñ R be a function over Rd. Its Fenchel
conjugate is denoted as g˚ : Rd Ñ R and is defined as

g˚pyq :“ sup
xPRd

␣

yJx ´ gpxq
(

.

We include the following famous Hölder’s inequality without providing the proof.544

Lemma B.3 (Hölder’s inequality). Let p, q P r1,`8s satisfy 1
p ` 1

q “ 1. For every f, g P Rd545

fJg ď }f}p}g}q.

Moreover, equality holds if and only if546

g “ 0 or
g

}g}q
P Jppfq,

where Jppfq denotes any ℓp-unit vector that attains the maximum inner product with f :547

Jppfq “ arg max
}u}p“1

fJu. (8)

Proof. The proof can be found in [79].548

Lemma B.4. For any x, y P Rd and radii r, s ě 0, the Minkowski sum of the two ℓp-norm balls549

(p ě 1)550

Bppx, rq “ tu P Rd | }u ´ x} ď ru, Bppy, sq “ tv P Rd | }v ´ y} ď su

is again a ball, namely551

Bppx, rq ` Bppy, sq “ Bp

`

x ` y, r ` s
˘

.

Proof. For convenience, we omit p at the subscript in this proof. It suffices to show two inclusions.552

• Bpx, rq ` Bpy, sq Ď Bpx ` y, r ` sq.553

Take any554

z “ u ` v, u P Bpx, rq, v P Bpy, sq.

Then by the triangle inequality,555

›

›z ´ px ` yq
›

› “
›

›pu ´ xq ` pv ´ yq
›

› ď }u ´ x} ` }v ´ y} ď r ` s.

Hence z P Bpx ` y, r ` sq, proving the first inclusion.556

• Bpx ` y, r ` sq Ď Bpx, rq ` Bpy, sq.557

Let z P Bpx ` y, r ` sq, so }z ´ px ` yq} ď r ` s. Set558

α “
r

r ` s
, β “

s

r ` s
pif r ` s “ 0 then r “ s “ 0 and the statement is trivialq.

Define u “ x ` α
`

z ´ px ` yq
˘

and v “ y ` β
`

z ´ px ` yq
˘

. Then559

u ` v “ x ` y ` pα ` βq
`

z ´ px ` yq
˘

“ x ` y ` z ´ px ` yq “ z,

and560

}u ´ x} “ α}z ´ px ` yq} ď
r

r ` s
pr ` sq “ r,

}v ´ y} “ β}z ´ px ` yq} ď
s

r ` s
pr ` sq “ s.

Thus u P Bpx, rq and v P Bpy, sq, so z “ u ` v P Bpx, rq ` Bpy, sq. This proves the561

reverse inclusion.562

Combining (1) and (2) gives the desired equality Bpx, rq ` Bpy, sq “ B
`

x ` y, r ` s
˘

.563
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Lemma B.5. Let gpuq “
řN

i“1 }u ´ ui}p. Then the Fenchel conjugate of g : Rd Ñ R is

g˚puq “

$

&

%

infř
i yi“y

}yi}qď1

ř

i y
J
i ui, }y}q ď 1,

`8, otherwise.
.

Proof. The key is that gpuq “
řN

i“1 }u ´ ui}p is a sum of N “shifted-norms,” and the Fenchel564

conjugate (Definition B.2) of a sum is the infimal convolution of the conjugates. We proceed in two565

steps.566

• Let fpxq “ }x}p be a single ℓp-norm mapping and q be the dual of q satisfying 1
p ` 1

q “ 1567

By [78], it is standard that568

f˚pyq “ sup
xPRd

␣

yJx ´ }x}p
(

“

"

0, }y}q ď 1,

`8, otherwise.

Then we consider its “shift” by ui. Let fipuq :“ }u ´ ui}p. By the translation rule for569

Fenchel conjugates [80, 81],570

f˚
i pyq “ sup

u
tyJu ´ }u ´ ui}pu “ sup

t
tyJpt ` uiq ´ }t}pu

looooooooooooomooooooooooooon

t“u´ui

“ yJui ` f˚pyq.

Hence, f˚
i pyq “

"

yJui, }y}q ď 1,

`8, otherwise.
.571

• As the Fenchel conjugate of }u ´ ui}p has been evaluated, the Fenchel conjugate of their
sum is given by

g˚pyq “

$

&

%

infř
i yi“y

}yi}qď1

ř

i y
J
i ui, }y}q ď 1,

`8, otherwise.
.

Applying this infimal convolution requires each component fi : Rd Ñ R is proper, convex,572

and lower semicontinuous, which is automatically satisfied by the ℓp-norm.573

574

Lemma B.6. Let po, λo, ω̃o P Rd and γo ě 0 be given constants. Let 1
p ` 1

q “ 1. Then the
optimization problem

ϑo “ inf
w:}w}qďC

ppo ` λoq
J
w

has the unique minimizer given by575

w˚ “ ´C
Jqppo ` λoq

}po ` λo}p

“ ´C
signppo ` λoq d |po ` λo|p´1

}po ` λo}
p´1
p

,

where d represent the coordinate-wise product and | ¨ | is the coordinate-wise absolute value. The
optimal value is solved as

ϑo “ ´C}po ` λo}p.

Proof. By Hölder’s inequality,

ppo ` λoq
J
w ě ´}po ` λo}p}w}q.

To make the Hölder’s inequality achieve the equality, we choose w “ ´tJqppo ` λoq for some t,576

where Jq is the q-unit vector defined in Eq. (8). Then by letting }w}q “ C, we obtain the final577

result.578

18



Lemma B.7. Suppose that v P Rd, tuiu
N
i“1 Ă Rd, and µ ě 0, and the norm exponent 1

p ` 1
q “ 1579

(for p ě 1). Let w “ v ` µ1 and C :“ }w}q . Then the optimization problem580

min
twiuNi“1ĂRd

N
ÿ

i“1

wJ
i ui

s.t.
N
ÿ

i“1

wi “ w

}wi}q ď C

is feasible and solves the minimizer

wi,˚ “ ´}v ` µ1}q
signpui ` λ̃q d |ui ` λ̃|p´1

}ui ` λ̃}
p´1
p

,

for i “ 1, 2, . . . , N , where λ̃˚ P Rd is given by581

λ̃˚ “ argmin
λ̃

#

λ̃Jw ` }w}q

N
ÿ

i“1

}ui ` λ̃}p

+

. (˚)

Proof. We consider the constrained Lagrangian function582

L̃ptwiu, λ̃q “

N
ÿ

i“1

”

uJ
i wi ` λ̃Jwi

ı

´ λ̃Jw.

where }wi}q ď C :“ }w}q . Let the dual function ϑpλ̃q :“ inftwiu L̃ptwiu, λ̃q. Define

ϑipλ̃q “ inf
wi

´

ui ` λ̃
¯J

wi.

By Lemma B.6, it solves583

wi,˚ “ ´C
Jq
`

ui ` λ
˘

∥ui ` λ∥p

“ ´C
signpui ` λ̃q d |ui ` λ̃|p´1

}ui ` λ̃}
p´1
p

As the result,584

max
λ̃

ϑpλ̃q “ min
λ̃

#

λ̃Jw ` C
N
ÿ

i“1

}ui ` λ̃}p

+

Recall that w “ v ` µ1 P Rd is a given vector. Denote

λ̃˚ “ argmin
λ̃

#

λ̃Jw ` C
N
ÿ

i“1

}ui ` λ̃}p

+

.

Put it back to wi,˚, we obtain the final result.585

Lemma B.8. Suppose that tuiu
N
i“1 Ă Rd, β ě 0, and v P Rd. Let

φpλ, µq “ ´λβ ` inf
u

”

pv ` µ1qJu ` λ
N
ÿ

i“1

}u ´ ui}p

ı

,

where p P r1,`8s and 1
p ` 1

q “ 1. Then586

sup
λě0

φpλ, µq “ ´}v ` µ1}qβ `

N
ÿ

i“1

wJ
i,˚ui,
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where

wi,˚ :“ ´}v ` µ1}
signpui ` λ̃˚q d |ui ` λ̃˚|p´1

}ui ` λ̃˚}
p´1
p

, λ̃˚ “ argmin
λ̃

#

λ̃Jw ` C
N
ÿ

i“1

}ui ` λ̃}p

+

.

Consequently, the optimal pλ˚, µ˚q of achieving supλ,µ φpλ, µq is given by

µ˚ “ argmax
µ

#

´}v ` µ1}qβ `

N
ÿ

i“1

wJ
i,˚ui.

+

, and λ˚ “ }v ` µ˚1}q.

Proof. We take the transformation w :“ v ` µ1. Then587

φpλ, µq “ ´λβ ` inf
u

”

wJu ` λ
N
ÿ

i“1

}u ´ ui}p

ı

.

For any convex g, by the definition of Fenchel conjugate (Definition B.2), we have588

inf
u

“

wJu ` λgpuq
‰

“ ´λ g˚
`

´w{λ
˘

loooomoooon

“ sup
y

␣

p´w{λqJy ´ gpyq
(

.

Here gpuq “
ř

i }u ´ ui}p. Its conjugate is given by Lemma B.5,

g˚pzq “

"

infř
i zi“z,}zi}qď1

ř

i z
J
i ui, }z}q ď 1,

`8, otherwise.
.

where 1
p ` 1

q “ 1. We put it back to infu
“

wJu ` λgpuq
‰

“ ´λg˚
`

´w{λ
˘

, which leads to589

inf
u

“

wJu ` λgpuq
‰

“ ´λ inf
ř

i zi“´w{λ
}zi}qď1

ÿ

i

zJ
i ui,

where }w
λ }q ď 1. As the result, we take wi “ ´λzi to obtain590

inf
u

“

wJu ` λgpuq
‰

“

#

infř
i wi“w,}wi}qďλ

řN
i“1 w

J
i ui, }w}q ď λ,

´8, else.

Thus, the full dual becomes591

φpλ, µq “

#

´λβ ` infř
i wi“v`µ1,}wi}qďλ

řN
i“1 w

J
i ui, }w}q ď λ,

´8, else.

For a fixed µ, we need λ ě }w}q to keep φ finite, and φpλ, µq is decreasing in λ. Hence the best592

choice is593

λ˚ “ }w}q “ }v ` µ1}q,

giving594

sup
λě0

φpλ, µq “ ´}v ` µ1}qβ ` inf
ř

i wi“v`µ1,}wi}qď}v`µ1}q

N
ÿ

i“1

wJ
i ui.

It leads to another optimization problem infř
i wi“v`µ1,}wi}qď}v`µ1}q

řN
i“1 w

J
i ui. We construct595

another Lagrangian function to solve it. Denote wi,˚ as the minimizer given by Lemma B.7. Then596

we obtain597

max
λě0

φpλ, µq “ ´}v ` µ1}qβ `

N
ÿ

i“1

wJ
i,˚ui.

It recovers the optimal dual variable z is given by

z˚ “ ´

N
ÿ

i“1

ωi,˚

λ˚
“

ÿ

i“1

signpui ` λ̃˚q d |ui ` λ̃˚|p´1

}ui ` λ̃˚}
p´1
p

,

where

λ̃˚ “ argmin
λ̃

#

λ̃Jw ` C
N
ÿ

i“1

}ui ` λ̃}p

+

.

598
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Lemma B.9. Suppose that tuiu
2
i“1 Ă R, λ ą 0, β ě 0, w P R is non-zero, q P r1,`8s, and

1
p ` 1

q “ 1. Define

φ “ min
uPR

#

uw ` λ
2
ÿ

i“1

|u ´ ui|

+

.

Then when |w| ď 2λ , the problem is solved as

φ “ w
u1 ` u2

2
` pλ ´

|w|

2
q|u1 ´ u2|.

Proof. We start from the general case. Define fpuq “ uw ` λ
řN

i“1 |u ´ ui|. If |w| ď λN , then the599

sub-gradient is given by600

Bfpuq Q w ` λ
N
ÿ

i“1

signpu ´ uiq

where signptq :“

$

&

%

´1, t ă 0,

0, t “ 0,

1, t ą 0.

Write tuiu
N
i“1 Ă R in the increasing order:

up1q ď up2q ď ¨ ¨ ¨ ď upNq.

Define k˚ :“ r
N´w{λ

2 s. Then
u˚ “ upk˚q

is the explicit solution. To prove it, we consider u P pupk˚q, upk˚`1qq; it is larger than exactly k˚

ui’s. That is,
Bfpuq “ w ` λpk˚ ´ pN ´ k˚qq ě 0.

Whenever u ă upk˚q, the sign of sub-gradient becomes negative. As the result, fpuq is decreasing601

when u ă upk˚q then increasing when u ą upk˚q. Now we set N “ 2. The problem gives602

u˚ “
u1 ` u2 ´ signpwq|u1 ´ u2|

2
.

When w ě 0, signpwq “ `1 and603

u˚ “
u1 ` u2 ´ |u1 ´ u2|

2
“ mintu1, u2u “ up1q.

When w ă 0, signpwq “ ´1 and604

u˚ “
u1 ` u2 ` |u1 ´ u2|

2
“ maxtu1, u2u “ up2q.

Therefore, this formula recovers the original general case solution. Putting it back to φ solves this605

problem.606

The following lemma connects the sum-of-distance description to the quadratic form of an ellipse.607

Lemma B.10. Suppose that tuiu
2
i“1 Ă Rd, β ě 0, and β ą }u1 ´ u2}2. The ellipse set is given by

E :“ tu | }u ´ u1}2 ` }u ´ u2}2 ď βu.

Then there exists a matrix A such that

E “ tu | pu ´ ūqJApu ´ ūq ď 1u,

where ū :“ u1`u2

2 . More explicitly, the matrix A has the form

A “
4

β2 ´ }u2 ´ u1}22
I ´

4

β2pβ2 ´ }u2 ´ u1}22q
pu2 ´ u1qpu2 ´ u1qJ.
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Proof. Define608

ū “
u1 ` u2

2
, f “

}u2 ´ u1}2

2
, a “

β

2
, b “

a

a2 ´ f2, e “
u2 ´ u1

}u2 ´ u1}2
,

and decompose each u P Rd by609

x “ u ´ ū.

Then u1 “ ū ´ fe, u2 “ ū ` fe, and610

}u ´ u1}2 ` }u ´ u2}2 “ }x ` fe}2 ` }x ´ fe}2.

Hence611

}u ´ u1}2 ` }u ´ u2}2 ď β ðñ }x ` fe}2 ` }x ´ fe}2 ď 2a.

Now decompose x into612

α “ eJx, ξ2 “ }x}22 ´ α2,

so that613

}x ˘ fe}2 “
a

pα ˘ fq2 ` ξ2.

The inequality
a

pα ` fq2 ` ξ2 `
a

pα ´ fq2 ` ξ2 ď 2a is equivalent, after two squarings, to614

α2

a2
`

ξ2

b2
ď 1, where b2 “ a2 ´ f2.

Finally, observe that615

α2 “ xJpeeJqx, ξ2 “ xJ
`

I ´ eeJ
˘

x,

so616
α2

a2
`

ξ2

b2
“ xJ

´

1
a2 ee

J ` 1
b2 pI ´ eeJq

¯

x.

Setting A “ 1
a2 ee

J ` 1
b2 pI ´ eeJq implies pu ´ ūqJApu ´ ūq ď 1. It exactly characterizes

tu | }u ´ u1}2 ` }u ´ u2}2 ď βu. Simplifying the form of A leads to

A “
4

β2 ´ }u2 ´ u1}22
I ´

4

β2pβ2 ´ }u2 ´ u1}22q
pu2 ´ u1qpu2 ´ u1qJ.

This completes the proof.617

Lemma B.11. Let v P Rd, let A P Rdˆd be symmetric positive definite, and let p̄ P Rd. Define618

F pµq “ ´

b

pv ` µ1qJA´1pv ` µ1q ` pv ` µ1qJp̄, µ P R.

Further set619

α “ 1JA´11, β “ vJA´11, γ “ vJA´1v, δ “ 1Jp̄.

If δ2 ă α, then F attains a unique maximizer620

µ˚ “ ´
β

α
`

δ

α
?
α ´ δ2

a

αγ ´ β2 “ µ˚

“ ´
vJA´11

1JA´11
`

1Jp̄

1JA´11
a

1JA´11 ´ p1Jp̄q2

b

p1JA´11qpvJA´1vq ´ pvJA´11q2.

Proof. We begin by computing the derivative of621

F pµq “ ´

b

pv ` µ1qJA´1pv ` µ1q ` pv ` µ1qJp̄.

Using the notation α “ 1JA´11, β “ vJA´11, γ “ vJA´1v, and δ “ 1Jp̄, one checks622

pv ` µ1qJA´1pv ` µ1q “ αµ2 ` 2βµ ` γ,

so623

F 1pµq “ ´
αµ ` β

a

αµ2 ` 2βµ ` γ
` δ.
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Setting F 1pµq “ 0 gives the stationarity condition624

αµ ` β “ δ
a

αµ2 ` 2βµ ` γ,

which upon squaring yields the quadratic equation625

`

α2 ´ αδ2
˘

µ2 ` 2β
`

α ´ δ2
˘

µ `
`

β2 ´ δ2γ
˘

“ 0.

Let δ2 ă α. Here α ´ δ2 ą 0, so dividing by α ´ δ2 gives626

αµ2 ` 2βµ `
β2 ´ δ2γ

α ´ δ2
“ 0,

whose two roots are627

µ “ ´
β

α
˘

δ

α
?
α ´ δ2

a

αγ ´ β2.

One verifies by inspecting limµÑ˘8 F 1pµq “ δ ¯
?
α that exactly the “`” choice yields a change of628

sign from ` to ´, and hence is the unique global maximizer.629

B.2 Implicit Solution630

In this subsection, we recap and prove the full version of Theorem 3.3.631

Theorem B.12. Let d :“ |S| be the cardinal of state space and 1
p ` 1

q “ 1 for p, q P r1,`8s.632

Suppose that tuiu
N
i“1 Ă Rd for each ps, aq P S ˆ A, the uncertainty size β ě 0, and v P Rd. The633

solution of634

min
uPRd

vJu

s.t.
N
ÿ

i“1

}u ´ ui}p ď β, (9)

1Ju “ 0.

is given by

u˚ “ argmin
u

“

pv ` µ˚1qJu ` λ˚

N
ÿ

i“1

}u ´ ui}p
‰

,

where635

$

’

’

’

’

’

&

’

’

’

’

’

%

µ˚ “ argmaxµ

!

´}v ` µ1}qβ `
řN

i“1 w
J
i,˚ui.

)

,

λ˚ “ }v ` µ˚1}q,

λ̃˚pµq “ argminλ̃

!

λ̃Jpv ` µ1q ` }v ` µ1}q
řN

i“1 }ui ` λ̃}p

)

,

wi,˚pµq “ ´}v ` µ1}q
signpui`λ̃˚qd|ui`λ̃˚|

p´1

}ui`λ̃˚}
p´1
p

,

. (10)

Remark (The procedure of solving u˚). To obtain u˚, it suffices to solve µ˚ and λ˚ as v and all ui’s636

have been given. The first step is to solve637

$

&

%

λ̃˚pµq “ argminλ̃

!

λ̃Jpv ` µ1q ` }v ` µ1}q
řN

i“1 }ui ` λ̃}p

)

.

wi,˚pµq “ ´}v ` µ1}q
signpui`λ̃˚qd|ui`λ̃˚|

p´1

}ui`λ̃˚}
p´1
p

,

for i “ 1, 2, . . . , N . Both variables depend on the variable µ and other values are known. The next638

step is to solve639

#

µ˚ “ argmaxµ

!

´}v ` µ1}qβ `
řN

i“1 w
J
i,˚ui.

)

,

λ˚ “ }v ` µ˚1}q.

Once pµ˚, λ˚q is solved, the primal variable µ˚ is obtained immediately.640
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Proof. Our goal is to solve the following constrained optimization problem:641

min
uPRd

vJu

s.t.
N
ÿ

i“1

}u ´ ui}p ď β,

1Ju “ 0.

As it is a constrained optimization problem, the standard approach of solving this problem is using642

Lagrangian multipliers. we introduce the Lagrangian multipliers λ ě 0 for the inequality and µ P R643

for the equality. The Lagrangian function is644

Lpu, λ, µq “ vJu ` λ
`

N
ÿ

i“1

}u ´ ui}p ´ β
˘

` µp1Juq,

with λ ě 0, µ P R. Because this optimization problem is a standard convex optimization problem
with satisfying the Slater’s condition, we have the strong duality

inf
u

sup
λ,µ

Lpu, λ, µq

looooooooomooooooooon

original opt. prob.

“ sup
λ,µ

inf
u

Lpu, λ, µq.

Then we turn the original optimization problem into solving its dual-form problem. We let the dual645

function be φpλ, µq :“ infu Lpu, λ, µq. Then646

φpλ, µq “ ´λβ ` inf
u

”

pv ` µ1qJu ` λ
N
ÿ

i“1

}u ´ ui}p

ı

.

The above formulation plays the crucial role in our proof. For the implicit solution, we will follow647

Lemma B.8 to complete the remaining calculation. For the explicit solution, this dual form can be648

significantly simplified in some cases.649

By Lemma B.8, the dual form can be simplified as650

max
λ,µ

φpλ, µq “ ´}v ` µ˚1}qβ `

N
ÿ

i“1

wJ
i,˚ui, .

where

wi,˚ :“ ´}v ` µ1}
signpui ` λ̃˚q d |ui ` λ̃˚|p´1

}ui ` λ̃˚}
p´1
p

, λ̃˚ “ argmin
λ̃

#

λ̃Jw ` C
N
ÿ

i“1

}ui ` λ̃}p

+

.

and

µ˚ “ argmax
µ

#

´}v ` µ1}qβ `

N
ÿ

i“1

wJ
i,˚ui.

+

, λ˚ “ }v ` µ˚1}q.

The optimal primary variable is given as

u˚ “ argmin
u

“

pv ` µ˚1qJu ` λ˚

N
ÿ

i“1

}u ´ ui}p
‰

.

651

B.3 Explicit Solution652

In this subsection, we recap and prove the full version of Theorem 3.4.653

Theorem B.13. Let d :“ |S| be the cardinal of state space. Suppose that tuiu
N
i“1 Ă Rd for each654

ps, aq P S ˆ A, the uncertainty size β ě 0, and v P Rd. The optimization problem defined by Eq. (4)655

is explicitly solved in the following cases:656
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(a) Let N “ 1. then

µ˚ “ u1 ` β
signpv ` µ˚1q d |v ` µ˚1|q´1

}v ` µ˚1}
q´1
q

.

(b) Let p “ 1 and N “ 2. Define ū “ u1`u2

2 ,

µ˚ “ ´
vmax ` vmin

2
and λ˚ “

1

2
}v ` 1µ˚}8 “

vmax ´ vmin

4
.

Suppose that β ą }u2 ´ u1}1. Then the explicit solution to the optimization problem Eq. (4) is
given as

u˚ “ ū ´
β ´ }u1 ´ u2}1

2

“

signpv ` µ˚1q d It|v`µ˚1|“2λ˚u

‰

.

(c) Let p “ 2 and N “ 2. Define ū “ u1`u2

2 ,657

Ω :“ Ωpu1, u2, βq “

„

I ´
1

β2
pu2 ´ u1qpu2 ´ u1qJ

ȷ

, (11)

λ˚
“

b

pv ` µ˚1qJΩ´1pv ` µ˚1q, and µ˚ “ ´
vJΩ´11

1JΩ´11
. (12)

Suppose that β ą }u2 ´ u1}2. Then the explicit solution to the optimization problem Eq. (4) is
given as

u˚ “ ū ´

a

β2 ´ }u2 ´ u1}22

2

1

λ˚ Ω
´1pv ` µ˚1q.

Proof. We follow the standard routine used in proving Theorem B.12.658

(a) When N “ 1 the objective optimization problem is given by659

min
uPRd

vJu

s.t. }u ´ u1}p ď 1,

1Ju “ 0.

We take the transformation u1 “ u ´ u1. It still satisfies 1Ju1 “ 0. Then the problem become660

min
u1PRd

vJu1

s.t. }u1}p ď 1,

1Ju1 “ 0.

This transformation has turned this problem into the standard ℓp-norm structure, which has been
explicitly solved in [45, 46]. The optimal u1 is given for arbitrary p ě 1 as

u1
˚ “ β

signpv ` µ˚1q|v ` µ˚1|q´1

}v ` µ˚1}
q´1
q

,

where µ˚ “ argminµPR }v ` µ1}q . As the result,

u˚ “ u1
˚ ` u1 “ u1 ` β

signpv ` µ˚1q|v ` µ˚1|q´1

}v ` µ˚1}
q´1
q

.

(b) When p “ 1, we define the order

up1q,j ď up2q,j ď ¨ ¨ ¨ ď upNq,j ,
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We follow the same routine as Theorem B.12 and derive the dual function φpλ, µq:661

φpλ, µq “ ´λβ ` inf
u

”

pv ` µ1qJu ` λ
N
ÿ

i“1

}u ´ ui}1

ı

piq
“ ´λβ ` inf

u

”

d
ÿ

j“1

pvj ` µquj ` λ
N
ÿ

i“1

d
ÿ

j“1

|uj ´ uij |

ı

“ ´λβ `

d
ÿ

j“1

inf
uj

”

pvj ` µquj ` λ
N
ÿ

i“1

|uj ´ uij |

ı

.

where piq decomposes the ℓ1-norm by coordinates. When N “ 2, by Lemma B.9, the dual662

function is solved as663

φpλ, µq “ ´λβ `

d
ÿ

j“1

inf
uj

”

pvj ` µquj ` λ
N
ÿ

i“1

|uj ´ uij |

ı

“ ´λβ `

d
ÿ

j“1

”

pvj ` µq
u1j ` u2j

2
` pλ ´

|vj ` µ|

2
q|u1j ´ u2j |

ı

“ ´λβ ` pv ` 1µqJū ` r2λ1 ´ pv ` 1µqs
J

|
u1 ´ u2

2
|.

As the smaller λ is, the larger φpλ, µq is. It achieves the supremum at λ˚ “ maxj
vj`µ

2 “664
1
2}v ` 1µ}8. Then we solve665

sup
λ

φpλ, µq

“ ´
1

2
}v ` 1µ}8β ` pv ` 1µqJū ` }v ` 1µ}8}

u1 ´ u2

2
}1 ´ pv ` 1µqJ|

u1 ´ u2

2
|.

Then we have

sup
µ

sup
λ

φpµ, λq “ ´
β ´ }u2 ´ u1}1

2
inf
µ

„

}v ` µ1}8 `
pv ` µ1qJ|u1 ´ u2|

β ´ }u2 ´ u1}1

ȷ

` vJū.

As β ´ }u2 ´ u1}1 ą 0, it solves

µ˚ “ ´
vmax ` vmin

2
and λ˚ “

1

2
}v ` 1µ˚}8 “

vmax ´ vmin

4
.

Now we consider the KKT condition of the original Lagrangian function. We solve

BujLpu, λ, µq “ λ signpuj ´ u1jq ` λ signpuj ´ u2jq ` vj ` µ Q 0.

For inactive coordinate, the optimal value is attained for arbitrary uj P pup1qj , up2qjq; in these
cases, we simply take uj “

u1j`u1j

2 . There are exactly two active coordinates matching the
corner-case condition |vj ` µ˚| “ 2λ˚: j˚ “ argmax vj and j˚ “ argmin vj . In these cases
we take uj as u1j`u1j

2 subtracting a drift. It finally solves

u˚ “ ū ´
β ´ }u1 ´ u2}1

2

„

signpv ´
vmax ` vmin

2
q d I

t|v´
vmax`vmin

2 |“
vmax´vmin

2 u

ȷ

.

The magnitude coefficient is used to ensure that u˚ belongs to }u˚}1 ď β.666

(c) By Lemma B.10, there exists a semi-positive definite matrix A such that

tu | }u ´ u1}2 ` }u ´ u2}2 ď βu “ tu | pu ´ ūqJApu ´ ūq ď 1u,

where ū :“ u1`u2

2 . As the result, the objective optimization problem can be simplified as667

min
uPRd

vJu

s.t. pu ´ ūqJApu ´ ūq ď 1,

1Ju “ 0.
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We follow the same routine as Theorem B.12 and derive the dual function φpλ, µq:668

φpλ, µq “ ´λ ` inf
u

”

pv ` µ1qJu ` λpu ´ ūqJApu ´ ūq

ı

“ ´λ ` pv ` µ1qJū ´
1

4λ
pv ` µ1qJA´1pv ` µ1q,

where the infimum is attained at u˚ “ ū ´ 1
2λA

´1pv ` µ1q. Then669

sup
λ,µ

φpλ, µq “ sup
λ,µ

"

´λ ` pv ` µ1qJū ´
1

4λ
pv ` µ1qJA´1pv ` µ1q

*

piq
“ sup

µ

"

´

b

pv ` µ1qJA´1pv ` µ1q ` pv ` µ1qJū

*

where (i) applies the optimal choice λ˚pµq “ 1
2

a

pv ` µ1qJA´1pv ` µ1q and µ˚ is given by
Lemma B.11 to solve this maximization problem. As the result,

u˚ “ ū ´
1

2λ˚
A´1pv ` µ˚1q

where λ˚ “ 1
2

a

pv ` µ˚1qJA´1pv ` µ˚1q and670

µ˚ “ ´
vJA´11

1JA´11
`

1Jp̄

1JA´11
a

1JA´11 ´ p1Jp̄q2

b

p1JA´11qpvJA´1vq ´ pvJA´11q2.

Here, the matrix A is determined by tu1, u2u2i“1 and the vector v in Lemma B.10. We recall that
1Jū “ 0. Therefore, µ˚ is further simplified as

µ˚ “ ´
vJA´11

1JA´11
.

It completes the proof in the part (c).671

672

C Experiment Details673

In this section, we include the omitted details of Section 4. All source codes and hyper-parameter674

settings are available in the supplementary materials.675

C.1 Hardware and System Environment676

We conducted our experiments on a laptop running Windows 11 Home. The device is equipped with677

32GB of RAM, 1TB SSD, an AMD Ryzen 9 7940HS processor and a NVIDIA GeForce RTX 4070678

Laptop GPU. Our implementation was tested using Python version 3.10.10. Additional dependencies679

are listed in the supplementary requirements.txt file.680

The actual hardware requirement for running our implementation is significantly lower than the681

specification listed above. Most experiments can be reproduced on consumer-grade machines with682

8–16GB RAM and any CUDA-compatible NVIDIA GPU.683

C.2 Task Descriptions684

Multi-Asset Portfolio Rebalancing This task captures the setting where an institutional investor685

reallocates capital across multiple assets over discrete time intervals to maintain a desired risk-return686

profile. It reflects strategic portfolio management, such as end-of-day rebalancing or tactical asset687

allocation. The task emphasizes robustness to market impact under varying capital scales, which688

is critical for large-volume institutional strategies. In our experiment, we select five representative689

ETFs, SPY, TLT, GLD, EFA, and VNQ, and use historical data from May 9, 2021 to May 9, 2022 for690

training. Evaluation is conducted on the out-of-sample period from June 9 to December 9, 2022.691
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Table 2: Example of ask-side execution from an AMZN order book snapshot (21 June 2012). This
table shows how our simulator determines the execution price for a market buy order. Instead of
using the last trade price, the simulator consumes liquidity by filling shares at each ask level in order,
starting from the best price. It calculates the VWAP based on the prices and quantities filled, and uses
this VWAP as the final executed price.

Level Price (USD) Depth (sh) Exec. 100 sh Exec. 1 000 sh
Level 1 223.95 100 100 100
Level 2 223.99 100 0 100
Level 3 224.00 220 0 220
Level 4 224.25 100 0 100
Level 5 224.40 547 0 480

VWAP paid — — 223.95 224.21

Single-Asset Intra-Day Trading This task models the decision-making process of an agent that692

repeatedly buys or sells a single asset over short time intervals, such as minutes or seconds. It reflects693

the setting of mid-frequency or algorithmic trading, where even small trades can shift market prices.694

The goal is to maximize the risk-adjusted cumulative return while accounting for execution slippage,695

making it a standard benchmark for evaluating RL-based trading strategies. We follow the exactly696

same training and evaluation period as the multi-asset portfolio rebalancing task. In our experiments,697

we use minute-level historical data for the assets including META, MSFT, and SPY. The observation698

includes stock price, trading volume, implied volatility, and current portfolio return. During evaluate,699

we reconstruct the LOB dynamics using the tick-level trade data; the execution price is then simulated700

as illustrated in Table 2. Same as the multi-asset portfolio rebalancing experiment, the training data701

covers the period from May 9th, 2021 to May 9th, 2022, and the evaluation period is from June 9 to702

December 9, 2022. All data are accessed via the Polygon.io Stock Market API.703

C.3 Reinforcement Learning Framework704

We implemented a Gym-like RL trading environment [76, 77] using the historical data including
the stock price, trading volume, the implied volatility, and the current portfolio return. Instead of
using a single timestep data, we set lookback_period “ 30 to account for 30 previous timestep;
as the result, the observed state contains lookback_period ˆ 4 “ 120 dimension. Given the state
described above, we assign the transition probability from the current state st to the next state st`1 as
the probability 1, independent with the action. The action is implemented as a single float value that
determines the position size relative to the maximum possible position size based on the available
capital. The reward is a Sharpe-like ratio that consists of two components:

reward “
current_return

current_volatility ` ε
´ δ ˆ

|current_position ´ previous_position|

max_shares
.

where ε ą 0 is a small constant to ensure numerical stability, and δ is a tunable coefficient controlling705

the strength of the transaction cost penalty. The first term encourages higher risk-adjusted return,706

while the second term discourages frequent or drastic position shifts, which aligns with practical707

trading considerations under market impact or slippage. We also include 0.1% transaction cost708

throughout the experiment.709

Uncertainty Restriction to Execution Prices Instead of perturbing the whole transition probability,710

we restrict the perturbation on the execution price. The formulation of restriction is given as follows:711

we denote the state st as two components ppt, ftq, and we hope perturb the transition on pt only. We712

re-write the transition probability using the conditional probability713

Ppst`1 | st, atq “ Pppt`1, ft`1 | st, atq

“ Pppt`1 | st, atqPpft`1 | pt`1, st, atq.

Then we set the uncertainty u as the perturbation on the kernel Pppt`1 | st, atq instead of the whole714

transition kernel Ppst`1 | st, atq.715
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Momentum Strategy The momentum strategy is a classical intra-day minute-level algorithmic716

trading method that exploits intraday time-series momentum to generate trading signals. We follow717

the classical implementation presented by [75]. The core idea of the momentum strategy is based on718

the empirical observation where assets that have performed well in the recent past are more likely to719

continue performing well in the near future, while poorly performing assets are likely to continue720

underperforming.721

C.4 Parameter Details722

Detailed descriptions of all parameters are provided in the separate supplementary materials.723

C.5 Omitted Visualization724

In Figure 3, we have visualized the return curve of the META stock. In this subsection, we include725

the visualization of the other two assets.726

Figure 5: Performance comparison of trading strategies on the MSFT stock and SPY ETF.

C.6 Other Implementation Details727

In this subsection, we discuss the practical implementation considerations and provide the details for728

reproducing our experiments. The source codes are also provided in the supplementary material.729

RL Algorithm and Value Function Approximations We use the standard Robust Actor-Critic730

algorithm [49] to train the RL agent with replacing its IPM uncertainty set or doubly-sampling731

uncertainty set with the ℓp-ellipse uncertainty set and the ℓp-norm uncertainty set. We adopt an732

Actor-Critic architecture with a shared feature extractor and separate heads for the actor and critic.733

The shared backbone consists of three fully connected layers with ReLU activations, mapping the734

(flattened) input state to a high-level representation. The actor head outputs the vector with the same735

dimension as the action through a two-layer MLP followed by a sigmoid/tanh activation, depending736
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on the underlying task. The critic head predicts the state value using a similar two-layer MLP. All737

linear layers are orthogonally initialized to promote stable training. When updating the Actor network,738

we apply the classical PPO algorithm [82].739

Discretization of Execution Prices To apply the robust RL framework, we apply the discretization740

to the execution price. We introduce two additional hyper-parameter to control the discretization741

level: 2N ` 1 represents the number of total discretization in the execution prices and δ represents742

the strength of each level. Given the execution price p, we have 2N ` 1 potential execution prices743

rp ´ Nδ, . . . , p ´ δ, p, p ` δ, . . . , p ` Nδs in total. This discretization approach allows us to directly744

apply the closed-form solution to solve the optimal u˚.745

D Limitations746

Despite the promising results, this work has several limitations. First, the theoretical analysis largely747

relies on the assumption of finite state and action spaces for tractability, which is primarily due to748

the limited development of deep learning theory. Second, the market impact simulation during the749

evaluation stage, while based on trade-level data, remains an approximation and may lack accuracy750

for extreme volumes. In fact, when the volume is sufficiently high, it often triggers momentum-based751

strategies deployed by other institutions in the market, resulting in higher market impact than reflected752

VWAP. Third, although our experiments demonstrate the robustness of the ℓp-ellipse uncertainty set753

under increasing volumes, we do not test its robustness under increasing trading frequency. Designing754

experiments in this setting is more challenging, as the behavior of RL agents varies significantly755

across different time scales.756
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paper’s contributions and scope?760

Answer: [Yes]761

Justification: Yes, we have clearly listed the main contributions in the introduction section.762

Guidelines:763

• The answer NA means that the abstract and introduction do not include the claims764

made in the paper.765

• The abstract and/or introduction should clearly state the claims made, including the766

contributions made in the paper and important assumptions and limitations. A No or767

NA answer to this question will not be perceived well by the reviewers.768
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much the results can be expected to generalize to other settings.770
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In the case of closed-source models, it may be that access to the model is limited in856

some way (e.g., to registered users), but it should be possible for other researchers857

to have some path to reproducing or verifying the results.858

5. Open access to data and code859

Question: Does the paper provide open access to the data and code, with sufficient instruc-860

tions to faithfully reproduce the main experimental results, as described in supplemental861

material?862

32



Answer: [Yes]863

Justification: We include the source code and reproducing instructions in the supplementary864

material. The data is accessed using the third-party API.865

Guidelines:866

• The answer NA means that paper does not include experiments requiring code.867

• Please see the NeurIPS code and data submission guidelines (https://nips.cc/868

public/guides/CodeSubmissionPolicy) for more details.869

• While we encourage the release of code and data, we understand that this might not be870

possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not871

including code, unless this is central to the contribution (e.g., for a new open-source872

benchmark).873

• The instructions should contain the exact command and environment needed to run to874

reproduce the results. See the NeurIPS code and data submission guidelines (https:875

//nips.cc/public/guides/CodeSubmissionPolicy) for more details.876

• The authors should provide instructions on data access and preparation, including how877

to access the raw data, preprocessed data, intermediate data, and generated data, etc.878

• The authors should provide scripts to reproduce all experimental results for the new879

proposed method and baselines. If only a subset of experiments are reproducible, they880

should state which ones are omitted from the script and why.881

• At submission time, to preserve anonymity, the authors should release anonymized882

versions (if applicable).883

• Providing as much information as possible in supplemental material (appended to the884

paper) is recommended, but including URLs to data and code is permitted.885

6. Experimental setting/details886

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-887

parameters, how they were chosen, type of optimizer, etc.) necessary to understand the888

results?889

Answer:[Yes]890

Justification: We explicitly specify the details in the code and supplementary material.891

Guidelines:892

• The answer NA means that the paper does not include experiments.893

• The experimental setting should be presented in the core of the paper to a level of detail894

that is necessary to appreciate the results and make sense of them.895

• The full details can be provided either with the code, in appendix, or as supplemental896

material.897

7. Experiment statistical significance898

Question: Does the paper report error bars suitably and correctly defined or other appropriate899

information about the statistical significance of the experiments?900

Answer: [Yes]901

Justification: Our evaluation environment is deterministic; that is, there is no randomness.902

Guidelines:903

• The answer NA means that the paper does not include experiments.904

• The authors should answer "Yes" if the results are accompanied by error bars, confi-905

dence intervals, or statistical significance tests, at least for the experiments that support906

the main claims of the paper.907

• The factors of variability that the error bars are capturing should be clearly stated (for908

example, train/test split, initialization, random drawing of some parameter, or overall909

run with given experimental conditions).910

• The method for calculating the error bars should be explained (closed form formula,911

call to a library function, bootstrap, etc.)912

• The assumptions made should be given (e.g., Normally distributed errors).913

33

https://nips.cc/public/guides/CodeSubmissionPolicy
https://nips.cc/public/guides/CodeSubmissionPolicy
https://nips.cc/public/guides/CodeSubmissionPolicy
https://nips.cc/public/guides/CodeSubmissionPolicy
https://nips.cc/public/guides/CodeSubmissionPolicy
https://nips.cc/public/guides/CodeSubmissionPolicy


• It should be clear whether the error bar is the standard deviation or the standard error914

of the mean.915

• It is OK to report 1-sigma error bars, but one should state it. The authors should916

preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis917

of Normality of errors is not verified.918

• For asymmetric distributions, the authors should be careful not to show in tables or919

figures symmetric error bars that would yield results that are out of range (e.g. negative920

error rates).921

• If error bars are reported in tables or plots, The authors should explain in the text how922

they were calculated and reference the corresponding figures or tables in the text.923

8. Experiments compute resources924

Question: For each experiment, does the paper provide sufficient information on the com-925

puter resources (type of compute workers, memory, time of execution) needed to reproduce926

the experiments?927

Answer: [Yes]928

Justification: Included in the appendix.929

Guidelines:930

• The answer NA means that the paper does not include experiments.931

• The paper should indicate the type of compute workers CPU or GPU, internal cluster,932

or cloud provider, including relevant memory and storage.933

• The paper should provide the amount of compute required for each of the individual934

experimental runs as well as estimate the total compute.935

• The paper should disclose whether the full research project required more compute936

than the experiments reported in the paper (e.g., preliminary or failed experiments that937

didn’t make it into the paper).938

9. Code of ethics939

Question: Does the research conducted in the paper conform, in every respect, with the940

NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?941

Answer: [Yes]942

Justification: We have reviewed this code of ethics.943

Guidelines:944

• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.945

• If the authors answer No, they should explain the special circumstances that require a946

deviation from the Code of Ethics.947

• The authors should make sure to preserve anonymity (e.g., if there is a special consid-948

eration due to laws or regulations in their jurisdiction).949

10. Broader impacts950

Question: Does the paper discuss both potential positive societal impacts and negative951

societal impacts of the work performed?952

Answer: [Yes]953

Justification: We have included this in the conclusion section.954

Guidelines:955

• The answer NA means that there is no societal impact of the work performed.956

• If the authors answer NA or No, they should explain why their work has no societal957

impact or why the paper does not address societal impact.958

• Examples of negative societal impacts include potential malicious or unintended uses959

(e.g., disinformation, generating fake profiles, surveillance), fairness considerations960

(e.g., deployment of technologies that could make decisions that unfairly impact specific961

groups), privacy considerations, and security considerations.962
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• The conference expects that many papers will be foundational research and not tied963

to particular applications, let alone deployments. However, if there is a direct path to964

any negative applications, the authors should point it out. For example, it is legitimate965

to point out that an improvement in the quality of generative models could be used to966

generate deepfakes for disinformation. On the other hand, it is not needed to point out967

that a generic algorithm for optimizing neural networks could enable people to train968

models that generate Deepfakes faster.969

• The authors should consider possible harms that could arise when the technology is970

being used as intended and functioning correctly, harms that could arise when the971

technology is being used as intended but gives incorrect results, and harms following972

from (intentional or unintentional) misuse of the technology.973

• If there are negative societal impacts, the authors could also discuss possible mitigation974

strategies (e.g., gated release of models, providing defenses in addition to attacks,975

mechanisms for monitoring misuse, mechanisms to monitor how a system learns from976

feedback over time, improving the efficiency and accessibility of ML).977

11. Safeguards978

Question: Does the paper describe safeguards that have been put in place for responsible979

release of data or models that have a high risk for misuse (e.g., pretrained language models,980

image generators, or scraped datasets)?981

Answer: [NA]982

Justification: The paper poses no such risks.983

Guidelines:984

• The answer NA means that the paper poses no such risks.985

• Released models that have a high risk for misuse or dual-use should be released with986

necessary safeguards to allow for controlled use of the model, for example by requiring987

that users adhere to usage guidelines or restrictions to access the model or implementing988

safety filters.989

• Datasets that have been scraped from the Internet could pose safety risks. The authors990

should describe how they avoided releasing unsafe images.991

• We recognize that providing effective safeguards is challenging, and many papers do992

not require this, but we encourage authors to take this into account and make a best993

faith effort.994

12. Licenses for existing assets995

Question: Are the creators or original owners of assets (e.g., code, data, models), used in996

the paper, properly credited and are the license and terms of use explicitly mentioned and997

properly respected?998

Answer: [NA]999

Justification: The paper does not use existing assets.1000

Guidelines:1001

• The answer NA means that the paper does not use existing assets.1002

• The authors should cite the original paper that produced the code package or dataset.1003

• The authors should state which version of the asset is used and, if possible, include a1004

URL.1005

• The name of the license (e.g., CC-BY 4.0) should be included for each asset.1006

• For scraped data from a particular source (e.g., website), the copyright and terms of1007

service of that source should be provided.1008

• If assets are released, the license, copyright information, and terms of use in the1009

package should be provided. For popular datasets, paperswithcode.com/datasets1010

has curated licenses for some datasets. Their licensing guide can help determine the1011

license of a dataset.1012

• For existing datasets that are re-packaged, both the original license and the license of1013

the derived asset (if it has changed) should be provided.1014
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• If this information is not available online, the authors are encouraged to reach out to1015

the asset’s creators.1016

13. New assets1017

Question: Are new assets introduced in the paper well documented and is the documentation1018

provided alongside the assets?1019

Answer: [NA]1020

Justification: The source code is for reviewing purpose only and is not considered as the1021

released new asset.1022

Guidelines:1023

• The answer NA means that the paper does not release new assets.1024

• Researchers should communicate the details of the dataset/code/model as part of their1025

submissions via structured templates. This includes details about training, license,1026

limitations, etc.1027

• The paper should discuss whether and how consent was obtained from people whose1028

asset is used.1029

• At submission time, remember to anonymize your assets (if applicable). You can either1030

create an anonymized URL or include an anonymized zip file.1031

14. Crowdsourcing and research with human subjects1032

Question: For crowdsourcing experiments and research with human subjects, does the paper1033

include the full text of instructions given to participants and screenshots, if applicable, as1034

well as details about compensation (if any)?1035

Answer: [NA]1036

Justification: The paper does not involve crowdsourcing nor research with human subjects.1037

Guidelines:1038

• The answer NA means that the paper does not involve crowdsourcing nor research with1039

human subjects.1040

• Including this information in the supplemental material is fine, but if the main contribu-1041

tion of the paper involves human subjects, then as much detail as possible should be1042

included in the main paper.1043

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,1044

or other labor should be paid at least the minimum wage in the country of the data1045

collector.1046

15. Institutional review board (IRB) approvals or equivalent for research with human1047

subjects1048

Question: Does the paper describe potential risks incurred by study participants, whether1049

such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)1050

approvals (or an equivalent approval/review based on the requirements of your country or1051

institution) were obtained?1052

Answer: [NA]1053

Justification: The paper does not involve crowdsourcing nor research with human subjects.1054

Guidelines:1055

• The answer NA means that the paper does not involve crowdsourcing nor research with1056

human subjects.1057

• Depending on the country in which research is conducted, IRB approval (or equivalent)1058

may be required for any human subjects research. If you obtained IRB approval, you1059

should clearly state this in the paper.1060

• We recognize that the procedures for this may vary significantly between institutions1061

and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the1062

guidelines for their institution.1063

• For initial submissions, do not include any information that would break anonymity (if1064

applicable), such as the institution conducting the review.1065
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16. Declaration of LLM usage1066

Question: Does the paper describe the usage of LLMs if it is an important, original, or1067

non-standard component of the core methods in this research? Note that if the LLM is used1068

only for writing, editing, or formatting purposes and does not impact the core methodology,1069

scientific rigorousness, or originality of the research, declaration is not required.1070

Answer: [NA]1071

Justification: The core method development in this research does not involve LLMs as any1072

important, original, or non-standard components.1073

Guidelines:1074

• The answer NA means that the core method development in this research does not1075

involve LLMs as any important, original, or non-standard components.1076

• Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)1077

for what should or should not be described.1078

1079
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