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A Further Experiment Results

In our experiments, we set the confidence scaling parameter « of LinUCB to 1, and the variance of
noise in TS to 0.3.
The suboptimality comparisons of models in Low Non-stationary environments and High Non-
stationary environments with b = 0.018 (Figure 3) are shown in Figure 4 and 5. We observe that
the transformer not only outperforms the expert algorithms but also maintains a consistently low
suboptimality rate.
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Figure 4:  Suboptimality Comparisons of LinUCB, Thompson Sampling (TS), MAS-
TER+LinUCB/TS, and transformer (TF) in Low Non-stationary environments. Linear bandit with
d = 32, A = 10. Shading indicates the standard deviation of the regret estimates.
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Figure 5: Suboptimality Comparisons of LinUCB, Thompson Sampling (TS), MAS-
TER+LinUCB/TS, and transformer (TF) in High Non-stationary environments (b = 0.018). Linear
bandit with d = 32, A = 10. Shading indicates the standard deviation of the regret estimates.

Figures 6 and 7 show the results for High Non-stationary environments with b = 0.025. We observe
that when the level of non-stationarity is too high, the transformer loses its superiority compared
to the other models. This suggests that the model generalizes well to b = 0.018, but does not
sufficiently generalize to b = 0.025, possibly due to limited representation in the training data.

B MASTER Algorithm

We start by introducing MALG (Multi-scale ALGorithm) (Wei and Luo, 2021). MALG builds on
a base reinforcement learning algorithm, ALG, by running multiple instances at different scales.
Given an integer n and a non-increasing function p : [T'] — R, MALG operates over a time horizon
of length 2™.

At each time step 7, given an integer m, if 7 is a multiple of 2", MALG schedules a new instance
of length 2™ with probability p(2")/p(2™). These are called order-m instances. The start and end
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Figure 6: Suboptimality and Cumulative Regret Comparisons of LinUCB, MASTER+LinUCB, and
transformer (TF) in High Non-stationary environments (b = 0.025). Linear bandit with d = 32,
A = 10. Shading indicates the standard deviation of the regret estimates.
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Figure 7: Suboptimality and Cumulative Regret Comparisons of Thompson sampling (TS), MAS-
TER+TS, and transformer (TF) in High Non-stationary environments (b = 0.025). Linear bandit
with d = 32, A = 10. Shading indicates the standard deviation of the regret estimates.

times of each instance are denoted by alg.s and alg.e, respectively. Among all scheduled instances,
only the one with the lowest order remains active at any given time, producing an auxiliary value 7.

After each step, MALG updates the active instance based on observed rewards R; from the environ-
ment. All reinforcement learning algorithms in this framework produce a specific auxiliary value;
in the LinUCB setting, 7; corresponds to a computed score that combines a reward estimate with an
uncertainty term.

Algorithm 1: MALG (Multi-scale ALG)(Wei and Luo, 2021)
Input: n, p(-)
forr=0,...,2" —1do

form=nn—-1,...,0do

L if 7 is a multiple of 2™ then

| With probability p(2")/p(2"™), schedule a new instance alg of ALG at scales 2";

Run the active instance alg to output 7, select an action, and update with feedback.

MASTER (MALG with Stationarity Tests and Restarts) further enhances this process. It repeatedly
tests for stability and performance using two key checks. The first test ensures that the average
reward within any completed instance does not significantly exceed a threshold tied to 7;. The
second test verifies that the difference between the auxiliary output 7; and observed rewards 7,
remains bounded on average. If either test fails, MASTER resets the process, ensuring that the
algorithm remains robust under changing conditions.
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Algorithm 2: MALG with Stationarity TEsts and Restarts (MASTER)(Wei and Luo, 2021)
Input: p(-) where p(t) = 6(logy, T+ 1) log(T)p(t) (T: block length)
Initialize t — 1 forn =0,1,... do
Set t,, < t and initialize an MALG (Algorithm 2) for the block [¢,,t, + 2™ — 1];
while t < ¢, + 2" do

Run MALG to obtain prediction 7, select action a;, and receive reward Ry;

Update MALG with feedback, and set U; = min [, 4] 7+;

Perform Test 1 and Test 2 (see below);

Incrementt «— ¢t + 1;

if either test returns fail then

| restart from Line 2;

Test1: If t = alg e for some order-m alg and Zi’if;,gm R; > U, + 9p(2™), return fail.

Test 2: If m Ztn (7 —ry) = 3p(t — t,, + 1), return fail.

C Proofs in Section 3

C.1 Intermediate Statement

We provide the following intermediate statement to show Theorem 1.
Theorem 6. Let Assumption 1 and 2 hold. Then for any small € > 0, there exists an algorithm alg,
introduced by a transformer with

D<Dy+10, M= max{]\/[o,2} L = Ly,

(12)
D' = O(max{Dj, Tlog, T/z}), [|6]] = O(Co + /Tlog, T/e)

satisfying

log(NeT'/§
|Ra|g§<T)—R%(T)—O<T2m ( Og(:/))—i—eAT>. (13)

C.2 Proof of Theorem 1

As established in Wei and Luo (2021), for any reinforcement learning algorithm alg g, the combina-
tion of MASTER and alg results in a stabilized version: alge. The dynamic regret of alg; can then
be expressed as

%a|g§(T) < ‘%Eﬂgé(T) - %algg ‘ ’mmgg )’ (14)

~
=2 =8

2 can be obtained from Theorem 6, and B is bounded as follows:
B =0 (min { <01 + 02> VJT, (cf/3 + cch4/3) AVBT?/3 4 (01 + CQ) ﬁ}) ,
C1 C1
where C(t) = c1t'/? 4 ¢y with ¢, ¢co > 0 (Wei and Luo, 2021). Setting ¢; = 1 and ¢ « 1, we

obtain:
B =0 (min{m, AVBT?3 4 \/T}) .

C.3 Proof of Theorem 2

It suffices to prove that

N ( logWeT/D) \/E> + AT = BT
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According to Theorem 5, we have
igg(atlDt_l, 5t) < et
algg(at|Di—1, st)

Thus, the cumulative distribution ratio over 1" rounds satisfies

algg.algy e
Since we assume £ < 773, it follows that
gy g, — O(1)-
Consequently, we have
T2\ Rog, g, - VE + AT = OWT).

Next, following Vaart and Wellner (2023), there exist universal constants C; and Cy such that
No = No((NT)™2) < (2N272)C1V(C2(NT)72.6)

where V (g, ©) denotes the fat-shattering dimension of ©. Let V' (©) be the VC-dimension of ©;
then, for any € > 0, it holds that V'(¢,0) < V(O) (Vaart and Wellner, 2023). Since © is a finite
parameter class, there exists a constant C'3 such that V' (e,0) < V(0) < Cj5 foralle > 0. Therefore,
under the assumption that N > C'T°log T, we obtain:

/log(N@T/(S) 5 |log( N@T/6
T2 \/ RB'E@v%E N

7 \/ (1+ 20103) log T + 2C,Cslog N + log(2C1Cs /§)

N
O(T31logT)
= O(VT)
which completes the proof. O

C.4 Proof of Theorem 5

Consider xgi) e R?. As shown in Section D, a noncontinuous transformer (Definition 7) with

D=((d+5)(n+1)+5), M=2 L>0, D =Tlog,T/e, \HG\H:@(«/TlogQT/«S),

can approximate the MASTER algorithm. Treating any reinforcement learning algorithm that uses
MASTER as the expert algorithm alg, in Theorem 5, the result follows directly from Assumption
2. O

C.5 Proof of Theorem 6

By Theorem 5, we have
algg(ask|Di—1, 5¢)
%g(at,k\Dt—h 5¢)
= algé(at,k‘thla 5) < e '%g(at,Mth 5t)

= |a|g§(at,k|Dt—1aSt) *%g(at,k\Dt—hSt)’ < (ef —1),

where the last inequality uses the fact that alg(-) < 1. With a slight abuse of notation, let r; ;. denote
the reward of the k-th action at round ¢. Since |r; | < 1 almost surely for all ¢ € [T'], we obtain the
policy imitation error between transformers and MASTER as follows:

Policy Imitation Error = Z 2 alga a k| Di—1, 8) — alge (ar k| Di—1, st)) Ttk

22



819

820

821

822

823
824

825
826

827
828
829
830
831

832

833

N
D=
S

|a|g§(at,k|Dt—173t) - %g(at,ﬂDt—lyst)‘ : |7”t,k|

o+
I
-
b
Il
—

A
Nl
gl
,

!
Nawt

Il
—~
o

™ =
I??‘
Il
—_ =
~—
b
S

Finally, since € > 0 is small, we use the approximation
ef =1+4+¢e+0(?),
and then the policy imitation error becomes ¢ AT'.

Next, we leverage the result from Lin et al. (2024):

EKalgé (T) - m@]g (T)) =0 <T2 \/ RalgéaﬁE ( IOg(/\/‘T@Tﬂ;) + @)) (15)

aIgE(6t|Dt_1, St)
= <
IOg EDT~]P’a\go,algE [ algé(at ‘thh St) S Ereal

for all ¢ € [T']. We extend this result to non-stationary settings to derive a bound for [R,g, (T') —
R, (DI

alge

where

Suppose there are ng + 1 orders of instances, and alg, runs for 7" rounds. Let k; > 0 represent the
number of rounds for order-¢ instances, so that kg + k; + - -+ + ky, = T'. Define 7T; as:

Tii={t, .. 80}, |Til=ki, i€{0,...no}

which is the set of rounds during which order-¢ instances are active. If k; = 0, order-i instances
are inactive. If k; > 0, one or more order-¢ instances are active. Using Lemma 7, we know that
running one instance during 7; yields a higher regret bound (as in (15)) than running zero or multiple
instances in 7;. Furthermore, Theorem 6 guarantees that the regret for a reinforcement learning
algorithm at 77 is bounded by € Ak;. Thus, we have:

log(Nek;/9)
_ 2 _ )
=0 <k7 Ralgé,algE ( - N + Vereal | +Ak; |

alge

[P, (1) — R ()

Summing over all T}, we get:

no

(1) 15 0] < 3
=0

no
<>
=0

R, (Ti) — Raig, (T7)

algy

Ra|g§ (TZ) - Rﬁg( Z)

T.
< log(NeT/6)
<O k‘f Ra Ny < — L+ erea | +cAk;
PN e (e
no 2 0o
<O ((Z k:) NG («/ log(NT@Tm + «le> + ) Ak

=0

[log(NeT/é
=0 (TQ’\/Ralgé,algE ( w + 4/ 5real> + EAT) ,

where the final inequality follows from the Cauchy—Schwarz inequality.
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By Assumption 2, we have

alg(ay| Dy
a gE(ilt| t—1,5¢) < ef
algg(as|Di—1, 5¢)
Therefore, o
algp (@ Di—1,51)
log B, < Ereal < €.
0og D1 ~Pagg aig [algé(atu)t—l, St) Ereal X €
Combining this with the result of Theorem 6 completes the proof. ]

C.5.1 An auxiliary lemma

Lemma 7 (Regret bound for multiple instances). Let a,b,c, N,Cy,Cs > 0 witha + b = c. The
following bound holds:

log(C log(Chb log(C
a2< Og(Nla)+Cg>+b2< Oggvl)+02><c2< Og(Nlc)+02>. (16)

Proof of Lemma 7. Let0 < u < 1 be such that a = uc and b = (1 — u)c. Substituting into (16),
we obtain:

Denoting G := log(C1c)/N, we rewrite the inequality as:
u? («/logu +G+ Cg) +(1—u)? <«/log(1 —u) + G+ Cg) < VG + Cs. (17)

Since 0 < u < 1, we have logu < 0 and log(1 — u) < 0. Substituting these into (17), we obtain:
u? + (1—u)? <1,

which follows directly from 0 < u < 1,as u? + (1 —u)? = 1 — 2u(l —u) < 1. O

D Proofs in Section 4

D.1 Structural Approximation

To match the order-n instance length as described in Appendix B, we consider a single input matrix
H = [hy,...,hy.] € R2?" where {h;}?", < R% This matrix is then extended to H € RP*?"
defined as H := [H®);... ;H™; H*| € RP*?" (Figure 8) where D := ((d + 5)(n + 1) + 5),
and H* contains auxiliary entries for approximation purposes. Here, H(*) := [hgi) e hg,?] and
hgi) = [hy;2%,0,0,0, 0]where the four auxiliary entries capture the order information. Details of
each entry are given in (21) and (22). Once H is defined, the transformer produces the output
H e RP*2" 1t’s worth noting that even if the input length T is not exactly 2", the transformer can

still perform operations as in MASTER and generate a length-T" output by selecting the smallest 2"
greater than 7" and running the algorithm for 7" rounds.

We begin by defining functions o; and o5 to replicate the MALG operation, where o; stochastically
schedules instances for each order, and o selects the instance with the lowest order to remain active
in each round.

Definition 4 (01). Given a non-increasing function p : [2"] — R, we define o) : RP x2" _, RDx2"
as

U?(H) = I:O.l (H(O)’ Oa n, p)7 301 (H(n)7n7 n, p):l )

where for each i € {0, ...,n}

; i 2n ) - ; n
o (HD i n, p) = {h§,> ‘B (pp(@i))) ‘ je{t,t+ 1, t+2 =1}, t mod 2° = 1} e RP*2",

Here, B(k) is a Bernoulli random variable with parameter k, meaning B(k) = 1 with probability
k < 1 and B(k) = 0 otherwise.
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Using o1, multiple instances can be scheduled simultaneously (represented as the blueish blocks in
Figure 8). Since only one instance can run in the environment at any given time, we define o> to
select the instance with the lowest order at each time ¢.

We denote b; := [hgo); e ;hg"’)] e RP for each t € [2"], so that H = [hy, ..., han]. Then, oy is
defined as follows.
Definition 5 (03). We define o5 : RP*2" — RP*2" py

(o) (H> = [h/la ceey h/271:| )
by = [0; 30: 0005w *] (h§0)7 Y =0, m 20, 0<k < n)

to reproduce the uniqueness of an instance scheduled at every moment in MALG. Here, *s denote
the last five entries of by.

After passing through o5, only one instance remains active at each time ¢, and this active instance has
the lowest order among all scheduled instances. See the reddish blocks in Figure 8 for illustration.

d+5<L HO ' J @ )
d+5<' HO ] e I:]]
d+5<i HO
5{' H

' '

T=23 T=23

U

a
+
wul

S

WS—J L
—
=

Figure 8: Illustration of H when n = 3. Purplish blocks represent instances scheduled by o, while
reddish blocks represent the active instances selected by o5. Reddish blocks connected by a dashed
line are concatenated.

To approximate the stationary tests (Test 1 and Test 2) in Algorithm 2, we define the following:

Definition 6 (TEST). TEST represents the stationary tests in MASTER, involving two functions
testl and test2 that map from RP x RP*2" to R. Given p defined in Algorithm 2 and an
active instance in by, of order m, where by contains m,t, U, Ty, and ry, we define:

t
1, if some order—m alg ends and = r. < U + 9p(2™
testl,;(ht,'H) = & 2 T:t_%:m+1 t p( ) s

0, otherwise

t
1, if ﬁ Zl(FT —7ry) <3p(t—t, +1)
= .

0, otherwise

test2;(hy, H) =

TEST is then defined as:

1, if testi(h;) = test2(h) =1
TEST;(he, M) := testi(bhy, H) - test2(by, H) = 1 : .
70, H) (b, H) (be, 1) 0, otherwise
Finally, we define the noncontinuous transformer. Since the stationary tests are included in the
noncontinuous transformer and it stops processing the remaining sequence if any test fails, we define
a transformer module that processes each element (not the whole sequence), performs the tests, and
then concatenates the results.
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Definition 7 (Noncontinuous Transformer). For t € [2™], We first denote b as

[’) (MLPG(Ll) o Attne(L) ) (MLPQ(U o Attnem ) (ht, H) e RP.
mlp attn attn
where parameters 9%31 ={Vy e) (e) (z)}me[Qn] < RP*P and OI(:fl)p {(W (Z) ([))}me [2n]

RDP'*D x RPxD', After processing by, the model interacts with the environment, observes the

reward, and inserts it into the sequence: hf — f)t (21) and (22)). By concatenatmg bte [2n], We

define the L-layer noncontinuous transformer T Fg : RP*2" — RP*2" 4
TFo=TFy (18)
TF (H) = AT e RP*" (T e [27)) (19)

where H(T) = [hl, v b, T g, .o, Ty hgn] e RP*2" Here, Ty € RP*D denotes the test
matrix at time T':

x(n+1)
Ty := diag(1, ..., 1, TEST, TEST, TEST, TEST, 1, 1, TEST, TEST, TEST) (20)
~—
d+1
where TEST = TEST(hy, H\)). Here, order information ZT t—2ig1 T 2_10 ﬁgk) ?fi), historical

data Zizll Tr, Zi 11 7, Us_1, and rand in (21) and 22 are reset when TEST= 0. r( D denotes the
auxiliary value generated at order 1.

Interaction with the environment To illustrate the transformer’s interaction with the environ-
ment, we consider the following:

- 0
2’L 21
t—1 t )
h(z) _ Zﬁr:t,wgrl Tr Processed by the module ZT:t—2i+1 T _ H(z) @1
¢ 0 Interact with the environment rand t o
i1 ~(k) i1 ~(k)
k=0Tt k=0"1t
P B
BRIONN - (0) T
h; h,
(n) (n)
h; h,
[J _ on Processed by the module on _ E (22)
t - - .
t Interact with the environment t t
t—1 t
Z’r:l rr 27—:1 T
thl F t ~
T=1"T ZT=1 T'r
U1 | | Uy ]

Here, ZS 17 = 0and r = 0 for 7 < 0. The rand entry is a random number generated by

the transformer. The vectors xg ¢ RY are used for in-context learning, and x( R represents their
processed forms. For instance, these vectors can encode action choices in bandlt problems (Lin
et al., 2024).

Each vector entry captures cumulative information or constants relevant to the model’s operations
up to time ¢. After passing the sequence through the MLP+ Attention module, the module schedules
certain orders at each time ¢, setting all other instances to 0. The o operation ensures that only one
instance is active at a time by selecting the instance with the lowest order and setting all others to 0. If

the active instance is order ¢(< n), then 7 “(q) is assigned as 7 at time ¢, and U; = min{U;_1, ?ﬁq)}.
Finally, the module interacts with the env1ronment, observes reward R;, and updates the tensor
accordingly.
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Notation with regard to the input sequence To avoid potential confusion, the notations defined
above are summarized below:

* h; € R% The t-th element of the input sequence.
* H = [hy,...,hy.] € RP*2": The input sequence as a matrix.

e H=[HO;... . H®:H*] =[h;---bhan] € RP*2": The extended input sequence, where
H( denotes the order-i sequence.

* by = [hgo); e hE"); h;“] € RP: The t-th vector of the extended sequence.

° b, = [0; <50 hgk); 0;---;0; h;"] € RP: The t-th vector of the extended input after
being processed by o2. Here, k represents the lowest nonzero order.
* b: The result of processing hj; by the noncontinuous transformer module.

* b,: The transformer output after interacting with the environment.

Restart The restart mechanism (line 9 of Algorithm 2) is built into the revised transformer. If
no tests fail, the matrices Tr (T € [2"]) remain identity matrices, and the sequence is processed
as usual. If a test fails at time 7, the matrices T (7' € [2"]) modify the states bpq,...,bgn.
They keep the first D — 7 elements—containing x7, 7', 2", and 2'—and set the remaining seven
elements to zero. This ensures that when a test fails, all earlier information is erased while the key
components are retained.

Rollout The noncontinuous transformer’s architecture is more complex than the classic version,
so we outline its input-output flow.

Starting with an input sequence H € RP*2", we extend it to H = [H(®); ... ; H(™); H*] e RP*?",
where submatrices H(¥) and HU) are only different in several entries to record order information.

‘H is passed through o7 and o3: 01 schedules instances for each order, and o activates only the
instance with the lowest order at any given time ¢. As a result, at each time ¢, only one instance is
active, and the active instance may come from a different order at each time step.

Next, each element in the sequence is processed by the traditional MLP+ Attention module. The
module uses this information to interact with the environment, collects the reward, and inserts it
into the sequence: h¥ — b, ((21) and (22)). The updated sequence b, is evaluated by TEST, which
performs stationary tests. If the tests pass, the block remains unchanged; otherwise, the remaining
block entries are set to zero, keeping only essential information. This effectively ends the current
2"-length block and starts a new 2"-length block (line 2, Algorithm 2). On restart, variables like R,
and f; are reinserted at their appropriate positions, following the same procedure. After processing
the entire sequence, the final tensor # is produced. By gathering the rewards from all orders at each
t (only one reward is nonzero at a given time), the resulting sequence H serves as the output of the
noncontinuous transformer, containing cumulative rewards up to time 2.

D.2 Approximation of WS (Proposition 3)

We divide the proof into three parts: approximating random number generation, oy, and os.
Throughout this section, we denote the ReLU activation function by o (-).

D.2.1 Approximating random number generation

We start by approximating 1-¢[-]. According to the definition of the ReLU function, we have

0, <0
o(kx) —o(kz —1) = ke, 0 <z <
1
1, 2> ¢
. . 0, <0
When k — oo, it approximates 1[z] = {17 2> 0
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We denote zj, := xy,0 and P,(z) being the cumulative distribution function (CDF) of {z1, ..., zon }.
Following the proof in Hataya and Imaizumi (2024), we construct a 2-head attention layer to ap-
proximate the CDF.

From the approximation of 1[-], P,(t) = 1/2" Zi;l 1[xk,0 < t] can be approximated by sum of
ReLU functions as

Z{O‘ (t—a)—ok(t—2)—1)}

where k is sufficiently large. Suppose the vector in formula 21 and 22 (left) is one of the input h,.
By selecting {Q; 5, K12, V1,2} such that

kX'L',O kxi,O 1
-1 -1 kXZ

Qhi=| o |, Qhi=| _; |, Kihi=Koh; = 1’0 ;
0 0 0

1 -1
Vih; = [0]7 Vsh; = |:O:|v

we have

Z g (<thj, K»mhi>) thz =0 (k(xj,O - Xi,O)) — 0 (k(xj,O — Xi,O) — 1) .

m=1

Therefore, the output is

2" 2 d
j=1m=1 '

where rand= P, (x;,0) can be regarded as a random variable sampled from 2/(0, 1). O

=

D.2.2 Approximating o

Step 1. Generating Bernoulli masks. Define Bernoulli Masks as B;; = 1[rand;; <

p(2™)/p(2%)]. We consider a random number rand; ; € R at order i and time ¢, and rand; ;, p(-) €

[0, 1]. Following the approach in Step 1, we begin by considering the input hgi). This input includes

rand; ;, 2, 2", and we also assume that p(27) and p(2") are added to h'"”’ through p(-). In this case,
a two-layer MLP can implement Bernoulli Masks.

First, consider the function f(x,y) = -y € R. For z, y € [0, 1], dividing the domain [0, 1] x [0, 1]
into |1/¢| segments allows us to express it as:

n
X
W +b= Z T + ﬂka + Vil
y k=1

This form can approximate f using an MLP. Based on this strategy, the two-layer MLP is constructed
as follows:

z1 = J(Wlh,(gl) + bl)
[ ko (p(Qn) — (aq 1rand; ¢ + B1,1p(2%) + 71,1))

ko (p(Q”) — (al IR Jrandit + 6
ko (p(2" ) (041 irand; ¢ + S, 1P(21) +7,1)) —1 ’

kg(p(2n)*( [%Jlljrandlf+ﬂ%
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where W, € R211/¢1XD The output is then processed by another layer:

W2Z1 + b2 = O'(k’Q Z (67°% lrandzt + Bk: lp( ) + ’Wﬁl)))
k,l=1

s

n

— a(kg (g, rand;; + 5k,lp(2i) + Vk,l)) - 1)
k=1

~ a(kg(p(2") —rand - p(2z))) - a(kg(p(Z") —rand - p(2)) — 1)

]-7 a di < p(2:’)7
N { rand; ¢ 5522")) (k2 R OO), W, e R1><2[1/5J.
> .

The hidden dimensions of Wy, Wy are O(1/¢). If the input is expanded from hgi) to H®, the
hidden dimensions increase to O(2"/¢). Further expand further to H, the hidden dimensions
of W1, W; become O(n2"/e) = O(T'log, T'/e). The operator norms |W1||op, [[W1op scale as

O(+/T log, T/¢). Finally, by taking ko — o0, the error approaches zero.

Step 2: Generating block masks. By setting rand; ; = --- = rand; ;21 (t = 1 (mod 2)), w
haveB;; = -- =By 491 (t = 1(mod 2)). Since the output of Bernoulli masks can be expressed

as H := [b1 -+~ ban] € RP*?" where for t € [2"]:

(0) (1) (n)

X X X
h{” 0 0 0
| _ |0 m_|0 (n) _ 0
ht = (n) ) ht = BO . ht = Bl,t ) sy ht - Bn,t 9
h 0 7 Sy £
* © (1) o)
t t t
we choose {Q, Koy Vin bmefo,....n} such that for tokens by,
t -1
Qb = 1 Kb = k V..bi = |0 hi(™. .
mit = Bm,t B} mYk = 1 5 mYk = 0,...,0, i 70,...,0
-1 0.5
In this way, with k£ < t we have
Z 120 [{Qmbt, Kmbi)] Vinbi = 0,
and with £ = ¢ we have
-0 -
n n 0 Bo,thEO)
D Qb Kb )) Vi = Y 120 (B —05] [ (™ | = |
m=0 m=0 0 n
. Bn,thg )
L 0 |

Finally, by referring to the approximation of 1.¢[-] (D.2.1), we note that this indicator function can
be approximated using two ReLU functions. Consequently, the block mask can be approximated by
a 2(n + 1)-head masked attention layer. By setting 1/e = 4(n + 1)2, we have M = O(1/4/¢)

Combining this block mask with the random number generation and the Bernoulli mask completes
the proof. O
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984 D.2.3 Approximating o,

985 Based on the output of o1, we can express the input of o5 as H := [h1 - - han] € RP*2" where for
o6 te€[2"]:

(" x| X" X"
I 0 0 0
bo=1| |, B9=] o | nP=|0 1], ... n"-= 0
(" 0 I o /i
1 n
* : s 5

987 From the definition of o1, we know that some hgi) values are nonzero, while others are zero. If we
sss assume iy < ... < i (0 < k < n) such that h{", . h{"*) » 0 while all other h{" values are 0,

989 the goal of o5 is to ensure that h§“) # 0 and the others being 0.
990 We choose {Q, Kin, Vinfmefo,...,n} such that for tokens by,

t -1
m—1 ,(p) _
Qmbe = 21’=01 I , Kb = ]:0 , Vb = [O; ...,O;h,(cm);O; ...,0]
€0 1

991 where ¢y > 0 is sufficiently large and €y > 0 is sufficiently small such that ¢y — cof; < 0 for any
992 f; > 0. In this way, with & < ¢ we have

]]->0 (<meta Kmhk>) thk = Ov
0

ANGE

993 and with k = t we have

n

n m—1 0
r (<met7 K?nbt>) tht = Z ]1>0 [60 —Co Z ff] h]im)
m=0 p=0

m=0

C 0
0
m . m—1
s =0
0 :
L 0 -
0, otherwise
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Since 22:01 f¥ = 01is equivalent to h§°> == hgp ~1 — 0, we have for each ¢ € [T] that

-0 -
n 0
Z Z 1.9 [<thtaK'mbk>] Vibg = hgq)
m=0k=1 0
L 0 |
where hgo) == hgqfl) = 0 and hgm) # 0. Finally, referring the approximation of 1-¢][-]
(D.2.1), we can approximate 1-[-] using 2 ReLU functions. Therefore, o can be approximated by
a 2(n + 1)-head masked attention layer. O

D.3 Equivalence of WS and RM with previous works
D.3.1 WS

Sliding windows used in previous works (e.g., (Cheung et al., 2022; Fiandri et al., 2024)) can be
regarded as special cases of WS. Specifically, they are equivalent to WS when WS contains only one
instance, all windows are of equal size, and they are connected without overlap. Figure 9 shows
the equivalence between the stochastic instance scheduler in MASTER and the sliding window
schedulers from previous works.

0 1 2 3 4 5 6 7 8
Time { } } I % } % } I
o |
scheduler [[ order 2 ] ]
l[ order 3 ] [ order 3 ]I
O )
Fixed
window | ) J ) )
scheduler

Figure 9: Equivalence between the stochastic instance scheduler in MASTER and the sliding win-
dow schedulers from previous works. Purplish blocks represent scheduled blocks, while reddish
blocks represent active ones. Reddish blocks connected by a dashed line are concatenated. Here,
T = 8 and the sliding window size is 2.

D.3.2 RM

The restart strategies in previous works can be classified into two types: stochastic and deterministic
(Gomes et al., 1998; Streeter and Golovin, 2008). Stochastic restarts typically involve randomness
or a test, whereas deterministic restarts are generally performed after a set number of rounds. There-
fore, deterministic restarts can be considered a special case of sliding window strategies. Regarding
stochastic restarts, since we have demonstrated that transformers can generate random numbers and
that MLPs can perform stationary tests, we can conclude, based on the universal approximation
theorem (Definition 8), that stochastic restarts can also be approximated by transformers.

Definition 8 (Universal Approximation Theorem for MLPs). Let f be a continuous function from a
compact subset K < R" to R™. Suppose o : R — R is a non-polynomial, continuous activation
function applied component-wise.
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Then, for any € > 0, there exists a single hidden-layer MLP that approximates f to within €. Specif-
ically, there exist weights A € Rf>*n pe RE, C e R™*F and a sufficiently large number of hidden
units k such that the MLP

satisfies

g(x)=C-o(A-x+Db)

sup | f(z) — g(x)| <e.
reK
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Answer: [Yes]
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Guidelines:
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made in the paper.
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how to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

33



1115
1116
1117
1118

1119
1120
1121
1122
1123

1124

1125
1126
1127

1128

1129

1130

1131

1132
1133

1134
1135
1136
1137

1138
1139
1140

1141
1142

1143
1144
1145

1146
1147

1148
1149

1150

1151
1152
1153

1154

1155

1156

1157

1158
1159

1160
1161

1162

1163
1164

1165

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to re-
produce the model (e.g., with an open-source dataset or instructions for how to
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dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
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run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
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* It should be clear whether the error bar is the standard deviation or the standard error
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* Itis OK to report 1-sigma error bars, but one should state it. The authors should prefer-
ably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis of
Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer:

Justification: Our experiments are small-scale and implementable by a small laptop. Also,
we do not pursue the computational cost in this study, so the computational resource is out
of our focus.

Guidelines:

* The answer NA means that the paper does not include experiments.

» The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments
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. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
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Answer: [Yes]
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Guidelines:

* The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
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10. Broader impacts
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11.

12.

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer:

Justification: A main focus of this study is fundamental, so there is almost no effect on
social impacts.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact spe-
cific groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitiga-
tion strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer:

Justification: Since this paper is theoretical, the outcome does not have a righ risk for
misuse.

Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by re-
quiring that users adhere to usage guidelines or restrictions to access the model or
implementing safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: We have cited the source of the data which we use.

Guidelines:
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* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the pack-
age should be provided. For popular datasets, paperswithcode.com/datasets has
curated licenses for some datasets. Their licensing guide can help determine the li-
cense of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documenta-
tion provided alongside the assets?

Answer:
Justification: We have not created a new asset throughout this study.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can
either create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the pa-
per include the full text of instructions given to participants and screenshots, if applicable,
as well as details about compensation (if any)?

Answer:
Justification: We have not performed the crowdsourcing experiments and others.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research
with human subjects.

¢ Including this information in the supplemental material is fine, but if the main contri-
bution of the paper involves human subjects, then as much detail as possible should
be included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, cura-
tion, or other labor should be paid at least the minimum wage in the country of the
data collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer:

Justification: Since this study is fundamental, there is no potential risk on this point.
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1324 * The answer NA means that the paper does not involve crowdsourcing nor research
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1336 non-standard component of the core methods in this research? Note that if the LLM is used
1337 only for writing, editing, or formatting purposes and does not impact the core methodology,
1338 scientific rigorousness, or originality of the research, declaration is not required.

1339 Answer:

1340 Justification: We have used LLM only for the formatting purposes.

1341 Guidelines:

1342 * The answer NA means that the core method development in this research does not
1343 involve LLMs as any important, original, or non-standard components.

1344 * Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
1345 for what should or should not be described.
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