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A Architecture

This section provides the definitions of the architectures described in the main paper.

Transformers [62] can be viewed as general set functions [34], making them ideally suited for NPs,
which must ingest datasets. We begin by briefly overviewing transformers, defining the attention
operations and how we construct a transformer layer, followed by how we integrate transformers into
the MACE-TNP architecture.

A.1 Transformers

MHSA and MHCA Throughout this work we make use of two operations: multi-head self-
attention (MHSA) and multi-head cross-attention (MHCA). Let Z € RN *P= be a set of N tokens of
dimensionality D,. Then, forVn =1,..., N , the MHSA operation updates this set of tokens as
follows

N H
Z,, < cat ({ Zlah(zn, zm)zmTWV,h}h
m—

JWo. )

where Wy, € RP=XPv and W € RHPV D= are the value and projection weight matrices, H
denotes the number of heads, and «y, is the attention mechanism. We opt for the most widely used
softmax formulation

ap(zn, Zm) = softmax({z;‘CWQ,hWIT(’hzm}%zl)m, (6)
where Wq 5, € RP=*DPex and Wk € RP=*xDPex are the query and key matrices.

The MHCA operation performs attention between two different sets of tokens Z; € RN *P= and
Zs € RV2XD= ForVn=1,...,Ny,the following update on z; ,, is performed:

T
Z1,, < cat ({ E an(2zim,22,m)22,m° W V,h}

hzl)wo. 7

In order to obtain the attention blocks used within the transformer, these operations are typically
combined with residual connections, layer-isations and point-wise MLPs.

More specifically, we define the MHSA operation as follows:
Z + Z + MHSA (layer-norm, (Z))

- ~ (®)
Z + Z + MLP (layer-norm,(Z)).
Similarly, the MHCA operation is defined as:
Z, + Z1 + MHCA (layer-norm, (Z, ), layer-norm, (Zs)) ©

Zy « Zy + MLP(layer-normy(Z1)).

Masked-MHSA  Consider the general case in which we want to update N token Z € RY*P=_ There
might be some situations where we want to make the update of a certain token z,, € Z independent of
some other tokens. In that case, we can specify a set M,, C N I n containing the indices of the tokens
we want to make the update of z,, independent of. Then, we can modify the pre-softmax activations
within the attention mechanism &y, (2zy,, z,, ), where o, (2, Z,) = softmax(&p (2, 2., )) as follows:

—00 ifm e M,

10
ZfWQﬁW%}th otherwise (10)

an(zn, Zm) = {

From the indices of M,, we can construct a binary masking matrix M € {0, 1}V*¥:

M, . = 0 ifm E.Mn
’ 1 otherwise

When used in the context of MHSA, we refer to this operation as masked-MHSA and represent it as
Z = masked-MHSA(Z, M).
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A.2 Model-Averaged Causal Estimation Transformer Neural Processes (MACE-TNPs)

We refer to Nguyen and Grover [47], Ashman et al. [2]] for a complete description of standard
TNP architectures, and focus on describing the architecture of the MACE-TNP in more detail. Our
proposed architecture is conceptually similar to the standard TNP architectures, but incorporates
specific design choices and inductive biases that make it suitable for causal estimation.

We assume we have access to Nyps observational samples and want to predict the distribution of
Nipne interventional samples. The inputs to the MACE-TNP are: the observational dataset Dops €
RNowxDxdua | the values of the node we intervene upon x; € R™m (implying we intervene on node
7), and the outcome node index ¢. Let Dyps ; € RNobsxdawa denote the observational data at node 7. We
omit the batch dimension for notational convenience.

Data pre-processing The first step involves pre-processing the interventional dataset by masking
out all nodes except the one being intervened upon. Specifically, for each intervention, we zero out
the values of the remaining D — 1 nodes. The resulting input to the model is an interventional matrix
Dine € RNnXDXdua T et Dint,i € RN xdaa denote the interventional data at node i.

Embedding To differentiate between the different type of variables, we employ six different types
of encodings, depending on the source of the data (observational (obs) or interventional (int)), and the
type of the node (node we intervene upon (j), outcome node (¢), or node we marginalise over). These
are all performed using 2-layer MLPs of dimension dembed- In the following we use Doy (re[D]\{4,5}}
to denote nodes in the observational dataset that are being marginalised over.

observational, intervention node:  Zbs j = MLPos j(Dobs, ) (11)
observational, outcome node:  Zgps,; = MLPps i (Dobs, )
observational, marginal nodes: Zobs,{kE[D]\{i,j}} = MLPObs(Dobs,{ke[D]\{i,j}})
interventional, intervention node:  Ziy j = MLPiy ; (Dint ;)
interventional, outcome node:  Ziy ; = MLPin( ;(Din,)
interventional, marginal nodes:  Zin {re[p)\{i,j}} = MLPint(Dine, {ke[D]\ 1,51}

where {k € [D] \ {i,j}} represents the set of indices from {1,..., D} excluding i and j. The
representations are then concatenated back together in the original node order:

Zyys,; ifk=1
Zps = concat ([Zobs,k]ke[D]) , where Dy = ¢ Zgys; ifk=j
Zovs,1;  Otherwise

Ziwi ifh=i
Zin, = concat ([Zinklhep)), Where Zy, = { Ziy; ifk =
Ziy1; otherwise

After the embedding stage, we obtain the representation of the observational dataset Zgps €
RNobs XD X demied and the representation of the interventional one Z;,, € RN X DX dembea

MACE Transformer Encoder We utilise a transformer-based architecture composed of L layers,
where we alternate between attention among samples, followed by attention among nodes. This
choice preserves 1) permutation-invariance with respect to the obervational samples, 2) permutation-
equivariance with respect to the interventional samples, 3) permutation-invariance with respect to
the nodes we marginalise over, and 4) permutation-equivariance with respect to the outcome and
interventional nodes. Although we generally omit the batch dimension for convenience, we include it
in this subsection to accurately reflect our implementation. Thus, the input to the MACE transformer
encoder are the observational data representation Zgys € RBXNow X DX dembea and interventional data
representation Zi, € RE>NmxDXdemea with B the batch size.
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Attention among samples We propose two variants to perform attention among samples. We
use the less costly MHSA + MHCA variant for the experiments in the main paper and show that it

performs better in appendix

1. Masked-MHSA among the observational and interventional samples: At each
layer [, we first move the node dimension to the batch dimension for efficient

batched attention: Z., € REXNowxDxdema _y RIBXD)xNowxdewea and Z! €

RB*Ninx DX demiva _y R(BxD)x Nimxdembed . We then concatenate the two representations
Z! € RUBXD) X (Noost-Nin) X emiea = [ZL 7L 1 and construct a mask M € RNostNim that
only allows interventional tokens to attend to observational ones.

1 if m < Nops
M =
o { 0 otherwise

We then perform masked-MHSA: Z! = masked-MHSA(Z!, M). This strategy has a
computational complexity O((Nobs + Nint)?).

2. MHSA + MHCA: An alternative, less costly strategy, is to perform MHSA on the observa-
tional data, followed by MHCA between the interventional and observational data. More
specifically, as in the previous case we move the node dimension to the batch dimension and
then perform:

Zl,. = MHSA(ZL,,)

obs obs

Ziy = MHCA(Zjy,, Zy,))-

nt

We then concatenate the two representations into Z! € R(BXD)X(NovstNin) Xdemvet —

[ZL,.,ZL ). This strategy has a reduced computational cost of O(N2_ + NopsNint) and

obs? “int
is the strategy we use for the results in the main paper.

Attention among nodes The output of the attention among samples at layer [ Z! ¢
R (B D) x(Novs+Nint) Xdemvea s then fed into the next stage: attention among nodes. We first reshape the
data Z! € RBX D)X (Nows+Niw) Xdemvea _y 71" & R(BX(Nobs+Nim))x DX demea and then perform MHSA
between the nodes:

Z*' = MHSA(Z")

This is then reshaped back into Z!*+1 € RB*(NavstNin)x DX demve and then split into the observational

and intervational data representations that are fed into layer [ + 1: Z!Ft € RB*NowxDxdenvea gpd

obs
thl c RB X Nint X D X dembed
in .

MACE Decoder We parameterise the output distribution of the NP as a Mixture of Gaus-
sians (MoG) with Ncomp components. The NP outputs the mean, standard deviation and weight

corresponding to each component for each interventional query {z?}ﬁh“‘l: {p, o0, wi(zh) =

{pn(2%), o (2}), wi (7)) kNng. These are computed based on the outcome interventional rep-
resentation from the final layer of the MACE Transformer Encoder. More specifically, the input to
the decoder is ZL, , € RNm*dens This is then passed through a two-layer MLP of hidden size demp,
followed by an activation function

Zow = activation(MLP(ZL, ,))

int,?

Finally, we use linear layers to project the embedding zy € RYm*demted to the parameters of a
mixture of Neomp Gaussian components:

= Linearyeu (Zoy) € RN > Neom

pre-o = Linearg(zoy) € RV Neom
pre-w = Linearyeignt (Zout) € IR Nin X Neomp
We then apply element-wise transforms to obtain valid parameters:
o = softplus(pre-o) w = softmax(pre-w),

with the softmax being applied along the component dimension.
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Loss The output parameters are then used to evaluate the per-dataset loss of the MACE-TNP, which,
as shown in section [ requires the evaluation of the log-posterior interventional distribution of the
MoG. We restate the equation of the loss presented in section ] for completeness:

Nint Nint Neomp

Lo(x;, {p, 0, w}(x;)) = Zlogp@(q"|do ) Zlog Z wi(]) - N (@} | p(a}), o (2])) | (12)
k=1

n=1 n=1

where N (z|u, o) represents the Gaussian distribution with mean £ and standard deviation o.

B Data Generation

We provide in fig. # a diagram showing how we sample training data from a specified Bayesian
Causal Model to infer its posterior interventional distribution (see discussion in section ).

1. Sample
causal graph 3. Sample 4. Sample interventional data
G ~ peom(9) observational data ~ U[1, D]—>»x; ~ N(0,T) € RN —» Dy ~ ppom(Dint| do(x;), £, G)
Dabs ~ peM(Dobs|f, ) X

— 7 _¢
2. Sample functional Nos N 8
mechanism int 7

conditioned on graph .
for each variable D J

f ~ ppom(fl9)

Figure 4: Overview of the data generation process. We first sample a graph G, and a functional
mechanism (conditioned on the sampled graph) for each of the D nodes in the dataset. These are then
used to draw N,ps observational samples. To construct the interventional dataset, we first randomly
sample a node to intervene upon j, draw Njy intervention values x; ~ A (0, I), and set the values of
node j to be x;. We then drawn N, samples of each node to form an interventional dataset Djp.

B.1 Two-node Linear Gaussian Models

The data generation details for the two-node linear Gaussian experiments from section [5.1]and the
derivations of the posterior interventional distribution are explained in this section.

We examine the basic scenario involving n independent and identically distributed (i.i.d.) random
vectors, each consisting of two components, defined as X' := [X{, X7 fori € {1,2,...,n}.
Let the observed dataset be denoted by Dgps := {X*, X2,..., X"}. For the sake of notational
simplicity, we drop the subscript BCM from pgcy in eq. (]Z) throughout the subsequent proofs. In
this setting, where the random vectors are composed of only two nodes (X7, X5), there exist three
distinct possible structural SCMs:

G- [‘1) 8} LX) = wXs+ Uy and X = Uy (13)
0 1
Gy = {O O} : Xy =U; and Xy = wX; + Us (14)
0 0
g |:O 0:| 2X1:U1 anngng (15)

1002 We consider two models, one where the causal graph is identifiable (appendix [B.1.1) and one where

1003

it is not identifiable (appendix|B.1.2).
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1004 B.1.1 Identifiable Case

1005 We begin with the case where the error terms U; and U, are Gaussian distributed and the noise
1006 variances of U; and Uj are equal and known—a setting shown to be identifiable in Peters and
1007 Bithlmann [52]]. Fixing 02,02 € R, we consider the following hierarchical model:

G ~U{G1,G2,G3}, U; ~N(0,0%) fori=1,2
w~N(0,07) if Ge{G,G}.

1008 which induces the following joint distribution:

p(X,w,G) = p(X|w,G)p(w|G)p(G) if G € {G1,Ga} or (16)

p(X,G3) = p(X|G3)p(Gs), otherwise. (17)

1009 We show below that the above models can be identified by the posterior.

1010 Theorem B.l. Let Dy = {XM, X@ ... XM} be iid observations generated by
1011 one of the simple models described in egqs. (13) to (I5). The posterior over the graphs
1012 [p(gl|D0bs);p(g2‘Dobx)ap(gi’;‘pobs)] is

1 o o2 SZ, o o2 S2,
» 2 2 €xp ﬁ 2 G 2 2 2 €xp ﬁ 29 2 ’1 ’
¢ (Uw52+0) 0% Oyo2 + 0 (0w51—|—0') o091 +to

1013 where c is a constant of normalisation and

512 = ZX{X%, Sl = ZX{% 52 = ZX%2 (18)
i=1 i=1 =1

1014 The posterior interventional distribution is a mixture of 2 Gaussian distributions

p(Xl = y|dO<X2 = -T);Dobs) — p(gl‘Dobs)N(y‘,qu?(x»0%72«17)) + (1 - p<g1|Dabs)>N(y|07 02)7

1015 with
02512 9 9 o2 2?
p1—2(x) = 025, + o7 cx and oj_s(x):=0° |14 eyl | (19)

1016 Proof: First, we find the full conditional distribution, p(w|G, Dops ) and the posterior distribution over
1017 the DAG models, p(G|Dqps ). Following Bayes’ rule we have

n n

P(w|Gr, Dons) < p(w|G1)p(Gr) [ [ P(XilG1, w) o p(w|G) [ [ p(XilGr, w)

i=1 =1
w? 1 ¢ i i\ 2
mexp(—m—M;(Xl—wX2)>

1018 and by completing the square we obtain

2 2 2 2
0255+ 07 025y + 03

p(w‘gla Dobs) = N(’UJ

02512 0%03, )7 20)

1019 with S12 and Sy being defined in eq. (I8).
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Similarly, conditioned on the G5 model, the full conditional distribution is again Gaussian

2n

02512 0202
,1) - J\/ ’ - .
P(w[G2, Dons) (w 0281 + 02 02,51 + 02

Using eq. (20) and eq. 1)), the posterior for the G is

D(G1| D) / p(w)p(@) [[ (X161, w)i

_ S1+ 5o o 0'721; S%2 22
T Vs P\t aser)
P(G2|Daps) ox /p(w)p(gg)Hp(Xi|gg,w)dw

i=1
S1+ 5 o 0120 5%2
X exp ( 5,2 ) IR exp (Wofusl e (23)
= S; + S
P(GsDons) o< p(Gs) | [ p(X:1Gs) o exp (— 53 2>. (24)
=1

Next, the posterior interventional distribution is

p(X1|dO(X2 = x)a Dobs) = p(Xh g3|d0(1‘), Dobs) + Z p(Xla g, w|do(z), Dobs)dw
Ge{G1,G2}

:p(X1|d0(x)agSaDObs)p(g3|Dobs) + Z p(g|Dobs)/p(Xlldo(x)vgaw)p(w|gaD0bs)dw-
Ge{G1,62}

Conditioned on the model graphs, the interventional distributions are

p(X1 = y|do(Xs = 2),G1,w) = N (ylwz,0), p(Xi = y|do(X2 = z),Ga, w) = N(y|0,0?)
p(X1 = y|do(Xs = 2),G3) = N (y|0,0?).

Then, we have

/p(X1 = y|do(Xz = ), G2, w)p(w|Ga, Dobs ) dw = /N(y\oa 0)p(w|Ga, Dops)dw = N (y|0, 0?),

/p(Xl = y|do(X2 = ), Gs, w)p(w|G3, Dops)dw = /N(y\OaUQ)p(wW&Dobs)dw = N(y|0,0?),

and

/p(X1 = y|do(X2 = x),G1, w)p(w|G1, Dops )dw = /N(ylww,oz)p(wlgl,Dobs)dw

28 o2 12
=Ny =222 (14 2t ).
y 02,55 + 02 "o * 02,83 + 02

Hence, the interventional distribution is simply a mixture of 2 Gaussian distributions

P(X1 = yldo(Xz = @), Dans) = PG [Pon) N (ylp1-2(2). 73 _o(2)) + (1= p(G1 PensJN (410, 6%),
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with p(Gy|Dops) calculated in egs. to and p1_2(7),0%_,(x) defined in eq. .
Similarly, the next result easily follows

P(Xz = yldo(X1 = 2), Dore) = p(GalPows)V (sl12-1(2), 031 (2)) + (1 = p(Ga Dot JA(410,0%),
with p(Ga|Dops) calculated in eq. and

05,512 5 ) 0222
’UJ2_1(I) = m -x and 0'2_1(17) =0 1+ m .

O

Remark: It can be shown that if Dy, is generated by one of the models presented in eqgs. (13)
to @), then the posterior distribution p(G | Debs) asymptotically concentrates around the true
data-generating structure G* [12] 65 [14]. Consequently, in the infinite data limit, the posterior
interventional distribution converges to a Gaussian distribution whose mean and variance depend on
the intervened node and the true underlying causal mechanism G*.

B.1.2 Non-identifiable Case

Second, we consider the errors’ variances to be unknown while keeping the same SCMs described in
eqs. (I3) to (I5). Therefore, we place priors on these extra parameters as well chosen such that the
model is not identifiable [22]]. We propose the following hierarchical model for fixed o > %, and

B,n>0

g ~ u{gla g27 g3}

1
If G = Gy, then 77 ~ InvGamma(a, 8), 75 ~ InvGamma(a — 5,5),11} ~ N(0,n73)
1
If G = Gy, then 77 ~ InvGamma(a — 5,5), 73 ~ InvGammal(a, B),w ~ N(0,173)

1
If G = G, then 77 ~ InvGamma(o — i’ﬁ)’ 73 ~ InvGamma(a, B).

Then, this hierarchical model introduces the following joint distributions
IfG = Gy, then p(X, w, 77, 73,G1) = p(X |w, 7, 73, G1)p(w|G1, 77 )p(73 )p(G1)
If G = Go, then p(X, w, 77, 73,Ga) = p(X |w, 77, 73, G2)p(w|Ga, 73 )p(77 )p(G2)
If G = Gs, then p(X, 77, 73, G3) = p(X|77, 75, G3)p(77 (73 )p(G3)-

For completeness, we show below that the above priors result in the same posterior for graphs in the
same Markov equivalence class — G; and G5. We begin by recalling a simple result before stating
the main theorem of this subsection.

Lemma 1. Foranyv > 0and A, B,C € R such that C A?> > B we have

v—

* dx T3 (A2)*=
[m (A222 — 2Bz + O)*F \/EF("TH) 8 (CA2 — B2)3’

where I'(+) is the usual Gamma-function.

PrROOF: Completing the square in the dominator we have

v+1
2

/OO dx B A? /OO dx
—oo(A2x2—2Bx+C)"T+1_ CA2 — B2 B DESRY
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Next, we recall the probability density function (pdf) of a shifted and scaled version of the standard
student-t distribution (i.e. Z = pu+ oT, with T ~ t(v))

vt
L) Lrz—py2) -
e faey)
12 =\t o
Then, matching the terms gives the desired result. O
Theorem B.2. Let D, = {XU X® . XM} pe iid  observations generated by

one of the simple models described in egs. (13) to (I5). The posterior over the graphs
[p(gl|D0bx);p(g2‘Dobs)ap(gii‘pobs)] is

1 (Sg)(ufl)/Q (S?)(Vfl)/Z 1
¢ [(S)0D21SYS — Sho]/2 (S7)¢=DI2[SES] — Spyl/> (S7) /2 (85) ¢ |

where c is the constant of normalisation, v := 2.+ n and

1= 5 + % S = 5 + 26 fori € {1,2}, (25)

with S, S3 and S12 defined in eq. @). The posterior interventional distribution is a mixture of 2
shifted and scaled Student-t distributions

S@
p(Xl = y|d0<X2 = x);Dobs) = p(gl‘Dobs)t(V7 /111,2(55)70'1,2(37)) + (1 - p(g1|Dobs))t <Va 07 v j 1
with 5 5
n n_ o2 2 n_ Q2
o (z) = $571]2 and 02 (z) = S3(S1 S5 5’12):—; (S1S3 512)‘ (26)
Sy (89)%v

Proof: Similar to the case presented in Appendix [B.1.1} we start by deriving the posterior over the
three models described above and use the same definitions from eq. (T8).

P(G1|Dobs) O</p(Dobs\Ql,w,Tf,Tf)p(w\Tf)p(Tf)p(Ti)d(Tf) d(73) dw
1 ., , 1 1 1

—exp (= Y (X —wX)?) o exp( — =55 ) ———

) ( 2712; )( /27”_22) ( 272 ) 2mnTE

2

520(7%

w 2\ —a—1 B 2\—a—1/2 B 2 2
- - — 2 )d(r2) d(+2) d
<o (= g ) pare - D ee ( ) () e (= Sy )det) dir)
Ll PR Tesig) Mo+ 23) u
n (27r)n+1/2 r a)F o — l) 2 (Uil)/2 —00 "o —) 5 2 w2 o‘JrnTH
Vi (a)T'( 2 (5+ %) (3_~_ 21_1(?(5 X2 TU)
_ 2B T (a+ 2T (a+3) (1/n+S) b2 1
Vi D(e)T (a — & (28 + S2)v=1/2 [(2B 4 S1)(1/n + S2) — Sfp]etn/2
_ (28 2T(a+ 7 )T(a+ §) | (ﬁ)“‘“ﬂ . 1 o7
ST (a)T(a — 3 S5 (SPS7 — §2,)v/2’

where in the last step we used the result of Lemma|[Il We note that the conditions in the lemma are
fulfilled as

2
28+ S1)(1/n + S2) > 8185 > (Su) , (28)

28

)



where we used the fact that 8,7 > 0 and the Cauchy-Schwartz inequality in the second step

1061
1062 Similarly, we find the posterior for the second model, G,
26)%° 30 (a + 25T (a+ 2) /87 =12 1
pGalDgy) o POt G O E) (e
Vir'L(a)l(a — 5 ST (Sy Sy — S3,)v/?
1063 and for the third model, G
m)p(r3)d(77) d(73)

p(g3|Dobs) X /p(Dobs|g337127722)p(
1
277722

1
- ———n €XpP —7251
/ (vrr?) ( 277 )(
B

g2a=1/2 o
(r 2) 1/2exp(——2
1

)n exp ( — %52)

) e (= S5 )dtet) dirh) @)

“T@)la-)
_ (28 PT(a + )P (a + §) 1
- ; : . (30)
()T (a *5) (S7)=D/2(sy)w/?
1064 Conditioned on the models, the interventional distributions are
(X1 =yldo(x),Gr, w, 1) == p(X1 = yldo(Xz = 2), G1,w, 77) = N(ylwa, 77),
p(X1 = yldo(z), G, w, 1) = p(X1 = yldo(Xz = 2), Go,w, ) = N (y]0, 77),
(X1 = yldo(z), G5, 77) := p(X1 = y|do(Xz = 2),G3, 77) = N (y[0, 7).
1065 Then, the posterior interventional distribution, p(X7|do(z), Dobs), is
73) dw

" p01Pwe) [ pX = yido(a). 6,0, )plw. 2. 721,6. D) ()
7'22)

Ge{G1,G2}
+ p(Gs|Davy) / (X1 = yldo(z), Gs, 72)p(72, 72|, G, Dess) d(2) d(

1066 First, we find the last term
/ (Xl = y|dO(X2 = ZC), g3a7-12)p(7-1277-2 |a g37 obS) d(Tl) d(TQZ) (S8

2
)P(Dats|Ga, 72 73)p(rD)p(3)d(7?) d(75) o

[ e (- L
\2rT? 27y

1 1

o 1T X ey 3D

2B+ 51+ 92t T (L4 L)t

1

_ s

- v-1-

2ac + n degrees of freedom and o

1067 which is a scaled Student-t distribution with v
Computing the next integral follows the same pattern presented in eq. (30)

1068

2
Y
oz )PP, 72, 7)p(w|)p(r)p(3) d(77) d(73) dw o

1
7exp(—
/\/2777'12 Ty
1
1 1
x CRpE (32)
7) 2

(S1+ %)a = .
28+ 81 +y2)et T {(25 + 92)(S1 + %) — (512)? (1+ gT

/ (Xl - y|dO(X2 = $)7g2) vaIQ)p(w?TIQDTglv g27 ObS) d(Tl) d( ) dw 08
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B
which is again a scaled Student-t distribution with 02 = Vsjl and v degrees of freedom. Finally,
using similar steps as in eq. (27), the last term is

/p(X1 = yldo(Xs = z),G1, w, Tlg)p(w, 712, 7'22\7 G1, Dobs) d(7'12) d(7'22) dw o

o 2
D Do, 72wl p(r) for) d(r) d(r5) o

1
————exp (
/ \/277712 27'12

1

|:(S2 + 22 + %)(2[3 + 51 +y?) — (S12 + zy)?

- (33)
I

where the denominator is always bounded away from 0 as in eq. (28). By completing the square,
we obtain another scaled and shifted student-t distribution with v = 2 + n, 1 _2(z) and 07_, ()
defined in eq. (34). Then, combining egs. (27) to we obtain the result.

Similarly, we show

B
p(XQ = y|d0(I), Dobs) = p(g2|D0bs)t(V7 PJ2—1(I); 0—2—1(1‘)) + (1 7p(g2|D0bs))t <V7 07 SQ )

v—1

with
251, _ S7(SEST — 8%,) + 22(Sy ST — S%)

to—1(x) := 57 and o3 () := (ST . 34)

O

Remark: We employ asymmetric priors for 72 and 75 to ensure that the posterior assigns equal
probability to the models G; and G-, which belong to the same Markov equivalence class. In particular,

setting 28 = n results in S} = Sf and S = 52,@ , which implies that the posterior distribution over
graphs,

[p(gl | Dobs)a P(gz | Dobs)a P(g:z ‘ Dobs)}a
takes the form:

1 1 1
(SYSy — S3,)v/27 (S§S8Y — SZ,)»/27 (S7)w=1/2(8])v/2

where c is a normalising constant.

) (35)

ol

This setup corresponds to the prior structure proposed by Geiger and Heckerman [22, Equation 12],
obtained by setting the precision matrix 7" in the Wishart distribution to the identity. As noted in their
Geiger and Heckerman [22) Section 4], a change of variables transforms the Wishart prior on the
covariance of X into the prior used here for the weights w and error variances 77 and 75.

Assuming a true data-generating mechanism, the posterior concentrates on its Markov equivalence
class. If the true graph is Gy or Ga, then p(G1|Dons) = p(G2|Dobs) — 1/2. Conversely, if Gs is the
true graph, then p(Gs|Dobs) — 1112, (631 [14]).

The degrees of freedom, v = « + n, grow with the sample size n, so the corresponding Student-t
distributions converge to Gaussians in the large-sample regime.

B.2 Three-node Experiments

In the three-node experiments (section[5.2) we use two datasets with two different functional mecha-
nisms f;(-) as defined in eq. (E): one sampled from a GP prior, and one based on neural networks.
In both cases, we sample Erdés—Rényi graphs with graph degree chosen uniformly from {1, 2, 3}.
Following Ormaniec et al. [49], we standardise all variables upon generation.
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GP functional mechanism To model f;(-) we use a GP with a squared exponential kernel, with a

randomly sampled lengthscale for each parent set PA; of size |PA;|. More specifically, we sample
the lengthscale from a log- distribution {AP}LP:Af‘ ~ Log(—1,1), followed by clipping between

Ap = clip(A,, 0.1, 5) to ensure that a too long lengthscale does not result in independence of the
variable from a parent. This defines the kernel matrix between the n-th and m-th samples as:

Ky = exp(—(PA? — PAT")TAT!(PA} — PAT")),

with A := Diag(Ay, ..., A\jpa,|). We then add noise with variance 0% ~ Gamma(1, 5) and sample
the variables as follows

X; ~N(0,K + o)

Neural network-based functional mechanism We sample each variable as follows

X' ~ ResNetg([PA}, n:]) + o,

where 02 ~ Gamma(1, 10), € ~ N(0,1). ResNety is a residual neural network with a randomly
sampled number of blocks Npjocks ~ U{1, ..., 8} and randomly sampled hidden dimension dp;ggen ~
U{2°%,26 27 28}, We use the GELU [27] activation function.

B.3 Higher-dimensional experiments

For the higher dimension experiments in section we generate the training data for MACE-TNP
as follows:

» We sample number of variables D ~ U[5,40].

* We sample a type of graph, either an Erd6s—Rényi graph or a scale-free graph [3].

» The density of the graph (number of edges) is sampled from I/ [%, 6D] .

* For each node, we sample a functional mechanism randomly from either a GP with an

additional latent variable input, or a Neural network with an additional latent variable input:

- GP with latent: We sample a latent 7; ~ N (0, 1), and lengthscales {)\p}grfl“ ~

Log(—0.5,1), where PA; denotes the set of parents of node index i. Functions are
sampled from a squared expoenential kernel with 7, included as an input and Gaussian
noise added with variance 02 ~ Gamma(1, 5).

— NN with latent:
i ~ N(Oa 1)
X7.n ~ NN@([PA?J?Z]) + o€,

where 02 ~ Gamma(1, 10), e ~ N(0, 1). NNy denotes a randomly initialised neural
network with 128 hidden dimensions and one hidden layer.

Using a latent as an input ensures that the final distribution is not Gaussian. Following Ormaniec
et al. [49], we standardise all variables during the data generation process.

For testing for each variable size in table[2} we only generate Erd6s—Rényi graphs with density 4D.
This is to test the performance of the baselines and our method in the difficult dense graph case. The
rest of the data generation process is the same as the training data.
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C Experimental Details

This section provides additional details and results for the experiments presented in Section 3]

C.1 Architecture, training details and hardware

Throughout our experiments we use I = 8 attention heads, each of dimension Dy = Dgy =
dmode1 /8. The MLPs used in the encoding use two layers and a hidden dimension of dembed = dmodel-
Unless otherwise specified, we use a learning rate of 5 x 10~* with a linear warmup of 2% of the
total iterations, and a batch size of 32.

To train MACE-TNP, we randomise the number of observational samples Nobs ~ U{50, 750}, and
set Nipe = 1000 — Nops. The training loss is evaluated on these Ny, samples. For testing, we sample
500 observation points and compute the loss against 500 intervention points.

Two-node linear Gaussian model We use L = 2 transformer encoder layers, where each trans-
former encoder layer involves the attention over samples, followed by attention over nodes. The
model dimension is dmege; = 128, and feedforward width d = 128. We train the model for 1 epoch
on 50.000 datasets and test on 100 datasets. Training takes roughly 60 minutes on a single NVIDIA
GeForce RTX 2080 Ti GPU 11GB, and testing is performed in less than 5 seconds.

Three-node experiments For the experiment in the main paper, we use L = 2 transformer encoder
layers, a model dimension dpoqe; = 128, and feedforward width dg = 128. We train the model for 2
epochs on 50.000 datasets for the GP experiment and 100.000 datasets for the NN one, and test on
100 datasets in both cases. When testing the OOD performance, we train on the union of the two
datasets for 2 epochs. Training the models described in the main text required roughly 4 — 6 hours of
GPU time; however, because we ran them on a shared cluster, actual runtimes may vary with cluster
utilization.

Higher dimensional and Sachs experiments For the higher dimensional experiments we use
L = 4 encoder layers. The model dimension is dyode1 = 256 with feedforward dimension dg = 1024.
We train the model on data generated as listed in appendix [B.3] with 2, 500, 000 datasets in total. The
model was trained on an NVIDAI A100 80GB GPU for 2 epochs which took roughly 20 hours. We
use the model trained for the higher dimensional experiment for the Sachs experiment.

Hardware For the two- and three-node experiments, we ran both training and inference on a single
NVIDIA GeForce RTX 2080 Ti (11 GB) with 20 CPU cores on a shared cluster. The only exception
was for our largest three-node GP and NN models (with dpoge; = 1024), where we used a single
NVIDIA RTX 6000 Ada Generation (50 GB) paired with 56 CPU cores; those models required
roughly 25 GB of GPU memory. For the higher-node experiments, we used a single NVIDIA A100
80GB GPU, as well as an RTX 4090 24GB GPU.

C.2 Additional Results
C.2.1 Two-node Linear Gaussian Model

We study the performance of MACE-TNP in both identifiable and non-identifiable causal settings by
generating data according to the models described in appendix |B.1.1/and appendix [B.1.2] respectively.
For all experiments, we set 0 = ¢, = 1 in the identifiable case and « = 3, 7 = 25 = 1 in the
non-identifiable case. We investigate at different interventional queries, x, how the NP predicted
distributions compare with the analytical ones as a function of the observational sample size. For
simplicity, for the first model [B.1.1 we consider an NP which outputs a mixture of 2 components,
while for the second model [B.1.2, the NP approximates the true analytical distribution using 3
components.

The flexibility of our architecture also allows for conditional queries, multiple interventions, as well
as easily incorporating interventional data to help identify causal relations. Hence, we investigate here
whether providing a small number M;,, = 5 of true interventional samples, alongside the observational
data, resolves identifiability challenges in the non-identifiable case. As already shown in fig. 3| (right)
with the green line and discussed in section we find that adding extra interventional data
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does indeed lower the KL(ppcas(zi|do(z;), £*,G*)|pa(2i|do(x;), Daps, {22 )), suggesting
that even limited interventions can enhance identifiability. We also test this with an increasing number
of interventional samples in fig. E} As soon as the interventional information is rich enough (M;y €
{50, 300}), the NP recovers the interventional disribution of the true data-generating mechanism
even with little to no observational data, as indicated by the near-flat KL curves. We note that the KL,
divergence between two Gaussian mixtures (or between a Student-t mixture and a Gaussian mixture)
lacks a closed-form expression. Therefore, we approximate it in our experiments by averaging 1000
Monte Carlo estimates of the log-density ratio.

Then, we show in fig.[6/ two examples where the intervention is made at = 1 for the identifiable
model and at z = 2 for the non-identifiable model. A clear distinction is observed between the two
settings: for the identifiable case, the analytical posterior interventional distribution is a mixture of
two Gaussian distributions, which, at high observational sample sizes, converges to a single Gaussian
(i.e. because the observational data gives information regarding the causal structure, the weight
corresponding to one mode collapses to 0). In contrast, for the non-identifiable case, the posterior
places equal mass on both G; and G, and therefore, the mixture structure persists across both regimes.
In both settings, the NP-predicted distributions closely match the correct interventional distributions,
with accuracy improving as the number of observational samples increases. This improvement is due
to two factors. First, larger sample sizes provide the NP with more information about the underlying
causal model, allowing for enhanced inference. Second, in the non-identifiable case, the posterior
interventional distribution is a mixture of two Student-t distributions with a number of degrees of
freedom proportional to the number of observational samples. Thus, in the high sample regime, the
mixture distribution converges to a mixture of Gaussians, which is the class that parameterises the
output of the NP model.

0.5
@ KL (phom|l PMACE-TNP)

B} 041 @ *
g - #- KL (pgomll pMace—1np) , Ming = 5
) i .
0o 0.3 "o KL (pemll PmacE-—TNP) s Mine = 50
5 0.2 = KL (ppomll PMace-1ne) s Ming = 300
=
0.1

0.0 1

Observational sample size

Figure 5: Average KL divergence between the interventional distribution of the true generating
mechanism, {G*, £*}, and the NP-predicted distribution shown as a function of the observational
sample size for the non-identifiable setting. Results are shown for various interventional sample sizes.
For simplicity, we only report the medians.
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Figure 6: Fitted NP posterior interventional distributions vs. true posterior interventional distributions
for identifiable (left) and non-identifiable models (right) at increasing observational sample sizes (5,
50, 100, 500).

C.2.2 Three-node Experiments

In this section we provide additional results on the three-node experiments where we aim to address
three questions: 1) between the MHSA and MHCA schemes for sample attention introduced in
appendix [A.2] which one performs better? 2) Does increasing the number of MoG components
improve performance, and 3) How does the model performance vary with the size of the architecture?

Table [3|shows the results for the two functional mechanisms used in the three-node experiments: GP
and NN-based. For each model configuration, we present four sets of results: for a model trained
on GP and tested on GP (GP / GP), a model trained on NN and tested on NN (NN / NN), and for a
model trained on the combination between the two datasets and tested on each of them (GP+NN /
GP and GP+NN / NN). These results allow us to assess whether the influence of model architecture
is consistent across the functional mechanisms. Notably, models trained on the combined GP+NN
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dataset are able to match—within error—the performance of models trained specifically on either GP
or NN data. This highlights the strength of the meta-learning approach: even when trained on data
generated from diverse functional mechanisms, a single model can generalise effectively across both,
achieving performance comparable to specialised models while also benefiting from broader prior
coverage. We summarise the findings from table [3}

1. MHSA + MHCA outperforms the masked-MHSA strategy for attention over samples.

2. Increasing the number of MoG components increases the performance of MACE-TNP. There
is a larger gap in performance when going from 1 to 3 mixture components, indicating the
importance of allowing the model to output non-Gaussian marginal predictions. Increasing
the number of components to 10 further improves performance, but the gains are not as
significant.

3. Scaling up the model architecture generally leads to decreased NLPID.

4. Training a model on the combination of the two datasets (GP+NN) is able to recover—within
error—the performance on both datasets.

Table 3: Results of MACE-TNP under different architectural configurations. M-SA stands for
Masked-MHSA, while SA+CA indicates the MHSA+MHCA attention mechanism. For each model,
the column name under NLPID indicates the training set / test set (i.e. GP+NN / GP indicates we
trained the model on the GP+NN dataset and tested it on the GP one). We report the mean =+ the error
of the mean of the NLPID over 100 datasets.

NLPID (})
GP/GP NN/NN  GP+NN/GP GP+NN/NN

629.0 £20.0 664.1£16.0 640.1+17.3 668.3£17.2
617.4£20.1 6649£164 629.8+17.5 688.0£31.5
581.8 £21.8 5389+19.1 597.6+19.9 547.14+17.8
569.3 £23.1 540.5+17.1 582.14+21.6 540.6+18.8
5721+21.9 533.2+£18.3 599.44+20.3 531.5+19.6
563.9+23.4 5279+19.8 583.9+21.5 531.0+194
555.7+24.6 527.0+19.1 564.6+23.6 532.1+184
558.0+£23.9 518.2+19.7 565.6+22.3 521.1+20.8

MoG Attention  dpoger  dir

1 M-SA 128 128
1 SA+CA 128 128
3 M-SA 128 128
3 SA+CA 128 128
10  M-SA 128 128
10 SA+CA 128 128
10 SA+CA 512 256
10 SA+CA 1024 256

00 00 M W B b s |

Finally, table |4| summarises the results for the out-of-distribution (OOD) evaluation for the configura-
tion presented in the main text.

Table 4: Results for the OOD two-node experiment. We show the NLPID () and report the mean £
the error of the mean over 100 datasets. Each row corresponds to a different functional mechanism
used in the test set (GP / NN).

Training —
Test | GP NN GP+NN

GP 563.9+234 678.0£10.0 583.9+21.5
NN 608.3+17.3 5279+19.8 531.0+194

C.2.3 Sachs Full Results

The full set of results for the Sachs dataset are shown in table 5. The MACE-TNP performs
competitively with DECI, and both outperform other methods that use GPs as functional models.
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Table 5: Results for the Sachs dataset [55]. We show the NLPID (|) and report the mean =+ the error
of the mean across 5 interventions and across all 10 nodes used as the outcome for each intervention.
Each row corresponds to a different baseline.

Sachs
MACE-TNP 989.8 +100.2
DiBS-GP 1417.5 £+ 186.7
ARCO-GP 1400.7 £ 208.7
DECI 1000.9 +-133.5

NOGAM+GP  1763.7 £297.4
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