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A RELATED WORK

In the sequel, we discuss the related works.

RL for solving NE in Markov games Our work adds to the vast body of existing literature on
RL for finding Nash equilibria in Markov games. In particular, there is a line of works that gener-
alizes single-agent RL algorithms to Markov games under either the generative model (Azar et al.,
2013) or offline settings with well-explored datasets (Littman, 2001; Greenwald et al., 2003; Hu &
Wellman, 2003; Lagoudakis & Parr, 2012; Hansen et al., 2013; Perolat et al., 2015; Jia et al., 2019;
Sidford et al., 2020; Cui & Yang, 2020; Fan et al., 2020; Daskalakis et al., 2021; Zhao et al., 2021).
These works all aim to find the Nash equilibrium and their algorithms are generalizations of single-
agent RL algorithms. In particular, Littman (2001; 1994); Greenwald et al. (2003); Hu & Wellman
(2003) generalize Q-learning (Watkins & Dayan, 1992) to Markov games and establish asymptotic
convergence guarantees. Jia et al. (2019); Sidford et al. (2020); Zhang et al. (2020a); Cui & Yang
(2020) propose variants of Q-learning or value iteration (Shapley, 1953) algorithms under the gen-
erative model setting. Moreover, Perolat et al. (2015); Fan et al. (2020) study the sample efficiency
of fitted value iteration (Munos & Szepesvari, 2008) for zero-sum Markov games under the offline
setting. They assume the behavior policy is explorative in the sense that the concentrability coeffi-
cients (Munos & Szepesvari, 2008) are uniformly bounded. Under similar assumptions, Daskalakis
et al. (2021); Zhao et al. (2021) study the sample complexity of policy gradient (Sutton et al., 1999)
under the well-explored offline setting. Moreover, under the online setting, there is a recent line of
research that proposes provably efficient RL algorithms for zero-sum Markov games. See, e.g., Wei
et al. (2017); Bai et al. (2020); Bai & Jin (2020); Liu et al. (2020a); Tian et al. (2020); Xie et al.
(2020); Chen et al. (2021b) and the references therein. These works propose optimism-based algo-
rithms and establish sublinear regret guarantees for finding NE. Among these works, our work is
particularly related to Xie et al. (2020); Chen et al. (2021b), whose algorithms also incorporate the
linear function approximation. Compared with these aforementioned works, we focus on solving
the Stackelberg-Nash equilibrium, which involves a bilevel structure and is fundamentally different
from the Nash equilibrium. Thus, our work is not directly comparable.

Related single-agent RL methods Broadly speaking, our work is also related to the recent line
of works that achieve sample efficiency in single-agent RL under the online setting. See, e.g., (Azar
etal., 2017; Jin et al., 2018; Yang & Wang, 2019; Zanette & Brunskill, 2019; Jin et al., 2020b; Zhou
et al., 2020; Ayoub et al., 2020; Yang & Wang, 2020; Zanette et al., 2020b;a; Zhang et al., 2020c;b;
Agarwal et al., 2020) and the references therein. In particular, following the optimism in the face
of uncertainty principle, these works achieve near-optimal regret under either tabular or function
approximation settings. Meanwhile, for offline RL with an arbitrary dataset, various recent works
propose to utilize pessimism for achieving robustness. See, e.g., (Yu et al., 2020; Kidambi et al.,
2020; Kumar et al., 2020; Jin et al., 2020c; Liu et al., 2020b; Buckman et al., 2020; Rashidinejad
et al., 2021) and the references therein. These aforementioned works all focus on the single-agent
setting and we prove that optimism and pessimism also play an indispensable role in achieving
sample efficiency in finding SNE.

B NOTATION

We denote by || - ||2 the £2-norm of a vector or the spectral norm of a matrix. We also let || - ||, denote
the matrix operator norm. Furthermore, for a positive definite matrix A, we denote by ||x|| 4 the

weighted norm vz T Az of a vector z. Also, we denote by A(A) the set of probability distributions
on a set A. For some positive integer K, [K| denotes the index set {1,2,--- , K}

C PROOF OF THEOREM 3.3

Proof of Theorem 3.3. Recall the regret defined in (3.1) takes the following form

k
ok l/fl,l/f 1(71' )

K N
*v* . 7rk1/ ok v* (m
Regret(K) = Y V" (af) = V[ +Z Vi T k) - vy
=1 k=1

Regret; (K) Regret; (K)
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By the leader-controller assumption (Assumption 2.1), we have the following lemma.
Lemma C.1. For any k € [K], we have v* = v*(7¥). Here v*(-) is defined in (2.6).

Proof. See §C.1 for a detailed proof. O

Combining Lemma C.1 and (C.1), we have

K
- ﬂ_k l/k
Regret(K) = S [V () = V7 " (o). €2)
k=1

Then we establish an upper bound for this term. To facilitate our analysis, for any (k, h) € [K]x [H]
we define the model prediction error by

oy =1 +PaViry — QF. (C3)
Moreover, for any (k, h) € [K] x [H], we define ¢}, ;, and ¢}, ;, as

Tl'k Vk 7Tk.l/k
Cli,h = [th(x}li) - Vl7h7 (xk)] - [Qﬁ(ajfw a]fcu bk) - Ql h (mfw a]fcu blii)]?

wk Uk wk vk
G = BV ) @, af, 0F) — (B Vi, 2 ) (ks af, 1)) = Vil (2h0) = V535 (@)

(C.4)

Recall that (7%, % = {1} }ic(n)) are the policies executed by the leader and the followers in the

k-th episode, which generate a trajectory {z}, af,bF = {bﬁh}ie[N] }he(r)- Thus, we know that ¢},

and (,37 ,, characterize the randomness of choosing actions af ~ 7¥(-|z%) and bf ~ vF(-|2¥) and

the randomness of drawing the next state z§ | ~ Py (- |z}, af, b)), respectively.

To establish an upper bound for (C.2), we introduce the following lemma, which decomposes this

term into three parts using the notations defined above.

Lemma C.2 (Regret Decomposition). We can decompose (C.2) as follows.

K H
Regret(K) = ) > B o [(QF (2, ), mi (- [2h) x w3 (- | 2}) — mi (| 2h) x v (- | 2})]

k=1h=1

(1.1): Computational Error

K H K H
+ ZZ e 00 (@h, an, by)] — 65 (2, af;, b)) ZZ Con + Con)
k=1h=1

k=1h=1

(1.2): Statistical Error (1.3): Randomness
where <Q§(I§w)ﬂ2(};\fﬂﬁ) x V%('\I’Z) - ﬂ’ﬁ(};lfﬂﬁ) X kV';f('IJ;ji» o
(@play, o), m(lay) V?l,h('\xh) X "'V;N,h('|xh) — mp(|zy) X Vfl,h(‘|33h) X
"V];N,h("x;i»ALX-Af'
Proof. See §C.2 for a detailed proof. O

Remark C.3. Similar regret decomposition results also appear in the single-agent RL literature (Cai
et al., 2020; Efroni et al., 2020; Yang et al., 2020), and they can be regarded as the special case of
Lemma C.2. Moreover, our regret decomposition lemma is independent of the leader-controller
linear setting in Assumption 2.1, and thus, can be applied to more general settings.

Lemma C.2 states that the regret has three sources: (i) computational error, which represents the
convergence of the algorithm with the known model, (ii) statistical error, that is, the error caused by
the inaccurate estimation of the model, and (iii) randomness, as aforementioned, which comes from
executing random policies and interaction with random environment.

Returning to the main proof, we only need to characterize these three types of errors, respectively.
We first characterize the computational error by the following lemma.
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Lemma C.4 (Optimization Error). It holds that

K H
DO B [QK(hs ) mh (k) X v (| 2f) = i (- [h) x v (| 2f))] < eK H.
k=1h=1

Proof. See §C.3 for a detailed proof. O

Then, we establish an upper bound for the statistical error. Due to the uncertainty that arises from
only observing limited data, the model prediction errors can be possibly large for the triple (z, a, b)
that are less visited or even unseen. Fortunately, however, we have the following lemma which
characterizes the model prediction errors defined in (C.3).

Lemma C.5 (Optimism). It holds with probability at least 1 — p/2 that
—2min{H, '} (z,a)} < 6F(z,a,b) <0
forany (k,h) € [K] x [H] and (z,a,b) € S x A; x Ay.

Proof. See §C.4 a detailed proof. O

Lemma C.5 states that 67 (2, a,b) < 0 for any (z,a,b) € S x A x A. Combining the definition of
model prediction error in (C.3), we obtain

QZ("L‘7 a, b) 2 'f’l’h(fE, a, b) + (thhﬁkl)(xa a, b)7

which further implies that the estimated Q-function Q’j} ;, is “optimistic in the face of uncertainty”.
Moreover, Lemma C.5 implies that —d7 (z,a,b) < 2min{H,T5(z,a)}. Thus we only need to

establish an upper bound for 2 Zszl Zle min{H, T (2%, af)}, which is the total price paid for
the optimism. As shown in the following lemma, we can derive an upper bound for this term by the
elliptical potential lemma (Abbasi-Yadkori et al., 2011).

Lemma C.6. For the bonus function I‘Z defined in Line 7 of Algorithm 1, it holds that

K H
2> Y min{H,T}(«f,a)} < O(VdH3T:2).

k=1h=1

Here p € (0, 1) and ¢ = log(2dT'/p) are defined in Theorem 3.3.
Proof. See §C.5 for a detailed proof. O
It remains to analyze the randomness, which is the purpose of the following lemma.

Lemma C.7. For the ¢} ;, and ¢}, ;, defined in Lemma C.2 and any p € (0, 1), it holds with proba-
bility at least 1 — p/2 that

K H
Z Z(Cé,h + G ) < V16K H3 -log(4/p).

k=1h=1
Proof. See §C.6 for a detailed proof. O

Putting above lemmas together, we obtain

Regret(K) < O(Vd?H3T'?) (C.5)
with probability at least 1 — p, which concludes the proof of Theorem 3.3. O
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C.1 PROOF OF LEMMA C.1

Proof of Lemma C.1. Fix k € [K], by the definition of the best response in (2.5), we have

BR(7*) = {v = {vy, }ic|n | v is the NE of the followers given the leader policy 7"}
= {v = {vy, }ic\n) | v is the NE of {V;:jcﬁ”(x)}ie[m, Vh € [H]and z € S}
= {v = {v}, }ie(nv) | v is the NE of {r}r:;l”(;v)}ie[lv], Vh e [Hlandz € S},  (C.6)
k v
where 7 1 (z) = (rg n (2,0 ;)R @) X vp (- @) X - X vy (-] @) 4, x4, - Here the

last inequality uses Bellman equality (2.2) and Assumption 2.1, which assumes the leader-controller
game. Moreover, by the definition of v* (ﬂ’k) defined in (2.6), we have that

k 14 3 ﬂ'k.l/
vi(nh) = {V;i)h(ﬂ'k)}ie[]v] € argmin V}", *“(2) = argmin ;" (), (C.7
vEBR(mk) vEBR(7k)
7'(")C v
where Tl,h’ (Sﬂ) = <7Al,h(x7 ERER ,.)7,”]}?&(. | (E) X l/fl,h(' | (E) X X VfN,h(' ‘x)>Al><Af' Here the

last equality uses Assumption 2.1.

Recall that, in the subroutine e-SNE (Algorithm 2), we pick the function @ S Q’fb’e such that ||QZ —

@Hoo < € and solve the matrix game defined in (3.6). Here Qﬁ’e is the class of functions @) :
S x A; x Ay — R that takes form

QG ) =run( ) + T n{d( ) Tw+ B+ (¢( ) TA6(-, )2, (C8)

where ||w|2 < Hv/dk and A\yin(A) > 1. Thus, given the leader policy ¥, the best response of the
followers for the matrix game defined in (3.6) takes the form

BR'(7") = {v|visthe NE of {(ry, n(z,, ), 7r(-|z) X v (- | 2)) }ien), VP € [H] and 2 € S}
= BR(7") (C9)

where (ry, p(z,-,-),7F(-|2) x vu(-|z)) is the shorthand of (ry, p(z,« -+ ,), 7o (-|z) x
vin(-lx) X oo X vy (-] @) 4,4, Here the last equality uses (C.6). Similarly, by the defi-
nition of Q _ in (C.8), we can obtain that

argmin(@(m, Bl ')772(' | :E) X Vh(' | (E)> = argmin(n,h(l'v "y ')77{}’({(' | 1') X Vh(' |£U)>7 (ClO)

where (rp(x,-,),7r(-|2) x vp(-|2)) is the abbreviation of (ry, p(w,-, - -+ ,),7r(-|z) x
vion( 1) X oo X vpg n(-| @) a,x4, Together with (C.7) and (C.9), we have that, for the
matrix game with payoff matrices (Q(zj,-,-), {r} ,(xF,- )} iein))s the policy vi(-|zf) =
{1/]’2”,1( | #F)}ieny is also the best response of ) (- | ) and breaks ties against favor of the leader.

Therefore, we have ¥ = v*(7*) for any k € [K], which concludes the proof of Lemma C.1. [

C.2 PROOF OF LEMMA C.2

First, we establish a more general regret decomposition lemma, which immediately implies Lemma
C.2.

Lemma C.8 (General Decomposition for One Episode). Fix & € [K|. Suppose (7%,vF =

{1/’)?1, }ien) are the policies executed by the leader [ and the followers { f; };cn] in the k-th episode.
Moreover, suppose that Q% , and VF, = (Q%,,my x vy) are the estimated Q-function and

value function for any x € {I, f1,---, fn} at h-th step of k-th episode. Then, for any policies
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(m, v ={vy, bievy) and x € {1, f1,-- -, fn}, we have
Nz k wk,uk k
V*,1 (z7) = Via" (z7)

*)

H
Z (@5 (@l ) (L) X vn (| 2h) = (- [a) x vy (- @)

Computational Error

H H
+ Er. *h(fcmambh)] o7 h(xlwahv +Z C*,k,h +<E,k,h)7
h:l h=1
Statistical Error Randomness
where < ’:h’ﬂg X V}’?> = <Qf h7ﬂ-ili x V];hh X X VI]?N,h>AL><Af and <Q2($2,,),7TZ( ‘xﬁ) X
vi(claef) — mbClal) x vEClah) = (Q(h )T lak) x i lag) X

. 'V;N’h(' \xﬁ) - ﬂ',’j( \xh) X l/fl’h( |x’fl) PEE 'V?N,h(' \x§)>Alef. Here 5f’h is the model pre-
diction error defined by

o =ren + PV = Qs (C.11)
and Ci,;ﬁh and C*Q,k,h are defined by
k k . 7rk uk
Coen = VR () = VI, (2h)] — [QF, h(x’,j,aﬁ,b’,j) — QT (ah, ak, Bh),
k, k

(C.12)
G = [(PaVihis) (h, an, b)) — (PR V] h+1 )($§7aﬁyblﬁ)] — Vi (@har) = VI (@)

Proof of Lemma C.8. To facilitate our analysis, for any v = {vy, };cn] and (h,x) € [H] x S, we
denote vy, (- |x) X ---vyy p(-|x) by vy (- | ). Moreover, we define two operators J;, and Jy 5,

respectively by
Inf)() = (f(@,-5-),ma(-[2) X wa(- | 2)),
@rnf)@) = (f(@, ), mh (| 2) x v (- @)
for any h € [H] and any function f : S x A; x Ay — R. Also, we define
€8 n(@) = (InQ% )(@) — (TenQl 4)(@)
= (@i n(x, )y mn(-|2) x (- @) = mi(-[2) x vy (-] ) (C.14)
forany (h,z) € [H] x Sand x € {l, f1,--+ , fn}.

Under the above notations, we decompose the regret at the k-th episode into the following two terms,

(C.13)

™,V " l/k ™,V 7T l/
VI (@) = VT (@) = VI (@) = Vi () + Vi () = V7 (a). (C.15)
(i) (ii)
Then we characterize these two terms respectively.

Term (i). By the Bellman equation in (2.2) and the definition of the operator Jj in (C.13), we have
V. = JnQ7 ). Similar, by the definition of V¥, and the definition of the operator Jy 5 in (C.13),

*,h
we have V¥, = I nQ% ;. Hence, for any h € [H], we have

VI =V =0nQT — Jk,th,h = (JnQy = InQL ) + (TnQ%  — Jen@L )
= Jn(QTy — Q% u) + &5, (C.16)

where the last inequality is obtained by the fact that J;, is a linear operator and the definition of £ f h
in (C.14). Meanwhile, by the Bellman equation in (2.2) and the definition of the prediction error
5’:’,1 in (C.3), we obtain

Q* h Q* n=(ren +PpV] h+1) (re,n + ]P’thhH - 5f,h)
=P (V) 1 V*,h+1) + 5f,h- (C.17)

20



Under review as a conference paper at ICLR 2022

Putting (C.16) and (C.17) together we further obtain
VI = Vi = IPu(VI ) = Vi) + In0ip + €0, (C.18)
forany h € [H] and x € {I, f1,---, fn}. By recursively applying (C.18) for all h € [H|, we have

VIY -V = (ﬁ Jhﬂmh)(ngﬂ - Vidh JFZ(ZJ P; )Jh5kh + Z(ZL z)ff,h
h=1 h=1 i=1 h=1 i=1
H

= Z(i JiPi>Jh5'f,h + ZH:(Zh: JiR-)é‘f,h, (C.19)

h=1 =1 h=1 1i=1

where the last equality follows from the fact that V7, | = Vf;fl = 0. Thus, by utilizing the
definition of £ f p in (C.14), we further obtain

H

V() = VE (2)) = Exy [Z( Fn@h ) mn(lag) < vn (-l o) — wr (| ag) x v (- @)
h=1
H
+En. [Z 5’f,h(rh,ah,bh)} (C.20)

h=1
forany k € [K]and x € {l, f1,---, fn}.

Term (ii). Recall that we denote {b%, , }icn] by bf; for any h € [H]. Then, for any h € [H] and
* € {l, f1, -+, fn}, by the definition of model prediction error in (C.11), we have

5* h(xh’ ah? bh) - T’: h(x;cm Qp,, bk) (th*k,h-&-l)(xﬁv afm bl}i) - Qlj,h(xfm aﬁv bi)
k k kE k 1k L S -
= [r*,h('rhvahv by) + (th*,h-i-l)(xmaha by) — Q*,h (zh, ap, bp)]
7Tk I/lC
+ [Q*J{ (sz aﬁv bk) - Qlj h(va aﬁ, bk)}
= (th*k,thl th h+1 )(le’ Qp, bk) (Q Q )(mha aha bk) (C.21
where the last equation is obtained by the Bellman equation in (2.2). Thus, by (C.21), we have

7T]c l/k
VE () = VI ()
k .k TRk K
=Vou(xp) — Ven (7)) + (Q Q ) (@F,ap, bF)
+ (PhV*ITthl V*ﬂ—hjl )(‘TZ? ah7 bk) 6* h(xha aha bk)
k k Wk,uk k Trk,l/k k
=V n(@) —V*h (zp) — ( *,h_Q*,h )(xhaahab )
’ﬂ'k Vk, ﬂ_ls l/k
(]P)h(v* ht1 — Vi 1 ))(xlﬁa a’fm bk) - (V*kh+1 -V, 1 )(z k)
+ (v htl V:hf1 )(z)) — 0% h(xh’ af,by) (C.22)

forany h € [H] and x € {I, f1,--- , fn}. By the definitions of ¢}, , and (7 ,, in (C.12), (C.22)
can be written as

k [k Fuk ok k k Fuk ok k (. k k 1k
V*,h(fh) - V:h Y (z) = [V*,hﬂ(fh) - ‘/:h-:-jl (zp)] + Ci,k,h + Cf,k,h - 5*,h($hv ap,bp)-

(C.23)
For any x € {l, f1,- -, fn}, recursively expanding (C.23) across h € [H] yields
VE (k) = VI ()
H H
= V*ITHH(ZC’;{H) V:Hil $H+1 + Z C*,k,h + C*z,k,h) - Z 5f,h($’;§7 ay,b)
h=1 h=1
H H
=D (Chen T Crn) = D 5 n(xh, ai, by), (C.24)
h=1 h=1

21



Under review as a conference paper at ICLR 2022

where the last equality follows from the fact that V¥, (2, ) = V*”Zikl (zh1) = 0.
Plugging (C.20) and (C.24) into (C.15), we obtain

k Kk
V*ﬂ:iy(xllc) - V:l v (xlf)

H
Z QL n(ah, )y ma(-[ah) x wn (- |2g) — i (- [ag) x vy (- | 2))

Computational Error

H H
+Z il *h (Th,an, bn)] — o7 h(xhvahv +Z C*,k,h +<E,k,h)
h=1 h=1

Statistical Error Randomness

for any (7,v) and x € {I, f1, -, fn }. Therefore, we conclude the proof of Lemma C.2. O

Proof of Lemma C.2. For any k € [K], applying Lemma C.8 with (7, v) = (7*, "), we obtain
a*u* ﬂ_k‘,’uk
Vi (@) = VY (a1)

H
=D Eee e [QK(2h, )i () x Vi (- ah) = mh(- [2f) x vk (- | 2h)]

h=1
H H
+Z wv w0 [0 (@, an, b)) — 65 (27, afi, b)) +Z Con + Cin)
h=1 h=1

Taking summation over k € [K], we decompose (C.2) as desired, which concludes the proof of
Lemma C.2.

O

C.3 PROOF OF LEMMA C.4

Proof of Lemma C.4. By the same argument in §C.1 (replacing 7% by 7*), we have that, for the ma-
trix game with payoff matrices (Q(z%, -, -), {rﬁ W (@h ) biein))s vii (- | @) is also the best response
of 73 (- | #%) and breaks ties against favor of the leader.

Recall that (7f(-|zF),vi(-|2F) = {V}cj( | 2)}ie(nv)) is the Stackelberg-Nash equilibrium of
the matrix game with payoff matrices (Q(z%,-,-,), {Tfl (z§,+,*)Yie[n])» Which implies that
7r (- | 2¥) is the “best response to the best response”, which further implies that

(Q(af ) mi (- [ah) x vy (| ) = mh(- | ah) x vi(-|2f)) <0 (C.25)
for any (k, h) € [K] x [H]. Thus, for any (k, h) € [K] x [H], we have
(@n(ahy ), mi (- lag) < vi (- |2,
= (Q(ah, ), mh (- | ah) x vy (- | o}

QR (h, ) = Qaf, )y mi (| ah) x v () = mh (| af) x vh(- | 2f)

<e

— 7

where the last inequality uses (C.25) and the fact that | QF — Q|ls < e. By taking summation over
(k,h) € [K] x [H], we conclude the proof of Lemma C.4.

O
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C.4 PROOF OF LEMMA C.5

Proof of Lemma C.5. Recall that the estimated Q-function Q;‘; defined in Line 8 of Algorithm 1
takes the following form:

Qlfz(’ ) & rl,h('7 )+ Oa-n{o(, )TU}Z + FZ(') 0}
k-1 (C.27)
where wh = (A}) ™ (Y éleh,ap) - Vil (@711) ).
T=1

Here Aﬁ and Fﬁ are defined in Lines 5 and 7 of Algorithm 1, respectively. Meanwhile, by Assump-
tion 2.1, we have

(th}fﬁ-l)(xv a, b) = ¢($7G)T<Mh7 th+1>
= ¢(z,a) (A}) T A (un, Vike,) (C.28)

for any (k,h,x,a,b) € [K] x [H] x & x A x Ay. Here (up,ViF ) = [¢VE  («/)dpn(2’).
Together with the definition of AZ in Line 5 of Algorithm 1, we further obtain

k—1
(thhk+1)(xa a, b) = (;5(33, a)T(Az)il (Z (,25(1';;, a;)(b(x;rza a;—z)—r<:uha th+1> + <Nh7 th+1>)
=1

k—1
— o(,0)T (A (X blafa) - BV Tk BE) + Gn, Vi),
! (C.29)

for any (k, h,z,a,b) € [K] x [H] xS x A; x Ay. Here the last equality uses (C.28). Putting (C.27)
and (C.29) together, we have

¢z, a) wh — (BrViis)(@,a,b)

k—1
= o(z,0) (AR (Y éwhsap) - (Vi (@70) — (BaVii) (@ afb7))  (€30)
=1

()
— ¢, a) " (AR) ™ Hun, Vi)
(i)
forany (k, h,z,a,b) € [K]x[H] xS xA; x As. Then we upper bound these two terms respectively.

Term (i). By Cauchy-Schwarz inequality, we have

k—1
O < 9l - | X2 élafaf) - (i) = BV @ el D) | L, L, (©3D
T=1 h

for any (k,h,z,a) € [K] x [H] x § x A;. Under the event £ defined in Lemma C.9, we further
have

()] < C'dH /10g(2dT/p) - [|¢(x, @)l (ax)- (C.32)
for any (k, h,x,a) € [K] x [H] x S x A;.

Term (ii). Similarly, by Cauchy-Schwarz inequality, we obtain
|GD] < llp(z, a)llary— - 1{kn, Vil )l azy
< (@, a)llat)1 - [en, Vi) llz < V- 16z, a)llaz) - (C.33)

for any (k,h,x,a) € [K] x [H] x § x A;. Here the second inequality follows from the fact that
A’fL > I and the last inequality is obtained by

eon, Vi) ll2 < 1ViEealloo - llen(S)]l2 < HV.
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Here we use the fact that [|V}", [l < H and Assumption 2.1, which assumes [|u5(S)[2 < V.
Plugging (C.32) and (C.33) into (C.30), we obtain that

|6(x,a) Twy;, — (PpVii) (2, a,b)| < CdHA\/log(2dT/p) - ||6(z, a) | (ak)— (C.34)

for any (k, h,z,a,b) € [K] x [H] x S x A; x Ay under the event £. Here C' > 0 is a constant. By
setting

B = CdH~/log(2dT /p) (C.35)
in Line 7 of Algorithm 1, (C.34) gives
|6(z,0) Twh — (PuViy) (@, a,b)] < T (2, a) (C.36)

forany (k, h,z,a,b) € [K] x [H] x S x A; x Ay under the event £. Meanwhile, by the truncation
in Line 8 of Algorithm 1 and the fact that r; , € [~1, 1], we have Q¥ € [-(H —h+1), H —h+1],
which further implies that

VEe[-(H—-h+1),H—h+1] (C.37)
for any (k, h) € [K] x [H]. Hence, by (C.36), we have
o(x,a)Twf + T (z,a) > (PLVIF)(2,a,0) > H — h (C.38)

for any (k, h,z,a,b) € [K] x [H] x S x A; x Ay under the event £, where the last inequality is
obtained by (C.37). Thus, for the model prediction error defined in (C.3), we have

_52(1'7 a, b) = QZ(.T, a, b) - leh(xv a, b) - thiﬁrl(xa a, b)
< é(z,a)Twf +TF(z,a) — PthkH(x, a,b)
< 2T (x,a) (C.39)

for any (k,h,z,a,b) € [K| x [H] x S x A; x Ay under the event £. Moreover, by the definition
of the model prediction error, we have fél,fb (+,+,-) < 2H. Together with (C.39), we have

—0F(2,a,b) < 2min{H,TF(z,a)} (C.40)

for any (k,h,x,a,b) € [K] x [H] x S x A; x Ay under the event £. On the other hand, by (3.4),
we have

Sk (z,a,b) = 1w, a,b) + thiﬁ_l(x,a, b) — QY (x,a,b)
< IP’hV,fH(:v,a, b) —min{¢(z,a) "wf + TF(z,a), H — h}
= max{P, V¥, (z,a,b) — ¢(z,a) "wf — T} (z,a), P ViF, (z,a,b) — (H — h)}
<0 (C.41)

forany (k, h,x,a,b) € [K]| x [H] xS x A; x Ay under the event £. Here the last inequality follows
from (C.36) and the fact that V,f;rl < H — h. Combining (C.40) and (C.41), we conclude the proof
of Lemma C.5. O

Lemma C.9. For any p € (0, 1], the event £ that, for any (k, h) € [K] x [H],
k—1
| S otat.af) - (Vi (ehn) — BV 6l ol 00) |, -, < CdHViog(dT/p)
T=1 h
happens with probability at least 1 — p/2, where C’ > 0 is an absolute constant.
Proof of Lemma C.9. Fix (k,h) € [K] x [H]. By Lemma C.10, we have wf, , < H+/dk, which
implies that QQH € Qﬁﬂ’e. Here Q§+1,e is defined in (3.5). Moreover, as shown in Algo-

rithm 2, we find a @ in the e-net Qf ., _ such that [|QF,; — Qllx < . Forany z € S, let
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@(|z),v=A{vy, }.|) be the Stackelberg-Nash equilibrium of the matrix game with payoff matri-

ces (Q(z,-, ), {rs nt1(z, -, 9}Y.)). Moreover, we define 17(95) = Eam%(.|w)}bwg(.|w)[@(x,a,b)]
for any x € S. Then, we have

k—1
| X otatan) - (Ve (ehn) = @D G k0 | L,
=1 h

< | X otat.an) - (Vi) - @) aT )], (C42)
T=1 h
®
k-1 " _
[ stk ah) - (V@) = V)] = BaVin = V)G af D) -
=1 h

(i)

By Lemma H.2 and a union bound argument, it holds for any Q € oF +1,e With probability at least
1 —p/2 that

()] < 4H2(g log(k + 1) + log le)vé), (C.43)

where N, is the covering number of Q41 .. Meanwhile, by applying Lemma H.4 with L = Hv/dk
and A = 1, (C.43) gives that

()| < C'dH /log(dT'/p), (C.44)

with probability at least 1 — p/2. Here C” is a constant. Meanwhile, by the definition of thﬂ in
Line 10 of Algorithm 1, we have V)¥, | (2) = Eqz(. | 2),0~5(. | 2)[@F 11 (%, a, b)], which yields that
VE (@) = V(@) = |Eamzr( | 2),bm0( | ) [@F 41 (7, @, b) — Q(, a, b)]|
< an%(~ | z),b~T(- | ) |QZ+1(‘T7 a, b) - Q(l', a, b)| <e
for any x € S, which further implies that

k—1
)] < e Y llé(ar, ap)llak)-r < ek, (C.45)

=1

where the last inequality follows from the fact that [|¢(-, -)[| ax)-1 < [[¢(-,-)[|l2 < 1 forany (k, h) €

[K] x [H]. Plugging (C.44) and (C.45) into (C.42), together with the fact that e = 1/KH, we
conclude the proof of Lemma C.9. O

Lemma C.10 (Bounded Weight of Value Functions). For all (k,h) € [K| x [H], the linear coeffi-
cient wy defined in (3.3) satisfies ||wF|| < HVkd.

Proof of Lemma C.10. By the definition of wﬁ in (3.3) and triangle inequality, we have
k—1
okl = (a5 (3 otat, af) Vit |
T=1

k—1
< AR (s ar) - Vil (@R - (C.46)
T=1
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Together with the fact that |V;*(-)| < H for any (k, h) € [K] x [H], (C.46) gives
k—1
lwpll < H - (A" (e, ap)l
T=1
k—1
<H-Y AN o, af)lag)-»

< H-Y " llé(h, ap)lag)-1s (C.47)

where the second inequality uses Cauchy-Schwarz inequality and the last inequality follows from
the fact that A} = I for any (k, h) € [K| x [H]. Then, by Cauchy-Schwarz inequality, we obtain

k-1 k—1 1/2
21907 ab) ) < VE- (> otarap) (AR o(a ap) )
T=1
— ky—1 T T 1/2
V- (Z Tr o(x, ah) (AR)™ o(zh, ah)))
=1
1/2
Vk - (Tr 1Z¢ xh,ap) xh,ag)T)) . (C.48)
Meanwhile, recall that A = le;i (7, al)p(x],af)" + I, we have
k—1
Tr((A) 7Y éleh, ap)o(ar.ap)T) < Te(1) = d. (C49)
T=1
Plugging (C.48) and (C.49) into (C.47), we conclude the proof of Lemma C.10. O]

C.5 PROOF OF LEMMA C.6
Proof of Lemma C.6. Recall the definition of I"fL in Line 7 of Algorithm 1, we have

K H
2Zme{H Th(xh,ap)} =28 ZZmin{H/57 ||¢(33ﬁ7a§)||(/\’;)71}

k=1h=1 k=1h=1
K H

<283 > min{l, ¢, af)llax)-1 }- (C.50)
k=1 h=1

Here the last inequality uses the fact that 8 = C'dH y/log(2dT'/p), where C' > 1 is a constant. By
Cauchy-Schwarz inequality, we further obtain that

K H .
szln{l ||¢(xh,ah)||(/\k) 1} < Z(K : Zmin{l, H(]ﬁ(xi,aﬁ)H(QAmil})
k=1h=1 —~ 2
S det(AK+1)\\ /2
S;;\/E(Zlog(det(m}))) . (@51

where the last inequality follows from Lemma H.1. Moreover, Assumption 2.1 gives that

[p(x;a)ll2 <1
for any (k, h,x,a) € [K]| x [H] x § x A, which further implies that

AfTE = Z(bxh,ah (xf, af)T + T < (K+1)-1 (C.52)
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for any i € [H]. Combining (C.52) and the fact that A} = I, we obtain

(det(AhK'H)

2etaT) ) < 2d - log(K +1) < 4d - log(K). (C.53)

Combining (C.50), (C.51), (C.52) and (C.53), it holds that

K H
ZZ min{H,T¥ (zF, af)} < 26\/dHT -1log(K) < O(Vd3H3T.2),
k=1 h=1

where ¢ = log(2dT /p). Therefore, we conclude the proof of Lemma C.6. O

C.6 PROOF OF LEMMA C.7

Proof of Lemma C.7. First, we show that {(} k.o ¢? i h}( k,h)e[K]x[F] can be written as a bounded mar-
tingale difference with respect to a filtration. Similar to Ca1 et al. (2020), we construct the following
filtration. For any (k, h) € [K| x [H], we define o-algebras ]—'];h and .7-',37,1 as follows:

]:k:h _U({mz’ zabl i 7b7]—\7,i}(‘r,i)€[kfl]>< U{wzvazvbl i 7b1]€\7,i}i€[h])v
}—kh —0({1‘“ zabl FER 7b7]—\7,i}(7,i)€[k71]>< U{l‘zvazabl i 7bl]i/,i}i€[h] U{x§+l})a5
(C.54)

where 2741 is a null state for any k& € [K]. Here o(-) denotes the o-algebra generated by a finite
set. Moreover, for any (k, h,m) € [K] x [H] x [2], we define the timestep index t(k, h, m) as

t(k,hym) = (k—1)-2H 4 (h—1) - 2+ m. (C.55)

By the definitions of o-algebras in (C.54), we have F, C .7-",??:,1, forany t(k, h,m) < t(k',m’, h'),
which implies that the o-algebra sequence {f,’ﬁh}(k7h7m)e[ K]x[H]x[2] 18 a filtration. Moreover, by
the definitions of {C; 1,, G 1, } (k,h)e[K]x [#] in (C.4), we have

Cli,h € -Fli,hv Cl?,h € }—lg,hv E[Cli,h |-7:13,h—1] =0, E[Ci,h | ]:Ii,h] =0 (C.56)

for any (k,h) € [K| x [H]. Here we identify F7 ; with F7_, ;; for any k > 2 and define F; o 2 be
the empty set. Hence, we can define the martingale

m= {0 G ) <tk ym) b (C.57)

k’,h",m’

Such a martingale is adaptive to the filtration {7, ,;’fh}( k,h,m)€[K]x[H]x[2)- In particular, we have

K H
ZZ Cion + Cioon)- (C.58)
k=1h=1

Moreover, note the fact that Vi¥, Q¥ .V, h ,Q? h v € [~H, H], we further obtain [(}",| < 2H,
for any (k, h,m) € [K] x [H] x [2]. Finally, by applying the Azuma-Hoeffding inequality to M i
defined in (C.58), we have

K H
SN T(€Gha A+ CRa) < VIGKHS log(4/p)

k=1h=1

with probability at least 1 — p/2, which concludes the proof of Lemma C.7. O
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D PSEUDOCODE OF REWARD-FREE EXPLORE

Algorithm 4 Reward-Free Explore

: Input: iteration number K and K.
Let policy class ® = @.
for (z,h) € S x [H] do
rp(2',a’) + L[z’ =xzand b’ = h] forall (2/,a’,h') € S x A x [H].
o) « EULER (r, Ky). >
7 (- | &) + Uniform(A) for all 7 € ®@h),
U« Uup@h),
end for
fork=1,--- K do
Sample policy 7 ~ Uniform ().
Play the game M using policy 7 and uniform policy v,,;, and observe the trajectory
{x}, af, by }he ) and rewards {r. ,(z}, af, bF)}ne(m-
end for
: Calculate the empirical reward as

S AN AR AN

—_——

—_ =
w R

K
Y peq Ten(x,a,b) - l[x’,?L = :c,a’,?b = a,m’fL_H = 1]

k

Tan(z,a,b) = : .
o Z?:l 1[1’2 =T, ap = a’x;€z+1 = 7]

E UNKNOWN REWARD SETTING

To relax the assumption that the reward is known, in this subsection, we consider the case where
the reward functions are unknown. We focus on the tabular case for simplicity, and the extension
to linear case is left as future work. We assume that S = |S|, 4; = | A and Ay = |Ay| =
| Ay, % -+ x Ayy|. For simplicity, we use the shorthand V;™" = V';"(21), where z; € S is the
fixed initial state.

At a high level, we first conduct a reward-free exploration algorithm (Algorithm 4 in §D), a variant
of Reward-Free RL-Explore algorithm in Jin et al. (2020a), to obtain estimated reward functions
{F1,7, - Ty }. As asserted before, we can use Algorithm 1, to find the SNE with respect to the
known estimated reward functions {7, 7y, ,- - - T's, }. Hence, we can obtain the approximate SNE if
the value functions of estimated value functions are good approximation of the true value functions.
Fortunately, we have the following lemma to guarantee it.

Lemma E.1. Fix e,p > 0. If we set Ky > Q(H"S*A4;/¢) and K > Q(H3S?A;Af/<?) in Al-
gorithm 4 (cf. §D), then we have the empirical rewards {7}, 7, ,-- -7, } and corresponding value
functions (V;, Vy,, - - - , V) satisfying that

sup [V = V| < e
4
with probability at least 1 — p. Here §2(+) hides some logarithmic factors.

Proof. This lemma is a simple extension of Lemma D.1 in Bai et al. (2021). They focus on the MDP
setting and we consider the more complex leader-controller Markov games. The detailed proof is
given in §E.1. O

Lemma E.1 states that we can obtain estimated reward functions and the associated value functions
is an e-approximation of the true value functions, which further implies that the SNE with respect to
the estimated reward functions is a good approximation of the SNE in the original problem. We also
remark that if we consider the Markov games with only one follower and aim to find the Stackelberg
equilibria, we can provide a more refined analysis. See §E.2 for more details.

Here EULER is a single-agent RL algorithm proposed in Zanette & Brunskill (2019).
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E.1 PROOF OF LEMMA E.1

Before our proof, we present a useful lemma.
Lemma E.2. We define the set of §-significant states as

Sy = {s: maxP] (z) > 6}, (E.1)
where PT () is the probability of visiting « at h-th step under policy 7. Then, We have
IP)7T
max h(®) <2

% Lrcam P(z,a)

for any s € 82. Here P7 (x, a) is the probability of visiting (x, a) at h-th step under policy .
Proof. See the proof of Theorem 3.3 in Jin et al. (2020a) for more details. O
Now, we are ready to proof Lemma E.1.

Proof of Lemma E.1. For any (m,v), we denote P;"”(x, a, b) as the probability of visiting (x, a, b)
at h-th step under policies (7, ). Under this notion, by Lemma E.2 and the fact that all policies in
(@) are uniform at (x, h), we have
]P)ﬂ'
max — h(x,a)w < 24,
™0 7= Y reotn P (T, a)

where | A;| = A;. Together with the fact that we use the uniform policy v,,; in Algorithm 4 to
gather data, we further obtain that

Py (x,a,b)
max L < 2A; Ay,
T v,a,b Ig Zwedﬂl ) ]P)Z’V“m (w,a,b) - i

where Ay = |A¢| = | Ay, X -+ x Ay, |. Thus, for any d-significant (z, h), we have

P™ (2, a,b
max e (@ab) < 2SAAH.

ﬂvyunz
b o oH SH Zweu{@“ MY e Py, (z,a,b)

Then the data obtained from Algorithm 4 is sampled i.i.d. from some distribution ¢}, such that
P3Y(z,a,b)

—h 2T 7 < 28A)AH. E.2
mwab Cu(wia,b) 2

for any s € S?. Back to our proof, we have

H
|[VIY — VY| = Z Z Py (z,a,b) - (?*7h(m, a,b) — e n(,a, b))‘
h=1z,a,b
H
= Z Z Py (z,a,b) - (Fun(z,a,b) — re (2, a, b))‘
h=1z,a,b
< Z Z PY(z,a,b) (r*yh(:v,a,b) r*yh(x,a,b))‘
h=12¢5!,a,b
(i)
H
+ Z Z Py (z,a,b) - (Fun(w,a,b) — r*vh(;v,mb))’ . (E.3)
h=1zeS? a,b

(i)
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Clearly,

I A

H
Z > PpY(s,a,b) = ZZP” ) < HSS <¢/2, (E4)

1z¢S),a,b h=1z¢S?

where the second inequality uses the definition of J-significant set in (E.1) and the last inequality is
implied by the fact that § = £/2H?2S. Meanwhile, we have

11<Z

Z Py (2, a,b) - (Fun(z,a,b) — rin(z,a, b))‘

h=1 a:€$5 a,b
H o\ 1/2
< Z ( Z Py (z,a,b) - (Fun(z,a,b) — rin(z,a,b)) ) . (E.5)
h=1 mGSZ,a,b
Ap

Note that P} (z,a,b) = P}"" (x) - mp(a| x) - va(b| x), together with Cauchy-Schwarz inequality,
we further have

71' 2 o o 1/2
Ap < - $—>Al,1/ S_>Af< e;: bIP T’*h($ a,b) — T*,h(x,ayb)) l[a—w(s),b—y(s)}))

< (X Pp@- Falead) - ronleab) 1l = w0 = ()

S A, v :S— Ay
zESﬁ,a,b

< max (254, A H)'?
w:S—A v :S—Af

Z Ch(xa a7b) : (?*,h($a a, b) - T*,h(xa a, b))21[a = W/(S)v b= V/(S)D) )
mESi,a,b
(E.6)

where the last inequality follows from (E.2). Meanwhile, by Hoeffding inequality and a union bound
for the reward estimations we have

( Z Cn(w,a,b) - (Fun(z,a,b) — rin(z, a,b))Ql[a =7'(s),b= z/(s)]))l/2

w€$5 ,a,b
, , 1/2
IE;abCh x,a,b) - (Nh(s a b)) [a=7"(s),b=v (s)])) . (E.7)

Choose § = ¢/2H?S. Together with (E.2), we have (s, a,b) > e/4H3S?A; Ay for any s € Sp.
Hence, we have K > Q(H3S2A4;Af/e) > Q(1/ming o Cu(s,a,b)). Applying multiplicative
Chernoff bound for the counter Ny, (s, a,b) ~ Bin(K, ((s, a, b)), we have

( Z Ch(z,a,b) (Nh(s - b))l[a: 7' (s),b= 1/’(5)]))

13655 a,b

1/2

< ( > Gulw,a.b)- 5(m)1[a =(s),b= I/(s)]))l/Q

xesg,a,b

- 6(\/5) (E.8)

Plugging (E.6), (E.7), and (E.7) into (E.5), we have

H3S2A;A
(i) < O/ 25 ) < e/2, (E.9)

where the last inequality follows form our choice that K > Q(H3S?A;Ay/e?). Combining (E.3),

(E.4) and (E.9), we have |I7f’” — V"] < e for any (7, v), which concludes the proof of Lemma E.1.
O
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E.2 LEARNING STACKELBERG EQUILIBRIA

In this section, we analyze the sample-efficiency of learning Stackelberg equilibria in two-player
tabular Markov games without the known reward assumption.

For simplicity, we use the shorthands f = f; and V""" = Vfil’(ml), where 21 € S is the fixed initial
state. Meanwhile, for any € > 0, we define the e-approximate value of worst-case best response by

™ . 4
V' = argmin V"7,

vEBR.(7)

R.(m) ={v: V" > nia}xvfﬂ’ul — e}

By the above definitions, we can immediately obtain that BR(7w) C BR.(7), which further implies
V<V (™) Then we can define the gap

gap. = max Vl”’*(”) —max V" = V" " —max V. (E.10)

As stated before, we first conduct a Reward-Free Explore algorithm (Algorithm 4) to obtain the
estimated rewards (7, 77). We also define Vi, Vf) as the corresponding value functions. Then we
use Algorithm 1 to solve the SNE with respect to the known reward functions (77, 7). Specifically,
we consider the following optimization problem of finding approximation Stackelberg equilibria
with respect to the empirical rewards (7, 7).

7w ()

argmax 1735/4(7r) = argmax ‘A/,
s ™

v(m) = argmin ‘A/l”’”, (E.11)
I/EBR3€/4(7T)
BR35/4 ={v: Vf > max IA/fTr’D — 3e/4}.

Since (7,7 ) are known to us, we can use Algorithm 1 to obtain the solution (7,7 = v(7)), which
is our approximate solution. See Algorithm 5 for more details.

Algorithm 5 Reward-Free Explore then Commit

1: Input: Accuracy coefficient € > 0.

2: Run the Reward-Free Explore algorithm (Algorithm 4) with Ky > Q(H"S*A;/¢) and K >
Q(H3S?A;Af/<?), and obtain empirical rewards (7, 7).

3: Use Algorithm 1 as an oracle to solve the problem defined in (E.11) and obtain the solution
(7, v =v(nm)).

4: Output: (7,7).

E.3 THEORETICAL RESULTS

The performance of Algorithm 5 is guaranteed by the following theorem.

Theorem E.3. Suppose Algorithm 5 outputs (7, 7). Then it holds with probability at least 1 — p
that

‘/l7r,u (7) > Vvlﬂ' v gap, — ¢, V]z:,y > VJZT,V (™ c

Proof. Similar analysis also appears in Bai et al. (2021). As stated before, however, their setting is
different with ours. For completeness, we provide a detailed proof here. First, we show that

BR. 5(7) C BRs.4(1) C BR.(). (E.12)

By choosing a large absolute constant in K, together with Lemma E.1, it holds for any x € {I, f}
that

sup |V — VY| < ¢/8. (E.13)

L%

31



Under review as a conference paper at ICLR 2022

Meanwhile, for the empirical rewards (7;,7¢), we define the best response of leader’s policy 7 as
v*(m). Under this notation, for any v € ]§l\235/4(7r), we have

¥ () v
Vf - Vf

_ (Vfﬂ,u () _ VfTr,V (‘n')) (VTK' v () - VTF,ZI*(TK')) + (V7r RZC)] Vfﬂ' 1/) (Vf:rl/ _ VfTr,l/)

() (i) (iif) (iv)
<e/84+0+3/4+¢/8<e. (E.14)

where (i) < 5/ 8 and (iv) < /8 is implied by the uniform convergence in (E.13), (ii) < 0 uses the
definition of 1/*( ), and (iii) < 0 follows from the fact that v € BR;. /a().

Similarly, for any v € BR, 5(), we can show that

‘77T,u* () . ‘771',1/

f f
_ (V;r,u*(w) . Vfﬂ',y*('n-)> + (V;r,u*(w) . fon’,u (71')) + (VJZT,V (m) V]zr,u) + (VfT(,l/ o VfTr,l/)
<e/8+0+¢/2+¢/8 =3e/4. (E.15)

Combining (E.14) and (E.15), we obtain BR /5(7) C l§1\135/4(7r) C BR.() as desired.

Back to our proof, by the fact that 7 maximizes 1/37;/4 = miny€ﬁ35/4(ﬂ) 1 (7, v), we have
min V™=V, >V, = min V™ > min V™ (E.16)
VEBR3, /4(7) vEBRg, /4 () VEBR.(7)

for any 7. Here the last inequality uses the fact 1§1\{35 /a(m) € BR () in (E.12). Together with the
uniform convergence in (E.13), (E.16) yields

min V"> min V" —e/8 =V —¢/8 (E.17)
U€ﬁ35/4(’ﬁ) vEBR.(7)
Meanwhile, by the fact BR. /5(7) C 151\235/4(77) in (E.13), we have

Vi, = min V"> min V. (E.18)
/27 LeBR. o (7) VEBRs. /4(7) !

Combining (E.17) and (E.18), we have
€

Vﬁ/2 > max V" — g/8 = max Vl”’”*(”) —gap, —£/8> V" —gap, —e, (E.19)

T,V (7T)

where the equality uses the definition of gap, in (E.10). Clearly, we also have V’;z <V
Plugging this inequality into (E.19), we obtain

VYR Sy _gan e
as desired. Meanwhile, by the facts that U € ﬁ35/4( ) and BR3E/4( ) € BR.(7), we have
TV T,V (T)
fo, > Vf — €.

Therefore, we conclude the proof of Theorem E.3. O

F PROOF OF THEOREM 4.2

To facilitate our analysis, we first define the prediction error

Op =110 + Qn —PuVi (F.1)
for any h € [H]. Then we show the proof of Theorem 4.2.

32



Under review as a conference paper at ICLR 2022

Proof of Theorem 4.2. Recall that the definition of optimality gap defined in (4.1) takes the follow-
ing form

N
SubOpt(7, 7, ) = Vi, (2) = Vi P @) + VI P @) - viT@). ®2)
i=1

Similar to Lemma C.1, we have the following lemma.
Lemma F.1. It holds that 7 = v*(7). Here v(-) is defined in (2.6).

Proof. This proof is similar to the proof of Lemma C.1, and we omit it to avoid repetition. O

By Lemma F.1, we have v*(7) = 7, which implies that the suboptimality of followers decays to

zero. Then we only need to characterize the quantity Vlﬂl* v (z) — Vflﬁ(x) which can be decom-
posed by the following lemma.

Lemma F.2. For the V; defined in Line 9 of Algorithm 3 and any (7, v), it holds that

H

Vi (@) = Vi(@) = Er,y [Z@h@hwm(-lwh) % un (- [2n) = Fn (- |20) X Dl 20))
h=1

H
+ Eﬂ',u |:Z 5h(xh; Qp, bh):| .

h=1
Proof. This proof is the same as the proof of (C.20), and we omit it to avoid repetition. O

Applying Lemma F.2 with (7, v) = (7*,v*), we have

H

VY (@) = Vi(@) = Epe e [Z@hm, )yl @n) X vk an) = 7R( | 2n) X Da(- )
h=1
H
+Eﬂ*7y* [Z (5h(q:h,ah,bh)} . (E.3)

h=1

Similarly, applying Lemma F.2 with (7, v) = (7, D) gives that

H
Vi) = Vi () = —Ezp [Z O (xn, an, bh)] . (F4)
h=1

Combining (F.3) and (F.4), we obtain

H
VI (1) = VAP (2) = Bpe e [Z<@h<xh,~,->m;<-|xh> < Vi (- |an) — Ful-] 2n) x ﬁh<-|wh>>}
h=1

H H
+Ere s {Z On(xh, an, bh)} —Ezp [ On(xh, an, bh)} . (E.5)
1

h=1 h=

As stated in §C, these two terms characterize the optimization error and the statistical error, respec-
tively. Similar to Lemmas C.4 and C.5, we introduce the following two lemmas to analyze these two
erTors.

Lemma F.3. It holds that
H

Eree e [Z(@h(ﬂ% 5 ) T lan) x vy (-lon) = Tn(- [ 2n) X Un(| xh)>] <eH.
h=1
Proof. This proof is similar to the proof of Lemma C.4, and we omit it to avoid repetition. [
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Lemma F.4. It holds with probability at least 1 — p/2 that
0 <dp(z,a,b) <2I'y(z,a)
forany h € [H| and (z,a,b) € S x A; x Ay.

Proof. See §F.1 for a detailed proof. O

Combining (F.5) and Lemmas F.3 and F.4, we further obtain that

H
Vi (@) = V() < e + 28| 3 Thlanoan)]

h=1
H
<383 B [(8(sn,an) (M) o(snoan)) Y], (E6)
h=1

where the last inequality is obtained by the definition of I';, in Line 6 of Algorithm 3 and the fact
that e = d/ K H. Therefore, we conclude the proof of Theorem 4.2. O

F.1 PROOF OF LEMMA F.4

Proof of Lemma F4. Similar to (C.36), it holds with probability at least 1 — p/2 that
(2, a) "wp, — (P V1) (@, a,b)| < Ty (z,a) (F7)

for any h € [H]|. The only exception is that we use Lemma H.3 instead of the classical concentration
lemma (Lemma H.2) for the self-normalized process. Here we omit the detailed proof to avoid
repetition.

By (F.7) and the fact that Vj, ;1 (-) < H — h, we obtain
¢(x,a)"wy, — Th(z,a) < (PyVis1)(@,a,b) < H — h. (F.8)
Thus, we have Q), > ¢ " wy, — I'),, which further implies that
On(z,a,b) =ryp(x,a,b) + Py Viit(z,a,b) — Qn(z,a,b)
< IE”hIA/hH(x, a,b) — ¢(x,a) "wy, + Th(z,a)
< 2Ty (z,a), (F9)
where the last inequality uses (F.7). Meanwhile, it holds that
on(x,a,b) =1 p(z,a,b) + PiVis1 (2, a,b) — Qn(z, a,b)
> PyVisa (,0,b) — max{¢(x,a) "wy — T} (z,a), —(H — h)}
= min{P, V¥, (z,a,b) — ¢(z,a) " w + T (z,a),PLViF  (z,a,b) + (H — h)}

>0, (F.10)
where the last inequality follows from (F.7). Combining (F.9) and (F.10), we conclude the proof of
Lemma F.4. O

G PROOF OF COROLLARY 4.3

Proof of Corollary 4.3. The proof is similar to the proof of Corollary 4.5 in Jin et al. (2020c). For
completeness, we present the detailed proof here. For notational simplicity, we define

S (@) = Ene o[@(5h, an)d(sn, an) ']
forall z € S and h € [H]. With this notation and Cauchy-Schwarz inequality, we have

Ere 2 [\/¢(Sh, an) AL d(sn,an)] = Ere o [\/Tr(¢(5h7 an) TN, d(sn,an))]
=FEr o [\/Tr(qﬁ(s;“ an)d(sn,an)TA; )]
=Er o [\/Tr(Zn(2)A, )] (G.1)
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Plugging (G.1) into Theorem 4.2, together with the assumption that A, > [ + ¢ - K -
By 2[¢(8h,an)p(sh, an) "] with probability at least 1—p/2 and a union bound argument, we further
with probability at least 1 — p have

H
SubOpt(7,7,2) < 38"y Ere [\/Tr(zh(w) (T+e K-Su@) )]

h=1
H d

=30’ i@

- f; ; L4 cK A j(x) (G2)

forall 2 € S. Here { Ay, ()}, are the eigenvalues of X (). Meanwhile, by Jensen’s inequality,
we obtain

1= (@) llop < Eree o lll6 (51, an)b(sns an) "llop) < 1, (G3)

where the last inequality follows from the fact that ||¢(+,)||2 < 1. Combining (G.2) and (G.3), it
holds with probability at least 1 — p that

1

H d
bOpt(7, v, z) < 33
Squ(w,u,x)_SﬁhZ:l ;1—&—0](

< C-d**H?*\/log(4dHK /p)/K,
where C' = 3C/+/c, which concludes the proof of Corollary 4.3. O

H SUPPORTING LEMMAS

Lemma H.1 (Elliptical Potential Lemma (Dani et al., 2008; Abbasi-Yadkori et al., 2011; Jin et al.,
2020b; Cai et al., 2020)). Let {¢;}5°, be an R%-valued sequence. Meanwhile, let Ay € R?* be a

positive-definite matrix and A; = Ay + Z;;i ¥ ¢>]T. It holds for any ¢ € Z that

t

. det(At+1)
E m A271 < - 7).
= ln{17 ||¢J||Aj } — 210g< det(Al)

Proof. See Lemma 11 of Abbasi-Yadkori et al. (2011) for a detailed proof. O]

Lgmma H.2 (Concentration of Self-Normalized Process (Abbasi-Yadkori et all 2011)). Let
{Fi1}52, be afiltration and {7, }32, be an R-valued stochastic process such that 7, is F;-measurable

for any ¢ > 0. We also assume that, for any ¢ > 0, conditioning on F;, 7 is a zero-mean and
o-sub-Gaussian random variable, that is,

Elp | Fi) =0,  E[eM|F] <o /? (H.1)

for any A € R. Let {X;}2°, be an R¢-valued stochastic process such that X is F,-measurable for

any t > 0. Also, let Y € R%*? be a deterministic and positive-definite matrix. For any ¢ > 0, we
define

t t
Vi=Y+) XX 8= n- X,
s=1

s=1

For any § > 0 and ¢ > 0., it holds with probability at least 1 — § that

det(Y,)/? det(Y)_l/Q)
5 )

18112 -+ < 20% - 1og(
Proof. See Theorem 1 of Abbasi-Yadkori et al. (2011) for a detailed proof. L]
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Lemma H.3. For any fixed h € [H], let V : S — [0, H] be any fixed value function. Under
Assumption 4.1, for any fixed 6 > 0, we have

K
Pp (H >~ olaqap) - (V(wha) = PaV(ah,ap bp) |, > H? - (21og(1/8) +d - log(1 + K))) <4,
k=1 h

Proof. See Lemma B.2 of Jin et al. (2020c) for a detailed proof. L]

Lemma H.4 (Covering). Let Q), be the class of value functions () : S x A; x Ay — R that takes
the form

QC,) = run(s ) + T n{(6(, ) Tw+ B+ (¢(- ) TAT (-, )},

which are parameterized by (w, A) € R? x R4 such that ||w|| < L and Apin(A) > . We assume
that 3 is fixed and satisfy that 3 € [0, B], and the feature map ¢ : S x A — R? satisfies that
lo(-,-)||2 < 1. We have that, for any L, B, e > 0, there exists an e-covering of Qj, with respect to
the /., norm such that the covering number N, satisfies

log N, < d-log(1+4L/e€) +d* - log(1 + SBQ\/g/(GQ/\)).

Proof. See Jin et al. (2020b) for a detailed proof. O
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