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The supplementary appendices contain additional experiments (Section [A)) and proofs (Section [B) to
substantiate the claims in the main body of the paper.

A Additional experiments

The results for different experiments are given. Highlights from experiment A were discussed in the
main paper, but the training and validation loss curves are only presented in the appendix.

Experimentation was performed with Python and TensorFlow. Experiment A was performed on a
personal laptop with a 7th generation i7 Intel processor and took a few hours to finish thirty trials.
The loss function chosen for training and evaluation is the mean absolute error (MAE). The training
data set and test set in all experiments had 10000 data points, sampled uniformly at random. Gaussian
noise with standard deviation = 0.1 was added to all training and test data target values. The test set
was also used as a validation set to quantify the test error during training. All models were trained
with a learning rate of 0.01 with the Adam optimizer. All models and experiments used batch sizes
of 100 during training.

To test memory retention, two tasks, presented to an Atlas model one after the other, were constructed.
The details of each task are given below.

Task 1 The training and test sets were sampled uniformly from the Task 1 target function over
the domain [0., 1.]2, with Gaussian noise added to the target values. The initial Atlas model was
instantiated as a two-variable function that maps to a one-dimensional output, with » = 0 and M = 0
such that it is a minimally expressive model. The model was evaluated and trained for 30 epochs.
After training, the Atlas model was expanded using the built-in methods, such that r is increased by
one, and M is increased by two: v’ = r 4+ 1 and M’ = M + 2. This training-expansion process was
repeated four times. The output of the model is presented at the end of each expansion iteration. The
target functions for Task 1 in each experiment is labeled Y (X).

Task 2 The test sets were sampled uniformly from the Task 2 target function over the domain
0., 1.]2, with Gaussian noise added to the target values. The training sets were sampled uniformly

over the domain [0.45, 0.55]2, and target values of zero with added Gaussian noise. All models were
trained for 6 epochs. The Task 2 target function in each experiment is given by:

0 045 <2; <055Vi=1,2,..
Y (X) otherwise.

w®:{

Task 2 effectively tests if a model changes only where new data was presented, with off-target effects
leading to larger test MAE.
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s0 A.l1 Experiment A
3t Add Task1

32 The Task 1 target function of Experiment A is given as follows, where the radius is measured from

33 the centre of the domain [0.5,0.5]:
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Figure 1: Training and validation MAE during the course of training on Task 1, Experiment A.
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Figure 2: Outputs of the model during successive training and expansion iterations, Experiment A.
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35 The under-sampled target function Y, used for validation is given by:

0 0.45 < ; < 0.55 Vi = 1,2, ...

YA =
AT, 22) {YA(wb x9) otherwise.
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Figure 3: Training and validation MAE during the course of training on Task 2, Experiment A.
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Figure 4: Visual inspection of target functions and model outputs over Task 1 and Task 2, Experiment
A.

A.2 Experiment B
A.2.1 Task1

The Task 1 target function for experiment B is given by:

Yp(z1,32) = cos® (2021 — 10) + cos® (10z2 — 5) + exp(— (2021 — 10)> — (2022 — 10)?)
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Figure 5: Training and validation MAE during the course of training on Task 1, Experiment B.
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Figure 6: Outputs of the model during successive training and expansion iterations, Experiment B.
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40 The under-sampled target function Y7 used for validation is given by:
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Figure 7: Training and validation MAE during the course of training on Task 2, Experiment B
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Figure 8: Visual inspection of target functions and model outputs over Task 1 and Task 2, Experiment
B.
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43 The Task 1 target function for Experiment C is given by:

Yo (x1,22) = 2 + cos (2021 — 10) cos (2024 — 10)
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Figure 9: Training and validation MAE during the course of training on Task 1, Experiment C.
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Figure 10: Outputs of the model during successive training and expansion iterations, Experiment C.
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45 The under-sampled target function Y/, used for validation is given by:

0 045 <x; <0.55Vi=1,2,..

17 =
o(@1, 22) {Yc(:m, z9) otherwise.
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Figure 11: Training and validation MAE during the course of training on Task 2, Experiment C.
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Figure 12: Visual inspection of target functions and model outputs over Task 1 and Task 2, Experiment
C.

4 A.4 Experiment D
47 Ad4.1 Task1

48 The task 1 target function for experiment D is given by:

Yp(z1,22) = 2 + o(sin (2721 ) sin (27x2))
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Figure 13: Training and validation MAE during the course of training on Task 1, Experiment D.
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Figure 14: Outputs of the model during successive training and expansion iterations, Experiment D.
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The under-sampled target function Y7, used for validation is given by:

0 0.45 < z; < 0.55Vi=1,2,...

Y/ =
b(x1,22) {YD (x1,22) otherwise.
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Figure 15: Training and validation MAE during the course of training on Task 2, Experiment D.
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Figure 16: Visual inspection of target functions and model outputs over Task 1 and Task 2, Experiment
D.

B Analysis and mathematical proofs
List of all definitions, theorems, corollaries, properties and their proofs are presented for completeness.

The numbering of all statements match the main body of the paper. Some of the important results are
also presented in the main body of the paper.

B.1 Stone-Weierstrass Theorem

Any continuous multi-variable function on a compact space can be uniformly approximated with
multi-variable polynomials by the Stone-Weierstrass Theorem. Let Z denote an index set of tuples of
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natural numbers including zero such that i; € NO forall j € N withi = (i1, .y%n) € ZTand a; € R.

Multi-variable polynomials can be represented as:
2 Q1,0 in i
y(X) =y(z1,..,zn) = E a; TR = E ailli_jz;
ieT i€z
Each monomial term aiH}‘:lx;j is a product of single-variable functions in each variable.

B.2 Exponential Representation Theorem

Lemma 1. For any a; € R, there exists ~v; > 0 and 3; > 0, such that: a; = v; — 0;

Proof. Let a; € R. Three cases are considered.

If a; = 0, thenchoosev; =1 >0and 8; =1 > 0,suchthat: v, — 5, =1—1=0=q;

If a; > 0, then choose v; =a; +1 >0and 5; =1 > 0,suchthat: v, — 8, =a; +1 —1=a;
If a; < 0, then choose y; =1 > 0and 5; = 1 + |a;| > 0, such that:

Yi—Bi=1-1+]a]) =1-1—|a;| =a

O

Theorem 1 (Exponential representation theorem). Any multi-variable polynomial function p(X)
of n variables over the positive orthant, can be exactly represented by continuous single-variable

functions g; j(x;) and h; j(x;) in the form:

P(R) = exp(S)_ygi;(x;)) — exp(Sf_, hij(z;))
i€l

Proof. Consider any monomial term aiH;»’:lx;j with a; € R, then by Lemma 1 there exist strictly

positive numbers y; > 0 and 3; > 0, such that:

all_y 2 = yll_yz — BT o
exp (log (’yiﬂyzlx;j ) ) — exp (log (ﬁi H?le? ) )

= exp (log(%) + X%, log (z? )) ~exp <10g([3i) £ R log (x?))

The argument of each exponential function is a sum of single-variable functions and constants.

Without loss of generality, a set of single-variable functions can be defined such that:

aiﬂyzlx;j = exp(Z?Zlgi7j(mj)) — exp(E?Zlhi,j(xj))

Since this holds for any aiﬂglzlx;j and all ¢ € Z, it follows that:

p(R) =Y exp(37_19:5(5)) — exp(Sfoihij(x;))
€T

O

There is a duality between representation and approximation. If any multi-variable polynomial can
be exactly represented, then any continuous multi-variable function can be approximated to arbitrary

accuracy.
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B.2.1 Exponential approximation corollary

Corollary 1 (Exponential approximation). For any € > 0, and continuous multi-variable function
y(X) of n variables over a compact domain in the positive orthant, there exist continuous single-
variable functions g; ;(x;) and h; j(z;) such that:

<e€

y(X) — (Z exp(Xf_19:5(x;)) — GXP(E?_lhi,j(fﬂj))>

i€L

Proof. Fix € > 0, and let y(X) be a continuous multi-variable function of n variables over a compact
domain in the positive orthant.

By the Stone—Weierstrass theorem there exists a multi-variable polynomial p(X) over the domain of
y(X) such that:

ly(X) —p(X)| <e

By [Theorem 1| for any polynomial p(X) over the positive orthant, there exist continuous single-
variable functions g; j(z;) and h; ;(z;) such that:

p(R) =Y exp(S7_190,(x5)) — exp(Sf_yhi ()
i€l

It follows that:

<e€

y(X) — (Z exp(Xf_19:5(x;)) — eXp(Z;L_lhi,j(zj))>

i€l

B.3 Single-variable function approximators

Each basis function S; for a uniform cubic B-spline can be obtained by scaling and translating the
input of the same activation function. The activation function is denoted S(z) and is given by:

%:173 0<zr<l1
L[-3(@—-1P34+3@—-1)2+3@-1)+1] 1<z<2
S(x) =4+ [3(x—2)3 —6(x —2)% +4] 2<z<3
t4—=)? 3<z<4
0 otherwise

B.3.1 Definition of p-density B-spline functions

Definition 1 (p-density B-spline function). A p-density B-spline function is a uniform cubic B-spline
function with 2°2 basis functions:

or+2 or+2 9r+2
flx) = Z 0;Si(x) = Z 0,5 (w;z + b;) = Z 0;S((2°72 — 3)x +4 — i)
i=1 i=1 i=1
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Figure 17: Set of eight uniform cubic B-spline basis functions, where S;(z) = S(w;x + b;).

B.3.2 Definition of mixed-density B-spline function

Definition 2 (mixed-density B-spline function). A mixed-density B-spline function is a single-
variable function approximator that is obtained by summing together different p-density B-spline
functions. Only the maximum p-density B-spline function has trainable parameters, the others are
constant. Mixed-density B-spline functions are of the form:

r 2PtT2

flx) = Z Z 0p.i5p.i()

p=0 i=1

The maximum density parameters 6,.; are trainable, but the lower density parameters 6, ; (with
p < r) are in general non-zero constants. The function approximator can be expanded without losing
previously learned values. Analytically, we can choose all the new parameters 6,11 ; =0, Vi € N
such that:

r 2°712 r412°72
F@) =" 0piSpil@) =D > 6,iSpa(2)
p=0 i=1 p=0 i=1

B.4 Atlas architecture

B.4.1 Atlas representation theorem

Theorem 2 (Atlas representation theorem). Any multi-variable polynomial p(X) of n variables
over the positive orthant, can be exactly represented by continuous single-variable functions f;(x;),
Gi,j(x;), and h; ;(x;) in the form:

PE) =D fila)+ = exp (X7 gk (25)) — w2 exp (7 hi j(25))
j=1 k=1

Proof. Let p(X) be a multi-variable polynomial over the positive orthant:

2\ _ i1, 12 in __ n ij
p(X) = p(x1, .., 2p) = g a;xixy .y = g ailli_jz}
ieT i€z

Consider the set of terms that depend on at most one input variable, or single-variable terms in the
expression for the polynomial p(X):

Pri={all_ a7 |i €T, ij #0 = iy =0, Vk # j}

10
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It is worth noting that /P; contains the constant function.

Let Q denote the index set of all single-variable monomial terms:

Q:={ilieT,ij#0 — iy =0, Vk #j}

The polynomial p(X) can be rewritten in terms of single-variable functions and a residual polynomial
function p,..s as:

p()_(') = Z ai]:[;'lzlmj‘j + Z ai]:[;-lzlx;j

i€Q i€T\Q
=D fi(5) + Pres(X)
j=1

The single-variable terms can be consumed by a sum of n arbitrary single-variable functions f;(z;).

By [Theorem 1} for any polynomial p,..s(X) over the positive orthant, there exist continuous single-
variable functions g; ;(x;) and h; j(x;) such that:

Pres(®) = > exp(BF_19ij(5)) — exp (S5 hij(x;))
i€\ Q

Since the index set is countable, one can use another indexing scheme:

pTeS(i) = Z eXp(Z?:19k7j (mj)) - eXp(E;‘l:Ith(xj))
k=1

Scale factors can be introduced without changing the representation:

oo

Pres(®) = Y exp(logk? — logk? + B, gk j(;)) — exp(log k* — log k? + S_ hy. j (x;))
k=1
=1 1
- Z = exp(logk? + X7 g () — = exp(logk? + X by j(x5))
k=1

Since the single-variable functions g; ;(x;) and h; j(x;) are arbitrary, one can absorb the constants
and redefine g; ;(x;) and h; ;(x;) to obtain:

| . 1 .
Pres(X) = Z 72 exp (X1 gr,j(25)) — 72 exp (X by j(x;))
k=1

Substituting the expressions one obtains:

. n oo 1 . 1 .
PR =D filz)+ = exp (X gk, (25)) — w2 exp(X5_ by j(25))
j=1 k=1

O

There is a duality between representation and approximation. If any multi-variable polynomial can
be exactly represented, then any continuous multi-variable function can be approximated to arbitrary
accuracy.

11
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B.4.2 Atlas definition

Definition 3 (Atlas). Atlas is a function approximator of n variables, with mixed-density B-spline
functions f;(z;), g:,;(z;), and h; ;(x;) in the form:

M

)= fila)+ > = exp(S7_qgr.j(25)) — w2 exp(S7_1hi,j(2;))
j=1 k=1
Atlas is equivalently given by the compact notation:

M

1 1
Z fJ x] Z exp(E?:lgk,j(xj)) T2 eXP(Z;‘L:1hk,j(xj>)

k=1

- 1 > 1 =
) + Z 73 OP(Gr (%)) — 15 exp(H(X))
k=1
=F(X) 4+ G(X) — H(X)
B.4.3 Atlas polynomial approximation

Theorem 3 (Atlas polynomial approximation). For any multi-variable polynomial p(X) over the
positive orthant with bounded and compact domain D(p) and € > 0, there exists an Atlas model
A(X) such that:

p(X) - ARX)| <«

Proof. Let p(X) be a multi-variable polynomial p(X) of n variables over the positive orthant, and fix
€ > 0, and choose:

e=¢€1+¢e2

By|Theorem 2] there exist continuous single-variable functions f;(z;), gi j(x;), and h; ;(z;) such
that:

oo

~ 1 1
R)=> filz;)+ 72 P (Ei=19k,5 (z;)) — e exp (X i i (2;))
=1 k=1

If p(X) has finitely many terms, then let M denote the number of residual terms:

ny ;) + Z exp (371 gk,5(25)) — %eXP(E}Llhm(Ij))
M 1 1
=F(X)+ ) 7 Xp(Gr(X)) — 15 exp(H(X))
k=1
=F(X)+ G(X) — H(X)

Choose mixed-density B-spline functions f (), g7 ;(7;), and h; ;(w;) such that the Atlas model
A(X) is given by:

12
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2 . * 1 n *
A*(X) :Zf] xJ + Z k2 eXp(Z] lgk,_](xj)) - ﬁexp(zjzlhk,](xj))
j=1 k=1

G (%) -
( (%) —

The first set of functions is easily shown to have bounded error. Choose mixed-density B-

functions f7 () such that:

Fie) = F )l < 2
Then it follows,
P - PR =3 fa) ~ Y1 o)
= =
Si [£5(5) = 15 (25)]
<

The interior functions for the exponential functions are more complicated.

spline

Remark. The uniform continuity of exponentials on bouned domains makes it possible to bound the
approximation error in each exponential term. The exponential function is uniformly continuous
on a compact and bounded subset of the real numbers [a, b]. Thus, for any €e, > 0, there exists a

Jexp > 0, such that for every z, y € [a, b]:

7 =y <dexp = |exp(@) — exp(y)] < €exp
For all exponential functions on bounded and compact domains choose:

362
€exp = 71'2

Choose the smallest d.xp, for all M exponential functions, so that the implication holds. Choose

dg.k,j, such that:

n
> Ogi < dexp
=1

Choose mixed-density B-spline functions g; ;(z;), and h} ;(z;) such that:

13



9k, (25) — gr (@) < dg.xj
e, j(25) — hi ()] < Og kg

159 The interior functions gj; ;(z;) have bounded approximation error d, x, ; one obtains:
n n
D gkg(a) =D gi ()
j=1 j=1
n
< gk () — g5 (x))]
j=1
n
< gy < Bexp

j=1

160 This implies that:

’eXP(Z?ﬂgk,j (mj)) - eXp(Z?:I.gZ:}j (‘TJD‘ <gexp

161 Recombining this result with the exponential terms yields:

1

M
o ‘o 1 n
G(X) - G*(X)| = ]? XP(E =19k,j 33] Z]? 2 19k,g(xj))
k=1

G(X) - G (%) 5|exp (S7_1gr,5(25)) — exp(X_1gx 5 (25))]

IA
Mi M= WM:
| -

x| =

G(x) -G (®)| <

Eexp

b
Il
—

162 The scaling factors of k=2 were chosen for convergence, such that:

R N |
|G(X) -G (X)‘ < Z ﬁsexp
k=1

< * (= > 1
GR) - G @) <eon D 75
k=1
2 (= 72 3ea gy
CE) -G @) <eexpg = 536 =5
163 It follows that:
€2

G(x) - G (X) <7

164 The same argument holds for |H (X) — H*(X)|, and one obtains the result:

p(X) — AX)| <|F(X) - F*(¥)| +|G(X) - G"(X)| + [H(X) - H*(X)]

14
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Finally,

(%) — A(X)| <e

B.4.4 Universal function approximation theorem

Theorem 4 (Atlas universal function approximation). For any € > 0, and continuous multi-variable
function y(X) of n variables over a compact domain in the positive orthant, there exists an Atlas
model A(X) such thtat:

y(X) - AX)| <e

Proof. Lete > 0, and y(X) be a continuous multi-variable function of n variables over a compact
domain in the positive orthant. Choose €1 + €2 = €.

By the Stone—Weierstrass theorem there exists a multi-variable polynomial p(X) over the domain of
y(X) such that:

ly(X) — p(X)| < e

By an Atlas model can approximate the polynomial p(X) to arbitrary precision:

P(X) — A(X)| < &2

It follows from the triangle inequality that:

Finally,

y(X) - AX)| <e

B.5 Atlas properties
B.5.1 Atlas expansion

The number of exponential terms can be increased without changing the output of the model. We can
choose to initialise G pr41(X) = 0 and Hpr41(X) = 0, such that the model capacity can be increased
without changing the output of the model:

M1 1
Ay (X) = Z 2 exp(Gr(X)) — 72 exp(Hy(X))
k=1
1

= GIF1e exp(Gar41(X)) — ﬁ exp(Ha41(%)) + A(R)

S exp(0) — ( exp(0) + A(X)

(M +1)? M+ 1)
=A%)

15
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The density of basis functions in Atlas can also be incremented without changing the learned output
of the model. The density of basis functions can also be increased without changing the output for
any of mixed-density B-spline functions ¥ of the form:

r 2;’+2

= Z Z 9,)7715,;71-(3“)

p=0 i=1

Analytically, we can choose all the new parameters 6, ; = 0, V2 € N such that:

r 2rt2 r412°72
E E ep zSp, E E : 0/), SIL
p=0 i=1 p=0 i=1

The last thing to note is that only the parameters for the largest specified density are trainable, in
contrast to smaller density parameters that are fixed constants.

B.5.2 Atlas sparsity

Property 1 (Sparsity). For any X € D(A) C R™ and bounded trainable parameters 6; with index set
O, the gradient vector of trainable parameters for Atlas is sparse:

|Vsaz H =" ditamming <g;4_(>z), 0> < 4n(2M + 1)
i€O !

Proof. Let A(X) denote some Atlas model, with mixed-density B-spline functions f;(z;), g ;(z;),
and h; ;(x;) in the form:

n M

3} 1 . 1 .

R) =Y file)+ Y. = exp(E_y gk, 5(25)) — w2 exp (27 hyj(25))
= k=1

Each mixed-density B-spline function has its own parameters that are independent of every other
mixed-density B-spline. The mixed-density B-splines function ¥(x) is by definition given by:

r oPt2

= Z Z 0p,iSp.i(x)

p=0 i=1
Thus for every mixed-density B-spline function in A(X):

r 9oPt2

fj(l‘] Zzef(pw)’sw(xj)
p=0 i=1
r 2p+2

9k,j x_] Z Z 9 L(psi, k,])S )i ( )
p=0 i=1
r ort2

hij] Zzeh(l)’bk])s’( )

p=0 i=1

Only the maximum density basis function p = r have trainable parameters. The maximum density
r-density B-spline functions are uniform B-spline functions with trainable parameters. There are at
most four basis functions that are non-zero for any given x;, and as such the gradient vector with
respect to trainable parameters will have at most four non-zero entries for each r-density B-spline
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function, the same four parameters for each mixed-density B-spline functions f;(z;), ¢ ;(z;), and
hi j(z;). One simply needs to count the number of mixed-density B-spline functions.

The number of mixed-density B-spline functions labeled f;(x;) are in total n, with 4 active trainable
parameters each.

The number of functions labeled gy, ;(z;) are in total n.M. For each M, there are n mixed-density
B-spline functions, with 4 active trainable parameters each.

The number of mixed-density B-spline functions labeled hy, ;(x;) are in total nM. For each M, there
are n mixed-density B-spline functions, with 4 active trainable parameters each.

The total number of active trainable parameters is thus:

dn + 4nM 4+ 4nM = 4n(2M + 1)

O

Remark. The total number of trainable parameters for each mixed-density B-spline function is 2"+2.
For a fixed number of variables n, the model has a total of 2"*2n(2M + 1) trainable parameters. The
gradient vector has a maximum of 4n(2M + 1) non-zero entries, which is independent of r. Recall
that only the maximum density (p = r) cubic B-spline function has trainable parameters. The fraction
of trainable basis functions that are active is at most 27 ". Sparsity entails efficient implementation,
and suggests possible memory retention and robustness to catastrophic forgetting.

It is worth noting that the total number of parameters (including constants) is:

T
Total number of parameters oc Z 2020 (2M + 1) ~ 2" n(2M + 1)
p=0

B.5.3 Atlas gradient flow attenuation

Property 2 (Gradient flow attenuation). For any X € D(A) C R™ and bounded trainable parameters
#; with index set ©O: if all the mixed-density B-spline functions are bounded, then the gradient vector
of trainable parameters for Atlas is bounded:

0A

89i(x) <U

Hﬁﬂ@)

>

€O

Proof. Let A(X) denote some Atlas model, with mixed-density B-spline functions f;(z;), g (),
and h; ;(«;) in the form:

n M
AR) = F5() + 3 1 0 (Ta05(5)) — 13 0 (Tis i (2)
j=1 k=1
IR L1 4
PR+ Y ep(Gi(R) — 1 exp(Hi(%)
k=1

—F(X) +GEX) - HEX)
With each mixed-density B-spline function in A(X) given by:

17



r oPt2

Fi@)) =D 050y Spi(as)
p=0 i=1

r 2°F2

965(T3) = DD O (puivk) Spii (@)
p=0 i=1
r 2°rt2

e (23) =3 On(pisk.g)Sp.i(@)

p=0 i=1

226 The norm of the gradient of A(X) with respect to trainable parameters is given by:
|Voa)| =|Vsr& + ) - H@)|

H%A(f)Hl :H%F(z) +VG(R) — 6§H(2)H1

|V74)

1 SHV;F(%)HI " HV;G(:E)

v,

227 The first term is bounded,

H%F(i)

1
1

228 Substituting the expression for each f;(z;), all lower densities have constant parameters:

r 2°t2

DD 0rpii)Shiley)

p=0 i=1 1

27‘+2

q
<y
=
\>_</l
IN
[]=
q
>
/N~ -
S
~
=
<
W
D
<~

1

229 Each basis function is continuous and bounded by some positive constant u > 0, such that S(z) < u
230 regardless of its density, and it follows that:




231
232

233
234
235

237

239

240

241

242

243

The last thing to include is that at most four basis functions are non-zero, regardless of the value of 7,
so a tighter upper bound is:

n

1§Z u = 4nu

j=1i=1

H%F(f)

Remark. Each p-density B-spline function has at most four active basis functions, and each mixed-
density B-spline function has r 4 1 different p-density B-spline functions. If the lower densities
p < r were also trainable, then this upper bound would instead be 4nu(r + 1). This is why only the
maximum density was chosen to be trainable.

The exponential terms are more complicated.

Mo

Vio®)|, <[V (Zkzew(@’k(i”)
; - 116:i |
56|, <3 4] ¥sexnlcin)|

k=1
V,G(%) 1si,32Hexp(GAi)We*(Gk(i))Hl
) k;[l 1 )
90, <3 b ewcus|¥eieo)]

>
Il
—

Each mixed-density B-spline function is bounded, so

r oPt2

1955 @] = DD Oguprisknsy Soi ()] < tig (1)

p=0 i=1

Since n is fixed and finite, the functions G (X) are bounded:

n n n
GLE) =D gk (@) <D lgri (@) <D g k) = Ug,)
=1 =1 =1
Since this is true for each GG, one can choose the maximum bound:

Ug = k:??f?fM{ugy(k)}

It is evident that:

Gr(X) < |Gr(F)] <y

Since the exponential function is monotonic increasing:

exp(G(X)) < exp(|Gr(X)]) < exp(ug)

This result can be substituted back,

Moy .
<Y ()| V7 (Gr3)|
k=1

H%G(i)

1
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244 It should be noted that G (X) and F'(X) have similar structure such that:

V5 G)||, = ||V r&)|

1

245 This is true, even though Gj(X) # F(X), because the same set of basis functions are used, with
246 different coefficient parameters being the only difference. The consequence is that:

|V76&)

Vi (FR)|

Mo
) < ; = exp(uy) )

247 Substituting previously shown results gives:

M

= o 1

V;G(X) < Z W exp(ug)4dnu
k=1

<4 (ug) L
| <Anuexp(ug 2

< dnun? exp(uy)

cnql
j
2
=% 1M

V;G(X) ) <4nuexp(ug)

248 The same argument can be used to find an upper bound for Hﬁ 7H (X)

1

2
HV@H()‘(’)‘L <dnu exp(uh)% < 4dnur? exp(up,)

249 The original expression of interest was:

VR < Varm)| +|Viem

o+ H%H(i)

1

6514(5(’) . <dnu + dnun® exp(u,) + 4num? exp(up)

6514(5(’) . <dnur? + dnun? exp(u,) + 4nun? exp(up)

FA(X) ) <4nun? (1 + exp(ugy) + exp(up))

250 Let the upper bound U be given by:

U = 4nur® (1 + exp(uy) + exp(up))

251 From the definition of the norm ||

1> and the trainable parameters ¢; with index set © one has that:

[¥sa)], =% @)

252 Finally,

<U

04 %)

H%A(’E) 90;

>
€0

253 O
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Remark. For a fixed number of variables n, the model has a total of n2"+2(2M + 1) trainable
parameters. The factor of k2 inside the expression for Atlas is necessary to ensure the sum is
convergent in the limit of infinitely many exponential terms M — co. Only the maximum density
(p = r) cubic B-spline function has trainable parameters, so that the gradient vector is bounded in the
limit of arbitrarily large densities » — oo. It is worth recalling that at most four basis functions are
active for uniform cubic B-spline functions, regardless of the density, but the smaller densities cannot
be trainable, otherwise this property does not hold. The gradient vector has bounded norm for any
number of basis functions and exponential terms. The bounded gradient vector implies that Atlas is
numerically stable during training, regardless of its size or parameter count.

B.5.4 Atlas distal orthogonality

Property 3 (Distal orthogonality). For any Atlas model A(X) and V X,y € D(A) C R™ and
trainable parameters 6;, there exists a § > 0 such that:

min {Ja; — [} > 6 = (V5A(R), VzAF) =0

.....

Proof. Let A(X) denote some Atlas model, with mixed-density B-spline functions f;(z;), g i (),
and h; ;(x;) in the form:

n M
— 1 n 1
AR) =Y fila)+ = exp (271 gk,(25)) — e exp (27 hij(25))
j=1 k=1

X 1 B
=F(%) + Y 5 exp(Gi(R) — 1 exp(Hi(3)
k=1
=F(X) + G(X) — H(X)

With each mixed-density B-spline function in A(X) given by:

r 2rt2
Fi@) =D 05 piiySoi(ws)
p=0 i=1
r 2/—"+2
9k () =D D O (prieni)Spi(75)
p=0 i=1
r 2ﬂ+2

e (2)) =Y > On(prisk,g)Spi ()

p=0 i=1
Any mixed-density functions ® and ¥ that act on different components of the input must have
orthogonal parameter gradients, since each input variable has its own associated parameters:
(Vg(xi), Va¥(y;)) =0V i#j

Generally, since all mixed-density functions have parameters that are independent of each other it
follows that for any mixed-density B-splines ¢ and W:

— —

(Vg®@(z;), VaU(y;) =0V & # T

Thus, one need only compare the parameter gradients of each mixed-density B-spline function ¥
with itself. The inner-product of the parameter gradient of ¥ evaluated on two different inputs is
given by:

(V¥ (x;), Va¥(y;))

21



276
277

278
279
280
281

282

283

284
285
286
287

The inner-product given above is not zero in general. However, as illustrated in Figure[I8] for any
mixed-density B-spline function ¥ there exist a § > 0, such that:

—

2 —y;| >0 = (V;¥(z;), V;U(y;)) =0

0.9 Inactive Basis Function
0.8 === Active Basis Function

0.7 ® Input Points

© o
[S =)

©
IS

Basis functions Sj(x)

o © o 0o
o = N W

—0.20-0.05 0.10 0.25 0.40 0.55 0.70 0.85 1.00 1.15
X

Figure 18: Visual proof of distal orthogonality for single-variable p-density B-splines.

This is because each basis function is zero everywhere, except on some small sub-interval. If this is
true for all j = 1, ..., n, then the parameter gradients evaluated at X and y must be orthogonal. If this
is true for all j = 1, ..., n, then it is true for the minimum. The converse is true by transitivity such
that:

lz; —y;| >0Vji=1,..,n < j:I{liIlnﬂ:Ej -y} >0

Finally,

—

jmin {lzj —y;l} > 6 = (VGAR), VgA(Y)) = 0

O

Remark. Two points that sufficiently differ in each input variable have orthogonal parameter gradients.
It is worth mentioning that the condition resembles a cross-like region in two variables, and planes that
intersect in higher dimensions. Distal orthogonality means Atlas is reasonably robust to catastrophic
forgetting.
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