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Abstract

This paper studies policy optimization algorithms for multi-agent reinforcement
learning. We begin by proposing an algorithm framework for two-player zero-sum
Markov Games in the full-information setting, where each iteration consists of a
policy update step at each state using a certain matrix game algorithm, and a value
update step with a certain learning rate. This framework unifies many existing and
new policy optimization algorithms. We show that the state-wise average policy of
this algorithm converges to an approximate Nash equilibrium (NE) of the game, as
long as the matrix game algorithms achieve low weighted regret at each state, with
respect to weights determined by the speed of the value updates. Next, we show that
this framework instantiated with the Optimistic Follow-The-Regularized-Leader

(OFTRL) algorithm at each state (and smooth value updates) can find an 4] (T_5/ 6)
approximate NE in 7' iterations, and a similar algorithm with slightly modified

value update rule achieves a faster 5(T’1) convergence rate. These improve over

the current best O (T—1/?) rate of symmetric policy optimization type algorithms.
We also extend this algorithm to multi-player general-sum Markov Games and show

an O(T~3/*) convergence rate to Coarse Correlated Equilibria (CCE). Finally, we
provide a numerical example to verify our theory and investigate the importance of
smooth value updates, and find that using “eager” value updates instead (equivalent
to the independent natural policy gradient algorithm) may significantly slow down
the convergence, even on a simple game with H = 2 layers.

1 Introduction

Policy optimization, i.e. algorithms that learn to make sequential decisions by local search on
the agent’s policy directly, is a widely used class of algorithms in reinforcement learning [40, 44,
45]. Policy optimization algorithms are particularly advantageous in the multi-agent reinforcement
learning (MARL) setting (e.g. compared with value-based counterparts), due to their typically
lower representational cost and better scalability in both training and execution. A variety of policy
optimization algorithms such as Independent PPO [14], MAPPO [56], QMix [42] have been proposed
to solve real-world MARL problems [4, 39, 43]. These algorithms share a same high-level structure
with iterative value updates (for certain value estimates) and policy updates (often independently
with each agent) using information from the value estimates and/or true rewards.

*The two authors contributed equally to this work.
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While policy optimization for MARL has been studied theoretically in a growing body of work,
there are still gaps between algorithms used in practice and provably-efficient algorithms studied in
theory—Algorithms in practice generally follow two natural design principles: symmetric updates
among all agents, and simultaneous learning of values and policies [59, 56]. By contrast, policy
optimization algorithms studied in theory often diverge from these principles and incorporate some
tweaks, such as (i) asymmetric updates, where one agent takes a much smaller learning rate than the
others (two time-scale) [11] or waits until the other agents learn an approximate best response [62];
and (ii) batch-like learning, where policies are optimized to sufficient precision with respect to the
current value estimate before the next value update [8]. There is so far a lacking of systematic studies
on the performance of the more vanilla policy optimization algorithms following the above two
principles, even under the setting where full-information feedback from the game is available.

Towards bridging these gaps, this paper studies policy optimization algorithms for Markov games,
with a focus on algorithms with symmetric updates and simultaneous learning of values and policies.
Our contributions can be summarized as follows:

* We propose an algorithm framework for two-player zero-sum Markov games in the full-
information setting (Section 3). This framework unifies many existing and new policy op-
timization algorithms such as Nash V-Learning, Gradient Descent/Ascent, as well as seemingly
disparate algorithms such as Nash Q-Learning (Section 3.2). We prove that the state-wise
average policy outputted by the above algorithm is an approximate Nash Equilibrium (NE), so
long as suitable per-state weighted regrets are bounded (Section 3.1). This generic result can be
instantiated in a modular fashion to derive convergence guarantees for the many examples above.

* We instantiate our framework to show that a new algorithm based on Optimistic Follow-The-
Regularized-Leader (OFTRL) and smooth value updates finds an o (T—5/6) approximate NE
in T iterations (Section 4). This improves over the current best rate of (5(T*1/ 2) achieved by
symmetric policy optimization type algorithms. In addition, we also propose a slightly modified
OFTRL algorithm that further improves the rate to (5(T*1), which matches with the known best
rate for all policy optimization type algorithm.

¢ We additionally extend the above OFTRL algorithm to multi-player general-sum Markov games
and show an O(T~3/4) convergence rate to Coarse Correlated Equilibria (CCE), which is

also the first rate faster than (5(T’1/ 2) for policy optimization in general-sum Markov games
(Section 4.1).

* We perform simulations on a carefully constructed zero-sum Markov game with = 2 layers to
verify our convergence guarantees. The numerical tests further suggest the importance of smooth
value updates: the Independent Natural Policy Gradient algorithm (as one instantiation of our
algorithm framework with “eager” value updates) appears to converge much slower (Section 5).

1.1 Related work

Two-player zero-sum MGs Markov games (MGs) [30] (also known as Stochastic Games [47])
is a widely studied model for multi-agent reinforcement learning. In the most basic setting of two-
player zero-sum MGs, algorithms for computing the NE have been extensively studied in both the
full-information setting [31, 20, 19] and the sample-based/online setting [6, 52, 22, 48, 58, 2, 55,
3,33, 25,21, 57, 10, 34]. Our algorithm framework incorporates (the full-information version of)
several algorithms in this line of work.

Policy optimization for zero-sum MGs Policy optimization for single-agent Markov Decision
Processes has been extensively in a recent line of work, e.g. [1, 5, 32, 46, 37, 35, 7, 15, 54] and
the many references therein. For two-player zero-sum MGs, the Nash V-Learning algorithm of Bai
et al. [3] (originally proposed for the sample-based online setting) can be viewed as an independent
policy optimization algorithm, and can be adapted to the full-information setting with (’)(T‘l/ 2)
convergence rate. Daskalakis et al. [11] prove that the independent policy gradient algorithm with
an asymmetric two time-scale learning rate can learn the NE (for one player only) with polynomial
iteration/sample complexity. Zhao et al. [62] show that another asymmetric algorithm that simulates
a policy gradient/best response dynamics converges to NE with O(1/T) rate. Cen et al. [8] use
a symmetric optimistic (extragradient) subroutine for matrix games to learn zero-sum MGs in a
layer-wise fashion (the matrix games at each state are learned to sufficient precision before the



backup, more like a Value Iteration type algorithm), and also derive an O(1/T') convergence rate.
The closest to our work is Wei et al. [53] which proves that Optimistic Gradient Descent/Ascent
(OGDA), combined with smooth value updates at all layers simultaneously, converges to an NE with
O(T~'/?) rate for both the average duality gap and the last iterate. The O(T~>/) rate of our OFTRL
algorithm improves over [53] and is the first such faster rate for symmetric, policy optimization type
algorithms. The O(1/T) rate of our modified OFTRL algorithm matches with rates in [62, 7], while
still maintaining symmetric update and simultaneous learning of values and policies.

Multi-player general-sum MGs A recent line of work shows that a generalization of the V-
learning algorithm to the multi-player general-sum setting can learn Coarse Correlated Equilibria
(CCE) [49, 24, 36] and Correlated Equilibria (CE) [49, 24]. The algorithmic designs in these works
are specially tailored to the sample-based setting, where the best possible rate is O(7~1/2).2 In
contrast, this paper considers the full-information setting and proposes new algorithms achieving the
faster O(T~3/4) for learning CCE in general-sum MGs. The complexity of computing or learning
a Markovian or stationary Markovian CCE has been studied in [13, 26]. Another recent line of
work considers learning NE in Markov Potential Games [60, 29, 49, 16, 61], which can be seen as a
cooperative-type subclass of general-sum MGs.

Optimistic algorithms in normal-form games Technically, our accelerated rates build on the
recent line of work on faster rates for optimistic no-regret algorithms in normal-form games [50,
41,9, 12]. Specifically, our @(T‘5/ 6) rate for two-player zero-sum MGs builds upon a first-order
smoothness analysis of [9], our improved O(T 1) rate in the same setting (achieved by the modified
OFTRL algorithm) leverages analysis of [41, 50] on bounding the summed regret over the two players,
and our @(T -3/ 4) rate for multi-player general-sum MGs follows from the RVU-property [50,
Definition 3]. Our incorporation of these techniques involves non-trivial new components such as
weighted first-order smoothness bounds and handling changing game rewards.

2 Preliminaries

We consider the tabular episodic (finite-horizon) two-player-zero-sum Markov games (MGs), which
can be denoted as M(H, S, A, B, P, r), where H is the horizon length; S is the state space with |S| =
S; A, B are the action space of the max-player and min-player respectively, with |A| = A, |B| = B;
P = {P,}L, is the transition probabilities, where each Pj,(s'|s,a,b) gives the probability of
transition to state s’ from state-action (s, a,b); r = {r,}}__, are the reward functions, such that
r1,(s, a, b) is reward® of the max-player and —7 (s, a, b) is the reward of the min-player at time step
h and state-action (s, a, b). In each episode, the MG starts with a deterministic initial state s;. Then at
each time step 1 < h < H, both players observes the state sj, the max-player takes an action a;, € A,
and the min-player takes an action b, € B. Then, both players receive their rewards r, (s, ap, bp)
and —rp,(sp, an, by ), respectively, and the system transits to the next state s;11 ~ Py, (-|sp, an, br).

Policies & value functions A (Markov) policy u of the max-player is a collection of policies
pw="{un:S— AL, where each uy(-|sp) € A4 specifies the probability of taking action ay, at
(h, sp). Similarly, a (Markov) policy v of the min-player is defined as v = {v}, : S — Ag}. For any
policy (u, ) (not necessarily Markov), we use V" : § — Rand Q" : S x A x B — R to denote
the value function and Q-function at time step h, respectively, i.e.

Vit (s) ==K, [Zf:h/ T (Shry anry bur) | 80 = 5|, (1)

QY (s,a,b) :=E,, [ZhH:h/ The (Shry apr b)) | s = s,an = a, by, = b. 2

For notational simplicity, we use the following abbreviation: [P,V](s,a,b) := Eyp, (.|s,a.6)V (5")
for any value function V. By definition of the value functions and Q-functions, we have the following
Bellman equations

Q" (s,a,0) = (rn + BaV) (s, ,b),

2Even if we specialize their algorithms to the full-information setting, the attained rates are no better than
5(T‘1/ 2) because the bandit subroutines they deployed in V-learning converge no faster than Q(T‘l/ 2) even
in the simplest setting of full-information matrix games.

3This assumes deterministic rewards; our results can be generalized directly to the case of stochastic rewards.



V}ihu(s? a, b) = Ea~uh(-|s),b~uh,(~\s)[ ZW(Sa a, b)] = <QZ7V(87 ) ')7 /1,(|S) X U(|S)> .
The goal for the max-player is to maximize the value function, whereas the goal for the min-player is
to minimize the value function.

Best response & Nash equilibrium For any Markov policy p of a max-player, there exists a best
ot

response for the min-player, which can be taken as a Markov policy v (1) such that V" () (s) =
inf, V¥ (s) for all (s, h) € S x [H]. For simplicity we define V! := VA“'VT(”). By symmetry, we
can also define pf (1) and V,j V. Itis known (e.g. [17]) that there exist Markov policies (u*, v*) that
perform optimally against best responses. These policies are also equivalent to Nash Equilibria (NEs)
of the game, where no player can gain by switching to a different policy unilaterally. It can also be
shown that any NE (*, v*) satisfies the following minimax equation

sup,, inf, V}/""(s) = V' " (s) = inf, sup, V}*"(s).
Thus, while the NE policy (u*, »*) may not be unique, all of them share the same value functions,
which we denote as V;* := V}/* ** . The Q-function @ can be defined similarly. In this paper, our
main goal is to find an approximate NE, which is formally defined below.
Definition 1 (c-approximate Nash Equilibrium). For any € > 0, a policy (u, V) is an e-approximate
Nash Equilibrium (e-NE) if NEGap(, v) := V" (s1) — V{1 (s1) < e.

Full-information setting We consider finding an approximate NE under the full-information
setting, where we can query the exact value of 7y, + P,V ;1 € RS*AXB for any layer h € [H] and
V function V;,;; € RS, Further, the majority of algorithms are policy optimization algorithms that
only query (7, + PpVig1)vn € RS*4 and (r, + P Vig1) T pn € RSXB for policies iy, vp,. (See
Appendix 1.1 for additional discussions.)

Additional notation For any (h, s) € [H] x S and Q function @}, : S x A x B — R, we define
shorthand [(p1) T Qrvn](s) :== (Qn(s, -, ), un(:|s) x v(:]s)) for any policy (s, ). Similarly, we
let [Qth}(S, ) = ]EbNVhHS)[Qh(Sv " b)] € RA? and [Q;uh](sv ) = ]Earvml(‘ls) [Qh(sv a, )} € RE.
We use AV B := max{A, B}.

3 An algorithm framework for zero-sum Markov games

We begin by presenting an algorithm framework that unifies many existing and new algorithms for
two-player zero-sum Markov Games, and its performance guarantee that could be specialized to yield
concrete convergence results for many specific algorithms.

Our algorithm framework, described in Algorithm 1, consists of two main components: the policy
update step computing policies (u*, "), and the value update step computing the Q estimate Q}’s.

Policy update via matrix game algorithms In the policy update step (Line 5), for each (h, s),
the two players update policies (uf,(+|s), v} (:|s)) at (h,s) using some matrix game algorithm
MatrixGameAlg which takes as input all past Q matrices and all past policies of both players.
The MatrixGameAlg offers a flexible interface that allows many choices such as the matrix NE
subroutine over the most recent Q matrix MatrixNE(Q% ' (s, -, -)), or any independent no-regret
algorithm (for both players), such as Follow-The-Regularized-Leader (FTRL) (10) or projected
Gradient Descent-Ascent (11) considered in the examples later.

Value update with learning rate {5;} For any (h, s, a, b), the value update step (Line 6) updates
@}, (s, a,b) by the newest value function r, + Pp[(1f, 1) " Q174 1] propagated from layer h + 1,
using a sequence of learning rates {/3; },~, which we assume to be within [0, 1] (with 8, := 1). {3;}
controls the speed of the value update, with two important special cases:

(1) Eager value updates, where we Sft ?t = 1 so that Q! performs policy evaluation of the current
policy (u*, "), thatis, QL = Q) " .

(2) Smooth (incremental) value updates, where we choose 3; — 0 as ¢ — oco. In this case, the Q},
moves slower (resembling a critic in Actor-Critic like algorithms), and becomes a weighted

average of all past updates. A standard choice that is frequently used is from [23] (and many
subsequent work),

Bi=ay:=(H+1)/(H+t). 3)



Algorithm 1 Algorithm framework for two-player zero-sum Markov Games

I: Require: Learning rate {3;},-, C [0, 1] (with 31 = 1); Algorithm MatrixGameAlg.
2: Initialize: QY (s,a,b) + H — h+ 1 forall (h,s,a,b) € [H] x S x A x B.
3: fort=1,...,Tdo
4. forh=H,...,1do
5: Policy update: Update policies for all s € S:
. i t—1 i t—1 i t—1
(1, (15), V4 (1)) - MatrixGameAlg ({4 (s, )}y, (i (1)} (i Cls) b))
6: Value update: Update Q-value for all (s,a,b) € S x A X B:

Qh(5,0,0) ¢ (1= B)Q} (s,a,0) + Be (ra + Pul(ph1) " Qhsavhial) (s,00). ()
7: Output: State-wise average policy (7,77, with 3% defined in (6):
i (ls) = 00y Bt Cls)s B (ls) & 3202y Bpvf(ls) forall (hys) € [H] x S (5)

For any {;}, the update (4) implies that
. ) T .. ]
Qh(s:0:0) = 0, i ([rn + Pal(thn) " @il (s.0.0)).

where 3;’s are a group of weights summing to one (Zf:1 B¢ = 1) defined as

Bi=Bi Bl =1lmia (1= By)Bi, for i€ ft—1]. (©)
Note that with smooth value updates (8; < 1), Q! is not necessarily the Q-function of any policy.
Upon finishing, the algorithm outputs the state-wise average policy (i, 77" defined in (5), where
each if'(-|s) is the weighted average of 1, (|s) using weights {ﬁtT}thl (and similarly for o7), which
we remark can be implemented efficiently using moving averages (cf. Appendix C.1).

Symmetric & simultaneous learning, (de)centralization We remark that Algorithm 1 by defini-
tion performs simultaneous learning (of policies and values) at all layers, and also yields symmetric
(policy) updates if MatrixGameAlg is a symmetric algorithm with respect to x4 and v. Also, although
Algorithm 1 appears to be a centralized algorithm as it maintains Q values in (4), this does not
preclude possibilities that the algorithm can be executed in a decentralized fashion. This can happen
e.g. when the Q-update (4) can be rewritten as an equivalent V-update (cf. Example 1 & 2).

3.1 Theoretical guarantee

We are now ready to state the main theoretical guarantee of Algorithm 1, which states that the
(uT,v7)is an approximate NE, as long as the algorithm achieves low per-state weighted regrets w.r.t.
weights {3} }!_,, defined as

regh, ,(5) = maxyiea Yooy i (1 — i, (1s), [Qii] (5,)
reg), , (5) == max,ieas >t B (VA Cls) — v, [(Q4) i ] (s,0) 7
regh 1= maxges max{regzw(s), regj, ()}

Theorem 2 (Main guarantee of Algorithm 1). Suppose that the per-state regrets can be upper-

bounded as reg!, < Tegy, for all (h,t) € [H] x [T, where Tegy, is non-increasing in t: Tegy, > Tog),
forallt > 1. Then, the output policy (i*,01") of Algorithm 1 satisfies

T
1
~T ~T T 2 H t
NEGap(p*,0") < C H’?el?gl(] reg, + H cg logT - T ;zl ’?el?;;] regy, (8)

for all T > 2 and some absolute constant C' > 0, where cg is a constant depending on {f;},~:
Cp = SUP;>q Zf; ﬁg > 1. 9)
Specifically, cg = (1 + %) iffr =a = IZ,—E, andcg = 1if By = 1.



Bound (8) is typically dominated by the second term on the right hand side, suggesting that the
NEGap can be bounded by the average weighted regret (’3(% SOL maxy, @Z), if cff = O0(1).
Theorem 2 serves as a modular tool for analyzing a broad class of algorithms: As long as this average
regret is sublinear in 7' (including—but not limited to—choosing MatrixGameAlg as uncoupled

no-regret algorithms), the output policy will be an approximate NE. We emphasize though that this
result is not yet end-to-end, as each reg}, is a weighted regret w.r.t. the particular set of weights

{ B }izl, minimizing which may require careful algorithm designs and/or case-by-case analyses. We
provide some concrete examples in Section 3.2 to demonstrate the usefulness of Theorem 2.

We remark that the state-wise average policy considered in Theorem 2 is an average policy that
is also Markovian by definition, which is different from existing work which considers either the
(Markovian) last iterate [53] or non-Markovian average policies (e.g. [3]). However, this guarantee
relies on full-information feedback (so that per-state regret bounds are available), and it remains an
open question how such guarantees could be generalized to sample-based settings.

Proof overview The proof of Theorem 2 follows by (1) bounding NEGap(z7, 7T in terms of per-
state regrets w.r.t. the Nash value functions Q3 ’s by performance difference arguments (Lemma C.1);
(2) recursively bounding the value estimation error ¢}, := [|Q}, — Q7 ||, (Lemma C.2) which yields

the constant cg; and (3) combining the above to translate the regret from Q}’s to Q}’s (which we
assume to be bounded by Teg},) and obtain the theorem. The full proof can be found in Appendix C.

3.2 Examples

We now demonstrate the generality of Algorithm 1 and Theorem 2 by showing that they subsume
many existing algorithms (and yield new algorithms) for two-player-zero-sum Markov games, and
provide new guarantees with the particular output policy (5).

Example 1 (Nash V-Learning [3], full-information version): The full algorithm (Algorithm 5)
can be found in Appendix D.1. The algorithm is a special case of Algorithm 1 with 8; = a; =
(H +1)/(H +t), and MatrixGameAlg chosen as the weighted FTRL algorithm

t—1 t—1
ph (a]s) oca exp (”Zwi (@i <s7a>), vh(bls) oxpexp (—ufzwi[(czz)m (s,b>>,
X —1 i—1

(10)
where w; := al/a}. Combining Theorem 2 with the standard regret bound of weighted FTRL, this
algorithm achieves NEGap(i”,77) < O(H"/?//T) choosing 1 < 1/+/T (Proposition D.2).
Additionally, although the original Nash V-learning algorithm [3] updates the V values (which makes

the algorithm implementable in a decentralized fashion) instead of the Q values used in Algorithm 1,
these two forms are actually equivalent in the full-information setting (Proposition D.1). ¢

Compared with the O(y/H?S max{A, B}/T) guarantee of (the non-Markovian output policy of)
Nash V-Learning in the sample-based online setting [3, 51, 24], our rate achieves better (logarithmic)
S, A, B dependence due to our full-information setting, and worse H dependence which happens
as our output policy is the (Markovian) state-wise average policies, whose guarantee (Theorem 2)
follows from a different analysis.

Example 2 (GDA-Critic): This algorithm is a special case of Algorithm 1 with §; = a; =
(H 4+ 1)/(H +t), and MatrixGameAlg as projected gradient descent/ascent (GDA), i.e.,

i (c18) = Paslpy " (1) +0[Q4 v 1(9)), v (ls) = Pas(vi (ls)=n([@4 ) ] (5). (D)
Similar as Nash V-Learning, GDA-Critic also admits an equivalent form with V value updates (full
description in Algorithm 6). As GDA achieves weighted regret bounds with any monotone weights
including {ai }2:1 (Lemma B.1), we can invoke Theorem 2 to show that this algorithm achieves
NEGap(i7,57) < O(H/2(AV B)Y/2/\/T) if we choose 1) < 1/+/T (Proposition D.4).

The GDA-critic algorithm is also similar to the OGDA-MG algorithm of Wei et al. [53], except that

we use the (non-optimistic) vanilla version of GDA. To our best knowledge, the above algorithm and
guarantee are not known. We remark that even ignoring difference between GDA and OGDA, the



above guarantee cannot be obtained by direct adaptation of the results of [53] which focus on either
the average duality gap and/or last-iterate convergence. ¢

Besides the above examples, Algorithm 1 also incorporates the following algorithms which are
typically not categorized as policy optimization algorithms (see Appendix 1.2 for a discussion of the
categorization).

Example 3 (Nash Q-Learning [20, 3], full-information version): This algorithm is a special case of
Algorithm 1 with 8; = o = (H + 1)/(H + t) and MatrixGameAlg as the matrix Nash subroutine

(125,(-18), V5 (+|5)) <= MatrixNE(Q%L (s, -,+)) := arg [ min max p' QL (s,-,-)v ).
HEA A VEAR v
(Full description in Algorithm 7.) Although MatrixNE(Q% ' (s, -, -)) is not by default a no-regret

algorithm, using the fact that ||Q§L — Qf;l || is small (due to the small ;) we can show that it is
close to a (hypothetical) “Be-The-Leader” styTg algorithm that computes the matrix NE of the current
Q matrix Qz which achieves < 0 regret (Lemma D.3). Combining this with Theorem 2 shows that

this algorithm achieves NEGap(i7, 27) < O(H*/T) (Proposition D.5). ¢

Example 4 (Nash Policy Iteration (Nash-PI)): This classical algorithm (Algorithm 8) performs
iterative policy evaluation and policy improvement (also similar to Nash Value Iteration [47, 2, 33]):

(L)), T (c]s)) = MatrixNE(QE ' (s, -, ). (12)

This is also a special case of Algorithm 1 with 3; = 1 and MatrixGameAlg set as MatrixNE. It is a
standard result that this algorithm converges exactly (achieving zero NE gap) in H steps, and this
fact can be obtained using our framework as well (Proposition D.6). ¢

4 Fast convergence of optimistic FTRL

In this section, we instantiate Algorithm 1 by choosing MatrixGameAlg as the Optimistic Follow-
The-Regularized-Leader (OFTRL) algorithm. OFTRL is also an uncoupled no-regret algorithm
that is known to enjoy faster convergence than standard FTRL under additional loss smoothness
assumptions [41, 50, 9, 12]. We show that, using OFTRL, Algorithm 1 enjoys faster convergence

than the O(1/+/T) rate of using FTRL or GDA (cf. Example 1 & 2).
Concretely, we use the following weighted OFTRL algorithm at each (A, s, t):

ph(als) o<q exp ((n/we) - [0 wil @) (s, ) + wia (Q47 V) (5.a)] ).
Vi (01s) oxp exp (=(n/we) - [S2I2] wal(Q3) w3 ) (,0) + wies (@5 Traf)(s,0)) ).

where w; is the same weights as defined in Example 1, and we choose 8; = o, = (H +1)/(H + ).

13)

Theorem 3 (Fast convergence of OFTRL in zero-sum Markov Games). Suppose Algorithm 1 is
instantiated with 8; = o = (H + 1) /(H +t) and MatrixGameAlg o be the OFTRL algorithm (13)
with any n < 1/H (full description in Algorithm 9). Then the per-state regret can be bounded as
follows for some absolute constant C > 0:

H?log(AV B)

e +0°HS| forall (h,t) € [H] x [T). (14)

reg, < teg), := C

Further, choosing ) = poly(H,log(AV B),logT) - T~/5, the output (state-wise average) policy
(u™', 0T achieves approximate NE guarantee

NEGap(i”,vT) < O(poly(H,log(AV B),logT) - T~5/5). (15)

To our best knowledge, the (5(T*5/ 6) rate asserted in Theorem 3 is the first rate faster than the

standard (5(1 / VT ) for symmetric, policy optimization type algorithms in two-player zero-sum
Markov games. The closest existing result to this is of Wei et al. [53], who analyze the OGDA

algorithm with smooth value updates and show a (5(1 / VT ) convergence of both the average NEGap



and the NEGap of the last-iterate. However, these only imply at most a O(1/+/T) rate for the

average policies, and not our faster rate*. Cen et al. [8], Zhao et al. [62] show O(1/T) convergence
of algorithms with optimistic gradient-based policy updates, which are however very different styles
of algorithms that either performs layer-wise learning (the matrix games at each state are learned
to sufficient precision before the backup) similar as Value Iteration (the matrix games at each state
are learned to sufficient precision before the backup) [8], or uses strongly asymmetric updates that
simulate a policy gradient-best response dynamics [62]. By contrast, our Algorithm 9 (as well as its
modified version in Algorithm 10 with O(T'~!) rate) runs symmetric no-regret dynamics for both
players, simultaneously at all layers.

Proof overview The proof of Theorem 3 (deferred to Appendix E) builds upon the recent line of
work on fast convergence of optimistic algorithms [41, 50, 9], in particular the work of Chen and
Peng [9] which shows an O(T‘5/ 6) convergence rate of OFTRL for two-player normal-form games.
Our regret bound (14) generalizes this result non-trivially by additionally handling (1) The weighted
regret, which requires bounding the weighted stability of the OFTRL iterates by a new analysis of
the potential functions (Lemma B.4), and (2) The errors induced by changing game matrices, as
Q4 (s, -, -) changes over ¢. Plugging (14) into Theorem 2 yields the policy guarantee (15).

Modified OFTRL algorithm with o (T—1) rate We further slightly modify Algorithm 9 to design
a new OFTRL style algorithm with O(T~!) convergence rate (Algorithm 10 and Theorem F.1),

which improves over the O(T~5/) of Theorem 3 and matches the known best convergence rate for
policy optimization type algorithms in two-player zero-sum Markov games. Algorithm 10 still uses
OFTRL in its policy update step, and the main difference from Algorithm 9 is in its value update step:
Rather than maintaining a single @}, the two players now each maintain their own value estimate

@Z, QZ which are still updated in an incremental fashion similar to (though not strictly speaking an
instantiation of) the update rule (4) in our main algorithm framework. Details of the algorithm as
well as the proofs are deferred to Appendix F.

4.1 Extension to multi-player general-sum Markov games

Our fast convergence result can be extended to the more general setting of multi-player general-sum
Markov games. Concretely, we consider general-sum Markov games with m > 2 players, S states,
H steps, where the i-th player has action space A; with Ay .y 1= MaX;e[m] |A;| and her own reward
function. The goal is to find a correlated policy over all players that is an approximate Coarse
Correlated Equilibrium (CCE) of the game (see Appendix G.1 for the detailed setup).

We show that the OFTRL algorithm works for general-sum Markov games as well, with a fast
O(T—3/*) convergence to CCE. The formal statement and proof is in Theorem G.1 & Appendix G.4.

Theorem 4 (Fast convergence of OFTRL in general-sum Markov Games; Informal version of Theo-
rem G.1). For m-player general-sum Markov Games, running the OFTRL algorithm (Algorithm 12)
Sfor T rounds, the output (correlated) policy T is an e-approximate CCE, where

e < O(poly(H, log Apax, log T') - (m — 1)1/2 . T=3/4),

A baseline result for this problem would be O(T~'/2), which may be obtained directly by adapting
existing proofs of the V-Learning algorithm [49, 24] to the full-information setting. Our Theorem 4
shows that a faster O(T~3/4) rate is available by using the OFTRL algorithm, which to our best
knowledge is the first such result for policy optimization in general-sum Markov games. We also
remark that the output policy 7 above is not a state-wise average policy as in the zero-sum setting,
but rather a mixture policy that is in general non-Markov (cf. Algorithm 13), which is similar as
(and slightly simpler than) the “certified policies” used in existing work [3, 49, 24]. The proof of
Theorem 4 builds upon the RVU property of OFTRL [50] and additionally handles changing game
rewards, similar as in Theorem 3. A proof sketch and comparison with the O(7'~°/6) analysis of the
zero-sum case can be found in Appendix G.2.

*See also [18] for another example where last-iterates are provably slower than averages.



5 Simulations

We perform numerical studies on the various policy optimization algorithms. Our goal is two-fold:
(1) Verify the convergence guarantees in our theorems and examples; (2) Test some other important
special cases of Algorithm 1 that may not yet admit a provable guarantee.

To this end, we consider three algorithms covered by the framework in Algorithm 1:

1. FTRL (Nash V-Learning) with smooth value updates 3; = a; (Example 1 & Algorithm 5). Here
the output policy (u”,77)
NEGap(u?,7T) < T 1/2 if we choose 1 < T~'/2 (Proposition D.2).

2. OFTRL with smooth value updates 5; = «y (Algorlthm 9). Here the output pohcy (uT, o)

;_,» and achieves NEGap(n”,07) < T~ /6 if

we choose 77 < T~ /6 (Theorem 3). We also consider the more aggressive ch01ce n=1

3. INPG (Independent Natural Policy Gradients). This algorithm is an instantiation of Algo-
rithm 1 (cf. Appendix H.3 for formal justifications) with eager value updates (5; = 1), and
MatrixGameAlg chosen as standard unweighted FTRL (a.k.a. Hedge) for all (h, s, t):

are the state-wise averages with weights {aT} ,—1» and achieves

are the state-wise averages with weights {aT}

T i1

ph(als) oo it (als) exp(n[QT ] (), vh(Bls) oo v~ Bls) exp(—n | (@47 [ (5)).

For this algorithm, we choose two standard learning rates: 7 = 1, and 7 = 7~'/2, and use the
vanilla (state-wise) average as the output policies (since the last-iterate is known to be cyclic):

A7 Cls) = 4 Ximy mh,Cls), DL Cls) = 4 32y vh(-]s) forall (h,s) € [H] x S.

The main motivation for considering INPG is that it is a natural generalization of both the widely-
studied NPG algorithm for single-agent RL, and the standard Hedge algorithm for zero-sum matrix
games. In both cases the algorithm admits favorable convergence guarantees: NPG converges with
rate O(T~1) [1, 27, 38, 7] (in both last iterate and averaging) using 7 = O(1); Hedge converges
with rate (’)(T‘l/z) in zero-sum matrix games (e.g. [41]) using n =< T~ /2. However, to our best
knowledge, the convergence of INPG for zero-sum Markov games is unclear, and it is commented
by Wei et al. [53, Section 5] that eager value updates (5; = 1) could cause the value function of the
(h + 1)th layer to oscillate, which make learning unstable or even biased within the h-th layer.

A two-layer numerical example We design a simple zero-sum Markov game with two layers and
small state/action spaces (H = 2, S = 4, A = 2; see Appendix H.1 for the detailed description).
The main feature of this game is that the reward in the first layer is much lower magnitude than that
of the second layer (the scale is roughly |r1(s,-, )| = 0.1|r2(s, -, )],
aforementioned unstable effect. We also choose a careful initialization (!, »!) which is non-uniform
(and modify the FTRL / OFTRL algorithms to start at this initialization, cf. Appendix H.1) but
with all entries bounded in [0.15, 0.85]. We test all three algorithms above on this game, with this
initialization, 7' € {10%,3 x 10%,10%,...,107}, and 5 chosen correspondingly as described above.

Results Figure la plots the NEGap of the final output policies, one for each {algorithm, (7', 7)}.
Observe that FTRL converges with rate roughly 7--570 < 7-1/2 and OFTRL with y = T~/6
converges with rate 7—-83% ~ T—5/6 both corroborating our theory. Further, OFTRL with = 1
appears to converge with rate 7~'; showing this may be an interesting open theoretical question.

On the other hand, the INPG algorithm appears to be much slower: The n = 1 version does not seem
to converge, whereas the convergence of 7 = T~ /2 version is not clear but at least substantially
slower than 7—1/2 (T —-308 given by the linear fit) .

To further understand the behavior of INPG, we visualize its layer-wise NEGap’s for h € {1,2} (on
our example), defined as the NEGap of the h-th layer’s policies with respect to Q7 :

NEGap-Layer-h(u, v) := max, (maxﬂz [(HL)TQZV,L] (s) — min, ;| [ thjh} (s))7 h=1,2.

Note that NEGap-Layer-1 is a lower bound of NEGap(u, v/) (cf. Appendix H.3) and thus needs to be
minimized by any convergent algorithm. By contrast, on our example, NEGap-Layer-2 is concerned
with the last layer only, and can be minimized by any algorithm that works on matrix games.
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Figure 1: (a) NEGap of the final output policies (y-axis) against total # iterations 7" (z-axis) on the two-layer
example (cf. Appendix H.1) in log-log scale. Each dot represents a different run with its own (7, 7). The
scalings of the form ~ 7'~ are obtained via best linear fits in the log space. (b,c) Layer-wise NEGaps (y-axis,
log-scale) against iteration count ¢ (z-axis) for {INPG, FTRL} on a single run with 7’ = 10" and = 7"~ /2.

Figure 1b & 1c plot the layer-wise NEGap’s of INPG against FTRL, on the single run with 7" = 107
and n = T-/2. As expected, the NEGap-Layer-2 converges nicely for both algorithms with
similar rates (Figure 1b) albeit the oscillation of INPG, whereas their behavior on NEGap-Layer-1 is
drastically different: FTRL still converges, whereas INPG seems to be oscillating around a non-zero
bias (Figure 1c). This suggests that INPG may indeed be suffer from a non-vanishing bias in the first
layer caused by the second layer’s learning dynamics. (See Appendix H.2 for additional illustrations.)
It would be an interesting open question to investigate the convergence of INPG theoretically.

6 Conclusion

This paper provides a unified framework for analyzing a large class of policy optimization algorithms
for two-player zero-sum Markov games. Using our framework, we prove new fast convergence
rates for the OFTRL algorithm with smooth value updates: O(T~5/) for learning Nash Equilibria
two-player zero-sum Markov games, which can be further accelerated to (7°~!) by slightly modifying
the framework; and O(T~3/4) for learning Coarse Correlated Equilibria in multi-player general-sum
Markov games. We further demonstrate the importance of smooth value updates on a simple numerical
example. We believe our work opens up many other interesting directions, such as whether improved
rates (e.g. O(T1)) are available for the unmodified OFTRL algorithm, or further investigation
of policy optimization algorithms with eager value updates (such as Independent Natural Policy
Gradients). Finally, a limitation of this work is its focus on the full-information setting, and it is an
important open question how to generalize our analyses to the sample-based setting.
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A Technical tools

A.1 Properties of o}

Throughout this section, the sequence {Bg}l is defined through sequence {3, },-, as in (6), and

4 elt]
o} is its speciallcase with 8; = ay, where {at}tZI is defined in (3). We present some basic algebraic
properties of o that will be used in later proofs.

Lemma A.1. Given a sequence {Al}}, ; defined by

Alltz = Zz 1 atAh+1 + Bt’ (16)
Ai‘i+1 =0, forallt,

where { B} is non-increasing w.r.t. t. Then AL < Al forall (t,h) € N x [H + 1].

Proof. We prove by doing backward induction on h. For the base case of induction, notice that the
claim is true for H + 1. Assume the claim is true for i + 1. At step h, we have

t+1
t+1 _ i i
AT = E ay 1AL+ B
=1
t

=(1—aig1) Z i A}y F a1 ALY+ B

i=1
o o
< (1= ap1) ) afAhiy +ar ) afAj + 6 = A
i=1 i=1
where the inequality follows from the inductive hypothesis and By < ;. O

The following lemma is taken from [23].
Lemma A.2. The sequence o satisfies the following:
(a) Y. ab =1+ 1/H foralli > 1.

Lemma A.3 (Convolution of 3% with decaying sequences). From general {;}+>1 sequence, we
have that

Xp = Z Lat  2eplos(T) log( ) frT >
Specifically if By = o, thefollowzng holdsfor alT > 1:
(@) Ari=3, i oh < 1.
(b) Br = Y1, ooy <

. T 4H
(c) Cr:=3 14 ab - a? < e

Proof. We first prove for the inequality on X for general {3, },>1 sequence. We start with showing
that Xt+1 S Xt, Vit 2 1.

t+1

Xt+1 Z Bt+1 Z 5t+1 Bt—H

ﬂt+1 Bt+1

t+1

=(1—B1) X +

t
1
(1-
Bit+1) ;zﬁ +
1
= Xt+1—Xt:5t+1(t+1—Xt)-
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Since

1
P X = t+1 Z —B = Zﬁt(m_‘>§03

we have that X;; — X; < 0.Thus

T T t ' T T ‘ T 1 T
EEIEED S IEEEES ) 9E) EED BEES

t=1 i=1 i=1
Now we prove for the specific case where 3; = a:

(a) Note that A; = 1 and we have the recursive relationship
1

Arpi = (1 —arg1)Ar +argr - T2

by definition of the sequence a.. In particular this implies Aryq < Ar, since Ar is a weighted
average of 1/t > 1/(T + 1)?. Therefore we have

<141/H<2
Above, the step 3, af < 30° af =1+ 1/H follows from Lemma A.2.

(b) From the definition of B we have that

T+1 T

¢ ¢ 2 ¢
Bry1 = Z Qpy Q¢ = Z(l —ary)apoy +oapyy = (1= ap ) Br + arg
t=1

. . _ N (H+1)2 < T 5 N (H +1)*
M T+ 1 T T HAT+12 T H+T+1 " T (H+T+1)(H+T)
(H+1) T (H+1)
Brii — < Br ————— .
- ( T HH+T+1)) S H+T+1\ " HH+T)
Since By =af =1< Ug;i)l) we have that By < (?JPT) via proof by induction.

(c) Since oy < 1, we have that C'r < Brp, thus by part (b)

(H+1)2 _4H
<Br< -t <
Cr TSHH+T) ST

Consider the sequence {w; },~, defined by (cf. also Example 1)
w; = ab/a;. a7

Note that we also have w; = af./al. forany T > ¢.
Lemma A.4 (Properties of w;). The following holds for all t > 2:

(a) wi/wey =(H+t—-1)/(t—1).
(b) (5 — ) Xz wi = H/(H +1).

We—1
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Proof. (a) We have
Wy oy (H+1)/(H+1t) _Hthfl

w1 o 1(l—oy) (H+1)/(H+t—1)-(t—1)/(H+1) t—1

(b) We have
t—1 t—1
1 1 Z 1 _ Z _ 1
W—1 Wt P Wt—1 Wt i1 Wt oy

(i) H H+t-1 H
CH4+t—-1 H+1  H+1
Above, (i) used part (a).

A.2 Other technical lemmas

Lemma A.5 (Smoothness of Exponential Weights). Let g1, g2 € R™ and

x1 = argmax (z, g1) — H(x),
IEA[H]

T2 = argmax <JZ‘792> - H(l‘),
IEA[H]

where H(z) := Y| x;log x; is the standard entropy functional. Then |z1 — z2||1 < 2|/g1 — g2||o-

Proof. Since H is 1-strongly convex in || - ||1 (Pinsker’s inequality), we have that
1

2
2$2|I1 < H(z1)

— H(xo) — (VH(z2),21 — z2)

= H(x1) + ({z2,91) — H(z2)) — (22, 91) — (VH(22), 21 — 22)
< H(z1) + ((z1,91) — H(21)) — (22, 91) — (VH(22), 21 — 2)
= (x1 — 22,91) — (VH(x2), 21 — 2)

= (21 — 22,91 — g2) + (92 — VH(22), z1 — 22)

< {x1 — x2,91 — g2) (From the optimality of z)

< w1 — 22ll1llg1 — g2llo0,

which completes the proof. O

B Bound for regret minimization algorithms

B.1 Projected gradient descent

Algorithm 2 Projected gradient descent

Require: Learning rate 7 > 0.
1: Initialize z; € X C R,
2: fort=1,...,Tdo
3:  Receive loss g, € R%.
4: Compute update Yt+1 = Ty — NGty Ti41 = PX (yt+1)-

The following weighted regret bound for projected gradient descent is standard. For completeness
we provide a proof here. For simplicity of notation, denote the diameter of X C R by R and
G= maXge (] llg¢ll2-

Lemma B.1 (Weighted regret bound for projected gradient descent). For any weights {w:},~; € Rx
with wy < wyyq forallt > 1, Algorithm 2 achieves

T T 2
wr o MY W G
E — <—R + ——=——.
rznea)}({ — welwe = 2,9t) < 2n + 2
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Proof. By following the standard GD analysis, we first have

1
<$t - Z79t> =E<l‘t — 2, Tt — yt+1>
= [th — 2P+ oy =y ® — |2 — yt+1||2]
<— [z — 2l + llze — yesal? = 112 — zeqa ||

[z = 21* = 2 = weal® + 0°[l9:11°]

where the inequality follows from z € X and z;11 = P (yi+1). By multiplying both sides with w;
and taking summation over ¢ € [T'], we have

T T
1
Zwt<xt —=2,0t) <35 Zwt [lze = 2l = |12 = zeall? + 02192117
t=1 [t
T-1 T 2
1 N>, w -G
Iz D (wir — wp)|lz = wepa|* + wil|lzy — 2]° + Et_%
t=1
()1 2 nG: 1 NS w - G2
<— — wy)R? R2 -~ wrR2a T Zu=1 T
=2 2 (wiy1 — wy) R + w1 R° + 5 2an + 9 ,
Above, (i) follows as w;41 > w;. This completes the proof. O

B.2 Follow-The-Regularized Leader (FTRL)

In this subsection, we consider the following weighted FTRL algorithm over the probability simplex
Ap4) with the standard (negative) entropy regularizer ®(xz) := Zaem] x(a)log z(a). Below the
notation x4 (a) denotes the a-th entry of z;.

Algorithm 3 Weighted FTRL with changing learning rate

Require: Learning rate > 0; Weights {w;},~,; C Rxo.
1: Initialize z; < 14/A to be the uniform distribution over [A].
2: fort=1,...,Tdo
3:  Receive loss ¢; € RA.
4:  Compute FTRL update

¢
Tyl ¢ argmin <x,ZwsgS> + %@(m) (18)

T€A4) s=1

Note that (18) has a closed-form solution via exponential weights:

t
xe11(a) xq €xXp (—;Zt Z wsgs(a)> . (19)
s=1

Lemma B.2 (Regret bound of weighted FTRL). Suppose the weights are non-decreasing: w11 > wy
forallt > 1, and max; ||gt||cc < G. Then Algorithm 3 achieves weighted regret bound
T 9 T
wr nG
max wi{zy — z,9;) < —log A+ —— Wy.
ZEA[A] =1 n 2 ;

Proof. Applying standard anytime FTRL analysis (see, e.g., Excercise 28.12 in [28]) with loss
sequence {w;g: },~, and learning rate {n/w;},~, we have that

T T

wr(®(z1) — min, ®(x KL(x x
E wi (s — 2,g¢) < r(2(x1) . - 2(2)) + E wt<<xt — X441, Gt) — (t;l”t))
t=1 t=1
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T

log A - i
Yros s | Z (wt (s — Tyg1,9t) — M) (Pinsker’s inequality)
n t=1 2n

IN

wr log A L wen
T t
< o +ZT”9t”§o

t=1
wrlog A nG*
S i + T]T We,
n t=1
which completes the proof. O

B.3 Optimistic Follow-The-Regularized-Leader (OFTRL)

We consider the following OFTRL algorithm on the probability simplex A[4) with standard (negative)
entropy regularizer ®(z) = > (4 z(a) log z(a).

Algorithm 4 Anytime OFTRL

Require: Learning rate {7;},- .

1: Initialize z; < 14/A to be the uniform distribution over [A].

2: fort=1,...,Tdo

3:  Receive loss g; € RA.
Compute a prediction vector M;,; € R“ using past observations.
Compute OFTRL update

oo

t
Tgp1 ¢ argminng g <ﬂf, ng + Mt+1> + @(z). (20)

ZL’EA[A] s=1

Note that (20) has a closed-form solution via exponential weights:
t
Zia1(a) xq exp (‘Wt—s-l [Z gs(a) + Mt+1(a)] > . 21
s=1

The following regret bound for OFTRL follows similarly as standard OFTRL analysis, see, e.g. [41,
Lemma 1]. For completeness, we provide a proof here.

Lemma B.3 (Regret bound for OFTRL). Suppose the learning rates are non-increasing: ny > My+1
forallt > 1. Then Algorithm 4 achieves the following bound for all x € X:

T T-1

T
log A 1
> (e —w,1) < » +Zﬂt||9t—Mt||§o—Z@th—xtﬂﬂ%

t=1 t=1 t=1

Proof. Consider a fixed T' > 1. Note that Algorithm 4 is equivalent to Algorithm (25) with regularizer
Ri(-) = (®(-) +log A)/mi41 > 0fort > 0,and Ry (-) := Rp_1(-) (Note that the shifting by log A
does not affect the algorithm.)

We first decompose the regret into the following three terms

T T T
(

T
D e —w,90) = > a1 — 290 + D (w0 — Qe My) + Y (2 — @1, 90 — M),

t=1 t=1 t=1 t=1

where {q;},~, is defined in (26). By Lemma B.5, we can upper bound the first two terms by
Ry (l’) — miny, Ry (I/) + St < RT(SC) + St and obtain

Z(th — T, Gt)

t=1
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T T
<Rp(x)+ Z (Ri—1(qt4+1) — Re(qeq1)) + Z Ty — Gi1,9¢ — M) — DR, (qeq1,2¢) — Dr,_, (4, Qt))
t=1

1 1
<)+ Y (b sl ~ Ml s~ lf — o ).
t=1

2n
where the second inequality uses R;—1 < R; and R;_1 is 1/n; strongly-convex w.r.t. || - ||1. Finally,
we conclude the proof by applying Cauchy-Schwarz inequality:
1

¢ = qreallallge — Melloo — meQtH —allf < mellge — MelZ,
and triangle inequality
1 1 1
—fmﬂ%ﬂ — @l — meQtH —zllf < —87%\\33:%1 —alf3,
and the bound Rr(z) <log A/nr1 = log A/nr forany x € Apy). O

The following lemma bounds the total variation of the iterates in terms of the smoothness of loss
vectors and prediction vectors. This can be seen as a generalization of [9, Lemma 3.2] to the case
with changing learning rate and arbitrary prediction vectors.

Lemma B.4 (Bounding stability by the smoothness of loss). Suppose the learning rates are non-
increasing: ny > Nyy1 for all t > 1. Then the OFTRL algorithm (20) satisfies (understanding
M1 =0 )

| log A = )
Zint_xthH? < + max (@e = 2,90) + My = My_a |l o + | M7l
= 2 e *€A ) 4 t=2
(22)
210 A =
< ni + > e lge = Ml +Z||Mt Myl + | Mr, (23)
t=1 t=2

In particular, choosing the prediction vector My, = g,_1 with go := 0, and assume ||g; — gi—1|| ., <
Gy forallt > 1, we have

T 2log A =
Z e — - 1||1_ +Z77t lg: — gi— 1|| +Z\|gt 1= gi—2llo + 9711l
= 2 i t=1 t=2
T—1
2log A
< o +Z(1+77th) lge = ge-1lloe + llgr-1ll oo
t=1

(24)

Proof. We first prove (22). For any ¢ > 2, the optimality condition of (20) for x; gives

<ng+Mt W(“) «! xt>zo

forall ' € A[ A]- In particular, this holds for 2’ = z;_1, from which we get

(2) @(mt,l) — (I)(.’I}t) <V<I>(xt) >
- - y Lp—1 — T
Uiz Mt
B(wi1) — D(z) | [
< % + <ng + My, xp_q — l‘t> )
t
s=1

where (i) is by Pinsker’s inequality, and (ii) is since the KL divergence is the Bregman divergence of
®. Summing the above over t = 2,...,T yields

1 (i) 1
o w1 — @ell; < —KL(z4-1]|2¢)
t ™

T

N PR
t—1 — 4t
27775 1

t=2
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Plrr) ~~(1 1 -1 T
< - nTT +Z(>?ﬁt’_l/ <Zgg+MT7IT>+t_ZQ<gt_1+MtMt—l?'rt—1>
N—_——

o N\t M1 o
<0
<log A/nr >0 a
logA T2 T-1 T
< + ) (T, 9) — Z (xr, gt) + (Mr, 1) + Z (My — My—1,74-1)
i t=1 t=1 t=2
log A T-1 T
< + max (@ —2,0) + 1My — My_a | o + | M7,

t=1 t=2

This proves (22). Then, (23) follows by plugging in the regret bound given by Lemma B.3:

S logA log A L1
max Ty — T, S + M. < + M,
vl (¢ ) — Z ne llge — M%< tz; mllgr — M2

Finally, (24) is a direct consequence of (23) by plugging in M; = g, and ||g: — g+—1|| ., < G for
allt > 1. O

B.3.1 Auxiliary lemma for OFTRL with general regularizers

Consider an OFTRL algorithm with loss function {g;},~, C R?, parameter space X C R?, and
convex regularizers R; : X — R fort > O: -

t
Tiy1 arg HllIl <x Z gs + Mt+1> + Ry(x). (25)
s=1
Define auxiliary sequence
t
Gr+1 = arg min <:v ;gs> + Ry(). (26)

Recall the Bregman divergence associated with any convex regularizer R : X — R is given by

Lemma B.5 (Auxiliary lemma for OFTRL with general regularizers). Algorithm (25) achieves the
following forany T > 1 and x € X:

T T T
Z<Qt+1a9t> + Z@“t = qr1, My) < Z z,gt) + Rr(z) — 51611}( Ro(x') + S,
t=1 t=1 t=1

where

(DRt—l(qt—i-lamt) + DRt—l(xt?qt)) :

M=

T
Z (Re—1(qt+1) — Re(qe41)) —

t=1

Proof. We prove the lemma by induction. The above relation holds trivially for 7' = 0. Assume the
relation holds for 7 =T — 1. For 7 = T, we have

T
Z qiv1,9t) + Z Ty — Qey1, My)
=1 =1

T-1

Sgg)ffl ;(I,QO + Ry_1(x)| — :31611)1( Ro(z") + Sr—1 + (gr+1,97) + (&7 — qr41, M7)

T-1

=) {ar,gt) + Rr—1(qr) — 3161121( Ro(a")
t=1
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+ Sr—1+ {(qr4+1,97) + (x7 — gr41, M7) (definition of ¢7)

T-1
<> (@r,gt) + Rr—1(z7) — DRy, (%7, q7) — ;nelglf Ry (")
=1
+ St—1+ {qr+1,97) + (x17 — qr+1, M7) (optimality of q7)
T—1
=1min | (z, t; 9+ Mr) + Rr—1(2)| = Drr_y (27,97) — min Ro(a')
+ Sr—1+{gri1,97 — M7) (definition of z7)
T—1
<(qr41, Y 9t + Mr) + Rr_1(gr11) — Dr,_, (g7 41, 27)
=1

— Dy, (z1,97) — f/(lelgf Ro(z') + St—1 + {qr+1,97 — M) (optimality of z7)

:géi}}(a:, ;gt> + Ry (z) + (Rr—1(g7+1) — Rr(qr+1))

— Dgr,_,(¢r+1,27) — Doy, (7, 97) — glelg Ro(z') + Sr—_1  (definition of g7 1),

which completes the induction. O

C Proofs for Section 3.1

In this section we prove Theorem 2. The proof relies on the following two lemmas.
Lemma C.1 (Performance difference for Markov policies). In two-player zero-sum Markov games,
suppose a Markov policy (u, v) satisfies the following for all h € [H + 1]:

max max ([(1)7Qiral(s) = Vii(s) < en,

max max (Vj(s) — [/L;Q;:I/T] (s)) < éen.
S IITEAB

Then we have for all h € [H| that

H
max { [V, = Viflloo, VAT = Villoo } < 3 emr
h'=h

Proof. We prove by backward induction over h. The claim is trivial for h = H + 1. Suppose the
claim holds for step h + 1. At step h,

max | ()T QF v (5) = Vi ()

s (61 (9) - Vi )

<en+ Q) = Qhlloo-

IV = Vi oo = max

+1Q) - Qrll

< max
S

Notice that
1QF" = Qilloe < max| (m + BaVil: ) (s.0,8) = (1 + PaViiia) (s, ,b)|

H
< max ‘Ph [V,L’_Vl - Vh*+1] (s,a, b)‘ < HVJ_fl —Viillee < Z eps.  (by inductive hypothesis)
Y h'=h+1

Combining the two inequalities we get

H
VI = Villoo <D en
h'=h
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This proves the claim for HVhT " — V}¥||o. The same argument also holds for ||V,f‘7T — V¥ |loo, which
completes the proof.

Throughout the rest of this section, we define the following shorthand for the value estimation error:

0, = [| @1 = Q| = max|Qj(s,a,6) = Q5(s,a,b)

)

where Q! is the estimated value in Algorithm 1.
Lemma C.2 (Recursion of value estimation). Algorithm I guarantees that for all (t,h) € [T] x [H],

¢
5y, < 26252—&-1 + reg, -
i=1
Further, suppose that regl, < teg), for all (h,t) € [H| x [T], where Teg,, is non-increasing in t:
reg, > @zﬂfor allt > 1. Then we have

t
1 i
5 < Hcg L. n E MaxTegy,,
i=1
where cg is defined in (9).

Proof. Fix (h,s,a,b) € [H] x § x A x B. From the definition of Q)7 we have that

Qi (s,a,b) =rp(s,a,b) + max n}1in P [ty 41Q% 4 1Vh+1] (s, a,b)
+1 Vh+1

t
<rp(s,a,b0) + gﬁ}f Pp [MZHQ;-H <Z 55”}%—1)1 (s,a,b)
i=1
t

= rp(s,a,b) + max Z BiPh [1p 11 Qhs1Vhi1] (5,a,b)
=1

Hh41 2

t

< ru(s,a,b) +max > B (P [ 41 Qhy1vh1] (5,0,0) + Qhpr — Qi lloo)

h
HKh+1 o1

t t
<rp(s,a,b) + Z BiPh [(tth41) " Qhy1vhia] (5,a,0) + Z Bidh1 + regh

i=1 =1

t
= Q! (s,a,b) + Zﬁf(ﬁ#l + regf 1.

i=1

Above, the last equality is derived from the update rule (3), which implies that

t
QZ(S, a, b) = Z Btl (rh +Pp [(MZ+I)TQZ+1V2+1] ) (87 a, b)'

i=1

Therefore we have

t
Q;L(Sachb) - QZ(S,a,b) S Z/BZ(S;HJ +reg2};+1v v S,Cl,b.

i=1
Apply similar analysis to the min-player, we get

t
Q! (s,a,b) — Q% (s,a,b) < Zﬂféflﬂ + regzﬂ, Vs, a,b.

i=1

Thus we get

t
¢ i i ¢
0y < Zﬁé&ﬂ +regyiq,
i=1
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which completes the proof of the first inequality in the Lemma. Now consider an auxiliary sequence
{Al}},+ defined by
t iAT JE—

AZ =D i1 ﬂtAh—i-l + reg;wrlv Q27)

Al =0, forallt.
Where Teg}, is the upperbound of reg! defined in Theorem 2. Observe that {Al},, ; satisfies the
following properties

Al > 6t (by definition), 28)

A < AT (by Lemma A.1).
Therefore, to control 5}51, it suffices to bound A‘,; < % 22:1 Afl, which follows from the standard
argument in [23]:

1 L 1
D IIVEES 3 SLINNEES S
i=1

i=1 i=1 j=1

IN

t t t
1 ) ) 1 .
SO IR i
j=1 \i=j i=1

IN
o

t t
1 , 1 .
n Z AV n Z T84+ 1
i=1 i=1

t

t t
1 , 1 , 1 ,

2 . .
Sy E Ahyates: n E reg, 0 + n E Teg) 41
i=1 i=1 i=1
<.
<

H 1 t
h'—h
(Z ° )'tZ |0 B
7

h=h+1

t
1

< HcH-1. 2 max Teg;,.

=78 tZI<h’<H g

Above, the last step used the fact that cg > 1. This completes the proof of the second inequality in
the Lemma. O

We are now ready to prove the main theorem.

Proof of Theorem 2. Fix any (h,s) € [H] x S. We first give a bound for
MaxX, tcA , vteAs [(uT)TQ};ﬁg — (ﬁg)TQ;V‘L] (s), i.e. the per-state duality gap of (u”,77) with
respect to (J7. We have

max [(M)TQ;@? — () @t](s)

uteA,vteAs

= max ZBT[ Qhvh — ( )Q }()

uteAa,vteAs

T
< max ZﬁT[ QL — ( ) th/] 5)"‘225%52

pteAa,vtels Py

regﬂ n(s)+regl ) (s)

< 2regy, +2Hcl ! Z B - Z max teg,, (Lemma C.2)

=1

T
1 ,
T =l
< 2reg; + 2Hcﬁ ( E E ) (E_l rr}lz/xxregh,)
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Apply Lemma A.3 into the above inequality, we get that

T
NT AxsT (=T | * T} < 97ea? H 1 —t
max Qv Qv (s reg; +4Hcg logT - — E maxTeg;, .
R . {(M ) QL (Mh) wtl(s) < Sh 5 108 T 21 gh

Since

max ([(u)Q577] (5) = Vir(s)) , max (Vi ()= [(@) T Qi) < | max  [(u Q35! — (i) @hvt](s),

uteA 4 vieAg _/J,fGAA,VTGAE

by applying Lemma C.1 and the preceding per-state duality gap bound, we have

NEGap(”,77) = (V7 (s1) = Vi'(s0) ) + (W (s1) = VI (o)

H
.
<2 max max [ NTool —(n *VT] s
< hz_:l X A A (L") QLo (#h) Qurv'|(s)

H

T
- 1 .
<2 hgil <2reg£ + 4Hcg log T - T g max reg%)

t=1
1 X
T 2 H =t
<4H Max Tegy, +8H%cy logT - T ,_Zln}f}xreghh
This completes the proof. O

C.1 Implementation of state-wise average policy

Here we explain how to implement the state-wise average policy (5) efficiently via moving average.

Recall that the weights {ﬂtT}thl are defined via {/3;},-, through (6). Therefore, for each (h, s), we
can maintain a set of moving averages B

fin (ls) = (L= By, ' (]s) + Bepi, (-]s)

for all t > 1 during the execution of Algorithm 1. At time 7', we output the moving average 7z (|s),
which is exactly the desired state-wise average policy in (5):

fih (ls) = D Bruh(ls) = fig (-]s).

D Algorithm details and proofs for Section 3.2

D.1 Nash V-Learning (full-information version)

The full description of Nash V-Learning (Example 1) using V updates is presented in Algorithm 5.

Proposition D.1 (Equivalence between V update and Q update). Nash V-learning (full-information
version) in Algorithm 5 is equivalent to Algorithm 1 with the MatrixGameAlg as weighted FTRL (10).

Proof. Tt suffices to show that, for the Q value defined in (4) and the V value defined in (30), the
following holds for all (h, s,a,b) and all ¢ € [T7:

QZ(S,CE,Z)) = [Th +]thlf+1] (Saavb)' 3D

Since ar; = 1, it is not hard to verify that
Q;(s,a,b) = [rh + ]P’hV;LlH] (s,a,b),

We now prove by induction on both ¢ and h. Given that Q},(s, a,b) = [ri + P, V)L 1] (s, a,b), itis
not hard to verify that Q% (s, a,b) = rg(s,a,b), ¥V k > 0. We assume that (31) holds for (t — 1, )
and (¢, h + 1), then for (¢, h), from (3)

Qh(s,a,0) = (1 = a4) @y, " (5,a,b) + e (ri + Pr(th 1) Qhy1vhya]) (5,0, b)
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Algorithm 5 Nash V-learning (full-information version)

Require: Learning rate {c };>1 in (3) and corresponding {w; }+>1 (cf. Example 1); > 0.
Initialize: Set V2(s) = H — h + 1 forall (h,s) € [H] x S.
fort=1,...,Tdo
forh:H,...,ldo
Update policy for all s € S (understanding wg := 1):

uh (als) ocq exp (wt - sz (rn +PrVii 1 )v] (s, a))

i=1

(29)
¢ n i
vy (als) xp exp w; ’I“h +]P’th+1) wr | (s,0) |-
i=1
Update V value for all s € S:
Vii(s) = (L= )V (s) + o () T (rm + PVity ) vh | (9), (30)

<(1—ay) [Th—HP’hV,f;H (s,a,b) + oy (rh—i—Ph [(u’;LH)T(th +Ph+1Vh+2)V}“L+J ) (s,a,b)
(inductive hypothesis)
= [rn+Pp ((1- Oét)V;fH + (1) " (rhsr +Phi1Vii2)vhi1)] (s, a,b)
= [rh + ]P’hV;fH} (s,a,b) (from (30)),
which completes the proof by induction. O

Lemma D.1 (Per-state regret bound for Nash V-learning). Algorithm 5 achieves the following
per-state regret bound:

(H+1)log(AV B) N nH?

t
<

, Vhe[H],t>1.

Proof. Fix any (h,s). Note that the update of {u},(-|s)},-, in (29) is equivalent to the weighted

FTRL algorithm (Algorithm 3) with loss vectors g; = — [Qi 1/}1] (s). Thus by Lemma B.2 we get for
any ¢t > 1 that

t

o o2l
max w; <u — s (-]3), [Qivi](s,)) < %logA—l— U sz
i=1

T 2
HEAA T

Further, recalling ai = w; - o} for 1 < i < t, we have

A a,}wt nH
regh#<at —lo +—lel = " TZ
77H2 < (H—|—1)10g141_|_77H2

2 = nt 2

= %bgA—i—
n

The similar bound also holds for regz’y, and thus we have that

(H+1)log(AV B)  nH?
+ .
nt 2

regj, <
Proposition D.2 (Guarantee of Nash V-Learning). Algorithm 5 achieves

104log(A VvV B)log(T)?H?
nT '

NEGap(a”,07) < 14nH" log(T) +
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Specifically, choosing n = \/%, we have

2log(AV B)log(T)?H/?
NEGap(ﬂT,ﬁT)S 8 Og( \ )Og( ) )

VT
Proof. From Lemma D.1, we can take Teg), as Teg), = W + # Then from Theorem
2, we have
I\H
NEGap(al,07) < 4H m}z}x@f + 8H? <1 + H> log(T T Zmaxregh
T
(H+1)log(AV B) nH? 9 (H+1)log(AV B) nH?
<4H 24H* 1
< ( T +5 )+ og(T g - +5
T
1 (H+1)log(AV B) 8H?log(AV B)

< 14nH*log(T) + 24H?1 —
< 14nH"log(T) + og(T T; pr + T

1041og(A Vv B)log(T)?H?
< 14nH*log(T) + 04log(A v B) log(T)" :

nT
Thus, choosing 1 = \/%, we get
2log(AV B)log(T)?H"/?
NEGap(ﬂT,f/\T)S 8 Og( v )Og( ) )
VT
O

D.2 GDA-Critic

The full description of GDA-Critic (Example 2) using V updates is presented in Algorithm 6.

Algorithm 6 GDA-Critic

Require: Learnlng rate {cy }4>1 (defined in (3)), and n > 0.
Initialize: set V,2(s) = H — h+ 1 and p°(+|s), v°(:|s) to be uniform for all (h, s) € [H] x S.
fort=1,...,T do
forh:H,...,ldo
Update policy for all s € S:

111, (-I8) <= Pa (g Cls) + n[(rn + PuViiy vyt (s, b)) )
VE(]s) < Pag (y;—l(.|s) - n[(rh n th,f;f)Tu;—l} (s,a, .))

Update V value for all s € S:

Vii(s) « (1 — at)V,ffl(s) + ay [(,ufl)—r (rh + ]P’hV;fH)Vﬂ (s).

Similar as Proposition D.1 (with the same proof), the following equivalence between Q updates and
V updates also holds for GDA-Critic.

Proposition D.3 (Equivalence between Q updates and V updates for GDA-Critic). Algorithm 6 is
equivalent to our algorithm framework (Algorithm 1) with the MatrixGameAlg instantiated as (11).

Lemma D.2 (Per-state regret bound for GDA-Critic). Algorithm 6 achieves the following per-state
regret bound:

2(H +1) N n(AvV B)H?

regl < o 5
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Proof. Fix any (h, s) and ¢t > 1. We apply Lemma B.1 to the projected gradient descent (or ascent)
update (32), with weights w; = o and loss vectors g;’s — [Q4 v} ] (s) or [(Q;)Tpﬂ (s) respectively.
For the gradient ascent update for p}, (-|s), we get

t i 2
reg! (8)<Oitt 4+?7<Zi:1at>AH _2H+1 77AH2
Bhul®) = 9 2 ThH+t 2
T i 2
regy, ,(s) < Oit& 4+ n(Zt:1at)BH _2HA+1 nBH?
Srp\3) = o) 2 T H+t 2
2(H+1 AV B)H?
= regh < U+ )+77( v B)
nt 2
O
Proposition D.4 (Guarantee of GDA-Critic). Algorithm 6 achieves
208 log(T)2H?
NEGap(i”, ") < 14n(A Vv B)H*log(T) + LT).
Ui
Specifically, picking n = W yields
1081log(T)*V/Av BH"/?
NEGap(AT /\T) S Og( ) .
VT
Proof. From Lemma D.2, we can take @z as 2(1;[;1) + n(AVQB)HQ , then from Theorem 2
1\
NEGap(a®,0T) < 4H mﬁx@f + 8H? <1 + H> log(T ‘T Z maxregh
2(H+1) n(Av B)H? 5 H+1 (A\/B)H2
<4H 24H*1
< ( T + 5 + og(T T Z 5
1A + 1) 16H?
< 14n(AV BYH*log(T) + 48 H? log(T Z +
t:l T
2081 H3
< 14n(A vV B)H*log(T) + M.
nT
Thus, pick n = W, we get
108log(T)?VAvV BH/?
NEGap(AT ’\T) < 08 Og( ) v .
VT
O

D.3 Nash Q-Learning (full-information version)

The Nash Q-Learning algorithm (Example 3) is described in Algorithm 7.

Lemma D.3 (Per-state regret bound for Nash Q-Learning). Algorithm 7 achieves the following
per-state regret bound:

, YhelH],t>1.

Proof. We have



Algorithm 7 Nash Q-Learning

Require: Learning rate (For Nash Q-learning) {8; = ay};
Initialize: QY (s,a,b) + H — h + 1 for all (h, s, a, b).
fork=1,...,Kdo
forh=H,...,1do
Update policy for all s € S:

(s, (|s), Vi (-]s5)) MatrixNE(Q';;l(s7 ) (33)

Update Q value for all (s,a,b) € S x A x B:

QZ(& a, b) «— (1 - at)QZ_l(S’ a, b) + oy (rh + Ph[(uz-i-l)TQZ-&-lVZ-&-l]) (57 a, b)

t
= max Y aj (uf — (1), [Q4 W] (5,)) + D 0t Q) — @)l
=1 Py
t
< Do} max (uf i (1) [Q1704] (5.) + D 0dllQh — @3l
=1 P
=0 from (33)

1=

=2 i@ = Qi e
1
The same bound also holds for regj, , (s), thus

t
regl, < > al|Q}, — Q5 loo-
=1

Since

Qi (s,a,b) = (1 — ) Q} " (5,0,0) + i (rh + Pr[(j41) " Qhyavhs1]) (5,0,0)
= |Qh(5,0,0) = Qy ' (5,0,b)| < il Qi — ((ra +Pal(ths1) " Qhsavhia])) oo < i
= [Qh — Q) Moo < @i,

substituting this into the above equations we have that

(H+1)2

t
e, < H'Y aja; < 0L

i=1

(From Lemma A.3 (b)),

which completes the proof. O
Proposition D.5 (Guarantee for Nash Q-Learning). Algorithm 7 achieves
T 112log(T)?H*
NEGap(a”,77) < #.
Proof. From Theorem 2 and Lemma D.3 we have that

H
1 1
~T STy =T 2 R ¢
NEGap(u*,v") < 4H m]?xregh + 8H (1 + H) log(T) T E mi?xregh

2
<4H(H+1)

H +1)? - 1121og(T)2H*
- H+T '

H+t — T

1 (
24H?10g(T) - =
+ og(T) Tt;



Algorithm 8 Nash Policy Iteration (Nash-PI)

Initialize: QY (s, a,b) < H — h+ 1 forall (h, s, a,b).
fort=1,...,Tdo
forh=H,...,1do
Update policy for all s € S:

(s, (|s), Vi (-]s)) MatrixNE(Q’;;l(s, ).

Update Q value for all (s,a,b) € S x A x B:

Q?L(& a, b) «— [Th + Ph[(ﬂ%le)TQerlV;LJrl]] (Sa a, b)' (34)

D.4 Nash Policy Iteration
The full description of Nash Policy Iteration (Nash-PI, Example 4) is presented in Algorithm 8.

Note that from (34), we have that Qﬁ equals to Q‘;k X”k. Based on this observation, we have the
following lemma.

Lemma D.4 (Exact learning of Q functions). For Algorithm 8, we have for any h € [H] and
t> H — h+ 1 that

Q4 (s,a,b) = Q%(s,a,b), V¥ (s,a,b) €S x AxB.

Proof. We prove this by backward induction over h. For h = H, we have that
Q% (s,a,b) =ry(s,a,b), Vt>1.

Assume that for h + 1, the condition holds, then for time horizon h and iteration stept > H — h + 1,
we have that

QZ (37 a, b) = [Th + ]P)’L[(MZ—&-I)TQ;H-IVZ-FJ] (87 a, b)
= [Th + Ph[(u§l+1)TQ2+1V}tL+1H (s,a,b).
Additionally, from the inductive hypothesis
(/1’1;1+1("8)u V;L+1('|S)) = MatriXNE(Qz:-ll(& "y )) = MatriXNE(QZ+1(8a ) ))7

we have that

[(Nz-&-l)TQZ-i-lV}tH-l](S) = Vh*+1(5)~

Thus
Qh(s,0,0) = [rn +Pul(ph 1) " Qhyavhial] (5,0,0)
= [rh + IP’th*JrJ (s,a,b) = Qr,(s,a,b),
which completes the proof. O

Proposition D.6 (Guarantee for Nash-PI). Algorithm 8 achieves NEGap(u”,7T) = 0 for T > H.
Proof. For this proposition we will not proof by calling Theorem 2, but instead directly apply Lemma
C.1, which is an auxiliary lemma for proving Theorem 2.

Note that Nash-PI corresponds is equivalent to using 5; = 1 in Algorithm 1, so that 3} = 1{i = t}.
From Lemma D.4 we have that

QL =Qp, Yt>H,hel[H|.
Thus fort > H,

NTA*xT _ (~TY | * T}
x| QP — () Q| (s)
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Algorithm 9 OFTRL for two-player zero-sum Markov Games

1: Initialize: QY (s,a,b) + H —h+ 1forall (h,s,a,b).
2: fort=1,...,T do

3: forh=H,...,1do

4: Update policies for all s € S by OFTRL:

i (als) ocq exp ((n/we) - [0} wi( Q) (s, ) +wims Q47w ) (s,0)] ),
VA (bls) oy exp (= (n/we) - [ SI] il (@3) 1) (5, 0) + w2 (@) T ) (s,0)] ).

5: Update Q-value for all (s,a,b) € S x A x B:

Q);L(S’ a, b) — (1 - O‘t)Qz_l(S’ a, b) + o (rh =+ Ph[(ﬂz-i-l)TQz—&-ly}tz—&-l]) (57 a, b) (35)

6: Output state-wise average policy'

T
fin (-ls) ZaTuh IZACDES P
t=1

T
= max {(MT)TQzV}; - (,Ltz:)TQz:Vq (s) +2 Z Brdh

pnteA,vteAs =1

=0, Vh.

Then applying Lemma C.1, we obtain
NEGap(i”, ") < (Vi7" (s1) = Vi'(s1)) + (Vir(sr) = VI (o))

H
<> max [T QL - (@) Q] () =0, forT = .

TeAq,vteEA
h:l“e AVTEAB

This is the desired result. O

E Proof of Theorem 3

In this section we prove Theorem 3. The full algorithm box of OFTRL for Markov Games is provided
in Algorithm 9.

We aim to show that

NEGap(u”, ")

36
< (9(H14/3(1og(A V B))*/5(log T)*/6 - T=5/6 4 Hlog(A Vv B)(log T)? - T—l). (0)

Bounding per-state regret We first bound regf,, »(s), i.e. the per-state regret for the min-player, for
any fixed (h, s,t) € [H] x [S] x [T]. (The bound for reg, , (s) follows similarly.) This is the main
part of this proof.

Throughout this part, we will fix (h, s) and omit these subscripts within the policies and Q functions,

so that v/ (+|s) will be abbreviated as v* (and similarly for x‘ and Q*). We will also overload 7' > 1
to be any positive integer (instead of the fixed total number of iterations).

Observe that the above update for v/ is equivalent to the OFTRL algorithm (Algorithm 4) with loss
vectors g; = wy(Q") " u! (understanding go = 0 and Q?L = 0), prediction vector My = g;—1 =
w1 (Q*1)Tut~1, and learning rate n; = n/w;. Therefore we can apply the regret bound for
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OFTRL in Lemma B.3 and obtain for any 7" > 1 that

T
)T ut) = ¢t
max wy (vt — T = max vt —ut,
VTEABZ t< :u> RN t:1< gt>
T T—1
log B ) 1, .
< + g nellge — Mi||5, — E — vt - + ” 37
nr P} P 81, 1
IOgB w T w
T B - B )
:f+z (@) Tht = wna (@ Tt HE = 32 S — v
t=2

We now relate the terms above to the stability of {Mt}t21 (the other player’s policies). Let
Ay = Htht - wtleFlHOO

for all ¢ > 1 for shorthand, where ||-||  for a matrix denotes its infinity norm (i.e. entry-wise max
absolute value). Then we have

lwr(@") T = we (@) TS
<2 H(tht _ wtith—l)TMt—lnio 42 ”(wtith—l)T(Mt _ Mt—l)”
<287 + 207 QI [l —
<202 + 20} H ||ut - pt P 1 {t > 2}
By symmetry, the similar bound also holds for {1/!}, from which we obtain for any ¢ > 2 that

2

oo

_ H t_ t—1H2 < A% . 1 H Qt t Qt—l t—1H2
Wt—1 ||V v 1> ’U_}t_lHQ 2’wt_1H2 Wt v Wt—-1 14 o
Plugging the above two bounds into (37), we get
T
t\ Tt
max Wi \V — I/
e S vt = (@)

T 2,2
< logB wr Z {QUAz M (|t _ut*1||?1{t > 2}]
t=1 e

+ XT: Atz 1 Hw Qtyt —w Qt—lyt—1||2
. 8nH2w;_1 1677H2wt,1 ¢ =1 00

T

@ log B - wr w1 2, 22 1 1|2
Qe +Z[ oy 1{t22}]At+4nH S g =
:=ERRr :=STAB,;

T
- ; tt =1 t—1(12
> Tz 1@ — @

(38)
Above, (i) rearranges terms and used the fact that w;_; < wy.
The following lemma (proof deferred to Section E.1) bounds term ERR .
Lemma E.1 (Bound on ERRr). Supposen < 1/H. Then for any T > 1, we have

192 H?
ok -ERRy < :

To bound term STABr, note that it is exactly the total distance (in squared L, norm) of the sequence
{#'} >, which itself follows an OFTRL algorithm with loss sequence g; 1= —w;Q'v', M{ := g;_,
and n; = n/w;. Therefore we can apply the stability bound (24) in Lemma B.4 to obtain that
T
1 2
STABy = 4n*H? -y — ||p* —p'~!
U D DE s T
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210gA T_l

< 4p2H? - (1+m D9t = gi-1ll o + ||9'T—1Hoc>

—4n2H2<2wT10g Z 1+ nH) HthtVt_wt Qb 1H +HwT QT 1” >
t=1
<4 2H2<

T—1
2leogA ZHthtV —’LU_1Qt 1= 1|| T+ wp 1H>

(i) dwrlogA —
<42H2<T7) Z::Hwa_w_Qtltlu )

where here we take G = w.H > ||g; — g_, HOO, (i) holds whenever np < 1/H, and (ii) follows as
wr_1H < wp/n < 2wrlog A/n.

Plugging the above bounds into (38) yields that for any 7" > 1,

T
T _ t t + IR A T, t
re S) = Imax (8% | 7 Ol max w V—V
gv,h( ) Ve AR T < (Q) M> uTeABZ t Q) n >
a%ﬂ-wt
T
logB~(a1TwT) 1 1 1 tot t—1, t—1(|2
< =+ "+ a7ERR7 + a7 |STABr — — Q' —w1Q" v
n T T T T ; 16nH?w,_, H t t—1 ||oo
logB-af 192H?
e +ak [16nH2leogA
n nT
2 2T71 tot t—1 t—1 d 1 tot t—1 t—1(|2
+8PH? Y lwQv' — w1 Q' "“_271617112% 1 |wi Q" — w1 Q|
t=1 t=2 -
() log B - o& 192H2
< 082 or | +ak {3277H2leogA
n nT ——
<1/n
+T . 87)2H2Hw Qtl/t_with 1= 1” ;||thtl/t_wt71Qt71thl||2 ﬂ
—a 1617H2wt_1 o0
() 33log(AV B) -af | 192H? = .
Og( )-or +ak > 2560° How,
’I7T t=2
T-1
3310g(A\/B)'o¢§ 192H2 56 i
< + + 256n° H o
n nT ; r
——
<1

(iid) 2
Y H?log(AV B) —|—n5H6}

nT
Above, (i) used the fact that 8n? H? Hw1Q11/1 HOO < 8?H3w; < 8n?H3wp < 16nH>?wr log A,
(ii) used the fact that 872 H%2 — 22 /(16nH?w,_1) < 2561° H%w,_; by the AM-GM inequality, and
(iii) used the fact that of. = a7 = (H + 1)/(H + T) < 2H/T, where C' < 256 is an absolute
constant.

By symmetry, the same regret bound also holds for regg’ 5 (8), which gives that for any ¢ > 1

H2?log(AV B
og( )+

regh = max max {reg), ,(s),regl, ()} < C v

n°H®| .

:=Teg}

Note that Teg}, is decreasing in . This is the desired regret bound.
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Performance of output policy ~As our algorithm chooses ; = a; = (H + 1)/(H +t), we can
invoke Theorem 2 with cg = 1+ 1/H > 377 - o (by Lemma A.2) so that cf =(1+1/H)" <
e < 3. Further, by the above regret bound,

H?log(AV B)

maxregZSC[ "
n

+n°HS|.
he[H] 7 }

Plugging this into Theorem 2 yields that the output policy (7, 7T) satisfies
NEGap(i”, ")

T
log T
<0 (H }Erel?% reg; + HQCEI . g max reg§L>

T
H?log(AV B)
nT
(H4 log(AV B)(log T)?
=0
0T

-0

2
SH-O( —|—775H6> L (H log(AV B)log T

+ 775H6T>

+ 1’ H® log T).

Choosing i = (log T log(A v B)/H*T)Y/6 A (1/H), we get

NEGap(i”, 77) < O(H14/3(1og(A V B))?/5(log T)Y/6 . 75/6 4+ {5 log(AV B)(log T)> /T).
This proves (36) and thus Theorem 3.

E.1 Proof of Lemma E.1

Recall our notation Q* := Q? (s, -, ) € [0, H]**® for some fixed (h, s) € [H] x S. We first note
that, for any ¢t > 2,

Q" = wemr @2, < 2w’ — wina Q% + 2 w1 (@ = @)
< 2(w; — wy—1)?H? 4+ 2w? a?H?
2

H SH?
(t—1)?

] <2uw? H? —— =16w? H*/t.

= 2wt2_1H2 [Ozf + t2 =

For t = 1, we have Htht — w1 QUL ||iQ < w?H? = H?. Substituting this into the expression of
ERR gives
a+ERRy

T
2n 1
1 2 2 47,2
= E — 4+ ——=1{t>2} ) - (H*1{t=1}+16 H*/t*-1{t>2
ar 2 (wt 81w, H? {t> }) ( { } w;_H*/ {t> })

T 2 4
2nw; _ Wi_1 16H
— 9nak H2 1 t—1 )
noapi® +ar tz:; " 81 H? 2
2y 1H2+§T: onat i + 21 . 161
> anap narp 87’] 2

Above, (i) used w1 < w; and aw; = aky; (ii) used the fact that 2nH? < 2/n (asn < 1/H) and
thus 2nH? + 1/(8n) < (2 + 1/8)/n < 3/n; (iii) used the fact that 2nH? < 48H? /n which also
follows from n < 1/H < 1; (iv) used Lemma A.3(a). This is the desired result. O
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F A modified OFTRL algorithm with O(7!) rate

In this section we show that a slightly modified OFTRL algorithm (described Algorithm 10) achieves
O(T~1) convergence rate for finding NE in two-player zero-sum Markov Games, improving over
the O(T~°/%) of Algorithm 9.

Algorithm 10 Modified OFTRL

I: Initialize: Q) (s,a,b) ¢~ H — h+1,Q° + Oforall (h,s,a,b).
2: fort=1,...,T do

3: forh=H,...,1do

4 Update policies for all s € S by OFTRL:

i (als) oo exp (n/wn) - [ wi(@)(s,0) + wena (@ (s, )] );
vh (bls) oo exp (—(n/we) - |S21] (@) ) (5:0) +wiea (@47 T ) (5.0)] ).
5: Update Q-values for all (s,a,b) € S x A x B:
@Z(s, a,b) < r(s,a,b) + P, [maxﬂfeAA <,uT, 2221 ai@ilﬂuzﬂﬂ (s,a,b);

QZ(S, a,b) < rp(s,a,b) + P, [minlﬁeAB <1/Jf7 22:1 al <Q2+1)Tu§l+1>] (s,a,b).
(39)
6: Output state-wise average policy for all (h, s):
il (1s) = ooy olppah (1), 7 (ls) & L2y o (fs).

Algorithm 10 keeps track of a series of @Z, QZ’S that are upper-bounds and lower-bounds of Q7
respectively. The policy update is similar to the update as the OFTRL algorithm (Algorithm

4), but here p is performing OFTRL with respect to Q »’s while v with respect to Q The
value updates (39) are slrghtly different from the value update in our unified framework how-
ever, we remark that it is still an incremental update because the terms inside the inner product

i . . ) T
Zle olQ, IRTZ NP 22:1 ol (Q;l+ 1) {45, 4, are incremental updates, which leads to that fact that

@;w QZ’S are also updating incrementally.. Further, the algorithm can be performed in a decentralized
manner, which is stated in Algorithm 11. The convergence result is stated in Theorem F.1.

Theorem F.1 (Convergence rate of modified OFTRL). Algorithm 10 withn = 16% guarantees that

H*log(AV B)(log T)?

NEGap(u®,77) < C T

where C' is some absolute constant.

F.1 Proof of Theorem F.1

In this section, we consider the following definitions of regret, which is slightly different from the
definition in (7):

veg), ,(s) = max,rea, Y0y b (uf = (1s), | Q] (5,))

t i i i %
reg), , (s) = max,rea, Yoy af (Vi (1) = o1, (@) Th [ (5.)
regj, ., = Maxses regy, ,(s) +regj ,(s).

We first prove that QZ and @Z upper and lower bounds Q) respectively.
Lemma F.1.

Q! (s,a,b) < Qj(s,a,0) < Q) (5,a,b).
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Algorithm 11 Modified OFTRL (Equivalent V-form)

1: Initialize: V, (s) < H — h + 1,V1(s) < 0 forall (h, s, a, b).
2: fort=1,...,T do

3: forh=H,...,1do

4: Update policies for all s € S by OFTRL:

i (als) o exp ((n/we) - [i2 i (s,0) + winr Dy (s,a)] )
VA (bls) ocu exp (—~(n/wa) - |03 wi(Q3) i) (5,8) + wia ((Q47) T ) (s.b)] ).
5: Update losses for all (s,a) € S x A:
ZZ(S, a) <« <7’h(s7 a,) + [thﬁm} (s,a,-), V};(|s)> ,

.
Lh(o0) ([rn(ova) + [Pa¥hs) (v )] (1))
6: Update V-value for all s € S:
—t L — . iTi
Vi(s) maxysea, (uh, iy afTh(s,)) o V() mingrea, (V20 6fLi(s, ).
(40)
7: Output state-wise average policy for all (h, s):
T/ T t ot =T/, T t ot
Ty, (-18) = 32 iq apu (o[s), 7y (]s) = 32q apr (o]s).

Proof. We prove by induction on (h, t). Given the initialization, for ¢ = 0 the condition holds. Since
@2 11 Q;I = 0, we have that for h = H + 1 the condition holds. Assume that the condition hold
for (i,h +1),i < t, then

B t
—t . .
Qh(saaa b) = rh(s,a, b) + Pp | max <,U/T7 E aiQh+1Vi7/L+1>‘| (Saavb)

pfeAy ‘
L =1

B t
> ru(s,a,b) + Py | max <UTa Qht1 (Z ai”fiﬁ-l) >] (s,a,b)
i=1

pteA

| il
> Th (Sv a, b) + Py MITIéaAXA V?élil <,LL Qh+1y >:| (Sv a, b)
= Qp(s,a,0).

Using similar strategy, we can also show that QZ(S, a,b) < Q;(s,a,b), which implies that the
condition hold for (¢, h), and thus finishes the proof by induction. O

Throughout the rest of this section, we define the following shorthand for the gap between @Z, 72
defined in (39):

0, 1= Q) = @} 1o = max [@(s.0,6) — Q) (s,a.b)],

Lemma F.2 (Recursion of d}). Algorithm 10 guarantees that for all (t, h) € [T] x [H],

t

t isi t
oy < § at5h+1 Tregh 1 utu-
i=1

Further, suppose that vegj, ., < Teg}, ., for all (h,t) € [H] x [T], where Tegj, ., is non-
increasing in t: @zwﬂ/ > @ﬁlfl}+vf0r allt > 1. Then we have

¢
1 .
§h<2H - n E rr}lgxregﬁl,7#+y.
i=1
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Proof. The proof structure resembles Lemma C.2. From the definition of @Z, Q;L, we have that

Qh(s,a,b) - Q) (s,a,b)
t
< + it i . + il T 4
— ]Ph MTEAH,:?;/)EEAB <M 7;O‘tQh+1yh+l> <V a;at(g;l+1) :U‘h-t,-l

t t
_ 1 int i i, i \TA i
=Py | max (', § O Qpi1Vhy1 ) — o (Hht1) Qri1Vhia
pfeAy ‘ :
i=1 =1
t _ ¢
i i \TAE i i irni \T i
+VI§?AX E o (Bht1) QnyrVher — (V' E at(@) 1) M
Bi=1 i=1
i i \NTPAY i i i \TA i
+ E o (Whg1) Qny1Vhir — E oy (thy1) Qny1Vhr
i=1 =1
t , t
t iy i _ igi t
< regh i1 utr T E at||Qh+1 - Q;Hlnoo = E CY::(5h+1 TIeEh 1 utre
i=1 i=1
Then using the same argument as Lemma C.2, we can consider an auxiliary sequence

A;l - Zz 1 atAh+1 + reg regh—i—l putvo (41)
Al =0, forallt.
Observe that { Al }4, + satisfies the following properties
Al > ol (by definition), 42)
Al <A (by Lemma A.1).

Therefore, to control 52, it suffices to bound A‘,; < % Zle Aﬁl, which follows from the standard
argument in [23]:

t t
PISED D IR IEE) SN
i=1 i=1

=1 j=1

IA
~ | =

+ t
- Z Z aj A{H_l + % Z@Z+l,u+v
j=1 \'i=j

t
< <1+ > h+1+ Zregh+1u+u
1\ 1< 1<
SQ+) z%m( )T st O e

i=1 i=1

| /\

IN

H h R\t
Sz max Teg
Z t Z 1<h/'<H i and
1=

=h

t
1 1
<(e—-1)H- n Z | Dax Teg), oty S2H - n Z | Dnax Tegl, v
which completes the proof. O
Lemma F.3 (Bound the NEGap by reg,, ,,,,). Suppose that the per-state regrets (summing over
the two agents) can be upper-bounded as reg}, ity < 1eg), 4, for all (h,t) € [H] x [T] where

reg, it IS non-increasing in t: Teg), it 2 regh + forallt > 1. Then, the output policy (a*,v7)
of Algorithm 10 satisfies

T
T . 1 _
NEGap(i®,07) < 2H max regﬁ,ﬁy +24H?log T - T tE_l max regz,u-w
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Proof. From Lemma C.1 we have that

NEGap(i”.57) = (V™" (s1) = Vi'(s) ) + (V7' (s2) = V7 (s0)

H
e T
<23 max - max () Q55— (7)) Q] (5)
=1

HTGAA,VTEAB

H T

=2 max max at[ NTO*ut —(ut) " *VT] s
hz::l ; ;ﬁeAA,u*eAB; (") Qv (Nh) w(s)
H

,UITGA_A UTGAB

< QZmSaX max ZaT[ hyﬁ—(pfh)TQZyT} (s)
1

=
< zimgx <mAx ot ()@~ 1) @ik ] 0

+ erneaz(BZaT{ ) Qv (uh) Q] (8)>
+2 hf:l A S Z o [ () TQuh — (uh) " QLvr | (5)
< QZreghW, +2;;0@5h

¢
1 A
<2H max regg;w_l, + 4H? E atTE E m]?x reg, ,+, (LemmaF.1)

T T
L 1
<2H max regg,/i“rl/ +4H? (E , tatT> (E , axregh M+l/)
t=1 =1

T
1
=51 2
< 2H maxTeg), 1., + 241" log T - 7 ;_1 maxregy, ,,, (Lemma A.3),

Lemma F.4 (Bound regfh )+ Running Algorithm 10 with n = 16% can guarantee that

36H?log(AV B)
T

regz;,u+l/ (S) —

o —t —t—1
Proof. From Lemma B.3, substituting g; = w:Q,v},(s), My = wQ), l/}tL Ys),m = wit, we can

get that

T
> e[ (@t ) = (b @uvi )|
t=1
T
+nzwt||@huh (5)— i‘luz*(s)nio—Zg—;uumws)—uil(ws)u%

t=1 t=2

wr log A A

| /\

T
—t —t
= regz;u <ar Zwt—l <NT7 QhV;tL> - <H§u QhV}t«L>
arlog A KN

< +nZaT||Qhuh<> QT ) = D0 T b Cls) = I

t=2
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Further we have that

—t —t—1 —t —t 1
1Quvh(s) = @ vy ()% < 201Qn — @i I3 + 2llwi(s) — 1, ()]

From the definition of @h we have that

t—1
—t -1
1Qn—Qp || < ZatQh+1yh+l Zat 1Qh+1Vh+1
=1 i=1 o)
= atQh+1Vh+1+ Zat 1Qh+1’/h+1 Zat 1Qh+1Vh+1
o0
t—1
= ||wQpi1Vhi1 —atzatihHVﬁH < o H.
i=1 -

Substitute this inequality to the regret bound we have

regh, ,,(s)
T T t—1

T
arlog A _ o _
< ——=— 42y akaiH*+20)  ak|vi(s) — v ()T - D 8T77 15, (-ls) — pag, L) 1T

n t=1 t=1 t=2

T T t—1
(LemmaA3) oplog A SnH?3 B « _
< +— +20) ol (s) — v NI+ =D g 42, (-|5) = i (19l
n =1 =2 ©1
Similar bound holds for regg ¥
aTlogB SnH?> 1 KN )
regj, ,(s) < ., T +2nZaT|\Mh )=y )T+ 8T77 1, (ls) = (L) 13-
=2

Summing regg’u(s), regh’y(s) together we get

2arlog(AV B)  16nH?
+
n T

T
+ Z (277aT

+ 16nak

regg;;t+u (8) S

t—1

an )(uh(l ) = 1y CIIR + v Cls) = v Cls)IIR)-

t=2
Since < o 2 for t > 2, by setting n = —H we can guarantee that 2nalk, —
2arlog(AV B)  16nH? 32H210 (A\/B) H? 1
T T log Ui g
regy, 4+ (8) < . + T + 16nay T + T + T
< 36H%1og(AV B)
- T
Given Lemma F.3 and F.4, we are now ready to prove Theorem F.1.
Proof Theorem F.1. From Lemma F.3 and F.4 we have that:
1z
NEGap(a®,7T) < 2H mﬁx@{,ﬂ vy +24H?1log T - 7 Z m}?x@;ﬁww
36H?log(AV B) 9 36H%1og(AV B)
<2H 24H*logT - =
= T * LT ; t
_ 936H"log(AV B)(log T + 1)?
— T )
which completes the proof. O
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G Optimistic policy optimization for general-sum Markov Games

G.1 Preliminaries

Here we formally present the preliminaries for multi-player general-sum Markov games, parallel to
the zero-sum setting considered in Section 2.

Multi-player general-sum Markov games We consider tabular episodic (finite-horizon) m-player
general-sum Markov games (MGs), which can be denoted as M(H, S, {A;}" |, P, {r;}." ), where
H is the horizon length; S is the state space with |S| = S; A; is the action space of the i-th player,
with |4;| = A;. Weuse a = (a1,...,am) € [[;¢[, Ai = A to denote a joint action taken by all
players; P = {P, } 2L | is the transition probabilities, where each P, (s'|s, a) gives the probability of
transition to state s’ from state-action (s,a); 7; = {r;  } 2L | are the reward functions, where each
;.1 (s, &) is the deterministic reward function of the i-th player at time step h and state-action (s, a).
In each episode, the MG starts with a deterministic initial state s;. Then at each timestep 1 < h < H,
all players observes the state s, each player takes an action a; ;, € A;. Then, each player receive
their rewards r; 5, (sp, a5 ), and the game transitions to the next state s;1 ~ Pp,(-|sp, an).

Policies & value functions A (Markov) policy 7; of the i-th player is a collection of policies
7 = {min: S — Ay, ML, where each 7; 1, (:|s5) € A 4, specifies the probability of taking action
a; p at (h,sp). Weuse m = {m}ie[m] to denote a product policy of all players. For any joint policy
7 (not necessarily a product policy), we use V7, : § — Rand QF), : S x A — R to denote the (i-th
player’s) value function and Q-function at time step h, respectively, i.e.

VI (5) = B [ i (snsan) | sn = s, 43)
Fals.8) = Bx [ AL, i (s an) | sn = s, =a). (44)

For notational simplicity, we use the following abbreviation: [P, V](s,a) := Ey p,, (.s,a)V (") for
any value function V. By definition of the value functions and Q-functions, we have the following
Bellman equations for all Markov product policy 7 and all (¢, h, s, a):

QZh(Sa a) = (ri,h + PhVZTthl) (57 a)»

Vi(s:8) = Eavr,(15) [Q7n(s,2)] = (QT4(s, ), mn(]s)) -
The goal for the i-th player is to maximize their own value function.

Correlated policy & best response A (general) correlated policy 7 is any policy for which players
may take actions in a history-dependent and correlated fashion. More precisely, a correlated policy 7
is a mapping {7rh X (Sx A xS - AA}, and executes as follows. At the beginning of an
episode, a random seed w € € is sampled from some distribution (also denoted as €2 with slight abuse
of notation). Then, at each step h and state sy,, suppose the history so far is (s1,a1,...,8p—1,ap-1).
Then, 7 samples a joint action ap, ~ 74 (-|w, ($1,a1,...,8h—1,8n—1); Sp). This formulation allows
each 7y, (+|w, -, -) to be a Markov product policy for any fixed w while still making 7 to be a correlated
policy, due to the correlation introduced by w.

For any correlated policy 7, let m_; denote the (marginal) policy of all but the ¢-th player. Then, the
(i-th) player’s best-response value function is

) Txm_y
VI (1) = max V7 (s1),

e

where the max is over all (potentially history-dependent) policy w} for the i-th player.

Coarse Correlated Equilibrium (CCE) For general-sum MGs, we consider learning an approxi-
mate Coarse Correlated Equilibrium [33, 49] defined as follows.

Definition G.1 (¢-approximate Coarse Correlated Equilibrium). For any € > 0, a correlated policy
7 is an e-approximate Coarse Correlated Equilibrium (e-CCE) if

CCEGap(r) := max VI (s1) = V(1) < &
i€[m ? ’
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Algorithm 12 OFTRL for multi-player general-sum Markov games

1: Initialize: QY (s,a) + H — h + 1 forall (h, s, a,b).

2: fort=1,...,T do

3: forh=H,...,1do

4 Update policies for all s € S and ¢ € [m] by OFTRL

7 (auls) oo, exp (n/we) - [S52] w3 QL ) (s,00) + we QU7 50 ) (s 00)| )

(45)
5: Update Q-value for all (7, s,a) € [m] x S x A:
in(s:a) « (1—a)Qiy (s,a) + ae(rn + PulQf pamhial) (s,2). (46)
6: Output policy 77 = 7, where 71 is defined in Algorithm 13.

Additional notation For any Q function @; 5,(s,") : S x ([];~, A;) — R and joint policy 7 (-|s),
we use [Q; n7r](8) == (Qin(s, ), mn(-|s)) for shorthand. Similarly, for any joint policy m_; 5 (:|
over all but the i-th player, [Q; n7—; 1](S, ai) == (Qin(s,a;, ), m7—i n(+]$)).

G.2 Algorithm and formal statement of result

Algorithm 13 Policy 7},
Require: Product policies 7%, (-|s') = []I", wﬁfh,(-\s’) forall (W', t/,s') € [H] x [T] € S.

1: Sample j € [t] with probability P(j = i) = al.

2: Play policy 7, at the h-th step of the game.
3: Play policy 7, 41 for step h + 1 onward.

Theorem G.1 (Formal version of Theorem 4). Suppose Algorithm 12 is run for T rounds. Then the
per-state regret can be bounded as follows for some absolute constant C' > 0:

H log Amax N nH?3

p . + (m—1)2n*H*| forall (h,t) € [H] x [T).

reg) < Teg) := C’{
Further, choosing 1 = (log Apax log T/(H3T))Y*(m — 1)~Y/2, the output policy T7 achieves

CCEGap(77) §(’)(H11/4(10g Amax log T)3/4/m — 1. 773/

+ H'"/*(log Amax) /4 (log T)?/4(m — 1)~1/2. T—5/4).

Proof overview and remarks The proof of Theorem G.1 also follows by relating the performance of
the output policy by per-state regrets via performance difference (Lemma G.2, similar as Theorem 2),
and bounding per-state regrets as regl < Tegh := O(1/(nt) + n3(m — 1)?) which gives the
theorem. The latter builds upon the fast convergence analysis of OFTRL in multi-player normal-form
games [50] as well as additional handling of the changing game rewards, similar as in Theorem 3.
Note that the O(T~3/*) rate here is worse than O(T~°/6) for the zero-sum setting in Theorem 3.
This happens as the fine-grained analysis of OFTRL [9] used there relies critically on the game having
two players (for translating between the iterate stabilities and loss stabilities between each other), and
becomes infeasible when there are more than 2 players.

We first present some lemmas in Section G.3. The proof of Theorem G.1 is then provided in
Section G.4.
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G.3 Useful lemmas

We additionally define the V-values maintained by Algorithm 12 as

ia [Qﬂ hwh} ) 47)

Jj=1

for all (i, h,t,s) € [m] x [H] x [T] x S, where Qf , and 7}, are the Q-functions and joint policies
maintained within Algorithm 12. Note that by (46), we immediately have

t
Ql(s,2) = 3 o [ri + BalQ) 1 mh]] (5.2)
= (48)

t
=|r,+P, Zag@g,hﬂﬂiﬂ (s,a) = (rh—l—]P’hV hH)(s,a).
j=1

We also define the value functions of 7}, and of its best response for any (i, h, ¢, s) as (see e.g. [49,
Definition C.4 & Eq.(8)]):

H

~t
Vi (s) == Ezt [Z Tiw|sh = 5] :

h'=h

T2,
Vzhﬂ ""(s) == max B, w7t Zih [Z riw|sn = 5‘|

Ti,h:H
’ h!=h

Lemma G.1 (Equivalence of value functions). For Algorithm 12, we have for all i € [m] and all
(h,s,t) € [H+1] x S x [T] that

Vi(s) = Vi (s).

Proof. We prove this by backward induction over h € [H + 1]. The claim trivially holds for
h = H + 1. Suppose the claim holds for steps h + 1 onward and all (s,t) € S x [T]. For step h and
any fixed (s,t) € S x [T, note that

t t
z h Z Oég |:Qg7h7rh:| é) Z ot |: Tt th h+1)7rh ( )

Jj=1 Jj=1
~t

@5 of [ o+ BAV ) ]<s> Wy ()

Above, (i) follows by (48); (ii) uses the inductive hypothesis; (iii) uses the definition of the output
policy 7}, (cf. Algorithm 13), which samples j € [t] with probability o, plays =7 (+|s), and plays
T, 1 for the rest of the game. This proves the case for step / and thus the lemma. O

Define the weighted per-state regrets as

regh i(s) == max Y of (Q)(s,-), (] x 7, ,)(ls) = w(19)). (49)
e GA-Ai j=1

reg), = max m[ax] reg,”( ). (50)
S i€[m

The following lemma bounds the difference between the values of the certified policy 7}, (Algo-
rithm 13) and its best-response.

Lemma G.2 (Recursion of best-response values). For the policy 7\, defined in Algorithm 13, we
have for all (i, h,t) € [m] x [H] x [T that

J

=t ~t f{,. e
max (vj;f%h (s) = V(s )) < regh + Z o max (@h’;;ﬂ“ (s) -V, ,;1;@)).

42



Proof. Fix (i, h,t) € [m] x [H] x [T']. We have for any s € S that

VT (5) = VI (s)

s

t
= max <7T;r7 Ozg |:(Th + ]P)hVTh_;f h+1)7TJ_l h:| >

Jj=1

>t (e [(mn + BV TE 50

Jj=1

() <~ ~y ¢
< Zai max (V;T;Hf’h“(s’) -V, ,ﬁi( )) + max Z ol <7T;r - 7TZ b {(rh + PV, ,;lﬁ) h} (s, )>

= €S 7! GA_A1 =1

(i1) : 177 ‘

n J i h41 () 7";L+1 t .

B G 0es (Vi’hH () =Vinta (&) ) + fax }:at T = 771 no | (rn + PRV h+1) in|(s:°)
j=1 s'e ) GA‘AL =

regﬁvh(s)

. Tv’\'ii
<3 of max (v L () VT s >) T reg,

Above, (i) follows by substituting VT,’Z +71L " with V; }’L’j;} and paying the additive error; (ii) follows

from Lemma G.1. This proves the desired result. O

Lemma G.3 (Guarantee of Algorithm 12 via per-state regrets). Suppose that the per-state regrets (50)
can be upper bounded as reg) < tegh forall (h,t) € [H] x [T, where Teg}, is non-increasing in t:
reg, > regh Y for all t > 1. Then running Algorithm 12 will guarantee that

CCEGap(7') < CH - Z }{na}f{(} Teg, . (51)
€l

forall T > 2, where C' > 0 is an absolute constant.

Proof. For any (h,t) € [H + 1] x [T, define
T’%ii 1 7
O 1= Imax max (V+ ")~ %,;m(s))‘

Then Lemma G.2 implies the recursive relationship
5t <regh + Za{éiﬂ.
j=1

(With 6, ,; = 0 forall t € [T'].) Therefore we can imitate the proof of Lemma C.2 and obtain that,
for any Teg;, such that reg! < Teg!, and Teg}, > Teg, ',

1
ot < Hell=t. 2 max Teg;,,
h = B t jz_;h’e[H] gh

where cg = 1+ 1/H = sup;»; >~ ; o by Lemma A.2(a).

Further, by definition of the output policy 77 = 7{ (cf. Algorithm 13), we have

77, =T
CCEGap(”) = V7 (s1) = V[ (s1) < 67 < Hel ™ Z;E?if rog),

1
<CH Z e Teg),,

where C' < 3 as cg_l < (1+1/H)" < e < 3. This is the desired result. O
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G.4 Proof of Theorem G.1

Bounding per-state regret We first bound reg’ , (s) (cf. definition in (49)), i.e. the per-state regret
for the i-th player, for any fixed (i, h, s,t) € [m] x [H] x [S] x [T]. This is the main part of this
proof.

Throughout this part we will fix (4, h, s,t), and omit the subscript (h, s) within the policies and Q
functions, so that 7} ;,(-[s) will be abbreviated as 7, and Qf ), (s, -) will be abbreviated as QF. We
will also reload T > 1 to be any positive integer (mstead of the fixed total number of iterations).

We first observe that the update (45) for ’/Tf’ »(-|s) is exactly equivalent to the OFTRL algorithm
(Algorithm 4) with loss vectors g; = w;(Q%) T ; (understanding go = 0 and QY = 0), prediction

vector M; = w(Q:1)T x>, and learning rate 7; = n/w;. Therefore we can apply the regret
bound for OFTRL in Lemma B 3 and obtain for any 7" > 1 that

max Zwt<7r —7'1'17 z7r7i>: max Z<7T —7T1,gt>

™ EAA =1 GAA t=1
T T—1
log A; 1
< : +Z77t||gt—MtH§o—ZS*HW?—W?“H%
n t=1 =1 Ot
logA wr (52)

> n +Z77wt”Qz T_; Qt 1 ||2

T
< logAm%wT + Z 2w [[Q% = Q17|15+ 3 2w B [t w3
=1 t=2

I I
Above, the last inequality uses the fact that H(Q’Zs — Qﬁ_l)ﬂiiHoo < ||Q§ — Q’;_l ||Oo fort > 1, and
Qi (xt, — =Y < H |7ty — =51, fort > 2.

For term I, noticing that HQﬁ — Qﬁ_l ||Oo < a¢H by (46), we have

T T
1< Zantasz = 277H2 Zwtaf.
t=1 t=1

Bounding term II requires the following lemma on the stability of the iterates. The proof can be

found in Section G.5.

Lemma G.4 (Stability of iterates). We have for any i € [m] and any t > 2 that (recall the subscripts
(h, s) are omitted below):

i =77l < AnH. (53)
Consequently,

—1

[ —aH|, < 4(m —1)nH. (54)

Using Lemma G.4, we have

T
<Y 2qweH? - 16(m — 1)°n*H? = 32p° H* (m — 1)
t=2

We.

-

Plugging the preceding bounds into (52) and using o - w, = ol yields that

1regZ n(s) = max E <7r — WZ,QZ 7i> = ar max g Wy <7T — 7"2,@2 7i>
) EAA —1 U EAA t=1
aT we

44



T T
log Amax - aT

< +2H?Y " akof + 320 HY(m — 1)) ok
1 =2
t= t
<1

() 2H log Apmax ~ SnH?
< 2208 Pmax | B2 L gom3 HA (m — 1)?2

nT T
Hlog Anax nH3 .
<C T + T + P H*(m — 1)?| =: Tegs .

Above, (i) used the fact that ol = ag = (H +1)/(H +T) < 2H/T,and 3, ab,a? < 4H/T by
Lemma A.3(c), and C' < 32 is an absolute constant. This proves the per-state regret bounds claimed
in Theorem G.1.

Overall policy guarantee Plugging the above per-state regret bounds into Lemma G.3 yields that,
the output policy 77 of Algorithm 12 achieves

CCEGap(7") < CH - Z max Teg;

he[H]
H?log Apax log T nH4 logT 3005 5
< H°(m—1)").
< o 8 L 08T WITOT oo —1y?)

Choosing 7 = (log Apax log T/(H?T))'/*(m — 1)~1/2, the above can be upper bounded as
O(H11/4(10g Apax log T)3/4\/m —1.-7734 ¢ H13/4(10g Amax)1/4(log T)5/4(m — 1)_1/2 . T_5/4)7

which is the desired result. ]

G.5 Proof of Lemma G.4

We first prove (53). By the OFTRL update (45) and the smoothness of exponential weights
(Lemma A.5), we have for any ¢ > 2 that

ld =il < 26 - G

where G, G*~! are the (weighted) total losses in (45):

J tltl
Gt EwJQ _Z—l—u} ™,

_ t2t2
Gt1 .= E w; 1 _Z—l—wt 1 T

Wt—1

Therefore we have
Jmf = w7, < 2|6 =G

<on| (5 ) Swiels| e Qe

(i) 1 1) &
< 2nH - ( — ) E wj +2nH < 4nH.
Yt

Wi—1

(2>H/(H+1)s1

Above, (i) uses the fact that
This proves (53).

€ [0, H] entry-wise for all j > 1, and (ii) uses Lemma A.4(b).

1—1’
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The above directly implies (54) by the following bound on the TV distance (or L; norm) of product

distributions [50]:
It =t < D Ml =l
J#i
This completes the proof. O

H Experimental details and additional studies

H.1 Experimental details for Section 5

Details about the game The simulations in Section 5 is performed on the following two-player-
zero-sum Markov game with H = 2. The state space at h = 1 only consists of a single state
81 = {s0}. The state space at h = 2 consists of four different states So = {s11, $12, S21, S22} The
action spaces are the same for every state, namely A = {a1, as}, B = {b1, bz}, i.e. each player has
two actions. The transition from S; X A x B — &s is deterministic, which takes the following form:

Soxaiij%Sij, 1<4,5 <2.

The instantaneous reward 7, depends only on the action (and not the state), i.e., 7, : A x B — [0, 1],
which takes values as (scaled) identity matrices:

) = {0(')1 0(.)1} > m2lh) = [(1) (1)} : (55)

Direct calculation yields that the Nash values and policies for this game is given by
V5 (s) = 0.5 for s € {s11, 512, 821, S22},
* 0.6 0.5 * * 0.5 N
Qilso) = |03 0d] i) =vitlsn) = [02]. Vi) =03 )

Initialization Al algorithms in Figure 1 use the following initialization (1°,2°):

Ath=1: p9(a1lso) =0.3, pud(aslse) = 0.7, 19(by]sg) = 0.7, 1 (ba|so) = 0.3;

Ath=2: pd(ai|s11) = 0.248, u(az|s11) = 0.752, v8(by|s11) = 0.248, 19 (ba|s11) = 0.752;
pd(a]s12) = 0.500, p9(as|siz) = 0.500, v (b1|s12) = 0.168, v (ba|s12) = 0.832;
pd(a]se1) = 0.500, p9(as|sar) = 0.500, v (b1|s21) = 0.168, v (ba|sa1) = 0.832;
pd(ar]san) = 0.752, p9(as|saz) = 0.248, v (b1|sa0) = 0.248, v (ba|saz) = 0.752

Standard FTRL (Algorithm 3) and OFTRL (Algorithm 4) by default uses the uniform distribution as
the initialization, as it minimizes the (neg)entropy ®(-). To make them initialized at u°, we change
the regularizers for pu,(+|s) to be KL(-||u9 (-|s)) for the max-player. (And similarly KL(-||v})(-|s))
for the min-player.) Note that our actual initialization above satisfies the property that all its values
are bounded within the interval [0.15, 0.85]. In particular, KL (g’ || 19 (+|s)) for any other 1/ € A 4 is
bounded by O(log(1/0.15)) = O(1), and thus all the convergence theorems will still hold with this
modified regularizer, with at most a larger (multiplicative) constant than with the ®(-) regularizer.

Remark on runtime Running all our experiments takes approximately 6.46 hours CPU running
time (Intel(R) Core(TM) i5-8250U CPU).

H.2 Additional visualizations for the INPG algorithm

Figure 1 shows that the INPG algorithm (with n = 1/ V/T) appears to converge much slower

than O(T~'/2) (which is the rate for FTRL with n = 1/v/T). Here we present some further
understandings of this phenomenon by visualizing the optimization trajectories of the INPG algorithm.

>Code: https://github.com/DianYu420376/Neur IPS2022-Policy-Optimization-MGs
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(a) Value functions at h = 2 (b) Policy at b = 1 (11 (a1|so0))

VI (511) VI (5100, VI (530) VEY (53) — i(also) state-wise average [if(a1]so)

0.35 0.2
0.95 0.96 0.97 0.98 0.99 1.00 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95 1.00
Iteration step t le6 Iteration step t 1e6

Figure 2: Visualizations of the optimization trajectory of the INPG algorithm along a single run with 7' = 10°
andnp = 1/\/T (a) Value functions in the second layer VQ‘Lt’"t (s) for all four states s € {s11, S12, S21, S22}
over the last 5 x 10* steps. (b) Policy in the first layer, i.e. u} (a1|so) over the last 4 x 10° steps. The horizontal
line plots the value of the final averaged policy fi7 (a1|so) (Where the averaging is over the entire run ¢ € [T7]).

Figure 2a shows the evolution of the value functions at h = 2 over iteration step ¢, for the last
5 x 10* steps. For all four states, the policy optimization is equivalent to Hedge on the matrix
game with identity reward matrix 55, and thus exhibits an expected cyclic behavior and leads to the
sinusoidal-like curves shown in Figure 2a. However, due to the choice of our specific initialization
(19, 19), the four curves behave like the same periodic curves with different “phases”.

Figure 2b shows the evolution of the policy at h = 1 (specifically, '} (a1 |so) which is the probability
of the max-player taking action a;) over t, for the last 4 x 10° steps. (The result for the min-player
is similar.) The curve also behaves periodically, and appears to be a superposition of two waves,
one main waive with larger magnitude and period, and another oscillation with smaller magnitude
and period. Qualitatively, the main wave is caused by the intrinsic cyclic behavior of learning with
respect to the (fixed) reward at the i = 1, while the oscillation is caused by the changing reward that
is backed-up from h = 2. Further, as the reward in the second layer has much higher magnitude than
the first layer in this game, the oscillation has a non-negligible magnitude.

The horizontal line in Figure 2b plots the final output policy 77 (a1|so) ~ 0.52, which we recall
is the average of i} (a1]so) over the entire run ¢ € [T] (cf. Section 5). Note that the unique Nash
equilibrium satisfies 11§ (a1]so) = 0.5 (56), and the error i (a1 |so) — u5(a1]so) ~ 0.02. We suspect
that this may be an intrinsic bias caused by the aforementioned correlation between the two layers’
learning processes (in particular, the different “phases” of the second-layer’s learning over the four
states), and may also be the cause of the slow convergence for INPG shown in Figure 1.

H.3 Additional theoretical justifications

INPG as an instantiation of Algorithm 1 Here we show why the instantiation of Algorithm 1
with 8; = 1 and

_ IR _ ST 4
ph(als) oo it (als) exp(n[QT ] (), vh(bls) o i (bls) exo (=0 [ (@571) i ] )
considered in Section 5 is equivalent to the Independent Natural Policy Gradient (INPG) algorithm.

Indeed, choosing 3; = 1 in Algorithm 1 ensures that Q = ﬁt’”t (the true value function of
(ut, ). Therefore, the above update is equivalent to

t—1 t—1 T

ol als) e (n @ 1] ). w0l ot 0l e (| (@17 ) )

This is exactly an independent two-player version of the Natural Policy Gradient algorithm (e.g. [1]),
where each player plays an NPG algorithm as if they are facing their own Markov Decision Process,
with the opponent fixed.

NEGap-Layer-1 lower bounds NEGap Here we show NEGap-Layer-1(u, v) < NEGap(u, v) for
any (u, v). From the definition of V;* we have that

Vi (s) = inf Vh’y(s) = sup Vh”’T,
v M
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Thus

Q7 (s,a,b) = [rh + PhV}fH] (s,a,b) < [rh + PhV}L’Ll} (s,a,b) = QL’V(S, a,b),
Q5 (s,a,b) = [rh + thh*ﬂ] (s,a,b) > [rh + JP’hV}f_;l} (s,a,b) = QZ’T(s,a, b)
= Q' (s.a,b) < Qj(s.a,b) < Q)" (s,a,D).

Thus for our example

NEGap-Layer-1 (1, v) = max | (uf) T Q7w | (s0) — min [ul Qivf] (s0)

1231

< max (1) TQ}" 11 | (s0) — min ] Q111] | (s0)

M1 ”1

= V" (s0) — Vi (s0) = NEGap(, v).

I Additional details

I.1 Learning setting

In this paper we consider the full-information setting for learning Markov Games formally defined
via the following oracle: Given any h € [H], policies piny1 = {pnt1(-s) € Aatycgr Vh1 =
{vn+1(:|s) € A}, and V function Vj, 41 € RS, we can query the exact value of

4 Py Vg € RSXAXB, (57)

Note that our algorithm framework (Algorithm 1) and all its subsequent instantiations can execute
under the above oracle: Each iteration of Algorithm 1 makes H queries to this oracle, one for each
h € [H] with value function Vi, 41 = (uf 1) " Qb vf ., (cf. (4)).

For the purpose of comparing policy optimization type algorithms, we also consider the following
weaker oracle: Given any h € [H], policies up, = {un(-[s) € Aa},cs> Vn = {Vn(:]5) € AB},es
and V function Vj,;1 € RS, we can query the expected value of its one-step backup under each
player’s policy:

rh + PpVig1)v, € RSXA,
{( n+ PaVig)va (58)

(rn +PrVis1) " pun € RS*B,

This oracle is also considered in [53, Section 3]. It is clear that one query to (57) can implement one
query to (58), and thus (58) is a weaker oracle.

I.2 Comparison of algorithms

We first remark that all algorithms considered in Section 3.2, 4, & 5 fall into the unified framework of
Algorithm 1 and thus are implementable using the full-information oracle (57).

Second, most algorithms we consider: Nash V-Learning (Example 1), GDA (Example 2), OFTRL
(Algorithm 4 & Theorem 3), as well as INPG (Section 5) are policy optimization type algorithms
which can be implemented using the weaker oracle (58) (see implementation details in Algorithm
5,6,9). In this paper, we are interested in comparing the rates of the above algorithms, where OFTRL
achieves a faster O(T~5/°) rate, and Nash V-Learning and GDA achieve the standard O(7~/2) rate.
(The convergence rate of INPG in theory is still open.)

By contrast, Nash Q-Learning (Example 3) and Nash Policy Iteration (Example 4) are not typically
considered as policy optimization algorithms, and they cannot be implemented using (58). Our unified
framework (Algorithm 1) allows using (57) and thus encapsulates these two algorithms, but due to
the usage of a stronger oracle, their convergence rates are not comparable with the aforementioned
policy optimization algorithms.
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