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Abstract

Graph Neural Networks (GNNs) are key tools
for graph representation learning, demon-
strating strong results across diverse predic-
tion tasks. In this paper, we present Con-
vexified Message-Passing Graph Neu-
ral Networks (CGNNs), a novel and gen-
eral framework that combines the power of
message-passing GNNs with the tractabil-
ity of convex optimization. By mapping
their nonlinear filters into a reproducing ker-
nel Hilbert space, CGNNs transform training
into a convex optimization problem, which
projected gradient methods can solve both
efficiently and optimally. Convexity further
allows CGNNs’ statistical properties to be
analyzed accurately and rigorously. For two-
layer CGNNs, we establish rigorous general-
ization guarantees, showing convergence to
the performance of an optimal GNN. To scale
to deeper architectures, we adopt a principled
layer-wise training strategy. Experiments on
benchmark datasets show that CGNNs sig-
nificantly exceed the performance of lead-
ing GNN models, obtaining 10–40% higher
accuracy in most cases, underscoring their
promise as a powerful and principled method
with strong theoretical foundations. In rare
cases where improvements are not quantita-
tively substantial, the convex models either
slightly exceed or match the baselines, stress-
ing their robustness and wide applicability.
Though over-parameterization is often used
to enhance performance in non-convex mod-
els, we show that our CGNNs yield shallow
convex models that can surpass non-convex
ones in accuracy and model compactness.
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1 INTRODUCTION

Graphs serve as versatile models across various do-
mains, such as social networks (Wang et al., 2018),
protein design (Ingraham et al., 2019), and medical
diagnosis (Li et al., 2020). Graph representation learn-
ing has thus attracted widespread attention in recent
years, with Graph Neural Networks (GNNs) emerging
as powerful tools. Message Passing Neural Networks
(MPNNs) (Gilmer et al., 2017; Hamilton et al., 2017;
Veličković et al., 2018), a most widely adopted class
of GNNs, provide a scalable and elegant architecture
that effectively exploits a message-passing mechanism
to extract useful information and learn high-quality
representations from graph data.

In this paper, we present the new and general frame-
work of Convexified Message-Passing Graph
Neural Networks (CGNNs), reducing the training
of message-passing GNNs to a convex optimization
problem solvable efficiently and optimally via pro-
jected gradient methods. The convexity of CGNNs
offers a distinct advantage: it ensures global optimal-
ity and computational tractability without relying on,
e.g., over-parameterization, unlike many existing ap-
proaches (Allen-Zhu et al., 2019; Du and Lee, 2018;
Du et al., 2018; Zou et al., 2020). This convexity also
enables a precise and theoretically grounded analysis
of generalization and statistical behavior.

We exhibit our framework by convexifying two-layer
Graph Convolution Networks (GCNs) (Defferrard
et al., 2016; Kipf and Welling, 2017), a widely-used
GNN model for learning over graph-structured data.
Inspired by the convexification of convolutional neu-
ral networks by Zhang et al. (2017), we adapt their
methodology to the graph domain. A high-level
overview of our convexification pipeline is summarized
in Figure 1, explained as follows. The key challenge
lies in handling GCNs’ nonlinearity: we address this
by first relaxing the space of GCN filters to a reproduc-
ing kernel Hilbert space (RKHS) (step (1) in Figure 1),
effectively reducing the model to one with a linear ac-
tivation function (step (2)). We then show that GCNs
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with RKHS filters admit a low-rank matrix represen-
tation (step (3)). Finally, by relaxing the non-convex
rank constraint into a convex nuclear norm constraint
(step (4)), we arrive at our CGCN formulation.

Theoretically, we establish an upper bound on the ex-
pected generalization error of our class of two-layer
CGCNs, composed of the best possible performance
attainable by a two-layer GCN with infinite data and
a complexity term that decays to zero polynomially
with the number of training samples. Our result dic-
tates that the generalization error of a CGCN prov-
ably converges to that of an optimal GCN, offer-
ing both strong statistical guarantees and practical
relevance. Moreover, our analysis naturally extends
to deeper models by applying the argument layer-
wise, providing insights into the statistical behavior
of multi-layer CGCNs as well. Finally, we perform
an extensive empirical analysis over various bench-
mark datasets, where our framework exhibits out-
standing results. First, we apply our framework to
a wide range of leading message-passing GNN mod-
els, including GAT (Veličković et al., 2018), GATv2
(Brody et al., 2022), GIN (Xu et al., 2019), Graph-
SAGE (Hamilton et al., 2017), and ResGatedGCN
(Bresson and Laurent, 2017). We also extended our
framework to hybrid transformer models, specifically
GraphGPS (Rampášek et al., 2022) and GraphTrans
(Shi et al., 2021; Wu et al., 2021), which integrate lo-
cal message passing GNNs with global attention mech-
anisms. Remarkably, in most cases, the convex vari-
ants outperform the original non-convex counterparts
by a large magnitude, obtaining 10–40% higher ac-
curacy, highlighting the practical power of our ap-
proach alongside its theoretical appeal. Even in the
minority of cases where improvements are modest, the
convexified models still match or slightly exceed the
baseline performance, further validating the robust-
ness and broad applicability of our method. While
over-parameterization is commonly used to boost per-
formance in non-convex models (Allen-Zhu et al., 2019;
Du and Lee, 2018; Du et al., 2018; Zou et al., 2020),
we show that our CGNNs framework enables the con-
struction of shallow convex architectures that outper-
form over-parameterized non-convex ones in both ac-
curacy and model compactness.

2 RELATED WORK

Message-Passing GNNs. Early developments of
message-passing GNNs include GCN (Defferrard et al.,
2016; Kipf and Welling, 2017), GAT (Veličković et al.,
2018), GIN (Xu et al., 2019), and GraphSAGE (Hamil-
ton et al., 2017). Such methods effectively exploit a
message-passing mechanism to recursively aggregate
useful neighbor information (Gilmer et al., 2017), en-

abling them to learn high-quality representations from
graph data. Those models have proven effective across
diverse tasks, obtaining state-of-the-art performance
in various graph prediction tasks (see, e.g., (Chen
et al., 2022; Hamilton et al., 2017; Rampášek et al.,
2022; Veličković et al., 2018; Xu et al., 2019; You et al.,
2021)). Our CGNNs harness the power of message-
passing GNNs by transforming training into a convex
optimization problem. This shift not only enables ef-
ficient computation of globally optimal solutions, but
also allows an accurate and rigorous analysis of sta-
tistical properties. In Appendix A, we provide more
details about hybrid transformer models.

Convergence of Gradient Methods to Global
Optima. A vast line of research analyzed the con-
vergence of gradient-based methods to global op-
tima when training neural networks, but under re-
strictive conditions. Several works rely on over-
parameterization, often requiring network widths far
exceeding the number of training samples (Allen-Zhu
et al., 2019; Du et al., 2018; Zou et al., 2020), with
milder assumptions in shallow networks (Du and Lee,
2018; Soltanolkotabi et al., 2018). However, the con-
vexity of our CGNNs enables global optimality and
computational efficiency without relying on any of the
above restrictive assumptions.

Convex Neural Networks. The area of convex neu-
ral networks is relatively underexplored. Zhang et al.
(2016a) proposed a convex relaxation step for fully-
connected neural networks, which inspired the con-
vexification of convolutional neural networks (CNNs)
(Zhang et al., 2017); see Appendix A.2 for an exten-
sive comparison to (Zhang et al., 2017). Other works
study linear CNNs (Gunasekar et al., 2018) and linear
GNNs (Shin et al., 2023), which are of less interest
in practice since they collapse all layers into one. Re-
cently, Cohen and Agmon (2021a) proposed convex
versions of specific GNN models termed as aggrega-
tion GNN, which apply only to a signal with temporal
structure (Gama et al., 2018). Their work is narrowly
tailored and focused on a specific application in swarm
robotics (Cohen and Agmon, 2021c,b, 2020), where
convexity arises from modeling assumptions tailored
to domain adaptation. In contrast, our CGNN frame-
work establishes a general and theoretically princi-
pled convexification of diverse message-passing GNNs
by transforming the standard architecture itself, in-
dependent of application-specific constraints. Unlike
their formulation that does not preserve, e.g., stan-
dard GNN modularity, our approach retains these key
structural features and applies broadly to a wide range
of graph learning tasks. In particular, our contribu-
tion resolves the key limitations of Cohen and Agmon
(2021a) through three fundamental distinctions: (1)
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Figure 1: Convexification Procedure of a message-passing GNN into a CGNN.

Scope, by enabling training on variable-sized graphs
(inductive setting) versus their fixed-topology restric-
tion; (2) Theory, by extending analysis to general
non-polynomial filters and proving strictly tighter nu-
clear norm bounds; and (3) Methodology, by utiliz-
ing an RKHS formulation that supports modern opti-
mizers and generic modular tasks. In Appendix A.3,
we supply an extensive comparison to Cohen and Ag-
mon (2021a), detailing the fundamental distinctions
from their work. As such, CGNNs represent a scal-
able and domain-agnostic foundation for convex GNN
training, grounded in a fundamentally different math-
ematical framework.

Classical Graph Kernels. Our framework offers a
unique theoretical bridge between modern deep graph
learning and classical graph kernels. While GNNs
have largely superseded kernel methods in popular-
ity, establishing the formal connections between them
contextualizes the theoretical advances of the CGNN
framework, particularly regarding the role of Repro-
ducing Kernel Hilbert Spaces (RKHS) and optimiza-
tion landscapes. We supply a detailed comparison to
classic graph kernels in Appendix A.5.

GNNs as Unified Optimization Problems. Our
framework relates to and fundamentally differs from
prior work on GNNs as unified optimization prob-
lems. Specifically, Chen et al. (2023b) classify spatial
GNNs based on how they aggregate neighbor infor-
mation, while discussing how graph convolution can
be depicted as an optimization problem. They also
discuss how filters of spectral GNNs can be approx-
imated via either linear, polynomial or rational ap-
proximation. The works by He et al. (2021), Wang
and Zhang (2022) and Guo and Wei (2023) focus on
polynomial approximation, treating spectral filters as
parameterized by a polynomial basis (see Appendix
A.4 for details). However, in all those works train-
ing remains non-convex. Our contribution is thus
orthogonal and complementary: rather than deriving
architectures, we convexify the training problem
itself for general, non-convex message-passing GNNs
(not only spectral ones). Training thus becomes a con-
vex optimization problem, ensuring global optimality
as well as an accurate and rigorous analysis of statisti-
cal properties. Further, our framework applies directly
to general message-passing GNNs and hybrid trans-
former architectures like GraphGPS and GraphTrans,

whereas The works by He et al. (2021), Wang and
Zhang (2022) and Guo and Wei (2023) only cover spec-
tral GNNs. In fact, the optimization-oriented analy-
sis of Wang and Zhang (2022) is restricted to linear
GNNs, while we focus on convexifying non-convex
GNNs. We will add a dedicated discussion explicitly
contrasting these settings.

Notations. For brevity, [n] denotes the discrete set
{1, 2, . . . , n} for any n ∈ N>0. For a rectangular ma-
trix A, let ∥A∥∗ be its nuclear norm (i.e., the sum of
Aℓ’s singular values), and ∥A∥2 be its spectral norm
(i.e., maximal singular value). Let ℓ2(N) be the set of
countable dimensional of square-summable sequences
v, i.e.,

∑∞
i=1 v

2
i < ∞.

3 PRELIMINARIES

Network data can be captured by an underlying undi-
rected graph G = (V, E ,W), where V = {1, ..., n}
denotes the vertex set, E denotes the edge set and
W : E → R denotes the edge weight function, while
a missing edge (i, j) is depicted by W(i, j) = 0. The
neighborhood of node i ∈ V is denoted by Ni := {j ∈
V|(j, i) ∈ E}. The data on top of this graph is modeled
as a graph signal X ∈ Rn×F , whose ith row [X ]i = xi

is an F -dimensional feature vector assigned to node
i ∈ V. We leverage the framework of graph signal pro-
cessing (GSP) (Ortega et al., 2018) as the mathemat-
ical foundation for learning from graph signals. For
relating the graph signal X with the underlying struc-
ture of G, we define a graph shift operator (GSO) by
S ∈ Rn×n, which satisfies [S]ij = sij = 0 if (j, i) /∈ E
for j ̸= i. Commonly utilized GSOs include the adja-
cency matrix (Sandryhaila and Moura, 2013, 2014),
the Laplacian matrix (Shuman et al., 2013), and
their normalized counterparts (Defferrard et al., 2016;
Gama et al., 2019a). By viewing S as a linear opera-
tor, the graph signal X can be shifted over the nodes,
yielding that the output at node i for the f th feature
becomes [SX ]if =

∑n
j=1[S]ij [X ]jf =

∑
j∈Ni

sijxjf .
Note that, whereas SX corresponds to a local infor-
mation exchange between a given node and its direct
neighbors, applying this linear operator recursively ag-
gregates information from nodes in further hops along
the graph. Namely, the k-shifted signal SkX aggre-
gates information from nodes that are k-hops away.

Graph Convolutional Networks (GCNs) stack
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multiple graph (convolutional) layers to extract high-
level node representations from graph signals (Gama
et al., 2019b). To formally describe the creation of
convolutional features in a GCN with L ∈ N layers,
let the output of layer ℓ− 1 (and thus the input to the
ℓth layer) be Xℓ−1, comprising of Fℓ−1 feature vectors.
The input to layer 0 is X0 = X , yielding F0 = F , while
the final output has G := FL features. Given a set of
filters A := {Aℓk ∈ RFℓ−1×Fℓ |k ∈ [K] ∪ {0}, ℓ ∈ [L]},
the graph (convolutional) filter at layer ℓ processes the
Fℓ−1 features of the input graph signal Xℓ−1 in parallel
by Fℓ graph filters to output the following Fℓ convolu-
tional features:

ΨAℓ(X ;S) :=
K∑

k=0

SkXℓ−1Aℓk, (1)

where Aℓ := (Aℓk)
K
k=0 concatenates the filters at layer

ℓ. Note that all nodes share the same parameters
to weigh equally the information from all k-hop away
neighbors for any k ∈ [K], which corresponds to the
parameter sharing of GCNs. A GCN is then de-
fined as a nonlinear mapping between graph signals
Φ : Rn×F → Rn×G, which is obtained by feeding the
aggregated features through a pointwise nonlinear ac-
tivation function σ : R → R (which, for brevity, de-
notes its entrywise application in (2)), producing the
feature vectors of the ℓth layer’s output:

Φ(X ;S, A) := XL; Xℓ := σ(ΨAℓ(X ;S)). (2)

We denote the f th column of the filters Aℓk as afℓk =

[afgℓk ]g∈[Fℓ−1]. Given some positive constants {Rℓ}ℓ∈[L],
we consider the following non-convex function class of
(regularized) GCNs:

Fgcn := {Φ as in (2) : max
0≤k≤K

∥afℓk∥2 ≤ Rℓ ∀f, ℓ}. (3)

By setting Rℓ = ∞ for any ℓ ∈ [L], this function class
reduces to the class of (unregularized) GCNs.

3.1 Training GCNs

We focus on the graph classification task with G
classes. Here, we are given a training set T :=
{(G(j),X (j), y(j))}mj=1 of m samples, where the jth

sample consists of a graph G(j), a graph signal X (j) ∈
Rn×F over G(j) and the graph’s true label y(j) ∈ [G].
Without loss of generality, we assume that each graph
G(j) has n nodes (otherwise, we can add isolated
dummy nodes). We then train a GCN (as formulated
in (2)), while node features from the last layer are ag-
gregated to obtain the graph-level representation via a
fixed permutation invariant function, such as summa-
tion or a more sophisticated graph-level pooling func-
tion (Ying et al., 2018b; Zhang et al., 2018). Training

is done by solving the following optimization problem
for some loss function J : Rn×G × [G] → R:

Φ∗
gcn ∈ argmin

Φ∈Fgcn

1

m

m∑
j=1

J(Φ(X (j);S, A), y(j)). (4)

We assume that J is convex and M -Lipschitz in its
first argument (predictions) for any fixed second argu-
ment (labels). The number of parameters to be trained
are determined by the number of layers L, the num-
ber of filters K and features Fℓ in each layer ℓ. By
(2), each GCN Φ ∈ Fgcn depends nonlinearly on the
parameters, making the optimization problem in (4)
non-convex. Next, we thus present a relaxation of the
class Fgcn, enabling a convex formulation of the asso-
ciated problem in (4).

Remark 3.1. As our focus is on understanding gen-
eralization of convexified message-passing GNNs, we
restricted evaluations to graph classification. This is
exactly as in prior works that only consider a single
task (see, e.g., (Lachi et al., 2025; Chen et al., 2023a;
Wu et al., 2022)). However, our convexification
framework directly extends to node-level pre-
diction, by using the node features from the last layer
instead of aggregating them to obtain the graph-level
representation. While this results in a node-level in-
stead of graph-level loss, our convexification procedure
remains identical.

4 CONVEXIFICATION OF GCNS

As Fgcn in (3) is a non-convex set and the activation
function is nonlinear, the ERM problem on GCNs is
non-convex, raising the challenges mentioned in Sec-
tion 1. To overcome them, we propose a procedure for
making both the ERM’s predictions domain and loss
function convex. Following Zhang et al. (2017), we de-
velop the class of Convexified GCNs (CGCNs).
In Section 4.1, we first depict our method for linear
activation functions. Given that the linear activation
function would collapse all layers into one, this case is
of no interest in practice. However, it supplies us with
some insight into the general kernelization scheme of
GCNs. In the nonlinear case (Section 4.2), we reduce
the problem to the linear case by proposing a relax-
ation to a suitably chosen Reproducing Kernel Hilbert
Space (RKHS), enabling us to obtain a convex formula-
tion of the associated ERM problem. We then present
an algorithm for learning CGCNs (Section 4.3), discuss
its scalability and time complexity (Section 4.4), and
establish its generalization guarantees (Section 4.5).

4.1 Linear Activation Functions

To provide the intuition for our method, we employ the
nuclear norm in the simple case of the linear activation
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function σ(w) = w, which provides us with a convex
function class, unlike (3). In this case, the output of

layer ℓ is simply Xℓ =
∑K

k=0 SkXℓ−1Aℓk due to (1)-(2).
Hence, Xℓ linearly depends on the filters {Aℓk}Kk=0 of
layer ℓ, i.e., the convolution function ΨAℓ : Rn×Fℓ−1 →
Rn×Fℓ in (1) linearly depends on the parameters.

Low-Rank Constraints. The filters matrix Aℓk ∈
RFℓ−1×Fℓ has rank at most Fℓ−1. As Aℓ := (Aℓk)

K
k=0

concatenates the filters at layer ℓ, then rank(Aℓ) ≤
Fℓ−1. Hence, the class Fgcn of GCNs in (3) corre-
sponds to a collection of functions depending on norm
and low-rank constraints imposed on the filters. We
next define:

Flinear-gcn := {ΨAℓ : max
0≤k≤K

∥afℓk∥2 ≤ Rℓ and (5a)

rank(Aℓ) = Fℓ−1 ∀f, ℓ}, (5b)

which is the specific form of our original class of GCNs
in (3) for the linear case. While (5a) holds even when
the parameters are not shared over all nodes, the low-
rank constraint (5b) will no longer be satisfied in this
case. Namely, (5b) is achieved via GCNs’ parameter
sharing: each node processes its neighborhood up toK
hops away using the same filters, and thus the number
of independent rows of parameters remains at most
Fℓ−1, regardless of the number of nodes in the graph.

Nuclear Norm Relaxation. However, filters that
satisfy the constraints (5a) and (5b) form a non-convex
set. A standard convex relaxation of a rank constraint
involves replacing it with a nuclear norm constraint.
That is, controlling the sum of singular values instead
of the number of non-zero ones, similarly to how the ℓ1-
norm constraint can be viewed as a convex relaxation
of the ℓ0-norm constraint.

Upper Bounding the Nuclear-Norm. In Ap-
pendix B, we prove that:

Lemma 4.1. Assume that the filters Aℓ at each layer
ℓ satisfy (5a) and (5b). Then, Aℓ’s nuclear norm is
upper bounded as ∥Aℓ∥∗ ≤ Bℓ for some Bℓ > 0 that is
a function of Rℓ, Fℓ, Fℓ−1,K.

Using Lemma 4.1, we can replace (5a) and (5b) with a
nuclear norm constraint, thus forming a convex func-
tion class. Namely, we define the class of Convexified
GCNs (CGCNs) as:

Fcgcn := {{ΨAℓ}Lℓ=1 : ∥Aℓ∥∗ ≤ Bℓ ∀ℓ}, (6)

while guaranteeing that Fgcn ⊆ Fcgcn. Thus, solving
the ERM in (4) over Fcgcn instead of Fgcn yields a
convex optimization problem over a wealthier class of
functions. Next, for the more general setting of non-
linear activation functions, we devise an algorithm ca-
pable of solving this convex program.

4.2 Nonlinear Activation Functions

For certain nonlinear activation functions σ and suit-
ably chosen kernel function κ such as the Gaussian
RBF kernel, we next prove how the class Fgcn of GCNs
in (3) can be relaxed to a Reproducing Kernel Hilbert
Space (RKHS), reducing the problem to the linear ac-
tivation case (Readers may refer to (Schölkopf et al.,
2001) for a brief overview on RKHS). Beforehand, we
rephrase the filter at layer ℓ from (1)-(2) as follows.

Denoting the f th column of the filters Aℓk as afℓk, in
Appendix D we prove that:

Lemma 4.2. A GCN induces, at each layer ℓ, a non-
linear filter τfℓ for the f th feature, which operates on
the structured aggregation of neighborhood information
and is given as (the activation σ is applied entrywise):

τfℓ : Z ∈ R(K+1)×Fℓ−1 7→ σ

(
K∑

k=0

⟨[Z]k+1,a
f
ℓk⟩

)
. (7)

For any graph signal SkX , let zki (X ) := [SkX ]i be
the ith row of SkX , which is the information aggre-
gated at node i from k-hops away. Defining the ma-
trix Zi,ℓ(Xℓ−1) ∈ R(K+1)×Fℓ−1 whose (k + 1)th row
is [Zi,ℓ(Xℓ−1)]k+1 = zki (Xℓ−1) for k ∈ [K] ∪ {0}, the
output at layer ℓ is thus given by τkℓ (Zi,ℓ(Xℓ−1)).

Kernelization of GCNs. In the sequel, we consider
a training data T = {(G(j),X (j), y(j))}mj=1, some layer
of index ℓ and a positive semi-definite kernel function
κℓ : RFℓ−1 × RFℓ−1 → R for layer ℓ. Thus, for brevity,

we omit indices involving ℓ and X (j)
ℓ−1 when no ambigu-

ity arise. Namely, we denote, e.g., Zi,j := Zi,ℓ(X (j)
ℓ−1)

and zki,j := zki (X
(j)
ℓ−1).

First, we prove in Lemma 4.3 that the filter specified
by (7) resides in the RKHS induced by the kernel (See
Appendix E for a proof that adapts the one by Zhang
et al. (2017) to GCNs). Zhang et al. (2017) prove that
convolutional neural networks can be contained within
the RKHS induced by properly chosen kernel and ac-
tivation functions. For certain choices of kernels (e.g.,
the Gaussian RBF kernel) and a sufficiently smooth
σ (e.g., smoothed hinge loss), we can similarly prove

that the filter τfℓ in (7) is contained within the RKHS
induced by the kernel function κℓ. See Appendices
C.1-C.2 for possible choices of kernels and Appendix
C.3 for valid activation functions, as well as an elabo-
ration on sufficient smoothness in Remark C.2.

Lemma 4.3. Mercer’s theorem (Steinwart, 2008,

Theorem 4.49) implies that the filter τfℓ at layer ℓ for
the f th feature can be reparametrized as a linear combi-
nation of kernel products, reducing the problem to the
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linear activations case. Formally:

τfℓ (Zi,j) =

K∑
k=0

∑
(i′,j′)∈[n]×[m]

αf
k,(i′,j′) · κℓ(z

k
i,j , z

k
i′,j′),

(8)

where {αf
k,(i′,j′)}(i′,j′,k)∈[n]×[m]×([K]∪{0}) are some co-

efficients.

Remark 4.4. Lemma 4.3 suggests that filters of the
form (8) are parameterized by a finite set of coeffi-

cients {αf
k,(i′,j′)}, allowing optimization to be carried

over these coefficients instead of the original param-
eters Aℓ (See Section 4.3 for details on solving this
optimization problem).

To avoid rederiving all results in the kernelized setting,
we reduce the problem to the linear case in Section 4.1.
Thus, consider the (symmetric) kernel matrix Kk

ℓ ∈
Rnm×nm, whose entry at row (i, j) and column (i′, j′)
equals to κℓ(z

k
i,j , z

k
i′,j′). We factorize the kernel matrix

as Kk
ℓ = Qk

ℓ (Q
k
ℓ )

⊤ with Qk
ℓ ∈ Rnm×P (as in (Zhang

et al., 2017), we can use, e.g., Cholesky factorization
(Dereniowski and Kubale, 2003) with P = nm).

Remark 4.5. The (i, j)-th row of Qk
ℓ , i.e., qk

i,j :=

[Qk
ℓ ](i,j) ∈ RP , can be interpreted as a feature vector

instead of the original zki,j ∈ RFℓ−1 (the information
aggregated at node i from k-hops away).

Thus, using Remark 4.5, the reparameterization in
(8) of the filter at layer ℓ for the f th feature can be
rephrased as:

τfℓ (Zi,j) =

K∑
k=0

⟨qk
i,j , â

f
ℓk⟩;

âfℓk : =
∑

(i′,j′,k)∈[n]×[m]×([K]∪{0})

αf
k,(i′,j′)q

k
i′,j′

(9)

Next, we outline the learning and testing phases of
CGCNs (See Appendix E for more details).

Remark 4.6. Relaxing the filters to the induced
RKHS reduces the problem to the linear case. The re-
sulting relaxed filters satisfy a low-rank constraint and
have a bounded nuclear norm. By Section 4.1, con-
vexly relaxing the low-rank constraint via the nuclear
norm yields a convex function class.

To summarize, we describe the forward pass operation
of a single layer in Algorithm 1. It processes an input
graph signal X and transforms it in two steps:

Step 1: Arranging Input to the Layer. Each layer
ℓ takes as input the graph signal Xℓ−1 from the pre-
vious layer and computes intermediate graph signals
Zk
ℓ (Xℓ−1) for different hop distances k (line 2). For

each node i, information is aggregated from its k-hop

Algorithm 1 Forward Pass of the ℓth CGCN Layer

Input: Graph signal X ∈ Rn×F , filters Âℓ = (Âℓk)
K
k=0

1: Step 1: Arrange input to layer ℓ

2: Given an input graph signal Xℓ−1 ∈ Rn×F from
the previous layer, compute a new graph signal
Zk
ℓ (Xℓ−1) ∈ Rn×P for any ℓ ∈ [L] and k ∈ [K]∪{0}

as follows.
3: Compute zki (X

(j)
ℓ−1) := [SkX (j)

ℓ−1]i, the signal aggre-
gated at node i from k-hops away with respect to
the training graph signal X (j).

4: As usual in kernel methods, we need to compute
κℓ(z, z

k
i (Xℓ−1)), where z ∈ RFℓ−1 is some input

graph signal.
5: Form the vector vk

ℓ (z
k
i (Xℓ−1)) whose elements are

kernel products (See Appendix E).
6: Compute the ith row of Zk

ℓ (Xℓ−1) using
Zk
ℓ (Xℓ−1)i = (Qk)†vk

ℓ (z
k
i (Xℓ−1)), where (Qk)† is

the pseudo-inverse of Qk (See Appendix E for
more details).

7: Step 2: Compute the layer’s output

8: Using the computed signals Zk
ℓ (Xℓ−1), construct

the output graph signal Xℓ for layer ℓ.
9: Layer ℓ induces a linear mapping between graph

signals Ψ̂Âℓ : Rn×Fℓ−1 → Rn×Fℓ s.t. the value
of the f th feature of node i at layer ℓ is [Xℓ]if =

[Ψ̂Âℓ(Xℓ−1)]if =
∑K

k=0⟨ẑki (Xℓ−1), â
f
ℓk⟩, where âfℓk

are the trainable parameters (filters) of the CGCN
layer from (9).

Output: Output graph signal Xℓ ∈ Rn×Fℓ

neighbors (line 4), from which the ith row of Zk
ℓ (Xℓ−1)

is then obtained based on kernel products (lines 4-6).

Step 2: Computing the Layer Output. Using the
intermediate representations and the trainable filters
Âℓk, the layer’s output signal Xℓ is calculated (line 8).
Specifically, each node’s output feature vector at layer
ℓ is computed via a weighted sum of the transformed
signals (line 9).

4.3 The Algorithm for Learning Multi-Layer
CGCNs

Algorithm 2 summarizes the training process of a
multi-layer CGCN, estimating the parameters of each
layer from bottom to top (i.e., in a layer-wise fashion).

As such, to learn the nonlinear filter τfℓ at layer ℓ, we

should learn the P -dimensional vector âfℓk. For this
sake, we define the graph signal Zk

j ∈ Rn×P for any

k ∈ [K] ∪ {0} and j ∈ [m] whose ith row is [Qk](i,j).
We can then apply the nuclear norm relaxation from
Section 4.1. Solving the resulting optimization prob-
lem yields a matrix of filters Âℓk ∈ RP×Fℓ for layer ℓ
whose f th column is âfℓk.
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Algorithm 2 Training of CGCNs

Input: Training set T = {(G(j),X (j), y(j))}mj=1;

Kernels {κℓ}Lℓ=1; Regularization parameters {Bℓ}Lℓ=1;
Number of graph filters {Fℓ}Lℓ=1

1: for each layer 2 ≤ ℓ ≤ L do

2: Taking {(G(j),X (j)
ℓ−1, y

(j))}mj=1 as training sam-

ples, construct a kernel matrix Kk
ℓ ∈ Rnm×nm as

in Section 4.2.
3: Compute a factorization or an approximation

of Kk
ℓ to obtain Qk

ℓ ∈ Rnm×P .

4: For any sample X (j)
ℓ−1, form a graph signal

Zk
ℓ (X

(j)
ℓ−1) ∈ Rn×P via line 6 of Algorithm 1.

5: Solve (10) via (11) to obtain a the filters Âℓ.

6: Compute the output X (j)
ℓ of layer ℓ via Algo-

rithm 1.

Output: Predictors {Ψ̂Âℓ(·)}Lℓ=1 and the output X (j)
L .

Given regularization parameters {Bℓ}Lℓ=1 for the fil-
ters’ nuclear norms, we thus aim to solve the following
optimization problem at each layer ℓ due to line 9 of
Algorithm 1:

Âℓ ∈ argmin
∥Âℓ∥∗≤Bℓ

J̃(Âℓ),

where J̃(Âℓ) :=
1

m

m∑
j=1

J(Ψ̂Âℓ(X (j)
ℓ−1), y

(j)).
(10)

This can be easily solved via projected gradient descent:
at round t, with step size ηt > 0, compute:

Ât+1
ℓ = ΠBℓ

(Ât
ℓ − ηt∇Âℓ

J̃(Ât
ℓ)) (11)

where ∇Âℓ
J̃ is the gradient of J̃ from (10) and ΠBℓ

de-
notes the Euclidean projection onto the nuclear norm
ball {Âℓ : ∥Âℓ∥∗ ≤ Bℓ}. This projection can be done
by first computing the singular value decomposition
of Â and then projecting the vector of singular values
onto the ℓ1-ball via an efficient algorithm (see, e.g.,
(Duchi et al., 2008, 2011; Xiao and Zhang, 2014)). The
problem in (10) can also be solved using a projected
version of any other optimizer (e.g., Adam (Kingma
and Ba, 2015)).

4.4 Scalability, Time Complexity and
Challenges of Learning CGCNs

Algorithm 2’s runtime highly depends on how the fac-
torization matrix Qk

ℓ is computed and its width P
(line 3). Naively picking P = nm requires solving
the exact kernelized problem, which can be costly. To
gain scalability, we compute a Nyström approximation
(Williams and Seeger, 2001) in O(P 2nm) time by ran-
domly sampling training examples, computing their

kernel matrix and representing each training example
by its similarity to the sampled examples and kernel
matrix. This avoids computing or storing the full ker-
nel matrix, thus requiring only O(Pmn) space. While
this approach is efficient (Williams and Seeger, 2001;
Drineas and Mahoney, 2005), it relies on the sam-
pled subset adequately representing the entire data;
poorly represented examples may degrade approxima-
tion quality. See Appendix F for more details and
alternative methods.

4.5 Convergence and Generalization Error

We now analyze Algorithm 2’s generalization error,
focusing on two-layer models (L = 1) in the binary
classification case where the output dimension is G =
2. Our main result can be easily extended to the multi-
class case by a standard one-versus-all reduction to
the binary case. In case of multiple hidden layers, our
analysis then applies to each hidden layer separately.
However, a global depth-wide bound is an important
future direction.

Specifically, by an approach similar to Zhang et al.
(2017), we prove that the generalization error of Algo-
rithm 2 converges to the optimal generalization error
of a GCN, as it is bounded above by this optimal er-
ror plus an additive term that decays polynomially to
zero with the sample size. For any ℓ ∈ [L] and k ∈ [K],
we use the random kernel matrix Kk

ℓ (X ) ∈ Rn×n in-
duced by a graph signal X ∈ Rn×F drawn randomly
from the population, i.e., the (i, i′)-th entry of Kk

ℓ (X )
is κℓ(z

k
i (X ), zki′(X )), where zki (Xℓ−1) := [SkXℓ−1]i ag-

gregates information at node i from k-hops away.

Theorem 4.7. Consider two-layer models in the bi-
nary classification case (i.e., L = 1, G = 2). Let
J(·,y) be M -Lipchitz continuous for any fixed y ∈ [G]n

and let κL be either the inverse polynomial kernel
or the Gaussian RBF kernel (Recall Appendices C.1-
C.2). For any valid activation function σ (Recall Ap-
pendix C.3), there is a constant radius RL > 0 such
that the expected generalization error is at most:

EX ,y[J(Ψ̂
ÂL(X ),y)] ≤ inf

Φ∈Fgcn

EX ,y[J(Φ(X ),y)]

+
Const√

m
,

where Const is some constant that depends on RL, but
not on the sample size m.

Proof. (Sketch) The full proof in Appendix G com-
prises of two steps: When L = 1, G = 2, we first
consider a wealthier function class, denoted as Fcgcn,
which is proven to contain the class of GCNs Fgcn from
(2). The richer class relaxes the class of GCNs in two
aspects: (1) The graph filters are relaxed to belong to
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the RKHS induced by the kernel, and (2) the ℓ2-norm
constraints in (2) are substituted by a single constraint
on the Hilbert norm induced by the kernel. Though
Algorithm 2 never explicitly optimizes over the func-

tion class Fcgcn, we prove that the predictor Ψ̂
ÂL gen-

erated at the last layer is an empirical risk minimizer
in Fcgcn. Then, we prove that Fcgcn is not ”too big”
by upper bounding its Rademacher complexity, a key
concept in empirical process theory that can be used
to bound the generalization error in our ERM problem
(see, e.g., (Bartlett and Mendelson, 2002) for a brief
overview on Rademacher complexity). Combining this
upper bound with standard Rademacher complexity
theory (Bartlett and Mendelson, 2002), we infer that

the generalization error of Ψ̂ÂL converges to the best
generalization error of Fcgcn. Since Fgcn ⊂ Fcgcn, the
latter error is bounded by that of GCNs, completing
the proof.

5 EXPERIMENTAL EVALUATION

Datasets. We evaluate our framework through ex-
tensive experiments on several benchmark graph clas-
sification datasets (Morris et al., 2020), including the
four bioinformatics datasets MUTAG, PROTEINS,
PTC-MR, NCI1 and the chemical compounds dataset
Mutagenicity. We also evaluated our models on the
ogbg-molhiv molecular property prediction dataset
from the Open Graph Benchmark (Hu et al., 2020),
originally sourced from MoleculeNet (Wu et al.,
2018) and among its largest benchmarks. Following
many prior works (Ma et al., 2019; Ying et al., 2018a),
we randomly split each dataset into three parts: 80%
as training set, 10% as validation set and the remaining
10% as test set. The statistics of the above datasets
appear in Appendix H.1.

Baselines. We apply our convexification procedure to
the message-passing mechanisms of popular GNNs and
hybrid graph transformers, creating convex counter-
parts. Our framework is integrated into a wide range
of leading models, including GCN (Defferrard et al.,
2016; Kipf and Welling, 2017), GAT (Veličković et al.,
2018), GATv2 (Brody et al., 2022), GIN (Xu et al.,
2019), GraphSAGE (Hamilton et al., 2017), ResGat-
edGCN (Bresson and Laurent, 2017), as well as the hy-
brid transformers GraphGPS (Rampášek et al., 2022)
and GraphTrans (Shi et al., 2021; Wu et al., 2021). In
Appendix I.5, we include additional experiments for
DirGNN (Rossi et al., 2024). All models share the
same architecture design for fair comparison; see Ap-
pendix H.2 for more details. Our code is available
at (Cohen et al., 2026).

We would like to clarify that many recent graph learn-
ing papers in influential venues continue using the

same baselines or older ones (see, e.g., (Armgaan et al.,
2025; Yehudai et al., 2025; Hordan et al., 2025; Ma
et al., 2023; Chen et al., 2023a)). Further, our base-
lines are still listed in leaderboards of modern datasets
like Open Graph Benchmark (OGB) (Hu et al., 2020).
Thus, our baselines match what current peer-reviewed
GNN work uses for molecular datasets and graph clas-
sification, especially for message-passing comparisons.
We also clarify that our goal is parallel: to compare
convexified GNNs to their own non-convex counter-
parts, not to propose a new SOTA model.

Results and Analysis. Table 1 presents our main
empirical results for the graph classification bench-
marks, comparing two-layer convex models against
two-layer and six-layer non-convex models. On the
ogbg-molhiv dataset, our convex models consistently
obtained around 98% accuracy, surpassing their non-
convex counterparts, which reached about 96%. Im-
pressively, in most cases, the two-layer convex variants
substantially surpass their non-convex counterparts by
10–40% accuracy, showcasing the practical strength of
our framework alongside its theoretical benefits. Even
when improvements are modest, our convex models
match or slightly surpass their non-convex versions,
underscoring the robustness and broad applicability
of our approach. Notable examples are GATv2 and
GraphGPS, whose convex versions significantly out-
perform their non-convex ones in 4 out of 5 datasets,
with slight improvements on Mutagenicity. Our con-
vex models’ superiority over the hybrid transformer
GraphGPS, which combines message-passing with self-
attention, highlights the power of convexified GNNs
over non-convex ones, even when enhanced by self-
attention. In Appendix I, we visualize these trends
more holistically.

Over-parameterization is known to aid gradient-based
methods to reach global minima that generalize well in
non-convex models (Allen-Zhu et al., 2019; Du et al.,
2018; Zou et al., 2020), making it a common practice
for obtaining strong performance. Our results chal-
lenge this approach, showing that our shallow convex
models often surpass their more over-parameterized
non-convex counterparts and obtain better results
with fewer layers and parameters. Namely, we surpass
them in both performance and model compactness.
These gains are most notable in small-data regimes,
which are prone to overfitting, where we suspect that
local optima obtained by non-convex models may hin-
der generalization. However, convex models avoid such
pitfalls, offering more stable and reliable learning. Our
results show that rich representations can be attained
without over-parameterization by exploiting convexity
in shallow models.

In Appendix I.4, we give more results for deeper con-
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Table 1: Accuracy (% ± σ) of 2-layer convex versions of base models against their 2- and 6-layer non-convex
counterparts on various graph classification datasets over 4 runs, each with different seeds. Datasets are ordered
from left to right in ascending order of size. Convex variants start with ’C’. A 2-layer model is marked by
(2L), while a 6-layer one by (6L). Results of convex models surpassing their non-convex variants by a large gap
(∼10–40%) are in bold and modest improvements are underlined.

Model MUTAG PTC-MR PROTEINS NCI1 Mutagenicity

CGCN (2L) 85.0± 3.5 67.6± 5.8 75.0± 3.2 77.1± 2.8 80.6± 3.3
GCN (2L) 50.0± 20.3 48.5± 10.4 59.5± 4.1 61.0± 4.0 69.7± 2.4
GCN (6L) 65.0± 19.6 63.0± 11.8 58.7± 6.1 65.0± 5.9 72.7± 1.6

CGIN (2L) 82.5± 5.5 66.4± 3.4 77.7± 1.8 74.8± 9.4 77.9± 4.5
GIN (2L) 50.0± 11.7 49.3± 10.0 50.4± 12.0 61.0± 1.9 67.8± 4.6
GIN (6L) 61.2± 14.3 51.9± 14.5 61.6± 1.2 66.3± 2.4 69.1± 3.2

CGAT (2L) 83.7± 5.4 70.1± 9.9 72.1± 4.7 68.5± 4.7 75.3± 2.6
GAT (2L) 62.0± 22.7 58.7± 18.3 60.0± 3.3 67.1± 3.9 69.3± 3.0
GAT (6L) 75.0± 16.2 61.0± 17.6 63.1± 1.8 67.3± 2.6 72.8± 2.0

CGATv2 (2L) 87.5± 2.5 69.4± 7.5 73.4± 1.7 66.2± 1.5 80.6± 1.0
GATv2 (2L) 68.7± 4.1 56.3± 13.6 61.6± 1.6 62.2± 6.2 70.1± 2.7
GATv2 (6L) 70.0± 7.9 59.2± 17.4 63.3± 2.1 63.5± 4.0 74.9± 1.9

CResGatedGCN (2L) 83.7± 5.4 73.0± 5.0 78.5± 2.2 69.8± 3.2 79.1± 3.5
ResGatedGCN (2L) 43.7± 17.4 50.7± 7.1 47.9± 9.9 67.2± 2.7 70.6± 0.9
ResGatedGCN (6L) 55.0± 12.2 55.4± 20.5 55.8± 8.7 67.3± 2.5 71.5± 1.6

CGraphSAGE (2L) 82.5± 2.4 72.3± 6.1 73.6± 3.1 69.3± 2.8 80.1± 3.6
GraphSAGE (2L) 65.0± 16.5 56.2± 17.0 62.5± 0.8 61.4± 4.1 70.6± 1.8
GraphSAGE (6L) 55.0± 12.7 61.5± 8.9 63.1± 1.8 64.7± 2.0 70.8± 2.3

CGraphTrans (2L) 81.2± 4.1 68.1± 8.3 75.4± 3.2 68.9± 2.5 73.8± 3.4
GraphTrans (2L) 62.5± 16.7 55.3± 13.8 60.7± 2.6 68.9± 0.8 68.0± 4.1
GraphTrans (6L) 57.5± 19.5 61.4± 16.9 61.6± 1.2 70.0± 4.3 72.1± 3.8

CGraphGPS (2L) 83.7± 2.1 65.5± 9.3 81.6± 7.2 60.1± 6.1 59.4± 4.1
GraphGPS (2L) 50.9± 19.6 49.2± 20.1 42.0± 1.9 50.8± 2.6 41.4± 8.7
GraphGPS (6L) 52.5± 2.1 46.4± 2.3 48.8± 1.5 49.4± 1.9 55.1± 5.5

vex models, depicting how accuracy can be improved
as depth increases. This directly addresses how our
convexified models handle over-smoothing: Appendix
I.4 shows that the accuracy of convex models can fur-
ther improve with additional layers, which is consis-
tent with our theoretical guarantees in Theorem 4.7.
Hence, this illustrates that errors remain controlled
as depth increases, offering strong empirical support
for the practical effectiveness of multi-layer CGNNs,
which is crucial because state-of-the-art GNN appli-
cations often rely on deeper architectures. Intuitively,
convexified models handle over-smoothing well thanks
to the nuclear norm relaxation used by our model.
Specifically, the nuclear norm projection reduces the
effective capacity of filters and, in practice, suppresses
small singular-value directions that often correspond
to high-frequency/noisy modes over the graph. This
prevents representation collapse in shallow models and
empirically reduces over-smoothing in deeper convex

models. See Appendix I.6 for more details.

6 CONCLUSION

We presented CGNNs, which transform the training
of message-passing GNNs to a convex optimization
problem. They ensure global optimality and computa-
tional efficiency, while having provable generalization
and statistical guarantees. Empirically, we showed
that our CGNNs can effectively capture complex pat-
terns without the need for over-parameterization or
extensive data. This insight offers a more efficient
and data-scarce alternative to traditional deep learn-
ing approaches, with substantial improvements across
various benchmark datasets. As noted in Section 4.4,
CGNNs’ training is heavily affected by the factoriza-
tion of the kernel matrix in terms of time and space
complexity. Addressing these challenges is thus a key
direction for future work.
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A ADDITIONAL RELATED WORK

A.1 Graph Transformers

Instead of aggregating local neighborhoods, Graph Transformers capture interaction information between any
pair of nodes via a single self-attention layer. Some works design specific attention mechanisms or positional
encodings (Hussain et al., 2022; Kreuzer et al., 2021; Ma et al., 2023; Ying et al., 2021), while others combine
message-passing GNNs to build hybrid architectures (Chen et al., 2022; Rampášek et al., 2022; Shi et al., 2021;
Wu et al., 2021). Those methods enable nodes to interact with any other node, facilitating direct modeling
of long-range relations. Our framework broadly applies to such hybrid methods, as we exhibit on the leading
models GraphGPS (Rampášek et al., 2022) and GraphTrans (Shi et al., 2021; Wu et al., 2021). Empirically,
applying our framework consistently improves performance in graph classification tasks, with significant gains
on GraphGPS, showcasing the versatility and effectiveness of our approach.

A.2 Comparison to Convexified CNNs (Zhang et al., 2017)

There is a fundamental mathematical gap between CNNs (Zhang et al., 2017) and message-passing GNNs studied
in our work. The transition from grids to graphs is not merely an application of existing theory; it requires solving
a distinct set of theoretical problems related, which Zhang et al. (2017) do not address. Our work thus differs
from that by Zhang et al. (2017) in several fundamental dimensions, such as:

1. Irregular Domains: Zhang et al. (2017) rely on the fixed, grid-like structure of images where ”neighbors”
are deterministic; the input has a constant dimension and regular structure. They cannot account for a
domain where the ”receptive field” (neighborhood) size varies from node to node as in GNNs. Further,
Zhang et al. (2017) cannot handle information exchange between nodes. In contrast, our work focuses on
irregular domains consisting of graphs with varying numbers of nodes and edges, which cannot be derived
from the fixed-grid analysis of Zhang et al. This lack of stationarity breaks many simplifications used in the
CNN setting.

2. Differences in Convexification Procedures: Zhang et al. (2017) use RKHS constructions tied to con-
volutional filters and patch extraction on grids. The kernel acts on image patches and the analysis exploits
fixed patch geometry. Conversely, our work requires a different RKHS construction designed to explicitly
model the recursive aggregation of information across multiple hops.

3. Nuclear norm relaxation: Unlike Zhang et al. (2017), our nuclear norm relaxation is applied to matrix
representations of graph filters that concatenate hop-wise filters across features. The low-rank structure
thus has node-hop-feature semantics (not just patches in a grid).

Finally, we show how the convexification can be applied to a wide family of message-passing GNNs and hybrid
transformer models, which cannot be treated by Zhang et al. (2017).

A.3 Fundamental Distinctions from Cohen and Agmon (2021a)

While our work and that by Cohen and Agmon (2021a) use convexification in graph contexts, the architectural
foundations, scope and mathematical formulations are fundamentally different.

• Modeling and Scope: Cohen and Agmon (2021a) proposed convex versions of specific GNN models
termed as aggregation GNN, which apply only to a signal with temporal structure; particularly, their
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formulation is restricted to a fixed communication topology. Their work is also narrowly tailored and
focused on a specific application in swarm robotics, where convexity arises from modeling assumptions
tailored to domain adaptation. In contrast, our CGNN framework establishes a general and theoretically
principled convexification of diverse message-passing GNNs by transforming the standard architecture itself,
independent of application-specific constraints. In other words, we resolve key mathematical limitations of
their work:

1. Cohen and Agmon (2021a): Their formulation is mathematically restricted to a fixed communication
topology. Consequently, their method is undefined if the number of nodes changes between
training and inference. It cannot be applied to standard graph classification benchmarks.

2. Our CGNN Framework: In contrast, our framework is explicitly designed for multiple, variable-
sized graphs. By relaxing the message-passing filters directly (rather than polynomial coefficients of
a fixed operator), our method supports training on multiple, heterogeneous graphs. As detailed
in Appendix H, our implementation handles datasets with varying numbers of nodes and edges, a
capability that is mathematically impossible under the formulation of Cohen and Agmon
(2021a).

• Modularity and Generalization: Unlike Cohen and Agmon (2021a), whose formulation does not preserve
standard GNN modularity and is limited to a single fixed graph and a specific control setting, our
framework retains the usual GNN architectural structure and supports multiple graphs during training.
Our convexification also extends to, e.g., node-level tasks by applying the same procedure with
a node-level loss on the final-layer features; no further reformulation is required. In contrast, their model
cannot be directly adapted to generic node or graph prediction without substantial redesign. Hence, CGNNs
provide a scalable, domain-agnostic convexification framework with a fundamentally different mathematical
basis. In summary, the key modularity differences are:

1. Cohen and Agmon (2021a): Narrowly tailored to a specific control setting (swarm robotics) and requires
substantial redesign to adapt to other tasks.

2. Our Work: Our framework preserves the modularity of standard GNNs; extending our convexification
to node-level tasks (as opposed to graph-level) requires only a change in the final loss function, not a
reformulation of the architecture.

• Tighter Theoretical Foundations and Different Models: Our nuclear norm relaxation step and
derived upper bound on relaxed filters’ nuclear norm are fundamentally different, much tighter and more
general than those presented by Cohen and Agmon (2021a).

1. The analysis by Cohen and Agmon (2021a) is limited to polynomial filters. After the nuclear norm
relaxation of polynomial filters, Cohen and Agmon (2021a) prove that the nuclear norm of the filters

at layer ℓ is at most RℓFℓFℓ−1

√∑
i(
∑

k λ
k
i )

2. Here, λ1, . . . , λn are the distinct eigenvalues of the shift

operator S, Rℓ, Fℓ,K are as in Section 3.

2. Our analysis is fundamentally different: it is not restricted to polynomial filters, but applies to
general filters. After the nuclear norm relaxation, Lemma 4.1 gives an upper bound on the filters’
nuclear norm, whose derivation is simpler and yields a much tighter upper bound for general filters.
Namely, we prove that the nuclear norm of any possible filter at layer ℓ is at most Rℓ

√
FℓFℓ−1(K + 1).

Eventually, this results in a smaller generalization gap bound, as observed in Theorem 4.7.

• Algorithmic Differences: Hence, our relaxation to a reproducing kernel Hilbert space (RKHS) and its
analysis also substantially differ from Cohen and Agmon (2021a).

1. The methods of Cohen and Agmon (2021a) are limited to learning a relaxation of the frequency repre-
sentation of polynomial filters. Further, their algorithm is restricted to using classic projected gradient
descent instead of more modern optimizers. Also, the implementation of their framework is confined to
graphs with the same number of nodes.

2. As before, our analysis is not restricted to polynomial filters. Rather, it applies to general non-
convex filters, by directly learning the relaxed filters themselves. Our algorithm can also employ a
projected version of any modern optimizer (e.g., Adam). Additionally, as detailed in Appendix H, our
implementation utilizes several components that allow use to train our convex models on datasets with
graphs containing varying numbers of nodes and edges.



Saar Cohen, Noa Agmon, Uri Shaham

In short, the algorithmic differences are:

1. Cohen and Agmon (2021a): Restricted to learning a relaxation of the frequency representation
of polynomial filters using classic projected gradient descent.

2. Our Work: Our relaxation to a Reproducing Kernel Hilbert Space (RKHS) allows us to directly learn
the relaxed filters using any modern optimizer (e.g., Adam), ensuring better scalability and
convergence in practice.

A.4 GNNs as Unified Optimization Problems

Our convexification framework relates to and fundamentally differs from prior work on GNNs as unified optimiza-
tion problems. Chen et al. (2023b) first classify spatial GNNs based on how they aggregate neighbor information,
while discussing how graph convolution can be depicted as an optimization problem. They also discuss how filters
of spectral GNNs can be approximated via either linear, polynomial or rational approximation. The works by
He et al. (2021), Wang and Zhang (2022) and Guo and Wei (2023) focus on polynomial approximation, treating
spectral filters as parameterized by a polynomial basis. Specifically:

• BernNet (He et al., 2021) parameterizes an arbitrary spectral filter in a Bernstein polynomial basis. BernNet
is analyzed from the perspective of graph optimization, showing that any polynomial filter that attempts to
approximate a valid filter has to take the form of BernNet.

• Wang and Zhang (2022) notice that spectral GNNs with different polynomial bases of the spectral filters
have the same expressive power but different empirical performance. Thus, for **linear** GNNs, they
analyze the effect of polynomial basis from an optimization perspective. Specifically, they show that a set of
orthonormal bases whose weight function corresponds to the graph signal density can enable linear GNNs
to achieve the highest convergence rate.

• Guo and Wei (2023) continue that work, by first proposing for learning an orthonormal polynomial basis.
Then, they tackle the definition of optimal basis from an optimization perspective in [3], proposing a model
that computes the optimal basis for a given graph structure and graph signal.

However, in all those works training remains non-convex. Our contribution is thus orthogonal and complemen-
tary: rather than deriving architectures, we convexify the training problem itself for general, non-convex
message-passing GNNs (not only spectral ones). Training thus becomes a convex optimization problem, ensuring
global optimality as well as an accurate and rigorous analysis of statistical properties. Further, our framework
applies directly to general message-passing GNNs and hybrid transformer architectures like GraphGPS and
GraphTrans, whereas The works by He et al. (2021), Wang and Zhang (2022) and Guo and Wei (2023) only
cover spectral GNNs. In fact, the optimization-oriented analysis of Wang and Zhang (2022) is restricted to
linear GNNs, while we focus on convexifying non-convex GNNs. We will add a dedicated discussion explicitly
contrasting these settings.

A.5 Classic Graph Kernels

1. The relation to Weisfeiler-Lehman: The most direct link lies in the Weisfeiler-Lehman (WL) graph
kernel (Shervashidze et al., 2011). It is well-established that standard message-passing GNNs are functionally
equivalent to the 1-WL isomorphism test in terms of expressive power (Xu et al., 2019). Classical WL kernels
operate by explicitly mapping graphs to high-dimensional sparse feature vectors containing counts of color-
refined subtrees, which are then typically optimized via Support Vector Machines (SVMs).

• The WL kernel approach: The kernel method separates feature extraction (WL refinement) from
learning (SVM). The ”learning” is convex (quadratic programming), but the features are fixed and
discrete.

• Our Approach: Our CGNN framework internalizes this process. By mapping the nonlinear message-
passing filters themselves into an RKHS, we do not merely extract fixed features; we learn the prop-
agation mechanism itself. Crucially, we achieve this while retaining the hallmark benefit of the SVM
era: convexity . CGNNs thus guarantee global optima, eliminating the local minima issues plaguing
standard non-convex GNN training.
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2. Implicit vs. Explicit Infinite-Dimensional Spaces: Classical graph kernels rely on the kernel trick
to implicitly operate in high-dimensional spaces without computing coordinates. Conversely, widely-used
GNNs (e.g., GCN, GIN) operate in explicit, low-dimensional Euclidean spaces. Convexified GNNs occupy a
middle ground that leverages the best of both worlds. We utilize the RKHS formalism to first parameterize
graph filters in a countable-dimensional feature space. By the representer theorem, we give a reduction of
the original ERM problem to a finite-dimensional one. Then, we solve the learning problem via projected
gradient descent. This mirrors the Infinite-Width GNN (or Neural Tangent Kernel) regime, but with a
tractable, finite-data implementation. While Graph Neural Tangent Kernels (GNTK) (Du et al., 2019;
Krishnagopal and Ruiz, 2023) are often static and used as fixed priors, CGNNs remain adaptable, learning
the representation within the convex constraint set.

3. Dataset Implications and Generalization: The connection is empirically relevant given the standard
evaluation benchmarks. Datasets such as TUDataset (e.g., MUTAG, PROTEINS, NCI1) were originally
curated to benchmark graph kernels. For years, kernel methods (like the WL-subtree kernel and Deep Graph
Kernels) outperformed early GNNs on these tasks due to the small sample sizes, where over-parameterized
GNNs were prone to overfitting. By convexifying GNNs, our method introduces rigorous regularization
inherent to the RKHS norm. This explains the strong performance of CGNNs on these “kernel-dominated”
datasets: we provide the adaptivity of a neural network but with the complexity control and generalization
guarantees typically associated with SVM-based kernel methods. Thus, CGNNs can be viewed as the natural
neural evolution of the WL-kernel: preserving the global optimization guarantees while enabling end-to-end
learning of continuous message-passing dynamics.
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B UPPER BOUNDING THE NUCLEAR NORM

Lemma 4.1. For any layer ℓ, ∥Aℓ∥∗ ≤ Bℓ for some constant Bℓ > 0 dependent on Rℓ, Fℓ, Fℓ−1,K.

Proof. Note that the nuclear norm of any matrix B can be bounded as ∥B∥∗ ≤ ∥B∥F
√
rank(B), where ∥B∥F is

the Frobenius norm which is identical to the standard Euclidean norm of the vectorized version of the matrix.
Hence, the nuclear norm of the filters Aℓ satisfying (5a) and (5b) is upper bounded by

∥Aℓ∥2∗ ≤ ∥Aℓ∥2FFℓ−1 =

K∑
k=0

∑
f∈[Fℓ]

∑
g∈[Fℓ−1]

|afgℓk |
2 · Fℓ−1 ≤ R2

ℓFℓFℓ−1(K + 1).

That is, ∥Aℓ∥∗ ≤ Bℓ for Bℓ := Rℓ

√
FℓFℓ−1(K + 1).

C CHOICE OF KERNELS AND VALID ACTIVATIONS

In this section, we provide properties regarding two types of kernels: the inverse polynomial kernel (Section
C.1) and the Gaussian RBF kernel (Section C.2). We show that the reproducing kernel Hilbert space (RKHS)
corresponding to these kernels contain the nonlinear filter at each layer ℓ for the f th feature of node i for certain
choices of an activation function σ. Finally, we summarize the possible choices for an activation function σ that
result from our discussion (Section C.3).

C.1 Inverse Polynomial Kernel

For F features, the inverse polynomial kernel κIP : RF × RF → R is given as follows:

κIP (z, z′) :=
1

2− ⟨z, z′⟩
; ∥z∥2 ≤ 1, ∥z′∥2 ≤ 1 (12)

Zhang et al. (2017) prove that κIP indeed constitutes a legal kernel function. We include the proof to make the
paper self-contained: they provide a feature mapping φ : RF → ℓ2(N) for which κIP (z, z′) = ⟨φ(z), φ(z′)⟩. The

(k1, . . . , kj)-th coordinate of φ(z), where j ∈ N and k1, . . . , kj ∈ [Fℓ], is given by 2−
j+1
2 xk1

. . . xkj
. Thus:

⟨φ(z), φ(z′)⟩ =
∞∑
j=0

2−(j+1)
∑

(k1,...,kj)∈[Fℓ]j

zk1 . . . zkjz
′
k1

. . . z′kj
(13)

Since ∥z∥2 ≤ 1 and ∥z′∥2 ≤ 1, the series above is absolutely convergent. Combined with the fact that |⟨z, z′⟩| ≤ 1,
this yields a simplified form of (13):

⟨φ(z), φ(z′)⟩ =
∞∑
j=0

2−(j+1)(⟨z, z′⟩)j = 1

2− ⟨z, z′⟩
= κIP (z, z′) (14)

as desired. Combining (7) with the proof of Lemma 1 in Appendix A.1 of Zhang et al. (Zhang et al., 2016b),
the RKHS associated with κIP is comprised of the class of nonlinear graph filters in (7). It can be formulated
as follows:

Corollary C.1. Assume that σ has a polynomial expansion σ(t) =
∑∞

j=0 ajt
j. Let Cσ(t) :=

√∑∞
j=0 2

j+1a2j t
2j.

If Cσ(∥afℓk∥2) < ∞, then the RKHS induced by κIP contains the function τfℓ : Z ∈ R(K+1)×Fℓ−1 7→
σ(
∑K

k=0⟨[Z]k+1,a
f
ℓk⟩) with Hilbert norm ∥τfℓ ∥A ≤ Cσ(

∑K
k=0 ∥a

f
ℓk∥2).

Consequently, Zhang et al. (Zhang et al., 2016b) state that upper bounding Cσ(t) for a particular activation
function σ is sufficient. To enforce Cσ(t) < ∞, the scalars {aj}∞j=0 must rapidly converge to zero, implying that

σ must be sufficiently smooth. For polynomial functions of degree d, the definition of Cσ yields Cσ(t) = O(td).
For the sinusoid activation σ(t) := sin(t), we have:

Cσ(t) =

√√√√ ∞∑
j=0

22j+2

((2j + 1)!)2
(t2)2j+1 ≤ 2et

2

(15)
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For the erf function σerf (t) :=
2√
π

∫ t

0
ez

2

dz and the smoothed hinge loss function σsh(t) :=
∫ t

−∞
1
2 (σerf (t)+1)dz,

Zhang et al. (Zhang et al., 2016b) proved that Cσ(t) = O(ect
2

) for universal numerical constant c > 0.

Remark C.2. Generally, a function f is sufficiently smooth if it is differentiable sufficient number of times.

For instance, if we were to consider σ(t) := sin(t), its taylor expansion is provided by sin(t) =
∑∞

j=0
(−1)j

(2j+1)! t
2j+1.

Denoting bj := (−1)j

(2j+1)! t
2j+1, the ratio test yields limj→∞ | bj+1

bj
| = 0 for all t ∈ IR. Hence, the radius of conver-

gence of the expansion is the set of all real numbers.

Regarding Corollary C.1, as well as Corollary C.3 which follows in the next subsection, for enforcing Cσ(t) < ∞,
the coefficients {aj}∞j=0 in σ’s polynomial expansion must quickly converge to zero as illustrated above, thus
requiring σ to be sufficiently smooth. Such activations include polynomial functions, the sinusoid, the erf
function and the smoothed hinge loss.

C.2 Gaussian RBF Kernel

For F features, the Gaussian RBF kernel κRBF : RF × RF → R is given as follows:

κRBF (z, z′) := e−γ∥z−z′∥2
2 ; ∥z∥2 = ∥z′∥2 = 1 (16)

Combining (7) with the proof of Lemma 2 in Appendix A.2 of Zhang et al. (Zhang et al., 2016b), the RKHS
associated with κRBF is comprised of the class of nonlinear input features. It can be formulated as follows:

Corollary C.3. Assume that σ has a polynomial expansion σ(t) =
∑∞

j=0 ajt
j. Let Cσ(t) :=

√∑∞
j=0

j!e2γ

(2γ)j a
2
j t

2j.

If Cσ(∥afℓk∥2) < ∞, then the RKHS induced by κRBF contains the function τfℓ : Z ∈ R(K+1)×Fℓ−1 7→
σ(
∑K

k=0⟨[Z]k+1,a
f
ℓk⟩) with Hilbert norm ∥τfℓ ∥A ≤ Cσ(

∑K
k=0 ∥a

f
ℓk∥2).

Comparing Corollary C.1 and Corollary C.3, κRBF requires a stronger condition on the smoothness of the
activation function. For polynomial functions of degree d, Cσ(t) = O(td) remains intact. However, for the
sinusoid activation σ(t) := sin(t), we have:

Cσ(t) =

√√√√e2γ
∞∑
j=0

1

(2j + 1)!
(
t2

2γ
)2j+1 ≤ e

t2

4γ +γ (17)

In contrast, for both the erf function σerf (t) := 2√
π

∫ t

0
ez

2

dz and the smoothed hinge loss function σsh(t) :=∫ t

−∞
1
2 (σerf (t) + 1)dz, Cσ(t) is infinite. Hence, the RKHS induced by κRBF does not contain input

features activated by those two functions.

C.3 Valid Activation Functions

Now, we summarize the possible valid choices of an activation function σ:

1. Arbitrary polynomial functions.

2. The sinusoid activation function σ(t) := sin(t).

3. The erf function σerf (t) :=
2√
π

∫ t

0
eτ

2

dτ , which approximates the sigmoid function.

4. The smoothed hinge loss function σsh(t) :=
∫ t

−∞
1
2 (σerf (τ) + 1)dτ , which approximates the ReLU function.

Recall that the erf and smoothed hinge loss activation functions are unsuited for the RBF kernel.

D REPHRASING THE NONLINEAR FILTER AT EACH LAYER

Proof. For any graph signal SkX , let zki (X ) := [SkX ]i be the i
th row of SkX , which is the information aggregated

at node i from k-hops away. We also denote the f th column of the filters Aℓk as afℓk = [afgℓk ]g∈[Fℓ−1]. By (1), the
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value of the f th feature of node i at layer ℓ can be thus written as:

[ΨAℓ(X ;S)]if =

K∑
k=0

Fℓ−1∑
g=1

[zki (Xℓ−1)]g[a
f
ℓk]g =

K∑
k=0

⟨zki (Xℓ−1),a
f
ℓk⟩. (18)

E KERNELIZATION FOR NONLINEAR ACTIVATIONS

In this section, we elaborate on the kernelization for the case of nonlinear activation functions, briefly discussed
in Section 4.2. Recall that σ denotes, for brevity, its entrywise application in (2). Further, the of the f th feature

of node i at layer ℓ’s output is given by σ(
∑K

k=0⟨zki (Xℓ−1),a
f
ℓk⟩) by (18). According to Appendix C, consider a

sufficiently smooth valid activation function σ, and a proper choice of kernel κℓ : RFℓ−1 × RFℓ−1 → R. Without

loss of generality, we assume that, each input input graph signal X (j), the feature vector [X (j)]i = x
(j)
i of each

node i resides in the unit ℓ2-ball (which can be obtain via normalization). Combined with κℓ’s being a continuous
kernel with κℓ(z, z) ≤ 1, Mercer’s theorem (Steinwart, 2008, Theorem 4.49) implies that there exists a feature
mapping φℓ : RFℓ−1 → ℓ2(N) for which κℓ(z, z

′) = ⟨φℓ(z), φℓ(z
′)⟩, which yields the following for each feature f

of any node i at layer ℓ:

σ

(
K∑

k=0

⟨zki (Xℓ−1),a
f
ℓk⟩

)
=

K∑
k=0

⟨φℓ(z
k
i (Xℓ−1)), φℓ(a

f
ℓk)⟩ =:

K∑
k=0

⟨φℓ(z
k
i (Xℓ−1)), ā

f
ℓk⟩ (19)

where āfℓk ∈ ℓ2(N) is a countable-dimensional vector, due to the fact that φ itself is a countable sequence of

functions. By Corollary C.1 and Corollary C.3, we have that ∥āfℓk∥2 ≤ Cσ,ℓ(∥afℓk∥2), provided a monotonically
increasing Cσ which depends on the kernel κℓ. Accordingly, φℓ(z) may be utilized as the vectorized representation

of each output features zki (Xℓ−1), where āfℓk constitutes the linear graph filters, thus reducing the problem to
training a GCN with the identity activation function.

Each graph filter is now parametrized by the countable-dimensional vector āfℓk. Subsequently, we supply
a reduction of the original ERM problem to a finite-dimensional one. Output on the training data T :=
{(G(j),X (j), y(j))}mj=1 should be solely considered when solving the ERM problem, i.e.,

∑K
k=0⟨φℓ(z

k
i (Xℓ−1)), ā

f
ℓk⟩

for each feature f of any node i at layer ℓ. Let Pk
ℓ−1 be the orthogonal projector onto the linear subspace spanned

by Γk
ℓ−1 := {zki (X

(j)
ℓ−1) : i ∈ [n], j ∈ [m], k ∈ [K] ∪ {0}}. Therefore, for any (i, j) ∈ [n]× [m]:

K∑
k=0

⟨φℓ(z
k
i (X

(j)
ℓ−1)), ā

f
ℓk⟩ =

K∑
k=0

⟨Pk
ℓ−1φℓ(z

k
i (X

(j)
ℓ−1)), ā

f
ℓk⟩ =

K∑
k=0

⟨φℓ(z
k
i (X

(j)
ℓ−1)),P

k
ℓ−1ā

f
ℓk⟩ (20)

where the last step stems from the fact that the orthogonal projector Pk
ℓ−1 is self-adjoint. Without loss of

generality, for the sake of solving the ERM, we assume that āfℓk belongs to Γk
ℓ−1. Similarly to (8), we can thus

reparameterize it by:

āfℓk =
∑

(i,j)∈[n]×[m]

βf
ℓk,(i,j)φℓ(z

k
i (X

(j)
ℓ−1)) (21)

where we denote βf
ℓk ∈ Rnm as a vector of the coefficients, whose (i, j)-th coordinate is βf

ℓk,(i,j). To estimate

āfℓk, it thus suffices to estimate the vector βf
ℓk. By definition, the relation (βf

ℓk)
TKk

ℓ β
f
ℓk = ∥āfℓk∥22 holds, where

Kk
ℓ ∈ Rnm×nm is the symmetric kernel matrix from Section 4.2, whose rows and columns are indexed by some

triple (i, j) ∈ [n]× [m]. The entry at row (i, j) and column (i′, j′) equals to κℓ(z
k
i (X

(j)
ℓ−1), z

k
i′(X

(j′)
ℓ−1)). A suitable

factorization of Kk
ℓ such that Kk

ℓ = Qk
ℓ (Q

k
ℓ )

⊤ for Qk
ℓ ∈ Rnm×P then yields the following norm constraint:

∥(Qk
ℓ )

⊤βf
ℓk∥2 =

√
(βf

ℓk)
TKk

ℓ β
f
ℓk = ∥āfℓk∥

2
2 ≤ Cσ,ℓ(∥afℓk∥2) ≤ Cσ,ℓ(Rℓ) (22)

where the last inequality is due to ∥afℓk∥2 ≤ Rℓ due to (3).
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Let vk
ℓ (z) ∈ Rnm be a vector whose (i, j)-th coordinate equals to κℓ(z, z

k
i (X

(j)
ℓ−1)). By (19) and (21), we can

write:

σ

(
K∑

k=0

⟨zki (X
(j)
ℓ−1),a

f
ℓk⟩

)
≡

K∑
k=0

⟨φℓ(z
k
i (X

(j)
ℓ−1)), ā

f
ℓk⟩ ≡

K∑
k=0

⟨vk
ℓ (z

k
i (X

(j)
ℓ−1)), β

f
ℓk⟩

≡
K∑

k=0

⟨βf
ℓk,v

k
ℓ (z

k
i (X

(j)
ℓ−1))⟩

(23)

For each zki (X
(j)
ℓ−1), the vector vk

ℓ (z
k
i (X

(j)
ℓ−1)) resides in the column space of the symmetric kernel matrix Kk

ℓ .

Thus, given that (Qk
ℓ )

† denotes the pseudo-inverse of Qk
ℓ , we infer the following for any (i, j) ∈ [n]× [m]:

K∑
k=0

⟨βf
ℓk,v

k
ℓ (z

k
i (X

(j)
ℓ−1))⟩ =

K∑
k=0

(βf
ℓk)

⊤Qk
ℓ (Q

k
ℓ )

†vk
ℓ (z

k
i (X

(j)
ℓ−1))

=

K∑
k=0

〈
((Qk

ℓ )
⊤)†(Qk

ℓ )
⊤βf

ℓk,v
k
ℓ (z

k
i (X

(j)
ℓ−1))

〉 (24)

Accordingly, replacing the vector βf
ℓk on the right-hand side of (23) by ((Qk

ℓ )
⊤)†(Qk

ℓ )
⊤βf

ℓk won’t affect the
empirical risk. For any matrix Z ∈ R(K+1)×Fℓ−1 whose (k + 1)th row is given by [Z]k+1 := zk for k ∈ [K] ∪ {0},
we thereby propose the following parameterization function:

τfℓ (Z) :=

K∑
k=0

〈
((Qk

ℓ )
⊤)†(Qk

ℓ )
⊤βf

ℓk,v
k
ℓ (zk)

〉
=

K∑
k=0

⟨(Qk
ℓ )

†vk
ℓ (zk), (Q

k
ℓ )

⊤βf
ℓk⟩ (25)

Consequently, the value of the f th feature of node i at layer ℓ is given by τfℓ (Zi,ℓ(Xℓ−1)), where Zi,ℓ(Xℓ−1) ∈
R(K+1)×Fℓ−1 is the matrix whose (k+ 1)th row is [Zi,ℓ(Xℓ−1)]k = zki (Xℓ−1) for k ∈ [K]∪ {0}. That is, (Qk

ℓ )
⊤βf

ℓk

now act as the filters under the reparameterization in (25) which satisfy the following constraints:

Norm Constraint. ∥(Qk
ℓ )

⊤βf
ℓk∥2 ≤ Cσ,ℓ(Rℓ) due to (22).

Rank Constraint. Its rank is at most Fℓ−1.

Therefore, similarly to the linear case in Section 4.1, those constraints can be relaxed to the nuclear norm
constraint:

∥(Qk
ℓ )

⊤βf
ℓk∥∗ ≤ Cσ,ℓ(Rℓ)

√
FℓFℓ−1(K + 1) (26)

Comparing the constraint (6) from the linear activation function case with (26), we notice that the sole distinction
is that the term Rℓ is replaced by Cσ,ℓ(Rℓ), which is required due to our use of the kernel trick for reducing the
case of nonlinear activation functions to the linear setting.

F MORE DETAILS ON MATRIX APPROXIMATION AND
FACTORIZATION METHODS

As mentioned in Section 4.4, the time complexity of Algorithm 2 largely depends on the width P of each
factorization matrix Qk

ℓ and the method used to obtain it (line 3). A naive choice of P = nm corresponds
to solving the full kernelized problem, which can be computationally expensive. For instance, using Cholesky
factorization with P = nm (Dereniowski and Kubale, 2003) incurs a complexity of O(m3n3) and space complexity
of O(m2n2).

However, to gain scalability, we use Nyström approximation (Williams and Seeger, 2001): an approximation
Kk

ℓ ≈ Qk
ℓ (Q

k
ℓ )

⊤ for Qk
ℓ ∈ Rnm×P is obtained by randomly sampling P rows/columns from the original Kk

ℓ ,
which takes O(P 2nm) time. In practice, it randomly samples training examples, computes their kernel matrix
and represents each training example by its similarity to the sampled examples and kernel matrix. It is well-
known that this method can significantly accelerate our computations (Williams and Seeger, 2001; Drineas and
Mahoney, 2005), which is attained by using the approximate kernel matrix instead of the full one. Another
advantage is that it is not necessary to compute or store the full kernel matrix, but only a submatrix requiring
space complexity of O(Pmn).
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The Nyström method works effectively so long as the sampled training examples and the kernel matrix adequately
represent the entire graph. However, if some training examples are distant from the randomly sampled ones,
they may not be well-represented.

Another possible approximation method is the random feature approximation (Rahimi and Recht, 2007), which
can be executed in O(nmP logFℓ) time (Le et al., 2013). Overall, using approximations significantly accelerates
our algorithm’s performance in terms of time and space complexity.

G PROOF OF THEOREM 4.7

Theorem 4.7. Consider models with a single hidden layer for binary classification (i.e., L = 1, G = 2). Let
J(·,y) be M -Lipchitz continuous for any fixed y ∈ [G]n and let κL be either the inverse polynomial kernel or the
Gaussian RBF kernel (Recall Appendices C.1-C.2). For any valid activation function σ (Recall Appendix C.3),
there is a constant Cσ,L(BL) such that with the radius RL := Cσ,L(BL)

√
2F , the expected generalization error is

at most:

EX ,y[J(Ψ̂
ÂL(X ),y)] ≤ inf

Φ∈Fgcn

EX ,y[J(Φ(X ),y)] +
cMRL

√
log(n(K + 1))

∑K
k=0 E[||Kk

L(X )||2]
√
m

(27)

where c > 0 is a universal constant.

We begin by proving several properties that apply to the general multi-class case with models comprising of
multiple hidden layers, and then we specialize them to single-hidden-layer models in the binary classification
case. First, a wealthier function class shall be considered, which contains the class of GCNs. For each layer ℓ,
let Hℓ be the RKHS induced by the kernel function κℓ and || · ||Hℓ

be the associated Hilbert norm. Recall that,
given any matrix Z ∈ R(K+1)×Fℓ−1 , we denote its (k + 1)th row as [Z]k+1 := zk for any k ∈ [K] ∪ {0}. Using
this notation, consider the following function class:

Fcgcn := {ΦA = ϕAL ◦ · · · ◦ ϕA1 : ϕAℓ ∈ Fℓ,cgcn ∀ℓ ∈ [L]}, where

Fℓ,cgcn :=

{
ϕAℓ : Rn×F⋆

ℓ−1 → Rn×Fℓ : F ⋆
ℓ−1 < ∞ and [ϕAℓ(X )]if = τfℓ (Zi,ℓ(X ))

where τfℓ : Z ∈ R(K+1)×Fℓ−1 7→
K∑

k=0

F⋆
ℓ−1∑

g=1

[zk]g[a
f
ℓk]g and

∥τfℓ ∥Hℓ
≤ Cσ,ℓ(Rℓ)(K + 1)

√
FℓFℓ−1

}
(28)

where Cσ,ℓ(Rℓ) depends solely on the chosen activation function σ and the regularization parameter Rℓ. We
further consider the function class of all graph filters at layer ℓ of a standard GCN:

Fℓ,gcn :=

{
ΨAℓ : ΨAℓ(X ) := σ

(
K∑

k=0

SkXℓ−1Aℓk

)
and max

0≤k≤K
∥afℓk∥2 ≤ Rℓ ∀f

}
(29)

Next, we show that the class Fcgcn contains the class of GCNs Fgcn, making the former a reacher class of
functions. Particularly, the class Fℓ,cgcn of kernelized filters at layer ℓ contains the class Fℓ,gcn of all graph filters
at layer ℓ corresponding to a standard GCN.

Lemma G.1. For any valid activation function σ, there is some Cσ,ℓ(Rℓ) that solely depends on σ and Rℓ such
that Fgcn ⊂ Fcgcn. In particular, Fℓ,gcn ⊂ Fℓ,cgcn.

Proof. Recall that that any GCN Φ ∈ Fgcn induces a nonlinear filter at each layer ℓ for the f th which can

be characterized by τfℓ : Z ∈ R(K+1)×Fℓ−1 7→ σ(
∑K

k=0⟨[Z]k+1,a
f
ℓk⟩), i.e., the GCN Φ is given by the following

composition of functions Φ = τL ◦ · · · ◦ τ1, where we defined τℓ : z 7→ (τfℓ (z))f∈[Fℓ]. Given any valid activation

function, Corollary C.1 and Corollary C.3 yield that τfℓ resides within the reproducing kernel Hilbert space Hℓ

and its Hilbert norm is upper bounded as ∥τfℓ ∥Hℓ
≤ Cσ(∥

∑K
k=0 a

f
ℓk∥2) ≤ Cσ(Rℓ)

√
K + 1, which clearly satisfies

the constraint in (28) for any layer ℓ, as desired.
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Recalling that Ψ̂Âℓ(·) is the predictor at each layer ℓ produced by Algorithm 2, we now formally prove that the

predictor Ψ̂ÂL(·) generated at the last layer is an empirical risk minimizer in the function class Fcgcn.

Lemma G.2. By running Algorithm 2 with the regularization parameter Bℓ = Cσ,ℓ(Rℓ)
√

FℓFℓ−1 at layer ℓ, the

predictor Ψ̂ÂL(·) generated at the last layer satisfies:

Ψ̂ÂL ∈ argmin
Φ∈Fcgcn

1

m

m∑
j=1

J(Φ(X (j)), y(j)) (30)

Proof. Consider the function class of all CGCNs whose filters at layer ℓ have a nuclear norm of at most Bℓ, given
by:

FBℓ
:=

{
ΦA = ΨAL ◦ · · · ◦ΨA1

∣∣∣∣∣ΨAℓ : X 7→
K∑

k=0

SkXℓ−1Aℓk and

Aℓk ∈ RFℓ−1×Fℓ and Aℓ∥∗ ≤ Bℓ

} (31)

Our goal is thus proving that FBℓ
⊂ Fcgcn, and that any empirical risk minimizer in Fcgcn is also in FBℓ

. We

begin with showing that FBℓ
⊂ Fcgcn. Let ΦA = ΨAL ◦ · · · ◦ΨA1 ∈ FBℓ

such that ΨAℓ(X ) =
∑K

k=0 SkXℓ−1Aℓk

with ∥Aℓ∥∗ ≤ Bℓ for any ℓ ∈ [L]. We shall prove that ΨAℓ ∈ Fℓ,cgcn. Indeed, consider the singular value
decomposition (SVD) of Aℓk, which we assume is given by Aℓk =

∑
s∈[F⋆

ℓ−1]
λℓkswℓksu

⊤
ℓks for some F ⋆

ℓ−1 < ∞,

where each left-singular vector wℓks and each right-singular vector uℓks are both unit column vectors, while each
singular value λℓks is a real number. Therefore, the filters corresponding to the f th feature can be written as:

afℓk =
∑

s∈[F⋆
ℓ−1]

λℓks[wℓks]f · u⊤
ℓks =

∑
s∈[F⋆

ℓ−1]

λℓksw
f
ℓks · u

⊤
ℓks (32)

As such, the value of the f th feature of node i under ΨAℓ can be rephrased as:

[ΨAℓ(X )]if =

K∑
k=0

Fℓ−1∑
g=1

[zki (Xℓ−1)]g[a
f
ℓk]g =

K∑
k=0

〈
zki (Xℓ−1),

∑
s∈[F⋆

ℓ−1]

λℓksw
f
ℓksu

⊤
ℓks

〉
(33)

Let vk
ℓ (z) ∈ Rnm be a vector whose (i, j)-th coordinate equals to κℓ(z, z

k
i (X

(j)
ℓ−1)). Similarly to Appendix

E, denote τfℓ (z) :=
∑K

k=0⟨(Qk
ℓ )

†vk
ℓ (z),

∑
s∈[F⋆

ℓ−1]
λℓksw

f
ℓksu

⊤
ℓks⟩. For any matrix Z ∈ R(K+1)×Fℓ−1 whose

(k + 1)th row is given by [Z]k+1 := zk for any k ∈ [K] ∪ {0}, note that τfℓ can be rephrased as τfℓ (z) :=∑K
k=0⟨vk

ℓ (z), ((Q
k
ℓ )

⊤)†
∑

s∈[F⋆
ℓ−1]

λℓksw
f
ℓksu

⊤
ℓks⟩. Thus, (22) implies that the Hilbert norm of the function τfℓ

satisfies:

∥τfℓ ∥Hℓ
≤

K∑
k=0

∥∥∥∥∥(Qk
ℓ )

⊤((Qk
ℓ )

⊤)†
∑

s∈[F⋆
ℓ−1]

λℓksw
f
ℓksu

⊤
ℓks

∥∥∥∥∥
2

≤
K∑

k=0

∥∥∥∥∥ ∑
s∈[F⋆

ℓ−1]

λℓksw
f
ℓksu

⊤
ℓks

∥∥∥∥∥
2

≤
K∑

k=0

∑
s∈[F⋆

ℓ−1]

|λℓks| · |wf
ℓks| · ∥u

⊤
ℓks∥2

≤
K∑

k=0

∑
s∈[F⋆

ℓ−1]

|λℓks| =
K∑

k=0

∥Aℓk∥∗ ≤ Cσ,ℓ(Rℓ)(K + 1)
√
FℓFℓ−1

(34)

where we used the triangle inequality and the fact that the singular vectors are unit vectors. Since [ΨAℓ(X )]if =

τfℓ (Zi,ℓ(Xℓ−1)), we obtained that FBℓ
⊂ Fcgcn, as desired.

To conclude the proof, we next prove that any empirical risk minimizer ΦA in Fcgcn is also in FBℓ
. By our

proof in Appendix E, the value of the f th feature of node i at layer ℓ is then given by τfℓ (Zi,ℓ(X (j)
ℓ−1)), where, as

specified in (25), τfℓ (Z) =
∑K

k=0⟨(Qk
ℓ )

†vk
ℓ (zk), (Q

k
ℓ )

⊤βf
ℓk⟩ is a reparameterization of the graph filters at layer ℓ

for some vector of the coefficients βf
ℓk ∈ Rnm whose (i, j)-th coordinate is βf

ℓk,(i,j). That is, (Qk
ℓ )

⊤βf
ℓk now act
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as the filters under this reparameterization. In Appendix E, we have shown that the Hilbert norm of τfℓ is then

∥τfℓ ∥Hℓ
= ∥(Qk

ℓ )
⊤βf

ℓk∥2 ≤ Cσ,ℓ(Rℓ), where the last inequality is by (22). By (26), we further infer that the nuclear

norm of the filters (Qk
ℓ )

⊤βf
ℓk in the new parameterization satisfies ∥(Qk

ℓ )
⊤βf

ℓk∥∗ ≤ Cσ,ℓ(Rℓ)
√

FℓFℓ−1(K + 1) ≤
Cσ,ℓ(Rℓ)(K + 1)

√
FℓFℓ−1, meaning that ΦA ∈ FBℓ

, as desired.

Next, we prove that FL,cgcn is not ”too big” by upper bounding its Rademacher complexity. The Rademacher
complexity is a key concept in empirical process theory and can be used to bound the generalization error in
our empirical risk minimization problem. Readers should refer to (Bartlett and Mendelson, 2002) for a brief
overview on Rademacher complexity. The Rademacher complexity of a function class F = {ϕ : D → R} with
respect to m i.i.d samples {X (j)}mj=1 is given by:

Rm(F) := EX ,ε

[
sup
ϕ∈F

1

m

m∑
j=1

εjϕ(X (j))

]
(35)

where {εj}mj=1 are an i.i.d. sequence of uniform {±1}-valued variables. Next, we provide the upper bound on
the Rademacher complexity of the function class FL,cgcn describing the graph filters. The lemma refers to the
random kernel matrix Kk

ℓ (X ) ∈ Rn×n induced by a graph signal X ∈ Rn×F drawn randomly from the population,
i.e., the (i, i′)-th entry of Kk

ℓ (X ) is κℓ(z
k
i (X ), zki′(X )). Furthermore, we consider the expectation E[||Kk

ℓ (X )||2]
of this matrix’s spectral norm. While the previous lemmas consider the most general case where the number
of features FL = G at the last layer may be any positive integer, observe that the following result focuses on
the binary classification case where FL = 1, G = 2. As mentioned in Section 4.5, Lemma G.3 can be readily
extended to the multi-class case by employing a standard one-versus-all reduction to the binary case.

Lemma G.3. In the binary classification case where FL = G = 2, there exists a universal constant c > 0 such
that:

Rm(FL,cgcn) ≤
c · Cσ,ℓ(BL)

√
2FL−1(K + 1) · log(n(K + 1)) ·

∑K
k=0 E[||Kk

L(X )||2]
√
m

(36)

Proof. We begin with some preliminaries that apply to the general case and then leverage them in order to obtain
the result. For brevity, we denote Rℓ = Cσ,ℓ(Bℓ)

√
FℓFℓ−1. Consider some function ΦA = ϕAL ◦ · · · ◦ϕA1 ∈ Fcgcn.

Without loss of generality, we assume that, each input input graph signal X (j), the feature vector [X (j)]i = x
(j)
i

of each node i resides in the unit ℓ2-ball (which can be obtain via normalization). Combined with κℓ’s being a
continuous kernel with κℓ(z, z) ≤ 1, Mercer’s theorem (Steinwart, 2008, Theorem 4.49) implies that there exists
a feature map φℓ : RFℓ−1 → ℓ2(N) for which

∑∞
ξ=1[φℓ(z)]ξ[φℓ(z

′)]ξ =
∑∞

ξ=1 φℓξ(z)φℓξ(z
′) converges uniformly

and absolutely to κℓ(z, z
′). Accordingly, it holds that κℓ(z, z

′) = ⟨φℓ(z), φℓ(z
′)⟩, which yields the following for

each feature f of any node i at layer ℓ is τfℓ (Zi,ℓ(Xℓ−1)), where for any matrix Z ∈ R(K+1)×Fℓ−1 whose (k+1)th

row is given by [Z]k+1 := zk for any k ∈ [K] ∪ {0}:

τfℓ (Z) :=

K∑
k=0

⟨φℓ(zk), ā
f
ℓk⟩ (37)

where āfℓk ∈ ℓ2(N) is a countable-dimensional vector, due to the fact that φ itself is a countable sequence of

functions. Particularly, the Hilbert norm of τfℓ is ∥τfℓ ∥Hℓ
= ∥āfℓk∥2. Now, for any graph signal X , let Θi(X ) be

the linear operator that maps any sequence θ ∈ ℓ2(N) to the vector [⟨φℓ(z
0
i (X )), θ⟩, . . . , ⟨φℓ(z

K
i (X )), θ⟩]⊤ ∈ RK+1.

Thereby, recalling that ΦA = ϕAL ◦ · · · ◦ ϕA1 where ϕAℓ ∈ Fℓ,cgcn satisfies [ϕAℓ(Xℓ−1)]if = τfℓ (Zi,ℓ(Xℓ−1)), then
the f th feature of node i at layer ℓ can be rephrased as:

[ϕAℓ(Xℓ−1)]if = 1⊤
K+1Θi(Xℓ−1)ā

f
ℓk = trace

(
Θi(Xℓ−1)(ā

f
ℓk1

⊤
K+1)

)
⇒ ϕAℓ(Xℓ−1) =

[
trace

(
Θi(Xℓ−1)(ā

f
ℓk1

⊤
K+1)

)]
i∈[n],f∈[Fℓ]

(38)

where 1K+1 is the all-ones vector of dimension K + 1. Note that the matrix Āℓk := āfℓk1
⊤
K+1 satisfies the

following:
∥Āℓk∥∗ = ∥āfℓk1

⊤
K+1∥∗ ≤ ∥1⊤

K+1∥2 · ∥ā
f
ℓk∥2 = ∥τfℓ ∥Hℓ

√
K + 1 ≤ Rℓ

√
K + 1 (39)
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Now, we obtain our upper bound for the binary classification case where FL = G = 2. Combining (38) with
(39), we obtain that the Rademacher complexity of FL,cgcn is upper bounded as follows:

Rm(FL,cgcn) = E

[
sup

ϕAL∈FL,cgcn

1

m

m∑
j=1

εjΦ
AL(X (j))

]
=

=
1

m
E

[
sup

∥ĀLk∥∗≤RL

√
K+1

trace
(( m∑

j=1

εjΘi(X (j)
L−1)

)
ĀLk)

)]

≤ RL

√
K + 1

m
E

[∥∥∥ m∑
j=1

εjΘi(X (j)
L−1)

∥∥∥
2

] (40)

where the last equality uses Hölder’s inequality while using the duality between the nuclear norm and the spectral

norm. Next, note that
∑m

j=1 εjΘi(X (j)
L−1) can be thought of as a matrix with n rows and infinitely many columns.

We denote its sub-matrix comprising of the first r columns as Θ
(r)
i (X (j)

L−1) and let Θ
(−r)
i (X (j)

L−1) be the remaining
sub-matrix. Therefore:

E

[∥∥∥ m∑
j=1

εjΘi(X (j)
L−1)

∥∥∥
2

]
(41a)

≤ E

[∥∥∥ m∑
j=1

εjΘ
(r)
i (X (j)

L−1)
∥∥∥
2

]
+

(
E

[∥∥∥ m∑
j=1

εjΘ
(−r)
i (X (j)

L−1)
∥∥∥2
F

])1/2

(41b)

≤ E

[∥∥∥ m∑
j=1

εjΘ
(r)
i (X (j)

L−1)
∥∥∥
2

]
+

(
nmE

[ ∞∑
ξ=r+1

(φℓξ(z))
2

])1/2

(41c)

Since
∑∞

ξ=1(φℓξ(z))
2 uniformly converges to κℓ(z), the second term in (41c) converges to 0 as r → ∞. Hence,

it is sufficient to upper bound the first term in (41c) and take the limit r → ∞. By Bernstein inequality due

to (Minsker, 2017, Theorem 2.1), whenever trace(Θ
(r)
i (X (j)

L−1)Θ
(r)
i (X (j)

L−1)
⊤) ≤ C1, there is a universal constant

c > 0 such that the expected spectral norm is upper bounded by:

E

[∥∥∥ m∑
j=1

εjΘ
(r)
i (X (j)

L−1)
∥∥∥
2

]
≤ c
√

log(mC1)E

[(
m∑
j=1

∥∥∥Θ(r)
i (X (j)

L−1)Θ
(r)
i (X (j)

L−1)
⊤
∥∥∥
2

)1/2]
≤ c
√

log(mC1)(mE[∥Θi(X )Θi(X )⊤∥2])1/2

≤ c
√

log(mC1)

(
m

K∑
k=0

E[||Kk
L(X )||2]

)1/2

(42)

Notice that, due to the uniform kernel expansion κℓ(z, z
′) =

∑∞
ξ=1 φℓξ(z)φℓξ(z

′), it holds that the trace norm

is bounded as trace(Θ
(r)
i (X (j)

L−1)Θ
(r)
i (X (j)

L−1)
⊤) ≤ K + 1 since κℓ(z, z

′) ≤ 1. Combining this with (42) and (40)
implies the desired in (36).

We are ready to prove the key lemma that will yield our main result. Recall that our current focus is on binary
classification (i.e., FL = G = 2). While our prior results consider models with multiple hidden layers, our main
result regards the case of a single hidden layer L = 1. As mentioned in Section 4.5, in the case of multiple
hidden layers, our result applies to each individual layer separately. Using Lemmas G.1–G.3, we are capable of
comparing the CGCN predictor obtained by Algorithm 2 against optimal model in the GCN class. Lemma G.2

yields that the predictor Ψ̂ÂL(·) generated at the last layer is an empirical risk minimizer in the function class
Fcgcn. As such, by the theory of Rademacher complexity (see, e.g., (Bartlett and Mendelson, 2002)), we obtain
that:

EX ,y[J(Ψ̂
ÂL(X ),y)] ≤ inf

Φ∈FL,cgcn

EX ,y[J(Φ(X ),y)] + 2M · Rm(FL,cgcn) +
c√
m

(43)

where c is a universal constant a and we used the assumption that J isM -Lipschitz. By Lemma G.1, we have that
infΦ∈FL,cgcn

EX ,y[J(Φ(X ),y)] ≤ infΦ∈FL,gcn
EX ,y[J(Φ(X ),y)]. Since Fcgcn = F1,cgcn due to L = 1, this means

that infΦ∈Fcgcn
EX ,y[J(Φ(X ),y)] ≤ infΦ∈Fgcn

EX ,y[J(Φ(X ),y)]. Combined with (43), we obtain the desired.
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Remark G.4. The constant Cσ,L(BL) depends on the convergence rate of the polynomial expansion of the
activation function σ (See Appendix C). Algorithmically, knowing the activation function is not required to run
Algorithm 2. Theoretically, however, the choice of σ matters for Theorem 4.7 when comparing the predictor
produced by Algorithm 2 against the best GCN, as it affects the representation power of such GCN. If a GCN
with an activation function σ performs well, CGCN will similarly generalize strongly.

H ADDITIONAL EXPERIMENTAL DETAILS

H.1 Dataset Descriptions

Table 2 provides a summary of the statistics and characteristics of datasets used in this paper. All datasets are
accessed using the TUDataset class (Morris et al., 2020) in PyTorch Geometric (Fey and Lenssen, 2019) (MIT
License).

Table 2: Statistics of the graph classification datasets used in our experiments.

Dataset #Graphs Avg. Nodes Avg. Edges #Classes

MUTAG 118 18 20 2
PTC-MR 344 26 51 2
PROTEINS 1,113 39 73 2
NCI1 4,110 30 32 2
Mutagenicity 4,337 30 31 2
ogbg-molhiv 41,127 25 27 2

H.2 Additional Implementation Details

Hardware and Software. All experiments could fit on one GPU at a time. Most experiments were run on
a server with 4 NVIDIA L40S GPUs. We ran all of our experiments in Python, using the PyTorch framework
(Paszke et al., 2019) (license URL). We also make use of PyTorch Geometric (PyG) (Fey and Lenssen, 2019)
(MIT License) for experiments with graph data.

Implementation Details. Particularly, all models were implemented using PyTorch Geometric (PyG) (Fey
and Lenssen, 2019). For GATv2 and GraphGPS, we use the official PyG implementations of their original papers,
while for other baselines we use their PyG implementations, as standard in prior works (see, e.g., (Morris et al.,
2019; Rampášek et al., 2022)). In a high level, each neural architecture with L ∈ {2, 6} layers consists of an input
encoder, stacked GNN layers with edge encoders, batch normalization as well as optional dropout and residual
connections, followed by a global pooling step and a final output encoder (See Appendix H.3 for more details).
The embedding dimension of each hidden layer is set to 32, while non-convex models use a ReLU activation
function between layers. For convex models, we use the Gaussian RBF kernel κ(z, z′) := exp(−γ∥z − z′∥22)
with γ = 0.2, and compute an approximate kernel matrix via Nyström approximation (Williams and Seeger,
2001) with dimension P = 32 (Recall Section 4.4 in the full paper). Further, since we do not focus on the
impact of attention heads on performance, all convex and non-convex versions of GAT, GATv2, GraphTrans and
GraphGPS use their default configurations of attention heads.

Optimization. All models are trained over 200 epochs with the Adam optimizer (Kingma and Ba, 2015) using
the cross entropy loss, a starting learning rate of 10−3, a minimum learning rate of 10−6 and a weight decay of
10−5. We use a ReduceLROnPlateau scheduler, which cuts the learning rate in half with a patience of 20 epochs,
and training ends when we reach the minimum learning rate.

H.3 Detailed Implementation Details of Neural Architectures

Node Input Encoder. The first layer of each neural architecture consists of an input encoder implemented
using an MLP, which transforms the raw data captured by the graph signal into a suitable representation for
the GNN to process. Specifically:

https://github.com/pytorch/pytorch/blob/main/LICENSE
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• If raw node features are available, then we an MLP whose input dimension is the number of features per
node and its output dimension is the embedding dimension of 32.

• If node features are absent, we use a learnable DiscreteEncoder that maps integer node identifiers to
vectors to the embedding dimension of 32.

Edge Feature Encoders. We construct a separate edge encoder for each GNN layer. Each edge encoder
maps raw edge features to the hidden dimension:

• If edge features are provided, then we use a single-layer MLP.

• If edge features are absent, we use a DiscreteEncoder.

GNN Layers. We use a stack of L GNN layers, each operating over the hidden feature dimension. Each
GNN layer ℓ takes node features encoded using the input encoder, edge features encoded using the edge encoder
corresponding to layer ℓ, and an edge index matrix. Batch normalization is then applied to the output of the
GNN layer, followed by a ReLU activation function. An optional dropout and a residual connection are then
applied. Each layer thus has the following general form:

GNN Layer → BatchNorm → ReLU → Dropout (Optional) → Residual Connection (Optional)

Global Pooling. After all GNN layers, we aggregate node features to obtain graph-level representations using
add pooling to aggregate the learned node-level representations to a graph-level embedding and a two-layer MLP
for the final classification.

Output MLP. The final graph representation is passed through a two-layer MLP for the final classification.
The first layer applies a linear projection followed by optional normalization and a nonlinearity. The second
layer outputs logits or regression scores without an activation function.
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I Additional Experimental Results

I.1 Heatmap of Classification Accuracy

Figure 2: Heatmap of classification accuracy (%) across all models and datasets. Rows correspond to models,
columns to datasets. The names of convex models are bolded to emphasize their performance.

Figure 2 provides a heatmap summarizing the accuracy of all models across the different datasets. It complements
Table 1 in the full paper by visually reinforcing that convex models generally outperform their non-convex
counterparts across nearly all datasets, with consistent and major improvements even for models like GATv2
and GraphGPS. This reaffirms the strength and generality of our convexification framework. For example, on
MUTAG, the convex CGATv2 model reaches 87.5% accuracy, outperforming the two-layer (68.7%) and six-layer
(70.0%) GINs. Similarly, CGraphGPS achieves 83.7%, exceeding the best non-convex variant by over 30%. This
trend holds across other datasets like PTC-MR, PROTEINS, and NCI1, where convex versions of CGraphSAGE,
CGATv2, and CGraphGPS outperform non-convex baselines by 10–40%.
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I.2 Bar Plots

Figure 3: Accuracy comparison of two-layer convex GNNs (prefixed with ‘C’) against their standard two-layer
and six-layer non-convex counterparts across five graph classification datasets. Bars represent the mean accuracy
over four runs, and error bars denote the standard deviation. Datasets are ordered from left to right by increasing
size.

The bar plots in Figure 3 highlight the consistent performance advantage of convex models over their non-
convex counterparts across multiple datasets in a more straightforward way than numerical data alone. They
further underscore how convex architectures provide not just dataset-specific improvements, but a general trend
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of robustness and high accuracy, even in the absence of large training sets. This emphasizes that our convex
models harness stable optimization landscapes, enabling reliable learning where non-convex models exhibit erratic
performance due to training instabilities.
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I.3 Radar Plots

The radar plots in Figure 4 offer a holistic view of how convex models perform across diverse datasets. They reveal
that convex variants not only perform strongly on small datasets like MUTAG and PTC-MR, but also remain
competitive or superior on larger datasets such as NCI1 and Mutagenicity. This multi-dimensional consistency
further challenges the notion that expressive representations require deep, non-convex architectures, and instead
supports that convex shallow models, when carefully designed, can adapt well across a spectrum of tasks and
data scales.
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Figure 4: Radar plots showing the performance of each two-layer convex model across five graph classification
datasets. Each axis corresponds to a dataset, with higher values indicating better classification accuracy. These
plots illustrate the consistency and robustness of convex models across diverse graph types.
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I.4 Experimental Results for Deeper Convex Models

Table 3 presents additional empirical results on Mutagenicity, comparing two-layer and six-layer convex versions
of base models against their two-layer and six-layer non-convex counterparts1. Our results in Table 3 show
that the accuracy of convex models can further improve with additional layers, which is consistent with our
theoretical guarantees. Specifically, recall that Theorem 4.7 bounds the generalization error of Algorithm 2 for
single-hidden-layer models. As specified in Section 4.5, our analysis extends layer-wise in the multi-layer setting,
i.e., it applies to each hidden layer separately. The results in Table 3 therefore illustrate that errors remain
controlled as depth increases. This offers strong empirical support for the practical effectiveness of multi-layer
CGNNs, which is crucial since state-of-the-art GNN applications typically rely on deeper architectures.

1As demonstrated in Section 5, two-layer convex models already exhibit superior performance compared to their two-
and six-layer non-convex counterparts when all models incorporate DropOut, batch normalization, node input encoders,
and edge feature encoders. To evaluate the performance of deeper GNN models in isolation, in this section we exclude
these additional components.
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Table 3: Accuracy (%±σ) on Mutagenicity over 4 runs for two-layer and six-layer convex versions of base models
against their two-layer and six-layer non-convex counterparts. Convex variants start with ’C’. A two-layer model
is marked by (2L), while a six-layer one is marked by (6L). Results of convex models surpassing their non-convex
variants by a large gap (∼10–40%) are in bold, modest improvements are underlined, and improvements of
six-layer convex models over the corresponding two-layer convex models are in dark green.

Model Mutagenicity

CGCN (2L) 54.7± 2.1
CGCN (6L) 61.9± 2.7
GCN (2L) 54.7± 1.1
GCN (6L) 54.7± 1.9

CGIN (2L) 56.8± 1.8
CGIN (6L) 59.1± 1.8
GIN (2L) 54.8± 2.0
GIN (6L) 55.8± 2.0

CGAT (2L) 55.7± 2.5
CGAT (6L) 58.8± 3.6
GAT (2L) 54.8± 2.0
GAT (6L) 54.8± 2.0

CGATv2 (2L) 56.6± 2.7
CGATv2 (6L) 62.3± 4.2
GATv2 (2L) 55.9± 1.4
GATv2 (6L) 59.6± 6.2

CResGatedGCN (2L) 56.2± 2.7
CResGatedGCN (6L) 59.6± 3.7
ResGatedGCN (2L) 56.1± 2.1
ResGatedGCN (6L) 56.1± 2.1

CGraphSAGE (2L) 55.1± 2.4
CGraphSAGE (6L) 66.3± 5.3
GraphSAGE (2L) 54.8± 2.0
GraphSAGE (6L) 60.0± 3.3

CGraphTrans (2L) 55.5± 2.3
CGraphTrans (6L) 63.2± 4.7
GraphTrans (2L) 54.8± 2.0
GraphTrans (6L) 59.9± 4.6

CGPS (2L) 57.7± 4.5
CGPS (6L) 59.4± 4.1
GPS (2L) 41.4± 8.7
GPS (6L) 55.1± 5.5

I.5 Experimental Results for DirGNNs

We herein provide additional empirical results for the recent baseline DirGNN (Rossi et al., 2024), which is
a generic wrapper for computing graph convolution on directed graphs. If the graph is originally undirected,
applying DirGNN effectively treats it as directed. In our simulations, we extend GCN, GAT and GraphSAGE
with DirGNN, obtaining DirGCN, DirGAT and DirGraphSAGE, respectively. In Table 4, we report results on the
MUTAG and PROTEINS datasets, where the results are generated as described in Table 1. Particularly, convex
architectures are highlighted in bold. Our two-layer convex models consistently outperform their non-convex
two- and six-layer counterparts by 10-40% accuracy.
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Table 4: Accuracy (%± σ) on MUTAG and PROTEINS over 4 runs for two-layer convex versions of DirGNNs
against their two-layer and six-layer non-convex counterparts. Convex variants start with ’C’. A two-layer model
is marked by (2L), while a six-layer one is marked by (6L). Results of convex models surpassing their non-convex
variants by a large gap (∼10–40%) are in bold, modest improvements are underlined, and improvements of
six-layer convex models over the corresponding two-layer convex models are in dark green.

Model MUTAG PROTEINS

CDirGCN (2L) 85.0± 10.6 72.5± 6.5
DirGCN (2L) 50.0± 10.0 45.1± 8.9
DirGCN (6L) 57.5± 18.2 47.0± 10.6

CDirGAT (2L) 75.0± 6.1 73.6± 4.3
DirGAT (2L) 53.7± 16.7 59.7± 5.8
DirGAT (6L) 61.2± 24.5 61.1± 10.5

CDirGraphSAGE (2L) 81.2± 5.4 74.3± 3.7
DirGraphSAGE (2L) 60.0± 14.5 39.2± 2.2
DirGraphSAGE (6L) 41.2± 18.8 51.5± 9.4

I.6 Why do Convexified Message-Passing GNNs Excel?

Next, we discuss why convexified GNNs perform well is valuable. We herein give a formal support for how each
factor specified by the reviewer helps convexified models to excel, especially in small-data regimes.

1. Constraining filters by a nuclear-norm ball limits the hypothesis class and yields favorable generalization
gap bounds. Specifically, under the conditions of Theorem 4.7, for each layer ℓ with graph filters Aℓ there

exists a constant radius Bℓ > 0 such that, if ∥Aℓ∥⋆ ≤ Bℓ, then the generalization gap scales as O(MCσ(Bℓ)√
m

)

for a training set with m samples and an M -Lipschitz continuous loss function, where Cσ(Bℓ) depends on
the activation function σ. In contrast, unconstrained nonconvex training may effectively access much larger
function classes (higher variance), which hurts generalization in small-data regimes. Our Theorem 4.7 thus
indicates that nuclear-norm constraints control generalization for our CGNN class.

2. Nuclear-norm projection acts as spectral smoothing, removing or attenuating directions with small singular
values. Projecting the learned filter onto a nuclear-norm ball effectively suppresses small singular-value
directions of the filter matrix. In particular, constraining nuclear norms encourages solutions that spread
the singular-value mass in a way that uses fewer very large singular values, as nuclear norm sums them up,
and penalizes many moderate ones. This eventually encourages low-rank solutions, similarly to trace-norm
regularization. On graph-structured data, small singular-value directions often correspond to high-frequency
components in the graph spectrum. In graph signal processing terms, low-rank approximations correspond
to low-dimensional subspaces which omit high-frequency noise (see, e.g., (Ramakrishna et al., 2020)). Thus,
the nuclear-norm projection yields a smoother operator that suppresses noise and prevents overfitting to
spurious high-frequency patterns. Namely, this explains the empirical gains we observe in low-data regimes.
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