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Abstract

Value decomposition has long been a fundamental technique in multi-agent rein-
forcement learning and dynamic programming. Specifically, the value function of
a global state (s1, S2, . .., Sn) is often approximated as the sum of local functions:
V(s1,82,...,8N) =~ Ziil Vi(s;). This approach has found various applications
in modern reinforcement learning systems. However, the theoretical justification
for why this decomposition works so effectively remains underexplored. In this
paper, we uncover the underlying mathematical structure that enables value decom-
position. We demonstrate that a Markov decision process (MDP) permits value
decomposition if and only if its transition matrix is not “entangled”—a concept
analogous to quantum entanglement in quantum physics. Drawing inspiration
from how physicists measure quantum entanglement, we introduce how to measure
the “Markov entanglement” and show that this measure can be used to bound the
decomposition error in general multi-agent MDPs. Using the concept of Markov
entanglement, we proved that a widely-used class of policies, the index policy, is
weakly-entangled and enjoys a sublinear O(\/N ) scale of decomposition error
for N-agent systems. Finally, we show Markov entanglement can be efficiently
estimated, guiding practitioners on the feasibility of value decomposition.

1 Introduction

Learning the value function given certain policy, or policy evaluation, is one of the most fundamental
tasks in RL. Significant attention has been paid to single-agent policy evaluation [38, 8, 39]. However,
when it comes to multi-agent reinforcement learning (MARL), single-agent methodologies typically
suffer from the curse of dimensionality: the state space of the system scales exponentially with the
number of agents. To tackle this problem, one common technique is value decomposition,

N
V(817827~ . ‘7SN) ~ ZM(SZ)7
i=1

where V; is some local function that can be learned independently by each agent. It quickly follows
that this decomposition greatly reduces the computation complexity from exponential to linear
dependency on the number of agents N.

The remaining question is whether this decomposition is effective. This is non-trivial due to the
coupling of agents—individual agent’s action and transition depend on other agents. For example, in
a ride-hailing platform, if one driver took the order, then other drivers are not allowed fulfill the same
order. As a result, value decomposition may lose information and introduce bias without considering
the global constraints.

In the past several decades, both positive and negative results have been reported. Back to the last
century, [47, 45] apply Lagrange relaxations to decompose the global value and obtain the well-known
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Whittle Index policy. The Lagrange decomposition idea has also been proved successful in many
other important multi-agent tasks such as network revenue management [1, 48], resource allocation
[26, 7], and online matching [11, 12, 35, 27]. However, Lagrange decomposition relies on the
knowledge of system dynamics and [2] show its decomposition error can be arbitrarily bad for general
multi-agent MDPs. In more recent days, practitioners apply online (deep) reinforcement learning
to train a local value function for each individual agent. This practice gives birth to state-of-the-art
dispatching policies in ride-hailing platforms and has been well recognized by the operations research
community, such as DiDi Chuxing [32] (Daniel H. Wagner Prize, 2020) and Lyft [4] (Franz Edelman
Laureates, 2024). Intervention policies based on a similar value decomposition idea also demonstrate
substantial empirical advantages and have been deployed by a behavioral health platform in Kenya
[5] (Pierskalla Award, 2024). In broader MARL literature, value decomposition serves as one key
component of centralized training and decentralized execution (CTDE) paradigm, achieving strong
empirical performance [37, 28, 34]. However, recent research has started reflecting on the invalidity
and potential flaw of value decomposition in practice [25, 16].

Despite all these empirical success and failures, there remains little theoretical understanding of
whether and how we can decompose the value function in multi-agent MDPs.

1.1 This paper

In this paper, we will uncover the underlying mathematical structure that enables/disables value
decomposition. Our new theoretical framework quantifies the inter-dependence of agents in multi-
agent MDPs and systematically characterizes the effectiveness of value decomposition. For simplicity,
we will demonstrate the main results through two-agent MDPs indexed by agent A and B. We later
extend our results to general N-agent MDPs in Appendix H.

We start with a trivial example where two agents are independent, i.e. each following independent
MDPs. It’s clear that the global value function can be decomposed as the sum of value functions of
local MDPs. As two agents are independent, it holds P7(s'y,8'5 | sa,88) = P™(s'y | sa)- P™(sz |
sp), or in matrix form,

Pjip = Pi® Pg,
where ® is the tensor product or Kronecker product of matrices. The important question is whether
we can extend beyond this trivial case of independent subsystems.

A Sufficient and Necessary Condition We introduce a new condition called “Markov Entangle-
ment” to describe the intrinsic structure of transition dynamics in multi-agent MDPs.

Definition 1 (Markov Entanglement). Consider a two-agent MDP with transition P} g. If
there exists
K . .
Piz=) ;P o PY,
j=1

then P} is separable; otherwise entangled.

Compared with the preceding example of independent subsystems, Markov entanglement offers an
intuitive interpretation: a two-agent MDP is separable if it can be expressed as a linear combination
of independent subsystems. We then demonstrate,

separable P} 5 <= decomposable V[,

where V[ is decomposable if there exist local value functions V4, Vp such that V5 (sa,sp) =
Va(sa) + Vp(sp) for all (sa,sp). This result sharply unravels the secret structure of system
dynamics governing value decomposition. As a sufficient condition, our finding strictly generalizes
the previous independent subsystem example, extending it to scenarios involving interacting and
coupled agents. As a necessary condition, we prove that exact value decomposition under any reward
kernel requires the system dynamics to be separable. Taken together, this result provides a complete
characterization of when exact value function decomposition is possible in multi-agent MDPs.

More interestingly, our Markov entanglement condition turns out be a mathematical counterpart of
quantum entanglement in quantum physics, whose definition is provided below.



7

78
79
80
81

82
83
84
85

86
87
88
89
90

91
92
93
94

95
96
97
98

99
100
101
102
103

104
105
106
107
108
109
110

111

112
113

114
115

Definition 2 (Quantum Entanglement). Consider a two-party quantum state p ap. If there
exists

K
pAB:Z'I]pSZ)@p(Bg)) (13207
j=1
then p op is separable; otherwise entangled.

\. J

The quantum state is represented by a density matrix, a positive semidefinite matrix with unit trace,
analogous to transition matrix in the Markov world. The concept of quantum entanglement describes
the inter-dependence of particles in a quantum system, while Markov entanglement describes that of
agents in a Markov system.

Finally, we introduce several novel proof techniques concerning the sufficient and necessary condition,
including an “absorbing” technique for separable transition matrices and a novel characterization of
the linear space spanned by tensor products of transition matrices. We believe these techniques hold
independent interest for the broader RL community.

Decomposition Error in General Multi-agent MDPs Despite the precise characterization of
Markov entanglement and exact value decomposition, general multi-agent MDPs can exhibit arbitrary
complexity, with agents intricately entangled. This raises a critical question: can value decomposition
serve as a meaningful approximation in such scenarios? To address this, we introduce a mathematical
quantification to measure the Markov entanglement in general multi-agent MDPs,

E(PXB) = ng?}ap d(PA‘-B7 P) ) (1)

where Pggp is the set of all separable transition matrices and d(, -) is some distance measure. In
other words, the degree of Markov entanglement is determined by its distance to the closest separable
transition matrix. This concept can also find its counterpart in quantum physics, with the measure of
quantum entanglement defined as
E(pap) = min d(pap,p),
PEPSEP

where pspp is the set of all separable quantum states. In quantum physics, various distance measures
have been designed for density matrices and capture different physical interpretations [30]. In the
Markov world, we analogously design distance measures for transition matrices and relate them to
the value decomposition error,

Hdecomposition error of Vi H = O(E(PXB)) .

where ||-|| depends on the distance we use to measure Markov entanglement. We explore diverse
distance measures including the well-known total variation distance and its stationary distribution
weighted variant. We also design a novel agent-wise distance incorporating the multi-agent structure,
which may be of independent interest to the MARL community. We further demonstrate how different
distance measures give birth to the decomposition error in different norms.

Applications of Markov Entanglement Finally, we leverage our Markov entanglement theory to
analyze several structured multi-agent MDPs. We prove that a widely-used class of index policies is
asymptotically separable, exhibiting a decomposition error that scales as O(+/N) with the number
of agents V. This result theoretically justifies the practical effectiveness of value decomposition
for index-based policies. Our proof builds on innovations that integrate Markov entanglement with
mean-field analysis. We also show that Markov entanglement admits an efficient empirical estimation,
thus helping practitioners determine when value decomposition is feasible.

1.2 Other related work

In the first section, we have reviewed typical empirical works on value decomposition. Here, we
complement that discussion with related literature on theoretical insights.

Prior theoretical research has extensively investigated the decomposition of optimal value functions in
multi-agent settings. A prominent area involves Lagrange relaxation, with the Restless Multi-Armed
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Bandit (RMAB, [47]) as a foundational model. Lagrange relaxation decouples the constraint of agents,
yielding a decomposable value that upper bounds the original value. The per-agent decomposition
error is proven to decay asymptotically to zero [45, 46, 40] and enjoy a quadratic or exponential
rate [20, 21, 11, 49, 50]. Other work generalizes to Weakly-Coupled MDPs (WCMDPs) [6, 13, 19].
However, [2] showed Lagrange relaxation can have arbitrarily large errors and proposed an alternative
decomposition called Approximate Linear Programs (ALP), which is proven to have tighter error
[12]. Despite these advancements, characterizing decomposition error for general multi-agent MDPs
remains unknown. In contrast, our Markov entanglement theory analyzes value decomposition for
general multi-agent MDPs under arbitrary policies, including optimal ones.

Another line of theoretical work has concentrated on policy optimization via value decomposition.
Despite reported empirical successes, rigorous theoretical analysis remains challenging. [5] derived
an approximation ratio for a specific index policy on a two-state RMAB. [42, 16] analyzed the
convergence of the CTDE paradigm under strong exploration assumptions, while also highlighting
scenarios of divergence. In contrast, our work instead focuses on policy evaluation rather than
optimization. This enables us to derive clear and interpretable bounds on the decomposition error for
general finite-state multi-agent MDPs that only require the existence of a stationary distribution.

Notations We abbreviate subscripts (s) == (s1. N) (s1,82,...,8N). Particularly, for two-agent
case, when the context is clear, we abbreviate (s) := (sag) = (sa,sp). Let[N] ={1,2,...,N}
and Z+ be the set of positive integers.

2 Model

We consider a standard two-agent MDP M 45(S, A, P,r4,T5,7) with joint state space S =
S4 x Sp and joint action space A = A4 x Ap where A, B represent two agents. For simplicity,
let [Sa| = |Sp| = |S| and |A4| = |Ap| = |A|. For agents at global state s = (s4,sp) with
action a = (a4, ap) taken, the system will transit to s’ = (s4, ) according to transition kernel
s’ ~ P(-| s,a) and each agent i € { A, B} will receive its local reward ;(s;, ;). The global reward
rap is defined as the summation of local rewards rap(s,a) = ra(sa,aa) + r(sp,ap), or in
vector formr 5 € RISPIAP .=, ® e+ e®7p, where @ is the tensor productand e = 1 € RISII4I
is the vector of all ones.! We further assume the local rewards are bounded, i.e. for agent i € {4, B},
75 (54, a;)| < ri.. forall (s;,a;).

Given any global policy 7: & — A(.A), the global Q-value under policy 7 is defined as the dis-
counted summation of global rewards Q% 5(s,a) = E [Y_;° v'rap(st,a’) | 7, (s°, a®) = (s, a)]
where v € [0,1) is the discount factor. The value function is then defined as Vigz(s) =
Eqon(|s) [Rhp(s,a)]. We denote Pip € RISPIAPXISPIAP a5 the transition matrix induced by
7 where Pi (s',a’ | s,a) = P (s’ | s,a)-m(a’|s’). Then by the Bellman Equation, we have
Qhp =T —~vPj} B)_1 T 4. Our objective is to decompose this global Q-value Q7 ; as the sum-
mation of some local functions Q4 and Qp, i.e., Q% g(s,a) = Qa(sa,a4) + Qp(sp,ap), orin
vector form,

Qlip=Qa®e+e®Qp. 2
Notice we formally introduce our research question using Q-value instead of V-value function as in the
introduction. Q-value decomposition is a stronger result that implies V-value function decomposition.
It also turns out that Q-value further incorporates action information enabling more general theoretical
analysis. More discussions can be found in Appendix B.

2.1 Local (Q-)value functions

Recent literature offers several algorithms for learning local (Q-)values. In this paper, we use a
meta-algorithm framework in 1 to summarize their underlying principles.

This meta-algorithm framework is simple and intuitive: each agent independently fits its local Q-
values based on its local observations. Notably, the framework requires no prior knowledge of the
MDP, and learning can be performed in a fully decentralized manner. Furthermore, we use term meta
in that we do not pose restrictions on how agents estimate their local Q-values. For tabular case, one

'In Appendix J.4, we extend our results to multi-agent MDP model where the global cannot be decomposed.



164
165
166

167
168
169

170
171
172
173

174
175
176
177

178
179

180

181
182
183
184

185

187
188

189
190

191
192
193
194
195

Meta Algorithm 1: Leaning Local Q-value Functions

Require: Global policy 7; horizon length T'.

. T-1

1: Execute 7 for T epochs and obtain D = {(s% 5, aly 5,745, s 5. ai5) },_, -
. . : T—1
2: Each agent i € {A, B} fits QT using local observations D; = {(s!,af, 7!, s{™ al™)}, .

can plug in Temporal Difference (TD) learning [38] or its variants. For large-scale problems, one
can apply linear function approximations (e.g. [5, 24, 8]) or more sophisticated neural networks (e.g.
[32, 37, 28]).

Despite the flexibility in fitting local value functions, it is helpful to call out a particular approach: TD
learning for local Q-values in the tabular case, as it facilitates the analysis and reveals the structure of
value decomposition in the next section.

Local TD learning. Although each agent’s environment is not Markovian in a local sense (it is, more
precisely, partially observed Markovian), one can still define its “marginalized” local transition matrix
under the stationary distribution. Mathematically, for agent A, we denote P} € RISIAIXISIIAL a5 jts
local transition where

Pi(sh,d)s | sasaa) = Y > Pip(sap,dap|sap,aan) pip(sp ap|sa,aa). ()

’ ’
sp,ap $B,AB

Here, 17, 5 € A(S) denotes the global stationary distribution under policy 7 (for convenience, we
assume 7 induces a unichain, i.e. u7 5 is unique and strictly positive).” Given this "marginalized"
local transition, the local Q-values obtained by Meta Algorithm 1 using tabular TD learning converge
to the solution of the following "marginalized" Bellman equation:

Qn=(I—~P]) 'ra,. (4)

By symmetry, we can derive analogous results for agent 3, obtaining its transition matrix PF and
local Q-values Q7. Next, we show how ()7 and Q) contribute to the exact value decomposition.

3 Exact value decomposition

To begin, recall the key condition we identify in the introduction: Markov Entanglement in Defini-
tion 1. Our first theorem shows that an MDP without Markov entanglement is indeed sufficient for
the exact value decomposition. More importantly, local TD-learning (or Meta Algorithm 1 more
generally) is guaranteed to recover such decomposition, i.e. Q%5 = Q% ® e + e ® QF.

Theorem 1. Consider a two-agent MDP M ap and policy 7: & — A(A). If two agents are
separable, i.e. there exists K € 7", measure {x;} jc (], and transition matrices { PIE‘J ), Pj(gj)}

K

such that P, = S5 0, PO @ PY). Then it holds P = I ;P and Py = Y1 2, P,

Furthermore, the Eq. (2) holds
RQip=Qh®e+e®Qg.

This theorem establishes that even when the system is not independent, as long as it can be represented
as a linear combination of independent subsystems, the global Q-value admits an exact decomposition.

An illustrative example of coupling and Markov entanglement To elucidate the concept of
Markov entanglement, we present an example of two-agent MDP where agents are coupled but
not entangled. Consider a two-agent MDP M 45 with |A4| = | Ap| = 2, where action 1 means
activate and 0 means idle. Each agent i € {A, B} has its own local transition kernel P;. We examine
the following policy: at each time-step, we randomly activate one agent and keep another idle, i.e.

For u%5(sB,aB | sa,aa) to be well-defined, we require u% g(s4,a4) > 0. If u5(sa,a4) = 0, then
action a 4 is never taken in state s 4 under policy 7, and we exclude such pairs by restricting the feasible action
set A(s.4). All theoretical results apply to the remaining valid state-action pairs.
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m(a|8)=1/2ifa = (0,1) or a = (1,0). Consequently, this policy couples the agents through the
constraint a 4 + ap = 1 at each timestep. However, we will demonstrate that despite this coupling,
there’s no entanglement. Specifically, we construct the following decomposition
1 1
P, = §P2®P,§+§
where Pf refers to the transition matrix of agents ¢ € {A, B} taking action a € {0, 1}. Intuitively,
the right-hand side of Eq. (5) describes how at each time step, the global system randomly selects
between two possible transitions: P4 ® P} or P} @ P}, each with equal probability (akin to rolling
a fair dice). This example thus clearly demonstrates a coupled system can still be separable and thus
admits an exact value decomposition.

P P, 5)

Proof of sufficiency Theorem 1 admits a simple proof based on the several basic properties of tensor

product. First of all, given P} = Zjil ijzgj ) ® P](Bj ), we can plug this into the formulation of

P7T in Eq. (3) and quickly verify PT = "X 2, P{". It remains to show Eq. (2). Notice that
t

0o K
(I—~vPig) ' (ra®e) :Zwt Z:chIE‘])@Pg) (ra®e)
=0 j=1
t

DX | (Snb | ra) o= (@-apD T ra) oe=Qroe.
t=0 Jj=1

where we refer to (7) as an “absorbing” technique based on the bilinearity and mixed-product property
of tensor product®. Specifically, since Pe = e for any transition matrix P, we have for any t,

t t—1
K K K
szp,gj) X PE(;J) (’l"A X 6) = ijngj) (%9 Pé]) ZIj (Pjg])’l’A> ® (Péj)e)
j=1 j=1 j=1
t—1 t
K _ _ K ' K '
= ijPf({)Q@P](;) ijPlg])rA Re=...= ijPff) T4 | Qe.
j=1 j=1 j=1

Similar results can be derived for P§ such that (I —yP%5;) ' (e®7rp) = e ® QF. Finally,
combining the above results, we have

Qhp =T —vPip) 'rap=(I —Pjp)  (ra®e+ears) =Qi®e+eQF.
3.1 Necessary condition for the exact value decomposition

We then investigate whether Markov entanglement is necessary for the exact Q-value decomposition.
The answer is in general no, since one can construct trivial counterexamples such asr4 = rg = 0 or
v = 0, where the decomposition trivially holds. On the other hand, we focus on a stronger and more
general concept of the exact value decomposition that holds under any reward kernel given v > 0.
Formally, we present the following theorem.

Theorem 2. Consider a two-agent Markov MDP M 4 p with discount factor v > Oand 7: S —
A(A). Suppose there exists local functions Q;: m; — RISIAl for i € {A, B} such that Q7 5 =
Qa(ra) ® e+ e® Qp(rg) holds for any pair of reward r 4,75, then A, B must be separable.

Combined with Theorem 1, we conclude Markov entanglement serves as a sufficient and necessary
condition for the exact value decomposition. We also emphasize that Theorem 2 considers general
local functions ;. This generality accommodates all methods for fitting local @);, such as deep
neural networks, provided that the training relies solely on the local observations of agent <.

There exist other possible ways for value decomposition. For example, [37, 16] consider
Q% p(s,a) = La(sa,aa,7aB) + Lp(sp,ap,rap) where L4, Lp are learned jointly via min-
imizing the global Bellman error*; [34, 28, 36, 41] consider general monotonic operations beyond

3We introduce several basic properties of tensor product in Appendix A.
“In Appendix E, we provide an example of entangled MDP that allows for an exact value decomposition
where L 4 depends on both 4 and 7.
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additive decompositions. These methods introduce possibly richer representations at the cost of more
sophisticated implementations and less interpretability, which is beyond the scope of this paper.

Proof sketch of necessity Our proof builds on several novel techniques. Recall Pggp is the set of
all separable transition matrices.

Step 1: Understanding the orthogonal complement. If a transition matrix is entangled, it will have
non-zero component in the orthogonal complement of Psgp, which we construct as

1S]14]-1 |S]]4] -1
Pip=14 >, (e )eaW! + > Wla(ge’) | W, Wi, e RISIAXISIA
j=1 j=1

where ; = (1,0,...,0,—1,0,...,0) " with the first element 1 and (5 + 1)-th element —1. Then,
we study an intermediate transition matrix (1 —~)(I — vP5)~!. We show if it’s entangled, we are
able to construct 7 4, 75 based on its component in Pggp such that Q7 5 is not decomposable under
this pair of rewards. We thus conclude decomposable Q7 5 = separable (1 —v)(I —vPig)~ L.

Step 2: Connecting to “inverse”. Finally, we complete the proof via a lemma showing separable
(1 —=7)(I —yP%p)~" <= separable P7. The < side is straightforward since (I —vP7 ;)"
is the Neumann series of vPJ ;. For the converse =, we seek to invert this Neumann series. This
is achieved by a careful analysis of the operator norm of I — (1 —~)(I —yPig)~ "

4 Value decomposition error in general two-agent MDPs

In general, the system transition P} 5 can be arbitrarily entangled. In these scenarios, we investigate
when value decomposition Q)% ® e + e ® Q7 is an effective approximation of (), 5. As mentioned
in the introduction, we define the measure of Markov entanglement in Eq. (1) as certain distance
between P 5 and its closet separable transition matrix. We will examine several distance measures
for transition matrices and relate them to the decomposition error.

4.1 Entry-wise error bound

Total variation distance One widely used metric for transition matrices is Total Variation (TV)
distance. Specifically, for two transition matrices P, P’ € RISPIAPXISPIA® define

HP_ PIHTV = (s ;I)lgngDTV<P("' | S’a)’P/('a' | 8,(1)), (6)

where Dty is the total variation distance between probability measures. While TV distance is
straightforward, it does not take into account the inherent multi-agent structure.

Agent-wise distance We thus introduce a more refined distance specially designed for multi-agent
MDPs. Formally, the Agent-wise Total Variation (ATV) distance between two transition matrices

P, P’ € RISPIAPXISPIAP 1t agent A is defined as

HP_P/”ATVA = (s c?)leag'(x.ADTv Z P(7 ‘ 370‘)’ Z P/('a' | 870’) : (7)
s,a’g sg,a’g

The ATV distance w.r.t agent B can be defined similarly. Intuitively, compared to TV, ATV focuses on
an individual agent and measures the difference between its local transitions. One can also verify ATV
is tighter distance, i.e. [|[P — P’| ypv, <[P — P’||y. We can plug ATV into Eq. (1) and obtain

the measure of Markov entanglement w.r.t ATV distance E;(PJ ) == minpepgye [|[Pip — Pllspy,
for i € {A, B}. In fact, one can also verify

E(Pfp) =min max  Drv(Pip(.-| s,a). Pal.- | sa.04)) ®)
Py (s,a)eSxA

The following theorem connects these measures to the value decomposition error.
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Theorem 3. Consider a two-agent Markov system M ap and policy m: S — A(A) with the measure
of Markov entanglement E4(PJg), Ep(PJ5) defined in Eq. (8), then the decomposition error is
entry-wise bounded by the measure of Markov entanglement,

4y (Ea(PTp)ri 4+ Ep(Pig)rE .
HQZB_(Q£®6+6®QE)HOOS 7 (Bal AB>(1_7)2B( i) )

4.2 Error weighted by stationary distribution

Entry-wise error bound is a very strong result for Q-value decomposition. This comes with the
entry-wise TV bounds in both TV and ATV distance. An alterative choice is to consider an error
weighted by the stationary distribution. Formally, consider

|eis—@aeetenQn)| = uinlsa)|Qhnlsa)~(@F(sa a0)+QE(sn,a5))|

We note that this norm is clearly weaker than the entry-wise norm. Nevertheless, a stationary
distribution weighted error bound is sufficient in many practical scenarios. Similar ideas are also
quite common in policy evaluation literature [14, 39, 9].

Distance weighted by stationary distribution To analyze this ) 5-weight decomposition error,
we analogously propose the u” ;-weighted distance measure of Markov entanglement. Specifically,
we have the following p7) 5-weighted version of Eq. (8).

Es(Pip) = H;LHZNZB(S,G)DTV(PXB(‘,' | s,a), Pa(:, | SA,GA)) : ©
s,a

Eq. (9) substitutes the () 5-weighted average for the maximum operator in Eq. (8). Finally, we have
the following variant of Theorem 3.

Theorem 4. Under the same setup as Theorem 3 with p’y 5-weighted measure of Markov entangle-
ment E4(Pj ), Eg(Php) defined in Eq. (9), the 17y g-weighted decomposition error is bounded,

< 47 (EA(PATB)TI?]&X + EB(PATB)Tflax)
Hip (1 - ’7)2

|ons -~ @i@e+eoqp)|

Compared to Theorem 3, Theorem 4 measures a weaker u’ ;-weighted decomposition error, while
the condition on P} is also relaxed, requiring only a weighted average bound in Eq. (9). Finally we
extend the results to multi-agent MDPs with the measure of Markov entanglement Ey. y (Py 5 ) for
an [N-agent MDP. The extension is relatively straightforward. Details can be found in Appendix H.

5 Applications of Markov Entanglement

In this section, we apply Markov entanglement and demonstrate a widely-used class of index policies
is asymptotically separable. To begin, we introduce the model of Restless Multi-Armed Bandit
(RMAB, [47]). In an N-agent RMAB, each agent follows a homogeneous two-action MDP with
action 1 meaning activate and 0 idle. A central decision maker will activate M/ < N agents at each
timestep and leave other agents idle. In other words, agents transit independently but are coupled
under constraint Zfil a; = M. In RMAB, arguably the most classical and widely-used policy is the
index policy, which we formally define as

Definition 3 (Index Policy). There exists a priority index vs for each local state s. The decision
maker will always activate agents in the descending order of the priority until the budget constraint
M is met. Ties are resolved fairly via uniform random sampling of agents at the same state.

The index policy traces back to the well-known Gittins Index [44], Whittle Index [47, 45, 20], and
fluid-based index policies [40, 21]. [32, 4, 5, 29, 43, 3] apply data-driven method to optimize index
policies and report great empirical success in industrial implementations. Understanding the mystery
behind such success calls for a theory for general index policies. We then present our main theorem.

Theorem 5. Consider an N-agent restless multi-armed bandit. For any index policy satisfying mild
technical conditions, there exists constant C independent of N, such that for any agent i € [N}, its

U7, n-weighted measure of Markov entanglement is bounded, E;(P[ ) < C/v/N.
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Theorem 5 requires two standard technical conditions for index policies: non-degenerate and uniform
global attractor property, which are used in almost all related theoretical work [45, 40, 20, 21] and
are detailed in Appendix I. Theorem 5 justifies index polices are asymptotically separable. Combined
with an N-agent version of Theorem 4, we obtain the sublinear decomposition error for index policies

N
QT:N(Sva) - ZQ?(Si’ai) < O(\/ﬁ)

i=1 M. N

This sublinear error result explains why the value decomposition in [32, 4, 5] manages to effectively
approximate the global value function in large-scale practical applications.

5.1 Efficient verification of value decomposition

For practitioners, verifying the feasibility of value decomposition is challenging due to the exponential
computational complexity of estimating the global Q-value. As a solution, Markov entanglement
offers an efficient way to empirically test whether value decomposition can be safely applied. Consider
the 117y p-weighted measure of Markov entanglement in Eq. (9), we have

T
11 i
Es(Pjg) ~ 2 win Z Z |Pip(sy,aly | ' a’) — Pa(s)y,aly | sy, aYy)| (10)
EECERATA
In other words, we can apply a Monte-Carlo estimation for E 4 (P ). Notice Eq. (10) is convex
for P4, which enables efficient solutions. As a result, Eq. (10) provides an efficient estimation of
Markov entanglement via simulation and can be easily extend to /N-agent MDPs.

Numerical experiments. Finally, we empirically study the value decomposition for the index policy
on a circulant RMAB benchmark [3, 50, 10, 18] that has 4 different states each local agent. As a result,
the global state space scales as large as 41890 > 101000 for V = 1800 agents. The specific transitions
and rewards are introduced in Appendix K. For each RMAB instance, we sample a trajectory of
length T' = 5N and use the collected data to i) solve Eq. (10) to estimate the measure of Markov
entanglement; ii) train local Q-value decomposition. It quickly follows from the results in Figure 1:

Empirical Measure of Entanglement Error Weighted by Stationary Distribution
6.0 Local TD
— o(/N)

10.0 Monte-Carlo

— o(/N)

8.0 5.0

4.0
6.0

3.0
4.0
2.0

2.0
1.0

0.0 0.0

0 300 600 900 1200 1500 1800 0 300 600 900 1200 1500 1800
Number of Agents Number of Agents

Figure 1: Circulant RMAB under an index policy. Left: empirical estimation of Markov entanglement
multiplied by the number of agents, N Ey (P[ ). Right: u-weighted decomposition error.

The estimated Markov entanglement decays as O(1/+/N) in the left panel, consistent with theoretical
predictions. This also implies a low decomposition error scaling of O(v/N), as seen in the right
panel. Furthermore, the simulated trajectory has a length of 7' = 5V while the global state space has
size | S|V, making both entanglement estimation and local Q-value decomposition sample-efficient.

6 Conclusion

This paper established the mathematical foundation of value decomposition in MARL. Drawing inspi-
ration from quantum physics, we propose the idea of Markov entanglement and prove that it serves
as a sufficient and necessary condition for the exact value decomposition. We further characterize
the decomposition error in general multi-agent MDPs through the measure of Markov entanglement.
As application examples, we prove widely-used index policies are asymptotically separable and
suggest practitioners using Markov entanglement as a proxy for estimating the effectiveness of value
decomposition.
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A Linear algebra with tensor product

We briefly introduce the basic properties of tensor product or Kronecker product. Let A €
R™m1Xm1 B ¢ R™2%"2 then

auB a12B e alnlB
A ® B = a21B a22B DRI a2n1B c RM1m2 Xninsg
amllB a7rL12B e amlnlB

Tensor product satisfies the following basic properties,

* 1. Bilinearity For any matrix A, B, C' and constant k, it holds k(A ® B) = (kA) ® B =
A®(kB),(A+B)C=AC+B®C,andA® (B+C)=A®B+AxC.

* 2. Mixed-product Property For any matrix A, B,C, D, if AC and BD form valid
matrix product, then (A ® B)(C ® D) = (AC) ® (BD).

B Decompose value functions

Compared to the decomposition of Q-value, the value function further requires the reward to be
state-dependent. To illustrate, notice by Bellman equation,

Vig = —~Pip) 'rhp,
where we abuse notation and denote P} (s’ | s) =Y., m(a | s)P(s' | s,a) and reward 17 5(s) =
Y a7(a|s)rap(s,a). Akey subtlety arises because 77 ; may not be decomposable—even when

T 4p 1s decomposable—unless the reward 7 4 g is state-dependent. Consequently, we cannot directly
apply the "absorbing" equation as in the proof of Theorem 1.

On the other hand, Q-value decomposition bypasses the state-dependence assumption and provides a
stronger condition that directly implies value function decomposition. As a result, while learning
local value functions may seem more intuitive, we recommend learning local Q-values instead and
using them to approximate the global value function.

C Comparison with quantum entanglement

It turns out that our Markov entanglement condition serves as a mathematical counterpart of quantum
entanglement in quantum physics. We provide the formal definition of the latter for comparison.

Definition 4 (Two-party Quantum Entanglement). Consider a two-party quantum system composed
of two subsystems A and B. The joint state p 4 is separable if there exists K € Z, a probability

) i i @ ) .
measure {x; }je[K]’ and density matrices {pA Ph }jG[K] such that

K
j=1

If there exists no such decomposition, p op is entangled.

The density matrices are square matrices satisfying certain properties such as positive semi-
definiteness and trace normalization, which can be viewed as the counterparts of transition matrices
in the Markov world. Despite the similarities in mathematical form, quantum entanglement imposes
an additional constraint requiring {z; }je[ K] 0 be a probability measure, i.e. > 0. In contrast, our

Markov entanglement defined in Definition 1 permits general linear coefficients {x; }j (K] 8 long

as Z?Zl x; = 1. This distinction raises the important question of whether negative coefficients are
indeed necessary in characterizing Markov entanglement.

To start with, we introduce the set of all separable transition matrices

K K
Pep=P>0|P=> ;PP @P S a;=1},
j=1 j=1
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where K € ZT and {Pflj ), Pg )} " are transition matrices. P > 0 calls for every element of
JEIK

Psep to be a valid transition matrix. It’s clear that a transition matrix P 5 is separable if and only if

P75 € Psgp. On the other hand, a direct analogy of quantum entanglement gives us the following

set that further requires non-negative coefficients,
K ‘ K
Pop =P >0 P=> ;PP oP) S uj=1,2>0
Jj=1 j=1

Interestingly, it turns out ’PSJ%P ¢ Psgp. In other words, there exist separable two-agent MDPs that can
only be represented by linear combinations but not convex combinations of independent subsystems.
Specifically, consider the following basis

1 0 1 0 0 1 0 1
E00:<1 0)7 EOIZ(O 1)7 EIOZ(]_ 0), E11:<0 1)

And the corresponding transition matrix we provide is

05 0 0 0.5

05 0 0 0.5 1 1 1 1
P=1|495 0 0 o5 |7 §E00®E00+§E10®E11+§E11®E10— §E10®E10

0 05 05 O

One can also verify P can not be represented by the convex combination of tensor products of
these basis. This result justifies the necessity of negative coefficients in  and highlights a structural
difference between Markov entanglement and quantum entanglement

D Proof of Theorem 2

We provide the full proof of Theorem 2 in this section.

Step 1: Characterize the Orthogonal Complement. To start with, we consider the smallest
subspace containing all transition matrices Qp = span(P) where P are the set of all transition
matrices in R™*". We then study the dimension of p.

Lemma 1. The dimension of Qp is dim(Qp) = m? — m + 1.

Proof. Let Z;; € R™*™ such that

Zi_j(a,b){(l) (a:i/\b:u{?v(a:b) |

One basis for all transition matrices is given by { Z;; }; jc[m) Whose cardinarlity is m?2—m+1. O

Let Qpg2 := span(P; ® Py) be the minimal subspace containing all separable transition matrices. It
quickly follows that
dim(Qp®2) = (dlm(Qp))2

We then construct the orthogonal complement of 2pz2 under Frobenius inner product. Let
{€;}jerm—1) be a set of vector in R™ such that ¢; = (1,0,...,0,-1,0,.. .,0)T with the first
element 1 and j + 1-th element —1. Notice that

Tr (es;rP) =Tr (EIPe) =0,
for all ;. Consider the following subspace

m—1 m—1
= (eje") ® W)} + Z W’ ® (eje") | Wi, Wi, e R™™
j=1 j=1

We then show €’ is exactly the orthogonal complement of 2 pw=. First, notice that
dim(Q) = 2(m — 1)m? — (m — 1)%.
and thus dim (') + dim(Qpe2) = m®*. Moreover, one can verify for any X € Qpg2 and Y € (V,
Tr(X TY) = 0. As aresult, it holds
Q' = Qpes .
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Step 2: Connection to “Inverse'' The decomposition of Q-value ultimately concerns with the
properties of (I — yP7 )t The following lemma bridges this gap.

Lemma 2. Given any transition matrix P and vy > 0, P is separable if and only if (1—~)(I —yP) ™1
is separable.

Proof. (=) One can verify that (I —yP)e = (1 — v)e, which implies (1 —v)(I —yP) 'isa
transition matrix. Moreover, (1 —~)(I —vP)~! = (1—~) Y72, (vP)" falls in Qps2 as P € Qpes.

(<) This side is more involved. Denote U := (1 — 7)(I — vP)~!. Then if the spectral radius
p(I —U) < 1, then
Ul=I-T-U)"" =) (I-U) €Qpsa.
=0
This implies U ™' = 12 (I —vP) € Qpe: and thus P € Qpes, finishing the proof. It then suffices
to show p(I — U) < 1. Notice that

1- 1-
ANI-U)=1-NU)=1—-——1 1 7

AI—=~P) ~ 1—yM(P)’
Let \;(P) = a + bi and taking modulus for both side
V- 'YAi(P)‘
AT =U)| =|——F—
el ) ‘1_7)\1'(13)
[y =i (P)]
[1=7Ai(P)]

(1~ 7a)? 202

_ (1-=7)(2ay—-vy-1)

(1—9)?
< Ji-———F .
_\/ (1= ya)? + 7262~

We conclude the proof given p(I — U) = max; [\,(I —U)| < 1. O

Step 3: Put it together By Lemma 2, if P7y is entangled, then (1 — v)(I — vP75)~ ! is also
entangled. Then there exists Y € € # 0 such that Tr(Y " (I — yP%5)~ 1) # 0. We apply singular
value decomposition to all W7, j» W2 ; and conclude there exists some j and w,v € R™ such that

either Tr((ee] ) ® (vu') (I —vPip)~") # 0or Tr((vu') @ (eg] ) (I —vP3p)~") # 0. We
assume the former without loss of generality, it holds

(] @ uT)(I —1Pi5) (e ®v) 0.

Now setr4 = 0 and rp = v. Since )7, ;5 is decomposable, there exists some local function Q 4, @B
such that

(I -vPip) (e®v) =Qa(0)®e+e®Qp(v).
Left multiply by (E;r ®u'), we have

(e @u" ) —yPip) H(e®@v) =(¢] ®u')(Qa(0)®e) #0,
Then set 74 = 0 and rp = —v, we can similarly derive
—(e] ®uT)(I —Pjp) H(e®v) = (c] ®u')(Qa(0)®e) #0,

This gives use (5]T ®@u")(QA(0) ® e) = 0, which is a contradiction.
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E Decomposition via general functions

Entangled P precludes the local decomposition with local value functions, but may admit decom-
positions with more general functions. Consider P = i (eeT) ® (eeT) +6 (eeT) ® (eeT), where

e = [1,1],e = [L —1]. Clearly such P is entangled. We also have P* = 1 (ee") ® (ee") for k > 2.
Then (I —yP)~t =1+ # (ee”) @ (ee") + 67 (ee") @ (e€e"). Then for any 74, 7, we have
I-vP)  (ra®e+e®@rpg)=ra®@e+ha(y+7?)/2e@e+rpg@e+hp(y+7?)/2e®
e+ 207y (eTrB) e®ewhere hy =e'ra,hg =e' rg.

F Proof of Theorem 3

Additional Notations For (semi-)norm || - ||, and norm || - || g, we define the «, 8-norm for matrix
A as

[Alla,s = sup [[Az|a .

w\ B =1
We further abbreviate || A||y := || A||a,o. Moreover, we define the operator |x| taking the absolute
value of each element of vector or matrix .

To prove the theorem, we introduce the key technique of analyzing perturbation bounds of the
transition matrix, which is also used in [17].

Lemma 3 (Lemma 1 in [17]). Let P, P’ € R™*" such that (I — P)~! and (I — P')~" exist. Then
it holds

I-P)y'=-P)'+I-P)yYP -P)(I-P) .

We are then ready to prove the main theorem.

Proof of Theorem 3. Let P4, Pg be the optimal solution to Eq. (8) w.r.t agent A, B. For any subset
of state-action pairs of agent A, F C Sy x A4, we have

Y (PI=Pa) o sran

’ !
s'y,ay €F

- Z Z Z (PJZ{B —Pa® PB)(S’@’\s,a) /’[’ZB(SB7GB ‘ SA,CI,A)

’ ’ ’ U
s'y,a'y €F s'g,a'y $B,AB

S Z Z Z (PXB _PA ®PB)(S',al‘s,a) /J/TAB(SB,CLB ‘ SA,CLA)

s$B,aB |s'y,a’y €F s'y,aly

< > EBa(Pip)ihp(ss.ap | sa,ax) = Ea(Pjp)

SB,aB

where the last inequality follows from the definition of agent-wise total variation distance. Since the
result holds for any F and (s4,a4) € Sa x Aa, we have

||P,Zlr - PA”TV < EA(P;\TB)a

and similar results hold for Pg.

Next we have
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(I =7PTp) " (ra@e) — (I -1PD) 'ra) e
=(I—yP5p) ' (rave)— (I —yPy@Pg) ' (ra®e)
+ (I —-yP @ Pg) ' (rave)— ((I - yP;{)*er) ®e
C(1—7Pip) (ra©e)—(I-1Pa@ Pp) ' (ra®e)
(D
+ ((I —vPA)*1 T'A) Qe — ((I — vPIZ{)fl T'A) ®e

(1)

so0 where (i) also follows the same “absorbing” technique in the proof of Theorem 1.

o1 For (I), apply Lemma 3, it holds

|1 =PI rawe) ~ (T - yPao P (rawe)|

o0

=@ =2Pin) " (PR —Pa© Po) I = yPae Po) " (ra@e)|
< | =1P3p) | | (vPRs —7Pa @ Po) (I = vPa) " ra) @]

<HI VPI5) || L 2vEA(PTp) HI ~Py)” rAH

2’YlEA(‘lDAB) T"max Q’YEA(PAB) T"max
- 1—vy (1=7)2

so2  where (i) follows by the definition of agent-wise total variation distance when ||74||o # 0, and also
e0s trivially hold when ||r4||oc = 0. Similarly, for (1) we have

[(F=apira)we— (-2PD T ra) o]
— H( (I—Pa)™ = (T-P7) ) 7'AHOC

=|(@ =P (oPF = APy (= 1 Pa)
<27EA(P B
SRk

1T = 7Pip) 7|, <

oo

max

604 Then we have

|@=Pis) " rawe) = (T-~PD) '1a) oe

605 We can derive similar results for agent B, i.e.,

4’YEA(PAB) ""max
(1—=9)?

IA

|@=2Pip) " eorn)—ew (T-Pp) 'rs)||_ < MEZ(PAE;) max

eos Put it all together we have

47(EA(P£B)TII?MX + EB(PXB)Tgax) .
(1—9)?
607 ]

IN

|@ns - (@aeetrenqp)|_

s G Proof of Theorem 4

609 We first introduce the p-weighted ATV distance Formally, we introduce the following norm.

18



s10 Definition 5 (u-norm). Given a transition matrix P € RISIAIXISIAL with occupancy measure®

11 p € RIS for any vector & € RISIMA the pi-norm is defined as

Izl = Y uls,a)lz(s,a)l = p' || . (1)

(s,a)eSx.A

612 One can verify that u-norm satisfies triangle inequality and is a valid norm when (s, a) > 0 for all
613 (8, a). Otherwise y-norm is a semi-norm in general. We then introduce the distance

614 Definition 6 (u-weighted Agent-wise Total Variation Distance). Given probability distribution
615 u € RIS PIAP the u-weighted total variation distance between two transition matrices P, P’ €
2 2 2 2
RISIAFEXISEIAR vy 1t agent A is defined as
1
1P = P'll,_arv, = 5, Sup [(P—P)(zxe)|,-

llz]lco=1

616

617 The p-weighted ATV distance w.r.t agent B can be defined similarly. We claim that the p-weighted
618 ATV is also a counterpart of ATV distance in Definition 7. This follows from the constrained
619 optimization formulation of ATV

1
1P = Pllaav, =5 swp 1(P=P)@oe)le. (12)

620 Thus p-ATV substitutes p-norm for the original ¢,,-norm. We plug p-weighted ATV into Eq. (1) and
621 obtain the corresponding measure of Markov entanglement E (P ;) and E 4 (P ;). Similar to ATV
e22 in Eq. (8), this u-weighted version of E 4 (P} ) admits the following formulation

EA(PXB) < HIgiAanZB('&a)DTV <PXB(7 ‘ Saa’)aPA('a : | SAaaA)) . (13)

623 This recovers Eq. (9) that substitutes the p-weighted average for the maximum operator in Eq. (8).
624 Thus intuitively, E(P] ) w.rt u-weighted ATV distance measures how closely agent A can be
625 approximated as an independent subsystem under the stationary distribution.

626 We provide the proof for two agents here, one can easily generalize the proof to multi-agent scenarios.
627 Compared to the proof of Theorem 3, this proof follows similar framework and differs in several
628 details.

629 The first one is the following lemma for the “localized” stationary distribution
630 Lemma 4. P} has stationary distribution iy with

V(sa,aa), pi(sa,an) = Y php(sa, s aa,ap).
SB,aB

631 In other words, the local stationary distribution of each agent is exactly the marginal distribution of
632 global u’; 5.

633 Proof of Lemma 4. We proof by verify the definition of stationary distribution. For any (s, a’y), it
634 holds

> < > uﬁB(SA7sB,aA7aB)> PT(s'y, s | 54,04)

SA,0A SB,aB

_ § § /‘ T § § : T / / " " ™ "o

- IU’AB(SA7537G'A70’B) P (SAVSBaaA?aB | SAvstaAvaB):uAB(SBaaB | SAaaA)
SA,04 SB,AB s'g,a'y 87,0’

= Z Z I'LZB(SB7GB | SA,CLA) Z Z pT (S:478/B7a£47a/3 ‘ SA7S/1/3,CLA,(L%>,U/ZB(SA,S/]/B,G/A7G%>

SA,0A SB,0B s'g,a’g s%,a’h

. T / / / ! 12 " T " "
= E E E PT (s)y,8p,0},a | sa,85,aa,a) php(sa,sE,aa,ap)
54,04 s'g,aly st ,al%

T / ! li /
= Z Wap(sa, 8, a4, ap) -

’ ’
Spyap

SSince p € RISl is the stationary distribution of P € RISIAIXISIIAI

“occupancy measure" exchangeably when the context is clear.

, we use “stationary distribution” and
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635 where the last equation follows from the definition of 4% 5. Hence we conclude that
636 ZSB ap WA (sa,sB,aa,ap) is a stationary distribution of PJ. O

637 We are then ready to prove Theorem 4. We first note that similar to ATV distance in Eq. (8), the
ess optimal solution to E 4 (P} ) w.r.t u7 5-weighted ATV distance also only depends on Py4. Thus, let
639 P4, Pp be the optimal solutions to E4(PJ ), Ep(P} ) respectively.

sa0 Let x € RISallAal with ||z, = 1. Following the same technique in the proof of Theorem 4, we
641 have

N
pa |(PE— Pa) x|

= Z 1a(sa,aa) Z (P71 — PA)(S;\,a’A sa,a4) x(s'y, aly)

sA,0A s'y,a’y

= > whlsasan)| Y @(sh,dh) Y Y (Pig— Pa® Pp) g aijea Map(s8,a8 | 54,04)

SA,aA s’y a0y 53,0’ $B,AB

<Z Z (84, 0%4) Z (Pip — Pa® Pp) g o5 .a)| Wan(S;a) < 2E4(Pjp)

s:a |sy,aly s
642 where the second last inequality follows from Lemma 4. We then conclude
1PA — Pall, o <2EA(Pip),

p,00 =

643 and similar results hold for PZ. We then apply the decomposition

(I ~7Pfp) " (ra@e) — (L —1PD) 'ra) e
= (I —yPip) '(rave)—(I—yPa®Pp) ' (race)
(1
+ ((I —Py)"! TA) ®e— ((I —vP}{)’er) ®e

(1)

44 For (I), we have

|1 =PIy (ra@e) ~ (I - 1Pae Py) ' (rase)

HaB
= H(I —YPip) " (VPR — P4 @ Pp) (I = 4Py Pp) ' (ra@e)

(
_1_

2vE(m
A fa—rae]

HAp
“<7PAB YPA @ Pg) (I —vPa)"" TA) ®6‘

Q'VE( )Tmax
(1=

n
Hap

IN

e45s  where (7) follows from the fact that for any «

T T
1P|, = p"|Pe| < p" Pla| = p || = |,
e46 For (IT) one can use Lemma 4 to verify

H ((I APy rA) ®e— ((I N rA) Qe

B
Kap

= H(I —yPy) s — (I —~PF)! TA‘

B

647 And similar results to (I) holds. We then conclude the proof of Theorem 4.
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H Results for multi-agent MDPs

In quantum physics, the concept of quantum entanglement of two-party system can be well extended
to multi-party system. In this section, we demonstrate a similar extension of two-agent Markov
entanglement to multi-agent settings. We begin with the model of multi-agent MDPs.

Consider an N-agent MDP M. (S, A, P, r1.n,7) with joint state space S = xf\il&- and joint

action space A = x¥ | A;. For simplicity, we assume |S;| = |S| and |.4;| = |A| for each agent i.
For agents at global state s = (s1, S2, ..., sy) with action @ = (a1, as,...,ay) taken, the system
will transit to s’ = (s, 5, ..., sly) according to transition kernel s’ ~ P(- | s, a) and each agent

i € [N] will receive its local reward r;(s;, a;). The global reward 7. is defined as the summation
N :
of local rewards 71.n(s, @) == >_;_; 75(s;, a;), or in vector form,

N
Py € RISITIANY Z(e@)i_ln(ébe)]v_i )

=1

We further assume the local rewards are bounded, i.e. for agent i € [N], |ri(s;,a;)] <
ri o for all (s;,a;). Given any global policy m: S — A(A), we denote P, €
RISIMIAIYXISITIAIY g5 the transition matrix induced by 7 where PT (s}, @ n | S1:v, a1.n) =
P (s}, | sin,a1:n) 7 (al.n | $1.5) - Then the global Q-value is defined by Bellman Equation
QT =T —~Pf N)*lrlz ~- The local Q-values follow the similar framework to Meta Algorithm 1
where each agent ¢ € [N] fits QT using its local observations. We then sum up local Q-values to

approximate the global Q-value, i.e.

N

QT.n(s,a) = > Q7 (si,as).

i=1
To illustrate the extension, we first provide the definition of multi-party quantum entanglement here
for reference.

Definition 7 (Multi-party Quantum Entanglement). Consider a multi-party quantum system composed
of N subsystems, indexed by [N|. The joint state p;. is separable if there exists K € 7, probability

distribution {x},c (¢, and density matrices { p(ljj)\,} K] such that
JE

K
P1:N = ijpgj) ®péj) ® ---®p§\3,).
j=1

If there exists no such decomposition, py.n is called entangled.

Analogically, we define the Multi-agent Markov Entanglement,

Definition 8 (Multi-agent Markov Entanglement). Consider a N-agent Markov system M.n and
policy m: S — A(A), the agents are separable under policy T if there exists K € 7%, measure

{x;} e[k satisfying Zj{zl xj = 1, and transition matrices {Pl(J]z,} " such that
el

K
Piy=Y 2P oPw - aPy.
j=1

If there exists no such decomposition, the agents are entangled under policy .

For clarity, we use superscript s’ to denote the i-th element in state space and subscript s; to represent
the state at ¢-th arm. Furthermore, we denote S™" := S\ s’ and s = s1.x5 = {51, 82,...,8N} 1S
the profile of N-arms.

Given any global policy =, for any agent i € [N],

Pl (si,af | siyai) = > > Piy(shyahn | s1un,a1n) pln(s—irai | si ai) .-

’ ’ . .
s ;0 S—i@—q
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680 Definition 9 (Measure of Multi-agent Markov Entanglement). Consider a N-agent Markov system
81 M. with joint state space S = x| S; and action space A = x| A;. Given any policy
ss2 m: S — A(A), the measure of Markov entanglement of N agents is

E(Plﬂ-N) = PIQ}??EP d(Plﬂ-Nv P) ) (14)

683 where d(-,+) is some distance measure.

684 The following theorem generalizes the results of value-decomposition for two-agent Markov systems
685 in Theorem 3 to multi-agent Markov systems.

ess Theorem 6. Consider a N-agent MDP M.y with joint state space S = x| S; and action space
667 A = x| A;. Given any policy m: S — A(A) with the measure of Markov entanglement E;(r)
ess  w.r.t ATV distance, it holds for any agent 1,

1P — Pil| o < 2:E().

689 where P; is the optimal solution of Eq. (14). Furthermore, the decomposition error is entry-wise
690 bounded by the measure of Markov entanglement,

17 (S B(PIn) )
(1—7)?

QT:N(Sa a’) - Z Q?(SH ai)

H ]
i=1

691 The proof mainly follows the following lemma, which generalizes the key technique used in Theo-
692 rem 1.

e93 Lemma 5. For any agent i, it holds

K K
ijPl(]) ® P2(]) ®--® P]S,]) ~((e®)i_1Ti(®e)N_i) = (e®)"! Z iji(j)ri (@e)N—t,
j=1 j=1

(15)

694 The lemma follows from the property of tensor product. We can also extend Theorem 4 to multi-agent

695 MDPs.

96 Theorem 7. Consider a N-agent MDP M.y with joint state space S = x| S; and action space
ss7 A= x| A Givenany policy m: S — A(A) with the measure of Markov entanglement E;( P )
698 Ww.rt the uf. n-weighted agent-wise total variation distance, it holds for any agent i,

1P — B <2Ei(Ply).

/L;’,oo —

699 where P; is the optimal solution of Eq. (14) and u is the stationary distribution of the projected
700 transition P[. Furthermore, the 7. 5 -weighted decomposition error is bounded by the measure of
701 Markov entanglement,

72 1 Proof of Theorem 5

N

QT:N(‘& CL) - Z Q?(Si, ai)

i=1

_ 4 (S BPIy i)
- (1—=9)?

T

KN

703 We first provide an overview of the proof and introduce the technical assumptions.

704 To begin, we consider the system configuration m € AlS! where m, = %ﬁ{Agents in state s} is
705 the proportion of agents in state s. When N — oo, the transition between configurations will become
706 deterministic under index policy and m will approach its mean-field limit m*. Furthermore, in the
707 mean-field, each agent’s local transition will only depend its local state. As a result, the system will
708 de-couple and become separable as N — oo.

709 To formalize this intuition, we introduce the following lemma that connects Markov entanglement
710 measure with the mean-field analysis
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Lemma 6. The measure of Markov entanglement w.r.t i7. -weighted ATV distance is bounded by
the deviation of mean-field configuration,

Bi(m) < |S]* - Ef[lm — m"|l] |
where the expectation is taking over the stationary distribution m ~ uf. .

We thus focus on the deviation from m to m*. We extend the concentration analysis from [20, 21] to
derive a new stability bound for the RHS. Specifically, we finishing the proof via demonstrating the

deviation decays at the rate O(1/v/N).

One caveat here is that we have to restrict chaotic behaviors in the mean-field limit. We thus introduce
two technical assumptions.

We first define the transition of configuration under index policy 7 as ¢™ : AlSI — AlS| such that
¢"(m) = E[mt +1] | m[t] = m, 7] .
For t > 0, we denote ®; := (¢™)! apply the transition mapping for ¢ rounds.

Assumption A (Uniform Global Attractor Property (UGAP)). There exists a uniform global attractor
m* of ¢7(-), i.e. for all & > 0, there exists T|) such that for all t > T(¢) and all m € AlS!, one
has | ®:(m) — m*||  <e.

The UGAP assumption ensures the uniqueness of m* and guarantees fast convergence from any
initial m to m*.

Assumption B (Non-degenerate RMAB). There exists state s € S such that 0 < 7*(s,0) < 1,
where T is the policy under m*.

The non-degenerate assumption further restricts cyclic behavior in the mean-field limit.

Non-degenerate and UGAP are two standard technical assumptions for the index policy, which
restrict chaotic behavior in asymptotic regime and will be further introduced in subsequent sections.
We note here these two assumptions are also used in almost all theoretical work on index policies
[45, 40, 20, 21].

Proof of Theorem 5. In the subsequent proof, we let v1 > v > v3 > -+ > v|g|. This does not lose
generality in that we can always exchange state index. The proof consists of several steps

Step 1: Find m* Recall the transition mapping for configurations ¢™ : AlSI — AlSI|,

¢"(m) = E[m[t +1] | m[t] = m, ] .
Notice that the definition of ¢™ does not depend on N. We adapt from Lemma B.1 in [20] defined
specially for Whittle Index,
Lemma 7 (Piecewise Affine). Given any index policy 7, ¢™ is a piecewise affine continuous function
with |S| affine pieces.
When the context is clear, we abbreviate ¢™ as ¢. For any m € AlS|, define s(m) € [|S]] be
the state such that ES(T)_I m; < a< Zé(m) m;. Lemma 7 characterizes for any m € Z; =

i= =1

{m € AlISl| s(m) = z} there exists K (m), bs(m) such that
P(m) = Ky(m)ym + by(m) -
By Brouwer fixed point theorem, there exists a fixed point m* such that ¢(m*) = m*. The UGAP

condition guarantees the uniqueness of m*. Our choice of 7* is the corresponding policy under m*.

Step 2: Connecting policy entanglement with the deviation of stationary distribution Combine
Proposition 8 with the RMAB model, we have

Lemma 8. The measure of Markov entanglement w.r.t i7. -weighted ATV distance is bounded by
the deviation of mean-field configuration,

Ei(m) < |SP?-E[lm - m*[|] |

where the expectation is taking over the stationary distribution m ~ uj. .
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750 Proof. Given the homogeneity of agents, we first demonstrate for any two agent ¢, j, it holds

Yo H(sun) Im(as =alsin) =7 (@i =als)| =Y w"(sun) |m(a; = a | sun) =7 (a; = a|si) .

S1:N S1:N
751 To see this, we first notice by the definition of index policy

Im(ai =a|s; =s,m)—7"(al|s)|=|m(a;j=al|s; =s,m)—7n"(a]s)|.

72 It then suffices to prove 3 . _ o . p(sun) = Do mm H(SLN) If
758 D s siyem M(STN) S 300 oo —m H(S1:N), we can exchange the agent index of i and j. This
754 will result in the same stationary distributionand > _ o p(s1n) = 300 oo m H(S1:N)
755 and thus the equation. We then rewrite the bound in Proposition 8§,

E(r) < %S&p S i (sun) Y Im(as | sin) — 7 (as | 50)]

S1:N a;

—sup > _ " (s1n) [m(as = 1] s1n) — 7% (@i =11 5,)]
1

S1:N
1 N
=N S pm(sin) Y Imlai =1 s1n) — 7 (ai =11 ;)]
S1:N =1
= Zu”(m)st |[m(a=1]|s,m)—n"(a=1|3)|
m s€S

756 For any configuration m and state s, we have
mg|r(a=1|s,m)—7"(a=1]3)|
m™(a=1]|s)miN + ks

s

m™(a=1]s)

miN + {,
MmN+l ks — L (a=1]5)
B N miN +{

<IS[lfm —m*[|o ,

757 where |ks| < (|S| — 1)||m — m*||oc N representing the additional fraction of state s to be activated
758 due to the deviation from m* and |{s| < |jm — m*|| N representing the deviation of m from m?.
759 The results then hold by taking summation over s and expectation over m.

760 O

761 Step 3: Concentrations and local stability To bound E [||m — m*|| ], we start with several
762 technical lemmas from previous RMAB literature. We use the same notation ®; = ¢(P;_1).

763 Lemma 9 (One-step Concentration, Lemma 1 in [21]). Let €[1] = m[1] — ¢(m[0]), it holds

S|
Eflleftlls Im{0]] <4/ -

764 Lemma 10 (Multi-step Concentration, Lemma C.4 in [20]). There exists a positive constant K such
765 that forallt € Nand § > 0,
Pr[[m[t] — ®;(m)||l, > (1+ K + K2+ --- + K5 | m[0] = m] < #[S]e~2N?"
766 Lemma 11 (Local Stability, Lemma C.5 in [20]). Under non-degenerate and UGAP:
767 (i) Ky(m~) is a stable matrix, i.e. its spectral radius is strictly less than 1.

768 (ii) For any €, there exists T'(€) > 0 such that for all m € A5, ||‘I>T(E) (m) —m* HOO <e

769 The first result implies there exists some matrix norm |- ; such that || K+

5 < 1. By the

770 equivalence of norms, there exists constant Cé, Cg > 0 such that for all z € RIS

Callzlls < Izl < CEllzlls -
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771 Combine the second result of Lemma 11 and non-degenerate condition, we can construct a neigh-
772 borhood N of m* such that N' = B(m*,e) N AlSI € Z ., where ¢ > 0 and B(m*,¢) =
3 {m||m —m*||_ <€} is an open ball. We next show that mm[0] under stationary distribution
774 will concentrate in A with high probability. Let T = T(e/2) such that for all m € AlSI,
75 ||®7(m) —m*|| < e/2. Itholds
Pr[m(0] # N] = Pr[[|m[0] - m™|,, >
(@)

:Pr”m[f]fm* _ze|ml) —m|
< Pr[|m(f] = @p(m)| =2 [ ml0] = m] +Pr[[7(m) —m| >
= Pr[||miT) - @p(m)|| = 5| mlo] = m] < TSl

776 where (i) follows from the stationarity m|[T] and m[0] are iid and the constant u =

2
€
777 (2(1+K+K2+_“+Kf)) does not depend on V.

778 Step 4: Put it together Finally, we are ready to bound E [||m — m*||__]. Notice for all m[0] € N,
779 we have

m[l] —m" = ¢(m[0]) + ¢[1] —m*
= Ks(m*) (m[O] — m*) + 6[1] .
760 Taking ||-|| ; on both side,
Im[1] = m*[| 5 < [ Kyme) (m[0] —m™)|[, + e[1]]l5
< [ Ksime)

5 Iml0] = m* |5 + llef1]]
781 Taking expectation on both side,
E[lm[1] - m*| ;]
=E [[|¢(m[0]) — m*||; - 1{m[0] € N'}| +E [[|g(m[0]) — m*||; - 1 {ml[0] ¢ N'}| +E [||e[1]]} ;]

< [yl B [mf0] = m7l, - 1 {ml0] € A7}] + P fm{0] ¢ N] sup [}o(m{0]) = m [, +E [l

< || K sm)

S E [Im[0] = m*|,] + Pr[m[o] ¢ A] sup [[6(ml0]) -, + B (el -

782 By stationarity, one have E {Hm[l] - m*||ﬁ} =E [||m[0] - m*||5} This refines the above in-

783 equality,

ORI p—" — (supPr[m[0]¢Mll¢(m[0Dm*ll +E [ })
T 1 [[Kano 5 \mio) g ’
c3

T T T o) £ 41+ E 1CLL)

C? - \/
B <T8|e—2uN |8|> ]

< + —
C(1 — [ Kmn | 5) VN
784 We combine Lemma 8 and conclude the proof of Theorem 5.

785 J Extensions of Markov entanglement

786 J.1 (Weakly-)coupled MDPs

787 Weakly-coupled MDPs (WCMDP) are a rich class of multi-agent model that capture many real-world
78 applications such as supply chain management, queuing network and resource allocations [2, 12, 35].
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Compared to general multi-agent MDP, WCMDP further ensures each agent follow its local transition
while the agents’ actions are coupled with each other. Formally,

Definition 10 (Weakly-coupled MDPs). An N-agent MDP M.N (S, A, P,r1.n,7) is a weakly-
coupled MDP if

* Each agent has local transition kernel P; such thatVs,a,s',P(s' | s,a) = Hfil Pi(s} |
Siy ai)'
* At global state s, agents’ joint actions a are subject to m coupling constraints

SN d(si a;) <beR™

We then demonstrate that this weakly-coupled structure can further refine the analysis of Markov
entanglement measure.

Proposition 8. Consider a N-agent weakly-coupled MDP M1.n (S, A, P,r1.n,7). Given any
policy m: 8§ — A(A) with measure of Markov entanglement E;(P[ ) w.r.t the u7, y-weighted
agent-wise total variation distance, it holds for i € [N],

Ei(Ply) < min 5 3" pf(s) 3 Inlai | 8) = '(a | 50
S a;
where 7' : S; — A; is any local policy for agent .

Proof of Proposition 8. We demonstrate the proof for two-agent WCMDP and the generalization to

multi-agent WCMDP is straightforward. Consider PZ{, be the transition of agent A under local policy
7'. We focus on agent A

Ea(Pip)
1 ™ us 7T/
SiZMAB(&a) Z PAB(S£47Q£4 | s,a) — P} (SIA’GA | 54,04)

/ ’
SA’a’A

1 s T TI',
=53 wasls.a) 3 (S0 PAs(san | 5,a) = P (s [ sa,aa)(aly | )

’ ’ ’
54204 | SB

@1 ™ 77
25 wap(sia) Y S Pan(shaa | s.a) = > P(s' | s,a)7 (a | 5)
s,a SIB

’ ’ ’
Sa:%a | SB

1 T
=§ZMAB(s,a) Y. DoP(s | s.a) (n(ay | ) —7'(dy | s4))
s.a shaly | 55
1 ™
=5 Y whp(s,a)Y P(s'|s,a)d |n(aly | s') —n'(ay | sh)|
s,a s’ a’A

(#1) 1 -
=3 ZNAB(S/) Z m(aly | ) —m'(dy | $4)| -

/ ’
S aA

where (i) follows from the transition structure of weakly coupled MDP P(s’ | s,a) = P(s/; |
sa,a4) - P(s’z | sp,ap); and (i7) comes from the fact that P™(s' | s) = > 7(a | s)P(s' | s,a)
and 3, 47 (s) P (s' | 5) = " (s"). 0

Proposition 8 establishes an upper bound for Markov entanglement in WCMDP. Intuitively, this

bound characterizes how agent i can be viewed as making independent decisions. It takes advantage
of the weakly-coupled structure and shaves off the transition in Markov entanglement measure.

J.2 Coupled MDPs with exogenous information

In many practical scenarios, the agents’ transitions and actions are coupled by a shared exogenous
signal. For example, in ride-hailing platforms, the specific dispatch is related to the exogenous order
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at the current moment [32, 24, 4]; in warehouse routing, the scheduling of robots is also related to the
exogenous task revealed so far [15].

We will then enrich our framework by incorporating these exogenous information. At each timestep
t, there will an exogenous information z; revealed to the decision maker. z; is assumed to evolve
following a Markov chain independent of the action and transition of agents. We assume z; € Z and
Z is finite.

Given the current state s and exogenous information z, the policy is givenby 7 : S X Z — A(A),

where A refers to the set of feasible actions. We then have the global transition depending on
exogenous information z,

Pig.(s',a' .2 | s,a,2) = P(s' | s,a,2) -w(d' | §',2") - P(¢ | 2).
and global Q-value Q7% 5, € RISV AN 2]

oo N

Qhgp(s,a,z2) = E T(Sit, @ity 2t) | So =8, a0 =@, 20 =2
t=0 i=1

We assume the system is unichain and the stationary distribution is 1) .. Then we can derive the
local transition under new algorithm by

PAZ(S{Ava£47Z/ | SA,GA,Z) = Z N’ZBz(SBva‘B | SA,CLA,Z) Z Png(3/7a/azl | S,(I,Z),

./ ’
SB,aB sp.ap

Given the local transition, we have the local value Q7. = (I —~yPa.)!(r4,) via Bellman Equation.

Combined with exogenous information, we consider the following value decomposition

QZB(S,G,,Z) = QTA(SI‘MG'A?Z) + QE(SB,GB,Z) :

We start by introducing agent-wise Markov entanglement defined for each agent

K
Pip. =Y a;P{) o Py (16)

j=1
Proposition 9. If the system is agent-wise separable for all agents, then

Qlp. = Q. ®es)|a +esa @ QL. -

Proof. The proof is basically the same as Theorem 1. One can first quickly show that P4, =
S 2;P{). And then it holds

z

K
S PPl @ Py | (racen @es)a)
j=1
t—1
(Serter] (e (Pesca) o ()
=1 j=1
t—1
K . . K .
= Zl'jngjz) ® P’ Z%Pijz)(m@e\z\) ®e
j=1 j=1

t

K
ijPXZ) (ra®ep)) | ®e.
j=1
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We then provide the measure of Markov entanglement with exogenous information w.r.t agent-wise
total variation distance.

K
1 Pt
. ; J) (4)
Es(Pjp,2) = min 5 Plig, — g z; Py, @ Pg

7=1 ATV,

. 1 pr VY P VY

= minmax = ‘ ABZ(SA7G'A7'Z | 870,,2) - AZ(SAaasz SAaaAVZ)‘ :

Py, s,a,z 2

’ ’ ’
84,0,z

7)

Similar to Theorem 3, we can connect this measure of Markov entanglement with the value decompo-
sition error.

Theorem 10. Consider a N-agent Markov system M1.n. Given any policy 7w: S — A(A) with the
measure of Markov entanglement E;( Py \, Z) w.r.t the agent-wise total variation distance, it holds
for any agent 1,

ZIJP(” <2E;(PIy, 2).

oo
Furthermore, the decomposition error is entry-wise bounded by the measure of Markov entanglement,

N - ;
< 47 (Zi:l Ei(PI:N’ Z)rxznax)
. =7 |
In practice, exogenous information is often discussed in the context of (weakly-)coupled MDPs,

where each agent independent evolves by P;(s;11 | S;,a;, z). Interestingly, we can derive a similar
result to Proposition 8 that shaves off the transition in entanglement analysis.

QT.n(s,a,2) — ZQ (si, ai,2)

oo

Proposition 11. Consider a N-agent Weakly Coupled Markov system M.n. Given any policy
w: S = A(A) and its measure of Markov entanglement E;(Py y, Z) w.rt the u7, -weighted
agent-wise total variation distance, it holds

- 1
E(Ply,2) < 3 > (s1w, 2 Z|7T ai | s1n,2) = m'(ai | si,2)]
S1:N,%

for any policies 7'

Proof. We provide the proof for two-agent MDP, which can be easily generalized to [N-agent case.
EA (PATBa Z)

1
S§ Z ,UJ(SaaaZ) Z |PXBZ(3:4aa:472/ ‘ s,a,z) - PAZ<5£47a,AvZ/ ‘ 5A7aA’Z)|
s,a,z sy ,al, 2"

s,a,z

== Z s,a,z2) Z ZP;{BZ(S/,CLA,Z/ 8,a,2) — Pa (84,2 | sa,an, )7 (ay | 84, 2")
s

’
sy ,aly 2"

l\D

1
= Z s,a,z) Z ZP;{BZ(S’,aA,z’ s,a,z) — ZP(S’,Z’ | s,a,2)n'(ay | 8'4,2")
s8,a,z 335 s’B

’
sy ,aly 2"

1

5 S a, Z Z ZP(SI7Z/ | s,a,z) (Tr(a/A | Slvz/) 771'/(@{4 ‘ 51472,))
s'y,aly 2" | )

1

5 sazZPsz|sazZ|7raA\s 2 =7 (dy | 8y, 2
sz’

;_n

52 s, 2 Z|7raA|s 2 —7'(dy | 8y, 7).
aly
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J.3 Factored MDPs

Another common class of multi-agent MDPs is Factored MDPs (FMDPs, [22, 23, 31]), which
explicitly model the structured dependencies in state transitions. For instance, in a server cluster, the
state transition of each server depends only on its neighboring servers. Formally, we define

Definition 11 (Factored MDPs). An N-agent MDP M.5(S, A, P,r1.n,7) is a factored MDP if

each agent i has neighbor set Z; € [N| such that its transition is affected by all its neighbors, i.e.
P(s; | s,a) = P(s; | s2,,az,).

The neighbor set | Z;| is often assumed to be much smaller compared to the number of agents N. This
helps to encode exponentially large system very compactly. We show this idea can also be captured in
Markov entanglement. Consider the measure of Markov entanglement w.r.t ATV distance in Eq. (8),

EA(PT,) = mi D (P“ o 1s.a), Pae,- | sa, )
A(Pig) min max Dy Ap(s 1 8,a), Pa(-,- | sa,aa)

= mi D (P7r o Pl )
n’]g}qn (S,;gleag‘(XA TV AB( 9 ‘ SZA7GJZA)7 A( 9 | SA7CLA)

Thus we conclude the agent-wise Markov entanglement will only depend on its neighbor set.

J.4 Fully cooperative Markov games

In fully cooperative settings, only a global reward will be reviewed to all agents. Unlike the modeling
in section 2, this global reward may not necessarily be decomposed as the summation of local rewards.
In this case, we propose meta algorithm 2 as an extension of meta algorithm 1.

Meta Algorithm 2: Q-value Decomposition with Shared Reward

Require: Global policy 7; horizon length T'.

. T-1
1: Execute 7 for T epochs and obtain D = {(s! 5, a5, 7, 45, a4 5) },_,

. . . T-1
2: Each agent i € {A, B} fits QT using local observations D; = {(st,af,r;,s;*", ai™")}, |
where the local reward (r 4, r5) is learned via solving

T

2

min 3~ (ryp(s,a) = (ralshy, a) + r5(s,0))
t=1

TA,TB

This algorithm follows similar framework of meta algorithm 1 and differs at we now learn the
closet local reward decomposition from data. When the reward is completely decomposable, meta
algorithm 2 recovers meta algorithm 1. Thus intuitively, the more accurate we can decompose the
global reward, the less decomposition error we have. Formally, we define the measure of reward
entanglement

e(rap) = TTLI}SHTABf(rA®e+e®rB)||HzB . (18)

This measure characterizes how accurate we can decompose the global reward under stationary
distribution. We then obtain an extension of Theorem 4

Proposition 12. Consider a fully cooperative two-agent Markov system M sp. Given any policy
w: S — A(A) with the measure of Markov entanglement Es(PJg), Eg(P}p) w.rt the il -

weighted agent-wise total variation distance and the measure of reward entanglement e(raop), it
holds

Qg —(Qh®e+e®QF ‘ < )
H AB ( A B) W 1 — (1 — 7)2
where 2 1B is the bound of optimal solution of Eq. (18).

max’ " max

< G(T'AB) + 47 (EA(P;{B)TII?IB.X + EB(PATB)TI]IBlax)

Although Proposition 1 offers a theoretical guarantee for general two-agent fully cooperative Markov
games, its utility is greatest in systems with low reward and transition entanglement. Fully cooperative
settings remain inherently challenging—for instance, even the asymptotically optimal Whittle Index
may achieve only a %-approximation ratio for RMABs with global rewards [33]. In practice, most
research [37, 34] relies on sophisticated deep neural networks to learn decompositions in such settings.
We thus defer a more refined analysis of fully cooperative scenarios to future work.
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K Simulation environments

In this section, we empirically study the value decomposition for index policies. Our simulations
build on a circulant RMAB benchmark, which is widely used in the literature [3, 50, 10, 18].

Circulant RMAB A circulant RMAB has four states indexed by {0, 1, 2, 3}. Transition kernels
P, =p(s,0,5), yeg foractiona = 0 and a = 1 are given by
1/2 0 0 1/2 /2 172 0 0
/2 1/2 0 0| 5 _ [0 1/2 1/2 0

0 1/2 1/2 o[> t7 10 0 1/2 1/2

0 0 1/2 1/2 /2 0 0 1/2
The reward solely depends on the state and is unaffected by the action:

r(0,a) = -1, r(1,a) =0, 7(2,a) =0, r(3,a) = 1;Va € {0,1}.

We set the discount factor to v = 0.5 and require /N/5 arms to be pulled per period. Initially, there
are N/6 arms in state 0, N/3 arms in state 1 and N/2 arms in state 2, the same as [50]. We then test
an index policy with priority: state 2 > state 1 > state 0 > state 3.

Py =

K.1 Monte-Carlo estimation of Markov entanglement

For each RMAB instance, we simulate a trajectory of length 7" = 6N and collect data for the later
5N epochs. Notice RMAB is a special instance of WCMDP, we thus apply the result in Proposition 8

T 1 3 T
E(Py) < gmin) pfn(s) Y [m(ai | 8) — ' (a; | 51)]
S a;

IN

Q

T
1 1

ﬂi,nf;;w(ai | 8) = '(ai | 5:)] (19)
Notice Eq. (19) is convex for ' and 7’ only takes support of size |S||A| = 8. we thus apply efficient
convex optimization solvers. We replicate this experiment for 10 independent runs to obtain the mean
estimation and standard error in the left panel of Figure 1.

K.2 Learning local Q-values

For each RMAB instance, we simulate a trajectory of length T' = 6N, reserving the later ' = 5N
epochs as the training phase for each agent to fit local Q-value functions. During testing, we estimate
the p-weighted decomposition error using 50 simulations sampled from the stationary distribution.

The ground-truth Q7. ; is approximated via Monte Carlo learning [38], with each estimate derived
from 30-step simulations averaged over 3V independent runs. Due to the high computational cost
of Monte Carlo methods—especially for very large RMABs—we limit the training phase to 10
independent runs and use the mean local Q-value as an approximation. Error bars represent the
standard error for both Monte Carlo estimates and p-weighted decomposition errors.

In addition to p-weighted error, we also introduce a concept of relative error, defined as
N
|@fn(s.a) - 2N, Q7(si,a)

ratio of our value decomposition. We present our simulation results below.

/QT. ;.= - This relative error reflects the approximate
M’er . 1:N

It immediately follows that the y-weighted error grows at a sublinear rate O(y/N) and the relative

error decays at rate O(1/+/N). This justifies our theoretical guarantees in Theorem 5. Furthermore,
we notice the relative error is no larger than 3% over all data points. As a result, the meta algorithm 1
is able to provide a very close approximation especially for large-scale MDPs even with small amount
of training data 7' = 5N while the global state space has size |S|V.

K.3 Sample Complexity and Computation

While each RMAB instance has an exponentially large state space |S|", we show that our empiri-
cal estimation of Markov entanglement—along with the decomposition error—converges quickly.
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Figure 2: Value Decomposition error in circulant RMAB under an index policy. Left: pu-weighted
decomposition error. Right: Relative error, ||decomposition error||,, / |Q7. x|,

Specifically, we illustrate these errors for an RMAB instance with with 900 agents in Figure 3.
As exhibits in Figure 3, both errors decay and converges within 7' = 3N samples. Furthermore,

Estimation Error and Decomposition Error

—— Estimated Entanglement Measure
Decomposition Error (Raw)
40.0 —— Decomposition Error (Smoothed)
: ---- Entanglement Measure
30.0

20.0

L L\/_\M\/\/\
10.0

0.0

0 300 600 900 1200 1500 1800 2100 2400 2700
Sample Trajectory Length

Figure 3: Different errors in RMAB with 900 agents: empirical estimation of Markov entanglement
(blue); ui.-weighted decomposition error (green); the true measure of Markov estimated with
T = 10N samples (red dashed line).

the empirical estimation of Markov entanglement converges in 7' < N samples, demonstrating its
efficiency. Finally, we use standard convex optimization solvers to compute Markov entanglement,
which can be run efficiently on a single CPU.
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1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: Yes. Our main contributions are also detailed in section 1.1. Also see
Appendix J, H for more theoretical results.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: Yes, we discuss other possible value decompositions in section 3.1 and
Appendix E, J.4.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]

Justification: Theorem 1, 2, 3 and 4 hold for general multi-agent as long as a stationary
distribution exists (see section 2). Theorem 5 relies on standard assumptions for index
polices, detailed in Appendix I. All proofs are included in main text or Appendix.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: Our empirical results build on a publicly-accessible RMAB benchmark in
[3, 50, 10, 18], detailed in Appendix K. We upload the codes and instructions to recover the
results.

Guidelines:

* The answer NA means that the paper does not include experiments.
* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.
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5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: Our empirical results build on a publicly-accessible RMAB benchmark in
[3, 50, 10, 18], detailed in Appendix K. We upload the codes and instructions to recover the
results.

Guidelines:

» The answer NA means that paper does not include experiments requiring code.

¢ Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: See Appendix K.
Guidelines:

» The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: We detail the calculation of error bars in Appendix K.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

34


https://nips.cc/public/guides/CodeSubmissionPolicy
https://nips.cc/public/guides/CodeSubmissionPolicy
https://nips.cc/public/guides/CodeSubmissionPolicy
https://nips.cc/public/guides/CodeSubmissionPolicy
https://nips.cc/public/guides/CodeSubmissionPolicy
https://nips.cc/public/guides/CodeSubmissionPolicy

1081
1082
1083

1084
1085

1086

1087
1088

1089
1090
1091

1092
1093
1094

1095
1096

1097

1098
1099
1100

1101

1102

1103

1104

1105
1106

1107
1108

1109
1110
1111

1112

1113
1114

1115

1116

1117

1118

1119
1120

1121
1122

1123

1124
1125

1126

1127
1128
1129

1130

1131

8.

10.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

« It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

o If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: See Appendix K.
Guidelines:

» The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: We followed the NeurIPS Code of Ethics.
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer:

Justification: This work focuses on establishing a new mathematical foundation for MARL.
This work is not related to any private or personal data, and there’s no explicit negative
social impacts.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.
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12.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

 The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: We do not foresee any high risk for misuse of this work.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]

Justification: We do not use existing assets and our empirical simulations are based on
synthetic models, whose proposers have been appropriately cited.

Guidelines:
» The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.
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15.

* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: The paper does not release new assets.
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.
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1236 * We recognize that the procedures for this may vary significantly between institutions

1237 and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
1238 guidelines for their institution.

1239 * For initial submissions, do not include any information that would break anonymity (if
1240 applicable), such as the institution conducting the review.

1241 16. Declaration of LLM usage

1242 Question: Does the paper describe the usage of LLMs if it is an important, original, or
1243 non-standard component of the core methods in this research? Note that if the LLM is used
1244 only for writing, editing, or formatting purposes and does not impact the core methodology,
1245 scientific rigorousness, or originality of the research, declaration is not required.

1246 Answer: [NA]

1247 Justification: We do not involve LLMs as any important, original, or non-standard compo-
1248 nents.

1249 Guidelines:

1250 * The answer NA means that the core method development in this research does not
1251 involve LLMs as any important, original, or non-standard components.

1252 * Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
1253 for what should or should not be described.
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