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ABSTRACT

A major challenge in physics-informed machine learning is to understand how the
incorporation of prior domain knowledge affects learning rates when training data
is not independent and identically distributed. Focusing on empirical risk mini-
mization with physics-informed regularization, we derive complexity-dependent
bounds on the excess risk in probability and in expectation. We prove that, when
the physical prior information is aligned, the learning rate improves from the
(slow) Sobolev minimax rate to the (fast) optimal i.i.d. one without sample-size
deflation due to data dependence.

1 INTRODUCTION

Physics-informed machine learning encompasses a wide taxonomy of approaches that combine
physical knowledge and learning algorithms to address two main tasks: (i) leveraging data-driven
methods to enhance numerical solvability and accuracy of physical models given, for instance, by
systems of partial differential equations; (ii) improve learning algorithm performance by including
physical information in the loss function or as an additional constraint (Karniadakis et al., 2021;
Meng et al., 2025). Focusing on the second class of methods, surveyed in Rai & Sahu (2020);
von Rueden et al. (2023b), the resulting approaches turn out to be practically effective in terms of
data efficiency, generalization capability and interpretability, which play an important role espe-
cially in view of downstream tasks such as safe learning-based control (Nghiem et al., 2023; Drgona
et al., 2025). However, despite the empirical success of physics-informed machine learning algo-
rithms (Raissi et al., 2019; Rai & Sahu, 2020; Cuomo et al., 2022; Hao et al., 2023), theoretically
quantifying the beneficial impact of incorporating physical information into learning algorithms is
technically challenging and still an active area of research (see von Rueden et al. (2023a) and refer-
ences therein).

We tackle this problem by considering a statistical learning set-up and focusing on regularized em-
pirical risk minimization problems of the following form:

physics-informed
regularizer( f)

7 data-fit

f= a;régbgllliirnl squared loss(f)

Sobolev space

+ Ar
(1.1)
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where data entering the fit term are dependent, derived from observations of a ground-truth nonlinear
dynamical system X; 1 = f,(X;)+ W, with W, being a sub-Gaussian noise martingale difference
sequence. The regularizer in (1.1) encodes the information that the true function to be estimated, f,,
approximately satisfies a known partial differential equation induced by a linear operator ¥ — i.e.,
we have that the regularizer takes the form || 2( f) ||=2Z,2, and we say that knowledge alignment occurs

if it holds that || Z(f,)||% = 0.

The main results of this paper are complexity-dependent bounds — i.e., bounds that depend on

|12(f.)]|.2> (Lecué & Mendelson, 2017) — for the excess risk || f — f.| |2,- Informally, our results
(both in high probability and expectation) take the form given below:

Theorem (Informal). For a suitable choice of the regularization parameter Ar, for a suffi-
ciently large number of samples 7', and letting d < 1 be the Sobolev minimax rate (Ibragimov
& Has’minskii, 1981; Nussbaum, 2006), it holds that

. 2 D(f)ll'gz P noise level
(EXCCSS I‘ISk) Hf - f*H?Z’? S Cslow% + C’fast#

The error bound established above reveals for the first time that, under knowledge alignment, the
regularized estimate f converges to the true, unknown function f, at the i.i.d. rate of O(1/T): in
other words, it behaves like classic optimal rates for i.i.d. learning even with dependent data after a
suitable burn-in time.

The remainder of the paper unfolds as follows: Section 2 provides the set-up of the learning prob-
lem, introducing the weighted, vector-valued function spaces that will be used throughout the paper.
Next, the learning problem is stated in Section 3, and in Section 4 we provide the general state-
ment for the excess risk bounds, both in probability and in expectation. Our analysis culminates
in Section 5, where we prove how knowledge alignment leads to optimal i.i.d. rates even if data are
dependent. We discuss our results in juxtaposition with related works in Section 6, and present some
concluding remarks in Section 7.

2 PROBLEM SET-UP

This section collects preliminary concepts, defining the probability set-up of the data-generation
mechanism (Section 2.1) and the involved weighted, vector-valued function spaces (Section 2.2).

2.1 INPUT DOMAIN AND TRAJECTORY DISTRIBUTION

Let Q C [~L, L]9% C R be the input domain whose boundary is locally Lipschitz (Adams
& Fournier, 2003, Definition 4.9). For a horizon length T', the input trajectories denoted by

X = (Xo, X1, -+, X7_1) belong to the metric space (27, {X; f:_ol ,Px), where QT = X;T:_Olﬂ

is the Cartesian product of the single-component input domains {2; {Xt}tT;()l is the filtration given
by a sequence of increasing o-algebras X;; C A; with respect to which X is adapted (Rogers &
Williams, 2000, Chapter I1.45); and Px is the joint probability distribution of the input trajectory.
As detailed in Section A.1, there exists a probability distribution associated with every component
of X — we denote it by p; foreacht = 0,--- ;T — 1, and we mostly work with a known initial
distribution pg for X (typically, a Dirac measure centered at the observed initial state X). Overall,
we make use of the following:

Assumption 1. Let p be the Lebesgue measure defined on Q € R4x, Forallt = 0,---,T — 1,
each measure p;: Xy — R>¢ is assumed to admit a density with respect to ;5. We denote such
density by p;(-), and we assume that there exist 0 < k < & < oo such that, forallt = 0,--- , T —1,
E<pi(-) <R

Note that Assumption 1 accounts for many cases of practical relevance, such as the uniform, trun-
cated Gaussian, and beta distributions (Krishnamoorthy, 2016).
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2.2 SPACES OF FUNCTIONS

Space of square-integrable functions .#2.  We will focus on the Hilbert space .Z2(Q7, Px; R%Y)
of vector-valued, square-integrable functions that consist of multiple evaluations of a function
f: Q — R? along the input trajectory X. Such a space allows us to consider the trajectory X
and is endowed with the inner product defined as follows: given f, g: Q — R?, we have

U, )ity = ZEPX SNl = 73 [ ). 90X, P
_ 1 - X X dX. 2.1
—Tg/gm ) 9(X0)3 (dX0), @

where (-, -), is the standard inner product defined in the Euclidean space R%» | and
p¢ 1is the probability measure of the ?¢-th component of X introduced in Section 2.1.
The inner product (2.1) induces the trajectory norm || f|| 22(0T pyriy) such  that

|\f||;2(QT Py Ry = {f, f>32 QT py:riy )- Moreover, it follows by construction that one can write

Hf||?g)2(QT PyRiv) = T T Ep [l £(X0)]I3]). Note in addition that, thanks to the separability

of R%r, the vector-valued space Z%(Q7, Px; R ) = {f: Q@ — R | ||f||$2(QT Py Ry < oo}
can be written as the direct sum @?;/1 Z2(0T Px;R) (Conway, 2007, Chapter 1.6): indeed,
following (2.1), we can write

dy , T—-1

1
2
||ng2(QT,pX;Rdy) = Z Z Epy fz Xt Z ||fz||gz QT Px;R) *

i=1 =1

General Z? spaces. In general, one can define the space LP(QT Px; RYY) for any p € Zxo

”fo%P(QT,JPX;Rdy) = T t 0 'Ep [[|£(X:)||5]). Of particular inter-

est will be the Banach space of bounded functions .#>°(Q7;R%") equipped with the norm
£l e @7 mavy = SuPseq [Lf (@)l

endowed with the norm

Sobolev space 7. Another fundamental function space derived from .Z%(Q7 Px;R%Y) is the
multi-output, weighted Sobolev space of order s € Zxq, which is defined as follows:

A5 QT Py RY) = {f € 2207 Px;RY) | ||f||%s(QT,PX;RdY) < oo},
where the norm is induced by the inner product
(f, g>%S(SZ,PX;RdY) = Z (D, Dag>$2(QT,IPX;]RdY)7
ler|<s

with D® f being the differential given by the multi-index o = (v, - -+ , gy ) of non-negative inte-

gers with order |a| = del i, ie., D = 0% f/g.01 . 0z, %X . Regarding the order of the Sobolev
spaces we will consider, we will rely on the following:

Assumption 2. The order s of 7°(Q7, Px; R% ) is a non-negative integer that satisfies s > 2dx.

Finally, note that also the space (7, Py;R% ) admits the representation as the direct sum

@?:Yl H%(QT ,Px;R) thanks to the separability of R? . This allows us to extend key results of
scalar Sobolev spaces to our vector-valued ones, as detailed in Section B. In particular, we show
that the Sobolev Imbedding Theorem (Adams & Fournier, 2003, Theorem 4.12) holds in our set-up,
which will provide the necessary structure for the hypothesis space involved in the learning problem.

3 PROBLEM STATEMENT

Measurement model. Our data consists of trajectories of length T, denoted , D = {X,, Y;}. .},
generated according to the measurement model

Yi = Xewr = £u(X0) + Wa, 3.1)
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where the noise sequence satisfies the following:

Assumption 3. The additive noise {W; };cz., is a martingale difference sequence with respect to
the filtration {X; }tez. ¢ thus, Ey, [W;|X;_1] = Oforallt = 0,--- ,T — 1. Moreover, each W is
also assumed to be a%v—conditionally sub-Gaussian given X;_1: i.e., it holds that, for every £ € R
and every u in the unit sphere in (R%, ||-|,),

oy
E [exp {§ (Ws, u)y} | Xi—1] < exp {2} . (3.2)

The learning problem. In general, the learning problem can be stated as that of minimizing the

excess risk || f — fx , searching for the estimate f within a chosen hypothesis space

2
2207 2y v
Z (which we specify later). However, since the underlying probability measures are unknown, the
amount of data in D is finite and the hypothesis space .% might be large, the estimate f is typically

computed through (regularized) empirical risk minimization:

1 T-1
f = argmin 7 ; 1Yo = F(X0) 3 +Arw(f). (33)

Physics-informed regularization. The regularizer ¥(-): .# — Rx( encodes available prior
physical information about the “true” function f, — in other words, ¥(f) is designed to penal-
ize the physical inconsistency between f and the prior on f,. Such physical information is con-
veyed by the fact that f, is assumed to approximately satisfy a known partial differential equation
given by the linear operator Z: J#°(Q, px; RY ) — Z2(Q, ua; R?Y ). Such an operator is defined
component-wise as

[2(£)li = Y piaDfiforalli=1,--- dy, (3.4)
lal<s

where each p; o : €2 — R is a bounded function — therefore, if we denote by p the collection of all
Pi,a» then we have that ||p||  is finite. To describe the regularity of the differential operator in (3.4),
we make the following assumption:

Assumption 4. The differential operator 2(f) is elliptic — that is, for all i = 1,--- ,dy and any
¢ € R\ {0}, itholds that 37, _, piai -+~ §50% #0.
Elliptic partial differential equations abound in practical applications, as they can be seen as gener-

alizations of the Laplace and Poisson operators (Evans, 2010, Chapter 6). The differential operator
2 enters the definition of the regularizer in (3.3), where we have

V() = 12 %2 r pymar) (3.5)
which is a 2-proper regularizer (Lecué & Mendelson, 2017, Assumption 1.1) — see Section E for

the definition and further insights.

Hypothesis space. Let us now focus on the hypothesis space .. We consider it as the ball of
radius p; in the Sobolev space, i.e.,

7 = {1 QT P RY) | |l pr(ar pymovy < o1} - (3.6)
Alternatively, as pointed out in (Cucker & Zhou, 2007, Theorem 8.21), one could write the

costin (3.3) as & ST (Vi — f(X0))2 + S‘THf”ifs(QT,Px;Rdy) + Ar¥(f), and the minimization

would be performed for f € 7#%(QT,Px; R ), thanks to the equivalence yielding p; = py (A7)
In this paper, we make the following standing assumption:

Assumption 5. The hypothesis space .# contains the unknown function to be estimated, f,.

In case such an assumption is violated, the excess risk bound would feature an additional term quan-
tifying the error introduced by the mis-specification of the hypothesis space .%. Such a bias error
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is entirely data-independent and deterministic — therefore, it is decoupled from the analysis per-
formed in this paper. In general, tools to bound the bias error rely on interpolation theory (Lunardi,
2018), and some results can be found, e.g., in Cucker & Smale (2002); Cucker & Zhou (2007).

Additionally, we will also consider the effective hypothesis space induced by the regularizer, namely
FPr={feZ|V(f-f)<p}. 3.7)

For a visualization of these hypothesis spaces, please refer to Figure 1. Finally, we will sometimes
simplify notation by considering the shifted hypothesis space Hy, = H — fo = {f — fu | f € H},
with H being for instance .# or .%#*.

Modelling sample dependence in trajectories. Finally, we assume regularity in the trajectory X
given by the following one-sided exponential inequality (Samson, 2000):

Assumption 6. The trajectory X governed by the law Px in the hypothesis class .% is S-persistent
for some S’ € [1, 00). Specifically, for every £ > 0 and every f € .%, we have that

T-1 T—1 £28 T—1
exp (—5 > IIf(Xt)Iliﬂ < exp (—5 S E[IfX0l3] +25 D E [|f<Xt>||;‘]> :
t=0 t=0

t=0

E

Typically, S is expressed in terms of the dependence matrix of X (see Section A.2 for its definition),
and such a parameter attains higher values the more dependent X is on its past. In general, S might
depend on T'; however, in this paper we will focus on the case in which S is a constant: as pointed
out in (Samson, 2000, Section 2), this is a rather weak condition satisfied by a large class of Markov
chains and of ¢-mixing processes — see Section A.2 for more details.

Contribution. Our results demonstrate that the physics-informed regularization in the empirical
risk minimization problem (3.3) can speed-up the learning even in presence of dependent data. In

particular, we derive complexity-dependent bounds for the excess risk ||f — f*||?$2 (QT By RIY )’
both in probability and in expectation, for learning under mixing, and prove that the rate of the
excess risk matches the one from i.i.d learning in presence of knowledge alignment. Therefore, our
results theoretically quantify the beneficial impact of physical knowledge in learning algorithms,

even in the challenging scenario of learning with dependent data.

Figure 1: Visualization of the involved hypothesis spaces. Note that
the set 0B(r) = {f € Z. | ”f”?%?(QT,]P’X;RdY) = 72} introduced
in Section 4.1 is represented as a square to highlight the fact that the
norm therein involved is different to the one defining .% (3.6). Simi-
larly, we represented .7 ” (3.7) as a convex set that is not necessarily a
ball in the Sobolev norm.

4 ERROR BOUNDS

We now present the bounds for the excess risk, both in probability and in expectation. We start
in Section 4.1 by conveying the underlying ideas that lead to those results, and then provide the
bound in probability (Section 4.2) and in expectation (Section 4.3). These results will be further
analyzed in Section 5 to obtain our main claims on the convergence rate of learning with physics-
informed regularization. Before proceeding, we emphasize that the excess risk is a random quantity
depending on the distribution of the input sequence X and of the noises {Wt}tT;Ol: therefore, often
we will simply write P and [E instead of Pp,. 7 and Ep,, w to streamline notation.
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4.1 THE IDEA

The main idea consists of identifying an event according to which, with high probability and for
some parameter 6,

9 T—1
1 = Fulpar ) < 2 3 (X0 = LX) @)
t=0

This kind of one-sided concentration inequality was studied for the i.i.d. setting in Mendelson
(2014), to which we defer for a thorough discussion. The proof that (4.1) holds with high probability
in the i.i.d. case is given in Mendelson (2014) thanks to the small-ball condition, which is a rather
weak assumption from a statistical point of view: see the discussion after Assumption 1.2 in Lecué &
Mendelson (2017), together with its interpretation in terms of identifiability. In our data-dependent
setting, the small-ball condition will be imposed by (C, )-hypercontractivity with o« = 2 (see Sec-
tion D.2), and we show that it holds in the set 0B(r) = {f € Z | ||f — f*”?gz(QT’PX;Rdy) =r?}
for any fixed » > 0. Therefore, the probability level of the event in (4.1) will be controlled by the
radius r. We present a visualization of 9 B(r), together with all the hypothesis spaces, in Figure 1.
Crucially, inequality (4.1) allows us to shift the analysis of the excess risk to that of its empirical
version. The next step consists then in upper-bounding the latter (i.e., the right-hand side in (4.1))
by the martingale offset complexity of the effective hypothesis space, M [.#f]. In particular, for
every f € Ff (i.e., f = f' — f, for some f’ € .Z*), one has that

1 T-1 1 T-1
72 IF(XDIl5 < sup > 4 (W, f(X), = IF(XDl; = Mr[F2]. (42)
t=0 feZl+ =0

We defer to Theorem G.1 for a derivation of such an inequality. Along the lines of Liang et al. (2015),
we would like to stress that the term || f(X}) ||§ in the right-hand side introduces a self-normalizing
effect that compensates the fluctuations of the term (W, f(X;)),. This fact is key in making the
martingale offset complexity not depend on mixing, as discussed in Section 5. One can provide
bounds in probability and in expectation for the martingale offset complexity (see Section G), and
these will play a key role in the excess risk bounds that we present in the remainder of the section
and further discuss in Section 5.

Before presenting the aforementioned bounds, let us formally introduce the lower isometry event,
which is the complement of (4.1), whose probability we bound in Section F:

T-1
) 1 2 1 2
A, = sup = DXl = 5 11l rivy <00
feFB) {T ; 27} L2(QT Px;RIY)

We are now in place to present the bounds for the excess risk, both in probability and in expectation.

4.2 RESULT IN PROBABILITY

Theorem 4.1. Let Assumptions 1 to 3, 5 and 6 hold. Consider a parameter 0 > 8, and let f be
the solution of the estimation problem (3.3) with Ap > 0, and let the radius p defining the effective
hypothesis class &P be such that p > 10U ( f,.). Then, on the event

4
A {AT > %MT [ﬁp]}

we have that )

< OMy [FP] + 207V (f,) + 12 (4.3)

7= 1.

L2(QT Px;RIY)

Proof. (Sketch). The proof follows Lecué & Mendelson (2017); Ziemann & Tu (2022) and it con-
sists in characterizing the scenarios that lead to the event AE, showing that the case for which
f € F\ ZP cannot occur for Ar sufficiently large. The detailed proof is given in Section H.1. [J
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4.3 RESULT IN EXPECTATION

Theorem 4.2. Ler Assumptions 1 to 3, 5 and 6 hold. Having the set B(r) that is (C(r),2)-
hypercontractive, let F, be a r/+/0-cover in the infinity norm of OB(r), and let Ns (5‘B(T), %)
be the associated covering number. Consider the regularized empirical risk minimization problem

in (3.3) with regularization parameter satisfying Ay > é—gEW [Mr [ZP]], where p > 10U (f,).
Then, letting B be the positive constant such that ||f||$w(QT;Rdy) < Bjforall f € F, we have

’ < 4B*N, | 0B(r) L) ex __8T
22(QT PxRiv)| — o V] > 02C,.S

+ 0E [Mr [Z7]] + A\ ¥ (fy) + 2

E Mf—f*

Proof. (Sketch). The idea consists in decomposing the expected value according to the
lower-isometry event A, and its complement: informally, we would write E [excess risk] =

E [excessriskN A, | + E [excess risk N AE} The first term would then be bounded thanks to .S-

persistence, (C, 2)-hypercontractivity and B-boundedness, which allow us to quantify the probabil-
ity of the lower-isometry event A, (see Section F). The bound for the second term is derived along
the lines of the proof of Theorem 4.1. The full details are presented in Section H.2. O

Overall, our analysis deploys the concepts of S-persistence and (C, «r)-hypercontractivity to adapt
the small-ball argument of Mendelson (2014) to the data-dependent case. Thanks to this construc-
tion, we can identify the lower-isometry event, which enables the derivation of our bounds depending
on the martingale offset complexity, the ground-truth regularizer ¥( f,) and the critical radius r. In
the next section, we will characterize the behavior of these terms to obtain the desired convergence
rates for physics-informed learning.

5 CONVERGENCE RATES

We finally provide our main results in terms of convergence rates for the excess risk
If=7 *||?%2((QT Py R ))? whose detailed proofs are deferred to Section I. Building upon Theo-

rems 4.1 and 4.2, we also obtain sufficient conditions on the parameter Ay and on the minimal
sample size T for the bounds to hold. Throughout this section, we will denote by d = 25/2s+dx the
Sobolev minimax rate, and d’ = 2dx/2s+dx.

5.1 BOUND IN PROBABILITY

Theorem 5.1. Let Assumptions I to 6 hold, and let f be the solution of (3.3). Fix a probability of
failure 6 € (0,1), and assume the regularization parameter At satisfies

o4
T'=37d

(f) % U(f) =% (f)

Crow* +(CII+CIV)U%[§1 C][]U%Vlog(l/é)]

where Cr, Cr1, Crrr and Cry are constants depending only on s,dx,dy and +/log(1/0). If the

number of samples T' satisfies

92CS 1 % 1 % 1 %
T > 8h CM< ) log [ 1+CL <r) +(T> log(1/6)

r

forr® = X\p¥(f,) + o, /T and Cy, Car, Cr, being uniform constants depending on py,%, 0, s, dx
and (Q, then, with probability at least 1 — 60, the excess risk enjoys the following convergence rate:

2 o ma{ R o og(1/0)
32(QT’PX;R‘1Y) = Yslow Td + fast#

f=F

)

where C.s1,, is a constant that depends on s, dx , dy , 0%, \/log(1/5), and Cy.s; is a constant that
depends on s,dx,dy.



Published as a conference paper at ICLR 2026

Proof. (Sketch). The result builds upon the bound in probability on the excess risk of Theorem 4.1,
and its crux consists in conveniently setting the values for the critical radius r, the radius p of the
effective hypothesis class .%*, and the regularization parameter Ar. This allows us to rewrite the
excess risk bound (4.3) in terms of the martingale offset complexity, which can in turn be bounded
according to (Ziemann, 2022, Theorem 4.2.2) (see Theorem G.2 for its detailed proof). Finally, the
characterization of the burn-in follows from the probability of the lower-isometry event. The full
proof is reported in Section 1.1, where the values of all of the involved constants are given. O

5.2 BOUND IN EXPECTATION

Theorem 5.2. Let Assumptions 1 to 6 hold, and let f be the solution of (3.3) with regularization
parameter \p satisfying
< 4(Cr + Crr)(0%)?
T 3TU(f)
where C1 and Cyr are constants depending only on s,dx and dy. If T satisfies
6205 (1) 7 % 1\ %% 1\ %k o2
T> ' () CM< ) log | 4B* | 1+ O, (r> + log <JZV> :

8 T r

where B is such that ||f||$oo(QT,Rdy) < Bforall f € % and Cyy, Cy, Cr are constants depending
on ps,R,0,s,dx and S, then the excess risk enjoys the following convergence rate:

. 2 U(f,)%/? o2
E H - Jx < slow as Wv
[ f=1r 32(QT’PX;R4YJ < Csi Td +C¢ e

where Cs;,, and Crase are constants that depend on s, dx , dy and U%,V.

Proof. (Sketch). Similarly to Theorem 5.1, one starts from Theorem 4.2 to set the values for p
and Ar, and then deploys the bound on the expected martingale offset complexity of (Ziemann,
2022, Theorem 3.2.1) (see Theorem G.3 for its detailed proof). Ultimately, the claim is obtained
by suitably choosing the critical radius r and accordingly characterizing the lower-isometry event
probability, leading to the expression for the burn-in. The detailed proof can be found in Section 1.2.

O

Notably, our analysis allows us to transfer the contribution of data dependence from the excess risk
bound to the burn-in time condition. Moreover, our bounds feature a fast, i.i.d.-like term (O(T~1))
and a slower Sobolev rate term (O(7T~%)) that becomes annihilated when W(f,) ~ 0: this proves
that, under knowledge alignment, the learning rate speeds up to O(7~!) even if data are dependent.

6 RELATED WORK AND DISCUSSION

General statistical learning framework. Statistical learning theory (Vapnik, 1998; Cucker &
Smale, 2002) offers powerful tools to analyze the theoretical performance of nonparametric learn-
ing algorithms. Within such a framework, two main streams to derive learning rates have been
developed, as identified by Fischer & Steinwart (2020). The first relies on the spectral analysis
of integral operators in reproducing kernel Hilbert spaces (Smale & Zhou, 2007; Caponnetto &
De Vito, 2007; Steinwart et al., 2009), while the second builds on empirical process techniques and
the small-ball method (Mendelson, 2014; 2018; Lecué¢ & Mendelson, 2017). Our work belongs to
the latter stream, adapting the small-ball method to the dependent-data case along the lines of the
localization analysis of Ziemann & Tu (2022).

Learning rates for dependent data. A common approach to handle dependence is through block-
ing techniques (Yu, 1994; Sancetta, 2021), where the trajectory is divided into blocks of length &
so that consecutive blocks can be treated as independent. However, this deflates the effective sam-
ple size, leading to suboptimal rates. Similar rates appear also in Steinwart & Christmann (2009);
Zou et al. (2009); Agarwal & Duchi (2012); Kuznetsov & Mohri (2017), and Nagaraj et al. (2020)
shows that such a deflation in a worst-case agnostic model set-up is unavoidable. To contrast this
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phenomenon, a significant line of work has studied learning under dependent data without regular-
ization. In the linear setting, Simchowitz et al. (2018) and Nagaraj et al. (2020) established sample
complexity bounds for system identification and stochastic gradient descent. Moreover, Roy et al.
(2021) extended the small-ball method to dependent processes, but without using one-sided con-
centration, leading to slower rates. Similar slower-rate phenomena also appear in Ziemann et al.
(2022). More recently, Ziemann & Tu (2022) proposed an adaptation of the small-ball method and
offset complexity technique of Liang et al. (2015) to obtain optimal rates for nonlinear settings. Our
work builds upon this line of thought, extending the analysis to physics-informed regularization.
However, the results in this paper are not a mere adaptation: the physics-informed regularizer intro-
duces additional challenges, such as characterizing the entropy numbers of the effective hypothesis
class (e.g., under ellipticity, non-trivial nullspaces of the operator, and boundary conditions), deter-
mining trajectory hypercontractivity and working with weighted, vector-valued Sobolev spaces.

Theoretical analysis of physics-informed machine learning. Our work belongs to the branch
of physics-informed machine learning that aims at enhancing learning algorithms with available
physical knowledge — a class of models also known as hybrid modeling (Rai & Sahu, 2020; Cuomo
et al., 2022; von Rueden et al., 2023b; Hao et al., 2023). To the best of the authors’ knowledge,
results aimed at quantifying the beneficial impact of physical priors in learning algorithms are von
Rueden et al. (2023a) and Doumeche et al. (2024). The present paper is very similar in spirit to
the latter work in the way complexity-dependent rates are derived, but crucially deals with non-
i.i.d. data and presents bounds for the excess risk not only just in expectation, but also in probability.
We further summarize related work in Table 1.

Table 1: Comparison of convergence rates for non-parametric regression with and without regularization. The
rate from Ziemann & Tu (2022) follows from its Corollary 4.1 with ¢ = dx /s under the metric entropy bound
log Noo (F,€) ~ (1/€)?. The rate from Lecué & Mendelson (2017) follows from its Lemma 2.1 assuming
r2(p) ~ 04T, with A\p ~ T4,

Work Hypothesis class Data Regularization Assumption Rate
Nussbaum (2006) £? Sobolev space iid X o2,-Gaussian, dx = 1 o3, T2/ (s+1)
Farahmand & Szepesvari (2012) ~ General Sobolev space  non-i.i.d. X Exponential mixing, dy =1 74 log(T)
Lecué & Mendelson (2017) General iid. Proper regularizer aa,r—sub-Gaussian, dy =1 \I'(fx)T’d + aa,T’1
Ziemann & Tu (2022) General (not too large)  non-i.i.d. X oﬁ,-sub-Gaussian U‘Z,VT"'
Doumeche et al. (2024) Periodic Sobolev space  i.i.d. Physics-informed ~ o3,-sub-Gamma, dy = 1 U(f )T+ 03T !
Our work #? Sobolev space non-iid. Physics-informed o3, -sub-Gaussian, s > 2dx  U(f,)?/2T~% + o3, 7"

Quantifying the impact of knowledge alignment. We now showcase the impact of knowledge
alignment U(f,) ~ 0 in contrast with the rates of empirical risk minimization without regulariza-

tion, i.e., considering f’ as the solution of (3.3) when A = 0. As shown in detail in Section J, the
excess risk for f’ behaves, both in probability and in expectation, in the following way (informally):

' ~ / 02
(EXCCSS I'lSk) Hfl - f*‘|?g2(QT’pX;]Rdy) S ;ﬂldow + C;astTW'

We can notice how, for the result without regularization, the term decaying according to the Sobolev
rate is not modulated by any design parameter (as happened with W(f,) in Theorems 5.1 and 5.2),
and is thus the dominant term dictating the slow Sobolev convergence rate of the excess risk.

On the behavior of A\p. It is worth emphasizing that, in both the expectation and probability
analyses, the condition on the regularization parameter depends on 1/¥(f,)? for some 5 > 1.
This condition reflects the well-known regularization-complexity trade-off: as the hypothesis class
is restricted (i.e., as p becomes small), one must increase Ay to compensate for the reduced richness
of the class and the potentially higher sensitivity to noise or variance, as discussed in (Lecué &
Mendelson, 2017, Section 2) and also displayed in (Doumeche et al., 2024, Theorem 5.3). Even
if such a phenomenon prevents us from considering the case ¥(f,) = 0, our bounds still capture
the (practical) annihilation of the Sobolev rate term in presence of knowledge alignment. Finally,
as pointed out in Doumeche et al. (2024), even if Ar depends on the unknown ¥( f,), it can still be
estimated in practice via, e.g., cross-validation (Wahba, 1990).

On the burn-in condition and the Sobolev order s. In Theorems 5.1 and 5.2, the burn-in time
scales as (1/7)°"X/>*=¢x_and r in turn scales as T~ '/2. Therefore, to ensure well-posedness of the
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burn-in time condition, we have to impose that 3dx/2s—dx < 1, which yields Assumption 2. Thus,
our results come at the price of a stronger requirement on s with respect to the standard s > dx /2
needed, e.g., for the Sobolev imbedding theorem (Section B).

Numerical illustration. We complement our theoretical analysis with an example showcasing the
benefit of prior domain knowledge in learning a nonlinear dynamical system. In this experiment,
whose full details can be found in Section K, we consider the dynamics of a unicycle robot described
by the differential equations

xl( ) = v(t) cos ¥(t),

v(t)
Zo(t) = v(t) sind(t),
I(t) = w(t),

where (21,72) € R? is the position of the robot on the plane, ¥ € [0,7/2] is the orientation
angle, and (v, w) are the translational and angular velocities, respectively. The physical information
we want to incorporate is that the velocity has no lateral component, enforcing the non-slip
behavior of the unicycle kinematics. Such a constraint is embedded in the learning problem (3.3)
as a (discretized) .Z%-regularization term, and we perform estimation by deploying a multilayer
perceptron with two hidden layers featuring 64 nodes and ReLU activation functions.

The experiment, whose results are dis-
played in Figure 2, compares the empirical

rates obtained with and without physics- \ — w/o knowledge (T~%%%)
e — .

—— with knowledge (T79993)

informed regularization. We can notice

that both estimators eventually return an 10°
accurate model for the ground-truth dy-
namics. However, without physics knowl-
edge the rate of decay of the estimation
error is relatively slow, with an empirical
slope of approximately O(7~0-646), In
contrast, incorporating physics-informed
regularization yields a markedly faster de-
cay, with an empirical slope of approxi-

mately O(T~0993) as the model is ex- 10° Niomzber of saln(:;es-r 10° 10°
plicitly constrained by the domain knowl-

edge that unicycle dynamics do not admit Figure 2: Log-log plot of the empirical excess risk (estima-
lateral velocity. This experiment demon- tion error) with respect to the number of samples T for the

strates how embedding physics-based op- unicycle dynamics. Each curve is obtained by averaging over
erators into the training objective leads 20 independent random realizations of the training data, with
solid lines indicating the mean estimation error and shaded
regions denoting 95% confidence intervals. The gray-shaded
area displays the estimated burn-in time, after which the pre-
dicted learning rates become observable.

107!

Estimation Error

._.
o
b

to provable improvements in sample effi-
ciency, consistent with the theory in Sec-
tion 5 — especially the result in expectation
presented in Theorem 5.2.

7 CONCLUSIONS

This work focused on vector-valued function estimation from dependent data, and studied the excess

risk of the estimate f obtained through regularized empirical risk minimization, where regularization
is induced by physical knowledge (namely, that the unknown function approximately satisfies a
partial differential equation). The analysis is set in the general framework of statistical learning,
and applies to a wide range of approaches such as kernel-based methods and (deep) neural networks
with physics-informed loss functions. The main message of this work is that knowledge alignment
(i.e., the regularizer is approximately zero when evaluated at the ground-truth function f,) allows
to speed up the learning rate from the slow, Sobolev rate O(T~%), with d = 2s5/2s+dx < 1, to
the fast, optimal i.i.d. one O(T~1). Taken together, our results provide the first convergence rates
for physics-informed learning under dependent data that avoid the sample-size deflation inherent to
blocking techniques, and reveal a transition from Sobolev minimax rates to fast i.i.d.-optimal rates
through knowledge alignment. This bridges classical statistical learning theory, physics-informed
regularization, and learning with dependent data.

10
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e Technical appendix e

In the following sections we provide the derivations of all of the results stated in the paper. This
technical appendix is structured as follows:

Section A provides the necessary results for the probability set-up of the estimation problem.
Specifically, we construct the marginal probability measures stated in Assumption 1 (Section A.1);
we discuss the meaning of the S-persistence given in Assumption 6 and its relation to data depen-
dence (Section A.2); and derive some useful properties of sub-Gaussian random vectors that will be
useful in the martingale offset complexity bounds (Section A.3).

Section B constructs the auxiliary set-up of weighted and vector-valued Sobolev spaces needed to
define the hypothesis spaces for the empirical risk minimization problem (3.3). First, we extend
the Sobolev imbedding theorem to the weighted, vector-valued case (Section B.1). Next, we present
definitions and key results of periodic Sobolev spaces (Section B.2), and show that the Sobolev space
of interest, 57°(QT, Px; R? ) is imbedded in one of them. Such a construction will be leveraged
in the proof of (C(r), 2)-hyper-contractivity of dB(r) in Section D.2.

Section C focuses on bounds for covering numbers of convex sets of vector-valued Sobolev spaces.
By deploying the direct-sum structure of the Sobolev space .77 (Q7 Px; R%) elucidated in Sec-
tion 2.2, we first show how the covering of the multi-dimensional set can be obtained from the
covering of the one-dimensional counterpart (Section C.1). We then use such a result to extend clas-
sic results on covering numbers, culminating in the bound for the covering number of the effective
hypothesis space .#* (Section C.2).

Section D shows key properties of the hypothesis spaces .% and .#”, such as convexity and B-
boundedness (Section D.1), and (C(r), 2)-hypercontractivity of 0 B(r) (Section D.2). We also show
how the trajectory hypercontractivity condition enforces the small-ball property.

Section E focuses on the physics-informed regularizer and its properties. In particular, we show that
the physics-informed regularizer is 2-proper (Section E.1), and prove an inequality on the difference

U(f) — ¥(f,) that will be useful in the proofs of Theorems 4.1 and 4.2 (Section E.2).

Section F provides the bound for the probability of the lower-isometry event .4,. introduced in Sec-
tion 4.1. We first show an ancillary inequality linking hypercontractivity and S-persistence (Sec-
tion F.1) and then derive the main lower-isometry bound result (Section F.2), also presenting its
corollary that will be useful in characterizing the burn-ins in Section 5.

Section G provides the full derivation of the bounds for the martingale offset complexity, which
play a key role in the results of Sections 4 and 5. We first show the inequality that underpins
the definition of martingale offset complexity (Section G.1), and then prove its bounds, both in
probability (Section G.2) and in expectation (Section G.3).

Section H contains the proofs of the excess bound rates, namely of Theorem 4.1 (Section H.1) and
of Theorem 4.2 (Section H.2).

Section I collects the proof of the convergence rates results of Section 5, specifically of Theorem 5.1
(Section I.1) and of Theorem 5.2 (Section 1.2).

Section J provides the corollaries of the results given in Section 5 dealing with empirical risk min-
imization without regularization, which we use in the comparison performed in Section 6. Specifi-
cally, we derive the result in probability (Section J.1) and in expectation (Section J.2).

Section K presents the full details of the numerical experiment set-up outlined in the discussion
reported in Section 6 (Section K.1), together with an additional experiment involving the Poisson
equation (Section K.2).
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A PROBABILITY MEASURE AND STOCHASTICS SET-UP

This section collects all the ancillary results concerning the probability space (Q7, {&; tT:_Ol Px),
the inter-sample dependence in trajectories X belonging to such a space, and the noise sequence
we are considering. In particular, in Section A.1 we specify the marginal distributions presented
in Assumption 1; then, in Section A.2 we discuss the S-persistence condition in Assumption 6,
showing how S quantifies the degree of dependence between data samples separated in time; finally,
in Section A.3 we present some useful ancillary results on the second statistical moment of the
sub-Gaussian random vectors given in Assumption 3.

A.1 ON THE CONSTRUCTION OF PROBABILITY MEASURES

We now characterize the probability measures ji;, defined foreacht = 0,...,T —1, associated with
each term of the input trajectory X.

The classic set-up involves independent samples. In this situation, the o-algebra on Q7 is given by
the tensor product of the single o-algebras ;. Moreover, by construction each component X; of the
trajectory X has a distribution /1, and the resulting probability space is (27, @' A}, Hzﬂ:_ol 1ht)
— see, e.g., (Halmos, 1950, Chapter VII) and (Billingsley, 2012, Section 18).

We now detail the case with dependent data building upon the results in (Cinlar, 2011, Chap-
ter 1.6). We are in the situation in which the transition between X; ; and X; for all ¢ =
1,...,T is described by a map from (2, X;_1) to (2, X;). Such a map is called transition ker-
nel IC; (+,-) : Q@ x X — R>¢ and is such that z,_1 — K; (z;, A) is X;_1-measurable for every set
A€ X, and A K¢ (x4—1, A) is a measure on (€2, ;) for every z;_; € ). Before proving the
main result in Theorem A.3, we recall two key results:

Lemma A.1l. Let (E, &) be a measurable space, and let L be a functional mapping the space of
non-negative measurable functions defined on £ to R>(. Then there exists a unique measure v on
(E, E) such that L(g) = vg for any function g in the domain of L if and only if

1. g = 0implies L(g) = 0;
2. forany a,b € R> and any g, g’ in the domain of L, L(ag + bg') = aL(g) + bL(g’);

3. for any increasing sequence {gy,}n /* g we have that L(g,) /* L(g).

Proof. We defer the interested reader to (Cinlar, 2011, Theorem 4.21). O
Lemma A.2. Let K. (-,-) be a transition kernel from (Q, Xr_1) to (2, X;), and K41 (-,-) be a

transition kernel from (2, X;) to (Q, Xr41). Then, their product is the transition kernel K KC; 11
Sfrom (Q, X:_1) to (0, Xr41) such that

ICT’CT+1(.’£T,1,A) = / K- (CU.,-,thET) ]CT+1 (CET, A) forx,._1 € Q, Ae XT+1.
Q

Proof. 1t follows directly from Theorem A.1. O

We are now ready to state the existence and uniqueness of the probability measures associated with
each component X; of the input trajectory X.

Theorem A.3. Let g: 2 — Rx, and assume that there exists a probability measure jiy associated
with the first component of the input trajectory X. Then, for eacht = 1,...,T — 1 there exists a
unique probability measure such that

/QT 9(X¢)dPx :/Qg(Xt)th~

Proof. We are considering

AT g(Xt)dPX = /QIU()(dXo) e /Q ICt (Xt—la dXt) g(Xt) e /Q ’CT (XT_17dXT) . (Al)
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By an iterative application of Theorem A.2 to Equation (A.l), the contribution of the transition
kernels K41 (+,-),--- Kr (-, ) integrates to 1. Furthermore, we can apply again Theorem A.2 to
the kernels Ky (+,+),---, K¢ (,-) and obtain the composed kernel K(-,-) such that (A.1) can be
re-written as

/QT g(Xt)dIPX :‘/Q/L()(dXo)/X’a(Xo,dXt)g(Xt).

It can be shown, along the lines of (Cinlar, 2011, Theorem 6.3), that the right-hand side of the
equation above satisfies (A.1), thus proving the claim. O

Note that this theorem holds also for the independent-measures case, where each i is the ¢-th
marginal of Px and can be computed relying on Fubini’s Theorem.

A.2 ON S-PERSISTENCE AND DATA DEPENDENCE

We now focus on the concept of S-persistence (see Assumption 6) and on how it relates to the
dependence of the samples in the trajectory X.

We first start by recalling the definition of S-persistence. The tuple (#,Px) is S-persistent if, for
every ¢ > 0and f € .#, we have that

T-1 , T-1 R = \
- (g S nf<xt>n2)] <o (5 S e flrc] + £ e {|f<xt>n2]) '
t=0 t=0

t=0

E

The parameter S is related to the “degree of dependence” of the samples within the trajectory X:
this is typically quantified in terms of the dependence matrix (also defined mixing matrix in Paulin
(2018)), which we now define.

Let &;.; be the o-field generated by the truncated input sequence {Xt}{:i, which we represent as
Xi:;. Additionally, denote with |||, the total variation norm between two probability measures
on Xj.;: specifically, such a metric is defined as |[1 — va|lpy = supacy,,, [V1(A) — v2(A)| for any

couple of measures vy and v, defined on the o-algebra &j;.;. The dependence matrix I'(Px) is a

lower-triangular matrix whose (4, j) element, for,j = 1,--- T, is given by
V25Wacir [Px,os (1) = Pxoy |y (< 9)
C®x)li; =41 (i=4) (A-2)
0 (i>7)

Such a matrix provides a measure of dependence through its induced 2-norm, which is | I'(Px ) ||, =
arginf,~o{||T(Px)vll, < allv|,,v € RT}: thus, we have that S-persistence is ruled by S =
IT'(Px)vll,. If the stochastic process has independent samples, then it holds that |[I'(Px)||, = 1;
on the other hand, if the process is fully dependent, then we have that ||I'(Px )||,, grows linearly in
T. We will focus on scenarios in which ||I'(Px)||, is a constant: as elucidated in (Samson, 2000,
Section II), these are the following.

(a) uniformly ergodic Markov chains. In these Markov chains, the transition kernels &, (-, ) =
K (-,-) are time-homogeneous, and there exists an invariant distribution 7 such that, for
every initial condition z, there exists a rate t < 1 and a constant 2l > 0 such that

HIC (z, ) — %(-)HTV < ' (Meyn & Tweedie, 2009, Section 16.2.1). Another char-

acterization of uniformly ergodic Markov chains is given by the Doeblin condition, and
in (Doukhan, 1994, Section 2.4, Theorem 1) uniform ergodicity is proven also for non-
homogeneous kernels. In general, Markov chains satisfying uniform ergodicity are given,
for instance, by linear and stable auto-regressive models X, = FX; + W;: indeed,
these are T-chains (Meyn & Tweedie, 2009, Proposition 6.3.5), and the latter that are uni-
formly ergodic (Meyn & Tweedie, 2009, Theorem 16.2.5). Another notable example is
given by nonlinear state-space models X; 1 = Fy(X;, Uy, -+, U, Wy) of the form pre-
sented in (Meyn & Tweedie, 2009, Section 2.2.2) with control model F;(Uy, - - - , U;) that
is stable in the sense of Lagrange (Meyn & Tweedie, 2009, Section 16.2.3).
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(b) contracting Markov chains. A weaker condition imposed on the behavior of the transition
kernels is given by Marton (1996), where a weaker form of Doeblin’s condition states
that sup,, ..cq lIK: (z1,) — K¢ (22, )|y, < 1 for all £. Markov chains satisfying such
a condition do not have to be time-homogeneous and are called contracting in Marton
(1996). As argued in (Samson, 2000, Equation (2.8)), this kind of Markov chain also leads
toa ||I'(Px)||, that does not depend on T'.

(c) ¢-mixing processes. A more general way of characterizing ergodicity without assum-
ing the Markov property of the process is given by means of mixing processes re-
viewed, e.g., in Bradley (1986; 2005) and (Doukhan, 1994, Chapter 1). Here the focus
is on ¢-mixing processes, thoroughly studied in Ibragimov (1962), which can lead to
IT(Px)|l, = O(1). These kind of processes characterize mixing through the measure
D(Xo.i, Xjir—1) = SUP gc SUDBe X, o, |P(B|A) — P(B)|; additionally, let @y (7, 7) =
sup; j—o..7-11®(Xo:i, Xjr—1), j —i > k}. A process is ¢-mixing if @ (7,5) — 0 as
k — oo for all 4, j: in other words, the measure ®(-,-) quantifies how “independent” two
non-overlapping blocks of variables in the trajectory X become as their distance increases.
Examples of ¢-mixing processes are uniformly ergodic Markov processes (Diananda &
Bartlett, 1953) and chains of infinite order, which are non-Markovian processes where the
transition probability is influenced only slightly by the remote past, that have been de-
ployed to model psychology experiments (Harris, 1955; Bush & Mosteller, 1953; Lamperti
& Suppes, 1959).

Noting how ® enters the definition of the dependence matrix (A.2), |[I'(Px )|, can be char-
acterized by ®;, = sup, ; ®4(4, j): if @) exhibits an exponential decay, or it holds that

> re V®r < 00, then we have that [|[T'(Px)||, is a constant (Samson, 2000, p.425).

A.3 USEFUL PROPERTIES OF SUB-GAUSSIAN VECTORS

We now present two lemmas that will be useful in the proofs of the martingale offset complexity
bounds in Section G. First, we recall that, according to Assumption 3, the noise sequence is a
martingale difference sequence with sub-Gaussian noise. Recalling the definition, we then have, for
every ¢ € R and every u in the unit sphere in (R%, [|-||,)),

ety
E [exp {£ (Wi, u)y |Xi—1}] < exp {2} . (3.2)

We now present the lemma on the second moment of a sub-Gaussian random vector.
Lemma A.4. Let W be a sub-Gaussian random vector according to Assumption 3 and let 2 be a
positive constant. Then

Ew [exp {52 ||WH§}] < exp {Ql2.£2} for €| < %

Proof. The proof for the scalar case can be found in (Vershynin, 2024, Proposition 2.5.2): i.e., when
dy = 1, we obtain that

Ew [exp {€W?}] < exp {§*€*} for [¢| < %

To extend the claim to the case dy > 1, we follow the argument in (Ziemann, 2022, Lemma 6.3.4)
and consider an auxiliary random vector V' that is drawn uniformly over the canonical Euclidean
basis of R?, which we denote by {e1,--- ,eg4, }. With such a construction, we have then that
Eyv [VVT] = i]ldy, where Iz, is the identity matrix in R . Then, we can consider

Ew {eXp {52 IIWIIEH =Ew [exp {&W 14, W}]
=Ew [exp {¢dy W Ey [VVT] W}]
<Ew,v [exp{&dy(V'W)?}] by Jensen’s inequality,

1
<exp {A2d2E2} for [¢] < Ady
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by applying the result of (Vershynin, 2024, Proposition 2.5.2) on the scalar sub-Gaussian random
variable V' " W conditioned on V. O

Next, we derive a similar result for the 2-norm of a sub-Gaussian random vector.
Lemma A.5. Let W be a sub-Gaussian random vector according to Assumption 3. Then

w [[IW],] < 3vdyow.

Proof. Again, the claim for the scalar case dy- = 1 can be found in (Vershynin, 2024, Proposition
2.5.2(ii)), where we have that Ey [|[W]] < 3oy : the value for the exact constants can be retrieved

from the proof using K2 = 03,/2, K} = 203, and Ky = (3p)'/?\/pK3} /2.

To obtain the result for the general case dy > 1 we proceed similarly to Theorem A.4 and work with
the auxiliary random vector V' that is uniformly drawn from the canonical basis of R%¥, resulting in

Ew [VWTW| = Ey [\/dyWTJEV VVTIW| = VdyEwy [[VTW|] < 3Vdyow.

B SOBOLEV SPACES

We now provide the essential information on Sobolev spaces needed in this paper. For a deeper
treatment on the subject, we defer to the monograph Adams & Fournier (2003), as well as (Evans,
2010, Chapter 5), Brezis (2011), (Grisvard, 2011, Chapter 1), (Renardy & Rogers, 2004, Chapter 7),
(Taylor, 2023, Chapter 4). References focused on weighted Sobolev spaces are Kufner (1985);
Kilpelainen (1994); Chua (1996); Gol’dshtein & Ukhlov (2009). Finally, results of vector-valued
Banach spaces given by direct sums of scalar spaces can be found in (Conway, 2007, Chapter 1.6),
(Farenick, 2016, Proposition 5.81), (Bowers & Kalton, 2014, Section 3.7).

B.1 IMBEDDING PROPERTIES

We start with the well-known Sobolev imbedding theorem.

Preliminary definitions. A normed space (Ha, || - [|%,) is imbedded in another normed space
(Ho, || - ll3¢,,) if Ho € Hp, and for any u € H, there exists a constant €, such that ||u|l3, <
Cyllull%, - We denote such an imbedding by H,, — H,.

We now define the Banach space of differentiable functions that have continuous partial derivatives
up to some order j € Zxq for our vector-valued set-up. We will consider the space €7 (QT; RdY)
describing functions f:  — R?% evaluated along each component of the input trajectory X. We
endow such a space with the norm

Hf||<m QT R Z Z Z bup |D* fi(X4)| = Z Z sup |D® fi(X¢)|.

it jasi T i=1 |a]<j Xt €0

Main result. We are now ready to prove the Sobolev imbedding theorem for the vector-valued
Sobolev spaces introduced in Section 2.2.

Theorem B.1 (Sobolev imbedding). Let Assumption I and Assumption 2 hold, and let j be a non-
negative integer such that Assumption 2 can be written as s = [dTX} + 5. Then

(a) 50T Px;RYY) — €I(QT;RIY);
(b) 50T Px;RY) — L2907 Px;RY)  forq> 2.

Proof. Let us first define the order j. We can write Assumption 2 as s = 2dx + j' for some
j' € Z>o. Then it has to hold that j = 2dx — [4X] + 5/ > 2dx — [4X].
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After noting that (i) with our definition of .22, we can consider each component of the input tra-
jectory separately; (ii) Assumption 1 ensures that the weighted Sobolev spaces are equivalent to the
standard ones (Kufner, 1985); and (iii) the structure of the multi-output function spaces is given
in terms of direct sums of scalar ones, we can then consider the claim for #*(€, j1;; R%) and
apply (Adams & Fournier, 2003, Theorem 4.12), to which we defer for a complete proof.

The imbedding theorem in Adams & Fournier (2003) is stated under the assumption that the input
domain satisfies the “cone condition” (Adams & Fournier, 2003, Definition 4.6). We now argue
that our set-up satisfies it. Since our input domain €2 is bounded with locally Lipschitz boundary,
we have that it satisfies the strong local Lipschitz condition (Adams & Fournier, 2003, Definition
4.9). Then, from (Adams & Fournier, 2003, Paragraph 4.11) we have that such a property implies
the uniform cone condition (Adams & Fournier, 2003, Definition 4.8) (see also (Grisvard, 2011,
Theorem 1.2.2.2)), which in turn implies that the cone condition holds. O]

As a corollary of the imbedding theorem, one can obtain the following result:
Corollary B.2 (Berlinet & Thomas-Agnan (2004), Theorem 121). Under Assumption 1 and As-
sumption 2, 7°(QT ,Px; R ) is a Reproducing Kernel Hilbert space.

B.2 PERIODIC SOBOLEV SPACE 477,

We will now characterize another kind of Sobolev space that will be useful for further analysis. Let
us denote Q7 = [—L, L]?* the hyper-cube in R?x that contains the input domain €2; similarly,
we will use Qo7 = [—2L,2L]% and Q4 = [-4L, 4L]dX In the following, we will define and
present the main properties of the periodic Sobolev space ;. (Q2 IS ]Rd”), i.e., considering
the Lebesgue measure on €2 instead of the marginals y; foreacht = 0,--- , T — 1, to simplify the
presentation. After that, we will leverage Assumption 1 to handle the general probability measure
Px and derive the results for 7., (QQL, Px; Rdy).

The material in this subsection presents a generalization of the material of (Doumeche et al.,
2024, Appendix A). Additional references on periodic Sobolev are Temam (1995); Iorio & Iorio
(2001); Berlinet & Thomas-Agnan (2004); Penteker (2015); Gwinner & Stephan (2018); Bogachev
& Smolyanov (2020).

Preliminary definitions. Given a point © = (21, -+, Zdy) and a function f: Qor — Rdy its
periodic extension Epe.(f)(x) is the operator mapping $2(Q2L, ut; Rd") to L2(Qur, pt; Rd")
considering f = (f1,---, f4, ), the periodic extension acts component-wise on f as [Eper(f)(2)]; =
fi(z1 —4AL[ 3 J -+, x4y ) —4L| 5% ]).  Such an operator allows us to define the periodic
Sobolev space A5 (Q3,, 113 ; R? ) as the space of functions such that Epe(f)(-) belongs to

H(Q1,, pl; R ). Therefore, 75, ( QL,/L/\,RdY) is a subspace of J#* (Q3,, u3; R*) con-

- per
sisting of functions whose 4 L-periodic extension is still s-times differentiable.

Fourier characterization of 73 (QI,,n5;R?). A more practical representation of

Hpor (Q2 NS ]RdY) is given by means of Fourier basis: indeed, for each component f;(-) in
fC) =1fi(), -+, fay ()] T there exists a unique (infinite-dimensional) vector z; indexed by Z%x

. . d
with components in C (thus, z € CZ™*) such that we have

filx) = Z Zi ks €Xp {L% (k, .13)2} , and (B.1a)
keZix
| o
D¢ fi(z) = (L%) Z szexp{ 2L (k, =) }Hk‘ ’ (B.1b)
kezZix
for any multi-index o = (a1, , gy ) € Zi’é such that |a] < s (Doumeche et al., 2024, Proposi-

tion A.5)). Therefore, we obtain the following result.
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Proposition B.3. The periodic Sobolev space F° ( E Rd‘/) can be characterized as

dy
D D e

i=1 kezx

2 IIkIIES < 00, Zi,—k = Z;'k,k

dy
5, (Qh, T RY) = { 2 e PHCE™
=1

Proof. We specify the expression for the Sobolev norm: the rest of the claim follows directly
by (Doumeche et al., 2024, Proposition A.5).
By simply considering the norm in 2% (Q2y,, ,u{; R?¥), we obtain by using (B.1) that

, dy ) T\ 2l dx 20
11 qup oy = 0 S0 Janl? 32 (57) " TTR

i=1 kezdx lal<s Jj=1

We now show that such a norm is equivalent to Z?:Yl > kezdx |z 2 [|E]|3°.  First, ne-
glecting the sums over ¢ and %k, we can find a pair of constants 0 < a <

— d 2a 2| d 20 — d 20
a such that a 35 T2 K™ <300 < (37) 7 T2 K™ < @30 < [ K™ so we

dx 1205
can focus on the term 37, [T5%, k™

orem (see also Royer (2020)), we can find constants 0 < b < b such that

[DINER H?ﬁl k:f-aj <1+ kD) < (D3NP H?ﬁl k:?aj. Finally, we can find another

pair of non-negative constants ¢ < ¢, again bounded away from zero, such that
c HI<;||§s <1+ ||lc||§)9 <t Hk:||§s (for instance, ¢ = 1 will do, and © can be found by upper-bounding
the formula of the binomial theorem) — see also (Temam, 1995, Chapter 2.1). O

By an application of the multinomial the-

Finally, we also point out that the characterization of Theorem B.3 can be also more conve-
niently rewritten using a re-indexing of z: indeed, by (Doumeche et al., 2024, Proposition A.7),
there exists a one-to-one mapping ¢ € N — k() € Z9x such that we can write ¢,(z) =
exp{m (k({), x), /(2L)}. With this, we can express each component f;(z), fori = 1,---  dy,
as fi(w) = > oy #i,e@e(w). Thus, the space is characterized as follows:

dy
Z Z \zi,e|2€25/d’( < oo} ) (B.2)

i=1 ¢eN

dy
A Q. u R ) = { e ™
=1

Extension results for 7°(Q7, uT;R%). Along the lines of the analysis carried out
in (Doumeche et al., 2024, Proposition A.6), it is possible to show that the characteriza-
tion given in Theorem B.3 holds also for 5#°(QT,uT;R%). Indeed, one can use the
Sobolev extension Theorem (Stein, 1970, Chapter VI) to linearly extend every function f in

QT uT;RY) to the function E(fz(a:), whose i-th component is given by [E(f)(z)]; =
S pezdx Zikexp {tg% (k, x),}. Thus, E(f)(z) belongs to 5. (Q3, . 13 ;R?) and is such that

per

||E(f)()||3%m( T TRV <&a ||f||if§(QT’N§;Rdy) for some constant €, ¢, yielding the imbed-
ding 52°(Q7, u}; RY) — 5.(QF,, py s R?). This allows us to leverage the structure of the

periodic Sobolev space to derive a key property of 7 (Q”, uT'; R%'), namely the trajectory (C, 2)-
hypercontractivity (see Section D.2).

From Lebesgue measure to Px. In the preceding paragraphs we focused on the Lebesgue mea-
sure defined on €. In such a set-up, it holds that ||fH?gg(QT’M§;Rdy) = ||fH=QfQ(Q7H}:;Rdy), and
in such a space the functions exp{cm (k, =), /(2L)} are orthonormal: this enables the application
of Parseval’s Theorem, leading to the characterization in Theorem B.3. Such a property gets lost
as soon we consider the distribution Px; nevertheless, thanks to Assumption 1, we obtain that
(AT Px; R ) — 525(QT, pl; R9Y); therefore, when needed, analysis can be carried out in
2°(QT, T, RY) and the results carry over to the space of interest 7% (Q7, Py ; R%Y).
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C ON COVERING NUMBERS

This section focuses on the complexity measure for the hypothesis space, which plays a crucial role
in the excess risk bounds derived in this paper. After recalling the definition of covering number
and metric entropy, we present how classical results, stated for scalar function spaces, extend to
our vector-valued set-up. This section culminates with the derivation of the covering number of the
effective hypothesis space .7 *.

C.1 FROM SCALAR TO VECTOR-VALUED HYPOTHESIS SPACES

To quantify the complexity of a certain hypothesis space H, we will resort to its covering number,
which is defined as follows:

Definition C.1. Let S be a subset of a metric space H, with distance function induced by its norm
[l - The e-cover of Sis aset {f',---, fN'} C S such that, for each f € S, there exists some

¢ =1,...,N such that Hf — feHH < &. The e-covering number, denoted by Ny (S, ¢), is the
cardinality of the smallest e-cover. ’

Additionally, log Ny (S, ¢) is called metric entropy of S at resolution &.

There is a vast literature on bounds for covering numbers: see, e.g., (Cucker & Zhou, 2007, Chap-
ter 5), (Wainwright, 2019, Chapter 5), as well as Zhou (2002); Guo et al. (2002); Zhou (2003); Wang
et al. (2009). However, results are typically presented for scalar function spaces. In this section, we
will adapt covering number estimates to our set-up involving multi-output function spaces.

Proposition C.1. Let us consider the metric ||'|| g o (qr pay ), and let H= @?;/1 ‘H be a subset of

the Sobolev space °(QF Px;RY). Assume there exists a /dy-cover of H in the direct sum
with the metric of £°°(QT;R), and let N, (H,€/dy ) be its covering number: then it holds that

Noo (H,€) < Noo (H,e/dy )™ .

Proof. Foritto be a c-cover of H, it has to hold that, for every f € H there exists an element f’ in the
cover such that || f — f'|| e (7 gay ) < & Similarly, assume there is a £-cover of H such that, for

any arbitrary element & € H, we have a function /' in the cover such that || — V|| go (o1 g) < €.
Now, by the definition of the vector-valued version of the infinity norm (see Section 2.2), we have

dy
If = f'll g (o may ) = sup 1f(@) = f' (@), < ngg |fi(z) = fi(2)] < dye.

i=17"

Thus, letting & = ¢/dy-, we obtain an e-approximation for the covering of . The claim follows by
observing that, by construction of the direct sum of scalar hypothesis spaces, the cover of  is given
by the Cartesian product of the covers of H. O

C.2 COVERING NUMBERS FOR VECTOR-VALUED HYPOTHESIS SPACES
We conclude this section by adapting standard covering number bounds for scalar function spaces

to vector-valued ones. We start from (Cucker & Zhou, 2007, Theorem 5.3).

Proposition C.2. Let H = @gl H be a finite-dimensional Banach space of dimension E, and let
Br be the set such that Br = {f € H| | fllzy < R}. Then it holds that

E-dy
2
Rdy | 1) .
€

N3 (Br,e) < (

Proof. This result follows by taking (Cucker & Zhou, 2007, Theorem 5.3) and extending it accord-
ing to the construction in Theorem C.1. O

We now proceed by characterizing the covering number for a ball in the Sobolev space
2507 Py R,
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Lemma C.3. Let By be a ball of radius R in the Sobolev space ° (02T, Px; R satisfying As-
sumption 2, where Q) is a domain with locally-Lipschitz boundary. Then the metric entropy of Br
satisfies

ax

2s+dx R s
log A (B 2) < Clay = (2) 7

e

Proof. Let us start from the scalar-valued Sobolev space °(QT Px;R) and let s be its ball
of radius R. If the input domain €2 is smooth, then (Cucker & Smale, 2002, Chapter I, Section
6, Proposition 6) claims that, for some positive constant ¢, we have

ax dx
R\ ¢ R\ =
log N (8R,€) < <c) +1<C. <) (C.1)
€ €
for some other constant C', that is big enough to absorb also the contribution of the “+1” in (C.1).

Such a result relies on a bound on the entropy number of the embedding
5O Px;R) — £°(QT;R) given by (Edmunds & Triebel, 1996, Section 3.3) (using
their notation, we are looking at F{ql — Fc?qug). However, in (Edmunds & Triebel, 1996,
Section 3.5), such a result is extended to non-smooth domains — specifically, to the minimally
regular ones (Edmunds & Triebel, 1996, Section 2.5, Definition 2), which include domains with
locally-Lipschitz boundary as special cases. By the way, the theorem in (Edmunds & Triebel, 1996,
Section 3.5) is stated for the function spaces B, but the results holds also for the spaces F}, : see

the argument presented in the proof of the Theorem in (Edmunds & Triebel, 1996, Section 3.3.2).

Thus, overall, (C.1) holds also for our choice of 2. The proof is concluded by invoking The-
orem C.1 to extend (C.1) to the vector-valued case. Specifically, we have that N, (Bg,e) <
(Noo (8r,/dy )™, and taking logarithms we obtain log No (Bg,€) < dy log Nu (5, ¢/dy),
and substituting (C.1) leads to the final claim. O

We conclude this section by deriving a bound for the metric entropy of the effective hypothesis space
Z P presented in (3.7). The idea is to leverage the structure of the differential operator (Assump-
tion 4) and find a ball in the Sobolev space that approximates .%*, and then invoke Theorem C.3 to
bound its metric entropy.

Proposition C.4. Let Assumptions 2 and 4 hold and consider the effective hypothesis space

70 = {1 € Z NP2 ar prmov) S P} - (3.7)

Then, for some positive constant C,. not depending on e and p, we have that

2s+d x s
log Noo (F?,€) < Cedy * <\/7)> .

Proof. Similarly to Theorem C.3, we prove the result for scalar-valued function spaces and then
invoke Theorem C.1 to obtain the claim for the vector-valued case.

We start by recalling an important property of elliptic operators derived from (Evans, 2010, Chapter
6.3, Theorem 5) that will allow us to find the Sobolev ball centered at f, containing .%*. Specifically,
for some positive constant C, and f € .%,, we have that

1l ar pizory < Ce (120 gniar oy + 1l gxar pamery) - (€2)

Let H be the scalar-valued version of .#”. We decompose H into the null-space of & and its
orthogonal complement, obtaining H = ker(2)@ker(2)*. Accordingly, any f € H can be written

as f = g+ h, with g € ker(2) and h € ker(2)*, and the constraint H@(f)Hf?Z(QT,PX;]R) <p
reduces to ||@(h)”§f2(QT,IP’X;R) <p.

We first focus on the subspace ker(2)* and prove a preliminary result that allows us to rewrite (C.2).
Specifically, we want to show that, for some positive constant C; and any h € ker(2(f))*,

HhHg?(QT,PX;R) <C ||9(h)||$2(QT}IP’X;R) : (C.3)
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We show this by contradiction. If the claim were false, then we could find a sequence {hy}x in
ker(Z(f))* such that Ihill g2 ey = 1 and [Z(he)l| g2 o7 pyry = 1/k. By (C.2), the
sequence {hy}y is uniformly bounded, which implies that there exists a subsequence {hg,}s C
{h1}1 that converges weakly to some h € ker(Z)* (Evans, 2010, Appendix D, Theorem 3) (see
also (Adams & Fournier, 2003, Theorem 3.6)). However, this implies that Z(h,) — Z(h) = 0, and
h # 0 because ||hi|| g2qr p, r) = 1 by construction. Hence, we would obtain that h € ker(2),
which is absurd.

Thanks to (C.3), we can re-write (C.2) for h € ker(2)* as 1Rl s o7 oy my < Ce(Cr+ 1)y/ps

showing that any h € ker(2)= is contained in a ball of the Sobolev space of radius proportional
to /p. Finally, we can determine the covering number for ker(2)* by invoking (C.1).

We now proceed by focusing on ker(Z). Ellipticity stated in Assumption 4 implies that such a
subspace is finite-dimensional. Additionally, by Theorem B.1 (Sobolev imbedding), there exists

a uniform positive constant B such that || f|| Zo@TR) S B for every function f € H, which is a
closed and convex subset of the Sobolev space .7#* (7, Px; R) — thus, also ||| o @TR) < B.In

light of these considerations, ker(Z) belongs to a ball of radius B of a finite-dimensional Euclidean
space with dimension dim ker(2), and its covering number can be calculated according to (Cucker
& Zhou, 2007, Theorem 5.3).

At this point, since the decomposition of H into ker(%) and ker(2)~ is orthogonal, the cover-
ing number of H is given by the product of the covering numbers of the two subspaces. Taking
logarithms, we obtain, for sufficiently large constants ¢ and C,

dx

log Noo (H,e) < ¢ <\éﬁ> ! + dim ker(2) log <B> <C. <\f) ! , (C4

3

where the contribution of ker(2) is incorporated in C. as the logarithmic term is negligible for
small €.

To conclude the proof, we proceed along the lines of the proof for Theorem C.3 and obtain the final
claim by invoking Theorem C.1. O

D PROPERTIES OF THE HYPOTHESIS SPACES

We now demonstrate some useful properties of our hypothesis spaces . and .#”. We will start
by focusing on convexity of the spaces and on the boundedness of the functions that belong to
them; next, we proceed by showing that our effective hypothesis space .#* satisfies the small-ball
condition introduced in Mendelson (2014) at least on a subset of interest for the following proofs.

D.1 CONVEXITY AND B-BOUNDEDNESS

Lemma D.1. The hypothesis space % presented in (3.6) is convex — i.e., for any 0 < £ < 1 and
any f,h € F, we have that £ f + (1 — &)h still belongs to F. Additionally, there exists a constant
B > 0 such that every f € F is B-bounded, i.e., || f|| ., < B forall f € Z.

Proof. Given an arbitrary Hilbert space 7 with norm induced by the inner product (-, -),,, the
parallelogram law yields

2 = ylly + 2+ ylly = 2[lly + 2yl = llz = ylly < 2[lly + 21yl (@D.1)

This leads to showing that Hilbert spaces (then, also the Sobolev space .7#°(Q7,Px; R )) are
uniformly convex (Adams & Fournier, 2003, Definition 1.20 and Theorem 3.5): therefore, the first
claim follows by noting that .% is a convex subset of the Sobolev space. The second claim is a
consequence of the imbedding presented in Theorem B.1(b): indeed, there exist a constant €, such
that || f[| goe (o7 pyrav) < Coo [ fll 2207 pyrav) < €oopy = B by definition of 7 in (3.6). [

D.2 (C,2)-HYPERCONTRACTIVITY

We start by providing the general definition.
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Definition D.1. For a given hypothesis space H of vector-valued functions and uniform constants
C > 0and « € [1,2], the tuple (H,Pq) is (C, a)-hypercontractive if it holds that, for every f € H,

1 ! 4 1 T-1 , «
Eex |7 > IF(X0l2 §C<EPX D |f(Xt)|2D : (D.2)
t=0 =0

In this paper, we will be focusing on the corner case a = 2, which implies that the small-ball
condition (Mendelson, 2014) holds:

Lemma D.2. Let (H,Px) be (C,2)-hypercontractive for a suitable positive constant C. Then it
holds that, for any f, h in ‘H, there exist € and & such that

=
Py <T Z 1 £(Xe) — h(Xe)lly, = ENf — h”.ﬁfz(QTvﬂmx?Rdy)) =

t=0

Proof. First, as pointed out in the discussion in Section 2.2, note that Defini-
. . 4
tion D.I can be written as | fllpaqrpypey) < C||f||$2 ar pyrdy).  Next, let

2,4 = |lf = bl g2qr pyirav) /I = Pl gaor py mavy- By the Paley-Zygmund inequal-
ity (De La Pefia & Giné, 1999, Corollary 3.3.2), we have that

< Z llf(Xe) — Xt)”z >ullf - h”z? QT Px; ]RdY)> >[(1- U2)03,4]2 >(1- u2)2/C,

t=0

where the last step follows by Definition D.1. Conclusion follows as soon as we let u <> & and
(1-u?)?/C < e. O

Drawing inspiration from (Ziemann, 2022, Proposition 3.4.4), we now prove that the hypothesis
space .Z satisfies this particular kind of hypercontractivity on a subset of interest for Theorem F.2,
which will allow us to quantify the probability of the lower isometry event.

Theorem D.3. Let Assumptions 1, 2, 5 and 6 hold. Given some r > 0, consider the set 0B(r) =
{feZ||f - f ||?22(QT)PX;Rdy) = 12} and let F be its cover with balls of radius e. Furthermore,

let py o py /R, where R is as per Assumption 1. Then, we have that the covering number of 0B(r)
(in other words, the cardinality of F.) satisfies

(D.3)

€

~  s/dx medy
N (0B(r), €) < (8’””‘6 B . 1)

with m. being the smallest integer solution of

— dx/(QS—dx)
. 16pydx .
(28 — dx)€2

Additionally, as long as € < inffeaB(r/\ﬂE)) Hf||$2(QT7M§";RdY), the tuple (%, Px) is (C(e€), 2)-

2
Cle) x (“E(ZQ) + 8un (Q)m2 (“Aém + 2) ) . (D.4)

hypercontractive, with

Proof. We will make use of the construction presented in Section B.2 and focus on the Fourier
characterization of 5%(QT, uT; R?): the result carries over to 5% (0T, Py ; R%) by the imbed-
ding 77°(QT Px;RY ) — 525(QT, uT;R%). As such, we will consider the space %, =

{f € 4 (QT, ul; R | ||f\|2%0(QT Tpay) < pf/H} such that # C .Z,,: indeed, the condi-

. — 2 . .
tion on the norm reads as & Hf||L%pS(QT,N§;RdY) > ||f\|%s(QT)PX;RdY) by Assumption 1. According
to the construction in Section B.2 and the Fourier decomposition in terms of the basis functions
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¢o(x) = exp{em (k({), z), /(2L)}, we can leverage (B.2) to write

l2¢l3
Z /— 25/(12)( - pf (DS)

LeN

Ty = {f(x) = ude(x), 2 €RY VLN
£eN

where Z)?z is equal to p? /E times a multiplicative constant that can be retrieved along the lines of
the proof of Theorem B.3, but we do not specify it because it does not affect the main message of
our results. Additionally, we will consider 72 = r2 /& such that B(7) D B(r). Note that, due to
such an inclusion, No, (0B(r),€) < Ny (OB(T), €).

Covering. We start by proving the result on the covering of 9B(7). The idea is to find a suit-
able finite-dimensional approximation of the space .%,,, , compute its covering number using Theo-
rem C.2, and then express N, (OB(T), €) in terms of such a cover.

We first seek an approximation of .%,,, at resolution €/4 by considering, for some m € Z>, the
finite-dimensional space

Fi = {f(z) = szﬁg( 2 € R
=1

Now, fix f € #,, with coordinates {z}sen and let f’ be its projection onto 7. Then the
following holds:

5 =3 _ }
/- 25/d - .

£eN

oo

If- f/||$oo(QT;Rdy) = Z Zee

l=m-+1

Lo (QT;Ry)

|Z€||2 i 672s/dx|¢ |2
E 25/dX £
l=m+1 l=m+1

IN

Lo (QT;Ry)

D35) e
S N D T

{=m+1 £ (QT Ry )

<pr Z (—2s/dx |||¢e\2||gm(Q;R)§ﬁ] Z (—2s/dx (D.6)
l=m+1 L=m+1

where the first inequality is given by the Cauchy-Schwarz one, and the last one follows by definition
of the basis ¢¢(-). We now use the integral test (Rudin, 1976, Chapter 6, Exercise 8) to upper-bound
the last expression. Let p = 2s/dx to simplify notation, and note that p > 1 by Assumption 2. Then
we have that

0o [eS) p
()2 L6 o L) v
f=m+1 t=m+1 -1 \X m X p—1m

Plugging such a bound in (D.6), to ensure that || f — f’||$oc(QT;Rdy) < ¢/4dforany f € F,, we
then require that

d

X

1 1 16p7°dx |
_ b<—m>|————"— . D.7
Ps pflml’l_e/ ((2561)()62 (D7)

Thus, we take m. the smallest integer m satisfying (D.7) to have the approximation of .%,,, at reso-
lution €/4.

We can now proceed by constructing the covering for %' at resolution €/4. We start by character-
izing such a space in terms of the coefficients {z¢};" by c0n51der1ng

|ZL’||2 2 }

zme+{z£eRdY,e—1,.-.
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This is a ball of radius py in a finite-dimensional Banach space with a weighted 2-norm, which we
denote by ||-|[,,. With such a norm, by Theorem C.2, its covering number with balls of radius €
satisfies

N (2™, €) < (2ppdy JE+ 1)< = N. (D.8)

Now, denote the elements of the optimal covering of Z™¢ as {z}, -+ , 2" }s—1,... m.. These identify
a further approximation .7 ¢ NcF e defined as

Me Me
me,N E 1 § N
yp,/\ _{ Zz¢e,"', ZZ ¢f}
=1 /=1

We can use this construction to characterize the radius €. Let f/(-) = >, zj¢¢(-) be an arbitrary
function in .Z7}<. Then we have that

me
i, |73 — i [$56 - e
LT RY) C =t £=(QTRY)

Me

<  min Z”Ze ”2 ng2s/dx|¢£|2

~ n=1,--,N Y 2S/dx
=1 L (QT Ry )

(D.8)

< e

Me 1 p
Z — ) <emP/2

»6 —_ €
=1

Therefore, if we take € < ¢/(4m?! p/2 ) we obtain the €/4-cover of .7 we seek. This leads to the
claim that the covering number of 33 e satisfies

/ dyme
d
Noo (9’"6 7) < <8”fmy + 1) . (D.9)

x24) = €

This part of the proof is concluded by converting the covering .% ZXE’N into an exterior cover of
the set 0B(7) C .% — that is, its elements cover dB(r) but they are required to belong to .% and
not necessarily to OB(7). Indeed, with the construction carried out so far, for each f € 9B(T)
we can identify f' € F¢ such that ||f — f'|| poo(r,gay) < €/4, and a f” € ﬁ;ﬁ"N such
that [|f" — f"[| poe (g gay) < €/4: thus, by the triangle inequality, [|f — f”|| o (qrpay) < €/2,
implying that .7 rr;E,N is an exterior cover of 0B(7) of resolution ¢/2. The final claim follows by
applying (Vershynin, 2024, Exercise 4.2.9).

Hypercontractivity. We now prove (C/(€),2)-hypercontractivity of the tuple (%, ul) — the
same claim will hold also for (%, Px) by multiplying C by a constant not depending on ¢ and
is thus not relevant to our analysis.

We start by showing that .7}« satisfies the hypercontractivity condition (Definition D.1) with o = 2.

Letting f = Y_,°, ze¢0 € F fmf we first observe that

X

2 2

Me Me Me

2
E 2eQe = E 2eQe = E [l zell5 - (D.10)
=1 227 uTiRIY) £=1 L2(QuaiRYY) =1

Next, looking at the fourth moment,

Me 4
Z Zz¢z Z 209¢

t=1 LA, pxaRIY)

. 4
> zei(x)
=1

24(QT uTiRdy)

dx
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Me 4
S/ﬂ(;”a”ﬂ@@”) dx
Me 4
Q) <Z|Zéz>
=

me

2
>zl
=1

4

(vme)

©10

Z Ze<l5£

which shows the (. (£2)m?, 2)-hypercontractivity of .7 <.

Before showing hypercontractmty of (Fe, 1} ), we ﬁrst state some additional useful relations. Re-
calling that ¢ < infepp() ||f||$2(QT’M§;RdY), letting f be an arbitrary element in the cover .,

and f’ be a function in ¢ such that || f — f'|| go (o ray ) < €/4, we have:

, (D.11)

£2(Q7T T Rdy)

4
1@l <8 (1@ = £ @5+ 17 @) < o +817 @) (D.122)
17 @5 <2 (1@ = £ @15+ 1£@)I3) < S § + 21/ ()] (D.12b)
2
E <N arprmarys € < (I@r urmar) ) (D.12¢)

We can now get to the ﬁnal claim and show hypercontractivity for .%.. Letting again f be an arbitrary
element in the cover .%,, it holds that

s sy = [ 1£G

(D.12a)

z M(mgffs / Hf'(x)H;‘dx

dx

= ()

D.11) et 9 , 2 2
ERNC LN / 1 (I d
32 Q

(D.12b) et 9 €2 2 ?
< ()55 + Sua(@)m? </+2||f(x)l2d><>

®120) [ 45 ( \(Q 2
< (3<2>+8M<mm6( ol 12 >(||f|y(m,,mm>) ,

which concludes the proof. O

E ON THE REGULARIZER V(f)

We now present the main properties of the regularizer ¥(f): .# — R>( introduced in the learning

problem (3.3), where we recall that ¥(f) = ||@(f)\|?%,2(QT FxiRiY )

E.1 PHYSICS-INFORMED REGULARIZATION IS 2-PROPER

We start from the definition of n-regularizer (Lecué¢ & Mendelson, 2017):
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Definition E.1. An n-proper regularizer defined for a hypothesis space H is a function U(-): H — R
satisfying the following properties:

(a) itis non-negative, even, convex, and such that ¥(0) = 0;

(b) forn > 1, it holds for every f, hin .Z that (f + h) < n (U(f) + ¥(h));

(c) for every 0 < a < 1, ¥(af) < a¥(f). Additionally, if » = 2, it holds that
W(af) < a? ().

In particular, any square-norm-based regularizer is 2-proper. Therefore, by construction, the
physics-informed regularizer considered in this paper (see (3.5)) is 2-proper.

E.2 USEFUL INEQUALITY FROM LECUE & MENDELSON (2017)

We now report an inequality that will be used in the proof of Theorem 4.1 proved in Section H.1.

Lemma E.1 (Lecué & Mendelson (2017), Inequality 2.3). Denote with f the solution of the reg-
ularized empirical risk minimization over F°. Write f = f, + R(h — f,), where R > 1 and
U(h — fy) = p, with p > 50V (f,). Then it holds that

W(f) = (f) > %@(m —W(f,). E.D)

Proof. By the triangle inequality and the fact that the regularizer is an even function (both reported
in Definition E.1), it holds that

V() = V(o + Bl = £) > SR 1) = ¥(1) >
recalling that R > 1. Adding ¥(f,) on both sides,

V() = () 2 W= 1) =201, E2)

=

g\Il(h - f*) - \Ij(f*)

As an intermediate step, we find a lower bound on the term %\I/(h — fi) in (E.2): specifically, it
holds that

R R R
E\P(h —f) = %\I’(h — )+ %\p(h 1)
R 5R
> %\I’(h — fo) + 7\1’(f*) because p = W(h — f,) > 5n¥(f,))
> %\P(h —fo) + g@(f*) +2U(f,) because R > 1,
= % (W(h— fo) +¥(f)) +2¥(fs) asp=land R>1,
R
> ) +20(7.)

again as a consequence of the triangle inequality in Definition E.1(b). Plugging such an inequality

back in (E.2), we obtain
P R R R
VU(f) = Y(fx) > =5TU(h) > ==V (h) — = Y(fs),
()= (1) 2 W) = 50 (h) — 5 5 ()
which yields the claim. O

F LOWER ISOMETRY BOUND

We start by presenting in Section F.1 an ancillary result combining (C, «)-hypercontractivity (Defi-
nition D.1) and S-persistence (Section A.2). This will then play a key role in Section F.2, where we
prove an upper bound for the probability of the lower isometry event, which will be crucial in our
main results stated in Sections 4 and 5.
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F.1 COMBINING (C, «)-HYPERCONTRACTIVITY AND S-PERSISTENCE

We now present an ancillary result obtained by generalizing (Ziemann, 2022, Lemma 3.1.1.).
Lemma F.1. Consider g: Q — Rxq satisfying (C, o)-hypercontractivity (see Definition D.1) and
S-persistence (see Assumption 6). Then, for 0 > 8, it holds that

T-1 2—«
Px (Z 9(Xy) < Z]EPX ) < exp —0592 <Z Ep, [g ) (E1)
t=0

Proof. We start by generalizing the S-persistence bound in Assumption 6. Specifically, introducing
€ > 0, it holds that

exp < Z_: (Xt )1 < exp (—%j 3 Elg(X:)] + 52956 Z_:E[gQ(Xt)]> , (F.2)

where it is required that # > 8 and £/6 > 1/2.
Now we consider the left-hand side of (F.1) and apply a Chernoff bound to obtain

T—1 4 T—-1 f T-1 T—-1
P (Z 9(X) <5 E[g()@)]) < inf E |exp (e > Elg(X)] €Y g(&))]
t=0 t=0 t=0 t=0
(F2)
< infE

We find the optimal £, which reads as
T-1
221‘:0 ]E[Q(Xt)]

§= — ;
Se Lo Elg?(Xo)]
and plugging it in we obtain
2
T—1 71 T-lprox
4 4 ( =0 Elg( t)])
P 9(X1) < 5 E[g(Xt)]>§eXP T

<t_o 2 05e ¥isy Elg*(X0)]

0

_ 2—«
< exp _9055 (Z )

by (C, a)-hypercontractivity given in Definition D.1. Conclusion follows by minimizing the bound
overe > 0/2. O

F.2 THE MAIN BOUND ON LOWER ISOMETRY

We are now ready to prove the key bound for the lower isometry event by generalizing (Ziemann,
2022, Theorem 3.1.2.).
Theorem F.2. Assume that the tuple (%, Px) is S-persistent (Assumption 6). For a given r > 0,

define B(r) = {f € F | | fllgeor pyrivy ST } and let OB(r) be its boundary. Additionally,

assume that the hypothesis space satisfies the (C, «)-hypercontractivity condition (Definition D.1)
on OB(r). For a fixed § > 8, define F, the r/\/0-cover in the Il e (o7 mty ) Of OB(r), and

denote by N, <6B @), %) the corresponding covering number. Define the lower-isometry event

A= sup { Z Ilf (X ||2 ||fH$2 QT PxRIy) S O} (E3)

feFL\B(r)
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Then the following lower-isometry estimate holds:

Px (A;) < Noo <8B(r), \;a) - {_%} .

Proof. We first show a preliminary result that allows us to focus just on the boundary 9 B(r) instead
of the full %, \ B(r). Specifically, we show that, if f € .%f and 0 < £ < 1, then £ f still belongs to
FL: that is, we show that .Z{ is star-shaped around 0 (see (Mendelson, 2014, Definition 5.1)). To
prove that £(f — f,) belongs to Z#{ for f, f, € .7° we deploy Theorem D.1: specifically, we have
€f - ff* + f* = ff + (1 - f)f* 7f*7
—_——

and w € Z* by convexity, thus proving the claim.

Thanks to the result above obtained, we can focus on 0B(r) and then obtain the final claim by
rescaling: if f* € FL\ B(r), then | f'|| g2qr pyrayy > 7 by construction, which implies
< 1; thus, if we consider f = f/|\f’||2,2(Q;,]P’X;RdY)’ we are on OB(r), and

T
1771 2 (QT Px;RYY)
f € Z! by it being star-shaped around 0.

Define the event
. 1 i 2 _ 4 i
£= U {17 2 I, < I or pemn -
fleZ, t=0
By Theorem F.1 with g(z) = || f(z)]

;, the union bound yields
T 8T =2
Px () < No | 0B(r), —= —_——
(€)= (900 75 ) e { -}
Now, fixing an arbitrary f € 0B(r):

1 1= 2 2
2 1 .
7 2 X0l > o= > 1 (Xl — 5 Equation (D.1),
t=0 t=0
20 N2 r? c
= 5”.}01H$2(QT7]P>X;R11)/) _y on& s
2 2 2 2
=G -5=7 by definition of .Z,..

Since f was arbitrary, we obtain

P 1 Tz:_l £ (X0 r? <0 < N ((‘)B( ) r ) { 8TT4—2a}
o5 T 0~ = > ), —= | exp{ ——5——— 7.
feaB(ry | T — tll2 ™ 7y 7 L
The claim is finally obtained by rescaling. -

We can now provide a special case of Theorem F.2 that will be useful in the derivations of the
paper.

Corollary F.3. Under the assumptions of Theorem F.2, assume that the hypothesis space satisfies
the (C(r),2)—hypercontractivity condition according to Theorem D.3. Then, the following lower-
isometry estimate holds:

2d
4s—dx chm(%)QSﬂiX 4dx
1\ 2s—dx 8T r2s—dx

Px(A)< | Cp (- 1 — %
x(Ar) < L(r) * P\ TGS

where C,, Cp, and Cy, are constants that depend on py, R, dy,0, s, dx and Q.

Proof. The corollary is obtained by leveraging Theorem D.3, which provides expressions for both
the covering number of .%,. and for the hypercontractivity parameter C(r), setting the covering of

OB(r) to have resolution equal to 7/+/6.
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Covering number. Using the notation of Theorem D.3, we have that

. dym _r_
N (0800, 72) iladiic T I
Vo r
— _ax _2dx
where m - > (w ) <7~12)> Z=dx s = . (:) X | 0

With such a value for m, we obtain that the covering number admits the following upper bound:

4s—d dYCm(%)zjjfi(X
. 1\ T
Nao (83(7“),\[) < | 8prdy VOCX (r> +1 . (F.5)
N————

=Cp

Hypercontractivity parameter. Again, using the result in Theorem D.3 and using the expression
for m in (F.4), we obtain that

4d x
©4 1) @) L\ e (1T
C(r) "« 39 +8uA(Q)< 5 +2) C; -

1 2s—dx
— C(r)=C} () * for some sufficiently large constant C},. (F.6)
T

The lower-isometry probability bound is then obtained by plugging (F.5) and (F.6) in the claim
of Theorem F.2. O

G MARTINGALE OFFSET COMPLEXITY BOUNDS

In this section we focus on some useful results concerning the martingale offset complexity pre-
sented in (4.2) and that will play a prominent role in the main results of Sections 4 and 5, being
an upper-bound on the empirical excess risk. We start by proving the inequality leading to the def-
inition of the martingale offset complexity, building upon Liang et al. (2015). Next, we report its
bounds in probability and in expectation obtained by the chaining arguments of (Ziemann, 2022,
Theorem 4.2.2, Theorem 3.2.1). The proofs of the latter, given in Section G.2 and Section G.3
respectively, are given in full detail to keep track of all of the constants involved.

G.1 BEHIND THE SCENES OF THE DEFINITION

The first result is an ancillary inequality derived by extending Liang et al. (2015) to the regularized
case (see also (Ziemann et al., 2022, Lemma 1)). The following lemma is the basis yielding the
definition of martingale offset complexity.

Lemma G.1. Let f be the solution of the regularized empirical risk minimization problem (3.3).
Then, it holds that

—ZHf (X:) = £a(X2)

i 1w, fx) = 1.0, - [|Fx0 - 50,

Proof. We start by showing the following facts:

e Fact 1: for any f and the measurement model Y; = f,(X;) + W, in (3.1), it holds that

1F(Xe) = F(X) 3 = 1Ye — FXOI5 — [[Ye — fo(Xo) 3 + 2 (W, F(X0) = Fo(X0))s;
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e Fuact 2: from the construction of (3.3), we have that
=
T ¥~ F x|+ Arh) < Z IV = £ (X5 + M¥(f). @D
t=

Additionally, since W(f,) < ¥(f), we have

1T
> - |~ 1~ Rxol <o, G2)

Fact 2 follows immediately from optimality of f . To see why Fact I holds:

If(Xe) = Ful(Xe) £ Y212 = [IYe — F(X) 3 + 1Ye = Fu(X) 13— 2(Y; — f(X0), Vi — fu(X0)), -

Considering the last addendum on the right-hand side, adding and subtracting f, (X) in (Y;— f(X%))
and using the definition of W; for the other term, we obtain

1F(X0) = (X2 = 1Y — F(XDIE+ Vs — fu( X012
— 2|V, — (XI5 — 2(We, fu(Xe) — (X)),
thus proving the claim in Fact 1.

We are now ready to prove Theorem G.1. We start by applying Fact I to the estimate f of (3.3) and
multiplying everything by 2. Rearranging the terms, we then obtain

(1)
Z? [vi = fexo]], - v - £

= Z Hf Xi) = [o(X)

a(w, 7060 - 1.50), - [ - x|

The conclusion follows by applying Fact 2 to (4j). In particular, the claim is obtained by deploy-
ing (G.2). If on the other hand one would use (G.1), we would obtain

~
—

7o) — x|

Nl =
Bl
<

INA
=
g

Ju

~>

1w J0x0) — (X0, [ Fx) - x| +oae () - w(h) @)

Tl
Ly

IN
Nl =

1w, Fx0) - £.00), - ||Fx0) = £ 00|+ 2xew (s, (G4)

~
Il
o)

G.2 BOUND IN PROBABILITY

We now provide the high-probability bound for the martingale offset complexity of a given hy-
pothesis space H. This will then be deployed in the high-probability bound for the excess risk
in Theorem 4.1, and its analysis will be key to determine the desired rate.

Theorem G.2 (Ziemann (2022), Theorem 4.2.2). Let Assumptions 1 to 3 and 6 hold, and let H C
25 (0T Px; R¥Y) be a convex hypothesis space satisfying Assumption 5. Let u,v,w > 0. Then,
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with probability 1 — 4exp { —u?/2} — exp {—v/2} the martingale offset complexity satisfies

a2 7\/02 log N (H, €)
< W W o )
My [H] < ;I;%{Sy(qu 1)4/ T +8/0 - de

(0 +log e (.7 WQ}_

+320%;

Proof. The core of the proof consists in a chaining argument (Talagrand, 2005), i.e., in finding a
suitable finite cover of ‘H and deploying it to derive the desired bounds. We start by defining the
terms of the chaining.

Chaining set-up. Let F};, denote the cover of 7 with radius ¢, = 2% given two arbitrary positive

scalars § < =, the values of k belong to an interval of integers [/, K] such that

LIy <
g+l = 0= or = oK+t =T

(G.5)

For an arbitrary f € H, denote with 7 (f) the center of the ball in the cover F}, that contains f —
i.e., the function such that || f — 74 (f)| goo (o7 rav) < €k

Let us write the martingale offset complexity M [] using the following notation:

T-1 T-1
1
My [H] = sup = | > 4 (Wi, F(X0)y = D IF(XD3 |- (G.6)
fer = 1 i=o =0
=Mz (f) =S7(f)
=Nz (f)

Now, let us exploit the sequence of coverings to write M (f) as a telescopic sum:

Mr(f) = Mr(f) & Mr(rg(f)) £ £ Mr(rx(f))
= [M7(f) — Mr(r%(f))] + Dr(f) + M7 (7 (f)),

where we set Dy (f) = ZZKH My(mg(f)) — Mp(mi—1(f)). We can now focus on using such

a rewriting of M7 (f) in the expression of N (f) of Equation (G.6). With adding and subtracting
St(mr(f))/2, it reads as

Nr(f) = Mr(f) = Sr(f)

= Mie() ~ M)+ Dr() + | Mt 1) - ZE)
IR
< [Mr(f) = Mr(mg(£)] + Dr(f) + [MT(WK( /) - W} ey

where the inequality acting on the last term is obtained through (D.1). Thus, overall, to find a bound
for Mt [H] = sup ¢4, Nr(f)/T, we are interested in

sup Nr(f) < sup [Mr(f) — Mr(g)] + sup Dr(f)
feH f.g€H - feH
Hf*yHZN(QT;RdY)§2*K —_——
=(N.B)
=(N.R)
S 1\2
+ sup [MT(f) - TQ(f)} +T (27) . (G.7)
fEFK —_——
=(N.C) (%5)472
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The proof proceeds with the following steps. For each (N.x) with x = A, B, C, we derive high-
probability bounds of the form

P (;(N.x) > %\ value(x) \) < \ probability bound(x) |;

then, by deploying the union bound, we combine those results and obtain an upper-bound for
M [H] that depends on the parameters ¢ and + introduced in the chaining set-up (G.5). Finally, by
leveraging the condition on the Sobolev order in Assumption 2, we show that we can let § — 0 and
w — 400 to obtain the final claim.

Bound for (N.2). Defining #% = {f = % — [ f°, f* € H| £l poe (@rmavy < 2-K} and
by linearity of M (-), we are interested in

T-1
]P’( sup Mr(f) > w) < e YR lexp {§ sup Z4<Wt’ f(Xt)>2}] , (G.3)
FEFw

feF% =9

where the inequality follows by applying a Chernoff bound with £ > 0. Now, by deploying mono-
tonicity of the exponential function, we can work on finding upper-bounds for the term in curly
brackets in (G.8). Specifically, we consider

T-1 T-1

§sup Yy AW, f(X0)), <€ Sup 4 Z”WtHQ lef XI5

feF% =0

1[4
<= ( \F{) Z HWt||2+§ by Young’s inequality. (G.9)
t=0

Now, by plugging (G.9) into (G.8), we obtain

271
]P’( sup Mp(f) > w> < e EWHI2E |exp ( 4\/T€> Z ||WtH§

feF% V22K t=0
(Lemma A.4) 1 4Tdy0'2 2
R BV Spe (W) . (@G0
p{ w5 +¢ 5.9k (

provided that £ < 4%/3 20 and using the law of total expectation on the sum of ||Wt||2 In view

of obtaining a bound in terms of w and not w?, we can choose at our convemence & such that the

quadratic term in (G.10) becomes equal to 1/2. To this aim, setting & = P (note that it satisfies

4Td
the constraint of Theorem A.4) and deploying the definition of § in (G.5), we obtaln

w
P M copil- 2 L
(féﬁfk w(f)> w) = eXp{ 45Tdyagv}

By substituting w <> w - 46Tdy 0%, and dividing by 7', we finally obtain

P < sup M:;(f) > 4w5dya‘2/v> < exp{—w+ 1}. (G.11)

feF=
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Bound for (N.B). We start by introducing the short-hand notation for the function space F, =
{f =[O =[5 fO € Fi f° € Fioa | | fll g ormavy < 2—k} forallk = K +1,..., K. Addi-
tionally, by linearity of My (-), we also have that

K K
;1612 Dr(f) < k:%;l ;1617[_)[ My (i (f) — 1 (f)) = k:%;rl ?ﬁ% Mr(f).

We proceed by first studying the single addendum max My (f), and then apply a union bound

to reach the desired claim for (N . B).

fEFy,

Letting u, > 0, by deploying a Chernoff bound, we get

P (magc Mr(f) > uk> < mfine{“kE lexp {§ max MT(f)}]

fEF fEFy

< mine”€E ;; exp {EMr(f)}] - (G.12)
cekly

We now upper-bound (G.12) by iteratively applying the law of total expectation: specifically, we
have that

Z exp {EMr(f Z E

fEF fEF:

=) E [exp {5 > 4w, f H E {exp {64 (Wr_y, f(X1r-1))5} ‘Xm]

exp{ 24<Wt7 f(Xt)>2} ’XTQH

t=0

fEFy,
(3.2) — 8¢203,
< Z E |exp Z Wy, f exp o2k
fEFy t=0
<: (i.e., repeating the argument with the next filtrations Xr_s, ..., Xp)
~ 8T¢2 03
< |Fk|exp{22kw : (G.13)

where | F},| is the cardinality of Fj, = F}, X Fj,_. Now, after noting that | F},| < (Noo (H,27 ) ,
we can plug the bound of (G.13) into (G.12) and obtain, by minimizing over & (yleldlng & =

22" ur/(16T02,),
1 2 22kuz
P M < 0o ' ok -
o) > ) = (3 (1) ) oo -t}

Additionally, by substituting uy <> up + 2*’“\/ 64703, log Noo (7—[, 2%) > 0, we can remove the

dependence on the covering number from the probability bound. Applying the union bound over all
k=K+1,---, K, we obtain that the bound for (N . B) can be written as

K
1
P | sup Dr(f) > Z uk+2_k\/64Ta%V10gNoo (7-[72k>

fer k=K+1
K )
22ku2
< — LI G.14
<2 eXp{ 3203VT} G.19
k=K+1

‘We now want the right-hand side of (G.14) to depend on a single u € R, in order to obtain an upper-
bound that reads, informally, as X exp {—u2 / 2}. To do so, we operate on the terms uy,
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k=K+1, -, K and set them to uy, = 227% /03, T+/u? — log 2-*+E+1: thanks to this choice,
the right-hand side of (G.14) becomes

k-=§+1
:ké+1exp{;2} (V3) A
§exp{;2}]i<\2>k(2+\/§)exp{2uz} (G.15)

as desired. Now we can analyze such a choice for u, in the left-hand side of (G.14), which becomes

=351

K
IP’( sup Dp(f) > Z 22_k\/0‘2,VT(u2 — log 2—k+K+1)

feM hEr1

K
+ Z Q*k\/&mfgv log Noo (H,27F) ) (G.16)

k=K+1

=55

We now want to find upper bounds for s; and s; and remove the sum over k. Regarding s1, we have

51 < Ry ot Tu? + Z 22~ k\/ 2T\/log

k=K+1

<4278 Jo2 T2 Z 27k 4 4. 2781 /52 Tlog2 Z 27"k
k=0 k=0

NE—
=Li_;,2(1/2)

(G.5)
< 87y/og T(u+1), (G.17)

because the polylogarithmic function satisfies Li; /o(1/2) ~ 1.35. Now, going to so, noting that
27F = (27%+1 — 2-%) and by deploying a truncated Dudley’s entropy integral (Wainwright, 2019,
Theorem 5.22), we have

1
Qk) \/64T 0%, log g (H.27F)

K
= 3 (o

< / B \/64TUW10gN (H,)de
2-

@ / \/64T 0%, log N (H. €)de. (G.18)

Thus, plugging (G.17,G.18) in (G.16), dividing by T" and using the bound in (G.15), we obtain the
desired bound for (N . B), which reads as

Dr(f) _ 8(u+1)y\/oi, 8 (7 =
g <?g£t T VT e+ ﬁ/g \/oﬁvlog/\/oo (Haf)d€> < 4exp{—2},

(G.19)
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Bound for (N.C). Applying again a Chernoff bound along the lines of the manipulations for (N. B)
in (G.12), we consider

T-1 1
P<max AWy, F(X0) = 5 I (Xt>||2>v>

feFK
T-1
> AWy, f —*||th ||2>}

t=0
t

< mine ¢ E |e
< mj > [Xp{f

feFk

(>
o 5 e (T_Jw ]
< mine” <§ Y E [exp <{T224 Wi, f -5 ||f Xy) |2> H >

fEFK t=0
x E |:6Xp {4€ <I/VT,17 f(XT 1)> = Hf(XT 1)|2} |XT2:| . (GZO)

We now focus on last expected value in (G.20) and discuss its upper bound. Specifically, we have

exp { =5 11CXr- 1) P lexp (46 (W1, J(Xr-1),)

Lo {Ircerl (-5 + s ) | <1

by setting £ = (320%,) . By this choice of &, applying the law of total expectation iteratively over
t in (G.20) and using the definition of v in (G.5), we obtain

U .
320, |’
finally, substituting v > 320, (v/2 + log N (H,7)) and dividing by 7', we obtain the bound
for (N.C):

P(gup MT(f)_LST(f)>320‘2/V (v

v
rere T 2T 5 TlogNe (H’V))>Sexp{—2}. (G21)

feFk

P<max (W, F(X >>2—§||f<xt>||§>v>stm,wexp{—

Obtaining the final bound. We can now combine these results and derive the high-probability
bound for the martingale offset complexity My [H] = sup;cy Nr(f)/T. Leveraging the de-
composition of Np(f) according to (G.7), we combine the bounds on (N.A), (N.B) and (N.C)
in (G.11), (G.19) and (G.21) using the union bound and obtain that

IP(MT[”H]>4w5dy0W+8\/ T (u+17+/ V1og N ( HEda)

320‘2,[,

T (% + log Noo (H,v)) + 472>

u? v
<exp{—w+ 1} +4exp -3 + exp {—5} ,
and the expression for the lower bound of the martingale offset complexity is to be maximized with
respect to y and § < 7.

We now claim that we can set 0 = 0 and simplify the bound. Setting § = 0 is possible only if the
integral in the term (N . B) converges. Under our assumptions, we have that (see Section C.2)

1—dx/2s

¥ v /1 = c
/6\/log/\/'oo(’H,s)dzsoc/(S () d<€:1TX/257 (G.22)

9
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and the value is finite for 6 — 0 if and only if dx/2s < 1, which is guaranteed by Assumption 2.
Therefore, we can set § = 0, and since the term associated to (N.A) becomes 0, we can also let
w — oo and increase the final probability level in the claim of the theorem.

O

G.3 BOUND IN EXPECTATION

Along the lines of the result in probability of the previous subsection, we now present the bound in
expectation for the martingale offset complexity.

Theorem G.3 (Ziemann (2022), Theorem 3.2.1). Let Assumptions 1 to 3 and 6 hold, and let H C
H5(QT: Px; R¥Y) be a convex hypothesis space satisfying Assumption 5. Then, the martingale
offset complexity satisfies

2
E My [H]] < inf { / \/O’W log Noo (H, e’:‘) - 3207, log Noo (H,7) _ng}.

~>0 T

Proof. The result is again obtained by chaining, using the construction leading to (G.7). Using the
definitions of Np(f), Mr(f) and St(f) in (G.6), as well as the ones for the chaining resolutions
4,y in (G.5), we are looking at

1 1 1
E | sup fNT(f) SfE sup Mz (f) — Mr(g)| + fE sup Dr(f)
fen faer _ feH
Ilf— yHﬂé,me RdY)* 2— K ———
~.B)
i ~.2) ]
1 St(f) 1\2
) My (f) — (7) . G.23
+ 7 fseu}% 7(f) 5 +(3r ( )
(G.5)
™.0) a2

We now proceed with deriving the bounds for the expected values of the terms (N.A), (N.B) and
(N.C); the final claim is obtained by summing all of the contributions together. Finally, we will
discuss the fact that we are allowed to let § = 0 and simplify the bound.

Bound for (N.A). Define 7 = {f = f* — [ f* f* € H| ||fll g (orpar) < 2-K}. By
linearity of M (+), we are looking at

- T-1
ap S s <2 [ S,
9? t=0 e"ft:O
4 T-1 Lemma A5 12T 2 (G.5) 2
<ge 2 B T vy S s fay o,

Dividing by 7', we obtain the first term in the bound (G.23).

Bound for (N.B). We start by defining the auxiliary search space E, =
{f:fa_fbv fa € Fk?fb € Fk*1| ||f||,,(Z°°(QT;RdY) < 271@} for all £ = K + ]-7"'a?'

Next, using the definition of D7 (f) and exploiting its linearity, we consider

K K
E | sup Z My (7e(f) = mr—-1(f)) Z E lsup MT(f)‘|- (G.24)

FeH Kkt k=K-+1 LfeF:
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To upper-bound the right-hand side of (G.24), we focus on its addenda and proceed with the follow-
ing argument. Noting that F}, is a finite-dimensional class, let us consider, for some £ > 0,

exp {fE

max Mr(f)
fEFy

} <E [exp {f max Mrp(f) }1 by Jensen’s inequality,

fEF

=E [maNx exp {EMr(f )}] by monotonicity,

fEF

< Y Efexp{¢Mr(f)}]

fEF
T—1
=> E l exp {§Z4<Wt, f(Xt>>2} ‘XHH
fEF t=0
T—2
(32) 8¢202
< E |exp {524 Wy, f(X )>2}] exp{ 22kw}
t=0
< (i.e., repeating the argument with the subsequent filtrations)
g2 8TE%0%,
< (WNoo (H,27%)) "exp {2% : (G.25)

noting that the cardinality of Fj, = F}, x F},_; is upper-bounded by (Moo (H, 2_k))2. Now, taking
logarithms of both sides of the whole inequality (G.25), we obtain

< Z
E ;ré:%MT(f) 7flogj\/oo (1,27 + =
—E ma}MT(f)} gz—k\/64Taav log Noo (H,27F) (G.26)
feF

after minimizing with respect to &.

We can now go back to (G.24). Plugging (G.26), we obtain

K K
1
Elsup S Mr(m(f)—ma(f)| < 3 27\/64TJ%V10gNOO(H,27k)
feM Tk k=K+1
o1
S (W - 2k> V4T, log N (H.274)
KoKt
?
/ \/64T0W10g./\/ (H,e)de
k=K+1

(05)
/\/Tawlog/\/ (M, £)de

having used in the second inequality a truncated Dudley entropy integral (Wainwright, 2019, Theo-
rem 5.22). Finally, the second term in (G.11) is obtained by divigind the last inequality by 7.

Bound for (N.C). We are now working to find the upper bound for the expected value of the
martingale offset complexity of a finite class of functions, E [MT [FKH where F is the 27

cover of the hypothesis space . Similarly to what has been done for (N.B), we start by notlclng
that, for any £ > 0,

exp {fE [HEI%X Mr(f) - ;ST(f>:| }
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<E {max exp {5 (MT - ;Sﬂf)) H (Jensen’s inequality)

1
EZFK E exp { (MT — 2ST(f)> }:|
= Z E |E |exp {f (2_: 46 (W, f(Xe))y — g ||f(Xt)||§> } ‘XT2H (total expectation)
ferx L =0
= Z E eXP{z_j 4(We, f(Xe))y — % |f(Xt)||§H
ferx L t=0

E [4 Wr_, F(Xr1))y — (X)) yxm}

(3.2) 1 2 3
25 e on{ S0 s, - Jisceoiz | e (s ol (-5 +56)
feFK
<1 by letting §=(320%,) 1
< (iterating over the subsequent filtrations)
1
<Nwo (H, 2K> ) (G.27)

Now, by taking the logarithm on both sides of (G.27) and using the value £ = (320%,)~! found
above, we obtain

1 1 (G.5)
E {Fé%iMT(f) - 2ST(]")} < 3203, log Ny <7—L, 21{) < 3208 log Now (H,7),
and the bound for the third term in (G.23) is obtained by dividing the terms above by T'.

Wrapping up. Putting the bounds for all the terms (N.2), (N.B) and (N. C) together, we obtain

7 6402, 1 i 202, 1 i
E My [H]] < 245 rYO%VJF/ \/6 o, og;\f (H.e) ;. 3200 og Noo (H, €) ey
é

T

Following the reasoning at the end of the proof for Theorem G.2, we have that in the scenarios of
our interest the integral does not diverge at § = 0. For this reason, in the final claim we will make
use of § = 0 and simplify the bound. O

H PROOFS OF THE EXCESS RISK BOUNDS IN SECTION 4

This section provides the proof of Theorems 4.1 and 4.2. As discussed in Section 4.1, the results
are derived leveraging the lower isometry event (F.3) and the bound on its probability presented
in Section F. Moreover, we make use of the regularizer’s properties elucidated in Section E, and
of (C(r), 2)-hypercontractivity proved in Section D.2. Ultimately, we obtain that our complexity-
dependent bounds on the excess risk feature three main ingredients: the complexity of the hypothesis
class, captured by the martingale offset complexity; the critical radius r identifying the set B(r)
and determining its size (thus, the covering number of its boundary, see Theorem F.2); and the
ground-truth regularizer W(f,). These results bring together the small-ball method with learning
with dependent data, and are the starting point for the derivation of our convergence rate results
presented in Section 5 and proved in Section L.

H.1 PROOF OF THEOREM 4.1 (RESULT IN PROBABILITY)

Theorem 4.1. Let Assumptions 1 to 3, 5 and 6 hold. Consider a parameter § > 8, and let f be
the solution of the estimation problem (3.3) with Az > 0, and let the radius p defining the effective
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hypothesis class .#” be such that p > 10U( f,). Then, on the event
40
Al n {)\T > 3 Mr [gzﬂ]}

we have that )

< OMyp [FP] 4+ 227V ( [y
o pmar, < O 271+ 220 0() +

Proof. We start by noting that .AE can happen in the following situations:

r2-

[l

W [|F - 7]

L2(QT PxiRYY)

. 2

(i) f— f.isin.Z? \ B(r), but it happens that || f — fill%pe < T t o Hf Xt) f*(X,g)H2
(see (4.1));

(iii) f is outside .Z*

The key idea of this Theorem is to prove that scenario (iii) cannot occur with our choice of the
regularization parameter Ay. We will now analyze each situation separately.

Case (i). This is the simple situation in which we are already in the . 2_ball with radius r, B(r),
leading to || f — f*”?(fZ(QT,PX;RdY) <r?
Case (ii). On this event, we have

2 g =1, . ¥ ¥ 2
< — _
* fz(QT,PXﬂRdY) - 7T ; Hf( T) f*( t) 9

G4 g T-1

< s ST AW, g(X0), — la(X0I3] + 220 (£)
9€FL =0

4.2)

< OMyp [FP] + 220 0(f,).

Case (iii). By Theorem D.1, the hypothesis space is convex, and the regularizer ¥(-) is continu-

ous: therefore, there exists R > 1 and h € 9.%7” such that f = fi» + R(h — f.). Additionally,
by Definition E.1(b), we have that

W) 2 U~ £.) ~ B(L) = W)~ W() 2 3 )

by virtue of our choice ¥(f, — h) = p and by the assumption W(f,) < . We can use this in our
construction and consider

- f« Xt)

Z< Fx0) — 150~ [ Fx — s+ 2ar (w05 - w()

t=0

(G )1

Theor em

= R\

Z (Weo h(X0) = fo(X0))y — B2 [0(X0) — folX0)|2 — 25 (W(h) — W(1.))
1

t=0

1 AT

<R |2 37 AW, B — S (X0, — 10X — F(X0IE 2T (w(n) — w(7,))
t=0

el
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mn [ =L 30\
<R | 20 AW A = £u(X0)), = 0(X0) = £(X0)3 - 255
t=0

However, by taking A > 40Mr [%#*] /(3p), the term in the square brackets becomes negative,
leading to an absurd statement.

In light of the analysis for cases (i)-(iii), it results that only cases (i) and (ii) are of interest under the
assumptions of Theorem 4.1. Therefore, it holds that

N 2
|£ - .
< OMy [FP] + 207 U(f,) + 12,

as we wanted to prove. O

22(QT Px;RIY) < min {QMT [F7] + 2200 (f2), 7"2}

H.2 PROOF OF THEOREM 4.2 (RESULT IN EXPECTATION)

Theorem 4.2. Let Assumptions 1 to 3, 5 and 6 hold. Having the set OB(r) that is (C(r), 2)-
hypercontractive, let .7, be a r/v/f-cover in the infinity norm of dB(r), and let N, (8B (r), %)
be the associated covering number. Consider the regularized empirical risk minimization problem

in (3.3) with regularization parameter satisfying Ay > %EW [Mr [#7]], where p > 10%(f.).
Then, letting B be the positive constant such that || f|| g r.gay ) < B forall f € .7, we have

’ < 4B*N | 0B(r) " e ST
T Vend

20T pxriv)| > o) TP eec, s
+0E My [Z7]] + Ar ¥ (fi) + 72,

E [Hf—f*

Proof. First, we observe that .%, is (C(r), 2)-hypercontractive as shown in Theorem D.3, and B-
boundedness of .% (thus, also of #* C %) follows from Theorem D.1.

We now use the lower isometry event A, in (F.3) to decompose the expected value as

([ = 2y = | (F = 2) s
+e[|(7- 1) e

where xg is the indicator function of the event 2, such that it is equal to 1 if 2 is true, and 0
otherwise. To obtain the desired bound, we proceed by analyzing the two addenda separately.

f=F

2
L2(QT PxiRiY)

2
] ; (H.2)

22(QT Px;RIY)

First scenario (A, is true). In the lower isometry event, we can write
E [H(f— 1) xa. ] <|F-2
Then, we can bound the norm on the right-hand side of such an expression by (2B)?2, being

s, [70) = 20|, <50 (|70 - g, 1@y ) <28
and the bound for Px (A,) follows by Theorem F.2. Ultimately, we obtain the bound for the first
addendum in (H.2) as

E U\ (F=1.) xa,

2 2

Px(A,).

22(QT Px;Ry) L2 (QT;Ry)

2 T 8T
< 4B? B — —— . H.
32(QT,]P’X;R4Y)] - Noo (8 (), \/§> exp{ 02CTS} (H.3)

Second scenario (A, is false). This case is treated as in the high-probability bound of Theo-
rem 4.1. Again, we express the cases leading to the realization of AE as (i) f € B(r); (i)
f € Z\B(r), butithappens that | f — £l %z qr p oy ) < 07 Y [1F(X0) = Fu(X0)|13: G
f e F\ .Z°. Along the lines of Theorem 4.1, we find an upper bound for the second addendum
in (H.2) by showing that, with our choice of A\, case (iii) does not happen.
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. N 2
CASE (1) When f € B(r), by definition we have that E {H Pt gQ(QT’PX;Rdy)} <2,

CASE (11) Following the steps in the proof of Theorem 4.1, in this high-probability scenario we
have that

2

B[ 7.

< OE [Myp [FP]] + 227V (f).
$2(QT7]P’X;RL1Y):| =0 [ T[J H+ Ar (f)

CASE (111) The argument in the corresponding part of the proof of Theorem 4.1 carries out also

. . . . 4
when considering the expected value, leading to an absurd conclusion as soon as Ay > %ZW.

Therefore, overall, the term for the case in which A, is false (i.e., the second addendum in (H.2)) is
upper-bounded by

E M (f - f*) X0

thus, the claim follows by upper-bounding (H.2) by the sum of (H.3) and (H.4). O

2

<72 4+ 0F My [ZP]] + 221U ( £, ); H.4
22(QT,JP’X;R<iY)] srt [ T[ ]]Jr T (f*)v (H.4)

I PROOFS OF CONVERGENCE RATE RESULTS IN SECTION 5

‘We now present the proofs of Theorems 5.1 and 5.2. These results build upon Theorems 4.1 and 4.2
and rely on specifying the martingale offset complexity bounds (Section G) and the covering number
of the boundary of B(r) (Section D.2). By setting the squared critical radius 7 be dominated by
the martingale offset complexity term, we obtain the desired complexity-dependent bounds for the
excess risk.

I.1 PROOF OF THEOREM 5.1 (RESULT IN PROBABILITY)

Theorem 5.1. Let Assumptions 1 to 6 hold, and let f be the solution of (3.3). Fix a probability of
failure ¢ € (0, 1), and assume the regularization parameter A satisfies

o4
= 37d

Croy +(CII+CIV)U12/[(11 Cri10%, log(1/9)
U(f)=F ()% U(f,) ’

where d = 25/2s+dx, d’ = 2dx/2s+dx, and C, Crr, Crrr and Cpy are constants depending only on
s,dx,dy and \/log(1/0). If the number of samples 7" satisfies

4s—dx

QQChS 1 zjii{fx 1\ Zs—dx 1 zﬁigx
T> 3 C’M< ) log 1+C’L< ) I (r) log(1/0)

r r

for r? = A\rU(f,) + 0%, /T and Cy,, Cpr, Cr, being uniform constants depending on py, %, 0, s, dx
and (2, then, with probability at least 1 — 64, the excess risk enjoys the following convergence rate:

) max {W(£.) 7/, w(£)7/ )
S C’slow
22(QT Px;R3Y) Td

aiy log(1/9)

+ Cfast T )

f=1

where Cs1 ., is a constant that depends on s, dx, dy, 0/, \/log(1/d), and Ct... is a constant that
depends on s, dx, dy .

Proof. The starting point is the bound in probability on the excess risk of Theorem 4.1 given in Equa-
tion (4.3). As one of its main ingredients is the bound on the martingale offset complexity, we start
the proof by characterizing such a bound reported in Theorem G.2 for the effective hypothesis space
FP. A key role is also played by the covering number of .%”, which is derived in Theorem C.4.
Next, we choose the parameters p, Ay and 2 according to the requirements of Theorem 4.1, and this
leads to the desired excess risk bound. The proof is concluded by characterizing the lower isometry
event probability, which leads to the specification of the burn-in time stated in the claim.
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Martingale offset complexity bound. We start by determining the bound for Mr [.#”] enter-

ing (4.3) using the general result of Theorem G.2. By setting u = y/2log(1/d) and v = 21og(1/9),
we have that, with probability at least 1 — 56,

7 [#7] < inf {Sm/ %(1 +1/210g(1/0)) + 84/ ? /OW VN (7, €)de

6402, log(1/9)
+ T

3203
+ = Noo (F7,7) + 472}.
By using the covering number result in Theorem C.4 and noting that, according to (G.22),

Y /1 dg% ,Ylfdx/2s
- de = ——— I.1
[ ) et b

the bound on the martingale offset complexity can be re-written as

2s+dx

d 4s 1
Mz [Z7] <7n;%{8w (1+ /210g(1/8)) + 8 UW e — (/) FE AL x/os
2s
ax
6402, log(1/6 3203 2e1d s

By following the reasoning presented in Liang et al. (2015) (see also Yang & Barron (1999)), mini-
mization over < is obtained by equating the last two terms in (I.2), which yields

2s+d ﬁ 2 2sfdx d
1= () () e

Plugging in such a value for 7 in (1.2), and recalling the definitions d = 2s/2s+dx and d’ =
2dx [2s+dx, we obtain

14+d 2 2
M 1] < 0 20 (% o+ 0 T () 00y TEAD) 0 B e

/2
Cr =8(1++/2log(1/9)) (8CCd1/d>
. / d 0\ T
where Cu =352 c 1’/ (806‘1;// ) i 1.3)
Crir =64
d
Crv =8 (sCa/”)

Choice of the parameters p, A\x and r. According to Theorem 4.1, we set the radius of the
effective hypothesis class .Z* to satisfy p = 10¥(f,); similarly, the regularization parameter is
chosen as A\ = g—gMT [#°]. Regarding the radius of the .#-ball B(r), we conveniently set it as

r? = AU (fy) + w. Thanks to these choices, the excess risk bound in (4.3) reads as

2 1+d , ( 2 )d

<(O+4) (cz T (V)T + O (VD)

*
$Q(QT,]PX ;Rdy)

+Crrr

e los1/0) | ¢, ok ) md/> ol losl1/s),

Now, noting that (1 + d)/2 > d, we obtain the desired claim, namely that
<C e {‘I’(f*)dl/47 ‘I/(f*)d//z} C o2, log(1/9)
gZ(QT IPX,RdY) = VUslow Td + Ctast T )
Corow = (0+4) (011od’/4 L 4 0104 /2624 + Owaggmd’ﬂ)
where
Crast = (0+4)Crrr+ 1.
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Characterization of the burn-in time. We conclude the proof by setting the probability of the
lower isometry event A,. equal to ¢, so that the overall claim can hold with the desired probability
1—5§ —0.

By Theorem F.3, we have the following bound for the probability of the lower isometry event:

2d x
dy Cm (1) %~ ix

4s—dy T 4d

1\ Z=dx T T—dx !
PyA) < [ (2 1 L
x(Ar) = L(r) + Py T TZCs

Taking logarithms on both sides of the last inequality, letting Cp; = C,,dy, we obtain that 7" has to
satisfy the condition

020 g 6dx 4s—dx 4d x
1 2s—d 1 2s—d 1 2s—d
T> Sh Cy (r) N log |1+ CL <T> )+ (r) " log(1/4)

The effective condition is obtained by substituting r*> = A\ W(f,) + o3, /7. O

1.2 PROOF OF THEOREM 5.2 (RESULT IN EXPECTATION)

Theorem 5.2. Let Assumptions 1 to 6 hold, and let f be the solution of (3.3) with regularization
parameter \p satisfying

4(C1 + Cr1)(ofy)?
3TU(f,) =%

where d = 25/2s+dx is the Sobolev minimax rate, d’ = 2dx/2s+dx, and Ct and C7; are constants
depending only on s, dx and dy. If the amount of samples 7" satisfies

HQC}LS 1 ﬁiffx 1 ﬁigx 1 % 0.2
T > - Cu | = log |[4B? | 1+Cp | - +log [ X )|,
8 r r r T

where B is such that || f|| o (7 ,gayy < Bforall f € F and Cyr, Cp, Cy, are constants depending
on ps,R,0,s,dx and (2, then the excess risk enjoys the following convergence rate:

e w(p)" 2 o

+C
T fast T T
where Ci1,, and Ct,; are constants that depend on s, dx, dy and o3,

)

2

<C
* fZ(QT,PX'-,RdY):| = “Uslow

Proof. Similarly to the proof of Theorem 5.1, we start by characterizing the bound on the expected
value of the martingale offset complexity of . ”. Next, by choosing the parameters p, Ar and r
according to the requirements of Theorem 4.2, we arrive to the desired claim on the bound. Finally,
we discuss the burn-in time by characterizing the lower-isometry event probability.

Martingale offset complexity bound. As stated in Theorem G.3, we have that

2 1
E M7y [Z*]] <1nf8\/ / V9og N (Fr,e)de —|—3 oiy og./\/ (7 7)+472.

v>0

Leveraging C.4 to characterize the metric entropy of .%#* and leveraging (I.l), such a bound can be
re-written as

25+dX dx

dx dx 3203 2stdx NS
ﬂ < s T 2s _ 2s - 2.
E My [Z ;r>1f08\/ . dx/gg (Vp) =yl T + W(Cedy > ) ( 5 + 4

As done in Liang et al. (2015); Yang & Barron (1999), we minimize the right-hand side by balancing
the last two addenda, which leads to

200dy \ TEIx [/ 2.\ Zotdx a
= <SCch 2SX> * (?) (\/ﬁ) 2s+}§lx_
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By substituting such a value of v in the martingale offset complexity bound, we obtain that
2

52\ 4
E [Mr [Z°]] < (Cr + Cry) (W> (vVp)*,

T
where we recall that d = 2s/2s+dx and d’ = 2dx/2s+dx, and the constants C; and C;I are equal to
2s—dy
. 84y/C.d% 1N 2@sFdx)
Cr =t (scaf)

O =8 (8Ccdé)d

Choosing parameters p, A7 and r. We proceed by following the requirements of Theorem 4.2,

setting p = 10¥(f,) and Ay = g—g]E [M7 [#7]]. Furthermore, setting 72 = 2ArU(f,) + %, we
obtain that the desired bound reads as

E || f ? <4B2N.. (0B(r), -~ 8T
Hf_f* ZQ(QTJPX;]RdY) = e o] (’r)?ﬁ exp _620(T)S

2

' d 4 2
+(0+4)10% (Cr + C1p) (”}V) \p(f*)7+%w. (14)

Characterizing the burn-in. We conclude the proof by imposing that the first term on the right-
2
hand side of (I.4) is upper-bounded by “?W, ie.,
T 8T o
4B*N,, [ 0B(r), —= - i<W
(0801 75) o0 ~grrs | < %

Leveraging Theorem F.3, we deploy the values for the covering number and the hypercontractivity
parameter and obtain that the number of samples T has to satisfy

62C, S (1) % % N 1\ 2= 2
e e =

T > b2 Cu |~ log [4B* [1+Cp (= +log ( TV

8 T r T 1

The effective condition for the burn-in is obtained by letting 72 = 2ArU(f,) + o3, /T Ultimately,
with such a choice of 7', we obtain that

T W(f)% o
E — Jx < Cs ow ™ g C ast T4
|: f f 2207 Px Ry ):| - 1 Td + fast T

where the constants read as

Cslow = (9+4)10%,(CI +OII)(0124/)d
C(fast = 2

O

J RESULTS FOR THE CASE WITHOUT PHYSICS-INFORMED REGULARIZATION

‘We now derive the bounds in the situation in which there is no physics-informed regularization (i.e.,
Ar = 01in (3.3)). The obtained bounds will be the benchmark against which we compare Theo-
rems 5.1 and 5.2, showing the impact of knowledge alignment in the excess risk bounds to obtain
faster convergence.

We start by recalling that, when physics-informed regularization is absent, the empirical risk mini-
mization problem (3.3) reads as

T—1
~ 1 5
f' = argmin — IY: — f( X5, Jd.1)
fes T ; t t)ll2
and the lower isometry event takes this expression:
1= 1
A, = sup =2 1A = 5 112 r pygavy <O - J.2)
FEFN\B(r) T; 9 QT Px;RIY)
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J.1 COROLLARY OF THEOREM 5.1 (RESULT IN PROBABILITY)

Corollary J.1. Let Assumptions I to 3, 5 and 6 hold, and let f’ be the solution of the estimation
problem (J.1). Setting 6 > 8, if

4s—dx 4d x

6dx
0%C, S 1\ Z—dx 1\ Z=dx 1 W
T> 8h Cum (r) " log |1+ CL <r> )+ (r) log(1/0) | ,

where C,, Cyr, C, are uniform constants, then the excess risk satisfies

2

Cl + Cfast T

L2(QT Px;RIY) — SIOWTd

with probability at least 1 — 60, where C"; _ is a constant that depends only on s,dx , dy , py, o2, 0
and \/log(1/6), and C’_, is a constant that depends only on 6.

Proof. We first adapt Theorem 4.1 to the non-regularized case, and then derive the bounds along the
lines of Theorem 5.1.

Expression for the bound. By adapting Theorem 4.1 to the lower-isometry event (J.2), we have
that the event (A’.)C happens in two scenarios:

2

() f' € B(r)

*llgzr pyriv) =

(i) f — f. belong to.Z \ B(r), but it holds that

0
(X < OMy [F
$2(QT Px;RIY) — T pord f ( t) T [ ]
Therefore, on (A”.)¢, we have that
. 2
"~ fa < OMry [F] + r?. 13
L2(QT Px;RIY) - T[ ] tr ( )

Bounding the martingale offset complexity. We can now rely on Theorem G.2 to bound the
martingale offset complexity: setting u = 1/21og(1/6¢) and v = 21log(1/6), and using Theorem C.3
to characterize the metric entropy of the hypothesis space .%, we have that

2s+dX

Cld, 25—
My [F] < mfsw (v/21og(1/6) + 1) +8\/0W e
>0 1-— dX/2s
dx
402, log(1 2 s
T T 'y

As done in Theorem 5.1, we balance the last two addenda to get

2s+dx m dx o2 ﬁ
v= <8Cédy = ) pyx (;Y) .

Substituting into (J.4) and recalling the definition of the Sobolev minimax rate d = 2s/(2s + dx),
we obtain

d+1

2

o A% Ao ()
Mr(#) <0 (T) T oy (D) + oo/ iy (%)
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254dy \ Totdyx dx
¢ =8 (8Cédy ) (1+ y/2log(1/8))p; ™
2stdx _2s—dy
. cld, 2° 2etdy | 22eHdx) oty
where Cry = T‘)/{/Qﬁ (SCédY 2 ) +dx
Crp =64
2s
2s+dx \ Zotdx 2dx
Crv =8(8cgdy 2 ) prrx.

Final expression for the bound. Going back to (J.3), noting that 7~ (4+1)/2 < 7= and setting
r2 < 0‘2,‘, /T, we obtain the bound for the excess risk

< C'élow 4 C;astJYQ/V log(l/é)
2L2(QT Px;RIY) Td T

where C%, = 0(C} + Cy; + Cpy) max{of® o3¢} and CL .. = 1+ (0)CY;;-

Characterization of the burn-in. Similarly to the derivation in Theorem 5.1, the burn-in condi-
tion consists in having the amount 7" satisfying

GQC}LS 1 25557&{)( 1 % 1 zjiifz(x
T> 3 Cu <T> log | 1+ Cp <7") + (7‘) log(1/4)

where r2 < J%V/T. O

J.2 COROLLARY OF THEOREM 5.2 (RESULT IN EXPECTATION)

Corollary J.2. Let Assumptions I to 3, 5 and 6 hold, and let f’ be the solution of the estimation
problem (J.1). Let B the infinity-norm bound of functions in % and 0 > 8. If the number of samples
T satisfies

9 4dx 2d x 4s—dx 2
0-CLS (1) 2s-4d 1)\ 25—d 1\ 25—4
7> 252 (YT o () o [aB2 (140 (=) 7| | 108 (T2
8 r r r T
withr < \/o%, /T and uniform constants Cy,, Cr,, Ciy, then we have that

2
=17~ <5

slow
C
22 QT Px; Rdy):| - Td + fast T
Proof. Similarly to the previous Corollary, we first adapt Theorem 4.2 to the non-regularized case
and then derive the bounds following Theorem 5.2.

Expression for the bound. Considering the lower-isometry event (J.2), we decompose the ex-
pected value as follows:

@

227 PX,RW)] [H (f f*) XA

2
gQ(QT Px,RdY)

2
e H ] (1.5)
Pl 2207 pyiriv)

(Y]
along the lines of the proof of Theorem 4.2. Looking at the two addenda separately:

() when A, is true, we have that

[(f f*) XA,

Px(A;)

Il goo (T RaY)

L2(0T Px; RdY):|
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Theorem F.2 r 8T
< 2 — S
< 4B*No (83(7“), \/§> eXp{ 020(7’)5}

by bounding the worst-case distance between f "and fy.
(1) when A is false, there are two scenarios possible (i) f' € B(r); or (ii) f € .Z \ B(r),
but it happens that || f/ — fellpe < % Z ||f (X¢) — f+(X¢)||3. Looking at these two

cases:

Q [/ - Fellipe (r py ayy < 2 by definition;

(11) ||f/ - f*||$2(QT,Px;RdY) S GMT [y]

Bringing all these terms together, the bound in (J.5) reads as

{ P Rdy)] < 4B2N, (aB(r), %) exp {—920822)5}

+ 0E M7 [F]] + 2. (J.6)
Bounding the martingale offset complexity. We can proceed by upper-bounding the martingale
offset complexity term by deploying Theorem G.3. Specifically, we have that

2 Y 2 ar
E My [#]] < inf 81/%’"/ Tog Ve (3’5)d6+32awlog£/oo (7)) |y
0

We deploy Theorem C.3 to provide the expression for the metric entropy of .# (see also the proof
of Theorem 5.2) and obtain

2s+d x
C'dy, > dx  2s-dx 320 2etdy ([ p s

E[M ] < inf8 a4 %y T WO’ & 4~?

Mr | inf \/ T P S + 4y

Balancing the last two terms of the right-hand side, we obtain

2s4dy  dy \ TEdx [ g2, \ THAx
(e ) ()

which we substitute back in the expression of the martingale offset complexity to get (recalling that
d = 2s/(2s + dx) is the Sobolev minimax exponent)

c,
E[Mr[#] < 24 + 4,
2s+dx ) s a d
, 75 2s+dyx dx \ 2s+d ax 4 _9dx
C'} = 87?522/25 <8CLdY * p{fs ) ; be ix
where J.7

2s
2<+dX dx ) 2s+dx

cl, ;8(80' =y

Final expression for the bound. We can now go back to the excess risk bound (J.6). We let
r? < 0%, /T, substitute (J.7) in the expected value for the martingale offset complexity, and let the

first addendum in (J.6) be upper-bounded by % Ultimately, this yields

cly o,
< __slow
|:‘ L2(QT Px; Rdy):l - Td +Cfast T
where Cliow =0(Cr+Cpp)(opy)?
C%ast = 2.
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Characterization of the burn-in. The bound has been obtained by imposing that the first adden-

dum in (J.6) satisfies
9 r 8T o
_ - LW
1B N (aB(T)’ \/§> exp{ 920(r)5} =T

Leveraging Theorem F.3, we deploy the values for the covering number and the hypercontractivity
parameter and obtain that the number of samples 7" has to satisfy

02008 [1\ T % 1\ =i 1\ =i 2

My 2y s
7> (2 Cu (= log [4B2 |1+ 0L (= +log [ W
8 r r r T

The effective condition for the burn-in is obtained by letting 72 = o3, /7. [

K ADDENDUM TO NUMERICAL TESTS

In the following, we provide in Section K.1 the full details of the numerical test presented in Sec-
tion 6, also providing more comments on the burn-in, the choice of the regularization parameter A,
and the impact of misaligned priors. Additionally, we present in Section K.2 an additional numerical
example, in which the prior is given by the Poisson equation.

K.1 UNICYCLE EXPERIMENT

Model set-up. We consider a nonlinear dynamical system that describes the dynamics of a unicy-
cle robot. The ground-truth model is given by

z1(t) = v(t) cos¥(t),
Za(t) = v(t) sind(t)
I(t) = w(t),
where (71, 72) € R? is the position of the robot on the plane, ¥ € [0, 7/2] is the orientation angle,
and (v, w) are the translational and angular velocities, respectively.

We simulate the continuous dynamics using a forward Euler discretization with step size dt = 0.05,
yielding the discrete-time dynamical system

T1441 = X1t + v cos(Vy)dt,
To 41 = Tay + vy sin(dy)de,
Vo1 = 9y + wedt.

We generate training pairs {(s;, u;), S¢+1} where s, = (21,4, 2+, Y;) and uy = (14, wy), corrupted
by an additive Gaussian noise on s, with variance o3, = 1.

Physics-informed regularization. The unicycle kinematics enforce that the velocity has no lateral
component. This constraint takes the form

q(st, ut) = (3327,54_1 — l‘gﬂg) COS 79t — ($17t+1 — xl,t) sinﬁt =0.

To promote models consistent with the physics, we penalize the squared .#’2-norm of this residual
over a compact domain of states and inputs, i.e.,

lallZaqy = /Q 4(€)*de, with € = (s, ).

We approximate the above integral with Monte Carlo sampling from the input domain §2. For each
mini-batch, we evaluate the residuals under the adopted predictor gy(s;, u¢) (which we specify be-
low) and compute
N
9 Q
||‘1H32(Q) = M)\]ET ) ; q(&)?, with &; uniformly sampled from Q.

The total loss combines the data mean squared error and the physics-informed penalty according
to (3.3). This ensures the learned predictor both fits noisy data and respects the no-slip constraint.
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Adopted estimator. We use a feedforward neural network gg: (s¢, us) € R — S¢41 € R3 to ap-
proximate the discrete-time dynamics. The architecture is a two-hidden-layer multilayer perceptron
(MLP) with ReLLU activation function and 64 inner nodes.

We train the estimator using the Adam optimizer with learning rate 0.5 x 10~3 and batch size
N = 200. We vary the effective number of training samples T over the range 7' € [300, 10°], and
compute the average learning rate after the burn-in.

Experiment regimes. We compare three learning regimes:

1. Without knowledge: A\ = 0.
2. With knowledge: the correct non-slip operator is enforced,

q(st,ur) = (To,041 — 2,) COSVy — (21,441 — T1,¢) SinVy.

3. Misaligned knowledge: an incorrect operator with two sources of error is enforced. First,
we use a multiplicative distortion of the physics, given by

Gis(Stsur) = (V2,041 — Ta,e) 08 Vy — B (T1,641 — 1,¢) sin s
for some 8 # 1. Second, we use an angle perturbation, where the physics operator is
evaluated using a perturbed angle 9,5 ; = ¥, +30, with 69 # 0. We obtain || 2( fi)]| #2 =
0.15 with 69 = 0.005 and 8 = 1.2, and || Z(f+)||.= = 0.50 with §¢ = 0.5 and 8 = 0.5.

Results. The top plot of panel of Fig-
ure 3 complements the results displayed in —
Figure 2 on page 10, presenting the log- ) : i seri D ORI
log plot of the empirical excess risk (es- )  miigned krowede it | = 045
timation error) as a function of the num- 10°
ber of samples 7. While Figure 2 dis-
played models trained with and without
physics-informed regularization, we now
illustrate the effect of incorrect physical
priors on the learning rate. Each curve
is obtained again by averaging over 20
independent random realizations of the
training data, with solid lines indicating To1 162 153 o8 105
the mean estimation error and shaded re- Number of samples T

gions denoting 95% confidence intervals.

We can observe that, when the degree of 100 o eemecdge (DU = 0:5)
misalignment is mild (for instance, when —— misaligned knowledge (ID(f.)] ~ 0.15)
12(fe)llez = 0.15), the estimator still
substantially benefits from incorporating
physics: the decay rate remains faster than
in the case without knowledge. In contrast,
when the misalignment grows larger (e.g.,
12(fs)]l.2 = 0.5), the advantage of the
prior diminishes, and the observed rate ap-
proaches the slower Sobolev minimax be-
havior of the purely data-driven estimator.
We summarize the empirical rates for all 10 10° 10° 10t 10°
the tests in Table 2. Number of samples T
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The bottom panel of Figure 3 reports the Figure 3: Log-log plots of the empirical excess risk
behavior of the regularization parameter (estimation error) for the unicycle experiment (top
A7 as a function of the sample size T. panel), shown as a function of the sample size 7. The
Consistent with our theory, as the prior gray shaded region on the left highlights the estimated
becomes increasingly unreliable, A7 must  burn-in period, after which the learning rate becomes
decrease more aggressively: this prevents apparent. The bottom panel displays the behavior of
the learner from enforcing an inaccurate the regularization parameter Ar as T increases.
physical bias too strongly, striking an ap-

propriate balance between data fit and

physics regularization.
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Table 2: Comparison of average learning rates for the unicycle experiment.

No-Knowledge Full-Knowledge Misaligned Knowledge Misaligned Knowledge
12(f)ll = =0 [|Z(f.)ll 2 = 0.15 12(f )&= =05

Unicycle T—0.646 T—O.993 T—0.972 T—0.7OO

Experiment

K.2 POISSON EQUATION EXPERIMENT

We complement the unicycle experiment with an additional numerical study based on a
two—dimensional Poisson equation. This example illustrates the same qualitative behavior observed
in the unicycle setting: physics-informed regularization accelerates convergence even when the data
are dependent.

Model setup. Consider the Poisson equation on the unit square 2 = [0, 1]%:

—Af*(:n,y) = g(ﬂc,y), for (x,y) € Q,

with homogeneous Dirichlet boundary conditions. We choose a ground-truth solution
fo(@,y) = sin(rz) sin(ry),
for which the forcing term is analytically given by
g(x,y) = 2% sin(wz) sin(7y).

The physical operator considered in the regularization term is the Laplace operator Z(f) = —Af,
which satisfies Assumption 4.

Sequential data generation. To illustrate the dependent-data setting, we generate inputs sequen-
tially. Starting from an initial point (zo, yo) drawn uniformly from (2, we propagate the trajectory
according to the stochastic Markovian dynamics

(@41, Ye41) = (Te,ye) + ¢, €4~ N(Oa Uztepﬂz)

with agtep = 0.05 and I is the 2 x 2 identity matrix. To make the generated data satisfy Assump-

tion 1, we project them onto € by clipping each coordinate.
At each time step we observe the noisy evaluation

Zy = [o(Xe, Vi) + W,

where W; is an additive Gaussian noise with variance o3, = 1.

Adopted estimator. We approximate f, with a multilayer perceptron with two hidden layers of
width 64 and ReLU activations. We train the estimator using the Adam optimizer with learning rate
0.5 x 1073, We vary the number of training samples 7' over the range T' € [10,5 x 10%]. The
approximated rate is computed after the burn-in time.

Experiment regimes. We compare three learning regimes:

1. Without knowledge: \r = 0.
2. With knowledge: use the correct operator Z2(f) = —Af.

3. Misaligned knowledge: enforce the incorrect physics prior

leading to the regularizer
12(f)ll 2= = 1 = Bln?,
where we use 3 = 0.93 to obtain | Z(fs)||.»2 = 0.7 and 3 = 0.8 for ||2(fs)||.«2 = 1.97.
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Results. Figure 4 reports the log—log
plot of the empirical excess risk as a func-
tion of the number of samples 7" for the
Poisson equation experiment, comparing
the learning curves obtained with the three
experiment regimes presented above. As
in the unicycle experiment, each curve is
computed by averaging over 20 indepen-
dent realizations of the training data, with
solid lines showing the empirical mean
and shaded regions representing 95% con-
fidence intervals. Consistently with the
theoretical predictions in Section 5, the es-
timator that incorporates the correct PDE
structure exhibits a faster decay of the es-
timation error than the purely data-driven
baseline.

Beyond the aligned-knowledge setting,
Figure 4 also highlights the effect of mis-
aligned physical priors on the conver-
gence behavior. When the degree of mis-
specification is moderate, for instance when

1071
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o
=
1102
wio
c
o
5
©
E
)
0 -3
710
—— wj/o knowledge
— with knowledge
—— misaligned knowledge (|2(f.)| = 0.70)
1041 — misaligned knowledge (|2(f.)| = 1.97)
'
10! 102 103 104

Number of samples T

Figure 4: Log-log plot of the empirical excess risk (estima-
tion error) as a function of the sample size 1" for the Pois-
son equation experiment. The gray shaded region on the left
highlights the estimated burn-in period, after which the learn-
ing rate becomes apparent.

12(f)ll£2 = 0.70, the learning rate remains signif-

icantly improved relative to the regime without knowledge, demonstrating robustness of physics-
informed regularization to small prior errors. On the other hand, as the misalignment increases
further, e.g., when || 2(f+)|| &2 = 1.97, the benefits of incorporating the PDE prior gradually di-
minish: the empirical decay rate slows down and approaches the behavior of the estimator trained

without physics. This transition mirrors the

trends predicted by our theory, where the rate interpo-

lates between the fast i.i.d.-like regime under knowledge alignment and the slower Sobolev minimax
rate as the prior becomes increasingly incorrect. For a summary of the obtained empirical average
learning rates obtained in the studied scenarios, we defer to Table 3.

Table 3: Comparison of Learning

Rates for the Poisson Equation Experiment.

No-Knowledge Full-Knowledge Misaligned Knowledge Misaligned Knowledge

Experiment
P 12 (£l oo

=0 [|2(f)l.g =0.70 12(f)llg= = 1.95

Poisson T70.741 T71.105

T—0.935 T—0.733
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