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A Proof of Proposition 1

For the direct effect, from Assumption 4, we can Taylor expand fi

(
wi,

Mi

Ni

)
as follows:

fi

(
wi,

Mi

Ni

)
= fi(wi, π) + f ′

i(wi, π)

(
Mi

Ni
− π

)
+ f ′′

i (wi, π
∗
i )

(
Mi

Ni
− π

)2

for some π∗
i between π and Mi

Ni
. Note that E

[(
Mi

Ni
− π

)
| G, f(·)

]
= 0 and E

[(
Mi

Ni
− π

)2
| G, f(·)

]
=

π(1 − π)/Ni. Therefore, the expectation conditional on the inference graph and the potential outcome
functions is

E
[
fi

(
wi,

Mi

Ni

)
| G, f(·)

]
= fi(wi, π) + E[f ′′

i (Wi, π
∗
i ) | G, f(·)]π(1− π)/Ni.

By (3), |f ′′
i (Wi, π

∗
i )| ≤ B, thus |E[f ′′

i (Wi, π
∗
i ) | G, f(·)]π(1− π)/Ni| ≤ Bπ(1− π)/Ni. Therefore,

τ̄DIR =
1

n

∑
i

E
[
fi

(
1,

Mi

Ni

)
− fi

(
0,

Mi

Ni

)
| G, f(·)

]
=

1

n

∑
i

(fi(1, π)− fi(0, π)) +O
(

B

mini Ni

)
.

For the indirect effect, recall that the total effect is

τ̄TOT(π) =
d

dπ
V̄ (π), V̄ (π) =

1

n

∑
i

Eπ[Yi|Y (·)].

For any π′ ∈ (0, 1), the Horvitz–Thompson estimate of V̄ (π′) is

V̂ (π′) =
1

n

n∑
i=1

Yi

(
π′

π

)Mi+Wi
(
1− π′

1− π

)(Ni−Mi)+(1−Wi)

.

Thus by taking the derivative of V̂ (π′), we can define

τ̂UTOT(π) =

[
d

dπ′ V̂ (π′)

]
π′=π

=
1

n

∑
i

Yi

(
Mi +Wi

π
− Ni −Mi + 1−Wi

1− π

)
.

We can verify that this estimator is unbiased for τ̄TOT(π) by following the line of argumentation in
Section 4.1. It can be naturally decomposed into two parts:

τ̂UTOT =
1

n

∑
i

Yi

(
Wi

π
− 1−Wi

1− π

)
+

1

n

∑
i

Yi

(
Mi

π
− Ni −Mi

1− π

)
= τ̂HT

DIR + τ̂UIND.

Recalling that τ̂HT
DIR is unbiased for τ̄DIR, we see that τ̂UIND is also unbiased for τ̄IND, thus
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τ̄IND = E[τ̂UIND | G, f(·)] = 1

nπ(1− π)

∑
i

E[Yi (Mi − πNi) | G, f(·)].

By Taylor expanding fi, we can rewrite τ̄IND as

τ̄IND =
1

nπ(1− π)

∑
i

E

[(
f ′
i(Wi, π)

(
Mi

Ni
− π

)
+

1

2
f ′′
i (Wi, π

∗
i )

(
Mi

Ni
− π

)2
)
(Mi − πNi) | G, f(·)

]

=
1

nπ(1− π)

∑
i

E [f ′
i(Wi, π) | G, f(·)]E

[
(Mi − πNi)

2

Ni
| G, f(·)

]
+

1

2nπ(1− π)

∑
i

E
[
f ′′
i (Wi, π

∗
i )

(Mi − πNi)
3

N2
i

| G, f(·)
]

=D1 +D2,

where D1 = 1
n

∑
i(πf

′
i(1, π) + (1− π)f ′

i(0, π)). For D2, note that

E

[(
f ′′
i (Wi, π

∗
i )

(Mi − πNi)
3

N2
i

)2

| G, f(·)

]
≤ B2E[(Mi − πNi)

6 | G, f(·)]
N4

i

.

Since each neighbor independently receives treatment with probability π, Mi follows a binomial distri-
bution: Mi ∼ Binomial(Ni, π). For a binomial random variable Mi, the central moments E[(Mi − E[Mi])

k]
generally scale as:

E[(Mi − E[Mi])
k] = O(N

k/2
i ) for k ≥ 2.

So we get E[(Mi − πNi)
6] = O(N3

i ). Hence D2 = O
(

B√
mini Ni

)
, and

τ̄IND =
1

n

∑
i

(πf ′
i(1, π) + (1− π)f ′

i(0, π)) +O
(

B√
mini Ni

)
.

Furthermore, by plugging in fk(w, x) we obtained in (2), we get the results in Proposition 1.

B Proof of Theorem 2

By Lemma 15 (Li & Wager, 2022) and the assumption that lim inf log ρN/ logN > −1, we have mini Ni =
Ω(NρN ), and

τ̂HT
DIR − τ̄DIR =

1

N

∑
i

fi(1, π)

π
+

fi(0, π)

1− π
+
∑
j ̸=i

Eij

Nj
(f ′

j(1, π)− f ′
j(0, π))

 (Wi − π) + op

(
B√
N

)
.

Define Ri = fi(1,π)
π + fi(0,π)

1−π . By Assumption 4, |f ′
j(1, π) − f ′

j(0, π)| ≤ 2B. For a fixed j, given Uj ,

Ejk
i.i.d.∼ Bernoulli(gN (Uj)). Thus we can rewrite as follow:

∑
j ̸=i

Eij

Nj
(f ′

j(1, π)− f ′
j(0, π)) =

∑
j ̸=i

Eij(f
′
j(1, π)− f ′

j(0, π))

(N − 1)gN (Uj)
−
∑
j ̸=i

Eij(f
′
j(1, π)− f ′

j(0, π))(Nj − (N − 1)gN (Uj))

(N − 1)gN (Uj)Nj
.

For the first term, define

E
[
Eij(f

′
j(1, π)− f ′

j(0, π))

gN (Uj)

∣∣∣∣Ui

]
= QN,i
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Then we have

E


∑

j ̸=i

Eij(f
′
j(1, π)− f ′

j(0, π))

(N − 1)gN (Uj)
−QN,i

2
 =

1

N − 1
E

[(
Eij(f

′
j(1, π)− f ′

j(0, π))

gN (Uj)
−QN,i

)2
]

≤ 1

N − 1
E

[(
Eij(f

′
j(1, π)− f ′

j(0, π))

gN (Uj)

)2
]
= O

(
B2

(N − 1)ρN

)
.

Therefore, the first term can be well approximated by QN,i as N → ∞.
For the second term, (Nj − Eij) ∼ Binomial(N − 2, gN (Uj)) conditional on U and f(·). Thus

Eij(f
′
j(1, π)− f ′

j(0, π))(Nj − (N − 1)gN (Uj))

gN (Uj)Nj
=

Eij(f
′
j(1, π)− f ′

j(0, π))((Nj − Eij + 1)− (N − 1)gN (Uj))

gN (Uj)(Nj − Eij + 1)
,

E
[
(Nj − Eij + 1)− (N − 1)gN (Uj)

gN (Uj)(Nj − Eij + 1)

∣∣∣∣U, f(·)] = 1

gN (Uj)
− E

[
N − 1

Nj − Eij + 1

∣∣∣∣U, f(·)]
=

(1− gN (Uj))
N

gN (Uj)
≤ (1− clρN )N

clρN
≤ e−CNρN

for some constant C. By following the lines of argumentation in Lemma 15-17 (Li & Wager, 2022), we
have

E


∑

j ̸=i

Eij

Nj

(
f ′
j(1, π)− f ′

j(0, π)−QN,i

)2
 ≤ CB2

NρN
.

Thus the Horvitz-Thompson estimator can be written as

τ̂HT
DIR = τ̄DIR +

1

N

∑
i

(Ri +QN,i)(Wi − π) + op

(
B√
N

)
.

Define

Qi = E
[
G(Ui, Uj)(f

′
j(1, π)− f ′

j(0, π))

g(Uj)

∣∣∣∣Ui

]
.

Using the dominated convergence theorem, the asymptotic behavior of QN,i will essentially mirror that
of Qi. Now we compute the variance of τ̂HT

DIR − τ̄DIR to get the central limit theorem:

E[(Ri +QN,i)(Wi − π)]2 = E
[
(Ri +QN,i)

2
]
E
[
(Wi − π)2

]
= π(1− π)E

[
(Ri +QN,i)

2
]

→ π(1− π)E
[
(Ri +Qi)

2
]
,

Then √
n(τ̂HT

DIR − τ̄DIR)
d−→ N

(
0, π(1− π)E

[
(Ri +Qi)

2
])

.
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