An Infinite-Feature Extension for Bayesian ReLLU Nets That
Fixes Their Asymptotic Overconfidence

Appendix A The Cubic Spline Kernel

Recall that we have a linear model f : [Cmin, Cmax] X REX — R with the ReLU feature map
¢ defined by f(z;w) := w' ¢(x) over the input space [cmin, Cmax] C R, Where cpmin < Cmax.
Furthermore, ¢ regularly places the K generalized ReLU functions centered at (c;)X , where
C; = Cmin + %(Cmax — Cmin) in the input space, and we consider a Gaussian prior p(w) :=
N (w ’ 0,0%2K *l(cmax — Cmin) I ) over the weight w. Then, as K goes to infinity, the distribution
over the function output f(z) is a Gaussian process with mean 0 and covariance

K
cov(f (), f(a) = 02%*7[_(le¢(x)T¢(x’) = 020‘“"“7[_(6““ ; ReLU(z; ¢;)ReLU(2; ;)

K
= o2 fnex Cnin ZH(fU —c)H(a' —¢;)(z — ;) (@' — ;)

K y
=1
Cmax — Cmin o
:02WZH(min(az,x')fci) (¢ —ci(z+2) +22'), (11)
i=1

where the last equality follows from (i) the fact that both = and =’ must be greater than or equal to ¢;,
and (ii) by expanding the quadratic form in the second line.

Let Z := min(z, z’). Since (11) is a Riemann sum, in the limit of K' — oo, it is expressed by the
following integral

lim cov(f(z),f(z") = o? H(z —c) (> —clx+2') +z2’) de
K—o0 Cmin
min{Z,cmax }
= 02H(Z — Cmin) / & —c(x+2') + zx' de

Cmin

B 1
= H(@ ~ o) |3 cha) -

1
; (22 = i) (@ + ') + (= = Coum)aa’
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where we have defined z := min{Z, ¢yax }. The term H(Z — cmin) has been added in the second
equality as the previous expression is zero if T < cpiy (since in this region, all the ReLU functions
evaluate to zero). Note that

H(Z — cmin) = H(z — cmin) H (2 — cmin)

is itself a positive definite kernel. We also note that c;,,x can be chosen sufficiently large so that
[—Cmax; cmax]d contains the data for sure, e.g. this is anyway true for data from bounded domains like
images in [0, 1]¢, and thus we can set z = Z = min(z, ).

Appendix B Proofs

Lemma 1. Let0 < 6 < 1, and let 0 > 0 be a constant. For any x,x' € RN with ||z|?,||z'||> < §
we have k(z,z';0?) € O(5°).

Proof. First, note that ||z||?, ||z’||> < § implies x;, 2} < § forall i = 1,..., N. By definition of the

1D DSCS kernel k !(x;, 2};0?), it is upper bounded by 02($6°) since #; = min(;,2}) < J; and
%

similarly for k !(z;,2}; 0%) by the symmetry of the DSCS kernel. Thus k' (z;, z}; 0%) € O(6*) and

hence k(x, x'; o2) also is, since it is just the average of {k'(z;, z}; 02)} Y. O



Before we begin to prove Proposition 2, we need the following lemma by Higham [35]. This lemma
is useful to show the approximation errors in (6) and (7).

Lemma 5 (Higham, 1994). Let Am = b and (A + AA)n = b+ Ab, and let E and d be a
matrix and vector with non-negative components, respectively. Assume that |AA| < €| E|| and

|Ab|| < €||d|, and that €| A7L||||E|| < 1, where € > 0. Then
(Al + [[m[l] A~ I£])
lm —n]| < — . (12)
1—elA|[E|
O
Proposition 2 (RGPR’s GP Posterior). Let f : RY x RP? — R be a ReLU BNN with weight
distribution N (0 | p,X), and let D := (T, ym)M_; =: (X,y) be a dataset. Assume that

e ||?, l2||? < & forallm = 1,..., M and any i.i.d. test point x € RN, with 0 < § < 1. Then
given an i.i.d. input point ., € RY, under the linearization of f w.r.t. 8 around p, the GP posterior

over f, is a Gaussian with mean and variance

E(f. | D) % fls 1) + RIC™ (y = F(X; 1), (6)
Var(f. | D) ~ g(x.) Sg(x.) + k(z.,.) — h]C 'h., (7)
respectively, where h, = (Cov(f(z.), f(x1)),...,Cov(f(z+), f(xar))) ", while C is the co-

variance matrix (Cov(f(wi),f(mj)))g, and f(X;p) = (f(zi;p),..., f(ear; )T, More-

over, the approximation error in (6) is in O ((6°(|C~ |[|m|)/(1 —63|C~ ) where m =
C~'(y — (X)), while the error in (7) is in O ((8°([|C~H ]| + |C~H|[[lml]]))/(1 = 6*[C~1]]))
where m = C~1h,.

Proof. Under the linearization of f w.r.t. @ around u, we have
F(@;8) ~ f(a;p) + Vo (2:6)],. " (6 — p).
~————
=:g(x)
So, the distribution over the function output f (), where 8 has been marginalized out, is given by

f(x) ~ N(f(z; ), g(z) " Sg(z))—see e.g. Bishop [36, Sec. 5.7.3]. The definition of RGPR in (5)
thus implies that

F(@) ~ N (f (s ), g(x)" Bg () + k(, z)),
since f(«) is a sum of two Normal r.v.s. Note that we can see this distribution as a marginal distri-

bution of a Gaussian process with a mean function f(-; u) and a kernel (z, z) > g(x) " Zg(z’) +
k(zx,x’). Thus, we write the following GP prior

f@) ~ GP(f (@), g(2) Sg(a’) + k(z,z)).

=k(z,z')

Our goal is to find the corresponding GP posterior under the dataset D.

Let ., € RY be an arbitrary test point. The GP posterior at x., i.e. the predictive distribution of
f« := f(xy), is thus identified by the following mean and variance (see e.g. [17]):

E(f | D) = f(za;p) + F(ze, X) TR(X, X) " (y — f(X; 1)) (13)
Var(f, | D) = k(z., @) — k(z,, X) TR(X, X) k(z,, X), (14)
where we have used the shorthand k(x., X) := (k(x.,21),..., k(s zar)) " and k(X, X) is

the M x M kernel matrix of k under the training inputs X. For the latter we can also write
k(X,X) = C + k(X, X), where C is the kernel matrix of g(x) " Xg(z’) under X.

Since we assume ||,y ||, [|[|* < & forallm = 1,..., M and any i.i.d. test point 2 € R, we have
k(x,x,,) ~ 0. Thus, we have k(X , X) ~ C and

E(@., X) ~ (g(x.) 2g(x1), ..., g(z.) Sg(zum))"
= (Cov(f (@), f@),- ., Cov(f (@), @) = ha,



where the covariances above are of the network’s outputs under the linearization. And so the mean
and the variance of the GP posterior simplify to

E(f. | D) ~ f(zepm) + h]C7 y — f(X; )
and

Var(f. | D) ~ g(x.) Bg(x.,) + k(x,,x,) — h] C 'h,.

The only thing that remains is to obtain the approximation errors of both the mean and variance above.
Using Lemma 5, we find the error of (C + k(X , X)) }(y — f(X;p)) in (13) due to RGPR, i.e.
we quantify the error caused by § presents in k(X , X ). Weset A =C, AA =k(X,X),and b =
y—f(X; ). Moreover, we setm = C~!(y— f(X;p)) andn = (C+k(X, X)) L (y—f(X; ).
For simplicity, we let E := 117 and set ¢ = §°¢ for some constant c s.t. the conditions in Lemma 5
are satisfied. Note that the §° term in € is so that the condition |A A|| < ¢|| E|| is satisfied, since one
can write [|AA|| = co|| E|| where ¢ € O(6%). Moreover, we set d = 0 since Ab = 0. Plugging
these into (12), we thus have

A lm|

— cE0l —— .

i~ < 0 (T 5% )

Combining this with the O(6?) error in the approximation k(z., X) a h., we conclude that using
(6) as an approximation of (13) incurs an error of

o (FIA lmly
18 A-Y|
which is small since 6 € (0, 1).

For the approximation error of the variance, we use A, AA, FE, and ¢ as before. But, here we
set b = h,, Ab = k(z.,X), and d = 1. Moreover, we set m = C~'h, and n = (C +
k(X,X)) ' (hs + k(x«, X)). Then, plugging them into Lemma 5, we obtain
FAT + AT lm])

= AT |

||mn||€0<

Combining this with the approximation error in k(x,, X) ~ h, as before, we obtain the desired
result. O

To prove Lemma 3 and Theorem 4, we need the following definition. Let f : RY x RP — R
defined by (x, @) — f(x; 0) be a feed-forward neural network which uses piecewise-affine activation
functions (such as ReLU and leaky-ReLU) and are linear in the output layer. Such a network is called
a ReLU network and can be written as a continuous piecewise-affine function [37]. That is, there
exists a finite set of polytopes {Q;} 1 ;—referred to as linear regions f—such that U ;Q; = RY
and f|¢, is an affine function for each ¢ = 1, ..., P [3]. The following lemma is central in our proofs
below (the proof is in Lemma 3.1 of Hein et al. [3]).

Lemma 6 (Hein et al., 2019). Let {Q;}2 | be the set of linear regions associated to the ReLU
network f : RNV x RP — RY, For any & € RN with « # 0 there exists a positive real number (3
and j € {1,..., P} such that ax € Q; forall o > . O

Lemma 3 (Asymptotic Variance Growth). Let f : RN xRP — R be a pre-trained ReLU network
with posterior N'(0 | p, ) and fbe obtained from f via RGPR. Suppose that the linearization of f
w.r.t. @ around p is employed. For any x, € RY with x, # 0 there exists 3 > 0 such that for any
a> Bandeachc=1,...,C, the variance Var(f(©) (az,)) under (9) is in ©(a3).

Proof. Letx, € RN with ., # 0 be arbitrary. By Lemma 6 and definition of ReLU network, there
exists a linear region R and real number 3 > 0 such that for any o > (3, the restriction of f to R can
be written as

flr(ax; 0) = W(azx) + b,



for some matrix W € RE*¥ and vector b € R, which are functions of the parameter 6, evaluated
at p. In particular, for each ¢ = 1,.. ., C, the c-th output component of f|r can be written as

felr = w/ (az) + b,
where w, and b, are the c-th row of W and b, respectively.

Letc € {1,...,C} and let j.(ax,) be the c-th column of the Jacobian J(a:,) as defined in (1).
Then by deﬁmtlon of p(f. | ., D), the variance of f.|p(ax,)—the c-th diagonal entry of the
covariance of p(f, | ., D)—is given by

var(fo| ploxs)) = je(am,) T Bje(am,) + k(aw,, az,).
Now, from the definition of the DSCS kernel in (4), we have
1Y o? o &
k(azy, ax,) = N Zk QL iy A i) = i ;oﬁ?xii =N ;kl(z*i,z*i) € 0(a?).
Furthermore, we have

. . T
jelax,) "S5 (ax,) = (a(ngc|”)Tw + Vobe|u) = (a(ngc|”)T:c + Vobe|u) -

Thus, j.(ax,) T Tjc(az, ) is a quadratic function of ov. Therefore, var(f.|z(aa,)) isin ©(a3). O

Theorem 4 (Uniform Asymptotic Confidence). Ler f : RN x RP — R be a C-class pre-

trained ReLU network equipped with the posterior N (0 | p, X)) and let fbe obtained from f via
RGPR. Suppose that the linearization of f and the generalized probit approximation (2) is used for

approximating the predictive distribution p(y. = ¢ | ax., f, D) under f. For any input x, € RV
with &, # 0 and for every classc = 1,...,C, we have lim,_, oo p(y« = ¢ | azy, f,D) =1/C.

Proof. Let x, # 0 € R be arbitrary. By Lemma 6 and definition of ReLU network, there exists
a linear region R and real number 5 > 0 such that for any o > 3, the restriction of f to R can be
written as
flr(ax) = W(azx) + b,

where the matrix W € RE*Y and vector b € R are functions of the parameter 6, evaluated at p.
Furthermore, for ¢ = 1, ..., C we denote the ¢-th row and the ¢-th component of W and b as w; and
b;, respectively. Under the linearization of f, the marginal distribution (9) over the output f(ax)
holds. Hence, under the generalized probit approximation, the predictive distribution restricted to R
is given by

exp(me(a®.) re(a.))

N7 exp(my(az,) ki(az.))
1

1+ Z;C exp(m;(amx,) Ki(ax,) — me(ax,) ke(ax,))

Py« = c| aw,, D) =

9

=:zic(amy)
where foralli =1,...,C,

mi(ax,) = filr(ax; p) = w, (ax) +b; € R,

and

ki(ax) = (1 +7/8 (vii(axy) + k(az., ax,))) " * € Rug.
In particular, for all i = 1,...,C, note that m(ax,); € O(a) and k(ax); € O(1/a?) since
vii(axy) + k(ax,, azx,) is in ©(a?) by Lemma 3. Now, notice that for any ¢ = 1,. .., C and any
ie{l,...,C}\ {c}, we have

zic(axy) = (my(axy) ki(ax,)) — (me(axy) ke(ax,))
= (ki(amy) w; — ke(am,) we) T () + Ki(ax,) by — ke(ax,) be .
—_— Y
@(1/0%) O(l/a%> @(1/0%) @(1/0%)



Thus, it is easy to see that lim, o 2;c(ax,) = 0. Hence we have

~ 1 1 1
lim p(y. = c|az,,D) = lim c = c ek
a=roo @700 1 + 37 exp(zic(axy) 1437 exp(0)
as required. O

Appendix C Modeling Residuals with GPs

The method of Blight and Ott [5], henceforth called BNO, models the residual of polynomial
regressions. That is, suppose ¢ : R — RP? is a polynomial basis function defined by ¢(z) :=
2 DP=1) K is an arbitrary kernel, and w € R” is a weight vector, BNO assumes

(Lz,2%,...,x
flz) =w ¢p(x)+ f(z),  where f ~ GP(0,k).

Recently, this method has been extended to neural networks. Qiu et al. [7] apply the same idea—
modeling residuals with GPs—to pre-trained networks, resulting in a method called RIO. Suppose
that f,, : RY — R is a neural-network with a pre-trained, point-estimated parameters p. Their
method is defined by

~ o~

f(@) = fu(@) + f(x),  where f~ GP(0,kio).

The kernel kjo is a sum of RBF kernels applied on the dataset D (inputs) and the network’s predictions
over D (outputs), hence the name IO—input-output. As in the original Blight and Ott’s method, RIO
also focuses on modeling predictive residuals and requires GP posterior inference. Suppose that
m(x) and v(x) is the a posteriori marginal mean and variance of the GP, respectively. Then, via

standard computations, one can see that even though f is a point-estimated network, f is a random
function, distributed a posteriori by

@) ~ N (@) + m(@), (=) .

Thus, BNO and RIO effectively add uncertainty to point-estimated networks. But, there is no
guarantee that they preserve the original predictive performance of f since m is in general non-
vanishing.

The posterior inference of BNO and RIO can be computationally intensive, depending on the number
of training examples M: The cost of exact posterior inference is in ©(M?). While it can be alleviated
by approximate inference, such as via inducing point methods and stochastic optimizations, the
posterior inference requirement can still be a hindrance for the practical adoption of BNO and RIO,
especially on large problems.

Appendix D Additional Experiments

D.1 Asymptotic Regime

As a gold standard GP baseline, we compare against the method of Qiu et al. [7] (with our DSCS
kernel). We refer to this baseline simply as GP-DSCS. The base methods, which RGPR is imple-
mented on, are the following recently-proposed BNNs: (i) Kronecker-factored Laplace [KFL, 25], (ii)
stochastic weight averaging-Gaussian [SWAG, 26], and (iii) stochastic variational deep kernel learn-
ing [SVDKL, 27]. All the kernel hyperparameters for RGPR are set to a constant value of 1 x 10710
since we focus on the asymptotic regime. In all cases, MC-integral with 10 posterior samples is used
for making predictions. We construct a test dataset artificially by sampling 2000 uniform noises in
[0, 1] and scale them with a scalar & = 2000. The goal is to achieve low confidence over these
far-away points.

The results are presented in Table 2. We observe that the RGPR-augmented methods are significantly
better than their respective base methods. In particular, their confidence estimates are significantly
lower than those of the vanilla methods, becoming closer to the confidence of the gold-standard
GP-DSCS baseline. This indicates that RGPR makes BNNs better calibrated in the asymptotic
regime.



Table 2: RGPRs compared to their respective base methods on the detection of far-away outliers.
Values are average confidences. Error bars are standard errors over three prediction runs. For each
dataset, the best value over each vanilla and RGPR-imbued method (e.g. KFL against KFL-RGPR)
are in bold.

Methods CIFAR10 SVHN
GP-DSCS 22.0+0.2 22.1£03
KFL 64.5+£0.7 63.4£1.5
KFL-RGPR 29.9+03 27.5+0.0
SWAG 63.5£1.8 50.24+4.2
SWAG-RGPR 29.3£0.2 27.5+0.0
SVDKL 46.4£03 49.1+0.2

SVDKL-RGPR  22.0£0.1 22.1+0.1

Table 3: CIFAR10-C results. Values are mean over all corruptions.

NLL ECE Brier Confidence Accuracy

MAP 1.066 0.226 0.402 0.887 0.739
Temp. 0914 0.147 0.378 0.842 0.739
DE 0.909 0.110 0.354 0.840 0.752
GP-DSCS 1.096 0.232 0413 0.888 0.734
LLL 0.872 0.080 0.363 0.800 0.739
LLL-RGPR-LL 0.870  0.079  0.363 0.796 0.738
LLL-RGPR-OOD 0.869 0.095 0.363 0.717 0.738

D.2 Training Details

For LeNet, we use Adam optimizer with an initial learning rate 1 x 102 while for ResNet, we use
SGD with an initial learning rate of 0.1 and momentum 0.9. In both cases, the optimization is carried
out for 100 epochs using weight decay 5 x 10~* on a single GPU. We also reduce the learning rate
by a factor of 10 at epochs 50, 75, and 90. Test accuracies are in Table 6.

D.3 Non-Asymptotic Regime
D.3.1 Dataset shift

In Table 3 we present the non-normalized numerical results to complement Fig. 6. RGPR in general
improves the vanilla LLL.

D.3.2 OOD detection

We expand Table 1 in Table 7. In the same table, we additionally show the mean confidence values
[38, MMC,]. For CIFAR10, SVHN, and CIFAR100, we test each model against FMNIST (called
FMNIST3D) to measure the performance on grayscale OOD images. Finally, we also show the OOD
detection performance via additional AUROC and area under precision-recall curve (AUPRC) metrics
in Table 8.

Additionally, we compare RGPR with recent non-Bayesian baselines: (i) the Mahalanobis detector
[32] and (ii) deterministic uncertainty quantification (DUQ) [33]. Values are taken directly from
the original papers—they used the same architecture as in this paper. Table 4 shows that a RGPR-
equipped BNN is better than the Mahalanobis detector. Moreover, LLL-RGPR-OOD is competitive
to DUQ, but without the drawback of reducing test accuracy.



Table 4: RGPR against recent non-Bayesian baselines. The OOD detection metric is AUROC.

CIFAR10 vs. LSUN  CIFARI10 vs. SVHN

Mahalanobis 89.2 91.5
LLL-RGPR-OOD 92.6 95.8

Test Acc. CIFAR10 vs. SVHN

DUQ (A =0) 94.2 86.1
DUQ (A =0.5) 932 92.7
LLL-RGPR-OOD 9.3 92.6

Table 5: Expected calibration errors (ECE).

MNIST CIFAR10 SVHN CIFAR100

MAP 6.7 13.1 10.1 8.1
Temp. Scaling 11.4 3.6 2.1 6.4
ACET 5.9 15.8 11.9 10.1
OE 14.7 15.8 11.0 25.0

D.3.3 Hyperparameter tuning

We present the optimal hyperparameters (crlz)lL:_O1 in Table 9. We observe that using higher represen-
tations of the data is beneficial, as indicated by non-trivial hyperparameter values on all layers across
all networks and datasets.

D.3.4 Natural images for tuning

We present OOD detection results via different Dy, for tuning o2, in Table 10. Specifically, we
use the ImageNet32x32 dataset [34], which represents natural image datasets, and is thus more
sophisticated than the noise dataset used in the main text. Nevertheless, we observe that the OOD
detection performance is comparable to that of the noise dataset, justifying the choice of Dy we
have made in the main text.

D.3.5 Calibration is at odds with OOD detection

As noted in the main text, we observe that employing OOD data for tuning o2 degrades the in-
distribution calibration (as measured by the ECE metric) of RGPR. In Table 5 (taken from Table 5 of
Kristiadi et al. [2]), we can see that even recent OOD training methods with many more parameters
than RGPR such as ACET [3] and OE [18] degrade the in-distribution ECE. However, note that
ACET and OE represent state-of-the-art OOD detectors. Hence, it is reasonable to conclude that this
issue does not seem to be inherent to RGPR.

D.4 Regression

To empirically validate our method and analysis (esp. Lemma 3), we present a toy regression results
in Fig. 7. RGPR improves the BNN further: Far away from the data, the error bar becomes wider. For
more challenging problems, we employ a subset of the standard UCI regression datasets. Our goal
here, similar to the classification case, is to compare the uncertainty behavior of RGPR-augmented
BNN baselines near the training data (inliers) and far away from them (outliers). The outlier dataset
is constructed by sampling 1000 points from the standard Gaussian and scale them with o = 2000.
The metric used is the predictive error bar (standard deviation), i.e. the same metric visually used in
Fig. 7. Following the standard practice (see e.g. Sun et al. [39]), we use a two-layer ReLU network
with 50 hidden units. The Bayesian methods used are LLL, KFL, SWAG, and stochastic variational
GP [SVGP, 16] using 50 inducing points. Finally, we standardize the data and the hyperparameter for
RGPR is set to 0.001 so that Proposition 2 is satisfied. The results are presented in Table 11. We can
observe that RGPR retain high confidence estimates over inlier data and yield much larger error bars
compared to the base methods.



Table 6: OOD data detection in terms of FPR@95. All values are in percent and averages over five
OOD test sets and over 5 prediction runs.

Methods MNIST CIFAR10 SVHN CIFAR100
Ace. 1

MAP 99.4 94.3 97.1 76.7
Temp. Scaling 99.4 94.3 97.1 76.7
Deep Ens. 99.6 95.3 97.4 79.5
GP-DSCS 99.3 93.9 97.0 76.6
LLL 99.4 94.3 97.0 76.7
LLL-RGPR-LL 99.2 944 97.0 76.7
LLL-RGPR-OOD 99.1 94.3 96.9 76.6
ECE |

MAP 54 13.9 133 6.4
Temp. Scaling 9.9 6.7 7.5 4.7
Deep Ens. 12.5 2.8 1.3 1.9
GP-DSCS 4.5 144 13.6 8.2
LLL 14.0 2.8 12.9 4.7
LLL-RGPR-LL 15.8 3.6 13.1 5.7
LLL-RGPR-OOD 19.6 12.5 15.9 15.8

Table 7: OOD data detection results in terms of MMC and FPR@95 metrics. All values are averages
and standard errors over 10 prediction trials.

MAP Temp. Scaling Deep Ens. GP-DSCS LLL || LLL-RGPR-LL  LLL-RGPR-OOD
Datasets MMC| FPR, MMC| FPR, MMC| FPRL MMC| FPR, MMC| FPR||| MMC| FPR| MMC| FPR|
MNIST 99.2 - 995400 - 991 - 992400 - 974400 - 1] 97.0£0.0 - 96.1£0.0 -
EMNIST 7801 245 834400 249£00 741 214 77.64£00 247400 627400 233%0.1|[55740.0 219401 494200 21.740.1
KMNIST 731 143 793400 141400 631 56 722400 132400 527400 63400 |[17.1£0.0 04£0.0 15600 0.0+0.0
FMNIST 798 268 850400 27.3£00 717 113 791400 255+0.1 64.6+00 19102 |[18.1£0.0 1.3£0.0 155400 0.0+0.0
GrayCIFARIO 857 3.6 934400 43£00 727 0.0 852+00 35+00 611400 05400 |[151£0.0 0.0£0.0 151£0.0 0.0+0.0
UniformNoise ~ 100.0  100.0 100.00.0 100.0+£0.0 999 1000 100.0+£0.0 100.0£0.0 95740.0 99.70.0 || 15.1£0.0 0.0+£0.0 151+00 0.0+0.0
CIFAR10 97.0 - 950400 - 956 - 969400 - 934400 - 1] 931400 - 85.9+0.0 -
SVHN 625 293 537400 256400 597 370 69.0400 40.0+0.1 470400 24.840.1 |[46740.0 25.140.1 40.6:0.0 233402
LSUN 745 527 659400 487400 656 503 76.6+00 551403 58.5+0.1 44107 || 574401 42.9+0.6 48.5+0.1 40.0:£0.5
CIFAR100 794 615 724400 594£00 707 580 80.0+£0.0 625+0.1 660400 582402 |[653£0.0 582402 55.6:£0.0 54.7+0.2
FMNIST3D 714 453 628400 410400 630 441 726£00 479402 534400 347402 |[52.6+0.0 345402 36.6+£0.0 164:+0.3
UniformNoise 647 262 547400 195403 739 860 758201 553+04 30.1:40.0 2.8+0.1 |[37.940.1 22402 320401 17403
SVHN 985 - 976400 - 978 - 985400 - 924400 - 1] 922400 - 88.0£0.0 -
CIFARI0 704 183 647400 180400 572 119 709400 198400 417400 1504+0.1 || 412400 149401 349400 14.740.1
LSUN 717 187 660400 190400 560 100 722400 201402 42940.1 162405 |[42.04£0.1 155+0.2 32.3+£0.1 11.9+0.3
CIFAR100 713 204 657400 20.1£00 576 126 71.8400 222+0.0 432400 17.7+0.1 || 425400 17.540.1 352400 16.00.1
FMNIST3D 725 219 669400 217400 619 200 728400 229400 453400 201.5%0.1 |[38.940.0 12.60.1 16.8+0.0 0.0+0.0
UniformNoise 689 140 627+£0. 136202 481 38 688201 149402 41.0+0.0 12.5£05 |[ 395401 114404 27.3+0.1 41402
CIFAR100 81.3 - 789400 - 802 - 822400 - 744400 - || 734400 - 62.8+0.0 -
SVHN 535 789 491400 783£00 447 655 468+00 682400 426400 774302 |[42.040.0 782403 349+0.0 79.7+0.2
LSUN 507 747 466400 750400  47.1 760 53.6£00 768+0.1 39.6+0.1 73.5+0.5 || 38.0+0.1 73.7+£0.3 30.3+£0.0 75.7+0.6
CIFARI0 533 783 493400 780400 513 769 560400 78.8+0.0 441400 77.9402 |[43.040.0 78.3£0.3 34.9+0.0 79.1+0.2
FMNIST3D 389 608 348400 600400 381 596 443400 655+0.1 30.0400 586402 || 29.04£0.0 58.6:+£0.3 16.8£0.0 38.7+0.3
UniformNoise 294 558 257401 555404 451 949 31.6£0.1  49.940.1 22.040.1 47.0404 || 17.14£0.1 240408 14300 29.6+0.5

200 200 200
100 100 100
0 0 0
—100 —100 —100
—200 —200 —200
—15—-10 =5 O 5 10 15 —15-10 =5 O 5 10 15 —15-10 =5 O 5 10 15
(a) MAP (b) BNN (c) BNN-RGPR

Figure 7: Toy regression with a BNN and additionally, our RGPR. Shades represent -1 std. dev.



Table 8: OOD data detection results in terms of AUROC and AUPRC metrics. All values are averages
and standard errors over 10 prediction trials.

MAP Temp. Scaling Deep Ens. GP-DSCS LLL || LLL-RGPR-LL LLL-RGPR-OOD
Datasets AUROC | AUPRC| AUROC| AUPRC| AUROC| AUPRC| AUROC| AUPRC| AUROC| AUPRC|||AUROC| AUPRC| AUROC| AUPRC |
MNIST - - - - - - - - - - - - - -
EMNIST 95.0 89.6 949400 89.5+0.0 95.7 912 948400 89.04£0.0 942400 86.8+00 | 945400 87.6+£00 94.5+£0.0 87.8+0.0
KMNIST 96.0 930  96.1+£0.0 93.5:+0.0 98.3 97.6  964+0.0 937400 984:+0.0 983400 | 998400 99.8+0.0 99.8-+0.0 99.8:£0.0
FMNIST 922 858 922400 86.2+0.0 96.6 940 927400 86.5+£0.0 96.8+0.0 96.9+00 || 997400 997400 99.8+0.0 99.8+0.0
GrayCIFARI0 98.0 98.5 97.840.0 98.4:+0.0 99.0 994 980400 986400 985+0.0 99.0+00 | 999400 100.0£0.0 99.8+0.0 99.9+0.0
UniformNoise 0.1 598 0.4+0.0 60.1£0.0 426 765 01400 598400 84.6+0.1 963+00 || 999400 100.0£0.0 99.8:0.0 100.0-£0.0
CIFAR10 - - - - - - - - - - - - - -
SVHN 95.7 91.0 961400 91.2:0.0 95.2 920 936400 856400 963+0.0 92.1+00 || 962400 919400 958400 90.2:+0.0
LSUN 91.8 99.6 922400 99.6:£0.0 92.8 99.7 907400 99.6+0.0 927400 99.7+00 || 928+£0.0 997400 92.6400 99.7+0.0
CIFAR100 87.3 837 874400 83400 90.1 89.5 86.3+0.0 824400 88.0+£0.0 847+00| 87.9400 84.5+£0.0 87.0£0.0 82.9+0.0
FMNIST3D 929 922 933+£0.0 92.5+0.0 94.0 945 923+0.0 91.6+0.0 947400 945+00 || 947400 94.5+£0.0 974400 97.5+0.0
UniformNoise 96.7 992 97.1£0.0 99.3+0.0 9238 984 942400 987400 98.8+£0.0 99.7+00 || 989400 99.740.0 98.9+0.0 99.8:+£0.0
SVHN - - - - - - - - - - - - - -
CIFARI0 954 970 954400 96.9+0.0 97.5 989 950400 967400 97.3+0.0 98.9+00 || 973400 989400 97.4£0.0 99.0+0.0
LSUN 95.6 99.9  95.6+0.0 99.9:+£0.0 98.0 1000 951400 999400 97.4+0.0 100.0+00 || 974400 100.0£0.0 98.0+£0.0 100.0+£0.0
CIFAR100 94.5 964 945400 96.4:£0.0 97.3 98.7 941400 961400 96.8+0.0 98.7+00 | 969400 987400 97.14£0.0 98.8+0.0
FMNIST3D 94.2 964 942400 96.4:0.0 9.5 98.5 941400 964+0.0 96.0+£0.0 982+00 | 978400 992400 99.9+0.0 100.0+£0.0
UniformNoise 96.8 997 96.940.1 99.7£0.0 98.9 99.9  96.740.1 997400 97.7400 99.8+0.0 || 97.940.0 99.8+00 988400 99.9+0.0
CIFAR100 - - - - - - - - - - - - - -
SVHN 78.8 637 79.3+£0.0 64.2:£0.0 84.6 732 844400 733£00 80.3+£0.0 66.6+00 || 799400 657400 78.0£0.0 58.7+0.0
LSUN 81.1 99.1  81.240.0 99.1£0.0 83.2 992 80.3£0.0 99.1+£0.0 82.5+0.1 992400 || 8294+0.1 992400 82.3£0.0 99.2+0.0
CIFAR10 78.7 778 789400 77.9+0.0 80.1 79.6 781400 772400 789+0.0 77.6+00 || 789400 777400 77.940.0 75.6+0.0
FMNIST3D 87.4 869 87.8400 873400 89.0 89.5 857400 854400 88.5+00 881400 886400 882400 933400 931400
UniformNoise 93.4 98.5  93.54£0.0 98.5+0.0 86.4 96.9 933£0.0 98.5+£0.0 942400 987+00| 963100 992400 958+0.0 99.1+0.0

Table 9: Optimal hyperparameter for each layer (or residual block for ResNet ) on LLL.

Datasets Input Layer 1 Layer 2 Layer 3 Layer 4
L

MNIST 3.3939¢-08 5.4485e-07 1.1377e-07 2.3509¢-03 -
SVHN 9.3995e-04 1.3767e-04 1.1347¢-04  2.2835e-04  3.9480e-05
CIFAR10 0.0036 0.0005 0.0008 0.0018 0.0028
CIFAR100 0.0094 0.0093 0.0019 0.0049 0.0144
Loop (Synthetic)

MNIST 1.7384e-05 1.6409¢-06 1.3555e-07 2.5206e-03 -
SVHN 8.2850e+00  6.2021e-03 9.1418e-03 4.7633e-03 1.3424e-02
CIFAR10 4.6957e+01 8.4602e-04 1.3050e-03 5.9322e-03 1.9222¢-03
CIFAR100 2.6372e+01 2.8527e-03 8.7588e-04  4.5595e-03 2.5490e-01
Loop (32x32 ImageNet)

MNIST 3.5457e-08 5.9255e-07 1.1685e-07 2.4544e-03 -
SVHN 1.1849¢-03 1.3038e-01 3.5909e-04  3.8309e-04  8.2367e-05
CIFAR10 0.0236 0.9079 0.0030 0.0049 0.0053
CIFAR100 0.0152 0.9533 0.0051 0.0094 0.2049

Table 10: UQ performance with ImageNet32x32 as Dy.

Methods MNIST CIFAR10 SVHN CIFAR100
ECE |

LLL-RGPR-LL 15.8 3.6 13.1 5.7
LLL-RGPR-OOD 19.6 12.5 15.9 15.8
LLL-RGPR-OOD ImageNet 15.8 20.3 18.8 19.3
FPR@95 |

LLL-RGPR-LL 3.9 29.6 13.8 65.8
LLL-RGPR-OOD 3.6 242 9.6 63.0
LLL-RGPR-OOD ImageNet 3.9 39.5 7.3 61.0




Table 11: Regression far-away outlier detection. Values correspond to predictive error bars (averaged
over ten prediction trials), similar to what shades represent in Fig. 2. “In” and “Out” correspond to
inliers and outliers, respectively.

housing concrete energy wine
Methods In| Out 1 In| Out 1 In| Out 1 In| Out 1
LLL 0.405 823.215 0.324  580.616 0.252  319.890 0.126 24.176
LLL-RGPR 0.407 2504.325 0.329 3394466 0.253 2138.909 0.129 1948.813
KFL 1.171  2996.606 1.281 2518.338 0.651 1486.748 0.291 475.141
KFL-RGPR 1.165 3909.140 1.264 4258.177 0.656 2681.780 0.292 2031.481
SWAG 0.181 440.085 1.192 2770455 0418 1066.044 0.181 77.357
SWAG-RGPR 0.186 2403.366 1.146 4693.273 0.428 2647.922 0.187 1947.677
SVGP 0.641 2.547 0.845 3.100 0.367 2237  0.092 0.983

SVGP-RGPR  0.641 1973.506 0.845 1932.061 0.367 1931.299 0.095 1956.027
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