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A Table with summary our results

Table 1: Summary of our iteration complexity results for finding an e-solution for problem in
the deterministic (i.e., () with only device compression, deterministic with bidirectional (device-
server) compression, stochastic (i.e., (@)+{@4)) and federated learning/partial participation (i.e.,
+) setups. In the strongly-monotone (strongly convex - strongly convex) case, convergence
is measured by the distance to the solution. In the monotone(convex-concave) case, convergence
is measured in terms of the gap function (11). In non-monotone (non-convex-non-concave) case
convergence is measured in terms of the norm of the operator. Notation: p = constant of strong
monotonicity of the operator F', L = maximum of local Lipschitz constants L,,, R = diameter (in
Euclidean norm) of the optimization set, R = initial distance to the solution, ¢ = the variance pa-
rameter associated with an unbiased compressor (see (1)); ¢ = the variance parameter associated
with a contractive compressor (see (2)); /3, 3 = expected density (the number of times the operator
compresses information); M = the number of parallel clients/nodes; r = the size of the local dataset
(see (44)); b = the number of clients in Partial Participation (FL) setup. We have results with bidi-
rectional compression also in stochastic and federated setups, but to simplify the bounds, we present
bidirectional results only in the deterministic setup.
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B Optimality of MASHA1 and MASHA2

In this section, we discuss why the MASHA1 and MASHA2 convergence estimates cannot be im-
proved (it means that the methods are optimal). We emphasise that this is only a hypothesis based
on some analogies. As irrefutable proof we could use lower bounds, but there are no such lower
bounds even for minimization problems (despite their wide research in the community). The fol-
lowing considerations are also outlined in Table[2]

We consider the strongly convex/strongly monotone case. For the deterministic minimization prob-
lem, lower and optimal upper bounds are given in [64]. These bounds are O (s/ L/ u)- Meanwhile,

methods with unbiased (ADIANA [48]]) and contractive (ECLK [71]) compression, but without
compression, are also optimal for the deterministic minimization problem. Iteration complexity of

ADIANA with compression is @) (x/QB/M + 8- \/L/u). For ECLK complexities in iterations is

) (5\/3 - \/L/M). Note the interesting feature that the compression dependent multiplier can be

improved, but only with a loss in the L/u-multiplier. For example, DIANA [59] (unbiased) has
O ((¢/m + 1) - L/u) iteration complexity, or EF [79] (contractive) has O (6 - /u) iteration complex-
ity. MASHA1 and MASHA2 without compressions are optimal for Lipschitz continuous strongly
monotone VIs [89]] and have a deterministic bound O (Z/n). MASHA1 and MASHA2 have the same
compression dependency multipliers as ADIANA and ECLK. This suggests that the dependence of
MASHA1 and MASHA2 on compression properties cannot be improved for variational inequalities
without loss in /. In Section |E, we prove the convergence of CEG with unbiased compression,
which achieves O ((4/a + 1) - L*/4?) iteration complexity.

As another argument, let us give an example of the situation with the VR approach (finite sum
problem) for minimization problems and for VIs. For minimization, the lower bounds in the smooth

strongly convex case are O (7" + +/rL u) [86]. The optimal method is [4]. SVRG [40] has estimates

O (r + L/u) (better in 7, worse in /). What about variational inequalities? The lower bounds in
the Lipschitz continuous strongly convex case are O (r + /rL/u) [30]. The optimal methods are

[1]]. Methods from [67] have estimates O (7” + L%/ ;ﬁ). Following this logic, estimates for ADIANA
and ECLK are transformed into estimates for MASHA1 and MASHA2.

The same situation with estimates is in the convex/monotone case.

Table 2: Summary of iteration complexity results for minimization problems and variational in-
equalities in different setups: deterministic, stochastic, distributed with biased and contractive com-
pressions. Notation: p = constant of strong convexity/monotonicity, I = Lipschitz constant of the
gradient/operator, ¢ = the variance parameter associated with an unbiased compressor; § = the vari-
ance parameter associated with a contractive compressor; 3 = expected density (the number of times
the operator compresses information); M = the number of parallel clients/nodes; r = the size of the
local dataset.

Deterministic Stochastic (VR) Unbiased compression
Lower Upper Lower Upper 1 Upper 2 Lower Upper 1 Upper 2
Minimization \/§|641 \/%641 NG \/%wm Ve \/%141 r+ L @0 - NEE R \/%[481 (1+ ) - L B9
VI/SPP Lol | Lgs | k@ | v i | e+ R0 - | B+ g LOwy | (14 4) L ©ury)
Contractive compression
Lower Upper 1 Upper 2
R 5B - \/,leﬂl 5 Lz
- /B - % (Ours) -
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C Basic Facts

Upper bound for a squared sum. For arbitrary integer n > 1 and arbitrary set of vectors aq, . .., a,

we have 9
(Z ) cmYa (10)
i=1 1=1

D MASHA1: Handling Unbiased Compressors

In this section, we provide additional information about Algorithm [T - MASHA1. We give a full
form of MASHA1 — see Algorithm 3]

Algorithm 3 (Algorithm|1) MASHA1

1: Parameters: Stepsize v > 0, parameter 7, number of iterations K.

2: Initialization: Choose z° = w° € Z.

3: Server sends to devices z° = w” and devices compute F,,(w") and send to server and get
F(w?)

4: fork=0,1,2,..., K —1 do

5 for each device m in parallel do

6: ZF =728+ (1 - 1)wh

7: 22 = 7 — yF(w")

8 Compute F,,(2"71/2) & send Q¥ (F,, (2*+1/2) — F,, (w*)) to server

9 end for

10 for server do o

11: Compute Q%" [131 ST QU (F, (2FH1/2) — Fm(wk))} & send to devices

m=1

12: Sends to devices one bit by: 1 with probability 1 — 7, 0 with with probability 7
13: end for

14: for each device m in parallel do

M

15: 2Rl = GRH1/2 Qe [1\14 Zﬂ QY (F,, (2F41/2) — Fm(wk))}

16: if by, = 1 then

17: whtt = 2F

18: Compute F,,(w**1) & send it to server; and get F'(w**1) as a response from server
19: else
20: whktl =k
21: end if
22: end for
23: end for

The following theorem gives the convergence of MASHA1.

Theorem D.1 (Theorem Let distributed variational inequality (3) + (4) is solved by Algorithm
with unbiased compressor operators (1): on server with ¢*" parameter, on devices with {q%"}.
Let Assumption[3.4)and one case of Assumption[3.3are satisfied. Then the following estimates holds

Vi=t. 1_7}

e in strongly-monotone case with v < min { STemti e
q

(where Cy = \/%Tz S (e L2, + (M — 1)L2)):

m=1
K
B (|25 = "2 + Jw® —27)2) < (1= E1) " 2012 = 2|1
Vi-T_ .

o . < _
in monotone case with AR 20, +4L"

K—-1 0 2 0 * (|2
1 ft1/2 2max,ec [Hz —z| } +6|]z° — 2*] .
<F(u)7 ( kz_o z _u> < ’YK )

E [max
zeC

=
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Vv T.
2C :

Z ||F ”2 16”20_2*“2
VK

For the monotone case, we use the gap function as convergence criterion:
Gap(=) := sup [(F(u), = — u)]. (n
ueC

e in non-monotone case with AR <

Here we do not take the maximum over the entire set R (as in the classical version), but over C —
a compact subset of R<. Thus, we can also consider unbounded sets R%. This is permissible, since
such a version of the criterion is valid if the solution z* lies in C; for details see the work of [63].

Let us move on to the choice of 7.

Let us start with the only devices compression, i.e. it is assumed that server-side compression is
not required, because broadcasts from the server are cheap. As noted in the main part of the paper,
then we consider only sendings from devices to the server. Note that the following expression

ZM (¢ L2, + (M — 1)L?) occurs in C,,. It means that we can choose ¢% depending on L,

m=1

Let us define Ly, = min,, L,, and ¢, = ¢ for | = arg min,, L,,. If one put ¢,, = ¢Lmin/Lm.,
then we get C; = \/M (qL2;, + (M —1)L2).

g+ (11— T)) bits — each time in-

formation compressed by ,B,n (for device m) times and with probability 1 — 7 the full package. Then
the optimal choice 7 is 1 — & with § = M o

At each iteration, the device sends to the server O ( i Zm 1

Corollary D.2 (Corollary- Let distributed variational inequality @) + () is solved by Algo-
rithm 3| without compression on server (¢*" = 1) and with unbiased compressor operators (1)) on
devices with {q%'} (as described in the previous paragraphs). Let Assumption and one case of
Assumption [3.5are satisfied. Then the following estimates holds

-1
2 ~
e in strongly-monotone case with v < min [é . (\/ q’BLﬁ + BL2) ; 2;6] :

K
E (|| — 2| + o = 2*)2) < (1= 51) 7 220 - 2%
-1
; ; 1 aBLY i 72 .
e in monotone case with vy < 5" v BL ;
K-1
1
( Z Zk+1/2> B >]
=0
[aBL2 N\
e in non-monotone case with v < % . ( QﬁT + BL2> :
Z ||F ”2 16||ZO_Z*H2
o G

In the line 1 of Tablelwe put complexmes to achieve e-solution. For simplicity, we put Q¥ = Q
with ¢3 = g and 8%V = 3, also L,, = L=L.

m

< 2max.cc [||2° — 2[?] + 6[]2° — 2*|?
— ny )

E |max
zeC

Next, we add server compression. Now the transfer from the server is important. Here and after, for
simplicity, we put Q" = Q%' = Q with ¢®¥ = g and 8% = j3, also L,, = L = L. One can also
analyze the case with different g,,, and L,,,, as is done in Corollary

At each iteration, the device is sent to the server and the server to devices O (% +1-— 7) bits. Then

the optimal choice 7 is still 1 — %
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Corollary D.3 Let distributed variational inequality + (@) is solved by Algorithm 3| with unbi-
ased compressor operators (1): on server with ¢*" = q parameter, on devices with {¢%" = q}. Let
Assumption 3.4 and one case of Assumption[3.5]are satisfied. Then the following estimates holds

-1
e in strongly-monotone case with v < min [;L . (\ / q%ﬁ + B) ; 2;1#3] :

K
E (=5 = 2P+l = 2)) < (1= £1) " 220 — 2|

2
-1
2
e in monotone case with vy < i . (\/ % + B) N

(F(u) ( 1 Iil Zk+1/2> _U>H _ 2max.cc (120 = 2I7] +6]120 — 2|2

K P vK

-1
e in non-monotone case with v < i . (\ / '1275 + B) :

K—1
1 NI 16”30*2*“2
E (K > IFwh) ) <

k=0

E [max
zeC

In the line 3 of Table [T we put complexities to achieve e-solution.

D.1 Proof of the convergence of MASHA1
Proof of Theorem [D.1; We start from the following equalities for any z:

||Zk+1 _ 2”2 _ ||Zk+1/2 _ Z||2 + 2<Zk+1 _ zk+1/2,zk+1/2 _ Z> + sz-i-l _ Zk}+1/2||27

||Zk+1/2 o Z||2 — sz _ Z||2 + 2<Zk+1/2 o Zk,zk+1/2 _ Z> _ sz-i-1/2 _ Zk||2.
Then we sum two inequalities:

24— 2] = 2% — 2| 4 2(b T — oK 22 )

+ sz—i-l _ Zk+1/2H2 _ ||Zk+1/2 _ zk”Q' (12)
Using lines [6] [7 [T3] we get

1224 — 2] = |2 — 2|

M
—2(yQe []\14 S QU (Fn(HH172) = Fu(wh)) | +7F(w), 412 - 2)
m=1

+2(r2F + (1 — 7)wh — 2F P2 )
+ ||Zk+1 _ Zk+1/2||2 _ sz+1/2 _ ZkHQ

= [|2* — 2||?

M
_ 2<7Qserv []\14 Z Q%V(Fm(zk+1/2) — Fm(wk)) +’}/F(wk)7zk+1/2 . Z>
m=1

+2(1 — 1) (wk — 2F FTY2 )
+ ||Zk+1 _ Zk+1/2||2 _ sz+1/2 _ ZkHQ.

The equality 2(a, b) = |la + b||> — ||a||* — ||b]|* gives

1251 = 2] = ||2* - 2|
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M
— 2@ []\14 7 QU (Fn(HH172) = F(wh)) | 47 F(w), 4412 - 2)
m=1

+2(1 = 7)(wh — 2R Y2 oy 9(1 — 1) (2R gk R )
+ ||Zk+1 _ Zk+1/2||2 _ sz+1/2 _ ZkHZ

= |12 - 2|

M
— 2@ |]\2 Z Q%V(Fm(zk+1/2) _ Fm(wk)) Jr,}/F(wk)vzlwrl/z —2)
m=1

+ (L= 7)l[w* = 2] = (L= )l = 222 (1= 1) |2 — 2
+ (L= )2 = P (= )R ) - (- 7)1 - )
+ ||Zk:+1 _ Zk+1/2||2 _ sz+1/2 _ ZkHQ

= 7]l = 2] + (1 = 7)lJw* — 2||?

M
serv 1 eV
—20Q | 2 D QU (F () = Fu(wh)) | 4+ F (), 24512 - 2)
m=1
+ ||Zk+1 _ Zk+1/2||2 _ (1 _ 7_)||wk _ Zk+1/2||2 _ T||Zk+1/2 _ Zk||2. (13)

We now consider the three cases of monotonicity separately.

D.1.1 Strongly-monotone case

Let substitute z = z*, take full mathematical expectation and get

E|M — 2% = 7E[|2* — 2*)1* + (1 - 7)Ellw® - 27|

_ 2’)/]E <Qserv

M
ﬁ Y QO (Fn (2 12) = Fy ("))
m=1

_|_E||Zk+1 _ Zk+1/2H2 _ (1 _ T)EHwk _ zk+1/2||2 _ TEsz+1/2 _ Zk||2
With unbiasedness (1) we have
B[z — 27| = 7El|2* — 2*||* + (1 - T)Ellw" — 2*|*

M

<EQscrv7Qdcv [Qserv []\2 Z Q?;V(Fm(zk+1/2) _ Fm(wk))

m=1

+ F(wk),zk+1/2 _ Z*>‘|

—E + F(wh)

72{,]6—}-1/2 _ Z*)]

+E||Zk+1 _ Zk+1/2H2 _ (1 _ T)EHwk _ Zk+1/2||2 _ TEHZkJ,-l/Q _ Zk||2
=7E|z" — 27| + 1 - N)Ew* — 27|
—2E {<F(Zk+1/2)’ Lk1/2 _ z*)}

+E||Zk+1 _ zk+1/2H2 _ (1 _ T)E”wk _ Zk+1/2||2 _ TEHZkJ,-l/Q _ Zk||2.
(14)
Let us work with E [[|zF+1 — 26+1/212]  with (I) we get

2
E[||4+! - Zk+1/2||2} — 2 .E |

M
Qserv []\2 Z Qf,sv(Fm(Zk+1/2) _ Fm(wk))]
m=1

serv M 2
q‘ eV
<A M2 E Z an (Fm(zk+1/2) - Fm(wk))
m=1
qserv M 2
=7 Y B0 (B - Bt ]
m=1
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SS]’V

_|_

m#l

Next we apply (1) and Assumption [3.4] for the first term and independence and unbiasedness of Q
for the second term:

B [l — ] < M 3 atrrie [ -

4 YO[B (H2) = B () B2 — F(wh)

SCFV

2
<2 M2 Z devy2 [sz+1/2_wkH }
qg
bt S B[ () — F )2 4 ) — Fwh)]
m;ﬁl
serv 2
< ]\/[2 Z L2 E [HZHUQ _wkH }
F A SR [E2 A2 P 172 — ]
m;él
serv 2
=~ M2 Z m LnE D‘ZHUZ _wkH }
serv(Ar ~
ey q (M )LzE {szﬂ/z B wk”ﬂ
2 k+1/2 k|2 Md 2 72
=2 ASE I — k2] Y g2+ (- 1)L (15)
Let us define new constant Cy = /4 Zf\f 1(q%vL2, + (M — 1)L2) and then connect and

(L5):
E[l*+1 — 2|2 < 7E||2 — 2*|]2 + (1 - P)El|w* — 2*|?
—29E [<F(Zk+l/2)’zk+1/2 _ Z*ﬁ
S (l—7— chg)E”wk R ||k k2, (16)
Then we use choice of w**! (lines and get
Efwkt! — 2% = E [Eyen bt — 2%|%] = I+ (1= DE|IF — 212, a7
Summing and (I7), we obtain
|25t — 2|2 4 Eljwbt! — 2*2
< E[|2* — 2% + Ellw”® - 2*|?
—2E [<F(zk+1/2)’zk¢+1/2 _ Z*ﬁ

—(1-7- WZCg)EHwk — ,2:1”'1/2”2 — TEHZk+1/2 — zk||2. (18)

The property of the solution (3) gives
E||5 — 2%|2 + Eflubt! — 2%
<E|z* — 2|2 + E[|w” — 2*||?
—2E [<F(zk+1/2) ~ (2, Y2 %

26
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— (1= 7= YCOE|w® — 2FH2|2 — 7E|| A H1/2 — 252,

And by Assumption [3.5]in strong monotone case we have
E||z5+! = 25|12 4 Eljwk ! — 2*|2
<E|2* — 2| + Ellw® — 2|? — 29uB|| M2 — 27| ?

—(1-7- VQCg)IEHwk — zk'H/QH2 - TEH2k+1/2 —2F|%

With —[|a]|> < —1|la + b||? + ||b]|* we deduce:
E(ll="* = 2*|° + Elw™** - 2*|1%)
< (1= B (U = =2 + = =)

— (1 =7 —py = PCHE|wk — FT/2)2 — (7 — py)E[ 22 — 242

(19)

It remains only to choose v < min { V21(;T, 12/1 } and get
B(25*! = 2| + Bt = 2*12) < (1= B1) - E (125 — 21 + lw* - 2*1%)
Running the recursion completes the proof.
(]
D.1.2 Monotone case
We start from (13)):
27<F(Zk+1/2),zk+1/2 _ Z>
=7z" —2|* ~ H PP (A= Tt - 2
Qserv Z Qdev k+1/2) _ Fm(wk)) + F(wk) _ F(Zk+1/2),zk+1/2 _ Z>

+ ||Zk+1 _ Zk+1/2H2 _ (1 _ 7_)||,wk _ Zk+1/2”2 _ 7_||zk+1/2 _ Zk||2.

Adding both sides ||w**! — z||? and making small rearrangement we have
27(F(zk+1/2),zk+1/2 _ Z>
< 12* = 2l + Hlw® = 2] = [l = 2] + [l - 7]

= 7llwk = 2lf* = (1= 7)]2* = 2* + T~ 27

M
— 29(Q™ []\14 Z Q%V(Fm(szrl/Q) _ Fm(wk)) —I—F(’wk) _ F(Zk+1/2),zk+l/2 —2)
m=1

o 7_||Zlc+1/2 _ Zk||2 _ (1 _ 7_)||Zk+1/2 _ wk||2 + ||Zk+1 _ Zk+1/2||2.

Then we sum up over k = 0,...,K — 1, take maximum of both sides over z € C, after take
expectation and get

k+1 2 k+1 2 0 2 0 2
2y maxz 12), 41/ —z>] < max 120 — 2 + u® - 2]
K-1
S S e e L |
k=0
K—-1
= 3[BT = ] + (= DB [ = wh 2] - E [l - 22
k=0
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K-1

meﬂQmeZQm (4172) = F (w")

Applying for E [||zF+1 — 2F+1/2] we get

+ 29E

+F(’u}k) _ F(ZkJrl/Z),Z _ Zk+1/2>‘|‘| )

K-—1
k4+1/2\ k+1/2 < 0 2 0 _ 2
2y E |max » (F(:*17),2 Z>] < max [[|2% = 2* + [|w” — 2||?]
k=0
K-—1
+E | max [—Tmﬂu—aﬁ—<1—rnvk—ZW+wwﬁ+l—dﬁﬂ
zeC
k=0
K-—1
= 3 [ 1442 = ] 4+ (= 7 = PR [ — )|
k=0
K—1 1 M
+29E [max S {Q* | Y QU (Fu(2Y2) — F(wh)| + F(uwh) — F(FH1/2), 2 - 212 ||
=eC k=0 Mm:l
With v < 5

K-1

278 g 3 (PG 00— ] < 19 4
k=0

E -~ k_ 12— (1 — E_ _p2 k41 _pj2
rgggl;[ﬂlw 2|7 = (A =7))2" = 2| + [Jw z||?]

+ 29E

m=1

K-1 B M
serv dev k+1/2 _ k ky _ k+1/2 _ Jk+1/2
max ; l(Q Z m( ) — Fp(w™) | + F(w®) — F(z ),z — 2 >H .

(20)

To finish the proof we need to estimate terms in two last lines. We begin with

E {macx KZ—1<F(Zk+1/2) _ Qserv M Z Qdev( ( k+1/2) Fm(wk))} _ F(wk),zk+1/2 _ z)}
Z€C k=0

m=1
Let define sequence vi 0 = 20 WM = b — g with 8 = PR -
Qserv |: Z QdCV( ( k+1/2) Fm(wk)):| — F(U}k) Then we haVe
K-1 K—-1 K-1
Z <5k,zk+1/2 —u) = <5k72k+1/2 — ok )+ Jof — z) 21
k=0 k=0 k:O

By the definition of v**!, we have

(v, oF — 2) = (yoF, oF — o) 4 (R — o — R
1 1
= (38 0% — o) Lt 2 - Dt e

2
1
= L6k )% + <[k — oF 2

1 k k+12
S llo* — o+
1 1 1
+ 5 lloF = 22 = S = 2| = Sk o

2 1 1
= SH8HIP + 5 l0* = 27 = 5o — 2.

With it gives
K-1 K—1 RS 1 1
Z<5k,zk+1/2_z> < <5k,zk+1/2—1}k>—|—7 Z (725k||2+2Uk_z||2_2||vk+1_z||2>
k=0 k=0 7 k=0
K-1 K-1 1
< DR Y=ok 2SI 4 o -

-
I
<
E
I
=



We take the maximum on z and get

K—-1 K—-1 1
gk k12 _ Ly < gk k+1/2 _ ky L 0 2
g D (0= 2y < 5 (0, = o) o a2
k=0 k=0
K-1 1 M
5 2 IR — e [M S @ (Fn (1) — (b)) | = F(h)|
k=0 m=1

Taking the full expectation, we get

K—1 K—1 1
E sk L k+1/2 _ <E gk 12k L 0_ 2
may 3 (1A ) <D0 V| + gy el
K—1
+ 1Y B (IR - Q“”l > Q) — P () —F(w’f>||2]
k=0
K—1
_E| Y (B | P - g [ - Z QY (Fu(H41/2) = Bu(wh) | - Fluk) | 44172 —vk] T _vk>]
k=0
N -1 M
+ LY B (IR - g [M > QR (B (Y2 — B | F(w‘wn?]
k=0 m=1
—i—i max |[v° — z||?
2y zeC
N K—1 LM
= 2 E ||F(Zk+1/2) Qe [M Z Q%V(Fm(zk+l/2) _ Fm(wk)) _ F(wk)|2‘|
k=0 m=1
1 2
—|—ﬂmeax\|v —z||*. (22)

K—1

Now let us estimate E [maéc > [=rlwh =22 = (1 = 7)]|2F + 2| + [whtt - z||2]} , for this
zel k=0

we note that

rggxz —Tlw® — 2| — (1 T)Izk—2||2+||w’“+1—2||2]]
k=0

=

—1
=K max [—2((1 — 1)+ rwh — Wb 2) — (1= 1)||2%)% = 7||w® | + |wk+1|2]]
ze

~
Il
=

=

_ Lk ko ket
rileacxk 0[ 2((1 = 7)2" + T7w" —w ,zﬂ}

K-1
Do =D =l
k=0

One can note that by definition w*™': E [(1 — 7)||2%||? + 7[|w"||* — [|w**+*||?] = 0, then

K—1
E _ k_ 12— (1— E 2 E+1 2
lrgggz [=7llw® = 2]* = (1 = 1) = 2]* + [Jw z||%]

=E

+E

K—1
= 2E |max (1 —7)2" + 7wk — wh —z}]
zeC
k=0
K-1
=2E max (1 —7)2% 4+ Tk — whtl, z)] .
z€E
k=0
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Further, one can carry out the reasoning similarly to chain for (22)):

K-1

E |max Y [rllw” — z|> + (1 — 7)]|2* — 2| — [w* = 2||?]
zeC P
K-1
< [H(l — T)Zk-H +Twk — wkHHZ} 4+ max ||vO — z||2
zeC
k=0
K-1

E [ Eye+t [wh ] — w1 1?] + max ||0° — 2|2
z€C

ol
O

E [=[Euyer [ )2 + By [+ 2] + ma[|o® — 2]
z

ol
Ly

E [ = 7)2" + rwt|? + (1= n)ll2%]7 + 7llw®]*] + max " - 2|

k=0
K—1
_ 1_ E_ k2 0_ 2. 23
> (1B [ ] o | 3)
Substituting (22) and (23)) in (20) we get
K—1
InE (PH1/2) h1/2 | < 30120 — 412 0_ 2
y rggxkzo ), 2 2| < max [3]12° = 2 + [luw® — (7]

K-
+ZT1—T Hz k||2]
=0

%R - F(w’wn?] L4

M
||F(Zk+1/2) Qe []\2 z Q%V(Fm(zk+1/2) _ Fm(wk))
m=1

M
Next we work separately with E |:||F(Zk+1/2) — Qe [134 2—:1 QY (F,, (2F41/2) — Fm(wk))} - F(wk)Q}:

2

M
HQserv [M Z Q%V(Fm(zk—&-lﬂ) _ Fm(wk)) —|—F(’wk) _ F(Zk+1/2)

2

M
=F HQserv [M Z Q$V(Fm(zk+l/2) _ Fm(wk)) +E [||F(Zk+1/2) _ F(wk)Hﬂ

M
(@ | 30 QI (F(H12) — ()| F(12) - Fuby)

M m=1
With we get
| M 2
E |QS"” 17 2 QR (En(ZHY2) = Fu(wh)| + F(w*) = F(2*172)
m=1
2
< C’gE k172 _ wkH ] IE {”F(zkﬂﬂ) _ F(w’“)HQ}
| M
(37 D QU (F(Y2) = Fy(wh)); F(H2) F(w’“»]
-1
2
— C2E [||s4+1/2 - | ] + 2B [||F(z1/2) - F(w*)|?]
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k+1/2 k|2 2 <« 2
w4+ 5 S B

=1

<o

ShH1/2 _ wk‘ﬂ . (25)

3 M
With Assumptlon 4 and notation L? = z_: L2, from (24) and (25) we have

m=1
K-1

Z k+1/2 SRH1/2 _ 2)

k=0
-1

2NE < 30_ 2 0 _ 2
y < max [3]2° - 2|2 + lu® — 2|I°]

+ 30 [rA = DE[IF = wF2] +42(CE + 2L |41/ — wh|?] ]
=0

With v < —£="_ we deduce to

2,/02—1-2L2

b

K-1
9 k+1/2y k+1/2 < 0 2 0 2
VE |max Y7 (F(F/2), 4172 2| < mae [3]20 2+ 2]
k=0
K—-1
+ (1 o 7_) Z |:E [”Zk-‘rl o ,wlc||2] +E [sz-ﬁ-l/? _ wkHQ:H

k=0
< max [3]2° — 2|* + ||u® — 2||]
zeC

K—
1 o 7_ [E |:||Zk o Zk+1/2||2] +E |:||Zk+1/2 _ wk||2]:| )
k=0

Let us go back to (19) with 1z = 0, v < 55" and get that
E([l251 = 2|2 HEIIw’“*1 )
SE (12 = 277 + [lw® — =*[1?)

1—
5 T (E”wk o Zk+1/2||2 +]E||Z}’<:+1/2 _ Zk||2> )

,_.

Hence substituting this we go to the end of the proof:

K—1
2v-E |max Y (F(zF1/2), k+1/2 z)] < max [3]2° — z|* + ||w® — 2?]
zeC zeC
k=0
K—1

+6 ) [E(le" = 2|7 + [lw® = 2*|%) = (2" = 2> + Eflw* - 2*|*)]
0
< max [3]2° — ull* + o = 2] +6 (|2 — 27" + [[w® - ="|%)

>
Il

< max [4]2° — 2|*] +12|2° — 2*|*.
zeC

It remains to slightly correct the convergence criterion by monotonicity of F:

K-1
E | max {(F(zk+1/2), 2R FL/2 _ z>”
zeC P
K-1
> E |max [(F(u), ZRH1/2 u)” .
zeC o
K-1
where we additionally use 2 = L >~ 2F+1/2 This brings us to
k=0
K-1 .
E lmax 1 Z k12 2maxz€C [12° = 2)1*] +6]2° - = ||2.
zeC K = ")/K
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D.1.3 Non-monotone case

We start from (18]
Ellzk+1 _Z*HQ +]E||wk+1 _ Z*||2
< Ell2* — 2|* + Ellw”® - 2*|?
—2E [(F(zk+1/2)’zk+1/2 _ Z*ﬁ
— (1 =7 = PCOE[w” — 2MV2)2 — 7R || FH/2 - K|,
And then use non-monotone case of Assumption 3.5}
E||Zk+1 _ Z*”Q +]E||wk+1 _ Z*”Q
< E[|2* - 2% + Ellw”® - 2*|?
— (1= 7 = PCAE|juk — FHV2P - 7R A2 |2,
With 7 > % we get
B4 — 22 4+ Bt - 22
<E[z* = 2| + Ellw”® — 2| = (1 = 7 =7’ CPEuw* — 24122
1 1
- ZIEHZIchl/Q _ ZkH2 - ZIE||ZIc+1/2 _ Zk||2
= Efls* = 2*|2 + Ellw® — 2°|]2 = (1 - 7 = CHE|Ju — 241722
1 1
— JEIFHY2 = K2 — TR = 7wk — 24) -yt 2
Using —||a|? < —%[ja + b||* + ||b]|* gives
Bl — 22 4+ B+ — )2
<E||* — 2| + Bt — 27| = (1 — 7 — 12 CHEwh — 244122
1 2 1—7)2
g b Tt + S e e
<E[2" = 2| + Ellw” - 2|* — (1 = 7 = *CHE|w® — 2122
1 k+1/2 k)2 7 kY2
- 4 Ell= = 2" = S E[F)]
1—71)2 1—71)2
+ ( 27-) EHwk N Zk+1/2||2 + ( 27—) E||Zk+1/2 o zk||2

< EHZ’k _ Z*HZ + E||wk _ Z*HQ . (1 —r— ,YQC(?)E”wk _ Zk+1/2||2

1 k+1/2 k)2 ol ky2
— 4 Elz =2 |I° = g ElF @)

1-— 1
+ 1 TE”wk o Zk+l/2||2 + §E|‘Zk+1/2 _ Zk||2

1—
< Bl - P+ Bl - 2P - (157 - 22 ) Bt - 402

2
v
- LRIF@")P.

Choice of v < VQIC_T gives
q

2
E|" — 27| + Ellw™*! — 22 < Ell2* - 2| + Ellw® — 2*|* ~ %EIIF(w’“)Hz-

Summing over all k£ from 0 to K — 1 gives

K-1
1 BE()20 — = + u® = =*)
= S E|F@h)P < .
k=0

VK
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E MASHAZ2: Handling Contractive Compressors

In this section, we provide additional information about Algorithm [2] - MASHA2. We give a full
form of MASHA2 — see Algorithm 4]

Similarly with MASHA 1, this Algorithm, locally each device stores three vectors: a current point
2*, a reference point w* and a values F'(w*) at this point. At each iteration, performs compressed
communications from devices to the server (line[8)) and from the server to devices (line[12). There is
also one bit by, forwarding from the server (line [14). Additionally, communication can occur when
by, is equal to 1 (with a small probability of 1 — 7) — in this case, each device m updates point
whtl = 2k, computes F,, at this point, sends Fm(wk“) to the server without compression, the
server calculates F'(w**!) and sends it to devices also without compression. MASHA 2, similarly
with MASHA 1, uses communications without compression, but very rarely (about once every i

iterations). Because, when b, = 0, w**! = w" and all devices have locally value F(w**1) =

F(w") obtained sometime in previous communications (when b = 1).

Algorithm 4 MASHA2

1: Parameters: Stepsize v > 0, parameter 7, number of iterations K.

2: Inmitialization: Choose z° = w® € Z, ¢ =0, e’ = 0.

3: Server sends to devices z° = w” and devices compute F,,(w") and send to server and get
F(w?)

4: fork=0,1,2,...,K —1 do

5: for each device m in parallel do

6: ZF =712k 4+ (1 - 1)wh

7: 22 = 7 — yF(w")

8: Compute F,,(z"t1/2) and send to server C¥ (yF,, (z*+1/2) — yF,,, (w*) + ¢F))

9: ept = e+ Y Fn (2M2) =y F (wh) — O (vE (28F1/2) — v (0?) + €3,
10: end for
11: for server do u

12: Compute g~ = O [Al{ S OV (yFy (2F11/2) — yFp(wF) + €k)) + ek} & send to

m=1
devices
M

13: M=+ 5 )3} O (Y Fo (28F1/2) = y Fro (wh) + €k) — g

14: Sends to devices one bit by: 1 with probability 1 — 7, 0 with with probability 7

15: end for

16: for each device m in parallel do

M

17: Skl — k+1/2 _ crserv []&I Z_l Cgsv(,yFm(zk+1/2) _ ’}/Fm(wk) + efn) + ek]

18: if b, = 1 then

19: whtl = 2k
20: Compute F,,, (w**1) and it send to server; and get F'(w**1)
21: else
22: whtl =k
23: end if
24: end for
25: end for
Let us introduce the useful notation:

1M M 1M

sk — Zk—ek—M7§::1€5w shH1/2 _ Zk+1/2_ek_ﬂ;e’:”’ F = wk_ek_ﬂm:lef”'

It is easy to verify that such sequences have a very useful property:

1 M
2k+1 _ Zk+1 _ ek+1 _ M eianrl
m=1

33



M
1
i Z CIN (Y Fy (25FY/2) — 4 Fpp (W) + €F) + €F

m=1

Zlc+1/2 — ose

M
1 V
— 27 D R (Y F () = y P (") + by)
m=1
M
. 1
4 o Z Cdev ,YF k+1/2) _ 'YFm(wk) + efn) + ek
m:l
1
[ef% 7y Fn(5H12) =y B (w®) = O (- B (5°4172) =y« Fon(w) + e7,)
=1
k+1/2 Z ek k+1/2) —F(wk))
— 2k+1/2 — - (F(zk-‘rl/Q) o F(wk)) (26)

The following theorem gives the convergence of MASHA2.

Theorem E.1 Let distributed variational inequality + is solved by Algorithm|4|with 7 > %
and biased compressor operators @2): on server with 6" parameter;, on devices with 6. Let
Assumption[3.4)and one case of Assumption[3.3|are satisfied. Then the following estimates holds

et

e in strongly -monotone case with AR < min |: SN 3 m

E (25 — 22+ o - 2 )?) < (1= £2)" 220 - 2y

2
e in monotone case with v < m—w;%"
E |max(F ( Z z’“+1/2> — >1 2max;ec |20 — z[|* + 4]|2° z*H2;
z€C ,-YK
\/ﬁ

e _ . < v T .
in non-monotone case with vy < SLT1655 5 T,

Z 1F(w ”2 32]E||Z0 —2*||?
vK

Let us start with the onlEdevices compression. For simplicity, we put L = L. We use the same

reasoning as in Section [D. At each iteration, the device sends to the server O (% +1-— 7') bits.

Then the optimal choice 7 is 1 — 5.

Corollary E.2 Ler distributed variational inequality (3) + is solved by Algorithm || without
compression on server (§*" = 1) and with biased compressor operators on devices with §% =
8. Let Assumption 3.4 and one case of Assumption[3.3]are satisfied. Then the following estimates
holds

e in strongly-monotone case with v < min {&%ﬁ; m} :

K
E (125 — 22 + Jw® —27)2) < (1= E1) " <2012 = 2|1

e in monotone case with v < m:
2max c |12 — z||? + 4]]2° — 2|
E k+1/2 | _ z€
et ( Z A= s ,
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. . 1 .
e in non-monotone case with Y < 1675/BL "

K—1
1 B2 32E|[2° — 2*|?
E (K > It ) <=

In the line 2 of Table [T we put complexities to achieve e-solution.

Next, we add server compression. Now the transfer from the server is important. For simplicity, we
put Q¥ = Q¥ = Q with ¢ = g and %' = 3, also L,,, = L = L. At each iteration, the device
is sent to the server and the server to devices O (% +1- 7') bits. Then the optimal choice 7 is still

1
1—3.

Corollary E.3 Let distributed variational inequality (3) + is solved by Algorithm with T > %

and biased compressor operators @2): on server with 5" = § parameter, on devices with 5% = §.
Let Assumption[3.4|and one case of Assumption|[3.3]are satisfied. Then the following estimates holds

e in strongly-monotone case with v < min [8;%6; m} .

K
B (125 — "2 + Jw® —2712) < (1= E1) " 2012 = 2|1

e in monotone case with vy < L

16762/BL "
E Lt [ LS ka2 < 2maxacel|z® — 22 + 4]|2° — 2|2
max(F/(2), E;Oz -2)| < K ;

1 .
16762/BL"

K—1
1 32E|2° — 2*|?
E 7§ Fwh||? | <« =/ =1L

In the line 4 of Table [I|we put complexities to achieve e-solution.

e in non-monotone case with v <

E.1 Proof of the convergence of MASHA2

Proof of Theorem [E.1: We start from the following equalities for any z:
||2/€+1 _ 2”2 _ ||Zk+1/2 _ Z||2 + 2<2k+1 _ zk+1/2,zk+1/2 _ Z> + “2k+1 _ Zk+1/2||2,
||Zk+1/2 _ Z||2 _ Hék N Z||2 + 2<Zk+1/2 _ 2k’zk+1/2 — ) — sz-ﬁ-1/2 _ 21@”2.

Summing up, we obtain

55— 2] = 3% — | 4 2T — 2K 2RHU2 )

+ H2k+1 _ Zk+1/2H2 o ||Zk+1/2 _ 2’6”2' (27)

Using that and (26), we get

k+1 Zk+1/2||2 < 2||2k+1 _ 2k+1/2H2 _’_2H2k+1/2 _ Zk+1/2||2
M
1
Bk — M Zlelfn

M
4 2
S e e [ R v BN
m=1

12
2

=292 | F("2) — F(w)|? + 2
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M
< 272L2 . sz+1/2 _ wkH2 +4H6k“2 + % Z ||efn||2 (28)
m=1

Additionally, here we use that F' is L-Lipschitz (Assumption [3.4). Next, with gives
[254L — 2|2 < |85 — 2|2 + 2(25+ — gk ok+1/2 _ 2)
4 U 2

+ 29707 |2 — w4 4|+ 5 mzl o=

_ sz+1/2 — k|2 (29)
Now we consider the inner product (241 — 2k 2k+1/2 _ ) Using that

Shtl gk _ gkl pkH1/2 4 sk41/2 sk (F(Zk+1/2) ~ F(w)) + ShF1/2 Lk
= —y - F(ZFY2) 4 28 — 2k (30)
and using the definition of zF (line EI), we get
2(zk+1 _ gk Gk+1/2 _ 2) =2y F<Zk+1/2) L 2)

_ _27<F(zk+1/2)7zk+1/2 )20k - Sk k12 2)

= 727<F(zk+1/2),zk+1/2 —2) +2(1 — 1) (w* — 2*, LRt/ 2).
Substituting in (29)), we obtain

1571 = 2]? < 12" — 2] = 29(F(5F1/2), 2712 — 2) 4 2(1 = 7)fw” — 2, SFH2 — )
1 ¥ 2
272 k+1/2 k|12 k|2 k
+ 272 L% |2 — k|2 4R +M”;Hem||
_ H2k+1/2 _ ék”Z.

The equality 2(a, b) = |la + b||> — ||a||* — ||b]|* gives
12571 — 2|1 < ||2F — 2|17 = 2(F (2FH1/2), 2412 - 2)
+2(1 — 7)(wh — P2 hH2 5

+2(1 - T)<Zk+1/2 — gk k2 z)
4 E 2
+ 2’}/2.[/2 . sz-'rl/2 _ wk||2 +4||ek||2 + M Z Hean _ ||Zk+1/2 _ 2k|‘2
m=1

= (18 = 2|2 = 2(F(5+1/2), 2412 - 2
+ (L= 7)lwf = 22 = (= )k = 2P — (1= )| —
+ (L= 72 = P2 4 (L= 1) |2 2 — (1= 7)|F — 2
4 Y 2
272 k+1/2 k2 k2 k k+1/2 sk |12
+ 29212 2 b P et D ekl [l - 2

m=1
=128 =2l = (1= n)]I2" =27+ (L= 1) w” — 2|

— 27<F(Zk+1/2)’zk+1/2 —2) = (1—1)|jw* - Zk+1/2||2

m

M
4 2
+ 292L% b — V2P gl 24— D bl
m=1
— ([ = 2 (L= )| R

SIE* = 2] = (1= 7)ll2" = 2l + (1 = 7w — 2|2

— 27<F(Zk+1/2)’zk+1/2 — 2 —(1- 7_)||wk _ Zk+1/2||2
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+2,Y2L2Hwk k+1/2H2 +4||6 ”2 4 Z| H

m=1
1
= Gl = 2R = 2R (L )l
With definition of 2% we get
[ — 22 < [12F — 2P = (1 = )[I2* = 2] + (1 = 7) [w* - 2|

— O (F(FV2), 2y (1 — 7 — 292L2) ||k — /2|2

k2 EM k2 1 k+1/2 k|2
+ 61?37 D llemll” = (7= 5 ) Iz . 31
m=1

Next we will consider three cases of monotonicity separately.

E.1.1 Strongly-monotone
We continue with by putting z = z* and using optimality condition: (F'(z*), z*+1/2 — 2*) < 0.
250 — 2|2 < |25 =24 = (L =) 12" = 22+ (1= ) [Jw” — 27)?
L (F(FYZ)  F(27), Y2 D6y (1 2922wk — 2|2

M
e A e C S T E e
M m 2

m=1

Taking a full mathematical expectation, we obtain
B[l — 22 < E|l2* — 2°)12 — (1 = P)E|ls* — =*2 + (1 — P)E|ju* — 27
_ 2’)/IE |:<F(Zk+1/2) _ F(Z*),Zk+1/2 _ Z*>:| o (1 —r— 272L2)E||wk o Zk+1/2||2

M
6 2 1
+ 6Ele")* + 57 m§:1E lem I (T - 2) E||2**1/2 — 2|7, (32)

Next, we take into account strong-monotonicity (Assumption [3.5/(SM)):
B[+ — 2*|? <EJ|2* — 2|2 — (1 - DE[* — 2*]2 + (1~ D)E[jw — 2"
_ 2fy,uIE||Zk+1/2 B Z*”Q . (1 s 272L2)E||wk . Zk+1/2||2

1 6E||eH |2 + ZEHemH ( )E”sz P,

Taking a full mathematical expectation, we obtain
E| M — 2 < EJI2* - 27| = (1 = N)El|2" = 2°* + (1 = 1)E[[w* - 2*|]°
=2 = 1 (1= = 2 LB = AP

6
+6EHek”2 + Mmz:IEH H ( )E||Zk+1/2 k||2
Then we use choice of w**! (lines and get
Ellwf! — 2% = E [Eyens b = 2*2] = 7E|ju* — 2|" + (1 - 1)E[* — =*|%,  (33)

Summing up the two previous expressions gives
EH sk+1 Z*HQ +EHwk+l _ Z*H2

<E|J% — 2|2 + Ellw® — 2*||* — 29uE]| A2 — 2|2

1
_ (1 —r— 272L2)E||wk _ Zk+1/2||2 _ (7_ _ 2) E||Zk+1/2 _ ZkHQ
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6 M 2
+ GIEHekH2 + i mZ:lE Hean .

Then we can weight previous expression by p* and get

K-1
Zpkﬂzn*“ I s
k=0
- K—1 K—1
< Z PE(2F =277 + > PP Efwt — 2% — 2y Y pPEIFT? — 2
k=0 k=0
K-1 1\ Kl
— (1 —r_ 2,72[/2) . Z pkEHwk _ Zk+1/2||2 _ (T _ 2) . Z pkEHZk+1/2 _ Zk||2
k=0
K—1 K-1 | M )
k k2 k k
+6- ) p'E|e"| +6~ZpMZ]EHemH : (34)
k=0 k=0 m=1
Next we will estimate "error" term:
EH6k+1”2 _ M Z C«dev k+1/2) - 'YFm(wk) +61Tcn)
M 2
— e Z dev ,YF k+1/2) —’YFm(’wk) + efn) +€k
B 2
1 1 .
<(1-5) B+ 5 S O (%) — () + )

<(1+c¢) (1 - (5irv) E HekHz
2

M
1 1 1
142 1— = EH dev (o (KHL/2) A () k H
+( + C) < 5serv) MmZ:: Cm (7 (Z ) Y (w )+em)

Here we use definition of biased compression (2), (I0) and inequality |la + b[|? < (1 +¢)lal|® +
(14 1/¢)|[b||* (for ¢ > 0). Is is easy to prove that for baised compressor C% from (2) it holds that
|CYV(z)]|? < 4|z||? (see [10]). Then

Elle* 112 < (1 +¢) (1 - (er) ]EHekH
1 1 1 1 4 X E F k+1/2 F k k 2
+ + E o gserv Mﬂ; H’y m(z )_’Y m(’LU )+emH

<+ (1- 5o ) [l

1 1) 8 & 2
2 1 _ k+1/2\ k H
+y <1 + C) (1 (W) =3 IEHFm(z ) — Ep(w")

m=1

1 1 8
+<1+C) <1_5serv)MZEH ||

m=1

<+ (1 - (Sserv) E [|e*|” + 8y2L2 (1+ ) <1 - (va) IEH BH1/2 H2
1 1) 8 Y )
+<1+C> (1_5serv>MZEHe§nH .

m=1
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In the last we use Assumption and definition of L from this Assumption. With ¢ =

1
. 26— W
get

1 . 1
E”ekJrIHZ < (1 _ 25SSTV> E Hek||2 + 16(55€rv’72L2 ']E||Zk+1/2 _ ,wk||2 4 165% . M Z E ||€fn||2

272 : 1 h 1/2 2
Serv j+ ]
<166V~ L E (1 — 2(55%]) . sz — wJH
=0
k

1 k—j M
+ 16656W Z <1 - 25serv) Z ||6
m=1

Jj=0

K .
We weigh the sequence as follows > p*E ||ek H2 Here we also assume p such that p¥ < p/(1 +
k=0
1/46%")k=3. Then

K—1 )  K-1 k-1 1 k—j—1 4 2
S el < e S S (1= 1) e -]
k=0 k=0 j=0
K-1 k—1 1 k—j—1 1 M )
serv k 1
P10 Y (1= i) gy Bl
k=0 7=0 m=1
165serv,y2[~/2 K—-1k—1 ) 1 k—j 1 k—j ] )
< - 77 14+ —— 1— CE || 272 g
- (1 _ 1/25serv) pors ;p] + 4Hserv 24serv < w
. K—-1k—-1 k—j k—j M
166561’\/ ) 1 J 1 J 1 2
+ (1 _ 1/25serv) Z ij <1 + 455erv) (1 o 26serv> ’ M Z E Hean
k=0 j=0 m=1
165serv,y2i/2 K-1k-1 ( 1 >kj ] 2
< rpe 2o 2P (1 e ‘EHZHW—WH
(1= 1/26%%) & < 15
K—-1k-1 k—j M
166%™ ; 1 1 .
+ (]_ _ 1/25serv) Z Zp] (1 o 45serv> ’ M Z E Hean
k=0 j5=0 m=1
16§serv 2E2 K-1 X i1/ . 2 1 J
serv p EHZ + / —w H .Z <1 - SCI’V)
= (- 1/20%) & pa 45
K—-1 M 00 j
165serv K 2 1 J
+ T omen (1_1/25serv Zp Z]EH .Z(l4ésew>
k=0 =1 7=0
K-1 9
< 128 5serv 2 2L2 Z pkE HZ]C+1/2 _ wkH
k=0
K-1 1 M 9
+128(5)* 3 pF 32 D Ellen| (35)
k=0 m=1
Combining 34) with (33)), we obtain
Zp (E[2M! = 2% + Efw™*! — 27|%)
_ K— K-1
< Z PE[2F — 2717 + Y PP R0 - 2*|* — 29 ) pRE(|FT? -2
k= = k=0
K-1 1 K-1
— (12202 Y P Bt P ( - 2) 3 PR 2
= k=0
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K-1
+ 768(§serv)272z2 . Z p Zlc+1/2

a
serv KlklM k|2 KﬁlklM k|2
+768(8°)2 > p 1 D Ellen] 6> 0" 5 > Ellen|
k=0 m=1 k=0 m=1

K-1

K— K-1
< DOPEIEF =P ) phElw 2P - 29 Y pREATYE -
= =0 k=0

K—-1
_ (1 —r— 272[/2 768(§serv 2 2L2 Z pkEHwk _ Zk+1/2H2
k=0

S

K—-1
_ (T— 1) Zpk]E||Zk+1/2 k||2 +775 6serv Zpk 1 Z EHefnuz
k=0

m=1

Using —af}? < —4]la + b

2 we get

K—-1
Z (EH sk+1 *H2 +E||wk+1 _ Z*||2)
k=0
K-—1
<> o (1-5) I - =P + Bl - = |?)
k=0

K-1
_ (1 — T — - 272[/2 768(5serv 2 2L2 Z pkE”wk _ Zk+1/2||2
k=0

K-1 K-1

M
. (7_ _ 1) Z pkE||zk+1/2 k||2 + 775 5serv Z pk 1 Z E He’:nHQ
k=0 m:1
K-1
+ v Z pkEszJrl/Q _ 2k‘|2
k=0

K—-1
< >0 (1-5) (@IEF - =2 + Bt - 2|1

k=0
K-1

_ (1 — T =y — 272[/2 768(6serv 2 2L2 Z pkEHwk _ Zk+1/2||2
k=0

_ ( —9 _ ]‘> . Iil kE”ZkJrl/Q 7ZkH2

T TH B) p

K-1
rv ki
+ (T75(0°™)% + 2u7) gzop 7 > Ellen]l”

m=1

S

With v < o~ . we get

K-1
Zpk (EH21€+1 _ z*||2 +EHwk+1 _ Z*HQ)
k=0
K-1
<> (1-5) 12— =) + Bl - 2)?)

k=0

K-1
_ (1 — T — - 272[/2 768(6serv 2 2L2 Z pkEHwk _ Zk+1/2||2
k=0
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1 K—-1
— <T2w > PFE[FT2 — )2
k

2 =0
serv = k 1 =z k|2
+776(0*™)% - Y s D Eenll (36)
k=0 m=1

Next, we work with the other "error" term. The same way as for (35)) we get

M
& Rl = S

M :
1 Y 1 2
. _ k ) E+1/2y k
: Mmz_:l(l 5dev>Hem+v Fon(F1172) = - )
1 & 1 2 1 1
k 2 k+1/2 k
<37 2040 (1_5dev) ek I + (1+C> (1_&1“)7 72— Bt

. _ 1
With ¢ = Q(T"—l)

1 & k12
el
m=1

IN

M
M Z ( 2§dev) ’|€l:n’|2+26dev72 . HFm(zk-‘rl/2) _Fm(’wk)H2
( _ ) LS ik 24 2590222 |42 —
(- gi) 2 S i [
244 ]\4m:1

_F 1 \FJ _ 12
< 259212 Z <1 _ 25dev) . HZJH/Q _ wJH )
j=0

K M
. 2
We weigh the sequence as follows Y pF- > ||ek ||”. Here we assume that p such that p* <
k=0 m=1

p? (1 +1/45%)*k=J. Then

K-1 1 M k—1 1 k—j
Zpk Z HemH < 25dev 2L2 Zp Z( 5dev)

Jj=0

i+1/2 2
LH1/2 0

25dev72 LQ

K—1k—1 1 k—j 1 k—j y 2
i )+1/2 i
= 1= 1/25) 2.7 (1 * 45deV) (1 N 25dev> ' HZ] N w]H

k=0 j=0

d 279 K—-1k—1 k—j
2692, pj<1— 1) -szJr1/2—ij2

™

_ dev dev
(1 —1/26dv) == 44de
v K—-1 'S} j
95dev2 2 el rrisz kz'z L j
— (1 _ 1/26dev) p < w 4 §dev
k=0 §=0
i 2
< 16(5%)242 2 Z o sz+1/2 _ wkH . 37)
k=0
together with gives
K—1
Zpk (EHékJrl _ Z*||2 —|—EH’wk+1 _ Z*H2)
k=0
K—1
p* (1= 5 (BI1* =12 + Bl - 2*|1%)
k=0
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m + v ( k+1/2) -7 Fm(wk) - ngv(fy : Fm(szrl/Q) -7 F’m(wk) + efﬂ)H
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=

-1
o (1 —T =y — 2’)/2L2 o 13200(5serv)2(§dev)2v2z2) . pkEHwk o Zk+1/2||2

k=0
1 K-1
- (7 —2yp — 2) Y PR K2, (38)
k=0
. . _ JIi—7 .
With 7 > %, Y < min |:187T7 m] we obtain

K-1 K-1
Zpk (Ellék—o—l _ Z*”Q +]E||wk+l _ Z*HZ) < Z pk (1 _ L;) (E‘|2k+l _ Z*”Q +EHwk+l _ Z*HQ) )
k=0 k=0

Then we just need to take p = 1/(1 — uy/2) (easy to check that p* < p7(1 + 1/86%")*~J and

k j dev\k—j : V1i—7
P S pj(l + 1/86 ev) J work with our 7y S m) and get

K
E (125 — 2|2 + o = =*12) < (1= B1)" (12° = =*112 + Ju® — 2]%).

This ends the proof for strongly-monotone case.

E.1.2 Monotone
Let us comeback and start from (31):
2YF(MH2) M2 ) <IEF — 2| — |25 =2 — (L= )" = 2P+ (1 = 7)w” — 2
— (1= 7 = 2Lk — S22
PO S S b - (7= 5) I+ =
M = 2
Then we use monotonicity (Assumption@ (M)) and get

29(F(2), 2% —2) < 125 —2)® — |25 =2 — (L= 7)[|2% — 2] + (1 = 7) w0 — 2

— (1= 7 = 291wk — 22

k2 6 k|2 1 k+1/2 k2
61 + 37 2 llem = (7 -5 ) 1247 =24
m=1
= |25 = 27 = 12" =2 + flw* = 2| = - 22
[+t — 2] = (1= 7)[[2* = 2[|* = 7[lw” — 2|2

e
6 2 1
+6||6k||2 + M Z Hdg@” _ <7_ _ 2) ||Zk+1/2 _ZkH2'
m=1

Next, we sum from 0 to K — 1:
K-1

2y 3P
k=0

K-1
<80 =2l 4 fluwf = 2P+ D (o = 2] = (1 = 7)|12* = 2| — 7w — 2])
k=0

K-1 K-1
1
_ (1 o 2’72.[/2) . E ”wk _ Zk+l/2||2 _ (7_ _ 2) . § ||Z1€+1/2 _ Zlc||2
k=0 k=0
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K—-1 K 1 M 5
1330 S EEEERED D i A
k=0 k=0 m=1

Then we take maximum of both sides over z € C, after take expectation and get

K-1

k+1/2
max ];) (F(2),2 Z>]

<E [max 129 — z||2} +E [max |w® — z|2}
zeC z€C

27E

+E

K-1
k k k
1%%230@**—4P—a—7nz—zP—wa—zwﬂ
k=0

K-1 K—1
1 o272y ko okrrzge (- LY k+1/2
(1—7—2v%L?) ZEHU} z I T3 ZEHZ’ z
k=0

k=0
K-1

K—1 | M ,
+6- Y Ele*|P+6- > 7 S Eek|”
k=0 k=0 " m=1
We star with using with p = 1 and get
K—1

29E lr?éigc Z (F(z),zF+1/2 — z}]

<E [max 12° — z||2] +E [max [|w® — z||2]
zeC zeC

K-1
k+1 o2 1 k)2 k2
max > (llw 2P = (L= )[eF = 2)* = Tllw® — z]?)
k=0
K-1
. (1 o 2’}/2L2 - 768(5serv)272L2) . Z ]E”wk - Zk+1/2||2
k=0

K M

kHZ

(T_> ZEH KHL/2 K2 g7 (g2 Zpk% ZE||@£1||2
=0 m=1

And then (37) (also with p = 1):

K—1
2 E k+1/2 _
1E |max > (F(2),2 z)
k=0
<E [max [12° — 22} +E [max [|lw® — z||2]
zeC zeC

K—1

max 3~ (Jwb* = 2 (1= )}k — 2|2 = — 2[?)
k=0

K—-1
_ (1 e 272[/2 _ 13200(5serV) 6dev 2 2L2 Z ]E”wk o Zk+1/2||2
k=0

_ (T _ ) Z Esz+1/2 k||2.

i 3 V-7
With¢ > 5 and v < ST Tiosoegimy e get

K-1

27vE [r?eacx Z (F(z),2F1/2 — z)]
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<E [max 12° — z||2] +E {max [|w® — z||2}
zeC zeC

+E

K-1
max Y (o™ =2 = (1 = 7)12* = 2| = 7llw” ~ Z|2)] : (39)
k=0

K—1
Let us estimate E [maxzec > ([lwrtt = 2|2 = (1= 7)||2* — 22 — 7|k - z|2)} For this we

k=0
note that
K-1
E [max [—7'||wk e T)sz — 2| + |Jwk Tt - z||2]]
z€eC
k=0
K-1
= E |max [—2((1 - T)Zk + Tk — w’“l, z)y—(1-— T)||ZkH2 — ’THU)kH2 + |wk+1|2]]
zeC P
K-1
_E _ _ k E o k+l
max Z [—2((1 = 7)2" + Tw” — w1, 2)]
k=0
K—1
+E —(1=)I2"7 = 7llw®|® + [ 7| .
k=0

One can note that by definition w*™': E [(1 — 7)||2%||? + 7[|w"||* — [[w***||?] = 0, then

K—1
E _ k_ 12 (1 — E_ 2 E+1 2
lglggkzo [=7llw® = 2" = (1 = 1)l = 2[|* + [Jw z)|%]

K—1
=2E max (1 —7)2% 4+ Tk — whtl, —z)]
k=0
K—1
=2FE max (1 —7)2% + 7wk — W, z)] .
k=0
Let define sequence v: v° = 20, vF*1 = % — §; with 6¥ = (1 — 7)2%F + 7w* — w**1. Then we
have
K1 K—1 K—1
<5k72k+1/2_z> _ <5k72k+1/2_vk>+ <5k7vk_z>. (40)
k=0 k=0 k=0

By the definition of v**1, we have for all z
(R — ok ok 2 — Pty = 0.
Rewriting this inequality, we get
(6%, 0k — 2) = (5%, vk — ok ) 4 (L ko gkt

1 1 1
A s B R e

1 1 1 1 1
= SHMI2 4 Sl — o2 4 Sk = 22— S = 22— o — o2

1 k 1 k 1 k
= SHIMI2 + S0k = 22 = S+ — 2]

2
With it gives
K-1 K-1 K-1 1 1 1
Z <5k’zk+l/2 o Z> < <5k’zk+l/2 o ’Uk> + Z <2||5k|2 + §||’Uk o Z||2 _ §||vk+l _ Z|2>
k=0 k=0 k=0
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K—1 LK1
< SR by £ L R 4 L
k=0
We take the maximum on z and get
K—1 K-
ko k1/2 _ SkH1/2 K
may 2 (e Z ")
k=0 =0
1= 1
+ 3 ];) (1 = 7)2% + rwk — W% + 51216210XHZO — 2|2
Taking the full expectation, we get
K—1 K—1
E ko k+1/2 _ kok+1/2 _ k
max (0%, z z Z(é )2 ")
k=0 k=0
1= 1
t3 ZE (1= 7)2" + 7wh — k2] +§IE [@ggﬂzo—zﬂ
k=0
K—1
=E (B [(1—7)2% + 1k — wht1]  2F /2 - vk)]
k=0
1= 1
t3 Z E (1 —7)2" + rwf — wh)?] + §IE [r?eacxnzo — z|2}
k=0
1= 1
_ k k k412 0 2
=3 E[[(1—7)2" + 7w* —w* | ]+§E [glgg(|z —z| ]
k=0
1= 1
<= E[||(1 - 7)2" + r0* — w* )] + ZE |max [|2° — 2|2
2 2 z€C
k=0
1S 1
=5 E [||Eye+s [wh ] — w1 2] + iE |:I£1€aCX [|2° — 2’2:|
k=0
1= 1
== E [—||Ewk+1[wk+lﬂ|2 —|—Ewk+1||wk+1||2] + —E |max ||2° — 2|
2 2 zeC
k=0
1S 1
=5 SB[ D P (1= I ) + 5B [ - 2P
k=0
1= 1
=3 2 7(1—-7)E [sz — wk||2] + iE [I;leag( |2° — z||2] .

Finally, we have

K-1
E|max »  [-7[w’ = 2" = (1= 7)[]2" — 2" + [l ~ zllﬂ
zeC
k=0
< (1-— w2 0 2|2 41
Z T)E [l — w*|*] + max |2° - 2] (@D

Together with (39) we obtam
K-1

k+1/2 _
29E [I?éié( kz_o (F(2),z z}]

<E {max 12° — z||2] +E {max [|w® — z||2}
zeC zeC
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K-1
E (VN 2 17 ]E k_ .k)2
+E [ 20 - 2P| + (1= ) PILIEE

<E {max 129 — z||2] +E {max [|lw® — z||2} +E [max |2 — z||2]
eC zeC zeC

K—

,_.

2(1—7) (]E [Hz’““” —wk||2] +E [||z’“+1/2 —zk||2D. (42)
k=0
Let us use (38)) with p = 1 and i = 0 (monotone case):
K—1
Z (EH2k+1 _ Z*||2 +E||wk+1 _ z*||2)
k=0

=

<> (B 27| + Efw* 27

k=0

K-1
_ (1 T — Q’YQLQ _ 13200(55erv) 5dev 2 2L2 Z ]E”wk _ Zk‘+1/2||2
k=0

<T _ ) Z EH k+1/2 kH2

: : Vi-1
Taking into account that v < ————Crer T i6saegif, We get

K-1

K-1
Yo (EIEF =P Bt =2 )F) < Y0 (BN - 2P+ Efw® - 2|P)
k=0 k=0
1 r A
(]E”wk B Zk+1/2||2 JrEHZkJrl/Q _ anz) _
k=0
Small rearrangement gives
K-1
21-7) 3 (Bllw® = 222 + BFH2 - 242) < 4 (BJIZ - 2|2 + Eljw® - 2*))%).
k=0

Substituting this expression to (#2)), we get:

K-—1
F k+1/2 _ < E 0 2 2]E 0 _ 2
max ;( (2), 2 2)| <E |max]|2® — ||| +2E [max||<® — 2|

4 (E|2° — 2*|? + E[Jw® — 2*[|?) .

279E

Then we can obtain

K—1
2 e, (L5 g1z _ ] < 2macsec 12— =l + 420 — =)
zeC K pard ’}/K ’
and finish the proof.

E.1.3 Non-monotone
Again we start from G1):
E|g" —2|® <E[2* — 2| — (1 - DE[z" — 2[* + (1 - T)E[w* — 2|
— 2K [<F(Zk+1/2)’zk+1/2 - z>} (17— 272L2)E”wk _ Zk+1/2||2
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Ellek (12 EME k|2 71Ek+1/27k2
+OE[let2 + = S Blek || — (7 5 ) BIAZ -k,

m=1

Putting z = z* and using non-monotonicity (Assumption[3.5/(NM)), we get
E|2M — 2|2 < EJ|Z* - 2)* = (1 = DE[12" — 2| + (1 - T)E[w® — 2*||?
_ (1 —r— 272L2)EHU}I€ _ Zk+1/2||2
6 — 2 1
k(2 k k+1/2 k2

+ 6E||e*||* + M;]EHemH — (7’— 2) E||251/2 — 2%||2. (43)

With 7 > % and rule for zF+1/2 (line we obtain
E|2M — 22 < ElIZ* - 2 = (1= N)El|2" — 2)|* + (1 = 7)[[w* — 2*||?
~(l-7- 272L2>E|\wk - ’““/2”2

+6E||ek||2 ZEH | k+1/2 _ k||2

= E[|2F —2* - (1~ T)Ellz =2 + (1 = 7)Ellw® - 2|

1
_ (1 — 272L2)E|\wk _ Zk+1/2||2 _ g]E”ZIH»l/Q _ Zk||2

M
6 2 1
+ 6E| || + i S Eek | - gEHTzk + (1 = 1wk — yF(w*) — 2|2
m=1

=E[|2* - 2*|] = (1 = 1)E[|2" — 2*|* + (1 = T)E[Jw”* — 2*||?

1
— (1= 7 = 2P LA)E = HHV2|2 - SRR o2

M
6 1
+ OBl + - S E e[ = SEIL - )k - 24) - yF )2

Using —[laf|? < — 4 la + bl|2 + ] gives
E[#! - 2*|2 S E2* — 2|2 — (1 - P)E[* — 2* |2 + (1 - D)E[lu - 2° |2
1
— (1= 7 = 2°L2)E[JwF — V2|2 - [ K2
8

M
6 2 72 1—17)2
+OE[e" ) + 17 D E flen||” — [pEIF(®)I* + %Enwk — 2F|I2.

m=1
And then
E||2* — 2% < E||2* — 2*|* — (1 = 7)E|2* — 2*|]* + (1 — 7)E[lw* — 2*|?

1
— (1= 7 = 2PLAE |t — V2|2 - SR/ o2

ky2 , O = k2 gz, (1=7)° k+1/2 k2
+ 6E||e"|] +MZE||em|| —EE”F(@U ) +TEH2 — 2"

1— 2
+ ( 47—) E‘|2k+1/2 _ wkHQ
< E[IF - 27| = (1 = DEl|2" - 2 + (1 - 1)E[Jw® - 2|

1
_ (1 —r— 272L2)E||wk _ Zk+1/2||2 _ §E||Zk+1/2 _ Zk||2

M
6 1
ORI+ S Bl 7 - LRI + Bl 2

m=1
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1—
+ 16TE||Zk+1/2 _ wkH2

SE[EF - 2P = (1= DE[l* - 27|* + (1 = 7)E[lw” — 2|

. (1 ; T 272L2> EHwk _ Zk+1/2||2

+ 6E || + ZEH e |’ - EIIF M7

Here we additionally use that 7 > 2. Then we add

EH sk+1 *H2 +E||wk+1 o Z*||2

1—
< E”}jk — Z*||2 + E“wk — Z*HQ _ ( T . 2’)/2L2> ]E”wk _ Zk+1/2||2
6 M
GBI O S Bl | - LB
m=1

Next, we sum over all £ from 0 to K — 1 and get

ST EIF@)P S B - 2P+ Blu® — 2| — BJEK - 2| — Bw - 2P

B 1—7 7272112 Kzil]E||wkizk+l/2”2
2
K-1 K— M 9
+6 > E|e*)*+ Z ZJEHe’:nH :
k=0 : m:

It remains to use and withp = 1:

2 K—1
ZEIIF ? <EJZ° — 2| + Eflw® — 2| — E[|2% — 2| — Ew™ — 2%

1—7 =
- < 5 o 2,YZL2> ; ]E”wk - Zk+1/2||2

K-1
~ 2
+ 768((5serv)2’72L2 Z E sz-&-l/Q _ wkH

K— 5 K-—1 1 M 5
LT Y LS B P eSS LS Bk
k=0 m:l k=0 m=1

<SE[2° - 2|° + Eflw’® - 2|
l—7 272 serv22 2 = k k+1/2(2
- 5 —2y°L° — 768(d L E||lw"® — = |
k=0

N

serv y 1 =z k|2
+775(0°")% D 77 D Eflenll
k m=1

<E[I2° - 2*|? + Efluw® - 2|2

K-1
l—7 272 servy2 . 272 ShA1/2)12
- ( 5 — 29°L° — 768(5°*™)*~“L kg . IEHw |

K—-1
~ 2
+12400(5%)2 (6% S E Hz’“‘l/? - wkH
k=0
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<E[|2° - 2|7 + Efluw® — 27|

K-1

1

_ 5 (1 o 4’}/2L2 _ 26400(5serV) 5dev 2 2L2 § : E”wk _ Zk+1/2||2.
k=0

Then we choose v < vi-T

= 2L+1658%m 4V [, and get

K— * *
V2K
k=0
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F Stochastic case and variance reduction

In this subsection, we assume that the local operators on each node has either a finite-sum form:

Fn(2) =

ﬁ\'—‘

3 Fui(2) 44

This case corresponds to the stochastic setting, when it is expensive to calculate the full operator
F,, and it is cheaper to calculate the value F,, ; one of the terms (batches). For this setup we
additionally assume that

Assumption F.1 Each operator F,, ; is Ly, ;-Lipschitz continuous, i.e. for all z, z2 € R? it holds

| Fni(21) = Fi(22)|1* < Linillz1 — 22| (45)
Letifn:%Z andL2:ﬁZ%ZLfm-.

Next, we modify MASHA1 and MASHAZ2 for this setup. Modifications of the other steps (computing
gk, 2kt ek | eF etc.) in VR-MASHAT and VR-MASHA2 occur according to the new g¥,.

s Cmo

F1 VR-MASHAT1: stochastic and batch version

In this section, we provide information about VR-MASHA1. This is a modification of MASHA1 for
the stochastic case of a finite sum. Changes compared to MASHA1 are highlighted in blue — see
Algorithm 5] Note that without compression VR-MASHA1 is an analogue of methods from [1].

Algorithm 5 VR-MASHA1

1: Parameters: Stepsize v > 0, parameter 7, number of iterations K.

2: Initialization: Choose 2° = w° € Z.

3: Server sends to devices z° = w” and devices compute F,,(w") and send to server and get
F(w?)

4: fork=0,1,2,..., K —1 do
5: for each device m in parallel do
6: ¢ =712+ (1 - T)wk
7: 212 = =7 — YE (wh),
8: Generate 7%, from {1,...,r} independently
9: Compute mem( k+1/2) & send Q9 (Fy, o (FH1/2) - F, =k (w")) to server
10: end for
11: for server do
12: Compute Q%" [1 Z QY (Fy e (2 /2y R ok (wk))] & send to devices
13: Sends to devices one b1t by.: 1 with probability 1 — 7, 0 with with probability 7
14: end for
15: for each device m in parallel do
16: Zlc+1 _ Zlc+1/2 _ ,sterv [ Z Qdev( ( k+1/2) Fm ok (wk))]
17: if b, = 1 then
18: whtt = Zh+l
19: Compute F,,, (w**1) & send it to server; and get F'(w**1) as a response from server
20: else
21: whtt = P
22: end if
23: end for
24: end for

The following theorem gives the convergence of VR-MASHA1.
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Theorem F.2 Let distributed variational inequality (3) + @) + @4) is solved by Algorlthm 3] with
unbiased compressor operators (1): on server with ¢*" parameter on devices with {q%'}. Let
Assumption[3.4)and one case of Assumption[3.5]are satisfied. Then the following estimates holds

e in strongly-monotone case with v < min [ Vzlch; 12_—;}
q
(where Cy = /Ly - SSM_ (qdev B2, + (M — 1)L2)):
. wy .
E (15 — 2P+ o — ) < (1= 22) " 20 — 2
-7 .
e in monotone case with y < 7 CV T
. | K=l " - 2max,cc “|ZO — z||2} +6]2° — Z*Hz
s (e, (3 00) <] < s ,
k=0
Vi—-7.

e in non-monotone case with AR <
Z ||F ||2 16||ZO_Z*H2
7K

For VR-MASHA1 we consider the case of only devices compression. For simplicity, we put Q¥ =Q
with ¢4 = ¢ and 8% = 3, also L,, = L = L. Let us discuss the difference (with MASHA1) in
choosing 7. When b, = 1, we need not only to send uncompressed information to the server, but
also to compute the full F},,, which in the stochastic case is r times more expensive than computing

20,

one batch F}, ;. Then, at each iteration, we send O (% +1-— 7‘) bits of information, and also
count O (1 + r(1 — 7)) batches. Therefore, the optimal choice of 7 depends on two factors and
1

l—7= max{8,r}"

Corollary F.3 Let distributed variational inequality (3) + (@) + is solved by Algorithm 3| with-
out compression on server (¢*°V = 1) and with unbiased compressor operators (1) on devices with
{q%" = q}. Let Assumption and one case of Assumption are satisfied. Then the following
estimates holds

_ -1
e in strongly-monotone case with v < min {;L (V& +1) t (\/max{ﬂ,r}) ; ﬁ - (max{8,r}) "
K
E (25 = 2P+l = 2)2) < (1= £1) 7 220 - 2

- 2

® in monotone case with y < 6% : (\/% + 1)_1 : (\/ max{ﬁ,r}>7

1 K—-1
w), (K 2 2/ 2) —u)

e in non-monotone case with vy < 5= - (\/2& + 1)_1 ' (\/max{ﬂ,r}>
2 16020 — ="
}NF ) e
Y

In the line 5 of Table [T we put complexities to achieve e-solution.

E |max
zeC

_ 2max.cc [[I2° = 2[?] 4 6]|2° — z*||>
— /‘YK )

-1
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F.1.1 Proof of the convergence of VR-MASHA1

Proof of Theorem [F2:
The proof is very close to the proof of Theorem [D.I] Only two estimates need to be modified. First

is (13)

M 2
1
k1 _k+1/22] _ 2 L dev k+1/2y k
E |:HZ z || j| =7 E ‘ Qserv [M T;eri (Fm,ﬂfn(z ) Fm,ﬂ’;ﬁ (w ))]
2 ¢ . d k+1/2 k i
< v MQE Z Qniv(Fm,'rrfn(Z +/ ) - Fm,‘n’fn’(w ))
m=1
_ 72 . serV Z E |:HQdev ( k+1/2) Ja . (wk)>H2:|
M2 m,Tm,
qse ev : ev
£ S B (@ (B, (25Y2) = By () QY (F(72) = By (0)))]
m#l

Next we apply (I)) and Assumption [3.4]for the first term and independence and unbiasedness of Q
and uniformess of £ for the second term:

§CI'V

B [szﬂ k+1/2|| } <2 M2 Z qdev ZLgn,iE |:sz+1/2 _ wk‘ﬂ

SS]’V

e SR [(Fn () — F(wh); Fi(HY2) — Fiwh)]
m;él

serv

Z G2 E |:sz+1/2 - wkH2:|
2

TR il mzf [1Em(F5172) = B (@) + 1B (2172) = Fi(w®))?]

+7 2M2 ZE[ 72n||2k+1/2—wk\|2+Lz2sz+1/2—wkH2}
m;él
SerV d 2 k+1/2 k 2
—r- 0 >t -]
setv( AN — 1) -

+72 . q (M )L2E {||zk+1/2_wk”2}
2 ﬁE k+1/2 _ k2 devL2 1 EQ
=7 JpE|l w” || Zq )

Here we can use new C, = 1/ 47 - M (VL2 4 (M —1)L2).

M?2 m=1 m
The second modified estimate is (25)):

M
E Qserv l]\z Z Q;lrelv(Fm(Zk—i-l/Q) _ Fm(wk))
m=1

+ F(wh) — F(F17?)

e e ]
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F.2 VR-MASHAZ2: stochastic and batch version

In this section, we provide information about VR-MASHA2. This is a modification of MASHA2 for
the stochastic case of a finite sum. Changes compared to MASHAZ2 are highlighted in blue — see
Algorithm [6]

Algorithm 6 VR-MASHA2

1: Parameters: Stepsize v > 0, parameter 7, number of iterations K.

2: Initialization: Choose 2° = w° € Z, €% =0, e® = 0.

3: Server sends to devices z° = w” and devices compute F,,(w") and send to server and get
F(w?)

4: fork=0,1,2,..., K —1 do

5: for each device m in parallel do

6: ZF =72k + (1 - 1)wk

7: 22 =z — yF(w")

8: Generate 7%, from {1,...,r} independently

9: Compute F, k. (2#*+1/2) and send Cf,f"('yme% (2F+1/2) — YF (wh) +ek)

10: eftl — ek 4+ ’ymeﬁ%(zkH/Q) - 'ymeTrbﬁ(wk) - Cgrfv(’YFm,ﬁgvn (25412 — VE o (w*) + er)
11: end for

12: for server do u

13: Compute gF = C% [;1 > CV(yFpy o (ZFTY2) —yF o (wh) + ek) + ek} &

= . "
send to devices

14: e S ORI By g () < (04) ) — o

15: Sends to dev1ces one bit b 1 w1th probability 1 — 7, 0 with with probability 7

16: end for

17: for each device m in parallel do

M
18: Zk+1 _ Zk+1/2 — (rserv [A14 Z Cgfv(WFm,wg (Zk+1/2) o ’YFm’ﬂ—k (wk) + efn) + ek:|
m:1 L m

19: if b, = 1 then
20: whktl = 2k
21: Compute F,,,(w**1) and it send to server; and get F'(w**1)
22: else
23: whtl =k
24: end if
25: end for
26: end for

The following theorem gives the convergence of VR-MASHA2.

Theorem F.4 Let distributed variational inequality (3) + + is solved by Algorithm 6] with
T > Z and biased compressor operators [2): on server Wlth (556” parameter, on devices with §9¢".
Let Assumption[3.4|and one case of Assumption|[3.3]are satisfied. Then the following estimates holds

et

e in strongly-monoton h v < min P
in strongly-monotone case with { Su Y RRT LI T

K
B (125 — "2 + Jw” —27)2) < (1= EL) " -2 = =%

e in monotone case with y < ; TTi655e T
E [max(F z k17210 _ 2y Qmaxzec 1% = 2]1% + 6]1=° — ="|1*.
zeC K )
k=0 v
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. . V1i—-1
[ ] - < T S
in non-monotone case with Y S 2L 1655%m8de L,

K-

32K 20 — 2*||?
Z E|Fw)|* < =—F—
k=0 7K

We consider the only devices compression. For simplicity, we put L = L = L. We use the same
reasoning as in SectlonE The optimal choiceis 1 — 7 = — { Ay

Corollary K.5 Let distributed variational inequality (3) + (@)+®4) is solved by Algorithm[6|without
compression on server (6" = 1) and with biased compressor operators [@2)) on devices with 6% =
8. Let Assumption [3.4) and one case of Assumption [3.3|are satisfied. Then the following estimates
holds

—1
e in strongly-monotone case with vy < min { - (max{B,r}) " TomT (\/max{ﬁ, r}) }

K
E (|25 = =2 + ok = =*12) < (1= 5 20 — =%
e in monotone case withy < zrs1 - (\/max{ﬁ,r}>_
2max,ec |20 — 2]|% + 4|20 — 2*||?
k+1/2 | _ z€C .
(¥ ( Z : ) ] K »

e in non-monotone case with y < 1etsr - (\/max{ﬁ, T}) B
32E|2° — 2*|?
( Z ([ (w ||2> vk
~

In the line 6 of Table[I|we put complexities to achieve e-solution.

E

F.2.1 Proof of the convergence of VR-MASHA2

Proof of Theorem The proofs of Theorem [F.4 partially repeat the proofs of Theorem We
note the main changes in comparison with Theorem

The first difference is an update of "hat" sequence (26):

. 1
shtl _ kLl kel 3 Z 6514-1

M
1
L k+1/2 dev k+1/2y k k k
2 cs [M > X (VP e (2 ) = YFm e (W7) +€,) + €

m=1

M
1
- ek - Z Cfrfv(’yFm,wfn (Zk+1/2) - ’yFm,ﬂ'fn (wk) + efn)

M
1 v
Z Cs; (’YFm,‘n'fj@ (ZkJrl/Q) - ’yFm,‘n'?’; (wk) + 6172) + et

( k+1/2) F

m m

M
1 A%
—37 (€, + VB et (F1/2) =y (0F) = O (-

1 U 1 Y
_k+1/2 kL ko1 Lk+1/2 wh

7n

e (w

k)—|—6

m

)



M
R 1
= U2 S (B (BFHY2) By ().

m=1
Hence, we need to modify
||Ak+1 Z||2 S ||2k _ Z||2 + 2<2k+1 _ ékz Zk+1/2 _ Z>
2

M
+277 Z b, (52) = By g (w))
m=1

_ HZkJrl/Q k”

4 M
+4l eI + 7 3 ek |
m=1

and (30):

2k+1 _ sk _ ék-i-l o 7:,/4:-&-1/2 + 2k+1/2 _ ék

z
1 M
= =7 (.7‘[ E (Fm,w’fn( k+1/2) - Fm,ﬂ,’fn (wk))> + Zk+1/2 - Zk

m=1
M
( Z m, wk k+1/2) Fm,ﬂfn(wk))> 7’7F(wk) +2k *Zka

Then is also modified:

I — 22 < 185 — 2] = (1 = 7)||2% — 2> + (1 = )|k — 2|)?
1 M
- 27 ( Z k+1/2) - Fm,ﬂ-fn (wk))> + F(wk)a Zk+1/2 - Z>
=1
M 2
— (1= 7wk — #2222 Z (Y2~ By (wh)

T olleH 2 + Znemu ( )|z’“+1/2—z’“|2. 6)

Next, we move to different cases of monotonicity.
Strongly-monotone

The same way as in Theorem we put z = z*, use property of the solution and then take full
expectation:

E[[e" — 2|2 < El|Z* - 2*|* = (1 = DE||]2" — 2*|* + (1 - 1)E[w* — 2|2

M
1
~E <<M S (B, (F412) = By (w’*‘») +F(wk) = F(z"), 2441 z*>]
m=1
1 i
1 k k+1/22 2wl Lt k+1/2\ k
(1 =7)E[Jw® = 2"7F7 + 2707 - E M;(me(z ) = Fo i, (w"))

k2 , 6 - k2 _ 1 kE+1/2 k2
+ 6E||e”||” + 7 ZEHemH T35 E|z 2"
m=1

< E[IF = 27| = (1= DE[|* — 2 + (1 = 1)E[lw* - 27|

M
- 2E ( [ D o, (%) = Fop i (0) + P() = P(5) | 242 z*>]
= . 2
— (1= 7Bt — 224292 SR [E P, (%) = By g ()| ]
m=1
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Ellek|2 EME k|2 _ 71Ek+1/27k2
+ OB + o S E [l P - (7 - 5 ) B2 - ¥

m=1

= E||2* — 2" = (1 = D)El|l2" — 2*|* + (1 - T)E[w* — 2|
— 2K {<F<Zk-+1/2 _ F(z"), 2 z*}]

— (1= 7)E|wk — 2FV22 4242 = Z E

ZHF (2+1/2) M,i(wk)’ﬂ

+ ORI + j\(j[mi_lE lek.II” - (T - ;) E||2*+1/2 — 24|12
=E[|g* —"|* — (1 = D)E[2* - 2*|* + (1 = D)E[jw* — ="

—9E [<F(zk+1/2 _ F(z*), 22 z*}]

—(1-7)E[w* - ’““/2||2 22 L2 [k — /22

6
+ 6E||e*||? + — i ZEH || ( )Esz“/Q 2|2, (47)

m=1

In the last we use Assumption and definition of L from this Assumption. The new inequality

is absolutely similar to inequality (only L is changed to L). Therefore, we can safely reach
the analogue of expression (34):

K—-1
ZpkE”Ak+1 *H2 + Z pk]E”warl _ Z*”Z
k=0
- K—-1 K—-1
< 3 PRI S PRI =2 S PRI
= k=0 k=0
K-1 1 K-1
— (17 =202 3 ph Rt — 222 ( - ) 3 P P
k=0
K—-1 K-1 1 M 9
k k12 k k
+6~kZ_OpIE||e I +6-’;)p Mmz_:l]EHemH ) (48)

The only difference in the estimates on "errors" e* and eF, is in the constant L. It needs to be
changed to L. And we have analogue of (38)):

—1
Zpk (]E||2k+1 o Z*||2 +E||wk+1 o Z*HQ)

-1

K
< Yo (1-51) 1 - =2 + Blwt - 2?)

k=0
K-1
_ (1 — T =y — 13200(5serv)2(5dev>272£2) . Z pk]E”wk: . Zk+1/2||2
k=0
K-
B (T — 2y - ) Z VB[S - 2R, (49)
=0

Choice 7 > 2,y < min finishes the proof.

1—
[ 8n 165656'V5de‘L}

Monotone case
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We start from with small rearrangements:

27<F(zk+1/2),zk+1/2 _ Z>
<EF =2l = 125 = 2] + flw® = 2]* — Jw** - 2

e e L S B e

M
- (1\14 D Fmt (Y2 = By (wk))> + F(wh) — F(FF1/2) ohH1/2 )

m

m=1
2
M
— (1= )k = 22 22| Z K (ZPHU2) By ()

k2 EM k2 _ 1 k4+1/2 k|2
+ 6]|e”||” + i Z HemH T35 1K 2"
m=1

The same way as in Theorem [E.T|we use monotonicity (Assumption [3.5](M)) and then sum from 0
to K — 1:

K—1
2y Y (F(2), 2% —2)
k=0
<12° = 27 + fJw® — 2|
K—1
+ ) (I =2 = (1 = 1)lz" = 2lf* = 7llw* — 2%)
k=0
K-1 /4 M
-2y I;) ( (M mZl(ﬂn,w;g,(2’““/2) — F e (w’“))> +F(wh) = F(M2) M2 )
K—1 K-1 1 M 2
= (=) Y Mt =R 2y Y D (B, () = Py ()
k=0 k=0 m=1
K—1 K | M ) 1\ K-l
+6- > ||ekH2+6.ZM S leml” - ( 2) S lE2 2k,
k=0 k=0~ m=1 k=0
Then we take maximum of both sides over z € C, after take expectation and get
K—1
2+E F kt1/2 _
0 [mgg kZ_g( (2),2 2)

<E [max [12° — z||2] +E [max [|w® — z||2]
zeC zeC

K-1
ma 3 (bt =l = (1= ) =l = <1P)

K-1 M
+29E | max Z ( 27 O Bt (G5H%) = By <w’“>>> + F(wh) — F(s41/2) 24172 Z>]
= m=1
- K-1 M 2
- (1 - T) ’ Z EHwk - Zk+1/2H2 + 272 : Z E Z m 7rm k+1/2) m ok (wk))
k=0 k=0 m=
K-1 K 1 M 9 1 K-1
I T CREE DR o1 3 o CRE B S
k=0 k=0 m=1 k=0
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The same way as in strongly-monotone case of this Theorem (Theorem [F4) we estimate

o K& 1 4 k+1/2 k2 = k|2 K, X k|2
2% DB | 2 (P (M) = Py )| +6 D BIME 46 32 3 30 Elfen”

m=1

K-
2~vE lmax Z 2R /2 z>]
k=0

<E {max [12° — z||2] +E {max [|lw® — z||2]
z€eC

K-1

ma 3 (! = 2P = (1=l 51 =t — 21P)

=0
K-1 M
+ 2'VE Z < Z m,mk, ( k-‘rl/?) — mebn (wk))> 4 F(wk) . F(2k+1/2),zk+1/2 _ Z>
k=0 m=1
K-1
— (1 = 13200(5serv)2(6dev)272L2) . Z ]E”wk _ Zk+1/2||2
k=0

<,7__> ZE”ZkJrl/Q kHQ

_Vi-T
With ¢t > 2 fand y < = we get

K-1

k+1/2
29E [gleag kZ_O (F(2),2 Z>]

<E {max [12° — z||2] +E [max [|lw® — z||2]
zeC zeC

K-1

k k k
max Y (o = 2]® = (1= 7)[* — 2|* — 7w~ 2]?)
k=0

K—1 M
+29E |max } —<< > For, (52 = By (w’“))) + F(wk) = F(zH41/2) 4172 )
k=0 m=1
Using (@1), we obtain
K-1
2vE lmacx (F(z), SRFL/2 z>]
z€
k=0

<E [max [12° — z||2] +E [max [|lw® — z||2] +E {max [|2° — z||2]
z€C zeC

K-1
1=7) > E[I* =] (50)
k=0
K—1 | M
FNE ) - <M 2 (B G772 = B <wk>>> +F(wh) = F(H2), 24402 2
Let us work with the last line. For this define sequence v: v° = 20, v¥*1 = vk — 46, with
M
6k = F(ZFt1/2) - (1\14 S (P (FT1/2) = Fy i (wk))> + F(w*). Then we have
m=1
K—1 K—1 K—1
Z <5k7zk+1/2 _ Z> _ Z <5k7zk+1/2 _ Uk> + z <§k7vk _ Z> 51
k=0 k=0 k=0
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k+1

By the definition of v" 7" we get

(v oF — 2) = (yoF, oF — o) 4 (R —oF z — Rt

1 1 1
= (78", 0" = 0" ) 4 S floF = 2P = Sl = 2P = St - ot
2 2 2
2 1 1 1 1
= TISHIZ + G l% = o 4 Sl = 2] = SR = 2] — 2ok — o2
2
v 1 1
= TISHI2 + Gk — 2l = S b 2]
With it gives
K—1 K—1 1K1 /0 1 1
Z <5k,zk+1/2 _ Z> < <5k’zk+1/2 _|_ - Z <’Y25k||2 + §Hvk _ Z”Z _ 5”,UkJrl _ Z||2)
k=0 k=0 v =0
K—-1 ’YK 1 1
< 51@ k+1/2 _ k s 5/@ 20 lp0 — 22,
< STk £ LS R e

S
I
=
E
I
=

We take the maximum on z and get

K-1 K—1 1
ko k+1/2 ko k+1/2 _ ky 4 L 0_ 2
max » (6" z 2) < E (6%, 2 ¥y 4+ 5 glgg{”z 2|

zeC
k=0 k=0

m

K-1 M
¥ 1
5 2 1P (M > By (F4Y2) = By (w’“») - F(uh)].

Taking the full expectation, we get

K-1 K-—1
E meaCX <6k,2k+1/2—2 E [Z k k’+1/2_,uk>‘|
= k=0 k=
K—-1 M
+ LN R ||FER?) - L D (P (ZFF2) = Fpy i (w?)) | = F(w¥))?
2 — M — 77L77Tm m Trﬂl
+ 5 max o
K— M
_E Z SK+1/2) 1 Z i (52 By () ) — F(w®) /2y
k= Mm:1 m,ﬂ"m )
5 K—-1 1 M
ts D E||F(F) <M mar (TP — F, Trfn(wk))> - F(wk)Hz]
k=0 —1
+ iInautzO —2|)?
2’}/ z€
K-1 M
o 1
LT I (3 ()~ B ) ) - P
k=0 m=1
1
—|—% aXHZO—Z||2
K-1 K-1
SO Z | B, (25172) = By (@9)2] 4 D0 E [IF(54Y/2) = F(wh)|?]
o k=0
1
4+ — max ||2° — z||?
27y zeC
K-1
. 1
WL+ L) D B2 —wh|? 4 o mae | — <)% (52)
k=0
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Substituting to (50), we get

K—-1
k41/2
29E [glgg ;0 (F(2),2 Z>]

<E {max 129 — z||2] +E {max f|lw® — z||2] +E {max [|2° — z||2]
zeC zeC zeC
K-1
+(1=7) Y E[* - wk?]
k=0

K—1
+292(L% + L?) ZJEszH/Q—wkHQ—i—maXHz —z|)?
k=0

N=3
With v < srrar Ve have

K-1

kt1/2
max g—‘; (F(2),2 Z>]

2vE

<E [max 12° — z||2} +E [max | — z||2} +2E [max [|2° — zZ}
zeC zeC zeC
K-1
+3(1—7)- Z {sz _ ZkH/QHQ} 1E {sz+1/2 _ k||2} ) (53)
k=0
Taking into account (49) with p = 1 and x = 0 (monotone case), we get
K-1
Z (E||2k+1 _ Z*||2 +E||wk+1 _ Z*HQ)

k=0

T

< > (Bl =2+ Ellwt —27|?)
k=0

— (1 =7 — 13200(8°™)2(59)242L?) -

Z EH’LU k'+1/2||2

_ (7_ _ ) § E||Zk+1/2 k||2'
. Vi-T1
With v < ST

1655%rv §dev [, we get

K-1
1—7

(E”wk _ Zk+1/2H2 +E|\2k+1/2 .
k=0

“I2) < (B2 - )12 + Ellw® - 2*)1)

Combing this expression with (53], we obtain

K-1

T ]

2vE

<E [max 12° — z||2} +E [max | — z||2} +2E [max |29 — zZ}
zeC zeC zeC

+6 (B|2° — 2| + Ew® — 2"]%) ,
and finish the proof in the monotone case
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Non-monotone case

We start from (46), put z = z*, use non-monotonicity assumption and then take a full mathematical
expectation:

E[257! — 27| < EJIZ* - 2| = (1 = DE[l2" — 2" + (1 - D)E[w® - 2|2
M
— 29E ( Z k+1/2) _ Fm,ﬂ,’fn (wk))> + F(wk),zk+1/2 _ Z*>]
m=1
1 i
= (U= B = SRR 292 B T S (B (FTY) = B (1))
m=1

M
6 2 1
k|2 k k+1/2 k2
SE[2% —2)* = (1 = DE[[2* — 2| + (1 — T)E[w® — 2*||?

—279E [(

[MZ o, (HY2) = By (08) 4+ P1")

7Zk+l/2 _ Z*>]

M
1
— (1 = 7)E[jw® — 2FH1/2)2 1242 i Y E [E,Tk

2
P, (%) = g (0

M
6 2 1
k|2 k k+1/2 _ k2
+ 6E||e”|| +Mm§:;EHemH - (T— 2) E[|2#172 = 2|
= E||2F - 2)* = (1 = DE[z" = 2| + (1 - )E[w* — 2*||?
— 2K [<F(Zk+1/2’zk+1/2 _ Z*ﬂ

— (1= 7)E[juwh — 222 p 22 = Z E

ZHF (A+1/2) m,i(wk)HQ]

M
6 2 1
ORI + 5 mZ::lE leml|” = (T - 2) E||zFF1/2 — k|2
= E|l&* — 2°[]2 = (1 - DE[e* — 27| + (1 - 7)E[Ju® - 27|
— (1 = 7)E[Jw® — 25122 4 292 [2E||wh — 2FH1/2)2

M
—|—6E||€kH2 + % Z E He]:nHQ B (7_ B ;) E||Zk+1/2 _ Zk||2.
m=1

This expression is the same with (43). Then we repeat all steps from Theorem [E.I] And then with
Vi-T1

7 — 2L+1655““6d”L we get
K-1

i IE”F(wk)”Q (E”Z 7Z*H2+E||w07Z*H2)

K 7K '
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G Federated learning and partial participation

Here we consider a popular federated learning feature - partial participation. We model it as follows.
At each iteration, only b random devices send information to the server. The rest do not compute
and do not communicate. More formally, at each iteration we

generate subset {£F}_, of {1,..., M} (54)

devices, which takes part in the current iteration. Next, we show how to modify MASHA1 and
MASHAZ2 for partial participation.

G.1 PP-MASHA1: federated learning version

In this section, we provide information about PP-MASHA1. This is a modification of MASHA1 for
the federated learning case. Changes compared to MASHAT are highlighted in blue — see Algorithm
m

Algorithm 7 PP-MASHA1

1: Parameters: Stepsize v > 0, parameters 7 and b, number of iterations K.

2: Initialization: Choose z° = v € Z.

3: Server sends to devices 20 = w and devices compute F,,(w") and send to server and get
F(w?)

4: fork=0,1,2,..., K —1 do

5 Generate subset {¢F}2_, of {1,..., M} independently

6 for each device m from {¢¥}%_, in parallel do

7: 28 =728 4+ (1 - 7)w”

8

9

0

1

22 = 7 — yF(wh),
Compute F, (z*11/2) & send Q¥ (F,,(z**+1/2) — F,,(w"*)) to server
end for

10:
11: for server do

b
12: Compute Q" [i ;QE?Y(Féf (K T1/2) = Fe (wk))] & send to devices
13: Sends to devices one bit by: 1 with probability 1 — 7, 0 with with probability 7
14: end for
15: for each device m in parallel do

b

16: SRl kt1/2 Qe [izleg?‘v(Fif (Zk+1/2) _ F&k (wk)):|
17: if b, = 1 then
18: whtt = Zh+1
19: Compute F, (w**1) & send it to server; and get F'(w**1) as a response from server
20: else
21: whtt = ¥
22: end if
23: end for
24: end for

The following theorem gives the convergence of PP-MASHA1.

Theorem G.1 Let distributed variational inequality (3) + @) + is solved by Algorithm [ with

unbiased compressor operators (I): on server with ¢*" parameter, on devices with {q%'}. Let

Assumption[3.4)and one case of Assumption[3.5|are satisfied. Then the following estimates holds

e in strongly-monotone case with -y < min[@% 12—77} (where Cf; _
serv Al ~ —
\/?W et (@@ L2 + (b—1)L?)):

K
B (|25 = "2 + Jw® = 27)2) < (1= E1) " 2012 = 2|1
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VI=T_.

e in monotone case with vy <

20 +4AL"
Sy 0 2 0 %12
2 » — 6 —
E lmax (1 Zk+1/2> _ H < max.ec [[|2° — z[|2] +6]|2° — 2*|| ;
zeC K VK
k=0
Vi—-7.

e in non-monotone case with y < 20T

Z ||F ||2 16”20_2*“2
VK

For PP-MASHA1 we consider the case of only devices compression. For simplicity, we put Q%' = Q

with ¢4 = ¢ and 8% = 3, also L,, = L = L. Let us discuss the difference (with MASHA1) in
choosing 7. When b, = 1, all devices send uncompressed information to the server, but only
b devices send compressed information (line 9 PP-MASHA1). Then, at each iteration, we send

o (% + M1 - T)) bits of information. Therefore, the optimal choice of Tis 1 — 7 = ﬁ

Corollary G.2 Let distributed variational inequality (3) + (@) + is solved by Algorithm[7with-
out compression on server (¢*°V = 1) and with unbiased compressor operators (1) on devices with
{q%" = q}. Let Assumption and one case of Assumption are satisfied. Then the following
estimates holds

-1
e in strongly-monotone case with v < min [;L . (\ / % + 6%) ; 2ug’M] :

K
E (|| — 2| + o = 2*)2) < (1= 51) 20 — )%

,_A

K-1 *
y (1 zkﬂ/z) H 2mas.ce [I2° o] + 612~ I
"\ K

vK ’

i ] 1, ﬁ BM
e in monotone case with y < g+ ( . 5 )

E [max
zeC

k=0

-1
i i 1 aBs | BM .
e in non-monotone case with vy < 5+ ( -+ 5 ) ;

Z ||F ”2 16”20_2*“2
VK
In the line 7 of Table[I|we put complexities to achieve e-solution.

G.1.1 Proof of the convergence of PP-MASHA1

Proof of Theorem[G.1:
The proof is very close to the proof of Theorem[D.T] Only two estimates need to be modified. First

is (139

2
E {sz-i-l _ zk+1/2||2} —2.E ‘

Qserv [ ZQdev k+1/2) ng (wk>)‘|

2

M

Z QdeV( ( k+1/2) ka(wk))

i

serv
<4* Lb? E

m=1
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_ serv dev k+12
- -bzzE[HQ (42 = Ry

serv

b2

ZE [ Qdev k+1/2) Fff (wk>) Ziv(Fg( k+1/2) F&;? (wk))>
i#]

Next we apply (1) and Assumption [3.4] for the first term and independence and unbiasedness of Q
and uniformess of £ for the second term:

serv 2
sl Saleo ]l -]
2 qserv k+1/2 kY. k+1/2 k
+- L ;E[wg(z 2) = Fep (wh); Fgp (541/2) = Fe (w?))]
i#j
serv 2
dev 1 2 k+1/2 _  k
< bMZq L D’Z wM
Serv
92 L Y E [P (M) — Fe (0b) 2 + || Fey (51/2) = s ()]
#J
g Z IR sz+1/2 _ wkH2
— bM m m
. g ZE {Lg ||Zk+1/2 k”2 L2 ||Zk+1/2 _ wkHQ}
* 5 = &
— 2 g Z qdevLQ LRH1/2 _ wkH2
M
b —1) -
+72 ) (z )LQE {sz+1/2 _ ,wk||2}
- ﬂE {sz+1/2 —wk|? } Z devi2 | —1)L?
=7 M2 q
Here we can use new Cb = bseMw M (qvE2, + (b—1)L2).
The second modified estimate is (25):
1 — ’
v | dev k+1/2\ _ k A k+1/2
E ‘Q“ [Mmz_l@z (Fa(5172) = Fy(w))| 4+ F(ut) ~ F(++172)

< (€2 ||+2 - ] 4o |2 - o]
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G.2 PP-MASHAZ2: federated learning version

In this section, we provide information about PP-MASHA2 from Section E This is a modification
of MASHA2 for the federated learning case. Changes compared to MASHA2 are highlighted in blue
— see Algorithm|[g]

Algorithm 8 PP-MASHA2

1: Parameters: Stepsize v > 0, parameters 7 and b, number of iterations K.

2: Inmitialization: Choose z° = w® € Z, €% =0, e’ = 0.

3: Server sends to devices 2 = w” and devices compute F,,(w") and send to server and get
F(w°)

4: fork=0,1,2,..., K —1 do

5. Generate subset {¢¥1Y_, of {1,..., M} independently

6:  for each device m from {¢F}Y_, in parallel do

7: ¢ =128+ (1 - 1)k

8: 2 = 7 — yF(wh)

9: Compute F,,,(z*+1/2) and send to server C9 (v F,, (2FT1/2) — v F,, (w”) 4 €k))
10: et = ek i (FH1/2) =y (wh) — O (Y Fy (2541/2) = y Py (w") + )
11: end for
12: for devices not from {£F}?_, in parallel do
13: eﬁfl = e]ﬁn
14: end for
15: for server do

b
16: Compute gF = ¢ {i ;CS;V(VF@(Z’““/Q) — Y Fer (w") + elgf’) + ek] & send to
devices ,

17: el =ef + %;CS?VWFQ (5F12) = Y Fer (w?) + €)= g*.
18: Sends to devices one bit bg: 1 with probability 1 — 7, 0 with with probability 7
19: end for
20: for each device m in parallel do

b
21 PRl = ht1/2 _ cery [i ;ngv(vFgf (A F12) — yFge(w*) + i) + e’“}
22: if b, = 1 then
23: whtl = 2k
24 Compute F,,,(w**1) and it send to server; and get F'(w**1)
25: else
26: whtl =k
27: end if
28: end for
29: end for

The following theorem gives the convergence of PP-MASHA2.

Theorem G.3 Let distributed variational inequality (3) + () is solved by Algorithm with T > %

and biased compressor operators @2): on server with 6" parameter;, on devices with 6. Let
Assumption[3.4)and one case of Assumption[3.5]are satisfied. Then the following estimates holds

1—7. V1—T1 .
8u ? (305:1‘!»’+1054€\!%+16564!@L’6J4’rr /%)i] :

e in strongly-monotone case with v < min {
K
E (|25 — 2| + o — 2*)2) < (1-51) 7 220 - 2%

V1—T1 .
%—‘1—1655‘1""5”"”' /%)L

K—1 5
1 k+1/2 2max,ec ||ZO Z||2 ||20 Z*Hz
- — < .
rileacX<F(Z)’ ( kg . z z) ;

e in monotone case with vy <
(3055m‘\' + 105dev

E
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e in non-monotone case with v < i 1-7 ——
(305yerv+105devT+1656dev6serv /T)L

K—

32E|[|2Y — 2*||?
E|F(w")|? < ———""-.
;|| i< 2R

We consider the only devices compression. For simplicity, we put L = L = L. We use the same
. . . . . . _ b

reasoning as in Sectlon The optimal choiceis 1 — 7 = BT

Corollary G.4 Let distributed variational inequality (3) + (@) + is solved by Algorithm[§with-

out compression on server (6*" = 1) and with biased compressor operators on devices with

5% = 6. Let Assumption and one case of Assumption are satisfied. Then the following

estimates holds

e in strongly-monotone case with v < min {S;Llﬂ; 2055\/231\/[%] :

E (155 — 1P+ o~ 12) < (1= 22) " 20—

Vb3 .
205864/BM3L"

2 max 120 — 2||% + 4))2° — 2*||?
k+1/2 ) _ zeC .
max(F ( Z ‘ > Z>] K ’

e in monotone case with v <

E

Vb3 .
205864/BM3L"

Z 1F(w ”2 32]E||zO —2*|)?
V2K '

In the line 8 of Table[I|we put complexities to achieve e-solution.

e in non-monotone case with y <

G.2.1 Proof of the convergence of PP-MASHA2

Proof of Theorem|G.3: The proofs of Theorem partially repeat the proofs of Theorem We
note the main changes in comparison with Theorem [E. 1}

The first difference is definition of "hat" sequences:

. 1 .
sk ok _ ok 2 Z ok ghH1/2 _ kH1/2 _

M 1M
g 2 S PILE

3
c~\>—l

Then we modify an update of "hat" sequence (26)):

LM
shtl _ k1 _ gkl _ 2 Z okl
b

- Z]c+1/2 _ e l ngv('ng’F (Zk+1/2) o 'YFg’F (U)k) + e’gk) + ek

b
1
—ek — 3 z; Cg;v(vFgf (2F+1/2) - VEer (w®) + e’gf)
b
1
oserv [b chgV(,yF&k (Zk+l/2) _ A/Fif (wk) + elg&) + ek
=1 ' ' '
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b
1 eV
EZ[&IC +7Fk H/Z)—WFgf( ") - Cd (7F55(2k+1/2)—WFgf(wk)+elg§)
=1
1 k
- ek
]g{gf}?:1
w12 k1L Z 1 P 12)
Sk D3 ek e D (B () — (")

b
1
_ sk+1/2 k+1/2 k
= gk+1/ —’y-gé (Fer (= /)—ng(w ).

Hence, we need to modify
8547 — 22 < )2% — 2l 4 2 - 2 A2 )

b

Z k+1/2 Fff(wk))

2

AM M
et + o D ekl
m=1

+29%-

o ||Zlc+1/2 _ ékHZ;

and (30):

Then is also modified:

I+ — 2] < 125 = 20 = (A = )[lz" = 2] + (1 = ) Jw* — 2|

- 27<<i

— (L =)k = 22 29

(FEl( Ic+1/2 —I—F k+1/2 Z>

s_
i M@
5

1 b
gz k+1/2 FE’“ (wk))

=1

- 2) ||Zk+1/2 o Zk”g. (55)

6M M
642+ D e -
m=1

Next, we move to different cases of monotonicity.

7 N\
ﬁ
—_

Strongly-monotone

The same way as in Theorem we put z = z*, use property of the solution and then take full
expectation:

Bl — 2" SIS - 272 - (1 = E)* - 27| + (1= DEJlu* - 27|
b
1
i=1

b 2

DS (R (57177) — Fg b))

z:l

oIk + S S e P - (T—Q)Ez'fﬂﬂ—zkn?

m=1

— (1= 7)E[Jw® — #1722 + 2¢% . E
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SE[EF =22 = (1= DE[* - 2| + (1 = 7)E[lw" — 2*||?

—_

—27E

b
(Egr lbz (zF+1/2) ng;(wk))JrF(wk) — F(2%)

i=1

,Zk+1/2 . Z*>]

b
1 2
- (U= DBt - #2422 1 3B (B [0 - o]
i=1 '

M
6M 2 1
k2 § k k+1/2 k2
=E[2" —2*|* = (1 - DE[z" — 2*[* + 1 = T)E[w” — 2|
_ 2’7]E {<F(Zk+1/2 _ F(Z*)’Zk+1/2 _ Z*>]

M
1 2
AR e R E A B

+ 6Bt + ZEH bl - (7= 5 ) Bl 42

=E|2* - 2| - (1 - T)EHZ = 2?4 (1 = DE[w* — 2|
_ Q'YE {<F(2’k+1/2 _ F(Z*),Zk+1/2 _ Z*>]
— (1= 7)Ellw* — 2522 4+ 20 L2 |jw® — 2FH1/2)2

M
+ 6E||e"||? + ij\f ZEH || < >Ezk+1/2 2|2 (56)

m=1

In the last we use Assumptionﬂand definition of L from this Assumption. The new inequality
- M
is absolutely similar to inequality (only L is changed to L and a coefficient near ) E Heffn HZ).
m=1

Therefore, we can safely reach the analogue of expression (34):

-1 K-1
ZpkE”2k+1 o Z*||2 + Z pk:]E”warl o Z*||2
= k=0
K-1 K-1
< Zp’“JEllé’“ P+ > PP Ewh — 2|7 = 2y Y pPE[EFZ - 2|2
k=0 k=0
K-1 1 K-1
~ (17— 22 Y PEfut - 22 ( - 2) 3 B R
k=0 k=0
K-1 K-1 M M )
+6- > p"Ele"|* +6- Zpkb—QZ]EHean : (57)
k=0 k=0 m=1
Next, we need modify estimates on "error" terms:
B[l =B|le* + 5 Z 8 (1 Fer (M) = 1P (wb) + efy)
b 2
_ ey Z d v ,YF k+1/2) 77F£’{?(wk) +elgk) + ek
- 2
1
S (1 - 5serv> b Z CdeV k+1/2) - ’yFﬁf (wk) + elgf)

<+9) (1- 5 ) Bl
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‘ 2

1 eV
+<1+C>( 5m> ZEHC“ (YFer (2571/2) = yF (w") + efy)

Here we use definition of biased compression (2), (I0) and inequality |la + b[|* < (1 +¢o)lal|* +
(1+1/c)||b||* (for ¢ > 0). Is is easy to prove that for baised compressor C from (2) it holds that
|CY9V(2)]|? < 4]|z||? (see [10]). Then

E[le* 2 < (1+¢) ( 5) E |||
1 1\ 4
- (1 * c) (1 N 5) ZZ]EHVF@(ZM/Q) = e (w*) + €y
<40 (1= 5o ) B4
b
(1 1) (1 5t) %mﬂww - rg ot
+(1+ ! Z]E H
c 5serv gk
<(1+¢) (1 — 6w) IE:HekH + 8v%L? (1 + 1) (1 6‘”“) ]EH k+1/2 _ Hz

(142 (- ) 3 m s

In the last we use Assumption and definition of L from this Assumption. With ¢ = ﬁ we
get

2

1 M
E”ek—HHQ < (1 _ )EH k” + 165serv 2L2 ]E||Zk+1/2 k||2 +166% . EmZ:lEHe?anQ

5 serv

ok 1 \FJ . 12
S 16586rV72L2 Z (1 _ 26$erv> . HZ]+1/2 —w’ H
j=0
k 1oNET oM
AN (EE= NS S EX

7=0 m=1
The same way we can get analogue of (33):
K-1 )
Z P'E HekH < 128(6%)242 2 Z P'E H k+1/2 H
k=0 k=
K1
+128(5%)? Z 'y Z E ||k (58)
Combining with (58), we obtain
K—1
SR -+ PR -
k=0 k=0
e . K-1
<D PRI = 2P+ ) pPElwt - 2P = 2y Y pPEIATE - 2P
= = k=0
_ K-1 1 K-1
S (=T 2PE) Y B - A (1= 1) Y e
k=0
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K-1
4 T68(5) 222 Z PFE || E 172 - wkH
k=0
(768(6““’) + 6M> Z E ||| (59)

For the other "error” term. Let us note that ||ef;1[|2 = ||ek, || with probability 1 — - and [|ef;! ||2

If%+va(zk+1/2) VEF (wh) — C8 (v Fp (2F41/2) — yF (wF) + €k,)|| with probability -,
then

M M
1 2 1 b . 2
LS B[ = 1 30 Lk 4 AF () <y F () - O (1 F(2) - F () + )|
m=1 m=1

b+ Fn(b4172) =5 - )|+ (1 - b) E eI

5> lekll” + 37 (1+ 1) (1 - 5;) [ Bn(F42) = Bt

m
1Y b 2
ey <1M>E||e,f;|| .

IN
S| =
(=
Sk
7N
—
<

2
N——

IN
S| =
=
S
+
/_\

m=1
Wlthczm
parn2 o 1= b 1 2b5de Yy N
bzue P33 2 (1= g ) el + 2500 [Pt = Bt
m=1
1 M
+33 (1- 3 ) Bl
m=1
< b RS k||% 4 ogdeva2f2 . || k4172 R
< (U gpear ) p 2 llemll” + 20 °L [ =t
m=1

o E b k=i 2
SQédeV’YQLQZ (1_M) . HZJ-"l/Q_wJH .
Jj=0

And then

M ) oy Kl )
Z Hean < 16(5dev)272L2? Z pF szﬂﬂ — wkH . (60)
k=

| =

K-1
> v
k=0

Hence, together with gives

— K-1
ZpkE”2k+1 - Z*||2 + Z pkEHwk+1 o Z*H2
= k=0
K—-1 K—-1 K—-1
<Y PR =P+ Y PRt =27 = 29 Y PR -2
k=0 k=0 k=0
K—-1 1 K—-1
- (= =270 Y Bt - A - (- 3) I
k=0

K-1
+ 768(6serV)2,y2E2 Z pkE sz—i-l/Q - wkHQ
k=0
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6M

~ MK—l
+ <768(5serv)2 + ) . 16(5dev)2’72L2? k

b

K-1
ZP’“EHA -2 |* + ZP"EHW
=0

k12 k[P
24172 — k|

K-1

22— 2 3 PR o

k=0

, M -
<1 — 768 5serv)2 2L2 1240072(6serv)2(5dev)2?L2 (5dev)

1 K—-1
. R k k+1/2 _ k|2
<T 2) > pPE|z 212,

k=0

The same as in Theorem [E.1|with 7 > 3, v < mi

Monotone and Non-monotone cases

in

1—7.

Nie=s

’ (3055erv+105dev % +1658devgserv  / % )

L

|

)

K-1

Z PFE||w® —

=0

The proof of the monotone and non-monotone cases repeat the techniques from Theorem [F.4)(modi-
fications of Theorem + techniques and estimates obtained in the proof of the strongly-monotone

case in Theorem
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H CEG: additional method

In this section, we present CEG with unbiased compression on devices. This is a very simple method.
We prove its convergence only in the strongly monotone case and need this result to support the
propositions in Sections .| and

Algorithm 9 CEG : Compressed Extra Gradient

1: Parameters: Stepsize v > 0, number of iterations K.
2: Initialization: Choose 2° € Z.

3: Server sends to devices z°

4: fork=0,1,2,..., K —1 do

5 for each device m in parallel do

6 Compute F,,,(z*) & send Q%" (F,,(z*)) to server
7: end for

8: for server do
9

0

1

M
Compute ; > Q¥(F,,(2"*)) & send to devices
m=1

10: end for
11: for each device m in parallel do
M
12: M=k =gy ¥ O (Fn(2*)
13: Compute F, (2511/2) & send Q4" (F,,(z**1/?)) to server
14: end for
15: for server do u
16: Compute - > Q%(F,,(2"1/2)) & send to devices
m=1
17: end for
18: for each device m in parallel do
M
19: M=oy B QI (Fn(F2)
20: end for
21: end for

Theorem H.1 Let distributed variational inequality + is solved by Algorithm [9 with unbi-
ased compressor operators (1)) on devices with {q%" = q}. Let Assumptions and (SM) are

satisfied. Then the following estimates holds with v < min {ﬁ (14 q/M)_l ; ﬁ :

K xp2 PNE o e 1672 < o2
E|lzK — 2*| g(1—7) S ZE[IIFm(z)H];
m=1

With F,,,(z*) = 0 we get the following estimates on iteration and bits complexities:

o[+ 5]mt)- o(((355) )

Proof of Theorem[H.1: By a classical analysis of Extra Gradient in the strongly monotone (see [26]]
or [[L1]) case we get

E [||Zk+1 . Z*HQ] <E [sz _ z*||2] _F {sz+1/2 o ZkHQ}

—29E [<g‘“+1/27 A2 Z*>} +7°E [Hg’““/2 — g’“llﬂ :

M M

where g"1/2 = L S Q (F,(z¥+1/2)) and ¢* = 35 3 Q (F,,(2*)). With unbiasedness of
m=1 m=1

compression we get

E [szJrl . Z*Hﬂ S E [sz 7 Z*||2] o) {”szrl/Q o ZkH2:|
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— 29 [(F(F1/2), 22412 = 24| 1 29 [[lgH+1/2 = F () 12] + 20°E [IF (") - 617
Then

Using definition of (1)), we get

M
1

3 22 QFEN) ~ F)

<4q§[:E{HF (%) = Fpu(z } —qi [||F }
- M? = " M? —

|F
With Assumptions [3.4]we get

M
1
E||l—
[M =

Y QFEN) - F(z")

2
] < %E (1~ 1] + f) E [I1Fn ("))
m=1

+ 217K ||| - |||

<art (1 )R I 1] + 1% S [ime].
The same way we can get
h+1/2) i 4qL? k 2 4q -
o |3 St - e | < 4l - ) 36 S et
+2L%E [||2* - 2*|°]
< 4L? <1+J\3>E[sz+l/2 *HT ]\;i {HF }

Finally, we obtain
E [||Zk+1 . Z*Hz} < E [sz o Z*HQ] o) {||Zk+1/2 o ZkH2:|

— 2B [(F(H1/2), 24412 = )] 4852 (14 L) E [||2% — |
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+8y%L? (1 + i) E sz+1/2 —zF ’
M

With Assumption [3.5(SM) we obtain

E [sz+1 o Z*HQ] S E [sz 7 Z*||2] . o) {”Zk+1/2 o ZkH2:|

2] +8y2L% (14 - E [[| 2% =

]
2] 16qu ZE[HF }

— %yuE |:sz+1/2 o

+8y%L? (1 + %) E {szﬂm -z
<E [sz _ z*HQ] ) {||Zk+1/2 _ ZkH2:|

2
* 2] + 2R |:sz+1/2_ZkH ] 489212 (H—%)E[sz—z*

]

]

— YHE [H i

q 2 q .
+1642L2 (14 L) E [sz+1/2 - 2| ] +16y2L% (14 20 E [[| 2% =

y Lo ZE[HF e

we have

With 5 < 4w 48L2(1+q/M)

. o] 4 16
E[|5+! = 2|%) < (1= yu+249°L (14 25 ) ) E [l — 2| ‘” Z [RNEIHE

Choice v < ) finishes the proof.

S S
48L2 (14
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