Supplementary Materials

A Well-Conditioned Case: Learning GMMs

We now deal with learning well-conditioned GMMs. We begin by formally specifying the properties
that we want the components of the mixture to have. Roughly, we want the components to have
comparable variances and the separation between their means cannot be too large compared to the
variances. This means that after applying a suitable linear transformation, the components are all not
too far from the standard Gaussian N (0, 1).

Definition A.1. We say a Gaussian where G = N (u, 0?) is §-well-conditioned if

*ful<é
e |02 —1|<§

We say a mixture of Gaussians M = w1 G1+- - -+wi Gy, is d-well-conditioned if all of the components
G, ..., Gy are §-well-conditioned.

We now state our learning result for well-conditioned mixtures.

Lemma A.2. Let € > 0 be a parameter. Assume we are given access to a distribution f such that
drv(f, M) < e where M = w1G1 + - - - + wi Gy, is a 0.5-well-conditioned mixture of Gaussians.
Then we can compute, in poly(1/€) time, a mixture M of at most O(log 1/¢€) Gaussians such that
dry(M, M) < Ofe).

Remark. Note that in the well-conditioned case, the number of components in the mixture that we
compute does not depend on k.

Our algorithm for proving Lemma[A.2]can be broken down into two parts. In the first part, we find a
mixture of poly(1/e) Gaussians that approximates f. We then show how to reduce this mixture of
poly(1/€) Gaussians to O(log 1/¢) Gaussians by using the Taylor series approximation to a Gaussian.

Lemma A.3. Let € > 0 be a parameter. Assume we are given access to a distribution f such that
drv(f, M) < e where M = w1G1 + - - - + wi Gy, is a 0.5-well-conditioned mixture of Gaussians.

Then we can compute, in poly(1/€) time, a mixture of at most O(1/€?) Gaussians that is O(c)-close
to M in TV distance.

Proof. First, let T be the set of all 0.5-well-conditioned Gaussians such that i and o2 are integer
multiples of 0.1¢. Note |7 = O(1/€?).

By rounding all of the Gaussians Gi,...,G) to the nearest element of 7 (this increases
our L' error by at most €), we may assume that all of the components G1, . .., G, are actually in 7.
Now note that since || f — w1 Gy — -+ - — wrGkl||1 < 2¢, we have for all z,

|F(@) —wi1Gi(a) = - — wGi()| < 2¢ (1)

where é\j denotes taking the Fourier transform of the pdf of the Gaussian G;. Let [ = [log 1/¢]. We
now have,

l
[ 17@) =~ 0Gi@) - - wiGala) P < 01€).
—1
Now let all of the Gaussians in 7 be Gy, ..., G, where m = |T|. By Lemma (and splitting

into real and imaginary parts), we can compute in poly(1/€) time, nonnegative weights wy, . . ., Wy,
with wi + - - - + w,, < 1 such that

l
/ 1F(z) — 01 Gy (x) — - — Wi G () ?dz < O(l?)
—1
which by Cauchy Schwarz implies that

! ~ — —
/_l |f(x) —wi1Gi(z) — -+ - — W G () |d < O(le) .
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Now note that since all of the Gaussians G+, ..., G, are 0.5-well-conditioned, their Fourier trans-
forms G also decay rapidly away from [—, [] so combining the above with (EI), we deduce that

/ (@G (2) = -+ = WG () — w1 G () — -+ — wi G (2)] < O(le).
From the Fourier transform of the above we then get for all x
[w1G1(z) + -+ W G () — w1 G () — - -+ — Wy G ()] < O(le)

and since all of the Gaussians involved are 0.5-well-conditioned, they all decay rapidly outside the
interval [—/, /] and we conclude

/ |01 Gy (x) 4 + Wiy G () — w1 G1(x) — -+ — W G () |dz < O(I%€) .
Finally, note that by the above, we must have 1 — O(I%¢) < wy +- - - +w,, < 1+ O(I%¢) so rescaling
to an actual mixture i.e. so that the weights wq + - - - + w,, = 1, will affect the above error by at
most O(I%¢). Thus, we can output this mixture and we are done. |

Next, as an immediate consequence of Lemma |F;8'|, a 0.5-well-conditioned Gaussian can be well
approximated by its Taylor expansion.
Corollary A4. Let G = N(p,0?) be a 0.5-well-conditioned Gaussian. Let ¢ > 0 be some parameter
and let | = [log 1/€]. Then we can compute a polynomial Pg(z) of degree (101)? such that for all
x € [-1,1],

|G(x) = Pa(x)] < O(e) .

Proof. This follows immediately from using Lemma[F.8]and applying the appropriate linear transfor-
mation to the polynomial. ]

We can now complete the proof of Lemma[A.2]by using Lemma[A3]and then using Corollary [A-4]
and Caratheodory to reduce the number of components.

Proof of Lemma[A.2] By Lemma[A.3] we can compute a mixture

M =Gy + + 0, G
such that m = O(1/€?) and
[M =M1 <0O().
For each Gaussian G, let Pz (x) be the polynomial computed in Lemma Write
2
Pg (z) = ajo+ajiz+--+ aj o2
Define the vector
’Uj = (aj’(), aj,h ey aj7(10l)2) .
Now the point wiv1 + - -+ + Wy, Uy, is in the convex hull of vy, . . ., v,,. By Caratheodory (since the
space is (101)2 + 1-dimensional), it must be in the convex hull of some (10{)? + 1 of the vertices.
Thus, we can compute indices 4o, . . . , i(10;)> and nonnegative weights wy, . . . ,wzml)fz summing to 1
such that
WiV + o+ WUy, = wé)vio +ot wEIOl)QUi(101)2 :
The above implies that for all z,
04 . f— / —_ o .. / - —_—~—
w1 Pg () + -+ wn Pg—(2) = wOPGiO (@) +- -+ w(1oz)zPGi(m2 (z).
Now by Corollary [A.4]and the fact that all of the Gaussians are 0.5-well-conditioned, meaning that
they decay rapidly outside of [, [], we conclude that if we set
M/ == ’LU(/)GZO + tte + wEIOl)QGi(lol)Q
then N ~
M = M[|1 < O(e)
and then we have N N _
M =My < M =Ms + M =M1 <O(e)
as desired. |
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We can slightly improve Lemma [A.2] to work even when we do not have a precise estimate of
dtv(f, M) since we can just repeatedly decrease our target accuracy until we cannot improve our
accuracy further. Recall that we can use Claim to test the L' distance between two distributions.
We now have the following (slight) improvement of Lemmal[A.2]

Corollary A.5. Let ¢ > 0 be a parameter. Let M = wG1 + -+ + wp Gy be an unknown 0.5-
well-conditioned mixture of Gaussians. Assume we are given access to a distribution f. Then we

can compute, in poly(1/e€) time, a mixture M of at most O(log 1/¢€) Gaussians such that with high
probability,

drv(f, M) < € + poly(log 1/€)drv(f, M) .

Proof. We can simply start from ¢ = 1 and run the algorithm in Lemma with parameter € and

then estimate dry(f, M) using Claim If dry(f, M) < ¢'poly(log 1/e) then we can decrease
¢’ by a factor of 0.9 and repeat. Repeating this process and taking the smallest accuracy ¢ > €3 for
which the above check succeeds, we get (from the guarantee of Lemma[A.2)) that

drv(f, M) < € + poly(log 1/€)drv(f, M)

and we are done. [ |

B Function Approximations Using Gaussians

In this section, we present several results about approximating functions as a sum of Gaussians. These
results will be key building blocks in the localization steps of both of our algorithms. The main result
of this section, Theorem[B.3] allows us to e-approximate the indicator function of an interval as a
sum of poly (log 1/¢)-Gaussians.

First, it will be convenient to renormalize Gaussians so that their maximum value is 1. After
renormalization, we call them Gaussian multipliers.

Definition B.1 (Gaussian Multiplier). For parameters i, o, we define

)2

(2—p
M, o2 (x) =€ 202

i.e. it is a Gaussian scaled so that its maximum value is 1.

We also introduce the some additional terminology.

Definition B.2 (Significant Interval). For a Gaussian multiplier M, .2, we say the C-significant
interval of M is [ — Co, pu + Co). We will use the same terminology for a Gaussian N (1, 0?).

It will be used repeatedly that for a Gaussian (or Gaussian multiplier), 1 — e-fraction of its mass is

contained in its O(/log 1/¢)-significant interval. We now state the main result of this section about
approximating the indicator function of an interval as a weighted sum of Gaussian multipliers.

Theorem B.3. Let [ be a positive real number and 0 < € < 0.1 be a parameter. There is a function f
with the following properties

1. f can be written a linear combination of Gaussian multipliers
F(2) = wiMy, o2 (@) + -+ wp My, o2 (2)
where n = O((log1/€)?) and 0 < w1, ..., w, <1

2. The 10+/log 1/e-significant intervals of all of the Mum? are contained in the interval
[—(1+ el (1 +€)]

330<f(z)<1+eforalzx
4. 1 —e< f(x) <1+ eforall x in the interval [—1,]]
50< f(z)<eforx>(1+¢€)landx < —(1+¢)l
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B.1 Approximating a Constant Function

Recall Lemma [2.3](restated below) that allows us to approximate a constant function using an infinite
sum of evenly spaced Gaussian multipliers.

Lemma B.4 (Restated from Lemma[2.5). Let 0 < € < 0.1 be a parameter. Let ¢ be a real number
such that 0 < ¢ < (log 1/¢)~'/2. Define

-y 5= Meso (@)

Jj=—00

Then1l —e < f(z) <1+ € forall x.

B.2 Approximating an Interval

The next step in the proof of Theorem [B.3]is to show how to approximate an interval using a finite
number of Gaussian multipliers i.e. we need to show how to create the sharp transitions at the ends
of the interval. In light of Lemma|[B.4] we can create a function satisfying the last four properties
by taking O((1/€)?) evenly spaced Gaussians multipliers with standard deviation €2]. However,
this is too many components and we must reduce the number of components to O(log” 1/¢). The
way we do this is by merging most of these components (all but the ones on the ends) into fewer
components with larger standard deviation. We keep iterating this merging process and prove that we
can eventually reduce the number of components to O(log® 1/e).

First, the following result is an immediate consequence of Lemma It allows us to ap-
proximate a Gaussian with standard deviation 20 as a weighted sum of Gaussians with standard
deviation o.

Corollary B.5. Let ¢ be a parameter. Let c be a real number such that 0 < ¢ < 0.5(log 1/¢)~1/2.
Let
Z T cga o2 (.27) .
j_—OO
Then for all x,
(1 —€)Myuo2(z) < g(x) < (1+ €)My o2 ().
Proof. Lemma|B.4|(with ¢ < \[C o+ 0) implies that the function
Z cja,%o2 (ZL’)
j—fOO
isbetween 1l —eand 1 + ¢ everywhere. Now consider
> 2¢ _:I;2+3('J;7%uja)2
f( ) MO 402 j;oo ('jm%a'z (IE)M074(72 (ZE) = j;oo \/3771_6 802
ad \/§C 242 (z—cjo)? > 2c 242
= e~ 6 e 202 = e 6 M.y qo2(x).
= PO
]

In the next lemma, we show when given a sum of evenly spaced Gaussians with standard deviation o,
we can replace almost all of them (except for ones on the ends) with a sum of fewer evenly spaced
Gaussians with standard deviation 2¢.

Lemma B.6. Let € be a parameter. Let ¢ be a real number such that 0 < ¢ < 0.01(log 1/€)~/2. Let
b be a positive integer. Consider the function

C
= Z EM(;J*O.’OE (,T) .
7=0
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Let C = [10%¢™ log(1/€)/?). There is a function g of the form

S ¥ e e
j
C]O’ o2 {L') + 7Mcja,02 (LL') + MZC]U 402( )
j=v—ac V2T i=10/2]
where the 0 < wq, ..., Wsc, Wp_20, - - ., Wi < 1 are weights and

1f = glloe < €.

Proof. Let €’ = €% By Corollary for any real numbers 7, x

CjO' 402 Z _CT (k+])c7 02( ) S 6l]\4cjo’,4‘:7'2 (Q?) .

k——oc

Now we use the above inequality on each term of the last sum in the expression for g(z).

[(b_zcz)/ﬂ M26j0,4¢72 (CU) Hb_i)/ﬂ i 02 _ 0261"2 M ( )
- = € c(k+2j)o,02 x

i=10/2] vam j=1C72) ke T3

[(b—C)/2]

CM2C jo, 402 ('T)
<oy M) o

i=1c/2 2n

where the last step follows from Lemma [B.4] Now we rewrite the second sum in the LHS above. Let
[(6-C)/2] oo

s@= Y >

i=1C/2) k=—oco
s o [(b-C)/2]

7T\/> 6 c(k+2j)a,a’2 (J?)

c 21252
= Z 7Mclo’,02(x) Z e 6 .
LT3 j=C/2]
Define
[(b=C)/2] 2022
a; = Z e 6 .
Jj=1C/2]

First, by lapplying Lemma with parameters ¢ %07 o < /3¢~ !, we have that for all real
numbers [,

V3T o _a2? 3
I Y -
V2e V2e
By the way we chose C, we deduce that for all integers [ with 2C <[ < b — 2C,
V3 V3
YOI 4] < (2¢) 28 2)
V2e V2e
for all integers 0 <[ < 2C,orb—2C <[ <b,
a; < 1+ 2¢€ 3
1 \/>C( ) ( )
and finally for all integers [ < O or [ > b,
V3m
ap < —(2¢€). 4
> \/ic( ) ( )
To obtain these inequalities, we simply use the fact that the terms in the sum
> 2252
St
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decay exponentially when j is far from /2 so their total contribution is small.

Now we can set wo, . . . , Wac, Wp—aC, - - - , W, in the expresion for g(x) as follows:
2c
wj =max [ 0,1 — Laj .
V3T

It is clear that all of these weights are between 0 and 1. We now have that

w;c

2C b
- oo<2/+ o + M jo 02 + ,chj\4z:'0'a2 o
17 =l 26+ 1762) = | S0+ 3 oM@+ 3 o Megnun(a) |

The expression inside the norm on the RHS can be rewritten as

b-20-1 , 2 20 . 2
—— — ——a; | M2 (x) + —— (1 —wy) — ——=a; | Myyo2(x
3 (o = ) pamtor 32 (gt - = g Mt
b c 2 - 2
+ —— (1 —w) — al> Mg o2 (2) + ———=a; M 52 ()
l:;20 < V27 ™3 l;oo ™3
>
+ _7alMclcr.,a'2 (LC)
I=b+1 ™3

and combining 3] @), we deduce that the above has L°° norm at most
e
10€¢ —— M2 (%) ]| 0o < 20€.
¢ )l;m oz Meto, 2(2)][oo <
where we used Lemma|[B.4} Thus, || f — gl < 22¢/ and we are done. [ |

We can now prove Theorem [B.3]by repeatedly applying Lemma [B.6]

Proof of Theorem[B3} Let c = 0.01(log 1/¢)~1/2. Let K = [1£45¢]

ce?
K c
xT) = 7MC €2l 412\ T) .
fO( ) Z m je2l,etl ( )
j=—K
Let ¢ = ¢'0. Using Lemma (and basic tail decay properties of a Gaussian) we get that

e 0< folz) <1+¢forallzx
* 1—¢€ < fo(z) <1+ ¢ forall z in the interval [, (]

* 0< fo(z) <€ forx>(1+e)landx < —(1+¢)l

Now we can apply Lemma|[B.€]to fo(x) to obtain

K20 e K wic
fl (I) = Z 4Mcj€2l,e4l2 (‘T) + Z 4]\chezl,e‘ll2 (:17)
=K V2T =K 20 V2T
[(K—C)/2]

+ Z FMZCjezlAe“lz ()
j=—[(K-C)/2]

where C' = [10%c!log(1/€)'/?], the w; are weights between 0 and 1, and
[f1 = foll < €.

Now we can apply Lemma [B.6]again on the last sum in the expression for f;. We have to do this
at most 10log 1/¢ times before there are at most O((log 1/€)?) components remaining. It is clear
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that in this procedure, the 10/log 1/e-significant intervals of all of the Gaussian multipliers always
remains in [—(1 + €)l, (1 + €)I]. Also, the total L> error incurred over all of the applications of
Lemma is at most 10¢’ log 1 /e < €. It s clear that all of the weights are always nonnegative and
in the interval [0, 1]. Thus, the final function f satisfies

e 0< f(z) <l+eforalz
* 1—€< f(x) <1+ eforall z in the interval [—, ]
* 0< f(z) <eforz>(1+e¢)landz < —(1+¢)l
and we are done. [}

In light of Theorem [B.3] we may make the following definition.

Definition B.7. For parameters ¢€,l, let I.; denote the function computed in Theorem for

parameters €,1/(1 + €) . We will also use Ie(i) to denote the function I, ;(x — a).

Remark. We define L. ; as above because it will be convenient later to be able to say that the
significant part of L. ; is contained in the interval [—1,1].

C Nearly-Properly Learning GMMSs: Full Version

In this section, we complete the proof of our main result for learning GMMs, Theorem We
localize the distribution by multiplying by a Gaussian multiplier M, ;2. Note that the product of two
Gaussians is still a Gaussian so multiplying a GMM by a Gaussian multiplier results in a re-weighted
mixture of Gaussians. Roughly, we argue that the new weights on components of the mixture that
are far away from the multiplier M, ,» are negligible so the resulting mixture is well-conditioned
and we can then use Corollary [A.5]to reconstruct the localized distribution. To reconstruct the entire

distribution, we show that it suffices to sum together 5(/€) different localized reconstructions.

C.1 Localizing with Gaussian Multipliers

Recall Claim [2.4] (restated below) which gives an explicit formula for what happens when we have a
Gaussian G1 = N (1, 01) and we multiply it by a Gaussian multiplier M, ,2(x).

Claim C.1 (Restated from Claim[2.4). We have the identity

1 _ (m-w)? 2 2 2.2
ML,UZ(‘T)N(M17O—%) — = 2D N (NUl + o ’ 010 > '

'
= ol +02 o2 +02
+ 5

C.2  Building Blocks

We first consider reconstructing a GMM M = w; G + ... wi G}, after multiplying by a Gaussian
multiplier M, ,2. As a corollary of Claim we know that when the C'-significant intervals (recall
Deﬁnitionlﬁé}) of a Gaussian G; and the multiplier M, ,(x) are disjoint for large C, then the Lt

norm of their product is e ~*(“*). In particular this means that after multiplying by M,, 2, the only

components that remain relevant are those that have nontrivial overlap with the multiplier M, .
The only way these components will not form a well-conditioned mixture is if there is some G that
is very thin (i.e. 0; << o) and overlaps with M, ,2. As long as this doesn’t happen, we can apply
Corollary We formalize this below.

Corollary C.2. Let M = w1Gy1 + -+ + wp Gy be an arbitrary mixture of Gaussians where
G; = N(pi,0?). Let € > 0 be some parameter and let | = [/log(1/€)]. Assume we are given

access to a distribution f. Let M,, ;> be a Gaussian multiplier. Assume that for all i € [k], either
o; > 4lo or the 10l-significant intervals of G; and M,, »> do not intersect. Then in poly(1/e) time

and with high probability, we can compute a weighted sum M of at most O(log(1/€)) Gaussians
such that N
[M — M, o2 fll1 < €+ poly(log(1/€)) | M52 (M — f)]l1
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Proof. We compute M, ,»f and let C = |[M,, ,2 f|[1. If C < € then we may simple output 0.
Otherwise, we will apply Corollary on M, ,» f/C and multiply the result by C'. We must first
verify the conditions of Corollary [A.5] Let S C [k] be the indices such that the 10l-significant
intervals of G; and M, .- intersect. First for ¢ ¢ S, by Claim ,

(i —m)?

||GiMu,02||l < e_ 2(07+02) < 671012 < 10

Let
MI = Zlel .
i€s
Then we know ,
||MM’CT2f o MlivUzM ”1 < 69+ ||Mu,02(f_M)H1
C C C

Next, fori € S,

G:M 2w1N<MJi2+/~Li02 0302>
o — Wy

o?+02 'ol+02

for some weight w§ and since we must have o; > 4lo, then

o? o?0? 9
— < a <
2 ~ o240 7
po? + pio? (i — p)o? < l(o + 0;)0? <
o? + o2 T 62402 | T 2402 T2
i i i
Let
M = w; N Mo'zz + UiO'Q 01'202
2T \oTret 7t )
Then we deduce, since || M, ,2 f/C||1 = 1, that
||Mlt,a2f . _/\/l//”1 < ”M// N MM-,(ﬂ,/\/l/ ||1 n HM;L.,JQf . M#,(ﬂMIHl
C - C C C
<2 M/J'1U2f _ MH702M/
< o) e =2,
oMo = M

C

and further, after applying a suitable linear transformation (taking (11, o) — (0, 1)) that the mixture
M is 0.5-well-conditioned. Thus, we can apply Corollary and compute a weighted sum of

O(log(1/€)) Gaussians, M such that
H M/L,O'2f
C

_.//\/lle < poly(log(1/e)) <68 i M/L7g2(fM)||1> '

C

Now we can simply output CM (which is still a weighted sum of O(log(1/€)) Gaussians) and we
are done. |

Recall that Theorem [B.3]|shows how to express an interval as a sum of Gaussian multipliers. Combin-
ing Theorem B.3| with Corollary [C.2] we show that we can approximate a GMM over an interval as
long as the interval does not overlap with a component that is much thinner than it.

Lemma C.3. Let M = w1Gy + - -+ + wi Gy be an arbitrary mixture of Gaussians where G; =
N (pi,02). Let € > 0 be some parameter and let | = [/log(1/€)]. Assume we are given access to a
distribution f. Let I = [a, ] be an interval. Assume that for all i € [k], either o; > (b — a) or the
10i-significant interval of G; does not intersect 1. Then in poly(1/e€) time and with high probability,

we can compute a weighted sum M of at most poly(log(1/€)) Gaussians such that

IM — - 111 < poly(log(1/e)) (¢ + 11 (M = f)[1)

where 1 denotes the indicator function of I.
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Proof. Consider the functionZ =7 (G(H’ /2 5 (recall Definition i Now note that by Theorem.
T can be written in the form

Fin,On”

where n = O(log® 1/¢). Furthermore, for all i € [n], we have 0 < w; < 1 and 5; < (b — a)/(4l)
and the 10I-significant intervals of M- - are all contained in the interval [a,b]. Thus we can
apply Corollaryon Mg 5,2 f foralli € [n]. Adding the results with the corresponding weights

w1, . .., Wy, we obtain a function M that is a weighted sum of at most poly(log(1/¢)) Gaussians
such that

IM = fZ|l1 < poly(log(1/e)) <€+szllM 2 (M — f)ll)

= poly(log(1/€)) (€ + [Z(M = f)l1) -
Thus, .
M = MZ||y < poly(log(1/€)) (€ + [ Z(M — f)ll1) - (5)
Next, by the properties in Theorem [B.3]

ate(b—a) b
IM(Z —11||1<e/ M+/ M+/ M
b—e(b—a)

a+e(b—a)
<et ZwJ/ G+wj/ G;

b—e(b—a)

Consider one of the component Gaussians G; where j € [k]. If the 10-significant interval of G,
does not intersect [a, b] then it is clear that the total mass of G; on the interval [a, b] is at most e.
Otherwise, we know that the standard deviation of G is at least b — a which means that its mass on
the set [a,a + (b — a)] U [b — (b — a), b] is at most O(e). Thus we conclude that

[M(Z —11)[1 < O(e). (6)
Also note that by the properties in Theorem [B.J]
oo b
M- plhse [ M-z [ M- fl <o -l 0

Putting together (5] [6} [7) , we conclude
IM = £ 1l < 1M = F)]l1 + M = M|y < poly(log(1/e)) (€ + [[11(M = £)]1)

and we are done. [ |

C.3 Structural Properties

Lemmal|C.3]allows us to reconstruct the unknown GMM M over certain intervals. However, it cannot
be applied to an arbitrary interval (because an interval may overlap with a component that is too thin).
We will now prove several structural results that will imply that there exist O (k) intervals for which
the conditions of Lemma are satisfied (i.e. these intervals do not overlap with components that
are much thinner than themselves) and such that the union of these intervals contains most of the
mass of M. Then, to complete the proof of Theorem we show how to find such a set of O(k)
intervals using a dynamic program.

First, we define a modified density function fora GMM M = w,G1 + - - - + wi G, where we modify
each component Gaussian by restricting it to its 10/-significant interval (and making it O outside). It
is clear that this modified function is close to M in L!-distance but it will be convenient to use in the
analysis later on.

Definition C.4. For a mixture of Gaussians M = w1 Gy + - - - + wi Gy, where G; = N (u;, 032) and
a parameter |, define the function Mg, 1(x) to be, at each point x € R, equal to the weighted sum of
the components Gj of M such that x is in the 10l-significant interval of G ;. Formally,

Magi(x) = > w;Gj(x).
J such that
|z—p;|<10lo;
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The following claim is immediate from the definition.

Claim C.5. Let ¢ > 0 be some parameter and let | = [\/log 1/€]. Then
M = Mg all1 < €

Proof. The inequality holds because the total mass of a Gaussian outside of its 10/-significant interval
is at most €. |

We now present our first structural result.

Claim C.6. Let M = w1Gy + - -+ + wi Gy be an arbitrary mixture of Gaussians where G; =
N(pi,02). Let € > 0 be some parameter and let | = [\/log(1/€)]. There exist disjoint intervals
Iy, ..., 1, with lengths, say t1, . .., t,, where n < 50kl with the following property:

* For each interval I;, for all j € (k] either the the 10l-significant interval of G is disjoint
fromI;oro; > t;

e We have
M=+ + 1, )M[1 <€

Proof. Sort the Gaussians by their standard deviations, WLOG o; < --- < 0. Now we will create
several intervals Ap, As, ... and we will also associate each interval with one of the Gaussians
G1, ..., G which we will call its parent.

First, set A; to be the 10l-significant interval of G;. Next, we will process the Gaussians G, . .., G
in order. For G, assume that the intervals we have created so far are Ay, ..., A,, (which will be
disjoint by construction). Now consider the 10/-significant interval of G;, say L;. Note that removing
the union of the intervals A,,..., A,, from L; divides L; into several (at most m + 1) disjoint
intervals. We label these intervals A, 41, A2, ... and set all of their parents to be G;. We then
move onto Gj41 and repeat the above process. The following properties are immediate from the
construction:

1. If the parent of A; is G; then the length of A; is at most 200

2. The union of all of the A; whose parent is among G, . .., G; contains the 10/-significant
intervals of all of Gy, ..., G,

3. If the parent of A; is G, then A; is disjoint from the 10l-significant intervals of
Gl, ey Gj—l

Now we claim that at the end of the algorithm, the total number of intervals is at most 2k. To see
this, say that after processing GG;_1, the intervals we have created are Ay, ... A,,. Now consider the
potential that is the number of intervals m plus the number of connected components in Ay U- - -UA,,.
This potential can increase by at most 2 when processing G so thus the total number of intervals
at the end of the execution is at most 2k. We will now assume that the intervals at the end of the
execution are Ay, . .., Aoy (if there are less than 2k intervals then add a bunch of dummy intervals of
length 0).

We now describe a post-processing step. For each of Ay, ..., Aoy, if its parent is G; then divide it
into intervals of length at most o; and assign G'; as the parent of all of these intervals. By property
1, we can ensure that this creates a total of at most 50k! intervals, say I, ..., I, where n < 50kl.
We use tq, ..., t, to denote their lengths. We now prove that this set of intervals satisfies the desired
properties. First, note that the following properties are immediate from the construction:
1. If the parent of I; is G then I; is contained in the 10/-significant interval of G; and ¢; < o;
2. The union of all of Iy, ..., I,, contains the 10/-significant intervals of all of G1, ..., Gy

3. If the parent of I; is G';, then I; is disjoint from the 10{-significant intervals of G'1,...,G;_1
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The first of the desired properties is clear since by construction if the parent of I; is G, then

t; < o; and it must be disjoint from the 10/-significant intervals of all of G1, ..., G;_1 (where recall
G4, ...,Gy are sorted in increasing order of their standard deviation). Now it remains to verify the
second property. Consider the function M, ;(x). Recall by Claim

||M - Msig,l”l S € (8)

Next observe that
Mgy = (1, + -+ 11, ) Mg -
Combining the above, we have

M — (1, +- -+ 11, )Msigal1 <e.
Howeyver, note that we have
(I, +- o+ 1 )Msigr < (I, + -+ 1, )M <M

everywhere along the real line. Thus, we immediately get the desired inequality. ]

The next structural result shows that the intervals Iy, .. ., I,, obtained in Claim [C.6]are “findable"
in the sense that if we draw many samples from M (or from a distribution f that is close to M),
then with high probability, there will be samples close to the endpoints of each of Iy, ..., I,,. This
will mean that algorithmically, it suffices to draw sufficiently many samples and then only consider
intervals whose endpoints are given by a pair of samples.

Claim C.7. Let M = w1G1 + - - - + wi Gy, be an arbitrary mixture of Gaussians where G; =
N(pi,02). Let € > 0 be some parameter and let | = [/log(1/€)]. Let f be a distribution. Assume

we are given samples from f, say x1, ..., xq for some sufficiently large QQ = poly(k/e). Then with
high probability, there exists pairs {Tq,, b, },- -, {Za, Ts, } such that

* The intervals J; = [Xay, Ty ],y - - - In = [Ta,, , Tb, | are disjoint

e n < 50kl

* For each interval J;, for all j € [k] either the the 10l-significant interval of G is disjoint
from J; or o > |xp, — Tq,

M= (1 4+ L )Ml < dle+ M = fll).

Proof. Let I, ..., I, be the intervals computed in Claim[C.6]applied to the mixture M and assume
that their lengths are ¢1, . .., t,. Let C = [(k/¢)?]. For each interval I;, divide it into C subintervals
I, ..., I€ of length t;/C and assume that these subintervals are sorted in order. We say one of these
subintervals is good if

f=(e/k)".
i

For an index 1, let ¢;, d; be the smallest and largest index such that I7*, T ld are good respectively.

Then with high probability for all 7, there will be samples, say x,,, zp, in I;* and Iid". Now we will
form the intervals J; = [z, xp,]. The first two of the desired properties are clear. The third follows
from the statement of Claim [C.6] It remains to verify the last. Similar to the proof of Claim [C.6] we
consider the function Mge ;. Note that

Msig,l S / Msig,l + - +/ Msig,l + /d Msig,l + - +/ Msig,l
I\J; 1} I I I¢

§||1Ii(Msig,ﬁf)lll+/ f+~~+/_ 1f+/d_ S f
1} i It e
+/ Msig,l + u Msig,l
I I

S ||]-Iz (Msig,l - f)”l + (f/k)2 + /c~ Msig,l + /d_ Msig,l
I* "
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where the last step follows by the minimality and maximality of c;, d;. Now by construction, the

only Gaussians among G, . . ., G, whose 10I-significant intervals intersect I; must have standard
deviation at least ¢;. Since I, I each have length (¢/k)?t;, we conclude

/ Mot < 3/ 11, (Mo = D
I\J;

Thus, we have
[y 4+ 1 ) Mg = (L 4o 4 L )Migallt < e {[(Migr = flln < 2e+{[(M = f)]1 -
where we used Claim [C.5]in the last step. Now, using the statement of Claim[C.6 we deduce
M= (L + - 4+ L ) Mgl < de + [(M = fl1-
Since
Ly 4+ L) Mgy < (L -+ 17, )M <M
everywhere along the real line, we immediately get the desired inequality. ]

C4 Finishing the Proof

We can now prove the key lemma and then Theorem|[I.1] will follow as an immediate consequence
since we can use the improper learner in Corollary 2.10| The lemma states that given explicit access
to a distribution f that is e-close to a GMM, M, with k components, we can output a GMM, /W,
with O(k) components that is O(e)-close to f. At a high-level, the proof involves attempting to
reconstruct f over various intervals using Lemma and then using a dynamic program to find a
union of 5(k) such intervals that approximates the entire function. We use Claim to argue that
such a solution exists so our dynamic program must find it.

Lemma C.8. Let M = wi1Gy + - -+ + wi G be an arbitrary mixture of Gaussians where G; =
N(pi,02). Let € > 0 be some parameter. Assume we are given access to a distribution f. Then in

poly(k/€) time and with high probability, we can compute a mixture M of at most kpoly(log(k/e))
Gaussians such that N
M — fllx < poly(log(k/e)) (e + M — fl]1) -

Proof. Note that it suffices to compute a weighted sum of Gaussians that satisfies the desired
inequality since rescaling such a weighted sum to a mixture will at most increase the L! error by a
factor of 2. Thus, from now on, we will not worry about ensuring the mixing weights sum to 1.

Let v = ¢/k and [ = [4/log1/v]. First draw Q = poly(k/e) samples z1,...,z¢q from f for
sufficiently large () that we can apply Claim with € <— . While we do not know what the
intervals Jp, ..., J, are, we will set up a dynamic program to find a set of at most 50k! intervals that
we can reconstruct f over each one using Lemma|C.3]and such that these intervals contain essentially
all of the mass of f.

For each pair z,,z;, with a,b € {1,2,...,Q}, apply Lemma with parameter € < v to

attempt to approximate f on the interval [x,, 2. Let the output obtained be M, ,,. Note that
sometimes the algorithm will fail to output a good approximation to f (because the assumptions
of Lemma fail) but we can ensure that the output is a weighted sum of at most poly(log 1/7)
Gaussians. In the proof we will only use the fact that when the assumptions of Lemma[C.3|hold, then
our approximation to f restricted to the interval will be accurate.

Now we show how to set up the dynamic program. WLOG the points 1, ...,z are sorted in
nondecreasing order. We also use the convention that xg = —00, £g4+1 = 00. Now, we maintain the
following state for each index 0 < j < @ + 1, and integer ¢ < 50kl: the best approximation to f

from (—o0, x;] using a sum of M, ,, over at most c intervals. Formally,

Dynamic Program: Let DP;. be the minimum over all sets S of c¢ pairs
(@M, pM), .. (a9, b)) € [5] x [4] such that a™) < b™) < a® < .. < b of

1f - L(—oom) = (1[96@(1)a%(l)]Mma,uw%(n T a2, Me %m)”l

+ ||an<1>,xb(1> - 1[%(1),Ib(n]M%(mwbu) (B ”M%ma%(c) - I[Ia<c)a%<c)]M‘”a<c> Ty(e) -
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Note that the first term represents the approximation error compared to f. We must truncate each
function M%(l)v%(l) to its corresponding interval [z ), 2] in order for the problem to be
solvable via dynamic programming because otherwise previous choices would affect later ones.
Thus, we also need to add the additonal terms that represent the error from truncation. Note that the
L' distance can be estimated using Claim We can solve the dynamic program in polynomial
time because from each state DP; ., we simply consider adding all possible intervals among
Zj,Tj41,...,TqQ as the next one.

Now we prove that there is a good solution to the dynamic program for which the objec-
tive (for j = @ + 1) is small. Let ay, b1, ..., a,, by, be the indices obtained in Claim[C.7] We claim
that setting

(a(l)a b(l)) = (ala bl)a ceey (a(n)’ b(n)) = (ana bn)
results in the objective function being small. Let J; = [a;, b;] for all 4. Let

Aqgood _ M R M
M - 1[101 ’zb1]Mma17xb1 + + 1[m‘1n’zbn]Mzan’zbn .

The guarantee from Lemma[C.3|implies that for all ¢,

1Moo, 20, = Vo, ) M, 0, 1< DOy (log 1/7)( + |1y, (M = f)]]1) ©)

and thus, using the guarantee from Lemma[C.3]again, we have

|MEE — (1, + -+ 1) < My, = Lo flli+ o+ [ May, 0, = 10, flh
+|‘Mza1’rb1 - 1[za1,zb1]Mzal,zb1 1+t HM‘ran,xbn - 1[%” ,zbn]Mﬂﬁan,un ||1

< nypoly(log1/7) + poly(log 1/7) (15, (M = f)lls + -+ + 15, (M = f)l}1)
< poly(log1/7) (e + M = fll1) -

However also recall that by Claim[C.7]
M= (Ls 4+ 1 )Ml <4y + [[M = fll1).

Combining the above two inequalities, we get

M5 = ]l < poly(log 1/9) (e + | M = fll)

Finally, combining the above with (9) implies that the objective value of the dynamic program is at
most poly(log1/7) (e + || M — f]]1). Finally it remains to note that the objective of the dynamic
program (for j = ) + 1) is an upper bound on

If - (Mmauw%u) +ot Mfra(c> ’:rrbm)”l

so thus, we can simply output the solution M = M, (1)5&4(1) 4+ -+ M, () 1@y (e) and we are
guaranteed to have

I — M1 < poly(log 1/7) (e + [|M — f]l1) -

It is clear that M is a weighted sum of at most kpoly(log 1/+) Gaussians (since for each interval
there are poly(log 1/+) Gaussians and there are at most 50k! total intervals). It is clear that all of the
steps run in poly(k/¢) time and we are done. [ |

Now we can complete the proof of our main theorem, Theorem [I1]

Proof of Theorem[I.T] We can apply Corollary 2.10]to learn a distribution f such that dry(M, f) <
O(€). We can then apply Lemmausing f. Note that since f is a piecewise polynomial, we can
perform all of the explicit computations with the density function that are used in the proof of Lemma
[C: It is immediate that the output of Lemma [C.8 must satisfy

drv(M, M) < O(e)

so we are done. [ |
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D Well-Conditioned Case: Sparse Fourier Reconstruction

We now move onto our results on sparse Fourier reconstruction. As with GMMs, we will first consider
the well-conditioned case. Here, this means a function that has its Fourier support contained in one
interval that is not too long i.e., all of its Fourier mass is not too spread out. Note that WLOG, we may
assume that this interval is centered at 0 since otherwise we can multiply by a suitable exponential to
shift the Fourier support to be around 0. We prove the following statement:

Lemma D.1. Let 0 < ¢ < 0.1 be a parameter and let | > [log 1/€¢]| be some parameter. Let M be a

function such that M is supported on [—1,1] and such that || M||; < 1. Also assume that we have
access to a function f such that

1
[ @ - mwpe < e,

-1

There is an algorithm that runs in poly (1) time and outputs a function M such that M i (0(),0(1))-
simple, has Fourier support contained in [—1,1), and

/_1 IM(z) — f(x)|2de < 16€.

Remark. Note that in this case, we do not need any constraint on the Fourier sparsity of M to
guarantee that the output of our algorithm is O(log 1/¢)-Fourier sparse. Also, unlike our full result,
Theorem[I.3] our output in this case is guaranteed to be a good approximation over the entire interval
(instead of a subinterval).

Our proof will be separated into two parts. The first step will be proving the existence of a function
M of the desired form. The second step will be developing an algorithm to actually compute it.

D.0.1 Existence of a Sparse Approximation

First, we will prove that under the assumptions of Lemma an approximation M satisfying the
desired properties exists. We will also prove that independent of the problem instance, it suffices to
only consider a fixed set of O(l) distinct frequencies given by the Chebyshev points (with suitable
rescaling).

The proof relies on first taking the Taylor series of an exponential e>7*¢* and arguing that we only

need to keep the first O(log 1/¢) terms. This essentially lets us represent such an exponential with the
coefficients of its Taylor series, which are (up to rescaling) (1,(, ¢?,...). We then use Corollary.
to argue that an arbitary linear combination of such vectors can be replaced with a sparse combination
with similarly sized coefficients.

Lemma D.2. Let 0 < € < 0.1 be a parameter and let | > [log1/€]| be some parameter. Let
to, . .., t1g2; be the degree-1021 Chebyshev points. Let M be a function such that M is supported on
[—1,1] and such that |M||1 < 1. Then there is a function

1021
h(I) — ch€27ri(lt]-)x
§=0

where co, . . ., c192; are complex numbers such that 210 ! le;| <2001 and

/1 (h(x) — M(x))2dx <é.

~1
Proof. Note that M can be written as M (x f M(C)e2 ¢ d¢. Now consider the Taylor

expansion of
27mas(
27r7,:n( Z

=0
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Note that since —I < ¢ <[, we have

(27i¢)?

> | EE s e
j=1021+1 J:
In particular, if we define
1021
(2mizC)?
gelz) =Y
=0
then over the interval z € [—1, 1]
7€ — ge(@)] < (e/1)° . (10)

Next, for each ¢ € [, 1], by Corollary we can write the vector
Vio21(€) = wo(C) V102 (tol) + - -+ + w102(¢) V1021 (tro2:0)
for some real numbers (depending on ¢) wo(¢), - . ., wi0(¢) with > Jw,;(¢)| < 200!. Thus,
ge(w) = wo(C)geor () + -+ + w1020(C) g, o1 ()
for the same weights. Now note that by , forall z € [-1,1],

1021 L -
M(z) — thjl(x) </ M(Owy(od() = ‘M(x) —/ M(Q)ge(z)d¢| < 21- (e/1)3.
=0 — -
Note that
0% 0
> / M(Qw;(¢)d¢| < 2001
j=0 [/ —!
so by , forall z € [-1,1],
10%1 .
2mix(t;l ) 3
JZ:;) (gtjl(x) e )) </l M(C)wy(od<> < 2001(¢e/1)

so therefore for all x € [—1, 1], we have

1021

l o~
M(z) - Zoezmum ( [ l M(Owj«)dc) <2021 - (/1)

and setting

1021 !
h(z) = Zezmx(m) (/ M(C)“}j((ﬂ()
=0 -t
immediately leads to the desired conclusion. ]

D.0.2 Completing the Proof of LemmaD.1]

By combining Lemma [D.2]and Lemma[F.T0| we can complete the proof of Lemma[D.1]

Proof of Lemma([D.]| We can separate f into its real and imaginary parts, say fre, fim and we can
separate M into its real and imaginary parts Mg, Mim. Now consider the Chebyshev points of
degree 1021, say tg, . . ., t192;. We will now apply Lemma where we consider the set of functions

{f1,-- -, fn} = {£cos(2ntox), £ sin(2ntox), ..., L cos(2mtig2;z), £ sin(2mtig2;2) } .
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The distribution D is the uniform distribution on [—1, 1] and by LemmaD.2] there are coefficients
ay,...,a, > 0withay + -+ a, < O(l) (note we can split the complex coefficients ¢; into their
real and imaginary parts and then split into positive and negative parts) such that

1

/ (ro(@) — (a1 fy (2) + -+ + an o)) ?dar < 2 / (Mie(@) = (@11 (2) + -+ + @ fu(2)))de

-1 —1 )
+2/ (fre(z) — Mye())?dz < 4é
-1

and similar for the imaginary part of f. Applying Lemma to both the real and imaginary part
(after rescaling by 1/(O(1))), adding the results, and rewriting the trigonometric functions using
complex exponentials (note the set {to, . . ., t192; } is symmetric around 0 so we can do this) completes
the proof.

We can slightly extend Lemma[D.T|to work even if we do not know the desired accuracy e but only a
lower bound on it. It suffices to run the algorithm for Lemma [D.T]and repeatedly decrease the target
accuracy until our algorithm fails to find the optimal accuracy within a constant factor.

Corollary D.3. Let [, € be parameters given to us such that | > [log 1/¢]. Let M be a function such
that M is supported on [—1,1] and || M||1 < 1. Assume that we have access to a function g defined
on [—1,1]. There is an algorithm that runs in poly(l) time and outputs a function M such that M is
(O(1), 0(1))-simple, has Fourier support contained in [—1,1], and

/11 [M() = f(x)Pde < 20 <62 + /1 /() = M(:U)Qdaf> :

-1

Proof. For a target accuracy v > € we run the algorithm in Lemmato get a function /Wv(x)
We then check whether

/1 M () — f(2)2da < 1642
1

Note that the above can be explicitly computed. If the above check passes, we then take v <— 0.99.
Taking the smallest -y for which the above succeeds, the guarantee from Lemma [D.T|ensures that we

have a function M such that

/11 [M(x) = f(x)Pde < 20 <62 + /1 /() = M(@%) :

-1

It is clear that we run the routine from Lemma D.1|at most O(l) times so we are done. [ |

E Sparse Fourier Reconstruction: Full Version

In this section, we complete the proof of our main result on sparse Fourier reconstruction, Theorem
The high-level outline of the proof is similar to the proof of Theorem[I.1} The key lemma that
goes into the proof is stated below. At a high level, the lemma states that if we know roughly where
the Fourier support of the unknown Fourier-sparse signal M is located, then we can successfully
reconstruct it.

Lemma E.1. Assume we are given N, k,e,c with 0 < ¢ < 0.1. Let | = [log kN/(ec)| be some
parameter. Let M be a function that is (k, 1)-simple. Also, assume that we are given a set T C R of
size N such that all of the support of M is within distance 1 of N. Further, assume we are given
access to a function f such that

1
[ 1#@) - M) < &,
-1
There is an algorithm that runs in poly(N,k,l,1/c) time and outputs a function M that is
(kpoly(l/c), kpoly(l/c))-simple and

/ + M (z) — f(a)Pdz < Epoly(1).

30



The proof of Lemma [E.T] will involve localizing the frequencies and then using Corollary [D.3]to
reconstruct after localizing. We will do this for poly (N, k, log 1/¢) different localizations (based

on the set T that we are given). We will then select at most O(k) of these localized reconstructions

to add together and output. The intuition behind why we can find such a set of 6(k) localized
reconstructions and ignore the rest is that M is k-Fourier sparse so localizations that are far away
from the frequencies of M can essentially be ignored.

The localization procedure will involve convolving f by a Gaussian times an exponential (technically
we will convolve by a function that approximates a Gaussian times an exponential). Note that this
is equivalent to multiplying the Fourier transform by a Gaussian multiplier. This will ensure that
frequencies too far away from a certain target frequency will only contribute negligibly and we only
need to worry about reconstructing the frequencies that are close to the target frequency.

E.1 Properties of Localization

In this section, we formalize the localization step and prove several inequalities that will be used
in the proof of Lemma [E.I] The way we would like to localize the frequencies is by multiplying
by a Gaussian multiplier in Fourier space since afterwards, we would be able to essentially neglect
any frequencies that are far away from the center of the Gaussian multiplier. This is equivalent to
convolving by a Gaussian times an exponential, i.e. a function of the form G (z)e?7%*, in real space.
For technical reasons, we will actually define two types of functions, which we call kernels, that
approximate functions of the form G/(z)e?™*®. The reason that we will need to work with both is
that the first type can be computed efficiently while the second is easier to use in the analysis of our
algorithm.

We begin with a few definitions.

Definition E.2. For a function f : R — C and any 1 > 0, define "W to be the function that is
equal to f on [—1,1] and 0 otherwise.

Definition E.3. For parameters u, 1, c. we define the function
Kute = (1) (/c) - 270
where Py is as defined in Definition|[F.9]

Remark. We call functions of the above form truncated polynomial kernels. The fact that such
functions are truncated polynomials will make it easy to explicitly compute convolutions.

Definition E.4. For parameters (1,1, a, we define the function T, ; o as follows. First define
Sta= Moy (a/a)
(recall Definition[B.1) and then define
Tta(z) = Sa(w)e? e

Remark. We call functions of the above form truncated Gaussian kernels. Note that truncated
Gaussian kernels are compactly supported in Fourier space, which will be a convenient property in
the analysis of our algorithm later on.

Note that both Co ;. and 7g ;2 /. are meant to approximate the Gaussian N (0, c?). The fact that
Ko,1,c approximates N (0, ¢?) is clear from the definition (and Lemma . To see why 7o 127 /c
approximates the Gaussian, note that if in the definition of 7, we did not truncate before taking the
Fourier transform, then we would get exactly N (0, ¢?).

We will now prove several inequalities relating to how convolving with the kernels K and
T affect a function. The first set of bounds are an immediate consequence of Lemma[F.8]

Claim E.5. Let [, e > 0 be parameters such that | > [log1/e]. Let 0 < ¢ < 1 be some constant.
Then

1Ko.1.c(x) = N (0, ) (@)l < O(el)
1Ko.1.c(x) = N(0,¢*)(@)lI5 < O(le*/c).
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Proof. We know by Lemma [F.8] that
(1/e)Pi(z/c) = N(0,¢*)(@)] < ¢/e

for all z € [—lc,lc]. Thus, since G decays rapidly outside the interval [—lc, Ic] we have
1Ko.1.0(2) = N (0, ) ()[l1 < O(el).

The second inequality follows by a similar argument. ]

The next claim formalizes the intuition that ), ; . and 7, ; 2 /. must be close because they both
approximate the same function (the function N (0, c?)e?™He),

Claim E.6. Let [ be some parameter and let € > 0 be such that | > [log 1/€]. Let g be a function
such that ||g]|1 < 1. Then for any p, ¢,

||’C,u,l,c * g — 77L,l,27r/c * g”oo < O(El) 5

where * denotes convolution.

Proof. First, note that it suffices to prove the above for 1 = 0. Now let G = N (0, ¢?). By Claim|E.5|
we have
[Ko.r.e(z) = G(x)[L < O(el).-

Since ||g]|1 < 1, we know that ||g||cc < 1 and thus for all x,
[Koe*g(x) = Gxg(x)| < O(el) . (11)
Finally, observe that the Fourier transform of G x* ¢ is equal to @fq\. Note that

G(x) = My (an/e2 () = Mo 1 (cz/(27)).
By construction,
Tosanse ¥ 9= My (cx/(2))g

which is equal to G restricted to the interval [—27l/c, 27l /c]. Using the fact that G= Mo, (27 /)2
decays rapidly outside [—27l/c, 27l /c], we have that

70,127 /e %9 — Gglly < €.

Thus, |70,1,2x/c * () — G * g(2)| < € for all z and combining with (T1), we are done. [ |

E.2 Decoupling

In our full algorithm, we will reconstruct frequency-localized versions of a function independently for
different frequencies 6 that we localize around. We will then combine our localized reconstructions
by adding them. In this section, we prove several inequalities that will allow us to analyze what
happens to our estimation error when we add different localized reconstructions together. Recall
that convolving by a truncated polynomial kernel KC,, ; . or truncated Gaussian kernel 7, , is
approximately equivalent to multiplying the Fourier transform by a Gaussian multiplier centered
around p. Lemma [B.4] implies that adding up evenly spaced Gaussian multipliers approximates
the constant function. Thus, we expect that convolving by an expression of the form > K, .. or
> u T,.1,a Where the sum is over evenly spaced u should roughly recover the original function. The
first two claims here formalize this intuition.

In the first claim, we analyze what happens when we add several localizations obtained by convolving
with various truncated polynomial kernels.

Claim E.7. Let | be some parameter and let 0 < ¢ < 0.1 be such that | > [log1/¢]. Let g be a
function. Let ¢ be some constant. Let S be a set of integer multiples of 2w /(cl). Then

2
1+lc

L
[ | S kaers| <a+otsn? [ il

Hes —(14lc)
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Proof. Note that C,, ; . is supported on the interval [—lc, Ic] so we can restrict g to be supported on
[—(1 +¢), 1+ lc] and O outside the interval. Define the function

V(z) = % S Kyt

nes

Then

~

1 —
V)= —— > Korela —p).
() W 2 0Lc(T — )

Next, let G’ denote the Gaussian G = N (0, ¢?). Recall by Claim 1Ko.1.c(x) — G(x)||1 < O(el)
50 [Ko,1.e = Glloo < O(el). Let

1 ~
Ulz) = W%G(;pu).

Note that since GG = Moy, (27 /c)2, for any z,

1 1
U(2)| = —= Z My, 2m)cy2(x — p) < —= Z Mo, 2r/cp2(x —p) < 1+€
V2 1% 2T e omy ez

where the last inequality follows from Lemma Also ||foz -a oo < O(el) so for all x,
V(@) <1+ 0(S)).

‘We conclude

1
/1 Vs g(@)]de < [V * glI3 = [Val5 < (1+ O(elSD)?[[913 = (1 + O(elSD)*[lg113

To complete the proof recall that we restricted g to be supported on [—(1 + Ic), 1 + lc] and we are
done. |

The next claim is similar to the previous one except we analyze what happens when we add several
localizations obtained by convolving with various truncated Gaussian kernels.

Claim E.8. Let a.l, € be parameters such that 0 < € < 0.1 and | > [log1/€]. Let g be a function
whose Fourier support is contained in a set Sy C R and such that ||g||1 < 1. Let S be a set of integer
multiples of a/l that contains all multiples within a distance | - a of Sy. Then

1
lg — —= Zﬂ,l,a * Glloo < 2.
27 cs

Proof. Consider the function
1
A@) =D =M, 2 (x).
s V27w
For all x € Sy, we claim that
|A(z) — 1| <.
To see this, note that by Lemma[B.4]

1
Y =M, ()~ 1| <0.1€
ue(a/l)Z lvam

for all z. By assumption, the set S contains all integers that are within la of the set Sy so for any
S So,

1
Z ———M,, 42 (z) < 0.1¢,
ue(a/l)Z\S lvarm
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and we conclude that we must have |A(z) — 1| < e. Next, we claim that if we define

Blo) = 3 M e = /).

then we have for all z,
|B(z) — A(x)| <e.

To see this, first note that My 1 ((x — p)/a) = M), 42 (x). Next, using Gaussian tail decay, we have
for all z,

1
|B(x) — A(x)] < Z ——M,, 2(x) <e.
pe(a/zZ lvar
|z—p|>la
Thus, we have
|B(z) — 1] < 2
for x € Sy. Note that by definition,
~ 1 = = ~ ~ 1 trunc(l) ~
9(@) = —= > Tura*gx) =G) — §(z) > ——=My 7" ((x — p)/a) = (1 - B(x))g(z)
l\/27r#€S Hesl\/27r

so therefore

1 J—
15— —= " T % glls < 2¢
IV 2r ics

and we conclude

1
- a* oo < 26
g N § T, gll

pnes
as desired. |

The last result in this section will allow us to decouple errors from summing over different localiza-
tions. Note that naively, if we add together n estimates with L? errors €1, . . ., €,, then the resulting
L? error of the sum could be as large as € + - - - + €,,. If the estimates were “independent" on the
other hand, we would expect the L? error of the sum to only be y/€? + - - - + €2. We prove that when
adding together functions that are frequency-localized at different locations, the error essentially
matches the latter bound (up to logarithmic factors). This tighter bound will be necessary in the proof
of Lemmal[ETl

Note that if we have functions gy, . . ., g, whose Fourier supports are disjoint, then it is immediate
that

lg + -+ gall = llgull3 + -+ + llgnll3 -
However, in our setting, we need to restrict the functions to the interval [—1, 1] first, which causes the
Fourier supports to no longer be disjoint. Through a few additional arguments we are able to prove
an analogous statement for bounding fil lg1 + - - + gn|?. We do pay some additional losses both in
the inequality itself and the bounds of the integral i.e. we need to integrate the individual functions
over a slightly larger interval.

Claim E.9. Let o, 1, € be parameters such that « > 1 andl > [logan/e]. Let I, . . ., I, be intervals
of length at least o and assume that for any x € R, at most | of the intervals contain x. Let g1, . .., gn
be functions such that for all j € [n], ||g;|l1 < 1 and §; is supported on I;. Then

1 ) (1+a™h) ) (14+a™h) )
[ ot gaP <oty (€4 Pt ra
-1 —(1+a~1) —(14+a~1)

Proof. Consider the Gaussian multiplier M = M), ,-2;-100 for some p € [—1,1]. Now first, we
bound

/_°° M ()?|g1(2) + -+ + gn(@)Pda .
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Define the functions h; = Mg, for all j. Then by Plancherel,
/ M(w)2|gl(x)+-~~+gn(:c)|2dx:/ |hi + - 4 hy|?dx (12)

On the other hand, note that h; = M g;. Let J; denote the interval containing all points within
distance at most 10" of the interval I;. Let h;- be the function h; restricted to J; (and equal to O
outside). Recall that the support of g; is contained within I;. Then we claim that

[ = m < e/ amy.

This follows because [M| = N (0, (2rad®)2) and |G ||; < 1 so for a point z that is distance d away
from the interval I;, we have

[hj(@)] < max |M(z — y)] < N(O, (27al™)?)(d).

Also note that||g;||1 < 1, implies ||g;]|c < 1 s0
17113 = (M5 < [IM][5 < 1.
Combining the previous two inequalities over all 7, we have
by + -+ Rl = 1Ry + -+ By lla| < (e/(am))*
1ha -+ 4 hnllz + [Py + - + 2y |2 < 3n
which implies

oo oo
/ \h1+---+hn|2dxgo.l(e/(an))10+/ \Wy + -+ Rl |Pd. (13)
— 00

Now note that since not too many of the intervals /; may contain the same point z € R, not too many
of the extended intervals .J; can contain the same point z € R. In particular, at most O(I"°) of the
extended intervals can contain the same point z € R. In other words, each point x € R is in the
support of at most O(I™°) of the b/, ..., h!,. Thus, by Cauchy Schwarz,

/ M+~+Mﬁ<mwm/ MF+~+/I%@. (14)

Now we bound

[e’e) o) [e’e) 14+«
[ W2 < / Iy [? = / M<x>2|gj<x>|2dxso.1<e/<an>>1°+/ M ()% g; () e

~(4a1)

15)
where the last step holds because ||g;||o < 1 and the multiplier M () is always at most 1 and decays
rapidly outside the interval [—(1 + a~1), 1+ a~1] since p € [—1, 1]. Putting everything together

(121 [13] [14] [T5), we get
e’} 14+a™
1 M(@)*/g1(2)++ - —+gn()Pd < poly(D) | (¢/(an) +Z / )2, () Pde

(14a—1)

Now summing the above over different multipliers M = M, ,~2;-100 i.e. with g uniformly spaced
n [—1, 1] with spacing a~1/=°°, we conclude

1 1
/ |gl(l=)_|_—|—gn(l‘)‘2d$ < 102/ M#7a7217100($)2|gl(17)—I—..._|_gn(1‘)|2dl’
1 -1

< poly(1)€® + poly(1) (Z/ .,
14+a—

s (1+a™h) ) (1+a™h) )
< poly()e® + poly (1) / PR / o))

—(14a~1) —(14a~?

1+a

My, a-21-100 (2)* (|1 * + - + Ignl2)>
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E.2.1 Completing the Proof of Lemma

In this section, we will complete the proof of Lemma First, we need to introduce some notation.
We will carry over all of the notation from the statement of Lemma|E.T] We also use the following
conventions:

o Let Sy = {01,...,0;} be the frequencies in the Fourier support of M

* Let v > 0 be parameter to be chosen later and let I’ = [log1/v] (we will ensure ~ is
sufficiently small i.e. v < (ec/(kN))¥ for some sufficiently large absolute constant K )

* Let the function r(z) be defined as r(z) = f(z) — M(x) on the interval [—1, 1] and
r(z) = 0 outside the interval.

Recall that the way we will reconstruct the function is by attempting to localize around each of the
points in the given set 7" and reconstructing the localized function using Corollary [D.3] We then
find kpoly (I’ /c) of these localized reconstructions that we can combine to approximate the entire
function.

In the first claim, we bound the error of our reconstruction using Corollary [D.3|for a given localiza-
tion. Recall the two types of kernels, the truncated polynomial kernel and the truncated Gaussian
kernel, defined in Section Consider the kernels K, ;7 ./ and T}, i o7/ 7 (Which, recall, are
approximately the same). In the next lemma, we will bound the distance between KC,, ;s ./ * f and
T 2z e * M in terms of r(x). The reason we care about these two functions is that the first is
something that we can compute since we are given explicit access to f. On the other hand, the second
is Fourier sparse and has bounded Fourier support so it can be plugged into Corollary [D.3](as the
unknown function M).

Claim E.10. For any real number p,

1—c 00
/ |’C;A,l/,c/l’ * f - 7;A,l/,27rl’/c * M‘Q § pOIY(l//C)72 + 4/ |]\4’O,(2‘n'l//c)2 ((ﬂ - p,)?(l‘)ﬁdl’
—1+4c —00

Proof. Note that since KC,, ;7 ./, is supported on [—c, c],

1—c 1
2
/ ‘(’Cu,l’,c/l’ * f) (l‘) - (’Cu,l’,c/l' * M) (fL‘)‘ dx S / |(lcu,l’,c/l’ * 7”) ($)|2dl‘
—1+4c¢ —1
Now the Fourier transform of K, ;7 . /» % 7 is ICO/J/T/I/ (z — p)r(z) so

1 0
/ |<]Cy,,l',c/l’ * T) (I)|2d3) S / |K:0,l’,c/l’(x — /,[,)?(J?)IQCZZ‘
—1 o'}

‘We deduce that
l1—c 1—c 9
2
/ IKpirepvr * f = T 2w je % MI” < 2/ Kt % M= Tor i e % M|
—1+c —1+4c

12 / Kow o (@ — (@) Pde

< poly(l'fe)y? +2 / Koo (z — p)f(a)Pde

where the last inequality follows from Claim[E.6

Note since 7 is supported on [—1,1] and ||r[|3 < €* < 0.1, we must have |7||; < 1 which
then implies ||7]|o. < 1. Together with Claim[E.5} if we let G = N (0, (¢/I)?) then we have

/ |KCo,1r ey (& — p)7(x) [Pda < 2/ |G(a — wP(@)Pde + 2713 1Ko vepr = G

— —o0

< poly(l'/c)fy2 + 2/ | Mo, (2717 /)2 (x — u)?(x)|2d:c.

and combining with the previous inequality, we get the desired result. |
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We are now ready to complete the proof of Lemma[E.T]

Proof of LemmalE.1} First, let T’ be the set of integer multiples of 27 /c that are within distance
(101')% /c of the set T'. For all ;1 € T, do the following. We compute the function f(*) = K epvf.

Next we apply Corollary (with appropriate rescaling) to compute a function A" in poly (I’ /c)
time that has Fourier support in [u — 27l"% /¢, u + 27l'? /], is (poly(l’/c), poly (I’ /c))-simple and
such that

1—c 1—c
/ |F) — W2 < 20 (72 +/ |f — T 2m e * M|2> . (16)

—14c —1+4c

To see why we can do this, note that
Tt zmtrje x M = Mg (c(x — )/ (2l )) M

is supported on [11 — 2712 /¢, ju + 2712 /c]. Also it is clear that ||7:Ll/;//\c* Ml < H/\//\l||1 <1.
Now we choose a set U C T’ with [U| < k(100')% such that the following quantity is
minimized:

1—c
|

EU:Z/I_C |F) — p)2 ¢ Z /_

peu v —1te peT\u Y ~1te

f(u)|2.

Note that this can be done using a simple greedy procedure. First, we obtain a bound on the value Ey;
that we compute. Let Uy be the set of all integer multiples of 27 /c that are within distance 1012 /c
of Sy (recall that Sy is the Fourier support of M which consist of £ points). By assumption, we
know that Uy C T” and it is clear that |Up| < k(101")2. Note that by definition, for any p ¢ U, the
function 7,, s o1/ /c * M is identically 0. Now using @, then Claim@

1—c
Ey, <20 ) (72+/ |f<“’—n,lf,2ﬂl//c*M|2> + Y / |f#P2

el —1+4c MET'\UO —14c

<80 <1001y(l’/0)72 +/ | Mo, (2 ey (2 — u)?(ﬂf)l2dfv>

pneT”’

(oo}
< |T"|poly(I'/e)y* + 80 / F@))® > Mo anrjee(z— p)ide
e HE(2m/c)Z

l1—c

<+ poly(l')|r3.

Note that we used the fact that -y is sufficiently small and the tail decay properties of the Gaussian
multipliers in the last step. Thus, we can ensure that the error that we compute satisfies Ey <
7 + poly(!')||r||3. Now we output the function

—~ 1
M = R
Z U\ 27

pel

It remains to bound the error between M and f. First we apply Claimto decouple overall u € T".
Note that (") and T, 251 J* M both have Fourier support contained in the interval [ — 27l [, i+
271"? /c]. For distinct y that are integer multiples of 27 /c, there are at most O(I?) intervals that

contain any point. Also, note that for all 1, | h(*)||; < poly(I’/c) and ||7,, 71/7;,/\0* M|1 < 1. Thus,
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by Claim [E-9] (with appropriate rescaling of the functions and the interval),

1-2¢
/ M Z l/ l 27Tl’/c*M

—1+2¢

pneT’
< poly (' /¢)y + poly (I’ Z / |h() — Tt 2ntr je * M|* + Z / Trotr i+ M2
peu I ite peT\U
< poly(l'/e)y + poly(!') [ - / B — Ry 3 / F00 2
pnel —l+e MGT/\U 14c
+p01y Z / |f(ﬂ) l’ Zﬂl//c*M|
pet’ 1+c

< poly(l'/e)y + poly(l') | Ev + > (poly U'fe)y? +/ | Mo, (217 yey2 (2 —u)?(w)IQdaf)
peT’

< poly(l'/c)y + poly (I') (Eu + [Ir[|3)

< poly(l')e?

where we used that v = (ec/(kN))°™) is sufficiently small and Claim and the last two

inequalities follow from the same argument as in the bound for Ey,. Next, by Claim (and the
definition of T"), we have that

[IM — Z I on T 2zt je ¥ Moo < O(e)

pneT’
so overall, we conclude
1-2c¢
[ M= MP < poly(t)e?
—14+2¢
from which we immediately deduce

1—2¢ .
/ |IM — f|* < poly(l')é®

—142¢

It is also clear that M is (kpoly(I’/c), kpoly(l’/c))-simple (since it is a sum of at most k(101’)?
functions that are (poly(!’/c), poly(I’/c))-simple). Now we are done because I’ = O(1). |

Similar to obtaining Corollary [D.3]from Lemma|[D.I] we can extend Lemma[E.T|to work even when
we do not know the target accuracy but only a lower bound on it.

Corollary E.11. Assume we are given N, k,e,cwith0 < ¢ < 0.1. Let | = [log kN/(ec)] be some
parameter. Let M be a function that is (k, 1)-simple. Also, assume that we are given a set T C R of

size N such that all of the support of M is within distance 1 of N. Further, assume we are given
access to a function f. There is an algorithm that runs in poly(N, k,l,1/c) time and outputs a

function M that is (kpoly(1/c), kpoly(l/c))-simple and such that
1

[ @) - e < @+ poiv() [ 176) - M)

—1+c -1

Proof. This will be the exact same argument as the proof of Corollary [D.3] For a target accuracy
€’ > € we run the algorithm in Lemmal|E.1|to get a function M. (z). We then check whether

[ ¥eta) = 5P < poly(i)e”

—14c
If the check passes, we take € < 0.99¢ and repeat the above until we find the smallest ¢’ (up to a
constant factor) for which the check passes. The guarantee of Lemma implies that for this €/, we

can just output M, «(z) and it is guaranteed to satisfy the desired inequality. |
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E.3 Proof of Main Theorem

Using Theorem 2.12)and Corollary [E.TT] we can prove our main theorem, Theorem[I.3] The main
thing that we need to prove is that the frequencies in the function f’ computed by Theorem m
cover (within distance poly(k,log 1/¢)) all of the frequencies in M. This will then let us use the
frequencies in f’ to construct a set T of size poly(k,log 1/¢) that covers all frequencies in M to
within distance 1 that we can then plug into Corollary [E-TT] We will need the following technical
lemma from Chen et al.|[2016].

Lemma E.12. [Lemma 5.1 in|Chen et al.|[2016|]] For any k-Fourier sparse signal g : R — C,

1
max_|g(x)]® < Ok log® ) / lg(a) P

z€[—1,1] 1

The above lemma roughly says that the mass of a k-Fourier sparse function cannot be too concentrated.
We now finish the proof of Theorem[I.3]

Proof of Theorem[I.3] We first apply Theorem to compute a function f’. such that

1. f’is (poly(k,log1/¢€), exp(poly(k,log1/€)))- simple

2.
1 1
[ar-e §O<e2+/ |f—M|2) |
-1 —1

Let L = (klog1/e)X for some sufficiently large absolute constant K. Let v = e~~. Now apply
Claim [E.8|on the function f’ with parameters a < L,l < L,e < ~. Let S C LZ be the set of all
integer multiples of L that are within distance L? of the Fourier support of f’. We have

I - T %TMLQ s f'lloo < 2111y (17)

Next, we apply Claim[E.6|on the function (M — f’). We deduce that for any ,

1K rzm/i2 s M= ) = Tpaox (M= oo 0 (L (1P + 1MIL)) - 18)

Finally, by Claim applied to the function (M — f’) (with parameters € < 7,0l « L,c +
(27)/L?), we have
2

/ mzicumﬂ/m*w ) S(1+O(V|5D)2/

—1-27/L

1427 /L

1
M= [ s2/ M= f2.
-1

Note that in the last step we use Lemmal[E.12]and the fact that M — f” is poly(k,log 1/€)-Fourier
sparse so choosing L = (klog 1/€)°() sufficiently large ensures that

1427 /L
/ \M—f’Fsu/ M2
—1

—1-2n/L

Define the functions

Afz) = f' ZTLLMM

L /JES
1
B(I) e Z ICH,L,QTA'/LQ * (M - f/)
L/ 27 jcs
Note || A]lc, | Bl < 181 (117711 + 1M1 ). Combining we have

1 1 R P
[ 14@P = [ 182 < oy (L.IS] 171+ 1441,

-1 -1
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However, we proved that fil |B(z)]? < 2fi1 |M — f'|? so choosing L = (klog1/e)°() suffi-

L

ciently large and since v = e~ ~, we conclude

1 1 1
[ awpzez | IMf/2§O<62+/ IMf|2> (19)
-1 -1 —1

where we are using the guarantee from Theorem [2.12] Now note that the function

1
M/ E—— valhllz *M
L\2m fcs

is k-Fourier sparse and has ||X/l\’||1 < QHM\ |1 by Lemma Furthermore, all of its Fourier
support is within distance poly(L) of the Fourier support of f’ (by the construction of the set
S). Thus, we can apply Corollary on f’ (where we treat the unknown function as M") with

N = poly(L) = poly(k,log 1/¢) and recover a function M such that
1

1—c . 1
/ M — J'12 < € + poly(log k/(ec)) / 17 = M| = €+ polylog k/(c0) / A(x) ?

—1+c¢ —1

= poly(log /() (& + [ 11 M- 1)

where the last step is from . Since f_ll lf = f*>’<0O (62 + f_ll |f - M\Q), the above implies

/1C IM — f] < poly(log k/(ec)) (62 + /11 M- f|2>

—1+c¢
and we are done. ]

E.4 Implementation of Computations

In the proof of Theorem |1.3] we use the result from Chen et al.| [2016] to obtain an approxima-
tion f' that is written as a sum of poly(k,log1/¢€) exponentials and has coefficients bounded by
exp(poly(k,log 1/¢€)). We then perform explicit computations using this function in our algorithm
to eventually compute a sparser approximation with smaller coefficients. Here we briefly explain
why these explicit computations can all be implemented efficiently. Note that all of the functions that
we perform computations on can be written as sums of polynomials multiplied by exponentials i.e.

Pl (w)eZ‘n'i@m? 4.+ Pn(x)eQﬂ'iOnac (20)

where there are at most poly(k,log 1/€) terms in the sum, all of the polynomials have degree at
most poly(k, log 1/€) and all of the coefficients are bounded by exp(poly(k,log 1/¢)). To see this,
note that convolving by a polynomial P(x) truncated to an interval (recall the truncated polynomial
kernel in Definition [E.3]) preserves a function of the form in (20) (only increasing the degrees of
the polynomials by deg(P)). All other computations that we need such as computing the exact
value, adding and multiplying and integrating over some interval can clearly be done explicitly in
poly(k,log 1/e€) time and to exp(poly(k,log1/€))~! accuracy for functions of the form specified in

F Basic Tools

In this section, we have a few basic tools that are used repeatedly throughout the paper.

F.1 Chebyshev Polynomials

Here we will introduce several basic results about the Chebyshev polynomials, which have algorithmic
applications in a wide variety of settings |[Rivlin| [2020]], (Guruswami and Zuckerman|[2016].

Definition F.1 (Chebyshev Polynomials). The Chebyshev Polynomials are a family of polynomials
defined as follows: To(x) = 1,T1(x) = = and forn > 2,

To(z) = 22Ty 1 (z) — Tr—o(x) .
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Fact F.2. The Chebyshev polynomials satisfy the following property:

T, (cosf) = cosnb .

As an immediate consequence of the above, we have a few additional properties.
Fact F.3. The Chebyshev polynomials satisfy the following properties:

1. T, (x) has degree n and leading coefficient 2"~ !
2. Forz e [-1,1], T(z) € [-1,1]
3. T, (x) has n zeros all in the interval [—1, 1]

4. There are n + 1 values of « for which T,,(x) = £1, all in the interval [—1,1]

In light of the previous properties, we make the following definition.

Definition F.4. For an integer n, we define the Chebyshev points of degree n, say tg, . .., t,, as the
points in the interval [—1, 1] where the Chebyshev polynomial satisfies T,,(t;) = £1. Note that the
Chebyshev points are exactly

(n—1)m

™
{cos0,cos —,...cos ,COST}.
n

Next, we have a result saying that if we have a bound on the value of a degree-n polynomial at all of
the degree n Chebyshev points, then we can bound the value over the entire interval [—1, 1]. Similar
results are used in Rivlin|[2020], Guruswami and Zuckerman| [2016]], but there does not appear to be
a directly usable reference.

Claim F.5. Let P(x) be a polynomial of degree at most n with real coefficients. Let ty, . . . ,t,, be the
Chebyshev points of degree n. Assume that |P(t;)| < 1for j =0,1,...,n. Then |P(x)| < 2n for
all z € [-1,1].

Proof. By Lagrange interpolation, we may write

P(to)(x —t1) -+ (x —ty) T P(tp)(x —to) - (x — tp—1)
(toftl)"'(tﬂftn) (tn*tO)(tn *tn—l)

Thus, it suffices to upper bound the quantity

(.’E—tl)(i—tn) (;v—t())---(x—tn,l)

(to —t1) -~ (to — tn) (tn —to) -+ (tn — tn—1)

on the interval [—1, 1]. Note that by Lagrange interpolation on 7;,(x), we have

To(to) (@ —t1) -~ (x — tn) To(tn)(x —to) -+ (# — 1)
(tO_tl)"'(tO_tn) (tn_tO)"'(tn_tnfl)

Also note that T,,(t;) = (—1)""7 which has the same sign as (t; — to)--- (t; — tj—1)(t; —
thrl) s (tj — tn) ThllS,

P(x) =

F(x): + ..+

T.(z) =

1 1
(to —t1) -+~ (to — tn) (tn —to) - (tn — tn-1)
since the leading coefficient of T}, (z) is 2" ~*. Now we will upper bound
M=max(|(x—t1) - (x—tn)|,..., |(x —t0) - (x — tn_1)|)

_ on—1
=2 ,

and once we do this, we will have a bound on F'(z) since F'(z) < 2"~ 1 M. Define the polynomial

Q)= (o~ to)(w— 1) - (2 — t) = Y21 (@+ Va2 =1y = (@ = Vaz=1)") .

2
To see why the last equality is true, note that the RHS has roots at £, . . . , t,, and is a monic polynomial
of degree n + 1 so it must be equal to (z — tg) - - - (z — ¢,,). Now,
M = max ( Q) | Q@ ) < max |Q'(x)|
xr —to r—t,
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where the last step holds by the mean value theorem (because Q(t;) = 0 for all j). Now note that

sin 0 sin(n@
Q(cosf) = _2”7—1()

S0
ncosnf  cosfsin(nd)

/ _
Q(cost) = = + gt

and from the above it is clear that

n n n

|Q/(COSG)| S 277,71 + anl = 27’7,72 :

Now we are done because

II[laX | |P(z)| < F(x) < "M < 2n.
ze[—1,1

It turns out that we can restate the above result in terms of convex hulls of points on the moment
curve. This reformulation is the version that is useful in our algorithms.

Definition F.6. For a real number x, we define the moment vector V,,(z) = (1,z,...,z").
Corollary F.7. Lettg,t1,. .. ,t, be the Chebyshev points of degree n. Then for any x € [—1,1], the
point V,,(x) is contained in the convex hull of the points

{£2nV,(to), ..., £2nV, (tn)} .

Proof. Assume for the sake of contradiction that the above is not true. Then there must be a separating
hyperplane. Assume that this hyperplane is given by a - * = b where a is a vector and b is a real
number. Now WLOG b > 0 and we must have
a-Vp(z)>b
b
V)| < — V)
|a )l < om J

However, applying Claimwith P(z) = w gives a contradiction. Thus, no separating
hyperplane can exist and we are done. ]

F.2 Approximating a Gaussian with a Polynomial

We will also need to approximate Gaussians with polynomials. This is a somewhat standard result
which we state below.

Lemma F.8. Ler G = N(0, 1) be the standard Gaussian. Let | be some parameter. Then we can
compute a polynomial P(x) of degree (101)? such that for all x € |2, 2l],

|G(x) — P(z)| < e,

Proof. Write

N

s ) e

Mo |
m=0 m=0 2mm
Now define
(100)2 9
P =
() mgo S



For z € [—21, 2]}, we have

X (—pmem @) . 202\
o -res| S OGS Gn s ()

m=(101)2+1 ’ m=1021+1 ) m=1021+1
oo
1 —1
< — <e
< om =
m=1021+1

In light of the above, we use the following notation.

Definition F.9. We will use P;(x) to denote the polynomial computed in Lemma|F.8|for parameter l.
Note that Py is a polynomial of degree (101)? and for G = N(0, 1), we have

|G (z) = Pi(a)] < e
forz € [—21,21].

F.3 Linear Regression

Recall that at the core of the problems we are studying, we are given some function f and want to
approximate it as a weighted sum a1 f1 + - - - + a,, f,, of some functions fi,..., f, € F for some
family of functions F. The result below allows us to solve the problem of computing the coefficients
if we already know the components f1, ..., f, that we want to use. The precise technical statement
is slightly more complicated in order to incorporate the various types of additional constraints that
we may want to impose on the coefficients aq, . .., a,.

Lemma F.10. Let D be a distribution on R that we are given. Also assume that we are given functions
Hf s fns 9,91, - -, gn - R — R, Assume that there are nonnegative coefficients ay, . . . , a,, such
thatay + -+ a, <1and

| G@ahie) = —anfu@)PD@r+ [ (501910 —angn(@)*Dla)ds < &
for some parameter € > 0. Then there is an algorithm that runs in poly(n,log 1/¢) time and outputs
nonnegative coefficients by, . .., by, such thatb; + --- + b, < 1 and

| G@-bisi@— b fu@)?Ddet [ (o) -hign ()= b (0) D@ < 26
Proof. Letv = (1,by,...,b,). Note that we can write

[ N (f(@)=bifr(x) = —bp fn(2))*D(x)dz+ [ h (g(z)=brgy(z)—- - —bngn(x))*D(x)dz = v" Mv

where M is a matrix whose entries are [~ (f(z)f;(z) + g(2)g;(2)) D(x)dz in the first row and

column and the other entries are [~ (fi(z)f;(z) + gi(2)g;(z)) D(x)dz. Since all of these func-
tions are given to us, we can explicitly compute M. Also note that clearly M is positive semidefinite.
Thus, we can compute its positive semidefinite square root, say N. Now

v Mu = ||Nvlf3

so it remains to solve min, || Nv||3 which is a convex optimization problem that we can solve
efficiently (the size of the problem is poly(n)). ]
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