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A Additonnal Experiments

A.1 Mini-batch DRAG.

As for Vanilla SGD, we can take advantage of GPU parallelization and replace the gradient estimator
using one sample X ~ p

Veghe(X,g)

by a mini-batch estimator, using n;, > 11.i.d samples X1, ..., X,,, samples of the source measure at
once

1 &
o > Vghe (X, g). )
k=0

Of course, no matter the choice n;, (7) defines an unbiased estimator of VH,.(g).

Using a mini-batch of size n, we suggest multiplying y; by /7, as is usual with mini-batch SGD.
The following figure shows the acceleration due to mini-batching on Example 1, 2 and 3, while
maintaining the same computational time when using a GPU. Indeed, each mini-batch estimator has
an error an order of magnitude lower than the non-batched ones, even with a small mini-batch size of
ny = 16.

10 Example 1 10 Example 2 100 Example 3
) V.
.
)
!
10 - ‘ v
v, 10~ .
107! o ‘<.‘
51072 ., k -, _ 12
£ ° " o v g el
= o V. _ . L
. ° ¥ ° V. 102 " o ||g —g*||” (mini-batch)
10 .. - v
° Yy 10~ ° v. e v
° v. o
. 0o ¥ e o v °
10 %o o | 107 °®

100 1000 10000 100 1000 10000 100 1000 10000
Iterations Iterations Iterations

Figure 6: Comparison of the non mini-batched and mini-batched estimators on Example 1, 2 and 3,
ny = 16.

A.2 Weighted Averaging: Maintaining a better trade-off between averaged and non-averaged
iterations.

I is well known that the averaged algorithm can suffer from bad initialization. One strategy to over-
come this is weighted averaging [39]. Namely, we replace the averaged estimator g, = H% ZZ:O gt
by

t

=) 1 w

g, = log(k + 1)“gy,
Z};:o log(k + 1)« ,;)

with a parameter w > 0. The parameter w balances the weights assigned to the estimators gy. As
w increases, greater importance is given to the more recent estimates, while we retrieve g, when w
goes to 0. As for the usual averaged estimators, we can perform the weighted average online, without
having to store all the iterates, with the recursion

(W) In(t+ 1)~ (W) In(t + 1)“’
8ty1 = = t I
Sy (k4 1) Sy In(k+ 1)

wgt+1«

It is important to note that ggw) will have the same asymptotic convergence guarantees as g,.
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Figure 7: Comparison between g, g, and g, ~ on Examples 1, 2 and 3, with w = 2

As illustrated in Figure 7, the weighted average estimator consistently outperforms g,, achieving
orders of magnitude better performance in Examples 2 and 3. Note that a mini-batch size of 16 was
used for all experiments, each repeated 10 times.

A.3 DRAG compared to Adam.

We compare here the performance of our algorithm DRAG to that of the Adam algorithm [30], on
Example 1, with M € 200, 2000. The experiment was repeated 10 times. For this comparison, we
fixed the parameters of DRAG to (v/M,1/3,2/3) and ran the algorithm for ¢ = 10° iterations. The
parameters for Adam were set to 31 = 0.9, B2 = 0.999, and A = 103 (learning rate/weight decay).
As shown in Figure 8, DRAG clearly outperforms Adam on this example, particularly in the early
iterations and as the number of points increases.

M =200

102 =

10! ~

100 < <

llge — g*II?
.
.
!
/
/

10? 10° 104 102 10 10¢

Iterations

DRAG g,

Iterations

Adam g;

Figure 8: Comparison of DRAG with Adam on Example 1, for different values of M.

A.4 DRAG compared to non regularized ASGD

As discussed in the numerical section, we observed empirically that all methods, including the non-
regularized projected ASGD, eventually converge to the true solution given a sufficient number of
iterations. In Figure 9, we report additional experiments with a larger iteration budget to confirm this
behavior. Notably, even the non-regularized ASGD converges, albeit much more slowly. In contrast,
DRAG converges significantly faster and achieves higher accuracy earlier in the optimization process.

Among the DRAG variants, we observe that choices of a € 0.2, 0.4 yield the best performance, which

aligns with our theoretical analysis suggesting that a = %_ achieves the optimal convergence rate in
this setting, since b = % These results reinforce our claim from the main text that, while all schemes
converge given enough iterations, DRAG remains consistently one to two orders of magnitude more

accurate due to its improved early-stage performance (see Appendix A).

Note also that the convergence of the non-regularized ASGD is encouraging, as it highlights that, with
a sufficiently large number of steps, the effect of vanishing regularization is not a deterrent. Indeed,
as t — oo, the regularized gradient becomes numerically indistinguishable from the non-regularized
one, essentially corresponding to the difference between a tempered softmax with temperature € and
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an argmax. This further supports the view that DRAG serves as an effective acceleration mechanism
in the early stages of optimization and that by decreasing the regularization, we will not hit a plateau.
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Figure 9: Comparison of DRAG with different a and non-regularized ASGD

B Proofs

Additionnal notations.

For any ¢ > 0 we define the function ¢ — U.(¢) such that

T 1+In(T+1) ife=1,
N te < (T) =4 A ife > 1, ®)
t=1 1+ =T+ ife<l.

For a sequence (ug)sen, if £ ¢ N, u must be understood as urgl-
In all the sequel, we note

Ar = |lge — g2, 1%
Remark that the dependence in ¢ is both in the estimator g; and the optimizer g;,. We also recall that

wenote D¢ := sup ||g—g'|| < c©.
g.g'€C

B.1 Proof of Theorem 1: Convergence rate of the non averaged iterates.
Proof. Using Lemma 3, for any ¢ > ¢, ., we have

Apr1 <AL — 2741 <Vghe,, (&, Xi41), 8t — g:t> + 5’Yf,2+1-

Let F; denote the filtration generated by the samples X1, ..., X; S u, thatis F; = o (X1,..., X3)
and taking the conditional expectation, we have

E[A1|F) < Ay — 2741 (VH., (80), 8 — 82,) + 577 9
Using Lemma 2 on the restricted strong convexity of H.,, we have
(VHe,(g:),8 — &%) 2 pe(l — e g — 825,17 Lg, gz, f1<cr/2 -

Therefore, we have

E [At+1 ‘ ]:t] S [1 — 2p*(1 — 6_1)7t+1:| At + |:2p*(1 — e_l)]ll‘gt,g;tuzst/g ’yt+1At + 577524»1'
(10)
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670 Using Proposition 2, for all p and 8 € (0, 1), there exists Cg ,, such that for all ¢ > 0, E[A}] <
p_Bp
Y €

- < O pt~tPHa1=A)p Therefore,

€%

671 Cgyp

ElLjg gz, 12e./2] = ElLg, g2 jove2e20]

< Cg pt~tPFor(3-F) by Markov’s inequality

4
t_4b taklngp = ba(?l))ﬁ)’ with a(3 — 6) <b. (1 ])

672 Note that, since 2a < b, we can always choose 3 such that the inequality a(3 — /) < b holds. Using
673 the fact that A; < D% and taking the expectation in (10), we obtain

< Cp,

4b
b—a(3-5)

E [At+1] S [1 — 2[)*(1 — 6_1)’7t+1:| ]E[At] + 5/Yt2+1 + C,B, 4b t_5ng .

5—a(3—5)

674 Lett, := min{t,2 v,y < 1} and tg := max{tq,q,t,} , we apply Proposition 5 to obtain

t t
)
E[A] < exp (—2A > %) (D% +) 5%3) + oy V-1 +o(n) - (12)

i=to+1 k=to

675 Applying Corollary 2, the exponential product converges exponentially fast to 0 and an asymptotic
676 comparison gives

5 Yt
EA] < ———: S —.
[ f/] — 2p*(1 _ 6_1)7571 =+ 0(%) ~ p*
677 We conclude by using Proposition 1, using the bound g7, — g*|| < glte’,
678 O

679 Proposition 3. Under the same assumptions as in Theorem I , we have for any o/ € (0, @)

1 1

* 12
E[Hgt_g ” ] S Pz't% +t4a+4ao¢” t>1.

680 Remark: Note that this proposition directly proves Theorem 1, but we decided to split them, to have
681 a cleaner proof of Theorem 1.

es2 Proof. We begin by squaring equation (13) of Lemma 3. For ¢ > ¢, o, where t, , is defined in (15),
683 we have

. 2
A7 < (A = 2941 (Vghe, (86, Xev1), 8t — 85,) + 57741)
2
< A7+ 497 (Vehe, (86 Xeg1), 81 — gl ) + 25714

— 401 (Vghe, (8, Xig1), 8 — 82,) +10A7 1 — 20771 (Vghe, (8, Xit1). 8 — &5, ) -
—:A =:B

684 Taking the conditional and using Lemma 2, we have
E[A | F] > 487 p.(1 — e Dyug1 g, —g., <er/2-
685 We also use the simple bound

E[B | 7] = 0.

686 These two inequalities lead to
E[A7 | Fi] < [1—4p(1— e ya] A7 +4p.(1— e Dyiqa g —g., <0 /2
.\ 2
+ 4774 E {<Vhe,, (8¢, Xiv1) 80— 82,)" | ]'—t} + 2571 + BAN .
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Using that the gradient norm is bounded by two, we apply the Cauchy-Schwarz inequality to obtain
* \2 *
4721 (Vghe, (8, Xe1), 8t — g:) <1677 llge — gg,,”2 < 1624774

Applying Holder’s inequality yields

21A 1 < <At 2p. (1 —e™t) )21%+1> Y+

2[)*(1 — € 1
< A2 (1 — 1) 7212 3
Y+ P (& + .
= S 4/7*(1 & 1)7t+1

Summing up these inequalities, we obtain
E[A7 | Fi] < [1=3pu(l— e Dyiga] A7 +4p.(1 — e v lyg,—g., 1220 /2

212 3 4
+ m’}/ﬁ_l + 257t+l'
Similarly to the case p = 1, using that P[||g; — g7, || > &¢/2] < C5 _a__t~* by (11) and that

F=a(5=)
A? < D} for all ¢, taking the expectation yields

212 _
E[AZ, ] < (1 = 3\ye41)E[A]] + ﬂvf’ﬂ + 257, +4NCy . t7Dg

b—a(3—B)

Again, as in the case p = 1, applying Proposition 5 and Corollary 2 and using that ||g? —g*|| < a%*a/
concludes the proof.

O

Lemma 3. Under the assumptions of Theorem 1, there exists a finite time t, o, depending on a and
v, such that for all t > t, ., we have

A1 <A =294 <Vghst (86, Xi+1), 8t — g:t> + 5%52+1 . (13)

Proof. By definition of the gradient step at time ¢ 4 1 and since g7, | € C, we have
At+1 = ||gt+1 - g:t+1”2
= [[Projc (gt — Ve+1Vghe, (8t Xev1)) — 82,

< llgt — Ve+1Vghe, (81, Xev1) — &2, [

I

Then, incorporating the change of optimum between time ¢ and ¢ 4 1, we get
Avpr <18t — Ve41Vghe, (81, Xi1) — gf, + 85, — &b, P
< llgt — ve+1Vghe, (8¢, Xeq1) — &, I +2 <gt —Ye41Vghe, (8, Xt41) — 82,85, — g;‘t+1>

+lgz, — &z, 117

Using Corollary 2.2 in [18] (see Proposition 1), there exists K > 0 such that for any o/ €]0, o

gz, — g2, < Koe® (e) — e141) < Kot (" =@t+1)"") < aKot~(tataa’) gy

For clarity, we define r; := aKot~(1Tor9e) and R, := (2D¢ + 2741 + 7)1+
Using that for all ¢, g; € C, and that for all z € R%, g € RM,

Vghe, (g, )| < 2, we obtain

Avpr < llge = ve41Vehe, (86 Xer1) — 85,12 + (2Dc + 2ye41) gk, — g2, 1 + llgk, — g2, |17
< llgt — ve+1Vghe, (8, Xe1) — &5, 17 + Ry
< gt — 85117 — 2ve41 (Vghe, (8, Xe41), 8 — &2,) + Ver1 | Vehe, (8, Xeg1)|* + R
<Ay = 2v41 (Vghe, (8, Xi41), 8 — &5, ) + 4771 + Re.
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Note that, since we have 1 + a 4+ aa > 2b, we can also take o’ €]0, o[ such that 1 + a + ac’ > 2b.
Consequently, the sequence R;/~7 is decreasing and tends to 0. For conciseness, we note

ta:=min{t >1: R, <~7}. (15)

For any t > ¢, ,, we then obtain the following upper bound of A, ; in terms of A, and the gradient
direction:

A1 <AL =2 <Vghst (81, Xt+1), 8t — g:) + 5%2+1-

B.2 Proof of Theorem 2: Convergence rate of DRAG

Proof. We start with a decomposition of the gradient step, similar to [26]. By abuse of notation, we
note

V= V?Ho(gl,)

and define the following differences:

pr = Proje (8k — Ykt+1Vghe, (8k: Xi+1)) — (8 — Ye+1Vghe, (8 Xit1))

£k+1 = VHEk (gk) - Vghek (gkvXkJrl)?

ok := VHo(gr) — VH, (gk)

8k := VHo (gr) — V3 (81 — 25) -
The term py, represents the difference between the projected and non-projected steps. Note that
pr = 01f 8 — Yi41Vghe, (8, Xi+1) € C. The term &, is a martingale difference &, representing
the difference between the regularized gradient and its non-biased estimator. ¢ represents the
difference between the ¢j-regularized gradient and the non-regularized gradient.Finally, dj, represents

the difference between the gradient at g, and its linear approximation given by the Hessian at the
optimum.

Let I, denote identity matrix of M ;(IR), observe that for any k¥ € N
grt1 — 8o = Proje (8r — k1 Vghe, (8, Xkr1)) — 80
=8k — Yi+1Vehe, (8, Xkt1) — 85 — P incorporating p
=gk — Vi+1VHe, (8) — 80 + Ye+18k+1 — Dk incorporating k11
=gk — Ye+1VHo(8k) + Vk+10k — 80 + Vk+18k+1 — Dk incorporating o,
= (Int = Ye4+1V2) (8% — 85) — Vet 10k + Vo410 + Vit1Ek+1 + D -
incorporating §

Thus, we have that

8k — 8k+1 Pk
7+_6k+(7k+€k+1+ .
Ve+1 Ve+1

Vi(gr —gy) =

Observe that there is an orthogonal matrix U such that VE = Udiag (M\1,...,An-1,0)U T. There-
fore, in the following, we denote
(V2) "' =Udiag (A7, ., A5, 0) U T
the inverse of V2, restricted to the subspace Vect(1 M)L. Note that we have [18, Theorem 3.2]
min _A; > p,, foralk >0.
je[1,M—1]

Taking all the equalities in Vect(1;7)*, that is, considering all our vectors in the subspace
Vect(17)+, we have
t

= * 1 -1 8k — 8k+1 1< -1
(gt—go)=mZ(Vi) —ng(vi) O

Ve+1

k=0 k=0
1 < 1 < 1 1 < 1 pe
_t Lt 2\~ L 2y~1 Pk
+t+1k§”"+t+1,;(v*) gk+1+t+1]§(v*) Vi1
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We will now give the convergence rate for each sum. Note that thanks to the introduction of oy, we
will directly be able to use the local smoothness and strong convexity of Hy, proved in our setting in
[32].

Bk " Bk+1
¢ Convergence rate for ; +1 S o

Ye+1

Z 8k — 8kl _ i (g8r — &%) — (8rt1 — &)

o TR+l =0 Ve+1
Z 8k — Z gk+1 —
o R+l o TkH1
g —g* gi+1— 8"
= gr—8")+ - :
Z (7k+1 ) ( ) Y1 Yt+1

Remark that v;,.", — 7, ' < 2y, 'n®~L. By Theorem I (non-averaged iterates), E [||g, — g*[|?] <
2+ 1)~°. Therefore

(t41)%2.

1 _
< ;@1—b/2(t +1) 4+ Deyy '+

1
VvV V1P

o TR+l

Z 8k — Bk+1
v

We thus have the convergence rate

<1
~ p(t+ 1)1-b/2

Z 8r — 8k+1

k=0 TR+l

1 t
e Convergence rate for 5 >, _ dx

By [32, Theorem 1.3], there exists a ball B(g*, dy) with d; > 0 where H is a-Holder. Therefore, by
applying a Taylor expansion of V Hy(g) around g*, if g, € B(g*, d1), we have

1611 < llgw — g1l -

Otherwise, since the Hessian H is uniformly bounded [32, Theorem 1.1], there exists a constant C's
such that forany g € C, |[VH (g) — V2H(g*) (g — g*) || < Cs.

Since P(gr ¢ B(g*,d1)) = P(||gr — g«|| > d1), we obtain by Markov’s inequality
Ell6kll5] = Ell6kll3 1ge e an] + Bkl g g ner an)]
* o 02 * oY
SE(llgr — &I + 35 Ellen — 87127
1

SE[lge —g 27

Therefore, using Minkowski’s inequality, we have

1 t 2] 2 t
—F 1)
=0 v k_O
1
S —Wian
1)
< 1
~ 14+

p*T(t—i—l)H b
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1 t
o Convergence rate for = >, _ &t

Veh (8k, Xi+1) and thus E[&; 1] = 0.

We recall that &1

= VH (gy) —

Observe that E [<ZZ;3 Ekt1s §t+1>J =E KZZ é&k-&-la

Thus, since E [||£;|?] < 4 for all k, we have the convergence rate

t+1

1 t
e Convergence rate of D k0 Ok

Z §k+1

1
27 2
<

(€411 Ft] > }

2

ViFT

Using Proposition 4, we have uniformly in g € C that, for all o’ € (0, a),

Therefore

lowll = IVHo(gk)

t

— VH, (gl S " Seetee’

1 1
T <7\I}a ao/t
t+1 D> o S 1 Yetew ()
k=0
1

Pk
¢ Convergence rate for ; +1 PO k=0 ~

~ ta+aa’ :

Take dj such that B(g*,dp) C C. Deﬁmng Vi := Vgh (8k, Xi41) for conciseness, we obtain

E [|Ipx]7]

=E {HPFOJ'C (gr — 1 Vi) — (g — %+1Vk)||ﬂ

=E {HPFOJ'C (&8 — W+1Ve) — (8k — et 1 Vi) || lgk—7k+lvk¢ci|

Since forany y € C, one has ||z—Proj. (x)||» < ||x—y]l., taking y = g, and since gx, —yx+1 Vi ¢ C
is satisfied only if ||gr — Vk+1 Vi

We thus have

o Conclusion.

— g*|lv > do, we have

2
E [HpkH?)] < E |:||’Yk+1kav 1Hgk7’Yk+1vk*g*”,u>dU:|

t+1

<

IN

~

E Ngk — Vi1V — g*Hﬂ

4%%“

dg
=) (2°E [llgx — &7 3] +2°7i11)
d4 v k+1
1
pz ’Yk-&-l

‘ 2
>
o Tk .

Nl

Finally, summing up all the convergence rates, using Cauchy-Schwarz inequality and that (A + B)?
2(A% + B?) for any A, B € R we obtain

E[[[v2H(g")

1

1

1

vt

g")}] <

p2(t + 1)

t2a+2aa/
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753 Since b > 2a and b+ aa > 2a + 2a¢’ and so noting s = min{1, 2a + 2ac’}, and since the Hessian
754 norm is uniformly bounded, we finally obtain
1

— * (12
Ellg, - &'l 5+ -
755 O]

756 B.3 Proof of Theorem 3: Convergence of the OT map estimator

757 Proof. We show that the convergence rate of g, to g; implies a convergence rate a convergence rate
758 for the map estimation. The Brenier map is given by T}, ,,(z) = z — V(g§)°(z); see for instance
759 [46], Theorem 1.17. We thus focus on the convergence of Vg§ to V(gg)°.

760 Forall j € [1, M], if x lies in the interior of L;(g), we have
Vg(z) =z —y,. (16)

761 Therefore, given g, g’ € RM  if there exists a j € [1, M] such that z is the interior of L;(g) NL;(g’)
762 we have

Vg (z) = V(g') ().

763 We will now follow arguments from [46], Section 6.4.2. Fix j, j' € [1, M] such that j # j’ and x is
764 in the interior of L;(g) N L,/ (g’). By definition of the c-transform, we observe that L;(g) is defined
765 by M — 1 linear inequalities of the form

. 1 1
(yy —v5) < ag(3:3") == 9; = 9 + Sl llz = 5w 3
766 Similarly, interchanging the role of g, g’ and j, j' we have

/

g 1 1
(2,55 = yy) < ag(73) = gy — g + 5wl — 53

767 We obtain that
Li(g) NLj(g) C{z € R?: —ag (5, ) < (x,y;r —y;) < ag(4,5')}
768 Moreover, noting h = (hq,...,hps) = g — g’, we see that
|a’g'(j/aj)+ag(jaj/)‘ < |hj' _hj|' (17)
769 We have
p(A:={z eR’ Vg(z) # V(g)(x)})

=p| JLj(g) nLj(g)

< Z p(Lj(g) NLj(g'))
<3 n({w e R —ag (1) < oy — ) < agli. )

770 Under Assumption 1, p is a measure such that Supp(u) C B(0, R) and it admits a density du
771 bounded by dpimax. Thus,

(A) < dpmax Y Awa({x € B0, R) : —ag (5, ) < (2,5 —y;) < ag(j,5)})

i<’
L L -
S d,u'lnax Z )\Rd ({.T S B(O,R) . —M S <.T, yj y] > S ag(jh] ) })
i< 157 = sl 57 = wslla /= Nlysr =yl
L -,
< deax Z )\Rd ({x c B(O,R) . _M <z < CLg(j,j)}) ,
i Y5 = will2 Y5+ = will2

24



772

773

774
775

776

777

778

779
780

781
782

784
785

786

787
788
789

790
791
792

793

by the rotational invariance of the Lebesgue measure. Combining this remark with (17) yields

_ hir — h;
H(A) < dpa RI1 S P2 L
= v =il
Similarly, for the L? norm of the map difference, we obtain
I1(Ve“() = V(&) Ol 10, < Z/ 1(Vg(-) = V(g C)Il, du()

j<j /i (8)NLys (8")

< i = yjllan (Li(g) N Ly (g))
i<j’

< A R Y v = yjllglhy — hyl

=y =yl
< Aptmax M~ D+/2aRITION] |||

So, in particular, there exists a constant C'a > 0, independent of the location of the points y;, which
grows at least linearly in M such that

(Ve () = V(&) Oy 1o < Calle =gl < CavM|g —gl-

Plugging in the convergence rate of g, to g* concludes the proof. O

B.4 Proof of Corollary 1: OT cost estimation

Proof. For any vector g € RM, we recall the definition of L(g) = Uj\il L;(g):

. . 1
forall j € [1.M]. L(g) = { € Rg*(a) = 3llo ~ il - 0, |

Note that L(g) defines a partition of R? up to p-null sets , i.e. u (L;(g) NL;(g)) = 0 when i # j,
and the convex sets IL;(g) are called power or Laguerre cells. We define the set

K= {g:RM - R |Vie [1,M],u(Li(g)) >6}.
Using Theorem 4.1 in [32], under Assumption 1, Hy is uniformly C%® on KC°. That is, there exists a

constant L such that Hy is L-smooth on K°. Note that the constant L depends on piyin, 9, R. We
refer to [32], Remark 4.1 for more details.

By the first order condition, as soon as § < wpyi,, we have g* € K°. Indeed, at the optimum, we
have for all i € [1, M], p (Li(g*)) = w;. We fix here § = 5 wmin.

Thanks to the L-smoothness, for any g € K%, we have
* L *
|[Ho(g) — Ho(g™)| < 5 llg — &"[1*.

Note that, for any g € RM and i € [1, M], the difference of measure of the Laguerre cells L;(g)
and IL;(g*) is at most linear with respect to ||g — g*||oc. We refer to Theorem 3 or Section 6.4.2 in
[46] for more details.

Therefore, there exists a constant C'y, such that, as soon as ||g — g*||> < Cf, we have that g € K?°.
This constant depends on &, fimax, R and d as in Theorem 3. Using Theorem 2, E|||g, — g*||?] =
O(t~*) with s > 0. Then

E[|Ho(g;) — Ho(g")] = E [|Ho(8,) — Ho(g")|1g,exs]| +E [|[Ho(8;) — Ho(g")|1g,¢ x5 ]

L_.._ . «
< SEllg. — &"I") + max|Ho(g) — Ho(g")|E[Lg,¢ ]
L_.._ . .
< gE[Hgt —g* 1’1+ IggédHo(g) — Ho(g")|[E[1)g,—g|2>c. ]
=0 (Ellg, —&"II”]) .
where the Markov inequality of order 1 was used on E[1 g, —g+|>>¢, |- O
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B.5 Proof of Proposition 2: High probability being in B(g? ,<;).

Proof. The proof of this proposition relies heavily on the technical Lemma 4, which we state and
prove immediately after this proof.

We start with a base case at § = ug = 0, which provides an initial convergence rate for E[A?]. Then,
by an inductive argument, we gradually increase u,, to improve this rate till the limit when n tends to
infinity, namely min{b — a, a}.

Base case (ug = 0). Using Lemma 4, with \.; = p. % grife =0, and Aoy = pi(1 —
e e t¢if ¢ € (0,a), we have

E[A},,] < E[A}] (1 = Yer1rot + Crp %2+1) + Cop AP AP

By applying Proposition 5 and Corollary 2, we obtain the following baseline convergence rate, for all
p>0:

D

Vi
E[AY] < ;;
t

Inductive step (improving the rate). Suppose that for some u,, € [0, min{b — a,a}), we already

have
]E[Af] < P (b—atun)

Choose ¢ < b‘“% and set d = b — a + u,, — 2¢ > 0, which is positive by construction. By
Markov’s inequality, we then get for all ¢ > 0

P[At > t—2c] — P[Ag > t—2qc] 5 14 (b—atun—2¢c) _ t—dq )
We take g chosen large enough so that dg > p + 1.
Consequently, applying Lemma 4,
E[AY] < BIAP(1 =001 Aot + Crpiin) + Cop AF T ab + o(o8).

Therefore, if we pick any w41 € (0, 2=%t%=), applying Proposition 5 and Corollary 2, we see that

P
E[A?] < 2L gep < pmpuni
t ~ D ~ .
€t
As soon as b — a > uy,, we have (b — a + u,,)/2 > u,, as a valid range upper range for w1, so we
can take u,+1 > U, and strictly improve our convergence rate.

Achievability for all 6 € [0, min{b — a,a}). Finally, note that the sequence defined by uo = 0

and u, 11 = % converges to (b — a), showing that every value d up to (b — a) can be reached

through successive improvements. Since ¢ = a is the upper bound in Lemma 4, we can continue the
limit min{b — a,a}, so forall § € [0, min{b — a, a}), we have
D45
t
E[a}) <2
&t

Using Markov’s inequality concludes the proof.

O
Lemma 4. For any a,b > 0, such that 1 + a + ao. > 2b, there exists constants C ,, Cy , only
depending on 1 and p, such that defining

1—e 0=

Px €ty lfC = O?

At = 4C
ps(1—e Het, ifce(0,a].
we have for any ¢ € [0, a]

E[AY, )] SE[AP] (1 = ver1der + C1p¥in) + 941 DEP (Ap > 17°) Lego + Copho P
(18)
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822 Proof. Letus fix ¢ € [0, a]. Starting from equation (13), raising to the power p gives

AP < (Ap = 2941 (Vghe, (81, Xer1) g — g5) + 5724,)" - (19)

823 We note (z §’ k) = k, and apply the trinomial expansion to obtain

z‘g

t+1§ Z (2] ) i (=2741 (Vghe, (8¢, Xiv1) 8 — 87)) 5k7t+1

4,7,k
1+j+k=p

< Af - QpA;f_lryt-‘rl <Vgh’€t (gt7 Xt+1)a g — g:>
—2p(p — )AL y41 (Vghe, (81 Xes1), 8 — &) 5741

+ Z (Z ] k‘) A’L ( 2A/t+1 <vgh5t (gt, Xt+1)7gt >) 5k’yt+1

2Jok
L,
(i,3,k)¢{(»,0, 0) (p 1,1,0),(p—2,1,1)}

g2« WedividethesetS := {(i,5,k) e N, i+ j+ k =p,(i,5,k) ¢ (p,0,0),(p—1,1,0),(p — 2,1,1) }
825 into the following partition

Py = (ivja k) € {(p_27270)a(p_3a3a0)7<p_17071)a(07p70)}7
Py = (S\Pa) N {i =0},
Pe:=(S\Pa) N{i # 0} N {j = 4} n{k =0},
Pi:=(S\Po)N{i A0} N{0<j<4}tn{k #0},

Pe = (S\Pa)N{i # 0} N {j =0} n{k #0}.

s26  In what follows, the constants Cj, may depend on the constant -y; from the learning rate v; = 1/ 1o,
27 since we will often use the crude bound ~? ik < < kAP *1 for k € N. Note, however, that Aep <1
ges  for all £, and therefore )\ka < A/ forall ¢,k € N, so the constants C}, will not depend on ;.

829 We also introduce, for all p, the constant

_3p+1
Pop—17

g0 Case where (i, 75, k) € P,.
st If (i,7,k) = (p—2,2,0):

<p b )AfZ (=27e11 (Vghe, (8, Xe41) 8 — &7))°

~2,2,0
<8p(p— DAY A2, by Cauchy-Schwarz
<8 A;Dp CP/(P 1) 1 by Y 0
<8p(p—1) » +7er 150 | e by Young: 1=:5.4 =p,a>
1
YVer1Act 1 P A, \@-D/p

< pAf T =+ 'ygirll < ) taklng c1 = (m)

P

Ac _ . .
< pAY % + I} H’yfj:ll defining C} readily.

p
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sz If (i,5,k) = (p—3,3,0):
p - "
<p _ 3,370) AP (=2y141 (Vghe, (81, Xin1), &1 — &7))°
< 43Af_%%3+1
3 D 217/3
<64 |ar?2les) %)
N p

by Cauchy-Schwarz

p/(p—%) ap/3 3
c +Yr1 T3 | vt
2 t+1 2p03p/3

by Young: ¢ = 7p_’§/2,q’ = %
< pAP Vit1Act n ip+1 3 320 (p — P =2)(,7) |
= PAy T, Y41 % et

) 3t P
taking c; = (W)

A _ . _
< pﬁf% + Cg)\cfﬂvf:ll since 3p+1 > p+ 2 and % <p-1.

p

sz If (i,5,k)=(p—1,0,1):

p AP A2 < p pT?lAp 5 by Y O R
p—1,0,1 t Vi1 =P D C3 : + @’Yt-t,—l Ve+1 y Young. ¢ = ;=5,4 =P
b

—1

Ae 5P, \ 7 . 5
< pAY %Jrrl L ( 3 f) ey taking c3 = (AFC:)
P ,
A _ . .
< pAY % + O P defining Cj readily.
p

s 1If (i, 5, k) = (0,p, 0):

p *
( ) (—2’}&4_1 <Vgh5t (gtaXt-‘rl)vgt - gt>)p

0,p,0
i L 9y 2
< 4P EAi) + 2—2%_{1 Ver1 Cauchy-Schwarz and Young : ¢ = ¢/ = 2
€4
Ae 1 /4%T 3
< ApTHlZel | o ( p) e taking ¢4 = (3¢ )
= /2y Fp 9 4)\c,t rYt-&-l g4 4rT,

A
< AP % + 04/\;,517{’:11 since 2p — 1 > p + 1, and defining C, readily.

p

g5 Case where (i, 5, k) € Py.

a6 We have j + k = p such that j + 2k > p + 1 since k # 0. Using the bound ||g; — gZ,|| < D¢, we

837 obtain:

p *\\J
S (L)) 2 (Tahe e X - 1) 5928

(imer, NIk
p . .
<y (7 )apysr
(iimer, N
< C5’Yff:11 defining C5 readily.

gss Case where (4,5, k) € P..
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839

840
841

842

843

844
845

846

847
848

Z (ipj> A} (2941 (Vghe, (86 Xe41), 8¢ — &7)) by Cauchy-Schwarz

(4,5,k)EPe
p 3 2
< Z (z »)A I/ 4j7t+1 ’Yt+1 by Young: ¢ = ﬁvq/ = ?
gmer. N7
p i+37/2 J 2p(i—2)/5\ 2
< AP + L 2P0 J
- (i, jZP <17]) ( p et 2p%+1 T4
p . i
< Z (Z ) <At’7t+ 275-:11> 32450:w+22p+1
(4,5,k)EPe

< 8PAPAT + 8P
Case where (i, j, k) € Pg.

P\ Ai
Z (Z j) At (_27t+1 <vghst (gt, Xt+1) 8t — >) 5kvt+1

(i,3,k)EPa
< Z ( pk> 5kA2+j/24j'yﬁrl% by Cauchy-Schwarz
(igkers NP
D gt +g/2 _joer
< 3 (0w (et
(i.g.k)ePg 7
L _ 2
by Young: ¢ = i+1J’./2,q’ = 55
Taking cg = 'yf/q, it comes cg ? ¢ = =, ~2d'/a 7;2/({1_1). Since we are only considering cases with
1,7,k > 1 (which forces p > 3) and we are excluding the particular case (i,,k) = (p — 2,1,1), one
can show that the parameter ¢ = 2p_2§i_j = 2,3_’;_] satisfies
2p 2p
w—4-1=73
<q-1<223
2p—4 3

Thus, since % < p — 2, it follows that
2
2p—q_7122p—(p—2)=p+22p+1~

Therefore, using the crude bound Z(i JB)EPy (Z ;’. k) < 3P and defining a constant Cg readily, we
obtain '

p 1 *
Z (z ) A} (=279441 (Vghe, (86, Xit1) .8t — 87)) 5k%+1 < 3P AT + 0675111 .
(4,5,k)EPa

Case where (i, j, k) € P..

Since j = 0,i+ k = p,and (p — 1,0,1) € P,, we have k > 2. We use Young’s inequality with
q=%,q" = % to obtain

P i p k p(2k=2)
Z (z’, k)A ngl5k Z (i, k:) (pAp + - (7t+152) ) ’YtQ+1

(4,4,k)EPe (i,4,k)EPe
p _p 2p—2249
> (z k) (Arair +57 kol )
(i,j,k)EPe N
< 2”Ap7t2+1 + Cﬂfj:ll since 2p — £ +2>p+2.
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853
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858
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860
861
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863

864

865
866

867
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870

Summing up the inequalities, we obtain
Afp < A7
= 2pA7 41 (Vighe, (86 Xer) & — 1)

—2p(p — DAY yip1 (Vghe, (86 Xe1) 8 — 87) 57701

3p+1
+ AP ———— T Yt+1
p

+ A7 ’Yt+1(8p + 37 +27)
+EH ((01 +Co+ Ca)A P+ N} +C5 + 8 + Cg + C7> :
By convexity of H.,, taking the conditional expectation gives

E [*210(10 — DAY M1 (Vghe, (86, Xiv1), 8 — &) 57241 | Ft] <0,

Applylng Lemma 2, recalling that A.; = p. 2f 5,5 ifc =0,and \.; = p. 2 f €tt if
€ (0, al], we have

&t )\C tAt ifc=0
VHi(g),g—8) > pe———N;y > ’ . (20)
(VHi(g).g—8i) = r V2g - gl " {AmAtlAtS_QC ifce (0,a].
Therefore,
E [—QPAf_l’YHl (Vghe, (gt Xit11),8: — 81) | }—t}
= —2PA€71%+1E [<Vgh5t (8¢, Xt41), 8¢ — &1) | Fil
= —2pAY 'y 1 (VH., (g), 8 — &) by (20)
< _2p/\c,t’Yt+1A:f + 7t+1Dép1AtZt*2C]-c7$0 using that A? < Dgp .
We now just have to sum up the inequalities. Fixing I', = ;’ﬁ—f such that —2p + % = —1,

Cip=8"+3"+2P,Co ), =8 + ZZ 1 C, and taking the expectation, we have the desired form
E[A?, )] < E[AP] (1 = yq1der + Crprips) + %+1D PE [1a,54-2¢] Leso + C2,p)\c_7f+1'yf_t11 .

O

B.6 Proof of Lemma 1: Projection step

Proof. According to [40], any optimal pair of functions (f¢, g) solving the dual formulation of
entropic OT with regularization € > 0 satisfies the Schrodlnger equations. That is, we can take for
ally € R%, g.(y) = f&=(y). Moreover, £||z — y||? is R-Lipschitz on B(0, R). Therefore, since by
Assumption 1, we have Supp(u) C B(0, R) and Supp(v) C B(0, R), we can exploit the Lipschitz
property of our cost function on B(0, R). Using that the (¢, €)-transform has the same modulus of
continuity as ¢ (see Lemma 3.1 in [40]), we get, for all i, 3’ € R%:

[f&5(y) = FEE NI < Rlly = o/l
That is, coming back to the function g, we have for all 5, j' € [[1, M] :
192 (y5) — 9= (i)l < Rlly; —yyell -
By writing back our dual potential as a vector, that is g* = (gi,...,g},), where for all j €
[1, M], g5 = g-(y;), we have
197 — 951 < Rlly; —yjrl-

Moreover, if g* optimizes the semi-dual H, then for any § € R, the vector g* + 1, optimizes H..
In particular, g* — g-(y1)1as, which we rename g*, optimizes the semi-dual, with g; = 0. Hence,
foralljel,.... M

95, — 95| = — yjll-
That is, there exists an optimizer in the desired closed convex set. O
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Remark: Note that for other costs such as ¢(z,y) = ||z — y|| which defines the 1-Wasserstein
distance, this projection set can be more relevant. Indeed, in this case, the cost is 1-Lipschitz and the
projection set depends only on the target measure v and no assumption of bounded cost is needed. In
this case, the practitioner could choose the index & such that gy = 0, minimizing for instance the
Euclidean diameter of the corresponding set.

B.7 Proof of Lemma 2: Global and local RSC condition of H.

Proof. For any g € C and s € [0,1], note g; = g* + s(g — g*), where g* is the minimizer of H,
satisfying Zgl gi = Zf\il g2 ; and define ¢ by

p:s€[0,1] — H.(gs) .
Applying Lemma 5, whose proof is postponed until after this one, we have that

1

" ()l < Z9"(s) max g; —gf —m (x| @1

where for all z € RY : m(x, g;) = Z]Ail X;(z,85)(8s — 872)-

Using Holder’s inequality with the Holder conjugates p = 1, ¢ = 400 for §y and Cauchy-Schwarz
inequality as in [5] for d1, we obtain

1

2 p—
~ max Zllg — gZlloo = do ,
€ 1<j<M

. (22)
Lg — g =6 .

lgj — gz, —m(z,8)| < {

Use § = dg or 67 = 1. Since Zﬁl gi = Zf‘il gZ ;> is strictly convex, and therefore, we can divide
by ¢"(s) to obtain for s € [0, 1]

"
ORIy
¢"(s) ~
Integrating between 0 and S and using that fOS ﬁ/,/,/ (SS)) ds =1n|p"(S)| — In|¢”(0)] gives
¢"(s) > exp(—385)¢"(0) . (23)

Since ¢"'(s) = (g — gs’;)T V2H. (gs) (g — &), recalling that p* is the second smallest eigenvalue
of V2H. (g?) gives the upper bound

"(0) = p*llg — g2l
Then, since ¢'(s) = (VH.(gs), g — g7), an integration of (23) between 0 and 1 gives

1
(VH.(g).g —g2), > p" 5 (1= exp(=9)) g g’ (24)

Note that the function § € (0,00) — § (1 — exp(—0)) is strictly decreasing and upper bounded by 1.
If ¢ = 1, take 0 = 0p = 2||g — 8|0 and use the fact that ||g — g-||cc < 2C to obtain

* * 1 — *
(VHi(g).g —&]) > p" ;5 (1—e 102 |lg — g2 ||

In the same way, for e < 1 and ||g — gZ|| < % taking § = 0; = v/2||g — g*|| < 1 we obtain

(VH.(g).g —gl), > p" (1 —¢7")lleg —&l*,
which concludes the proof.

O

Lemma 5 (Helping Lemma for the RSC condition of H.). For any g € C and t € [0, 1], define
gs = g5 +s(g—gl), where g7 is the minimizer of H. satisfying Zi\il gi = Zf\il gz ;- The function
, defined by

p:s€0,1] — H.(gs),
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satisfies

m\>—~

" (s)] <

Where m(z,gs) = Zl 1 Xi (2,85)(9i — 9% ,)-

1
#'(s) max |g; = g7 —m (z8)] -

Proof. The proof is an adaptation of the proof of Lemma A.2 in [5]. For completeness, we recall
all the steps of their proof that are needed for our results. Note that their recent erratum regarding
Lemma A.1 has no impact on Lemma A.2.

For any g € RM and s € [0, 1], define g; = g* + s(g — g*), where g* is the minimizer of H,
satisfying Z 19 = Zf\il g% ;- We also define the function ¢ by

p:s5€[0,1] — H.(gs) -
Its first to third-order derivatives are given by
(pl(s) = <VH€(gS)7g - g:> )

¢"(s) = (g —82) V°H(gs)(g — &2) ,
M

0°H. (g
/// S _ *
Jzk:lc’)gzagﬁg g—g)i(g—8l);(g— 8

Since forallg € RM, VH.(g) = ~Ex~, [x*(X,g)] + W,
¢'(s) = (—Ex~p [X° (X, 86)] + W, g8 — &)
= *EXNM [m(Xa gs)] + <W7g - g:> 3

defining for all x € R% m(z,g,) = Zi\il X5 (@,86)(9i — 9%4) -

Using that Vg x©(z,8) = £ (diag(x°(z,8)) — x° (2, 8)x"(z,8)"), we have

(X g0) = © (diag(y (X,8) X (X8 (X)) (8~ 89)

Therefore, using the expression of m yields to
1 N . N
¢"(5) = = - Exwp [(8— 82) " diag(x§(X, 8:))(g — 82) — m(X,g:)"]

1
- _E]EXNM [OQ(Xa gs)]

defining for all 2 € R?

* 2
(z,8s) ZXZ (z,85)(9i ge,i)2 — (m(z,8s))

= Z X; (%,8s) (9i — 92 — m(x, g.))’
=1

A derivation of o2 leads to (see [5] eq. (A.19),) for more details)
d *
—e-0%(1,8,) sz (z,8:)(g: — g7.)° — 3m(z, g:)0? (2, 8:) — (m(, g))°
* 3
= Z X (2.84) (95 — g2 — m(z,84))
i=1
Since e2¢"(s) = Exn~p [2£0%(X, gs)], we conclude

1
\(p”'(s)| S ESDN(S) 121)5\/[|g] 79] 7m(17 gg)’ .
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913 B.8 Other Technical results

914 Proposition 4. Forallg € C and all &' € (0, ), we have

IVH.(g) — VHo(g)]|loo S 't

~

915 Proof. We adopt the decomposition of X from Appendix A.3 of [18]. See Figure 1 in [18] for an
o16 illustration of this decomposition. Fix i € {1,..., M}, let ¥ C B(0, R) be the support of x, and
917 choose parameters

n=¢"  y=4gn,  Be(01)
ote Define, for all 7 € [1, M], the function
1
filx) = —c(@,y:) + 9 = =5 l& = will* + g5,

919 and use these to define the following sets:

H;; = Li(g) NL;(g)

Xy = {x € Li(g)vj £, &= 5@ n} ,

920

o lyi — il
022 i J llyr — vill
o H;={z € Hi; | Yk ¢ {i,j}, fi(x) = fi(x) > fi(x) +ymax(lly; — yel: v —velD}
Yi —Yj
Ainqy = U {o+tdij ;2 € HY, t € [=nllyi —y5ll,nllyi =y} dij = i — y]»||’
i#i Y
924

Biny = R? \ (Xi,nﬁr UXip,-U Ainm) .

925 We also recall the point-wise definitions of the regularized and non-regularized functions constituting
926 the gradients

S(x) = exp(fi(z)/¢) i(x) = 1{¢ = argmax fr(x)}.
V) = et D ) = 1 = e ()

927 and define the constant

¢y =min |ly; —y;[ > 0.
i#]
928 Error decomposition.

IVH.(g) = VHo(g)|l,, = max

/ (X5 — xa) d#‘ <h+1L+13+ 14,
X
929 with

I =/ X5 —xil dp, Iz=/ x5 =Xl dp, Is=/ x5 =Xl d, I4=/ X5 — x| dp.-
X'i-,n,Jr

i,m,— Ay Bi,n~

930 1. Interior regions X; ,, . and &; , _.

931 Forxz € &, onehas f; — f; > n

Ixi(2) = x5 (@) =1 = xi(x)
_q efi/E
N fcw=1 e/

Zk;ﬁi efr/e
- ZkM:1 efk/e
<0 (6*77631/5)

lyi — y;|| > ney for every j # i, hence
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940
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947

948

949

950

In a same way, we obtain the same bound if x € &} ,, _, therefore

Il + 12 =0 <€_ncy/€> .

2. Simple slabs A; ,, ..

Inside one slab T;; = {x +td;; ] x € H]j, te[-nly — yj||> nllys — yg”]}, and we have f;(z) —
fi(z) = tllyi — y;||. for a certain ¢ € [—n|ly; — y;ll, nlly:i — y;l]]. All other indices satisfy

Jul2) = £i(2) < ey, 50
Z elfe=fidle < (M — 2)e=cv7/e,

k¢{i,g}
Hence
Xi(z) = ! =pe(t) + O (e"*cy/s)
i 1+ e~ tllvi—y;ll/e 1 Zkg{i i e(fr(z)—fi(x)) /e € ’
) -1 -
withpz(t) = (14+e71%) ", e=¢/|yi — y;-

Introduce coordinates z = z + tn;; with n;; = ﬁ and z € H,j; the Jacobian of this change
i—Yj
of coordinate is 1. Since f,, is a-Holder, there exists L > 0 such that we can write f,,(z 4 tn;;) =

fu(2) + ro(z,t) with [ro(2,t)| < L|t|~. Note that the function ps(t) — 1,50 is odd. Writing o the
Hausdorff measure of dimension d — 1, we obtain

/ (X§ — xa) dp
TW:’Y

nllyi—y;ll
/ / {pé(t) — 1m0+ O 8| (ful2) + Talz,t)) dt do(z)
H)NB(0,R)

—nllyi—y;ll

nllyi—y;ll
/ / [Pz(t) — 1iso0] ralz,t) dt do(z)
H:NB(0,R)

—nllyi—y;ll

nllyi—y;ll
+ / / [ps(t) — Lis0) fu(z) dtdo(2)
H},NB(0,R) Y —nllys—y;l

nllyi—y;ll
-/
[ o / O(e™%) (£u(2) + ra(1)) dtdo(2)

—nllyi—y;ll

nllyi—; |l

< volg—1 (Hj; N B(0, R)) / [t|]*dt + O (77 e*WCy/e)

—nllyi—y;ll

— () +0 (el

Summing over j # i yields
Iy = O(n'**) + O(ne /%) .

3. Corner set B, ,, .

As shown in [18], denoting by 6 the maximum angle that can be formed by three non-aligned points
of the target measure, each corner that constitutes B; , 4 is included in a cylinder of volume at
most %72. Moreover, there are at most M? such corners. Therefore, j(B; ) =
O(7?) = O(n?), and so

I4 = 0(772) .

4. Choice of the exponent £.
Let o/ € (0, «) and pick

Be (ﬁj‘g, 1).
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os1 Then nite = flte) < gl+a’ gpd 2 = £26 < 1+’ Exponential terms are even smaller, hence

IVH () — VHo(®)llw = O ().
952 O

953 Proposition 5. Let (y;)1>0 and (vi)1>0 be some positive and decreasing sequences and let (§;)>o0,
954  satisfying the following:

955  The sequence 0y follows the recursive relation:
a1 < (1= 2wyiq1 +m7241) Ot + Ves1vi41, (25)
956 with 69 > 0 and w,n > 0.
957 * Let vy, converge to 0.
958 o Letto =inf{t > 1 :wyt1 <1; ny <wl.

959 Then, for all t > ty, we have the upper bound:

t t
1 1
0 < exp <—W Z %‘) (Z VeV +5t0> + ;l/fﬂ—l < ;Vfﬂ—l +o(v) .

i=to+1 k=to

90 Proof. Forall t > to, since 1 — 2wy,41 + 7774, < 1 — wysq1, one has

e < (1 —wyrsr +m701) 6 + Ve ven
t t t

< H (1 — wy;) 0y + Z H (1 — wvi) Ve

i=to+1 k=to+1i=k+1

=:U1,: =:Uz ¢

961 One can consider two cases: [t/2] — 1 <t and [¢/2] — 1 > to.

o6z Case where [t/2] — 1 <ty < t: Since vy, is decreasing,

¢ ¢
Uzt <vigr . [ @ =wri)w
k=to+1 i=k-+1
¢

k=to+1i=k+1 i=k
1 t
= al/to_;’_l (1 — H (1 — w*yl)>
1=to+1
1
< — V41
w

93 Since vy, is decreasing, it comes Uy ; < %I/l’t/Q'l.

o6+ Case where [¢/2] —1 > tg: Asin[3], forallm =ty +1,...,¢, one has

t m
1
Usy < — § E —Up,
2.t S exp ( w ’Yk> YeVk + wV

k=m+1 k=to+1
965 Then, taking m = [t/2] — 1, it comes

t [t/2]—-1

1
Usy <exp | —w Z Yk Z VrVk + SUre/21-1
k=[t/2] k=to+1

966 O
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Corollary 2. Let (;)i>0 and (v;)¢>0 be some positive and decreasing sequences and let (6¢)>0 be
a sequence satisfying the following:

* The sequence 0; follows the recursive relation:

i1 < (1= 2wyeq1 + m541) Ot + Vi1 Vest,
with §g > 0 and w,n > 0.

* Let vy, = ¢yt~ witha € (0,1).

o Letto=inf{t > 1 : wyy1 <1; ny <w}.

Then, for allt € N, we have the upper bound:

0 <

1

—vi_q + o).

S

2

Proof. Applying Proposition 5, for all ¢ > 4, we have the upper bound:

0y < exp (—w Z Vi

t

i=to+1

(2

k=to

5 1
VeVk + 0ty | + VI8

(26)

Approximating the sum Zizto vs via a Riemann sum lower bound for the function z — x%, and

applying the logarithmic inequality log(1 — z) < —z, one can now bound szto 41 (T —wyi) b, as

t

1=to+1

In a same way, since

H (1 —wy;) 0y, < exp (—wl

Cy

((t + ) — (tg + 1)1a)> VioVto

we o —a
<exp (— 2 (1) = (o +1)'™") ) ot

t

wce
exp|—w > Sexp(—T7

we obtain

k=[t/2]

(t+1)'7),

t
1 1 —a
0y < exp <—2wcwt1_") exp (2wc7 (to + 1)1 > (Z ViVi + O,

k=to

)

1
+ —ve_q.
w

2

Since the product involving exponential terms converges exponentially fast, we finally obtain the

desired convergence rate

0 <

1

—vi_q + o).

S

2
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