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A Proof of Lemma 1

Lemma 1 For Vje S*, let E(R;) >
simultaneously Vj € S* ,we have R; >

1. With probability at least 1 — 2exp(—2g(—3% + E(R;))? + log s),

1
§o
Proof. Note that since w* is fixed, for any j € [d], R;; across i € [g] are independent of each other.

P(R; < ) = B(R; ~ E(R)) < 3 ~ E(R,))

) (12)
<P(R; — E(R))| > —5 + E(R;))

The last inequality holds as long as E(R;) > 5. We also note that for a fixed w*, R; = f(Ry;, Raj, -+ , Ryj)
such that

1
(Vk € [g]), sup [f(Raj, o Rijo oo s Ryj) = f(Rajy- o Ry Ryg)l < = (13)
R1j7"‘ ,Rkj7R/k_j,"' 7jo g
Thus using McDiarmid’s inequality McDiarmid (1989), we can write the following:
1 1
P(1R; —E(R;)| > —5 + E(R))) < 2exp(—29(—5 + E(R;))?) (14)
Taking the union bound across j € S*, we get the desired result. O
B Proof of Lemma 2
We start by deriving some technical lemmas that will help us obtain our desired result.
Lemma 7. For 0 < d; < 8|w¥|p}, Vi€ [g],Vj € S*,
9 2
L§ i )2 nil e
B(wf — 3 (X1 — (04)°)] 2 6)) < 2exp(—— ) (15)
v t=1
Proof. Observe that,
IS t\2 i \2 RS t\2 i )2 9;
IE”(|wj - 2((ng) - (Ujj) )| = 5j) = P(‘* Z((ng) - (Ujj) )| = * )
i3 i3 |wj | (16)
1 nio xt O"L. . 0
=P(]— Y2 (222 > DT
(s S = P> )

Note that % is a zero mean sub-Gaussian random variable with a variance proxy 1. This implies that

(%)2 is a sub-exponential random variable with parameters (41/2,4). Thus, using concentration bounds for
sub-exponential random variablesWainwright (2015), we can write:

. d; 2
1 i Xt ol 5 ”i(W) 5
P(|— 92 () > L) < 2exp(———2 ), VO —2— <8 (17)
(Ini ;:1(( . ) (pi )9 |w;_<|p?) ( o) w2

O
Lemma 8. For 0 < 6; < 8p74 /Zkes*k# w,’:2,Vi € [g],Vj € [d], if predictors are mutually independent of

each other then

e t)?
S U0 Shest gy v (18)
P(| 2 Wi - Z X, Xij| = 61) < 2exp(— o1 )

keS* k+#j vt=1
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Proof. Note that,

4

Z Z XX Z( Z :ka)Xitj (19)

kes*,k;ég =i i i21 pes® k)

Here X/, is a zero mean sub-Gaussian random variable with variance proxy pz and (D¢ S% kot wiXh)isa

zero mean sub-Gaussian random variable with variance proxy 4/ .co% & oy wy ,oi. Thus,

P( ) ZkaX >01) = (I*Z( Y wiXR)XGl = 6)

keS*,k;éy i3 L W
(20)

1 wiEXE) XL
:P(|7Z(Zkes*,k;&j P Xie) X5 3

n; %2 Pi 2 *2)
t=1 \/Zkes*,k#—j Wy Pi Pi ZkeS*,k#j Wy,

(Ccak pes wEXE) Xt . . . . .
~SheSTkAl ko ks and =X are zero mean sub-Gaussian random variables with unit variance proxy.
T

A\ Dkes* kzj “’:2’”
Thus their product is a sub-exponential random variable with parameters (41/2,4). Using concentration
bound for sub-exponential random variables Wainwright (2015), we can write:

where

01 )2

e
1 wiXh) Xt 5 2 /Se Jwi?
]P)(|n* 2 (Zkes* k#j Uk ) J| 1 PN Lkes# erj Wi )

2) < 2exp(— o1
S T N @)
0

V0 < <8

2 %2
PiA/ ZkeS*,k;&j Wi

Lemma 9. For 0 < 6. < 8|n;pi|,Vi € [g],V7] € [d],

|7 Z etXt < 2exp(f n‘(|”7(j;i|)2) (22)
n; = = 0e) = 64
Proof. Note that,
1 & et XL Oe
(I* i Xl = 0e) =P(|— ), +—2[ > ) 23
n; ;:1 “ U t; i Pi nipil @)

Again oo and f]—’ are mutually independent zero mean sub-Gaussian random variables with a variance proxy
k2 k2

t Xt
1. Thus, Z—% is a sub-exponential random variable with parameters (4y/2,4). Thus, using concentration

bounds for sulb—exponential random variablesWainwright (2015), we can write:

Nt X S n;i(122)? S
B3 S s Oy <o) < 2o (24)
nzt 1771 Pz |77sz| 64 |772.Dz|
O

Armed with the previous technical lemmas, we provide our desired result.
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Lemma 2 Fori € [g], j € S* and some 0 < & < 1, if predictors are mutually independent of each
other and 0 < \i; < |w} (0] ) | = 8wk |p7d — 807/ Dres rr w,’:25 — 8|n;p;|6 then we have E(R;) > 1 —

o 20y exp(—n;?).

Proof. By using sum of expectations, we can write E(R;) in the following form:

1 g
E(Rj) = Z E(Rw)
9 =1
1 g
= = > P(iby; # 0)
9 =1
1< 1. R
=y 2 P(—sign(&;;) max(0, [&s;| — Aij) # 0)
9. Oij
(25)
1 g
=1
1 g
= EZHD(O‘U #0 | ‘Oéij| > )‘U)P(|dlj| > )‘U)
1=1
1 g
= EZPU@M > Aij)

-
Il
—

The last equality follows since for A;; > 0, we have P(&;; # 0 | |&s;| > Aij) = 1. Now, we put a bound on the
term P(‘dw| > )\ZJ)

n;

P(lds;] > Aij) = |* Z yi X{ 1> Aij)

i3
Expanding 3! using equation (1)

1 &

= P(|— DIXHTw* + ) X5 > Nij)
t=1
n; d
Z Z hwd + el X1 il > i) (26)
n’t 1 k=1

(|i Z« J)Qw;‘ + Z kaXitjw;: + eﬁXfM > Aij)

i3 keS* k#j
1 i
:P(|;Z(ij)2w;‘ + ) EX Ll + —Eetxt | > Aij)
tt=1 keS* k+#j i 15 i3

Recall that in this setting the covariance matrix for X; is ¥* with diagonal entries ¥}, = (a;'»j)Q, Vj € [d] and
non-diagonal entries Z;k =0,Vj,ke[d],j # k. Let D;; = w;‘(aéj)Z. Then,

4

. 1 P2
P(|ai;] > Nij) = B(lwf — D (X5 = (@5,)) + Z +*ZetX + Dijl > Aij)
i3 kes*7k¢3 i3 i3
(27)
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Using the reverse triangle inequality |a + b| = |a| — |b| recursively,

B(IDy |~ fuwf — YK~ (@)~ Y wf - LS e x |—\f2etXf|>A”

tt=1 keS* k+#j gt i3
1 ng ) 9 1 n;
P(|Dij| > Nij + 85 + 01+ 0 A fwf — Y (X5)* = (@5, ) <85 A D) wi— > (XX
tg=1 keS* k+#j ti=1
<51A|fzetxt|<5 (28)
1 & N2
> 1= P(IDij| < Aij + 0 + 01 + 8e) — P(jwy — 2 (X5 = (a5,)7)] = 65)—
tt=1
1 < t t 1 S tyt
P(] Z w;:ni Z XipXij| = 61) —P(‘n*i Z ;i Xi;| = de)
keS* k] t=1 t=1

We take §; = 8|w*|p25 in Lemma 7, then

P Sy - (s I Crep(ond?), wos<s<l (29)
ng = pi pi lw¥|p ’

We take 01 = 8077/ Do raey w#? in Lemma 8, which gives us

(Y Z Xt < 2exp(—n;02), Y0<4d<1 (30)
keS* k+#j
We take . = 8|n;p;|0 in Lemma 9, then
74 t Xt 5

P(I— Y 9245 %) Coep(oni?), Vo<s<1 (31)

N ;2 M P nipil

By making the appropriate substitutions for d;,6; and d. and noting that |w} (cr;-j)2| > Nij + 8lw|pid +

2 .
Sp?mé + 8|mipi|d, we can write:

6 g
R)>=1- 7 Z exp(—n;62) (32)
i=1

C Proof of Lemma 3

Lemma 3 ForVje S¥, let E(R;) < % With probability at least 1 — 2exp(—2g(3 — E(R;))? + log(d — s)),
simultaneously Vj € S¥, we have R; < 3.
Proof. We again note that,
1
P(R; > ) = B(R; ~ E(R;) > 1 ~ E(R,))
1 (33)
(1R ~E(R;)| > 5 ~ B(R,))
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The last inequality holds as long as E(R;) < % Again, by noting that for a fixed w*, R; = f(Ri;, Raj,- -+ , Rg;)
such that

1
(Vk € [g]), sup [f(Rajy -+ Rijo o s Ryj) = f(Ragy- o Ry o+ Ryg)l < = (34)
lev"'»RkjaR;c_7~7“‘7jo g
and using McDiarmid’s inequality McDiarmid (1989), we can write the following:
1 1
P(IR; —E(R;)| > 5 — E(R;)) < 2exp(—29(5 — E(R)))?) (35)
Taking a union bound across j € S¥, we get the desired result. O

D Proof of Lemma 4

Lemma 4 Foric [ ], j€S*¥ and 0 <d <1, if predictors are mutually independent of each other and if
Nij > 80pF/Degn Wi + 8\771p1|5 then we have E(R;) < 2 Zg L exp(—n;6?).

Proof. Like the proof of Lemma 2, we have the same formula for E(R;) with the difference that j € S¥, i.e.,

1 g
- Z (|| > Aij) (36)

Q

This time, we will put an upper bound on P(|&;;| > A;;).

P(|d;| > Nij) = |fzthf | > \ij)

i 2
Expanding y! using equation (1)

1 &
=P(|-— DIX)Tw* + ) X5 > Nij)
Mt
ni  d X! (37)
n Z Z wi +e) X5 > i)
Yi=1 k=1
|* Z wk +€tXt )|>)\ij)
i jesx
|Z ZX wk+fZetXt|>)\U
kes* M i=1 i3
Using the triangle inequality |a + b| < |a| + |b], we can rewrite the above equation as:
P(lai;] > Aij) <P(] Z wk Z ‘+|*Z ei X5l > Aij)
keS* i i3
1 &
|Zwk ZX |+|*Z i Xi;| < Aij)
keS* =1 =1 (39)
|Zwk ZX X5 < 51A\—Zetxf AO < Nij — 61— 6)
kesx  Viim1 i3
|Zwk Z +P|—ZetXt ) +P(0 = Ny — 01 — de)
kesk il i3
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We take §; = SPEW/ZkeS* w:25 for 0 < § <1 in Lemma 8. Then,

Z wk Z XL X! 1) < 2exp(—n;6?) (39)

keS* i i3

We take §, = 8|n;p;|0 for 0 < § < 1 in Lemma 9, then

\— Z etXt < 2exp(—n;0?) (40)

i3

Using results of Lemmas 8 and 9 and making the appropriate substitutions for §; and §, and noticing that

Nij > 80p7/ D kesx Wi + 8|mipi|d, we can write

Rj) < g Z exp(—n;62) (41)

E Proof of Lemma 5

We start by deriving a technical lemma that will help us obtain our desired result.

Lemma 10. For 0 < §; < 8v2|w}|(1 + 4max; (; 7 >) max; (o )Q,Vi € [g],Vj € [d], then
7

) Ok_\2
P(Jwy; . i(Xt Xt — ol )| = 6,) < dexp( il ) (42)
Wy — ik<vij — Ojk)1 Z Ok) S *€XP(— 2 A
ni = i T 128(1 + 4 max; 7(0’;;)2 )2 max; g§j4
Proof. Note that,
IS t oyt i t i Ok
(‘wk Z(XikXij — 05| = 0k) = (|* Z( X — o)l = —5) (43)
M L lwi|
Using Lemma 1 from Ravikumar et al. (2011), we can write
8 \2
(|*Z( ij—Ujk)|>m)<4eXP( ';2 4),
ni 4 k 128(1 + 4 max; G —=)2max; o i (44)
Ok p?
V0 < 81nax( ) (14 4max —*—=)
|wk‘ i (d%)
O
Armed with the previous technical lemma, we provide our desired result.
Lemma 5 Fori € [g], j € S* and some 0 < § < 5 0 <A < [(w (O'N) + Dhest prj WhO)| —

2
8|w’¥‘\p25 — ZkeS*,k;&j 8\/§|w:|(1 + 4max; (U’fj—’i)z)maxj( jj) — 8|nipild0 then we have E(R;) > 1 —

4; 7_, exp(—n;6?).
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Proof. We know from the proof of Lemma 2 that

1 g
- 2 (1651 > Aij) (45)
i=1

Q

and

P(js;] > A) = O*Z( D2+ ) Z Xhuwk + — Zetthﬂu (46)

i 15 keS* k+#j g i3

i )2 i
Let Djj = wiE(XZ) + Xpesw prg WhE(Xik Xij) = wi(0%;)" + Xpegn prj Wiojy,- Then,

. 1 & N2 1 & i
B3] > Nig) = Bl == 3 (X2 = (03)) + 3wl Y (XX, —oly)
v t=1 keS* k+#j v t=1

ng
2 el X! + Dij| > \ij)

i3

Using the reverse triangle inequality |a + b| = |a| — |b| recursively,

1 & i N2 1 &
P(|Dij] = |wf — MUEL? = (@)= D) wi— > (X T I*\*ZetXt | > Aij)
tt=1 keS* k#£j i i3 i i3
1 & ,
P(IDijl > A + 85+ > 6 +8e A fwd— S(XE? — (03)") < 85 & (ke 5%,k # j)
keS* k+#j i3

1 &
i = (X |<5k/\|—ZetXt\<5 (48)

vt=1 i ;5

RS ;
>1-P(Dy| < Xij+ 8+ D, Ok +6e) — P(|w§!‘g DXL = (03))] = 6;)—
keS* k#j bi=1

4

> B(up = 3G b > 6 — B - 3 el

kES* ksj vt=1 i3

We take &), = 8v/2|w|(1 + 4 max; ) max; ( §j)25 in Lemma 10, then

pz

@)

<|f2< X4 — ot > 5 ) < doxp(—nid?), V0 < 5 < = (49)
, 4l = ol > L NG

Also taking ¢; = 8|w;‘\p§5 and d. = 8|n;p;|d in Lemmas 7 and 9 respectively and noting that

0< Xy <lwi@)’+ 3 wich)l—Slutlpfo— Y 8v2uf|(l+ dmax—2iy)
KeSH k4] KeSH k] NG (50)
max (U§j>26 — 8|nip:ld ,
we can write:

E(R;)>1— % > exp(-md?) (51)

It follows that if we take n; > 3 log8s, we get E(R;) > 3.
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F Proof of Lemma 6

Lemma 6 Fori € [g], j € S¥ and some 0 < § < J5, if Nij > | Dpege wioh| + Xpcgn 8V2Jw}

V2’
max; (0%)25 + 8|m;pil0 then we have E(R;) < 4”2 7, exp(—n;6?).

2
4 max;

Pi
(07,)° )
Proof. Like before,

1 g
- Z (5] > Aij)
i=1

<

and

n;

P(laii| > Nij) =P(| Y. — ZX wk+—ZetXt|>)\”

kes* "M i=1 it
Let Dij = Ypegw WiE(XinXij) = Dpegs wiiojy,. Then,

Uz

i 1
P(lau;| > Nij) =P(| Y] wk Z wXi — o) + — DlelXl + Dijl > Mij)

keS* i ;3 [

Using the triangle inequality |a + b| < |a| + |b],

N

. 1
P(|Gis] > Aig) <P( )] |w7;n7 D UXRXG — ol + |*Z Z e; Xi;| +1Dij| > Aij)
keS* t=1 t=1
1 &

=1-P( )] wi — DIUXLXE — ol + \* Z e; X1+ |Dij| < Nij)

keS* bi=1 i3

1 n; .

<1-P * * ’L . tyt

((Vk:eS)|wkniZ(X <6k A ZZ@X oA

t=1 t=1
|D;j| < \ij — Z Ok — 0c)
keS*
< 3 B(up - Y (KXY~ oh)| 2 8) + B Y ebxGl > 60+
keS* ti=1 it
P(|Dij| = Xij — . 6k — dc)
keS*
We take &), = 8v/2|w|(1 + 4 max; %g) max; (a;'»j)Qé in Lemma 10, then
3j

ng

i Ok
(|— 2( nXl — o) = W) < 4dexp(—n;6?),V0 < 6 <
k

i3

e

Taking 0. = 8|n;p;|d in Lemma 9 and noticing that

2
2
Xij > | 2 wioh] + 2 8f\wk|(1+4max bi 5)max (o},)"8 + 8[nipi|d
keS* keS* (Ujj J
we can write
4 g
E(R s+ 2 Z exp(—n;6?))
i=1
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G Federated Sparse Regression With Correlated Gaussian Predictors

If predictors are correlated Gaussian random variables then our method works with an overall sample
complexity of Q(slogd) which matches the well known result of Wainwright (2009b) for correlated Gaussian
predictors in a centralized setting. Below we formally provide the proof of this special case.

Let X; € R? be jointly Gaussian with mean 0 € R? and covariance matrix %¢ € R9*4 Vi € [g]. In this special
case, we can achieve a tighter bound for Lemmas 5 and 6. In particular, we will prove Lemmas 11 and 12.

Lemma 11. For i € [g], 7 € S* and some 0 < ¢§ < %, if 0 < Xy < |w(]j)2 +

Dikes# ki WkO | — 8lwi|(07;)70 — 40\/§O—;‘j\/2kes*,k;éj Wi (014)" + Dhess Duiess hpr WhEWS Tl 0 — 8l1mi0t;|d
then we have E(R;) > 1 — 2 7_, exp(—n;6?).

Proof. We follow the proof of Lemma 5 until we reach the following step:

) 1 & ;2 1 & ;
P(|dij| > Aij) = P(Jwj i Z((Xitj)Q —(0j;)7) + 2 w,’:f Z(Xithitj — o)+

ti=1 keS* k+#j M5 (59)
; Z etXt + D”‘ > /\”)
vt=1
Using the reverse triangle inequality |a + b| = |a| — |b] recursively,
1 & ;2 1 & ;
P(ldis| > Aij) = P(|1Dyg| — [w] — DX =@ =1 ), Wi~ D(XhXE = oh)l-
ti=1 keS* k#j ti=1
|7 Z el XL| > Aij)
i3
1 ¢ i N2
P(|Dij| > Aij + 65 + 01 + e A |7«U7? Z((ij)Q —(a5;)) < a5
tt=1
o (60)
| Z wZ‘—Z( \<51A|—Zeth\<5
keS* k+#j i i3 ni 5
1 ;2
> 1 =P(|Dyl < Xij + 6 + 0 + be) — P(jw] — DX = (0] = 65)—
vt=1

1 & ;
P(| D wi— Y (XhX —oj)l = 6) - (\*Zt‘Xfﬂ?ﬁe)

keS¥* k#j [t ni 5
We already have good bounds for P(jwi L Y1 ((X/])? — (o;-j)Q)\ > ¢;) and P(|- ", el X]| = 6.) in
Lemma 7 and Lemma 9 respectively. Below we prov1de a bound for the remaining term
Let yf = 3w pr j wi X}, be a random variable. Then y! is a normal random variable with 0 mean and

; 2 _ %20 i )2 ®, 0% 0
variance 7° = 3 e ox s Wi (Thp)” + Dkesw kg 2ies® kst Wi Wi Oy Then,

1 Uz Uz

P D) wi— D (XhX] - i)\>5z)=P(\iZ(y§X%— Y, wiol) =) (61)

n
keS* k+#j vt=1 t=1 keS* k+#j

Note that y’ and U” are standard Gaussian variables(i.e., zero-mean, unit variance). Thus,
Ji

| et X ol 5
P~ MWiXh— > wialy)=6) = OF MEZFE - wiH) e —) (62)
=1 keS* k+#j it T 94 keS* k] TOj; TOjj
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Using Lemma 1 from Ravikumar et al. (2011), we can write:

P(| i( EX Z wk an > 0 ) < 4exp( nid} ), V6 € (0,4070%;)  (63)
. i 3 ) F ) S =Xl - ) l , 4070,
ng {7 O'J] keS* ket k TO; TO; 128 x 52 x (0%)27-2 13
We take §; = 40\/§Ta§j6 for ¢ € (0, 7) then
* 1 S t t 7 2 1
P(] Z Wy, — Z(XikXij —0j)| = &) < 4exp(—n;67), Vé e (0, ﬁ) (64)
keS* k+#j i i3

Taking §; = 8|w;‘|(a;-j)2(5 and d. = 8|n;o%;]0 in Lemmas 7 and 9 respectively and noting that

2 2
0<Xj <lwi(eh,)” + D) wwoly| - 8lwi|(of;) 6
keS* k+#£j

40V205; [T witep) Y Y wiwfog,d — 8lmojld
keS* k+#j keS* k+#jleS* k+#j,l
we can write:
g Y
E(R;) = 1— =) exp(—n;6°) (66)
i=1
]

Next, we provide the second main lemma to obtain tighter results for correlated Gaussian predictors.
Lemma 12. Forie [g], j € S¥ and some 0 < § < \/5, if

Xij > | Dress w,’:J;k\ + 40\/5\/Zkes* w,f (U]Zk) + D kesH Zles*k# wzwi"o}ila;j(S + 8|77¢0§j|5 then we have
B(R;) < & Y0, exp(—mid?).

Proof. We follow the proof of Lemma 6 until we reach the following step:
P(lds;] > Aij) = P(| Z wk Z ij +*ZetXt + Dij| > Aij) (67)
keS* Mi 5 i3
Using the triangle inequality |a + b| < |a| + |b],

n;

P(lds;] > Aij) < Z wk Z |+\—ZetXt|+|D”|>)\”)
kesx Vi1 i3
(Y wf— 2 (XhXL — oty |+|—ZetXt|+|D”\ Aij)
kes* =1 it
i IS
(Y wk Z ijfajk,)|<5l/\\;ZeﬁXfﬂéﬁe/\\D¢j|<)\¢j7(51756)
keS* i3 tt=1
1 &
P( Wiy Z BXG = oh) 2 ) + P(— Y ebX | = 6.) + P(IDyj| = Aij — 6 — 6)
kesk Vo1 v =1
(68)
We already have good bounds for P(|;- 3", eiX}| > 4.) in Lemma 9. The remaining term
P(| Ypess Wi 2ty (X5 XL — o) = a) can be bound similarly as in Lemma 11.
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Taking d, = 8|m0§j\(5 in Lemma 9 and noting that

. . 2 . .
Aij > | Z Wik +40v2 Z wi(oh)” + Z Z Wi w0305 + 8[1ipild (69)
keS* keS* keS* leS* k+#l

we can write:

E(R;) < S Z exp(—n;6?) (70)

We can always take n; > 10?—216 to show that E(R;) > %,Vj e S* and E(R;) < %,Vj € S*. This allows us to
state a modified theorem for correlated Gaussian predictors.

Theorem 3 (Correlated Gaussian Predictors). For federated support learning in linear regression, as described
in Section 3, with at least g = Q(logd) clients and correlated Gaussian predictor variables, if each client has
n; = Q(s),s > 1 i.i.d. data samples and the following condition holds:

_ C T - ,
Cmax | Y wioh ]+ —= [40V2 [ Y wit(oh) + Y Y, wiwfoyol; + 8imiol|
jese ielgl oo Vs

kesH keSH leS* Kl
.9 .
<A< min |w*(c:) + 2 WO
jes*’ie[g]l (73 keS* kg i ()
¢ ®( (i \2 V20l %20 i \2 %, % i i
s 8lwil(of;)” +40v205; | D1 wit(of)"+ Y, Y, wiwfo, +8lnioy)
keS* kstj keS* leS* kil

where C > 0 is an absolute constant independent of n;, s and d, then Algorithm 1 recovers the exact support

of the shared parameter vector w* with probability at least 1 — (9(%),

The proof for Theorem 3 follows by choosing n; = Q(s) and ¢ = % Doing an analysis similar to Section 6,
we can show that if A > O(1) + (9(%), Algorithm 1 recovers the exact support of w* with probability at

least 1 — O( é) This allows for an overall sample complexity of Q(slogd) for correlated Gaussian predictors
and matches the results of Wainwright (2009b) for correlated Gaussian predictors in a centralized setting.

G.1 A note on sub-Gaussian vectors

The most important part of the above proof is to show that >}, s £ wi X, is also a Gaussian random
variable. If we assume X; to be a sub-Gaussian vector (even if predictors are correlated) as defined in Hsu
et al. (2012), i.e., there exists a 7 > 0, such that for all o € R? the following holds:

||a||%7’2) (72)

E(exp(aTX;)) < exp( 5

This readily implies that >, gs ;.. j wi X}, is sub-Gaussian and the other parts of the above proof also follow.
Again doing a similar analysis to Section 6, we can show that for n; = Q(s) and k13 + k—\}g < A\ < k5 for some

positive constants ki3, k14 and ky5, Algorithm 1 recovers the exact support of w* with probability at least
1— O(é). Thus, we can achieve an overall sample complexity of Q(slogd) for the case when the predictors
form a sub-Gaussian vector.
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