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ABSTRACT

Kernel methods are widely used in machine learning, especially for classification
problems. However, the theoretical analysis of kernel classification is still lim-
ited. This paper investigates the statistical performances of kernel classifiers. With
some mild assumptions on the conditional probability η(x) = P(Y = 1 | X = x),
we derive an upper bound on the classification excess risk of a kernel classifier us-
ing recent advances in the theory of kernel regression. We also obtain a minimax
lower bound for Sobolev spaces, which shows the optimality of the proposed clas-
sifier. Our theoretical results can be extended to the generalization error of over-
parameterized neural network classifiers. To make our theoretical results more
applicable in realistic settings, we also propose a simple method to estimate the
interpolation smoothness of 2η(x)− 1 and apply the method to real datasets.

1 INTRODUCTION

In this paper, we study the problem of binary classification in a reproducing kernel Hilbert space
(RKHS). Suppose n i.i.d samples {(Xi, Yi) ∈ X × {−1, 1}} are drawn from a joint distribution
(X,Y ) ∼ ρ, where the conditional probability of the response variable Y given the predictor
variable X = x is denoted by η(x) = P(Y = 1|X = x). We aim to find a classifier function
f(x) : X → [−1, 1] that minimizes the classification risk, defined as:

L(f̂) := P(X,Y )∼ρ)

[
sign(f̂(X)) ̸= Y

]
.

The minimal classification risk is achieved by the Bayes classifier function corresponding to ρ,
which is defined as f∗ρ (x) = 2η(x)− 1. Our main focus is on analyzing the convergence rate of the
classification excess risk, defined as:

E(f̂) = L(f̂)− L(f∗ρ ).

This paper studies a class of kernel methods called spectral algorithms (which will be defined in
Section 2.3) for constructing estimators of f∗ρ . The candidate functions are selected from an RKHS
H, which is a separable Hilbert space associated with a kernel function K defined on X (Smale
& Zhou, 2007; Steinwart & Christmann, 2008). Spectral algorithms, as well as kernel methods,
are becoming increasingly important in machine learning because both experimental and theoretical
results show that overparameterized neural network classifiers exhibit similar behavior to classifiers
based on kernel methods Belkin et al. (2018). Therefore, understanding the properties of classifica-
tion with spectral algorithms can shed light on the generalization of deep learning classifiers.

In kernel methods context, researchers often assume that f∗ρ ∈ H, and have obtained the mini-
max optimality of spectral algorithms (Caponnetto, 2006; Caponnetto & De Vito, 2007). Some
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researchers have also studied the convergence rate of the generalization error of misspecified spec-
tral algorithms

(
f∗ρ /∈ H

)
, assuming that f∗ρ falls into the interpolation space [H]s with some s > 0

(Fischer & Steinwart, 2020; Zhang et al., 2023). In this line of work, researchers consider the embed-
ding index condition which reflects the capability of H embedding into L∞ space. Moreover, Zhang
et al. (2023) extends the boundedness assumption to the cases where [H]s ∩ L∞(X,µ) & [H]s.

Motivated by the aforementioned studies, we adopt similar assumptions in our study of kernel clas-
sifiers trained via the gradient flow. We assume that the Bayes classifier f∗ρ ∈ [H]s satisfies the
boundedness condition f∗ρ ∈ [−1, 1]. We first derive the upper bound of the classification excess
risk, showing that the generalization error of the kernel classifier is highly related to the interpola-
tion smoothness s. To clarify the minimax optimality of kernel classification, we then obtain the
minimax lower bound for classification in Sobolev RKHS, which is a novel result in the literature.
Our technique is motivated by the connection between kernel estimation and infinite-width neural
networks, and our framework can be applied to neural network supervised learning. Furthermore,
we provide a method to estimate the interpolation space smoothness parameter s and also present
some numerical results for neural network classification problems through simulation studies and
real data analysis.

1.1 OUR CONTRIBUTION

In this paper, we study the generalization error of kernel classifiers. We show that

i) We show the generalization error of the gradient flow kernel classifier is bounded by
O(n−sβ/(2sβ+2)) provided that the Bayes classifier f∗ρ ∈ [H]s, where β is the eigenvalue
decay rate (EDR) of the kernel. This result is not only applicable to the Sobolev RKHS
H but also to any RKHS with the embedding index α0 = 1/β, such as the RKHS with
dot-product kernels and the RKHS with shift-invariant periodic kernels.

ii) We establish a minimax lower bound on the classification excess risk in the interpolation
space of Sobolev RKHS. Combined with the results in i), the convergence rate of the kernel
classifier is minimax optimal in Sobolev space. Before our work, Yang (1999) illustrated a
similar result of the minimax lower bound for Besov spaces. However, the result has only
been proved for d = 1 by Kerkyacharian & Picard (1992) and the case for d > 1 remains
unresolved.

iii) To make our theoretical results more applicable in realistic settings, we propose a sim-
ple method to estimate the interpolation smoothness s. We apply this method to estimate
the relative smoothness of various real datasets with respect to the neural tangent kernels,
where the results are in line with our understanding of these real datasets.

1.2 RELATED WORKS

We study the classification rules derived from a class of real-valued functions in a reproducing
kernel Hilbert space (RKHS), which are used in kernel methods such as Support Vector Machines
(SVM) (Steinwart & Christmann, 2008). Most of the existing works consider hinge loss as the loss
function, i.e. Wahba (2002); Steinwart & Scovel (2007); Bartlett & Wegkamp (2008); Blanchard
et al. (2008) etc. Another kernel method, kernel ridge regression, also known as least-square SVM
(Steinwart & Christmann, 2008), is investigated by some researchers (Xiang & Zhou, 2009; Rifkin
et al., 2003). Recently, some works have combined the least square loss classification with neural
networks (Demirkaya et al., 2020; Hu et al., 2021).

We choose kernel methods because it allows us to use the integral operator tool for analysis (De Vito
et al., 2005; Caponnetto & De Vito, 2007; Fischer & Steinwart, 2020; Zhang et al., 2023), while pre-
vious SVM works tend to use the empirical process technique (Steinwart & Scovel, 2007). More-
over, we can easily extend the H to the misspecified model case [H]s when true model f∗ρ belongs
to a less-smooth interpolation space. Furthermore, we consider more regularization methods, collec-
tively known as spectral algorithms, which were first proposed and studied by Rosasco et al. (2005);
Bauer et al. (2007); Caponnetto & De Vito (2007). Zhang et al. (2023) combined these two ideas and
obtained minimax optimality for the regression model. We extend their results to the classification
problems.
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We study the minimax optimality of Sobolev kernel classification, and before our work, the minimax
lower bound of classification excess risk for the RKHS class was seldom considered. Loustau (2008;
2009) have discussed Classification problems in Sobolev space, but they did not consider the lower
bound of classification risk. Audibert (2004); Audibert & Tsybakov (2007); Massart & Nédélec
(2006) provided some minimax lower bound techniques for classification, but how to solve RKHS
remains unknown. Sobolev space (see, e.g., Adams & Fournier (2003)) is known as a vector space
of functions equipped with a norm that is a combination of L2-norms of the function together with
its derivatives up to a given order and can be embedded into Hölder class. Inspired by the minimax
lower bound for Hölder class classification in Audibert & Tsybakov (2007), we derive the lower
bound for the Sobolev class.

Recently, deep neural networks have gained incredible success in classification tasks from image
classification (Krizhevsky et al., 2012; He et al., 2016) to natural language processing (Devlin et al.,
2019). Since Jacot et al. (2018) introduced the neural tangent kernel, The gradient flow of the
training process can be well approximated by a simpler gradient flow associated with the NTK
kernel when the width of neural networks is sufficiently large (Lai et al., 2023; Li et al., 2023a).
Therefore, we can analyze the classification risk of neural networks trained by gradient descent.

2 PRELIMINARIES

We observe n samples {(Xi, Yi) ∈ X × {−1, 1}} where X ⊂ Rd is compact. Let ρ be an unknown
probability distribution on X × {−1, 1} and µ be the marginal distribution on X . We assume µ
has a uniformly bounded density 0 < µmin ≤ µ(x) ≤ µmax for x ∈ X . The classification task
is to predict the unobserved label y given a new input x. The conditional probability is defined as
η(x) = P(Y = 1|X = x). For any classifier f , the risk based on the 0-1 loss can be written as
L(f) = E(X,Y )∼ρI{sign(f(X)) ̸= Y } = EX [(1− η(X))I{f(X) ≥ 0}+ η(X)I{f(X) < 0}].

(1)
One of the minimizers of the risk has the form f∗ρ = 2η − 1. Let L∗ = L(f∗ρ ). For any classifier f̂
learned from data, its accuracy is often characterized by the classification excess risk, which can be
formulated as

E(f̂) = L(f̂)− L∗ = EX(|f∗ρ (X)|I{f̂(X)f∗ρ (X) < 0}). (2)
In the rest of this section, we introduce some essential concepts in RKHS and kernel classifiers.
In Section 2.1, we review some definitions in the interpolation space of RKHS. The relationship
between fractional Sobolev space and Sobolev RKHS is presented in Section 2.2. Section 2.3
presents the explicit formula of the gradient-flow kernel classifier and the corresponding rewritten
form through spectral algorithms and filter functions.

2.1 INTERPOLATION SPACE OF RKHS

Denote L2(X ) := L2(X , µ) as the L2 space. Throughout the paper, we denote by H a sep-
arable RKHS on X with respect to a continuous kernel function K. We also assume that
supx∈X K(x, x) ≤ κ for some constant κ. The celebrated Mercer’s theorem shows that there
exist non-negative numbers λ1 ≥ λ2 ≥ · · · and functions e1, e2, · · · ∈ L2(X ) such that
⟨ei, ej⟩L2(X ) = δij and

Kd(x, x
′) =

∞∑
j=1

λjej(x)ej(x
′), (3)

where the series on the right hand side converges in L2(X ).

Denote the natural embedding inclusion operator by Sk : H → L2(X , µ). Moreover, the adjoint
operator S∗

k : L2(X , µ) → H is an integral operator, i.e., for f ∈ L2(X , µ) and x ∈ X , we have

(S∗
kf) (x) =

∫
X
K (x, x′) f (x′) dµ (x′) .

It is well-known that Sk and S∗
k are Hilbert-Schmidt operators (and thus compact) and their HS

norms (denoted as ∥ · ∥2 ) satisfy that

∥S∗
k∥2 = ∥Sk∥2 = ∥K∥L2(X ,µ) :=

(∫
X
K(x, x)dµ(x)

)1/2

≤ κ.
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Next, we define two integral operators as follows:

L := SkS
∗
k : L2(X , µ) → L2(X , µ), T := S∗

kSk : H → H.

L and T are self-adjoint, positive-definite, and in the trace class (and thus Hilbert-Schmidt and
compact). Their trace norms (denoted as ∥ · ∥1 ) satisfy that ∥L∥1 = ∥T∥1 = ∥Sk∥22 = ∥S∗

k∥
2
2.

For any s ≥ 0, the fractional power integral operator Ls : L2(X , µ) → L2(X , µ) and T s : H → H
are defined as

Ls(f) =

∞∑
j=1

λsj ⟨f, ej⟩L2 ej , T s(f) =

∞∑
j=1

λsj

〈
f, λ

1
2
j ej

〉
H
λ

1
2
j ej . (4)

The interpolation space [H]s is defined as

[H]s :=


∞∑
j=1

ajλ
s/2
j ej :

∞∑
j

a2j <∞

 ⊆ L2(X ) (5)

It is easy to show that [H]s is also a separable Hilbert space with orthogonal basis {λs/2i ei}i∈N .
Specially, we have [H]0 ⊆ L2(X , µ), [H]1 = H and [H]s2 ⊊ [H]s1 ⊊ [H]0 for any numbers
0 < s1 < s2. For the functions in [H]s with larger s, we say they have higher (relative) interpolation
smoothness with respect to the RKHS (the kernel).

2.2 FRACTIONAL SOBOLEV SPACE AND SOBOLEV RKHS

For m ∈ N, we denote the usual Sobolev space Wm,2(X ) by Hm(X ) and L2(X ) by H0(X ).
Then the (fractional) Sobolev space for any real number r > 0 can be defined through the real
interpolation

Hr(X ) :=
(
L2(X ), Hm(X )

)
r
m ,2

where m := min{k ∈ N : k > r}.

It is well known that when r > d/2, Hr is a separable RKHS with respect to a bounded kernel and
the corresponding eigenvalue decay rate (EDR) is β = 2r/d. Furthermore, the interpolation space
of Hr(X ) under Lebesgue measure is given by

[Hr(X )]s = Hrs(X ). (6)

It follows that given a Sobolev RKHS H = Hr for r > d/2, if f ∈ Ha for any a > 0, one can find
that f ∈ [H]s with s = a/r. Thus, in this paper, we will assume that the Bayes classifier f∗ρ is in
the interpolation of the Sobolev RKHS [H]s.

2.3 KERNEL CLASSIFIERS: SPECTRA ALGORITHM

We then introduce a more general framework known as spectra algorithm (Rosasco et al., 2005;
Caponnetto, 2006; Bauer et al., 2007). We define the filter function and the spectral algorithms as
follows:
Definition 1 (Filter function). Let

{
φν :

[
0, κ2

]
→ R+ | ν ∈ Γ ⊆ R+

}
be a class of functions and

ψν(z) = 1− zφν(z). If φν and ψν satisfy:

• ∀α ∈ [0, 1], we have supz∈[0,κ2] z
αφν(z) ≤ Eν1−α, ∀ν ∈ Γ;

• ∃τ ≥ 1 s.t. ∀α ∈ [0, τ ], we have supz∈[0,κ2] |ψν(z)| zα ≤ Fτν
−α, ∀ν ∈ Γ,

where E,Fτ are absolute constants, then we call φν a filter function. We refer to ν as the regular-
ization parameter and τ as the qualification.
Definition 2 (spectral algorithm). Let φν be a filter function index with ν > 0. Given the samples
Z, a spectral algorithm produces an estimator of f∗ρ given by f̂ν = φν (TX) gZ .
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The following example shows that f̂t(x) can be formulated by the spectral algorithms.
Example 1 (Classifier with Gradient flow). The filter function of gradient flow φν can be defined as
φgf
ν (z) = 1−e−νz

z . The qualification τ could be any positive number, E = 1 and Fτ = (τ/e)τ . So
that for a test input x, the predicted output is given by ŷ = sign(f̂ν(x)).

Other spectral algorithms consist of kernel ridge regression, spectral cut-off, iterated Tikhonov, and
so on. For more examples, we refer to Gerfo et al. (2008). Spectral algorithms differ in φν(z) and
ψν(z), which is corresponding to saturation effect defined in Gerfo et al. (2008). Moreover, Li et al.
(2023b) gives a thorough analysis of the saturation effect for kernel ridge regression.

Notations. Denote B(x, r) as a ball, and λ[B(x, r)] is denoted as the Lebesgue measure of
B(x, r). We use ∥ · ∥B(B1,B2) to denote the operator norm of a bounded linear operator from a
Banach space B1 to B2, i.e., ∥A∥B(B1,B2) = sup∥f∥B1=1

∥Af∥B2
. Without bringing ambiguity, we

will briefly denote the operator norm as ∥ · ∥. In addition, we use trA and ∥A∥1 to denote the trace
and the trace norm of an operator. We use ∥A∥2 to denote the Hilbert-Schmidt norm.

3 MAIN RESULTS

3.1 ASSUMPTIONS

This subsection lists the standard assumptions for general RKHS H and clarifies how these assump-
tions correspond to properties of Sobolev RKHS.
Assumption 1 (Source condition). For s > 0, there is a constant B > 0 such that f∗ρ ∈ [H]s and
∥f∗ρ ∥[H]s ≤ B.

This assumption is weak since s can be small. However, functions in [H]s with smaller s are less
smooth, which will be harder for an algorithm to estimate.
Assumption 2 (Eigenvalue Decay Rate (EDR)). The EDR of the eigenvalues {λj} associated to the
kernel K is β > 1, i.e.,

cj−β ≤ λj ≤ Cj−β (7)
for some positive constants c and C.

Note that the eigenvalues λi and EDR are only determined by the marginal distribution µ and the
RKHS H. For Sobolev RKHS Hr equipped with Lebesgue measure ν and bounded domain with
smooth boundary X ⊆ Rd, it is well known that when r > d/2, Hr is a separable RKHS with
respect to a bounded kernel and the corresponding eigenvalue decay rate (EDR) is β = 2r/d (Ed-
munds & Triebel, 1996).

Our next assumption is the embedding index. First, we give the definition of embedding property
Fischer & Steinwart (2020): For 0 < α < 1, there is a constantA > 0 with ∥[H]αν ↪→ L∞(ν)∥ ≤ A.
This means [H]α is continuously embedded into L∞(ν) and the operator norm of the embedding is
bounded by A. The larger α is, the weaker the embedding property is.
Assumption 3 (Embedding index). Suppose that there exists α0 > 0, such that

α0 = inf

{
α ∈ [

1

β
, 1] : ∥[H]α ↪→ L∞(X , µ)∥ <∞

}
,

and we refer to α0 as the embedding index of an RKHS H.

This assumption directly implies that all the functions in [H]α are µ-a.e bounded for α > α0.
Moreover, we will clarify this assumption for Sobolev kernels and dot-product kernels on Sd−1 in
the appendix.

3.2 MINIMAX OPTIMALITY OF KERNEL CLASSIFIERS

This subsection presents our main results on the minimax optimality of kernel classifiers. We first
establish a minimax lower bound for the Sobolev RKHS Hr(X ) under the source condition (As-
sumption 1). We then provide an upper bound based on Assumptions 1, 2, and 3, and we clarify that
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the Sobolev RKHS satisfies these assumptions. As a result, we demonstrate that the Sobolev kernel
classifier is minimax rate optimal.
Theorem 1 (Lower Bound). Suppose f∗ρ ∈ [Hr(X )]s for s > 0, whereHr is the Sobolev RKHS. For
all learning methods f̂ , for any fixed δ ∈ (0, 1), when n is sufficiently large, there is a distribution
ρ ∈ P such that, with probability at least 1− δ, we have

E(f̂) ≥ Cδn− sβ
2(sβ+1) , (8)

where C is a universal constant.

Theorem 1 shows the minimax lower bound on the classification excess risk over the interpolation
space of the Sobolev RKHS. Theorem 1 also establishes a minimax lower bound at the rate of
n−

a
2a+d for the Sobolev space Ha with a = rs. Yang (1999) illustrated a similar result of the

minimax lower bound for Besov spaces. However, the result has only been proved for d = 1 by
Kerkyacharian & Picard (1992) and the case for d > 1 remains unresolved.

The following theorem presents an upper bound for the kernel classifier.
Theorem 2 (Upper Bound). Suppose that Assumptions 1, 2, and 3 hold for 0 < s ≤ 2τ , where τ is
the qualification of the filter function. By choosing ν ≍ n

β
sβ+1 , for any fixed δ ∈ (0, 1), when n is

sufficiently large, with probability at least 1− δ, we have

E(f̂ν) ≤ C

(
ln

4

δ

)
n−

sβ
2(sβ+1) (9)

where C is a constant independent of n and δ.

Combined with Theorem 1, Theorem 2 shows that by choosing a proper early-stopping time, the
Sobolev kernel classifier is minimax rate optimal. Moreover, given the kernel and the decay rate β,
the optimal rate is mainly affected by the smoothness s of f∗ρ with respect to the kernel. Thus, in
Section 5, we will introduce how to estimate the smoothness of functions or datasets given a specific
kernel.

We emphasize that Theorem 2 can be applied to any general RKHS with an embedding index α0 =
1/β, such as an RKHS with a shift-invariant periodic kernel and an RKHS with a dot-product kernel.
Thanks to the uniform convergence of overparameterized neural networks (Lai et al., 2023; Li et al.,
2023a), Theorem 2 can also be applied to analyze the generalization error of the neural network
classifiers. We will discuss this application in the next section.

4 APPLICATIONS IN NEURAL NETWORKS

Suppose that we have observed n i.i.d. samples {Xi, Yi}ni=1 from ρ. For simplicity, we further
assume that the marginal distribution µ of ρ is the uniform distribution on the unit sphere Sd−1. We
use a neural network with L hidden layers and widthm to perform the classification on {Xi, Yi}ni=1.
The network model f(x; θ) and the resulting prediction are given by the following equations

h0(x) = x, hl(x) =

√
2

m
σ(W l−1hl−1(x)), l = 1, ..., L

f(x; θ) =WLhL(x) and ŷ = sign(f(x; θ)),

(10)

where hl represents the hidden layer, σ(x) := max(x, 0) is the ReLU activation (applied element-
wise), W 0 ∈ Rm×d and W l ∈ Rm×m are the parameters of the model. We use θ to represent the
collection of all parameters flatten as a column vector. With the mirrored initialization (shown in Li
et al. (2023a)), we consider the training process given by the gradient flow θ̇ = −∂L(θ)/∂θ, where
the squared loss function is adopted L(θ) = 1

2n

∑n
i=1 (Yi − f(Xi, θ)))

2
.

The consideration for this choice of loss function is that the squared loss function is robust for
optimization and more suitable for hard learning scenarios (Hui & Belkin (2020); Demirkaya et al.
(2020); Kornblith et al. (2020)). Hui & Belkin (2020) showed that the square loss function has been
shown to perform well in modern classification tasks, especially in natural language processing
while Kornblith et al. (2020) presented the out-of-distribution robustness of the square loss function.
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When the network is overparameterized, Li et al. (2023a) showed that the trained network f(x; θ)
can be approximated by a kernel gradient method with respect to the following neural tangent kernel

Kntk(x, x
′) =

L∑
r=0

κ
(r)
1 (ū)

L−1∏
s=r

κ0(κ
(s)
1 (ū)) (11)

where ū = ⟨x, x′⟩, κ(p)1 = κ1 ◦ · · · ◦︸ ︷︷ ︸
p times

κ1 represents p times composition of κ1 and κ(0)1 (u) = u

by convention; if r = L, the product
∏L−1

s=r is understood to be 1. Denote Y[n] = (Y1, ..., Yn)
T ,

K(X[n], X[n]) as an n × n matrix of (K(Xi, Xj))i,j∈[n] and λmin = λmin(K(X[n], X[n])) The
following proposition shows the uniform convergence of f(x; θ).

Proposition 1 (Theorem 1 in Li et al. (2023a)). Suppose x ∈ Sd−1. For any ϵ > 0, any hidden
layer L ≥ 2, and δ ∈ (0, 1), when the width m ≥ poly

(
n, λ−1

min, ||Y[n]||2, ln(1/δ), ln(1/ϵ)
)
, with

probability at least 1− δ with respect to random initialization, we have

sup
t≥0

sup
x∈X

|ft(x; θ)− fntkt (x)| ≤ ϵ.

where fntkt (x) is defined as in Example 1 but with the kernel Kntk.

Theorem G.5 in Haas et al. (2023) showed that the RKHS of the NTK on Sd−1 is a Sobolev space.
Moreover, the kernel Kntk is a dot-product kernel satisfying a polynomial eigenvalue decay β =
d/(d− 1). Thus, we can obtain the following corollary by combining Theorem 2 and Proposition 1.

Corollary 1. Suppose that x ∈ Sd−1 and Assumption 1 holds for H being the RKHS of the
kernel Kntk and s > 0. Suppose t ≍ n

β
sβ+1 . For any fixed δ ∈ (0, 1), when m ≥

poly
(
n, λ−1

min, ||Y[n]||2, ln(1/δ)
)

and n is sufficiently large, with probability at least 1− δ, we have

E(ft(x; θ)) ≤ C

(
ln

4

δ

)
n−

sβ
2(sβ+1) (12)

where C is a constant independent of n and δ.

This corollary shows that the generalization error of a fine-tuned, overparameterized neural network
classifier converges at the rate of n−

sβ
2(sβ+1) . This result also highlights the need for additional efforts

to understand the smoothness of real datasets with respect to the neural tangent kernel. A larger
value of s corresponds to a faster convergence rate, indicating the possibility of better generalization
performance. Determination of the smoothness parameter s will allow us to assess the performance
of an overparameterized neural network classifier on a specific dataset.

5 ESTIMATION OF SMOOTHNESS

In this section, we provide a simple example to illustrate how to determine the relative smoothness
s of the ground-truth function with respect to the kernel. Then we introduce a simple method to
estimate s with noise and apply the method to real datasets with respect to the NTK.

Determination of s. Suppose that X ∈ [0, 1] and the marginal distribution µX is a uniform dis-
tribution on [0, 1]. We consider the min kernel Kmin(x, x

′) = min(x, x′) (Wainwright, 2019) and
denote by Hmin the corresponding RKHS. The eigenvalues and the eigenfunctions of Hmin are

λj =

(
2j − 1

2
π

)−2

, ej(x) =
√
2 sin(

2j − 1

2
πx), j ≥ 1. (13)

Thus, the EDR is β = 2. For illustration, we consider the ground true function f∗(x) = cos(2πx).
Suppose f∗(x) =

∑∞
j fjej(x), then we have fj =

√
2
∫ 1

0
cos(2πx) sin( 2j−1

2 πx)dx ≍ j−1. Thus,
fj ≍ j−r where r = 1. By the definition of the interpolation space, we have s = 2r−1

β = 0.5.
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(a) (b) (c)

Figure 1: Experiments for estimating the smoothness parameter s in regression settings. (a) Naive
estimation based on 2, 000 sample points for σ = 0 (blue) and σ = 0.1 (orange). (b) Truncation
Estimation based on 2, 000 sample points with truncation point 100. In both plots (a) and (b), the x-
axis is the logarithmic index j and the y-axis is the logarithmic pj .(c) Truncation Estimation across
various values of sample size n, each repeated 50 times. The blue line represents the average of
estimates, the shaded area represents one standard deviation, and the true value is indicated by the
orange dashed line.

Estimation of s in regression. To better understand the estimation process, we first consider re-
gression settings where the noises have an explicit form and we then consider classification settings.
Suppose that we have n i.i.d. samples of X[n] = [X1, ..., Xn]

⊤ and Y[n] = [Y1, ..., Yn]
⊤ ∈ from

Yi = f∗(Xi) + σϵi, where ϵi ∼ N (0, 1).

We start with a naive estimation method. Let Kmin(X[n], X[n]) be the kernel matrix. Suppose
the eigendecomposition is given by Kmin(X[n], X[n]) = V ΣV ⊤, where V = [v1, ..., vn] is the
eigenvector matrix, vi’s are the eigenvectors, and Σ is the diagonal matrix of the eigenvalues. We
can estimate r by estimating the decay rate of pj , where pj = Y ⊤

[n]vj . To visualize the convergence
rate r, we perform logarithmic least-squares to fit pj with respect to the index j and display the
values of the slope r and the smoothness parameter s.

For σ = 0, r can be accurately estimated by the above naive method since there is no noise in Yi’s.
The blue line and dots in Figure 1 (a) present the estimation of s in this case, where the estimate is
around the true value 0.5. However, for σ = 0.1, the naive estimation is not accurate, as shown by
the orange line and dots in Figure 1 (a).

To improve the accuracy of the estimation, we introduce a simple modification called Truncation
Estimation, described as follows. We select some fixed integer as a truncation point and estimate the
decay rate of pj up to the truncation point. For the example with σ = 0.1, we choose the truncation
point 100 and the result is shown in Figure 1 (b). We observe that the estimation becomes much
more accurate than the naive estimation, with an estimate of s = 0.53 not too far away from the
true value 0.5. In general, noise in the data can worsen the estimation accuracy, while increasing the
sample size can improve the accuracy and robustness of the estimation. In Figure 1 (c), we show the
result for estimating s in repeated experiments with more noisy data (σ = 0.2), where we observe
that as the sample size n increases, the estimation becomes accurate.

Estimation of s in classification. Now we consider the classification settings, where the popula-
tion is given by P(Y = 1|X = x) = (f∗(x) + 1)/2. Unlike regression problems, the variance of
the noise ϵ = y − f∗(x) is determined by f∗(x) and may not be negligible. Nonetheless, in clas-
sification problems, we can still estimate the smoothness parameter s using Truncation Estimation,
thanks to the fact that increasing the sample size can improve its performance. The results are shown
in Figure 2, where we can indeed make similar observations to those in Figure 1 (b) and (c).

As an application of Truncation Estimation, we estimate the relative smoothness of real data sets
with respect to the NTK defined in equation 11. The results are shown in Table 1. We can see
that with respect to the NTK, MNIST has the largest relative smoothness while CIFAR-10 has the
smallest one. This result aligns with the common knowledge that MNIST is the easiest dataset while
CIFAR-10 is the most difficult one of these three datasets.
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(a) (b)

Figure 2: Experiments for estimating the smoothness parameter s in classification settings. (a) The
experiment uses 5, 000 sample points and the truncation point is 100. (b) Truncation Estimation
across various values of sample size n, each repeated 50 times. The blue line represents the average
of estimates, the shaded area represents one standard deviation, and the true value is indicated by
the orange dashed line.

Kernel MNIST Fashion-MNIST CIFAR-10
NTK-1 0.4862 (0.0824) 0.4417 (0.0934) 0.1992 (0.0724)
NTK-2 0.4871 (0.0793) 0.4326 (0.0875) 0.2047 (0.0831)
NTK-3 0.4865 (0.0815) 0.4372 (0.0768) 0.1965 (0.0795)

Table 1: Truncation Estimation of the relative smoothness s of different real data sets with different
NTKs. NTK − L indicates the L-hidden-layer NTK. We only consider two classes of labels for
each dataset: Label 1 and 7 for MNIST, trousers and sneakers for Fashion-MNIST, cars and horses
for CIFAR-10. We randomly select 5,000 data points and choose the truncation point 100 to estimate
s. For each dataset and each kernel, we repeat 50 times and the standard deviation is in parentheses.

Limitations The misspecified spectral algorithms (assuming f∗ρ ∈ [H]s) are studied since 2009
(e.g., Steinwart et al. (2009); Dicker et al. (2017); Pillaud-Vivien et al. (2018); Fischer & Steinwart
(2020); Zhang et al. (2023)). However, to the best of our knowledge, there is barely any result on
the estimation of the smoothness s. This paper is the first to propose the s estimation method even
though the method is more susceptible to noise when the sample size is not enough or f∗ has more
complex structures. For example, if f∗ =

∑∞
j=1 fjej(x), where f2j = j−s1β−1 when j is odd and

f2j = j−s2β−1 when j is even (s1 > s2). For the kernel K with EDR β, f∗ρ ∈ [H]s2 instead of
[H]s1 or [H]s for some s ∈ (s2, s1). In this mixed smoothness case, our method tends to give an
estimation ŝ ∈ (s2, s1). A more detailed discussion of the limitations is presented in the appendix.
We will try to find more accurate s estimation methods for general situations in the near future.

6 DISCUSSION

In this paper, we study the generalization error of kernel classifiers in Sobolev space (the interpo-
lation of the Sobolev RKHS). We show the optimality of kernel classifiers under the assumption
that the ground true function is in the interpolation of RKHS with the kernel. The minimax optimal
rate is n−sβ/2(sβ+1), where s is the smoothness parameter of the ground true function. Building
upon the connection between kernel methods and neural networks, we obtain an upper bound on the
generalization error of overparameterized neural network classifiers. To make our theoretical result
more applicable to real problems, we propose a simple method called Truncation Estimation to esti-
mate the relative smoothness s. Using this method, we examine the relative smoothness of three real
datasets, including MNIST, Fashion-MNIST and CIFAR-10. Our results confirm that among these
three datasets, MNIST is the simplest for classification using NTK classifiers while CIFAR-10 is the
hardest.

9



Published as a conference paper at ICLR 2024

ACKNOWLEDGMENTS

Lin’s research was supported in part by the National Natural Science Foundation of China (Grant
92370122, Grant 11971257). This work has been supported by the New Cornerstone Science Foun-
dation.

REFERENCES

Robert A Adams and John JF Fournier. Sobolev spaces. Elsevier, 2003.

Jean-Yves Audibert. Classification under polynomial entropy and margin assump-tions and ran-
domized estimators. 2004. URL https://api.semanticscholar.org/CorpusID:
1986311.

Jean-Yves Audibert and Alexandre B Tsybakov. Fast learning rates for plug-in classifiers. Annals
of statistics, 35(2):608–633, 2007.

Peter L Bartlett and Marten H Wegkamp. Classification with a reject option using a hinge loss.
Journal of Machine Learning Research, 9(8), 2008.

Frank Bauer, Sergei Pereverzev, and Lorenzo Rosasco. On regularization algorithms in learning
theory. Journal of complexity, 23(1):52–72, 2007.

Mikhail Belkin, Siyuan Ma, and Soumik Mandal. To Understand Deep Learning We Need to Under-
stand Kernel Learning. In Proceedings of the 35th International Conference on Machine Learning,
pp. 541–549. PMLR, July 2018.

Gilles Blanchard, Olivier Bousquet, and Pascal Massart. Statistical performance of support vector
machines. The Annals of Statistics, 36(2):489–531, 2008.

Andrea Caponnetto. Optimal rates for regularization operators in learning theory. Technical report,
MASSACHUSETTS INST OF TECH CAMBRIDGE COMPUTER SCIENCE AND ARTIFI-
CIAL . . . , 2006.

Andrea Caponnetto and Ernesto De Vito. Optimal rates for the regularized least-squares algorithm.
Foundations of Computational Mathematics, 7(3):331–368, 2007.

Ernesto De Vito, Andrea Caponnetto, and Lorenzo Rosasco. Model selection for regularized least-
squares algorithm in learning theory. Foundations of Computational Mathematics, 5:59–85, 2005.

Ahmet Demirkaya, Jiasi Chen, and Samet Oymak. Exploring the role of loss functions in multiclass
classification. In 2020 54th annual conference on information sciences and systems (ciss), pp.
1–5. IEEE, 2020.

Jacob Devlin, Ming-Wei Chang, Kenton Lee, and Kristina Toutanova. Bert: Pre-training of deep
bidirectional transformers for language understanding. In NAACL-HLT (1), 2019.

Lee H Dicker, Dean P Foster, and Daniel Hsu. Kernel ridge vs. principal component regression:
Minimax bounds and the qualification of regularization operators. Electronic Journal of Statistics,
11(1):1022–1047, 2017.

D. E. Edmunds and H. Triebel. Function Spaces, Entropy Numbers, Differential Operators.
Cambridge Tracts in Mathematics. Cambridge University Press, 1996. doi: 10.1017/
CBO9780511662201.

Simon Fischer and Ingo Steinwart. Sobolev norm learning rates for regularized least-squares algo-
rithms. The Journal of Machine Learning Research, 21(1):8464–8501, 2020.

L Lo Gerfo, Lorenzo Rosasco, Francesca Odone, E De Vito, and Alessandro Verri. Spectral algo-
rithms for supervised learning. Neural Computation, 20(7):1873–1897, 2008.

Moritz Haas, David Holzmüller, Ulrike von Luxburg, and Ingo Steinwart. Mind the spikes: Benign
overfitting of kernels and neural networks in fixed dimension. arXiv preprint arXiv:2305.14077,
2023.

10

https://api.semanticscholar.org/CorpusID:1986311
https://api.semanticscholar.org/CorpusID:1986311


Published as a conference paper at ICLR 2024

Kaiming He, Xiangyu Zhang, Shaoqing Ren, and Jian Sun. Deep residual learning for image recog-
nition. In Proceedings of the IEEE conference on computer vision and pattern recognition, pp.
770–778, 2016.

Tianyang Hu, Jun Wang, Wenjia Wang, and Zhenguo Li. Understanding square loss in training
overparametrized neural network classifiers. arXiv preprint arXiv:2112.03657, 2021.

Like Hui and Mikhail Belkin. Evaluation of neural architectures trained with square loss vs cross-
entropy in classification tasks. In International Conference on Learning Representations, 2020.

Arthur Jacot, Franck Gabriel, and Clément Hongler. Neural tangent kernel: Convergence and gen-
eralization in neural networks. arXiv preprint arXiv:1806.07572, 2018.

G Kerkyacharian and D Picard. Density estimation in besov spaces zyxwvutsrqponmlkjihgfed-
cbazyxwvut. Statistics & probability letters, 13:15–24, 1992.

Simon Kornblith, Honglak Lee, Ting Chen, and Mohammad Norouzi. Demystifying loss functions
for classification. 2020.

Alex Krizhevsky, Ilya Sutskever, and Geoffrey E Hinton. Imagenet classification with deep convo-
lutional neural networks. Advances in neural information processing systems, 25, 2012.

Jianfa Lai, Manyun Xu, Rui Chen, and Qian Lin. Generalization ability of wide neural networks on
R. arXiv preprint arXiv:2302.05933, 2023.

Yicheng Li, Zixiong Yu, Guhan Chen, and Qian Lin. Statistical optimality of deep wide neural
networks. arXiv preprint arXiv:2305.02657, 2023a.

Yicheng Li, Haobo Zhang, and Qian Lin. On the saturation effect of kernel ridge regression. In
International Conference on Learning Representations, February 2023b.

Sébastien Loustau. Aggregation of svm classifiers using sobolev spaces. Journal of Machine
Learning Research, 9(7), 2008.
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