Appendices

We gather in the appendix the proofs of the theorems, propositions and lemmas stated in the main text.
In Section[B] the reader will find a short proof of Lemma[2.1] In Section[C} we prove Theorems[3.2]
and [3.3]on the SGD dynamics. Sections D] and [E] are reciprocally devoted to prove that the LPG
property holds in some spherical symmetric case and under some perturbative regime. In Section [A]
we include the experimental figures from the experiments run in the main text.
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A Experimental Figures and Discussion

Symmetric Case For the spherically symmetric setting, we experiment with the input distribution
that is uniform on the sphere. We are interested in verifying that, unlike the Gaussian case, strong
recovery depends on whether the initial correlation is sufficiently high to avoid local minima and
benefit from the LPG guarantee. This is not evident in the 2nd degree Gegenbauer case because it is
monotonic, but is clear from the 4th degree Gegenbauer link function.

In the infinite sample setting, Figure [3|exactly characterizes the loss landscape when learning the 4th
degree Gegenbauer under inputs uniform on Sy for different values of d. Note that the largest zero
for d = 50 occurs at =~ £0.31, and the loss is monotonic for m values initialized outside that region.
This phenomenon persists for higher dimensions, and one may observe that d increases, the critical

points become smaller in magnitude, according to the scaling ~ /1/d.
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Figure 2: Correlation with the true signal throughout training, under different choices of link function
and input distribution.

The bottom right subplot in Figure [2] indicates training runs in this setting, where red lines are
initialized uniformly on the sphere, and blue lines are initialized uniformly conditioned on m =
0.4, which is slightly past the last zero of the polynomial. We observe that random initialization
infrequently exceeds the threshold necessary for strong recovery, but planting the initialization above
this threshold gives a high probability of recovery.

Non-Symmetric Case For the non-spherically symmetric setting, we compare the performance of
Gaussian inputs with inputs that are approximately Gaussian under a two-dimensional projection.
For simplicity, we loosen our assumptions slightly, and consider the input distribution as the d
dimensional product distribution of uniform random variables (rescaled to have unit variance), and
allow for a non-Lipschitz link function. Here, we are primarily interested in whether Assumption[4.12]
is tight and s < 2 is necessary for recovery, as well as whether Conjecture [4.18| holds in practice.

To evaluate, we compare strong recovery rates when training on a "tricky" function with s = 2
(chosen to be % (ha — hg — h4 + hs)) versus a function with s = 3 (simply the degree three hermite
polynomial h3). We make this choice for the s = 2 function in order to produce a function which is
not monotonic, for which learning is guaranteed as discussed in[Yehudai and Shamir [2020].

In Figure 2] we observe that strong recovery reliably occurs for both the Gaussian and hypercube input
distributions when s = 2. There is more variance in the Gaussian runs, likely because the magnitude
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Figure 3: The 4th degree Gegenbauer polynomial with dimension 50, 75, 100. Each is equivalent (up
to rescaling) to the loss landscape of learning the 4th degree Gegenbauer in the appropriate dimension.
Points indicate largest zeros.

of the gradients will be larger due to the inclusion of high degree terms. But for s = 3, the Gaussian
distribution converges quickly while the hypercube distribution often cannot escape the equator.

B Proof of Lemma2.1]

Let us first recall the Lemma before writing a proof of it.

Lemma. Forall a > 0, we have Py, (mg, > a/v/d) < a~Le=""/4. Additionally, for any § > 0 such
that max{a, 6} < \/d/4, we have the lower bound: P, (mg, > a/\/d) > ge_(‘”“s)z.

Proof. By rotation invariance of the uniform distribution of the sphere, my, is distributed according
to 6p[1], the first coordinate of the vector 6y € S;—1. By a particular case of Stam’s formula [Stam),
1982] relation (3)], we know that for d > 3, both are distributed according to the probability of
density, Vt € R,

_ _ Td/2) 2y (d-3)/2
0= Zrga-nm )

First, note that we can upper and lower bound the constant by the following:

\/E I'(d/2) d
—< T <=
“T({(d-1)/2) — V2
for d > 6 by [Laforgia and Natalini, 2013, equality 3.2], which was already proved in |Gautschi

[1959].

Hence, in terms of the upper bound, we have:

1
Py, (mg, > a/Vd) < \/7/ (1- t2)(d—3)/2 "
2 a/\/a
1 P
271' a/\/a
1 d (!

te= T ¥ dt

]1[—1,1]-

< -
T V2ma /a/\/g

1 2
< T a /4
= 2a€ )

which concludes the first part of the result.
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Second, let a < \f/4 and take any 0 < § < \f/4 We have,

PQO(TTL@U > a/\[ \/ / (d 3)/2 dt
/f
(a+38)/
[ d / )<d—3>/2 gt

ORI N
3 \f d ’
where the last inequality simply comes from the fact that t — (1 — #2)(4=3)/2 is non-increasing.
Going further, if we lower bound the term with the negative —3/2 power by 1, we have

Py, (e, > a/Vd) > éexp <(2110g (1_(6125)2>>

(5 (a+9)
= — exXp s
4 ~2(1—(a+0)2/d)
where the last inequality come from the classical bound log(1 + z) > z/(1 + ), for x > —1.
Furthermore, as, (a + 6)? < d/2, we have finally

Pgo (mgo Z a/\[)

which finalizes the proof of the Lemma. ]

o (at0)?

)

4>\c>,

C Proofs on the SGD dynamics: Section 3]

We first recall the notations useful to fully describe the dynamics. In Section [C.3] we prove Theo-
rem [3.2] about weak recovery. In Section [C.4] we prove Theorem [3.3]about strong recovery. Finally,

C.1 Recalling the dynamics

For the sake of clarity, let us recall the notations and facts developed in the main text. The overall
loss classically corresponds to the average over all the data of a square penalisation (6, z) =

(¢0() — ¢o-(x))? so that ,
L(0) = Ey[(do(x) — do-(2))7].

To recover the signal given by 6*, we run online stochastic gradient descent on the sphere S;_1.
This corresponds to have at each iteration ¢t € N* a fresh sample x, independent of the filtration
Fi: = o(x1,...,x¢—1) and perform a spherical gradient step, with step-size § > 0, with respect to
0 — 1(0,z):
Qt — 5V‘gl(9t, l‘t)
|9t - 5V‘gl(0t, l‘t)| ’
initialized at 6 uniformly on the sphere: y ~ Unif(S;_1). Recall that we use the notation V§ to
denote the spherical gradient, that is

V510, x) = Vol(0,2) — (Vol(6,2) - 0)6.
Let us introduce the following frequently used notations: for all ¢ € N*, we denote the normalization
by r¢ = r(0y, ) = |0t — 6V§1(0y, :ct)| and the martingale induced by the stochastic gradient
descent as My = M (0, x¢) = (0, x¢) — EL[1(6;, )]

011 = (25)

C.2 Tracking the correlation.

Recall that the relevant signature of the dynamics is the one-dimensional correlation: m; = 6; - 6*.
Let us re-write the iterative recursion followed by (m;):>0, with the notation recalled above, for
t € N*,
1 1
mip1 = — (my — 6V51(0y,20) - 07) = — (my — SVIL(0;) - 0" — 6VIM, - 0%) .  (26)
Tt Tt
We want to lower bound the right hand side of (26). We begin by a lower bound on 1/7;.
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Lemma C.1 (Bound on ;). Forall t € N*, we have 1/r; > 1 — 62 |Vl (0, x,)|>.
Proof. For all t € N*, we have, by orthogonality of as 6, and V5 1(6;, z;), that
r? =6, = 5510, 20) | = 1482 [ V510, 20) " < 1462 Vol (81, 21)]?.

Hence, from the inequality (1 + u)_l/ 2>1 —uforall u > 0, we conclude the proof. |

Thanks the fact that L satisfies LPG(s, b/v/d), ie —VSL(0) - 6* > C(1 —m)(m — b/v/d)*~!, we

have that the dynamics satisfies the following inequality between iterates:

b s—1
mi41 Z mye + C(S (1 — mt) (mt — \/g) — 5stt . 0* — 52|mt\ |VQZ(0t7xt)|2 _ 63£t7

27

where & = |Vl (0y, 2,)> |VS1(0;, ) - 0%|. All the terms of the inequality have a natural origin: the
second term is the ideal term coming from the gradient flow and the growth condition, the third term
corresponds to the martingale increments coming form the noise induced by SGD and the two final
terms are simply discretization errors coming from discrete nature of the procedure and the projection
step.

However, to have a tight dependency with respect to the dimension, we need to be extra careful. This
is why, following Arous et al.| [2021]], we decompose this term introducing a threshold M > 0, to be
fixed later, such that:

el Vol (O, @) [* = [mel Vol (0, 20)[* 1060002 <my + [mel Vol (0, 20) [ Lii9416,.00) 25

With the same notations and summing all these terms until time 7" € N*, we can write

T-1 T-1 T-1
my >mg+C8 Y (1 —my)(my —b/Vd)* ™ =6 VM- 0" = 62> |mu| Vols|* Lyjgy1, 7<)
t=0 t=0 t=0
T-—1 T-—1
—0? Z [my |V9lt‘2 ]1{|Vglt|2>M} -4 Z &t
t=0 t=0

where we use, for the sake of compactness, the shortcut notation Iy = [(x4, 6;). The strategy of the
proof is the following: the first term is the drift term that makes the correlation grow, the second term
is simply a martingale term that we deal with via standard martingale inequality, and the forth and
fifth term are discretization error that we will bound loosely. The difficulty comes from the third term:
the proof is based on the fact that we use a “part” of the drift term (say half) to control it. This is why
we decide to rewrite finally our inequality as,

T-1

T—-1 T-1
C s—1 S *
mr > mo + 0 ;:0 (1 —my)(me —b/Vd)*t =6 ;:0 VM, -0* — 6 ;:0 D, (28)

T—1 -1
=83 Il [Vole* Ljo,n2omy — 0° D &,
t=0 t=0

where we have defined D; := (1 — my)(my — b/Vd)*™' — &|my| Vol,|? Lw,1,2<my- The
following section show how to control these five terms in a quantitative way.

C.3 Weak recovery

Good initialization. During all this section, we condition on the event {mq > 5b//d}.

Before stating these lemmas, let us introduce some new notations. As already introduce, we recall
that we denote S,, := {0 € S;_1, my > n}, the spherical cap of level € (0,1). Moreover for
a € (—1,1), similarly to what is done inBen Arous et al.| [2021]], we define the following stopping
times 77 := inf{t > 0, my, > a} and 7, := inf{t > 0, my, < a} reciprocally as the first time
when (6;);>0 enters in S,, or leaves S,.
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C.3.1 Proof of Theorem[3.2]

Thanks to Lemmas and that serve bounding all the terms in the m inequality,
there exists a constant K that depend solely on the model such that we have the following lower
bound: for all A > 0, conditionally to the event on the events {T" < 7'1'?2 A 7'2_b Vi },

T—

mr > My + Z
t=0
ith probability larger that 1 T4 + A + KTa*s? + KTds®
—| —— +exp|— .
Withp yiarg x T OP\ToR22T £ A8(C + oM) AM \
Now we choose A = b/v/d and M = d3/2 so that
T-1
c s—1
mT77+28+15;mt 5
with probability at least 1 — ps a7 (T"), where we defined naturally
(T) = (KTd52 e ( b2 > KTd>/?52 N KTd3/253>
bo.nt 2 P\ T o248 1+ 0/ds(C 1 oM) oM b '

Let us upper bound the probability ps a7 (7"). Let us set ¢ > 0 a small constant. First, in the

exponential term, the term b\/dd(C + 6d°/?) is negligible in virtue of the fact that in any of the cases
of Theorem we have ¢ < e/d. Moreover, for the sake of clarity, we gather all constant K, C, b as
one constant generic K, as these depend only on the data distribution and the link function. Hence,
for d large enough,

) +dT6% + d%/ 2T53)

1
< 2
ps,m(T) <K (dT6 + exp < T3

and as d3/2763 g dT6* for the range of & we choose, we have psp(T) <
K (dT52 + exp ( dT 757 )) and considering that we will take in any case d17'6% < 1, as we have the
inequality exp ( 77 62) < dT'62, so that finally

ps.v(T) < KdT'§?

We divide the proof into the three cases s =1, s =2, s > 3.
Case s = 1, § = ¢/d. In this case, we have that with probability 1 — ps s (1),

T Va2
The right and side is larger than 1/2 as soon as 67" > 2°/C'. From this we have that with probability
at least 1 — ps a7 (T'), the hitting time is upper bounded by
4 S
Tig = o5
Now, taking § = ed~!, we can check that for € small enough, dT'6% < 2°¢/C = O(1) so that we
have that with probability at least 1 — Ke, we have

<

K
—d.
€

+
Ty/2

Case s = 2, 6 = ¢/(dlogd). Now by a discrete version of Gronwall inequality, recalled in
Lemma [C.10] we have with probability at least 1 — ps a7 (T),
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for d large enough. And as the right hand side is larger than 1/2 + b/ \/d whenever,
1
oT> 5 log(Vd/4b),

for d large enough compared to b. Then taking such a 7", with probability at least 1 — p;s as(T") , the
hitting time is upper bounded by

2
1/2 =05 log (d) -

Now, taking § = ed ™' (log d)~", we can check that for ¢ small enough, d7'6* < & = €O(1) so that
we have that with probability at least 1 — Ke, we have

71/2 < dlog(d)

Case s > 3,0 = ed—*/2. Now by the discrete version of Bihari-LaSalle inequality, recalled in
Lemma|C.10, we have with probability at least 1 — ps a7 (T'),

1

b b C(s—2) /b \"2.\ °
mT_\/E>\/&<1_52<\/&> T) |

And as the right hand side is larger than 1/2 + b/+/d whenever,

N
> 00
— C(s—2)b5—2%’

for d large enough compare to b. Then taking such a T', with probability at least 1 — ps s (T"), the
hitting time is upper bounded by
1 4=
+
T2 S Obs—2 §
Now, taking 6 = ed—*/2, we can check that for £ small enough, d76% < W =e0(1) so
that we have that with probability at least 1 — Ke, we have

7_1/2 < ds 1

C.3.2 Technical intermediate result to lower bound each term of Eq. (28)
Lemma C.2 (ODE term). Conditioned to the event {T < TlJ?Q A Too/va }, we have the inequality

_ T-1
1 o
:0 t=0
Proof. This simply results from the fact that for all t < T' — 1, we have {t < Tl 12 N Ty ob/Vd } C
{T < 71/2 AT, 2b/7/d }, so that we can use the inequalities 1 — m > 1/2 and m — b/v/d > m/2.
Summing these terms until 7" — 1 gives the proof of the lemma. ]

Lemma C.3 (First martingale term). For all A > 0, we have that

t—1
KT§?
sup & |y VIMy - 67| > A 725 (29)
<T |1 A

where K > 0, that depends solely on the model through f,v.

Proof. This is a consequence of Doob’s maximal inequality for (sub)martingale. Indeed, for ¢t < T,
let Hy_1 = 2_:10 VS M, -0*. We have that H, is a F;-adapted martingale and we have the following
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upper bounded on its variance:

k=0
t—1 )
=E (VM - 60%) ]
k=0
<tsupE, [(VSMk 9*)2}
0
< Kt

where the last inequality comes from the Lemma Now, thanks to Doob’s maximal inequality, we
have for all A > 0,

P <sup 5|Ht_1| 2 A )\2 >~ )\2 )

) < E[HZ_,]6? < KT5?
t<T
and this concludes the proof of the lemma. |

Lemma C.4 (Submartingale term). For all A\ > 0, iffor allt < T, m; € [2b/\/d,1/2], and 6 is such
that § < e/d, with a small enough constant € > 0, we have that

T-1
)\2
E <2< -
g (‘5 Pes A) = ( 2K26°T + A6(C + 5|v|)> G0

t=0

where K > 0, that depends solely on the model through f,v.

Proof. First, recall that we have defined Dy = $(1 — my)(my — b/Vd)*™!
8my| |Valy|? L{jv,1,12<my- Let us notice that if m; € [2b/+/d,1/2], then 1 — m; > 1/2 and

(my —b/+/d)*~' > m?~' /251 Hence, if m, lies in such an interval,

c 2
Dy > gomi ™t = dlmel [Vole* Ly, 1,2y
Vol,|* 1
Z Clm.:—l 172s+15| 0 tl {|9V_821t|2§M} .
25+ Cmj

’ [Vele|?1 2 . .
Now, for § such that E {1 — 25“6W .7-}1] >0, (2221 Dk) is a submartin-
t t>0

gale, which is true as soon as
s—2
5 < C”;t :
25+1 Supg E {‘V@lt‘ ]]'{|velt|2§M} l]:t71:|

which is itself true if

§< ¢ ,
g5 supy E {|V9lt|2}

which is implied by the condition required in the lemma given the upper bound on E[|Vl,|] provided
in Lemma|C.§] In order to apply Freedman tail inequality for this submartingale, let us provide upper
bound on the increments as well as their variance. Indeed, we have, for all t > 0,

C‘l — thmt - b\/g‘s—l

|Dy| < 5

2
+0mal [Vole|™ 1w 1,12 <my

C+4M

< b
- 2

21



and in virtue of the inequality (a + b)? < 2(a® + b?), we have

CQ|1 - mt|2|mt — b\/&'z(sil)
4

E[D}|Fq] <2 ( + 82|my|*E || Vol,|* ]1{WM2§M}]>

C2 + 6°E [|vz|4}

<
= 2

2 2 12
<C + Ké4d
= 2
< K2.

Hence, by the Freedman tail inequality recalled in Theorem|[C.9] for all A > 0,

T-1
)\2
<\l < —
P<52Dt— A) —eXp( 2K262T+)\6(C+6M)) ’

t=0

which concludes the proof of the Lemma. |

Lemma C.5 (First discretization term). We have that, almost surely

T—1
KT62d2
Pls 52§ Vol |? 1 f >N | < 31
(igg t=0 |mt|| 9t| (vt = >_ AM oy

where K > 0 depends solely on the model through f, v.

Proof. This term is handled via a combination of Markov and Cauchy-Schwartz inequalities. First,
notice that,

T-1
sup 6% > || [Vole|* 1 (v, 2smy < T8 sup {\mt| Voli|? ]l{|V9lt|2>M}} :
t< prt t<T

Furthermore, for all ¢ < T, all A > 0, via Markov inequality, then Cauchy-Schwartz inequality,

) - E {|mt| Voly|” ]1{|vgzt|2>|v|}}
= )
\/IE [|v91t|4} \/IP (\vgztﬁ > M)
<
= \
¢Mwmﬂﬁﬂwwww
)

2
P (|mt| IVole|” Lyvyr,25my = A

<
E [|v9zt \4}
< -t 4
- AM
Kd?
< ’
- M
where the last inequality is due to Lemma Multiplying this bound by T'6? ends the proof the
lemma. |

Lemma C.6 (Second discretization term). For all A > 0, we have that

t—1 3
PGwﬁZ&zggKTﬁ (32)
k=0

t<T

where K > 0 depends solely on the model through f,v.
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Proof. Recall that &, = |Vl (0, x1)|* [VS1(0y, x1) - 0%|. The bound follows from an application of
Markov’s inequality. Indeed, since all the terms of the sum are positive, the supremum is attained in
t =T — 1, and we shall only consider this case. For A > 0,

T-1 53 T—1
P& >N < —E
(=) <5e 5]

T8
< S sup {EL[IVol(6,2) V510, 2) - 07|} }
7

o sup {\/E [(1¥01(6.2)/* | /. [951(6,2) e*m}

T8 4
- [sup . (1906, )] ¢supn4:$ [V51(6,) - 6*[2]
A 0 0

IN

IN

T 3
T fpE, [[|v91(a,x)|4} \/sup]Ew (IVS1(0, ) - 6+ 2]
6 [

IN

A

IN

TS
VK VK
KTds?
)\ )
where the penultimate inequality comes from Lemma|[C.8] ]

<

C.4 Strong recovery

The reasoning is almost identical to the one of the previous section, except from the fact that instead
of tracking the growing movement on (my);>¢, we will track the decaying movement of (1 — m¢)¢>o.

C.4.1 Upper bound on the residual

As said in the main text, we place ourselves after the weak recovery time. Thanks to the Markovian
property of the SGD dynamics, we have the equality between all time s > 0 marginal laws of

+ Law —
<97'1+/2+s 7_1/2’ 071+/2> - <05 95 - o'rfrm)’

and hence the strong recovery question is equivalent to study the dynamics with initialization such
that mp = 1/2. As demonstrated before we have that ]P’(Tfr/2 < 00) > 1 — Ke so that up to ¢ terms,

this conditioning does not hurt the probability of the later events. In fact this conditioning seems even
artificial as it seems provable that 7172 is almost surely finite. Yet, we leave this more precise study

for another time.

C.4.2 A (slightly) different decomposition
Let us define for all t € N, the residual u; = 1 —
by Eq. (27), we have

U1 <ty — COuy(my — b/Vd) ™ + VM, - 0% + 62|my||Vi(xe, 0,)|* + 63,

From there, the proof is similar to the weak recovery case, except that the extra-care we used for the
term §2|m;||Vi(z¢, 0;)|? is not necessary. We use simply the decomposition of this term in a second
martingale term

My o+ > 0, and thanks to the lower bound given
1/2

Nt = \thVl(a?t,@t)P — E [|mt\|Vl($t,9t)\2|ft,1}

and the drift that we directly upper bound as E [|m,||Vi(zy, 6;)|?| F;—1] < Kd. Now similarly to
Lemma [C.3] we have the upper bound:

Lemma C.7 (New martingale term). For all A > 0, we have that

t—1
Kd2Ts
P(sup 8? > M| =) < LQ‘S, (33)
=T k=0 A

where K > 0, that depends solely on the model through f,v.
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Proof. This is a consequence of Doob’s maximal inequality for the martingale. Indeed, for ¢ < T, let

Hi_ 1= 2_:10 Nj. We have that N; is a F;-adapted martingale and we have the following upper
bounded on its variance:

t—1

E[N? || =E (Z VSM,, - 9*)

k=0
t—1
ZNz]
k=0

<tsupE, (Nk)2
0

=E

< Kd?t,

where the last inequality comes from the Lemma[C.8] Now, thanks to Doob’s maximal inequality, we
have for all A > 0,

P (sup 52\ H, 4| > A

) - E[HZ 6% - Kd*Ts*
t<T

A2 - oA

and this concludes the proof of the lemma. ]
Now, everything is in order to prove the Theorem [3.3]

C.4.3 Proof of Theorem 3.3

Let us fix a small number € > 0. As previously, thanks to Lemmas [C.3] [C.6] [C.7] there exists
K > 0 that depends solely on the model such that we have the following upper bound: for all A, and
t < 7'1_/3 A 7'1‘%_E summing between times 0 and ¢,

t—1

Co
wp < ug — FZ“’“ + K&%d + 3\,
k=0
Kt6*  Kd*té*  Ktds?
with probability larger that 1 — ( 2 + 2 + > and d large enough. Let us choose

A = 1/16 and § small enough so that Kd2d < ). Hence, realizing that ug < 1/2, we have

305 o
up < 1 31 kz_owm

with probability at least 1 — Kt62(1 + d252 + d§) > 1 — Kt62, as we choose in any case § = cO(1).
Note that we used the same convention as in the weak recovery case that K denotes any constant that
simply depend on the model. We have by Gronwall inequality (Lemma[C.T0)

3( C(S)t 3 _ s,
u < —(1— < —e a1,

— 4 4s—1
Hence, as the right end side is smaller than ¢ for the time
4571
log(1
C Og( /5)’
we choose such a ¢, so that with probability at least 1 — Kdlog(1/e), the delayed hitting time
75 _=inf{t >0, u; < ¢} satisfies

to >

€
s—1
7. < 5 log(1/¢),
and taking 6 = £/d gives that with a probability at least 1 — Ke log(1/¢)/d, we have
s—1

4

Ti-e = Ce

Considering that d is large and ¢ is simply a constant we get that 1 — Kelog(1/¢)/d > 1 — Ke and
and this concludes the proof of Theorem[3.3]

dlog(1/e).
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C.5 Some technical bounds

We end this section by providing (i) some necessary technical technical bound on the quantities
appearing in the SGD controls (ii) some discrete versions of Gronwall-type lemmas.

C.5.1 Technical bounds on models expectations

Lemma C.8 (Technical bounds). We have that there exists a constant K > 0 solely depending on
the function ¢ and the distribution v such that:

sup E, [(V§M(2,0),0,)*] <K, and supE,[|[VZ1(0,2)-0°*]] <K (34)
0

0€Sq_1
sup E.[|Vol(0,2)]] < Kd, (35)
0eSq_1
sup E,[|Vol(0,2)|"] < Kd?. (36)
0€Sq_1

Proof. In all the following proof we consider any 6 € S;_;. Notice that we have the following
calculation that is common to all the bounds we cover

Vi(,x) = z¢' (x-0)p(z - 6.)
We treat the three bounds separately.
First terms. We have that for all z € R?,

M(z,0) =1(z,0) —E,[i(x, 0)],
hence

Vi M(z,0) = V§i(x,0) — E,[V§i(x,0)]
= Vol(z,0) —E,[Vol(z,0)] — (0 - Vol(z,0))0 + E,[(0 - Vyl(z,0))0],
and finally,
VS M (2,0) -0, = Vol(z,0) -0, —E,[Vol(z,0) - 0.] — (6 - Vol(z,0))m +E,[(0 - Vgl(z,0))m)].
hence thanks to applying the inequality (a + b)? < 2a? + 2b?, this amounts to bound first
E, (Vol(z,0) - 0,)° = E, [(m 0.)2 0% (z - 0)¢% (- 9*)} <K,

and second

E, (Vol(z,0) - 0)m)” < B, [(@-0)* ¢ (2 0)* (s - 0.)] < K.

Second term. We have

E, |Vol(z,0)]* = E, [[z[*¢"(z - 0)¢?(x - 0.)] < Kd .
Third term. We have similarly

E, [Vol(z,0)" = E, [Jx[*¢”(z - 0)¢*(x - 0,)] < Kd*.

C.5.2 Standard tail probabilities for submartingales

We recall here a theorem on submartingales from Freedman. This is an adaptation from Theorem 4.1
stated in [Freedman|[[1975]).

Theorem C.9 (Submartinagle tail bound). Suppose that (X;)icn is random sequence adapted to a
Siltration (Fy)ien. For T > 1, suppose there exist a,b > 0 such that B[ X, | F1_1] > 0, the almost
sure upper-bound sup, . | X| < a as well as sup, <7 E[X? | Fi_1] < b, then for all X > 0,

P (kz_l X, < —)\> < exp <—2(Tb+ M)> 37)
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C.5.3 Discrete Gronwall and Bihari-Lasalle bounds

We now turn to stating a classical comparison lemma for recursive inequalities.
Lemma C.10 (Gronwall and Bihari-Lasalle). We have the bounds for the recursive inequalities:
Case s = 2. Suppose (my)ien satisfies for s > 3, and positives numbers a,b > 0, and b < a/2 N 1,
t—1
my > a+mek, then, my > a (14 b)" (38)
k=0
t—1
my Sa—mek, then, my Sa(l—b)t. (39)
k=0

Case s > 3. Suppose (my)ien satisfies for s > 3, and positives numbers a,b > 0:

t—1
_a
me > a+ mezfl, then, my > a(1— (s —2)ba*?t) 2. (40)
k=0
Proof. The case s = 2 is known to be the discrete version of the Gronwall lemma and is treated in all

standard textbooks, the case s > 3 referred to as the Bihari-Lasalle inequality is for example proven
in Appendix C of|Arous et al.|[2021]]. ]

D The LPG property in the symmetric case: proofs of Section 4.1]

D.1 Useful Facts about Gegenbauer Polynomials

We recall known facts on Gegenbauer Polynomials.

Definitions. Recall that P; 4 denotes the Gegenbauer polynomial of degree j and dimension d,
normalized so that P; 4(1) = 1 for all j,d. We denote also P;  the Gegenbauer polynomials

. = _ L(j+2A :
n.ormahzed so that H.Pj,)\ ||%2.(R,u2>\+2) = 21 -2A % Throughout t}.le proof, we will use
either d, and from time to time the mute symbol A to denote the dimension variable of Gegenbauer
polynomials. They satisfy the following recurrence:

G+ DPjraa(t) =20 + MEPAE) = (+ 20 = DP-1a (), (41)
with first terms: Py () = 1 and Py 5(t) = 2)t.

Rodrigues Formula for Gegenbauer Polynomials. The Gegenbauer polynomials can be repre-
sented as repeated derivatives of a simple polynome.

Proposition D.1 ([Frye and Efthimiou, |2012, Proposition 4.19]). We have the formula

Pa(t) = G +((—dlzj3)/2)j (1 — ¢2)3-d)/2 <;it)7 (1 — 2)i+(d=3)/2 (42)

where (x); = Hi;é(w — k) is the falling factorial.
Hecke-Funk Formula. Recall that we use the notation 7,4 to denote the uniform distribution on
the sphere and u, the distribution of, e.g., its first coordinate: ug oc (1 — t2)(@=3)/21_, 4.

Theorem D.2 ([Frye and Efthimiou, 2012, Theorem 4.24]). For 6,6’ € Sy_1, [ € Lid (R) and
JEN,

(for (Pja)e)ry = Qa—2Pja(0 - 0")(f, Pjd)uq
1
=Qq2P;a(0-0) / F@O)P;a(t)(1 = %)/t . (43)
-1
Fact D.3. [Derivative Representation] We have the following derivation property for all j, d:
/ ](.7 +d— 2)

= T P e, (44)
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Proof. Recall the normalization relationships A = % -1, Pj(1) = % , Pia =
B2 Py 4y, as well as the identity P) , = 2AP; 1 x41. Thus,

, _TG+DTE-2)

T TG hd—2) hEl
L TGADTd-2) d -
= TG 1a-2 o Vb

2
T(j+1)I(d—2)T(G—1+d)
Ij+d-2) T

o
- P v

=(d-2) Pj_1,d4+2

We have the following bound of the location of the largest root z; 4 of P; 4:
Fact D.4 (Bound on the Largest Root,[Area et al., 2004} Corollary 2.3]).

G-DG+d—4) s
2ja < \/(] A=)+ d)2=2) cos(m/(j+1)). (46)

And we have the following bound on the Taylor expansion of the Gegenbauer polynomials:
Fact D.5 (Taylor Upper bound beyond largest root).

Pja(t) > (t—2zja) , fort> zja,

Proof. Note that all families of orthogonal polynomials have exclusively real, simple roots. Therefore,
by Rolle’s theorem, the j — 1 critical points of P; 5 must be interlaced with the j zeroes. So all zeroes
of Pj(’ 4 are upper bounded by z; 4. Futhermore, by Fact PJ{, 4 1s itself an orthogonal polynomial.

So applying this argument recursively, we see the zeros of Pj(’;) for k < j are all upper bounded by
Zj,d-
Note also by Fact|D.3|that, because P; 4(1) = 1 for any choice of j and d, it follows that P(k)( 1) > 0.

This implies Pj(lfi) (zj,4) > 0, as in order to flip signs there would need to be a zero in the range
(25,4, 1] which we’ve confirmed above cannot exist.

Now, consider a Taylor expansion

Mb

ci(t — zj, a) 47
1=0

Observe that Pj(]Zz) (2j,4) = k!cg, and therefore by the above argument we have ¢ > 0. So it remains
to show that ¢; > 1.

Consider applying Fact[D.3|repeatedly, then we have:

MG +d—3+)

rYla : (48)
v (D [Tioi(d = 3+2)
J+d—3+1
49
H d—3+21 “49)
> j! (50)
And from the fact that Pj(jd) (1) = jl¢;, we conclude ¢; > 1. [ |
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D.2  Proof of Proposition [4.1]
Proposition D.6 (Loss representation, restated). The j3; 4 defined in (14) have the integral represen-

tation
Bj.da = (9. Kjd)r2my) » (S1)
where K; is a positive semi-definite integral operator of L2 that depend solely on p and ¢, with kernel
Qq_oN(
a.t) = M2 [F e p e a5
d—1

where we defined the conditional density
r~tug(r=1t)

S —
t) = .
O S T ) )
Moreover, we have
Qg —2)/2)
E, [¢?] S8 a)/e) - (53)
= 0,00 20 = Tar (i ) 2

Proof. The marginal conditioned on ||z| = r is precisely given by n(z; = t | ||z|]| = r) =

r~Yug(r=1t), so

o) = [t ual plar).

‘We have
1 1
s = P2 / Py ()6 (t)radt) = || P52 / POttt

Qg_oN(j,d 71/ 1 p—242)(d=3)/2

=y $(t) (1 —r 22 2 (54)
SO

Q N — —_ — ! —_ !/ —_ ! — ’
Bia= =4 = 17 / 2// StV P (r 1) (1 — ) 2o ) Py () (1 — 2 ()?) Y P dtat p(dr)
- <¢7 ]¢>L2(R,n) ) (55)

with the L?(R, ) positive semi-definite integral kernel operator

KKt t) = %Uvd)n(t)*ln(t')*/m r2 P (1 =2 PR ) (1 — 2 () PP p(dr)
_ Sl 5?13 / Pi(r )Py (r = g (r ) aa(r ) p(dr) (56)

where we defined the conditional density
Ug (’I" -1 t) =

Finally, let us establish (57). We have
Ey¢” = Ep[Eqyjo=rEd(21)?]
= Ep[Eud ((b(r))z}
=B,y af . lIP|?
j

Qg1
=k Z 0 o N (G, d)

Qd71 _ Qd 1
= o, B doad,= Z Bj.d - (57)
J

rlug(r=1t)

Jo () T rua((r) = ) pldr’) -
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D.3  Proof of Proposition[4.2]

Proof. If 8 q = 0 for j < s, then o, 4 = 0 for j < s and p-ae r. We want to show that for any
polynomial () of degree j' < s, we must have (¢, @), = 0.

For each r, consider Q") (t) = Q(rt), which is also a polynomial of degree j/ < s, and its

’
decomposition as Q") = ;:0 b; j »Pj 4, which only involves terms of degree j° < s since

Gegenbauer polynomials of degree up to r span all polynomials of degree up to . We have
(9, Q) = Enlo(2)Q(x)]
= EpEq, |||z =r[¢(2)Q(7)]
=E,E,,[¢"" (2)Q") (2))
=E [ bjjrr@rd =0. (58)

J<g’

D.4 Proof of Proposition[d.3]

Proposition 4.3 (Spectral characterization of LPG). Suppose there exist constants K,C > 0 and
s € N such that we both have 5 4 > C and Zj>s Bj.aj(i+d—2)vj_1,442 < KdB=9)/2  Then,
taking s* as the infimum of such s, L has the property LPG(s* — 1, zs+ q). In particular, whenever
s* < d, we have zg» g < 24/s*/d.

Proof. Assume first that there are C, ¢ such that

wa(t) > Ct=¢)*~, fort > (. (59)

Now, let .
B = -1 Zﬂj,dj(j +d—2)vj_1412 <1, (60)

Jj=>s
and define
B 1/(s—1) _

o= —= . 61
‘ (ﬂs,dc> e b

From , and we verify that '(m) = >, 8;,aP; ;(m) satisfies, for m > (*,

() er

Finally, we have that for any j, d, the largest root z; 4 satisfies z; 4 < 4/ % ~ j/\/& and

1
Pja(t) > 5(75 —2j.d)°, fort > zjq,

el(m) > ﬂs,dé ((m - 5)571 - (m - C*)Sil) > ﬂs,dé

which implies that

s(s+d—2 o
5/$d(t) > Q(d—l))(t — Zsfl,d+2) ! , fort > Zs—1,d+2 - (62)

We thus have C' = 5(25(2%;)2) with ¢ = 25_1,412.

Finally, we verify that

ds—1)/2 o
ss+d—2) Zﬁj,d] (J+d—2)vj1a42 < K (63)
j>s

ensures a local polynomial growth of order s — 1 at scale O(1/ \/E) Indeed, plugging into ,
together with 35 4 > C' yields

B 1/(s—1)
(ﬁ c) < (CK)V=Ng=12 (64)
s,d

which shows that (* = O(1/+/d). Finally, we observe that C > s = ©(1) if s < d.
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D.5 Proof of Theorem[4.3]

Proof. To prove the theorem, we will establish the sufficient conditions of Proposition .3 under
our mild assumptions. The key technical results we need are explicit bounds for v; 4 and for the
sum Y iJ 23; 4, established in the following two lemmas. Since the parameter A = d/2 — 1 is more
convenient to express many relationships in Gegenbauer polynomials, we will adopt it in this proof
instead of d, without loss of generality.

Lemma D.7 (Control of v; »). We have

273/2
{1 - (525) } ifj = (1),

v S QAT ifj = O(\Y), with0 < a < 1, (65)
2" ifj =0\ withl <a <3/2,
e ifj=Q\?).

Lemma D.8 (Decomposition of derivative). If ¢ € L*(R, u) is such that ¢' € L*(R,n) and
Ep[rﬂ < o0, then B = (¢, K;¢) satisfies

. Q4 ,
S50 < G B0 gy = 0(1/d) (66)
j -

Let s = inf{j; 8,0 # 0}. We need to verify that there exists a constant X > 0 such that

> Biai(j +d—2)vj_1.4s0 < KdO)/2 (67)

j>s
We will control the LHS by splitting it into appropriate regions, determined by .J;, i € {1,2,3}. Let

a L ji/2
a= - and J; = % From Lemma , part (i) we have that v; < C (j(]+2)‘)) , and in

1+s (G+X)?
particular vy < CA@~13/2 for j < J. As a result, using Lemma
J1 Jl
D BiiG N1 S ACTIEENZN T 85 4 0)
j=st1 j=st1
J1
R (PR PN T)

Jj=s+1

J1
SA(afl)(S+1)/2(Cl)\fl+>\ Z 6]]2)

j=s+1
< A1 /20y
< CoNB=9)/2 (68)
Let J5 = \. We have
Ja
iy (a=1)A%
Z Bij(j+Nvj—iap1 <A 2 Cs
j=J1+1
< Cg/\(l}—s)/Q ) (69)
Let J3 = A3/2. We have
Js 1
> B+ Nvj_1am < e VA,
j=Ja2+1
< ONB=9)/2 (70)
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Finally, the remainder satisfies

> Bid(G + Nvj1a41 < Cs(e/2)™
i>Js

< OsAB9/2 (71)
which proves (67).
|

Proof of Lemma|D.7} We prove this result by analysing different regimes for j and A. Concretely,
we claim the following:

Claim D.9. We have the following regimes:

1. For j = Q(1), we have

N \2 i/2
2. Forj = ©(\%), with0 < a < 1, we have
(a—1)2%
Vj A 5 A 2 . (73)
3. Forj = 0O(\%), with1 < a < 2, we have
v Se N (74)
4. For j = Q(A\%), with a > 3/2, we have
v Se . (75)

To prove the first three regimes of Claim[D.9} we control v;  based on the distribution of the roots of
P; ». We recall that (zj, ; »)rx<; denotes the roots of P; 5 in increasing order, and z; 5 = z; ; » its
largest root.

Lemma D.10 (Representation of P; y in terms of its roots, [De Carli, 2008, Lemma 2.1]). We have
Hj i PN if j even
Pty =4 I ’ (76)
Zk,j,)\ . .
tHk:(j+1)/2 122, ifjodd .

From this representation, we deduce that v; » can be calculated explicitly. Indeed, as the local maxima
of | P; x(t)] are increasing|Szego|[1939)]], [DLMF, Eq (18.14.15)], we have the following equation:

J Z?—1,A+1—Z;€,j,,\ if i
—_p N Hk:j/g 1—22 j)\i 1 7 even,
Ujx = —Pja(zj-1a41) = — SR ey (77)
2 HJ j—1.2+1 kg, if 7 odd
=t L k=Gn)/2 T 7%

Let us focus first on the case j even, for simplicity. We can rewrite (77) more conveniently as

2 2 j—1 2 2
FIA T A1+ Fj—1A+1 T PhjA
Uj,x = 2 | I 2 :
’ 1— 2 — 27
I k=3/2 kg A

Ford € (0,2;-1,x+1) let
m(6, 4, A) = [{k € {j/2,7}; zn,jx = 6}

denote the number of zeros of P; y in the interval (d, 1). Since the function ¢ —
int € (0,a), we have

a®—t>

=% Is decreasing
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Fact D.11. We have the upper bound:

2 2 2 2 m(3,5,\)
FIA T B 14 Ziaap — 9
e R 1- 62 78
7
Letting 0 = z; /2 ; » the smallest positive root of P; x we have
2 2 2 _ .2 /2
SR e WS U it S e SR TR
vy < FA - - )
i Zi/23.7

We can thus obtain an explicit control on v; » from bounds on the zeros of the Gegenbauer polynomi-
als. We complement the upper bound on the largest root (Fact[D.4) with lower bounds for all positive
roots, as well as a sharp lower bound for its largest root|Dimitrov and Nikolov|[2010]:

Theorem D.12 (Upper and Lower bounds for Gegenbauer roots, [Dimitrov and Nikolov, 2010}
Theorem 2]). Let
bja=3"+20—1)77 = (3A = 5)j +4(A — 1),
ajx =20+ A= +jA—1) +4(A+1)) and
cix =327 + 20 + @A+ 1" + 20 +3) + 8(A = 1)) -
Then for every k, j, A we have

bix— (1 —2)/c bjx+(J—2)/c

7\ (j ) 5\ < lej \ < 5, (.7 ) 7, ' (80)
A, i aj A

Theorem D.13 (Lower bound for largest root, [Driver and Jordaan) 2012} Section 2.3]).
20+ 1)(2A ;
2> 11— — _ @A+ 1DRA+3) =1 9ix 81)
’ G-DE+22+1)+ 2 A+ 1)(2V+3) hja

A

Rewriting Factas z? \ < ; >, with
e =0-1D0+22=2), fix=0+A=-2)G+A-1),
and using again the monotonocity of ¢ — % we can bound the first term in the RHS of as

2= 21 _ e/ Fin+ gi—iae1/hj—iagn — 1
5 < (82)
1—Zj’>\ 1—6j7>\/fj,)\
For j, A = w(1), we have
ajx ~2j(j + A7, bin = 577 +20) , Ea =30 +2X),
ejn > j(j+2X), fin=(G+A)?,
Gin = 4N2, hix = §(j +2)) + 427,
and thus ) 5
ZIA T F 1Al 37(j +2X) (83)
1-22, VG420 +4N
Therefore,
€j—1 A1 bjx—(1—2)y/Cix 2
fi—1a+1 aj,a
UjA <3 1 = a2 Ve
(J/jy)\
<3 (%A@juﬂ = ficiat1(bja — (G — 2)\/Cj,x)>j/2
- Ji—iati(ajn —bja+ (7 —2)/GN)
-3 (RLENIULI GG B PG 0,.A<1>>)'j/2
G+ X225 + A2 — 720 +2)) + 5205 + 2))) "
_ (j(jmx))”z
~\ (A2
J/2
A 2
=|1- (= 84
-(725) &
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As a direct consequence of (84), we immediately obtain Eqs (72), (73) and (74). The case where j is
odd is treated analogously.

Let us now study the regime j = w(\3/2). Given z € C with |z| < 1, Gegenbauer polynomials admit
the following generating function [[Watson, |1922, Section 3.32]:

1 _ .
(1 —2zcosf + 22)* = ij,/\(Cosﬁ)zJ . (85)
j >

From this generating function, the Cauchy integral formula leads to the following integral representa-
tion:

Fact D.14 ([Ursell, 2007, Eq (1.2)]). Forany 0 < p < 1, we have

1 dz
2mi |z|=p (1 —2zcosf+ 22)/\zj+1 )

Pj \(cos ) = (86)

arccos(z;j—1,x+1). From Theorem|D.13| we have z a1 21— d;»/(2¢j,x), and thus

Assume j = O(\*), with o > 3i2 We are mterested in the above representation for § =

52 < dj)\ ~ 32/\2]4 2/\2

~ 2\ 1656 T 420
SO 6 = O(\/j). Combining this upper bound with the lower bound obtained from Fact we have
= O(A/j).
Using 1 — cos ~ 02 /2 ~ )% /52 and
11— 2zcos6 + 2°| = |(1 — 2)* + 2z(1 — cos 6)|
> |1 — z|* — 2|z|(1 — cos6)

)\2
zl—p(2+®<j2))+p2, (87)
we have
[Pya(cos0)| < inf ol "0V (1= p(2 +eN/5) +07) " = glp) (88)
Optimizing the RHS over p we obtain p* == (j\i; )\1))‘ substituting, we obtain
) 2)
)~ o (1HV2)X (M‘>
g ~e . (89)
(") A1 ++2)
As a result, it follows that
_ Jl2eax—=1)!
Pj7)\(COS 0) = PjﬁA(COS o)m (90)
satisfies, for § = ©(\/j) and j = w(\?/?),
log | Pj x(cos )| ~jlogj — j+ 2X1log(2X) — 2\ — (j + 2X\) log(2A + j) +2A +j

— (14 V2)A + 2\ 1og(j + 2)) — 2Alog(A(1 + v/2))

—(1+V2)\, 91)
where we have used Stirling’s approximation. This proves Eq (73)) and completes the proof of Lemma
D7 ]
Proof of Lemma[D.8] We have, using Fact[D.3] that

(r)\21 _ Qg1
EP[Eud(¢ )]_ d—1 QQd QZE |: ]dr +d 2))
],d r (92)
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And we can upper bound via

E,[Eu,(6M)?] = E,[rPEy, (¢))?]
=E By, juf=r[r*(6(z1))?]

< VB [rHEn(¢)* ©3)

where this last line is finite by our assumptions on ¢ and p,

so from (92) we conclude that
>384 < G Bl By ()1 (94)
J

Qg2
Qg1

E The LPG property in the non-symmetric case: proofs of Section 4.2

E.1 Proof of Proposition4.11

Assumption 4.9 (Regularity of link function). We assume that ¢, ¢’ are both B-Lipschitz, and that
¢ (t) = O(1/1).

Assumption 4.10 (Subgaussianity). The data distribution v is M -subgaussian: for any v € S4_1,
we have ||z - v||y, < M, where |||y, := inf{t > 0; E[exp(2?/t?) < 2} is the Orlitz-2 norm.

Proposition 4.11 (Uniform gradient approximation). Under Assumptions .9 and forall 0 €
Sa-1,

Avi(0) = (1 =m0 (Wia(,7) log(Wia(v.7) ™)) 22
where the O(-) notation only hides constants appearing in Assumptions and

Proof. Recall the notation ¢g(x) = ¢({x,0)). Let v = 0* — m0. From the definition, we have that

(VGL(6),0%) = 2B, [¢y(¢o — do-) (- v)]
= Ey [ggvg*} . (95)

Since [E [gg -] is precisely ¢/ (m)(1 — m?), we need to establish that
. N 2
sup (B, g+ — Bag0.0:] < CVI=m2Wr5(029) (lo Wi 2(027)) 96)

Fix 6 and let Py - be the orthogonal projection onto the subspace spanned by ¢, 8*. For R > 0 we
consider A = {z € R%; || Ppg-z| < R}.

Eugno ~ Egose| = | [ goa- (0)otde) (a2

<

feag o 0a) -0 I+ [, o @vtaa) - ()|

Ta Ty

o7

Let us first bound 7,,. Denote by v = 6* — m#, with ||v||> = 1 — m? Since ¢ and ¢’ are Lipschitz
and |¢”| < O((1 + t)~!) by Assumption[4.9] we have that

Vago.0+ () = ¢ (o — po- )1 00 + ¢ (¢p0 — ¢p-0" )z v + ¢ (o — do- v (98)
satisfies

IV290,6- (2)|| < 2||v[|CLip(¢) R + 4]|v|Lip(¢)* R
< Cllvf|R, (99)
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and as a result we have that gg ¢+ is C/|v|| R-Lipschitz when restricted to Ag, and thus
T, < OR|[o|Wia(v.p) (100)

Let us now control the tail Tj. Since = " v is v/2M ||v||-subgaussian and ¢ is Lipschitz, we have that
z = |go,6+ ()| is M||v||-subexponential where M only depends on M and L. It follows that

T, < R(P,(z > R) +P,(z> R))

Rexp( ” T ) (101)

where (3 is a constant that depends only on M. As aresult, we have

IEv 96,6+ — Eqygo,0+] < Ii%I;fO <CR||U||W1 2(v, 1) + Rexp < Tl >) (102)
Setting .
R = —[lv||8~ " log((C|lv[|[W12(v,7)))
we obtain
[Evgo.0- — Eagogs] < 2C(1 = m?)8" [10g(Co][Wh (v, )| Wr2(v,7)
< (1 =m0 (Wh2(v,7) log(Wr2(1,7) 7)) (103)
as claimed.
|

E.2 Proof of Proposition[d.14]

We leverage Proposition and the fact that if ¢ has information exponent s = 2, then ¢'(m) ~ m
for small m.

We need to show that for b = ©(log d) we have

(VoL(8),6%) > C (m - é) . for ;3 <m< % , (104)
as well as
(VoL(0),0%) > C'(1 — m?) (105)
form >
From 1b and Wl,g(y, 7) < C/+/d, we obtain
(VoL(0),0%) = £'(m)(1 —m?) + (Vo L(0),07) — £'(m)(1 — m?)
> 202m(1 — m?) — (1 — m®)CW.2(v,7) log(W1 2 (v, 7))
5 C
> (agm -0 aoutvi/)) (1 )
> ol (m -C ZC log(ﬁ/C)) (1 —m?)
a3
2 . log <’ —m2
> o (m a ) (1 ) (106)

which proves (TI04) and (T03).

E.3 Proof of Proposition [d.16|

Assumption 4.15 (Additional Regularity in third derivatives). ¢ admits four derivatives bounded
by L, with |¢®) (t)| = O(1/t) and |¢D(t)| = O(1/t?). Moreover; the third moment of the data
3

distribution is finite: T3 = E,[t°] < 0.

35



Proposition 4.16 (Stein’s method for product measure). Let x(6,0*) = ||0]|2 + ||0*||3. Under
Assumptions and there exists a universal constant C = C (M, B, T3) such that

AL(0) < Cx(0,0%) ,and Ay (0) < CvV1—m2x(0,0"). (23)

Proof. Recall the notation ¢y (z) = ¢({x,0)), and, using v = 6* — m#,

ho,o+ (x) == ¢5 — 2000~ , (107)
90,0+ () := 20 (do — o+ )(z - v) (108)
so that
AL(0) = Eylhg o+ ()] — Ey[hge-(7)], (109)
Avr(0) = Ey[g,6+(x)] — Ey[ge,6+ ()] . (110)

The result is obtained via the following Stein coupling method for product measures:

Theorem E.1 (Stein Coupling, [R6llin, 2013 Theorem 3.1]). Let X be a d-dimensional random
vector of independent coordinates, such that EX = 0, E[XX "] = I; and E|X;|? = 7 < 00. If Z
is a standard Gaussian random vector, and h : R% — R is three-times differentiable, then

d
o 31193
[ER(X) — ER(Z)| < & ;T 10z,

oo - (111)

We verify that, thanks to the decay assumptions in Assumption[.135] we have

92 g0.6- (1) = M (2)0; 4 Ao (2)0767 4 As(2)0;(67)* + Ma(z)(67)° (112)
03 ho 0+ (x) = X5 ()07 + X6 ()0707 + Az (2)0:(67)° + As(2)(67)° (113)
where ~
sup  |[Ax(2)| < Cllvl|,  sup  [M(x)] < C. (114)
ke{1,2,3,4} ke{5,6,7,8}

Observing by Cauchy-Schwartz that

maX{ZIHiIQIHE‘I,ZIHiIS} <1613 ,
maX{Z 071631, 9fl3} < (16" .

we obtain from Theorem [E.1] that
AL(O) < CX(Q,G*) ) AVL<9) < CIH’U”X(G,G*) s

as claimed. [ |

36



