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ABSTRACT
We present Hawkeye, a system for analyzing and reproducing GPU-level arithmetic operations. Using our
framework, anyone can re-execute on a CPU the exact matrix multiplication operations underlying a machine
learning model training or inference workflow that was executed on an NVIDIA GPU, without any precision
loss. This is in stark contrast to prior approaches to verifiable machine learning, which either introduce significant
computation overhead to the original model owner, or suffer from non-robustness and quality degradation. The
main technical contribution of Hawkeye is a systematic sequence of carefully crafted tests that study rounding
direction, subnormal number handling, and order of (non-associative) accumulation during matrix multiplication
on NVIDIA’s Tensor Cores. We test and evaluate our framework on multiple NVIDIA GPU architectures (
Ampere, Hopper, and Lovelace) and precision types (FP16, BFP16, FP8). In all test cases, Hawkeye enables
perfect reproduction of matrix multiplication on a CPU, paving the way for efficient and trustworthy third-party

auditing of ML model training and inference.

1 INTRODUCTION

Modern machine learning (ML), including both model
training and inference, has become increasingly compute-
intensive, driven by the rapid growth in number of model
parameters, dataset size, and architectural complexity (Ka-
plan et al., 2020; Hoffmann et al., 2022). This is especially
true with large language models, and the training and infer-
ence of state-of-the-art models now often requires massive
compute clusters and careful orchestration of distributed
systems (Shoeybi et al., 2019; Rajbhandari et al., 2020). To
meet these growing demands, a new class of training and in-
ference platforms has emerged, offering ML-as-a-service to
offload the heavy computational burden from end users. For
instance, cloud-based solutions like AWS SageMaker (Ser-
vices, 2025), Google Vertex Al (Cloud, 2025), and Azure
ML (Microsoft, 2024) provide full-stack infrastructure for
model training, tuning, and deployment, while companies
such as Replicate (Replicate, 2025) and TogetherAl (Al,
2025) provide API endpoints to support clients who lack the
resources to train a model themselves.

However, these services require clients to trust them to
train or run inference correctly, without introducing any
backdoors, shortcuts (e.g. training for a reduced number
of steps), or other runtime modifications to the provided
models. How can we guarantee that the service provider
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executed the task as specified, and hold them accountable?
This task, referred to as verifiable ML, seeks to design
ML training and inference platforms with the additional
guarantee that all tasks are executed correctly (Peng et al.,
2025; Sun et al., 2024; Ganescu and Passerat-Palmbach,
2024; Lycklama et al., 2024; Srivastava et al., 2024; So
et al., 2024).

There has been a long history in the cryptography and secu-
rity literature on verifiable computation, where the typical
setting considers a powerful server that performs a heavy
computation for a computationally weak verifier (Shamir,
1992; Kilian, 1992; Goldwasser et al., 2008; Gennaro et al.,
2013; Parno et al., 2013; Groth, 2016; Maller et al., 2019;
Gabizon et al., 2019; Chiesa et al., 2020a; Ben-Sasson et al.,
2018a; 2019; Chiesa et al., 2020b; Setty, 2020; Wiist et al.,
2018; Xie et al., 2019; Kate et al., 2010; Ben-Sasson et al.,
2018b; Biinz et al., 2018). These techniques guarantee that
the prover executes the prescribed computation, without
requiring the client to fully re-execute it. However, a prereq-
uisite of these works is that the computation performed by
the server is deterministic, which is not true for modern ML
workflows (Hutson, 2018).

Typical ML training and inference tasks heavily depend on
software and hardware implementations, which oftentimes
are not fully known (see Section 2 for details). A primary
source of non-determinism is in the accumulation process
within specialized hardware units, such as the widely used
NVIDIA Tensor Cores.! Non-determinism arises from many

"Tensor Cores are specialized hardware units that perform
highly optimized matrix multiplications.
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unspecified details including rounding strategy, subnormal
numbers, and the order of accumulation during matrix mul-
tiplication operations (as floating point arithmetic is not
associative) (Shanmugavelu et al., 2024). Thus, the same
model provided the same input and random seed on differ-
ent GPUs could result with different inference outputs (see
(Srivastava et al., 2024) for an example).

Motivation. Suppose an auditor wishes to re-execute a
specific computation on a CPU in order to verify correctness.
For example, an auditor may wish to verify that a service
provider hosting a language model is indeed providing the
correct next-token output during inference, with respect
to a particular sampling method. In an idealized world
of purely deterministic computation, such a re-execution
would either match the outputs exactly, or reveal discrep-
ancies attributable to incorrect execution (e.g., a service
provider wishing to cut costs by serving a smaller language
model). However, in practice, running the same computa-
tion on different hardware, or even on the same hardware
with different low-level execution schedules, can produce
different numerical results.

Consider the following concrete simplified FP16 vector-
vector multiplication A - B” (which can easily be general-
ized to matrix-matrix multiplication):

A=1[65504 1 —65504 1],

B=1[1 0001 1 0.001].

On Tensor Cores of NVIDIA’s L40S GPU (Ada Lovelace
architecture), the result is 0, whereas on NVIDIA’s A100
GPU (Ampere architecture), the result is 0.0020. Such small
discrepancies can accumulate over the course of an entire re-
peated inference or training run, resulting in different model
weights and downstream predictive behavior. Additional ex-
amples on the effect of non-associativity on the stability of
computations, or downstream performance of models, can
be found in (Shanmugavelu et al., 2024; Srivastava et al.,
2024).

As a result, simply comparing outputs between the original
execution and an auditor’s re-execution is insufficient for
verification: even a perfectly correct computation may not
result in a bitwise match. To provably avoid ambiguity in
ML computations, one systematic approach is to disable
non-deterministic hardware features. This guarantees re-
producibility, but often incurs significant slowdowns (Arun
et al., 2025). An alternative approach (Srivastava et al.,
2024) for verifiable training proposes rounding intermedi-
ate computations to eliminate the accumulation of errors,
but results in high storage cost for the model provider who
stores rounding decisions.

Other works (e.g., (Ong et al., 2025)) take a heuristic ap-
proach, asserting that the numerical discrepancies between

different hardware backends in typical ML workloads are
“small enough” to be ignored. While such heuristics may
hold in many practical scenarios, they lack formal guaran-
tees, and it has not been shown whether they remain valid in
adversarial or edge-case settings. For instance, a malicious
service provider might deliberately exploit non-determinism
to introduce imperceptible but harmful changes. There-
fore, developing a principled framework for verifiable and
reproducible ML that is robust to hardware-induced non-
determinism remains a fundamental and urgent research
challenge.

Our work. Our main contribution is designing Hawkeye,
a platform for accurately reproducing matrix multiplica-
tion, the fundamental operation behind training and infer-
ence, across hardware types without modifying the origi-
nal GPU kernels. Our only requirement is knowing which
GPU was used for the execution. We show that, despite
architectural disparities, it is possible to replicate the exact
bit operations of NVIDIA’s GPU Tensor Cores on CPUs.
Such a capability unlocks new verification workflows where
an offline reference CPU run serves as an oracle against
which arbitrary GPU executions can be checked at essen-
tially no overhead. We test our framework across different
GPU architectures and datatypes, showing a 100% success
rate in replicating large (4096 x 4096) matrix multiplica-
tion. Source code for Hawkeye is provided at https:
//github.com/badasherez/gpu-simulator.

2 THE CHALLENGE: REPRODUCING NNS

Ata very high level, the workflow of both training or running
inference with a neural network (NN) consists primarily of
a sequence of matrix multiplication (MatMul) operations
interleaved with nonlinear element-wise functions, such as
activation functions.

GPU architecture. Single-Instruction Multiple-Thread
(SIMT) cores, often referred to as CUDA cores, serve as
versatile computing units capable of executing a broad spec-
trum of instructions, such as integer arithmetic, floating-
point calculations, and load/store operations. These cores
process scalar or vector instructions over individual or
grouped data elements. In contrast, Tensor Cores (NVIDIA,
2022; 2020) are purpose-built hardware units optimized for
high-throughput matrix multiplication. For example, the
Tensor Cores on NVIDIA’s A100 and H100 GPUs deliver at
least 10x improved performance for particular calculations
over SIMT cores. Importantly, Tensor Cores operate on a
coarser granularity: a single mma instruction can multiply
two 16 x 16 matrices in one instruction.

Sources of non-determinism. Two main sources of non-
determinism arise within this workflow due to the nature of
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floating-point arithmetic:

* Software-based non-determinism. Floating-point op-
erations performed in different orders across software
implementations can yield varying numerical results,
despite mathematical equivalence. This issue can be
resolved by explicitly enforcing a consistent operation
ordering, such as different algorithms for the convo-
lution operation or batching (Heumos et al., 2023;
PyTorch Contributors, 2026; Thinking Machines Lab,
2025).

* Hardware-based non-determinism Different hard-
ware architectures can produce divergent floating-point
results for the same computations due to hardware
design choices. Libraries such as (pyxis-roc, 2021)
accurately reproduce GPU element-wise functions on
CPUs, but more complex operations such as matrix
multiplication remain unresolved.

Problem statement. Given a specific GPU architecture
employing Tensor Cores for matrix multiplication, we aim
to replicate these Tensor Core computations precisely on
CPU architectures, achieving bit-exact equivalence for every
individual output. In particular, we seek to emulate the
Tensor Core operation that updates an FP32 accumulator tile
C with the product of two input tiles A and B of dimensions
16 x 16 (in FP16, BF16, or FP§ precision), following

Ot+1 = Ct + AtBt.

Achieving bit-exact equivalence is challenging because Ten-
sor Core computations are implemented through hardware-
specific mixed-precision pipelines whose numerical be-
havior is only partially exposed through the programming
model. While individual floating-point operations follow
IEEE 754 semantics, Tensor Cores use implementation-
specific accumulation structures and internal intermediate
representations. As a result, the effective accumulation or-
der and rounding points differ from those produced by a
straightforward CPU implementation, making faithful soft-
ware emulation of Tensor Core arithmetic non-trivial.

3 FLOATING-POINT PRELIMINARIES

Floating-point (FP) numbers provide a method to repre-
sent real numbers using finite precision, characterized by
three components: a sign bit (s), exponent bits (e), and
mantissa (fractional) bits (m). According to the IEEE 754
standard (Kahan, 1996), a FP number z is represented as:

T = (_1)sign . 2exponent7bias . mantissa

bias = 2len(exponent)—1 _1.

Additionally, the mantissa includes an implicit leading bit,
typically 1 for normalized numbers and O for subnormal
numbers.

Floating-point data types differ in their allocation of bits,
and with Hawkeye we focus on the following types:

* FP32 (Single precision): 1 sign bit, 8 exponent bits,
and 23 mantissa bits. An FP32 number can represent
values in the range of approximately 3.4 x 1038,

¢ FP16 (Half precision): 1 sign bit, 5 exponent bits,
and 10 mantissa bits. An FP16 number can represent
numbers in the range +65, 504.

* BF16 (Brain floating-point): 1 sign bit, 8 exponent
bits, and 7 mantissa bits; exponent bias = 127. A
BF16 number shares the same exponent range as FP32
(£3.4 x 1038), prioritizing dynamic range over preci-
sion.

* FP8 (E4M3 format): 1 sign bit, 4 exponent bits, and 3
mantissa bits; exponent bias = 7. An FP8 number can
represent values roughly in the range 4-448.

Finally, there exists exceptional bit patterns for floating
point representations, including subnormal numbers (values
closer to zero), infinity (all exponent bits are ones and the
mantissa is zero), and NaN (all exponent bits are ones and
the mantissa is non-zero).

3.1 Multiplication and Addition of FPs

The IEEE 754 standard defines how floating-point numbers
are represented and manipulated in binary systems. It in-
cludes rules for operations like addition and multiplication
to ensure consistency across different computing platforms.

We describe the algorithms for floating-point multiplication
and addition in Algorithm 1 and Algorithm 2, respectively.
For clarity, the algorithms below omit special cases (e.g.,
NaN, infinity, subnormal numbers, overflow, and underflow),
but present the core steps for normalized FP numbers.

Algorithm 1 IEEE 754 Floating-Point Multiplication
Require: Floating-point

(Sba €bh, mb)
Ensure: Resulting

inputs  (8q4,€q,Mm,) and

floating-point value
(sresult; Cresult, mresult)
Sresult <= Sa D Sp
Eresult <— €4 1+ €, — bias
Mresult $— (1 + ma) X (1 + mb)
if Myesur > 2 then
Myesult <= Mresult > > 1
Eresult < Cresult + 1
end if

AN A SR ey
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8: Round meqyie to the nearest representable number in the
target FP data type, using tie-breaking towards even.

Algorithm 2 IEEE 754 Floating-Point Addition

Require: Floating-point
(Sby €p, mb)
Ensure: Resulting

inputs  (8q4,€4,Mm,) and

floating-point value
(Sresult; Cresult, mresult)

I: emax ¢ max(eq,ep)

2: Align mantissas:

m), < (1+mg)x 20 —em),
3: Perform addition or subtraction based on signs:
Myesult < (_1)sam; + (_1)Sbm§7
Sresult < Sign(mresult)

Myesult < | Myresult ‘

Cresult ¥ €max
Normalize myegui:

AN A S

o If Myesure > 2, shift myegyy right until 1 < Mmyequre <
2, incrementing €yeqy¢ by the shift amount.

o If Myesur < 1, shift miequre left until 1 < Mmyeque <
2, decrementing eresyie by the shift amount.

8: Remove implicit leading bit from Mgy (retain frac-
tional part only)

9: Round Mgy to the nearest representable number in the
target FP data type, using tie-breaking towards even.

Non-associativity. Floating-point arithmetic is sensitive
to the order of operations due to rounding. Although
IEEE 754 specifies the exact result of each individual
floating-point operation, different evaluation orders intro-
duce different intermediate rounding steps, which can lead
to different final results. For example, consider three FP16
values ¢ = 65504, b = —65504, and ¢ = 1. Evaluat-
ing (a + b) + ¢ yields 1, since a + b = 0 exactly and
0+ 1 = 1. However, evaluating a + (b + ¢) yields 0: the
sum b + ¢ = —65503 cannot be represented in FP16 and
rounds to —65504, after which a + (—65504) = 0.

4 OVERVIEW OF HAWKEYE

The goal of Hawkeye is to reproduce the bit-exact result
of matrix multiplication with Tensor Cores on CPUs, in or-
der to enable verifiable and reproducible machine learning.
To this end, we developed a systematic testing methodol-
ogy aimed at understanding and reproducing the internal
numerical behavior of GPU Tensor Cores.

my < (14my) x 2(co—em)

Tensor Core Characterization Methodology. To char-
acterize the numerical behavior of Tensor Core matrix
multiply-accumulate operations, we implement custom
CUDA kernels that directly invoke the hardware MMA in-
structions via inline PTX assembly. For BF16 and FP16
on NVIDIA GPUs, the PTX wmma . mma_sync instruction
compiles to a single HMMA SASS instruction. Using these
kernels, we execute a series of targeted tests designed to
isolate individual properties of the internal accumulation
pipeline. These targeted tests are performed over the multi-
plication of three tiles, A, B, and C (the accumulator), of
dimensions 16 x 16 each, which we select to test certain
properties. Finally, we then encode these characterization
results into a software simulator that reproduces the discov-
ered accumulation semantics.

Target Tests Hawkeye consists of a suite of targeted tests,
each designed to characterize specific aspects of matrix
multiply-accumulate (mma) operations on NVIDIA Tensor
Cores. The same set of tests allows us to recover the exact
sequence of operations across different GPU architectures
and data types. While we expect the framework to gener-
alize to additional architectures and precisions, our study
focuses on three GPU architectures (Ampere, Hopper, and
Ada Lovelace) and three precision formats (FP16, BF16,
and FP8).

¢ Summation Dependency and Order Test: This test
determines the precise sequence in which summations
are executed during the accumulation phase.

¢ Internal Precision Detection Test: This test identifies
the exact internal numeric precision employed during
each individual summation step within the Tensor Core
computations.

* Rounding Mode Detection Test: This test detects
and characterizes the rounding mode applied for each
arithmetic operation, enabling accurate replication of
GPU rounding behavior.

¢ Normalization Stage Detection Test: This test recov-
ers at which specific stages the intermediate computa-
tional states are normalized into standard floating-point
representations.

* Subnormal Behavior Detection Test: This test char-
acterizes the handling and representation of subnormal
floating-point numbers throughout the Tensor Core
computation pipeline.

By combining the results of these tests, we can reconstruct a
computational model that accurately reproduces the Tensor
Core arithmetic pipeline, ensuring bit-for-bit equivalence
across every matrix multiplication output. In the following
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sections, we walk through the test outputs for reproducing
multiplications of FP16 on Ampere (Section 5), FP16 on
Hopper (Section 6), and BFP16 on Ampere (Section 7). We
found that Lovelace followed the same architecture struc-
tures as Ampere, and present empirical results confirming
successful bit-wise replication over hundreds of thousands
of randomly generated 16 x 16 tiles in Section 8.

5 REPRODUCING FP16 WORKFLOW ON
AMPERE

We now go through in detail how Hawkeye can enable
replication of FP16 matrix multiplication on Ampere Tensor
Cores. However, before applying our sequence of targeted
tests, we will first verify that that a single multiplication of
two FP16 numbers does retain full precision.

5.1 Full-Precision FP16 Products Verification

We first want to understand whether multiplication of two
FP16 numbers retains full precision in the context of a GPU-
style dot product. To examine this behavior, We set 4; 1 =
B; = 211 _ 1, which, results in a product that exceeds
the dynamic range of FP16. This value produces a product
that requires the widest mantissa—up to 21 bits—among all
possible multiplications of two finite FP16 values, exceeding
the precision directly representable in the FP16 format.

All other elements of tiles A and B are initialized to zero,
and the accumulator C; ; is also set to zero. This con-
figuration ensures that the dot-product reduces to a single
multiplication:

Dij = Cij+ Ay~ Byj = (2" —1)°

Note that the product (2!! — 1) = 4190209 exceeds the
range of FP16, and would therefore result in infinity if stored
as FP16 during accumulation. However, after applying the
Algorithm 3 Test, we see that the result is exact and no
precision is lost. This is consistent with the known details
of NVIDIA Tensor Cores (Appleyard et al., 2017).

Algorithm 3 FP16 xFP16 Overflow and Precision Behavior

1: Initialize tiles A, B, and C to all zeros
2: Set Ag 1 + 211 —1=12047

3: Byg <+ 211 —1=2047

4: Compute in the Tensor cores:

D+ C+A-B

5: Verify Dy o = (2!* — 1)? to ensure full precision prod-
uct.

Conclusion: A single product of two FP16 elements is
maintained with full precision (FP32).

5.2 Summation Dependency and Order

We now proceed with the first test in Hawkeye: reverse-
engineering the specific order of partial sums of products,
which impacts the final bit-level result. This requires iden-
tifying computationally independent subgroups within the
summation, which involves an exhaustive search across all
possible subsets of the 16 products. For each subset, we
perform a call to Algorithm 4 to check for computational
neutrality. A subgroup is defined as computationally neu-
tral if, when its elements are engineered to sum to zero,
they have no impact on the final bit-level result of the total
accumulation.

By collecting these neutral subgroups, we can reconstruct
the nested structure of the calculation. This nesting shows
how smaller groups of operations are bundled inside larger
ones. For example, if a small set of products is found
to be neutral and is also part of a larger neutral group,
it indicates that the hardware first combines the smaller
set into a partial sum before adding it to the rest of the
elements. This hierarchy allows us to trace the branches
of the hardware’s summation logic, as well as determine
whether the accumulator enters the pipeline at the beginning
or the end of the process.

Algorithm 4 Test for a Computationally Neutral Subgroup

1: S is a set of product indices {k1, ks, ..., km} from
{0,...,16}.

Constants:

‘/large — 220

V:‘;mall <~ 2720

Test 1: Cancellation Scenario
C'O,O — Vlarge if 0 € Selse Vsmall
for k € {1,...,16} do
9: ifk ¢ S then
10: Ao ks Br,o <+ vV Vemaits VVsmail
11: else
12: AO,ka Bk,O — \V4 Wargea \ ‘/large
13:  endif
14: end for
15: Multiply half of the elements in S by -1 in order to get
Zero sum
16: D < Compute in Tensor cores(C + AB)
170 Reancel < DO,O
18:
19: Test 2: Zeroed Subgroup Scenario (Baseline)
20: CO’O «— 0if 0 € S else Vymau
21: fork € {1,...,16} do
22:  if k ¢ S then
23: Ao ks Bro < VVemait: VVematt
24:  else
25: A()’k, Bk’() 0,0
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26:  end if

27: end for

28: D < Compute in Tensor Cores(C + AB)
29: Rzero — DO,O

30: return BitwiseCompare(Reancel, Rzero)

Conclusion: Our experimental results show that the group
containing the initial accumulator and the first eight products
is the only non-singleton subgroup that is computationally
neutral. We can conclude that the hardware implements
the specific two-stage accumulation structure depicted in
Figure 1. Crucially, there is no evidence of dynamic sorting
or reordering within the summation mechanism, indicating
a straightforward and deterministic accumulation strategy
implemented in the hardware.

Figure 1. Computational graph of the two-stage tensor core accu-
mulation in a pyramid structure. The initial accumulator C; ; and
the first 8 products are summed into an intermediate result, which
is then summed with the last 8 products.

5.3 Inferring GPU Internal Representation During
Summation

We next design a test to infer the size of the internal signifi-
cand (mantissa) used during summation. Specifically, our
goal is to determine the smallest representable value that
survives addition without being rounded, thereby revealing
the effective precisionsof the internal accumulator.

In this test, formalized in Algorithm 5, weset A; 1 = A; 2 =
1, B1; = 1, and By ; = —1, so that not only are their
combined contribution to the dot product equal to zero,
but also so that any elements with significantly smaller
exponents will be “swallowed” due to limited precision
during addition. We then set a small, non-canceling, term

by setting A; 3 = 2/7¢/21 and B3 ; = 2L7¢/2 which will
result in the product A; 383 ; = 27¢. All other elements in
A, B, C were set to zero. We then gradually increase ¢ in
order observe the smallest value of ¢ such that D; ; = 27¢
is preserved in the result, without being rounded out.

Algorithm 5 Reproducing GPU Internal Representation

1: Initialize matrices A, B, C' to zeros

2: Set Ai71 —1, Bl,j —1
3: Set Ai’Q — 1, B27j — —1
4: for each integer ¢ > 1 do
5: Set Ai13 — 2[76/2], Bg’j « 2l=e/2]
6:  Compute in the Tensor cores:
D+~ C+A B
7: if Di,j 75 27¢ then
8: Record ¢ — 1 as the smallest exponent surviving
without rounding
9: break
10:  end if
11: end for

Conclusion: Running this experiment on NVIDIA Ampere
Tensor Cores with FP16 datatype resulted in a smallest
value of ¢ = 24, indicating a 24-bit significand (including
the implicit leading bit) consistent with FP32 accumulation.

5.4 Rounding Mode in Shift Operation During
Summation

During floating-point addition, operands with different ex-
ponents must first be aligned by shifting the significand of
the smaller-magnitude operand. This shift operation may
discard low-order bits when the shift exceeds the available
precision of the internal accumulator. The handling of these
discarded bits depends on the rounding mode used during
alignment. In this section, we determine the rounding mode
applied by Tensor Cores during this internal shift step.

Algorithm 6 Recovering Rounding Mode

1: Initialize matrices A, B, C to zeros

2: Set Ai717AZ'72 +— 1, Bl,j +~ 1, BQJ +— —1

3: Test 1: Set A; 5 + 2713, By j + 2712

4: Compute dot product in the Tensor cores and verify

result is 0.

5: Test 2: Set Ai,B — 72713, keep B37j — 2712

6: Compute dot product in the Ten-
sor and verify result is O (rules out

nearest_tie_towardsminus_infinity,
towardsminus_infinity)

7: Test 3: Set Ai,3 — 2712 4 2713, B37j — 2712

8: Compute dot product in the Tensor and verify result
is 2724 (rules out nearest_tie_towards_even,
towards_even)
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9: Test 4: Set Ai73 — 2713, Bgﬁj — 2712 49713
10: Compute dot product in the Tensor and verify result is
0 (indicating truncation rather than rounding)

To isolate this behavior, we construct dot products in which
a very small value must be aligned against values of mag-
nitude 1 during accumulation. The formal procedure is
shown in Algorithm 6. We initialize the matrices so that two
products cancel exactly: A;1 = A;2 =1, By ; =1, and
Bj j = —1. This ensures that the mathematically correct
result of the dot product is determined solely by a carefully
chosen small term.

Test 1. We first set A; 3 = 27'3 and Bs ; = 272, pro-
ducing the product 272°. The observed result of the dot
product is 0. This outcome is consistent with several round-
ing strategies during the shift step, including nearest-based
modes and directed rounding modes.

Test 2. Next, we set A; 3 = —27'3 while keeping Bs ; =
2712, The result remains 0. If the shift operation used a
directed rounding mode toward negative infinity, the dis-
carded bits would produce a negative contribution, so we
can rule out rounding modes biased toward —oo.

Test 3. To test nearest-based rounding modes, we con-
struct a product slightly larger than the halfway point by
setting A4; 5 = 2712 + 2713 and B; ; = 2712, producing
(2—12 _|_ 2—13) . 2—12 — 2—24 + 2—25.
The observed result of the dot product is 2—24,

which eliminates rounding strategies such as
nearest_tie_towards_even and towards_even.

Test 4. Finally, we reverse the construction by setting
Az = 213 and Bs; = 2-12 4 913 This again produces
a value slightly above the halfway threshold. The observed
result is 0, indicating that the extra bits introduced during
alignment are discarded rather than rounded upward.

Conclusion. Across these experiments, the observed
behavior is consistent with a rounding mode of
towards_zero during the internal shift operation. In
other words, when the alignment step discards low-order
bits, Tensor Cores truncate these bits rather than rounding
them to the nearest representable value.

5.5 Post-Multiplication Normalization

We next investigate whether intermediate products are nor-
malized before being forwarded to the accumulation stage.
Normalization means adjusting a number’s representation
so that the significand (mantissa) falls within a standard

range. An alternative design is to defer normalization and
pass the raw product significand directly to the accumulator.

To determine which behavior Tensor Cores implement, we
construct a dot product that produces large intermediate
products that cancel exactly while introducing a very small
third term (Algorithm 7). Specifically, weset A; 1 = A; 2 =
1.5, By; = 1.5, and By ; = —1.5, yielding products of
2.25 and —2.25 that cancel during accumulation. We then
introduce a small term by setting A; 3 = 27'? and B; ; =
2712 producing the product 224,

If products were normalized immediately after multiplica-
tion, the renormalization step would increase the exponent
of the large intermediate values (e.g., 2.25 = 1.125x 21, in-
creasing the exponent difference during accumulation. This
larger alignment shift could cause the small value 2-%4 to
be discarded during exponent alignment. Conversely, if
normalization is deferred, the raw product significand is
accumulated directly, preserving the small contribution.

Algorithm 7 Detecting Post-Multiplication Normalization

1: Initialize matrices A, B, C to zeros

2: Set Aiyl,Ai_yg +— 1.5, Bl,j +— 1.5, B27j +— —1.5
3: Set Ai73 — 2_12, B3’j 2712

4: Compute in the Tensor cores:

D+ C+A-B

5: Check whether D, ; =272

With Amper FP16, we observed D; ; = 2724, indicating
that the small term survives accumulation. This behavior
is consistent with a design in which intermediate products
are not normalized prior to summation. Instead, the raw
multiplication result is forwarded directly to the accumula-
tion pipeline, allowing the internal product significand to
temporarily exceed the normalized range.

5.6 Normalization After Subnormal Multiplication

We next investigate how Tensor Cores handle products in-
volving subnormal inputs. In IEEE floating-point arithmetic,
subnormal numbers do not contain the implicit leading 1
in the significand, which effectively reduces the available
precision. Some floating-point pipelines renormalize such
values during multiplication, restoring a normalized rep-
resentation before forwarding the result to the accumula-
tion stage. Alternatively, the hardware may propagate the
reduced-precision significand directly into the accumulator.

To distinguish between these behaviors, we construct a test
in which a subnormal value is multiplied by a large normal
value and then combined with a smaller term whose preser-
vation depends on the effective precision of the intermediate
product (Algorithm 8).
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Specifically, we set A; 1 = 2-14=k_ which is a subnormal

FP16 value, and By ; = 2'4. Their product equals

Although the resulting value is normal, its significand orig-
inates from a subnormal input and therefore contains only
k significant bits of precision. We then introduce a smaller
value by setting A; » = 272* and Bj ; = 1, allowing us to
observe whether this contribution survives the subsequent
accumulation.

Algorithm 8 Detecting Normalization After Subnormal
Multiplication

Initialize matrices A, B, C to zeros

Set A;1 < 27 47F (subnormal FP16 value)
Set By ; < 2! (normal FP16 value)

Set Ai72 < 2724, Bgyj +—1

Compute in the Tensor cores:

A T

D+ C+A-B

6: Check whether the term 2724 is preserved in D; ;

Conclusion. We observe that the product derived from the
subnormal operand behaves as if its significand contains
only the reduced precision inherited from the input. The
smaller term is therefore more easily lost during alignment
in the accumulation stage. This indicates that Tensor Cores
do not renormalize the result of a subnormal multiplication
prior to accumulation; instead, the reduced-precision signif-
icand produced by the multiplication is propagated directly
into the summation pipeline.

5.7 Rounding Mode of the Final Summation Result

Finally, we determine the rounding mode applied when the
internal accumulation result is converted to the output pre-
cision. Earlier experiments showed that the Tensor Core
accumulator maintains higher precision than the target FP16
format. When the final result is written back, excess man-
tissa bits must therefore be discarded or rounded.

To determine how this conversion is performed, we con-
struct a dot product in which a very large intermediate value
is perturbed by a small correction term (Algorithm 9). The
large product establishes the dominant magnitude of the re-
sult, while the smaller term introduces low-order bits whose
treatment reveals the rounding policy.

Test 1 (baseline magnitude). We first set

A1 =B ;=15-2"2 A;»=3, By;=1.
The dominant product is

(1.5-21%)% = 2.25 . 224,

while the smaller product contributes 3. The observed result
is

D;j =225 2%,
indicating that the small contribution is eliminated during

the final precision reduction.

Test 2 (sign-changing correction).
correction term with

Next, we replace the

Aio=1, By;=-1,
producing a product of —1. The observed result becomes
D;; =225-2* -5

The magnitude of the adjustment corresponds to the trunca-
tion of low-order mantissa bits rather than rounding to the
nearest representable value.

Algorithm 9 Recovering Rounding Mode of Final Result

—_

Initialize matrices A, B, C' to zero

2: Test 1:

30 Ajg + 1.5-212) By« 1.5-212
4: Ai,g +— 3, BQJ‘ +—1

5: Compute D <~ C+ A- B

6: Reset matrices

7. Test 2:

8: A;j1+ 1.5-2'2, B+ 1.5.212
9: Ai,g — 1, BQJ‘ — -1

10: Compute D+ C + A- B

Conclusion. The observed behavior indicates that the final
conversion from the internal accumulator representation
to the output format uses towards_zero rounding. In
other words, excess mantissa bits are truncated rather than
rounded to the nearest representable value.

5.8 Recovered Tensor Core Computation Pipeline

Based on the experiments described in the previous sections,
we reconstruct the numerical pipeline used by NVIDIA Am-
pere Tensor Cores for FP16 matrix multiply-accumulate
operations. The resulting model captures the sequence of
transformations applied to each partial product and the ac-
cumulation strategy used to produce the final output.

Our findings indicate that Tensor Cores follow a structured
pipeline consisting of three stages: (1) multiplication with
expanded internal precision, (2) grouped accumulation with
truncation-based exponent alignment, and (3) final normal-
ization and precision reduction to the output format. The
recovered computational model is summarized in Algo-
rithms 12, 13, and 14, with the corresponding computational
graph illustrated in Figure 1. This recovered model captures
the key numerical behaviors observed in our experiments, in-
cluding delayed normalization, truncation-based alignment
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during summation, and the hierarchical grouping structure
used for accumulation.

6 REPRODUCING FP16 WORKFLOW ON
HOPPER

To extend our analysis, we applied the same computational
neutrality tests to the Hopper architecture Tensor Cores.
The results revealed a different, more unified accumulation
strategy. In contrast to the two-stage process found in the
Ampere architecture, our tests on Hopper show that all 16
products are summed together with the initial accumulator
in a single stage, as depicted in Figure 2.

Furthermore, our analysis indicates that the Hopper architec-
ture utilizes an internal mantissa representation of 25 bits for
this accumulation compared to 24 in Ampere. Consistent
with the Ampere architecture, the final sum is normalized
only after accumulation is complete, and the rounding mode
is round-towards-zero.

Figure 2. Computational graph of Hopper Tensor Core accumula-
tion in a pyramid structure. The initial accumulator C; ; and the
16 products are summed into the final result

7 REPRODUCING BF16 WORKFLOW ON
AMPERE

We now extend our investigation of the dot product behavior
to the BF16 format. Initial experiments show that all pre-
viously observed behaviors in FP16, including summation
order, accumulator integration, rounding modes, and nor-
malization patterns, are preserved when operating in BF16
on Ampere GPUs. This confirms that the underlying dot
product algorithm is format-agnostic in terms of execution
strategy.

However, BF16 introduces two new cases that do not occur
in FP16-based tile multiplications. First, due to its wide
exponent range, multiplications within a tile can result in
products that fall below the smallest normalized FP32 value,
producing sub-normal results in the accumulation path. Sec-
ond, it is also possible for intermediate products or accumu-
lations to exceed the dynamic range of FP32, resulting in
overflow beyond the representable range of the FP32 format.

These scenarios require additional tests to understand how
such edge cases are handled, including whether rounding,
saturation, or flushing to zero is applied by the hardware.

7.1 Handling of Out-of-Range Values in Tile
Multiplication

To investigate how the GPU handles intermediate values
that exceed the representable FP32 range during BF16 tile
multiplication, we conducted two targeted tests. In the first
test, we set A;1 = Ao = A;3 = 2127 and By ; = 2,
By j = —2, B3 ; = 1. The expected contribution from
the first two terms cancels out, and the result is D; ; =
2127 the intermediate values exceeds the maximum finite
FP32 number (= 3.4 x 1038), yet the output was correctly
returned as 2'27, indicating that the hardware internally
allows intermediate values to temporarily exceed the FP32
range during summation, as long as the final result falls back
within the FP32 representable range.

In the second test, we set A; 1 = A; g = 2'27, with By ; =
2 and By ; = —2'27. The resulting dot product was D; ; =
o0, suggesting that the intermediate result exceeded the
FP32 dynamic range and was ultimately cast to infinity.
This confirms that after the accumulation step, the final
result is cast back to FP32, and any value that falls outside
the FP32 representable bounds is mapped to positive or
negative infinity according to the IEEE 754 standard.

Algorithm 10 Handling Out-of-Range in BF16

1: Require: Matrices A, B € R'6*16_ accumulator C €
R16x16

Initialize all entries of A, B,C to 0

Test 1 (temporary extended-range accumulation):
Ai,la Ai72, Ai,3 «— 2127 (BF16 inputs)
Bl,j — 2, B27j — =2, BgJ —1

Compute in the Tensor cores:

AN AN o

D+ C+A-B

7: Verify: D; ; = 2'27 (final FP32 within range despite
intermediate overflow)
8: Reset: Set all entries of A, B, C back to 0
9: Test 2 (final cast to FP32 with overflow):
10: A; 1, Aig 2127 (BF16 inputs)
11: Bl,j — 2, Bg)j — —2127
12: Compute in the Tensor cores:

D+« C+A-B

13: Verify: D; ; = oo (magnitude exceeds FP32;
saturated to IEEE 754 infinity)

Conclusion: These results indicate that while the GPU sup-
ports extended-range accumulation internally when using
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BF16, the final output still conforms to FP32 limits, and
extreme overflows are handled via saturation to infinity.

7.2 Minimal Effective Contribution from Sub-Normal
Products

As established in previous sections, the GPU performs inter-
nal summation using an extended exponent range beyond the
standard FP32 format. This higher internal precision allows
the accumulation of intermediate values with exponents far
outside the final representable FP32 range. Motivated by
this behavior, we tested what is the smallest multiplicative
contribution that can still affect the final dot-product result.
Since the internal summation uses rounding towards zero,
the only way a small product can influence the result is by
shifting into the least significant bits of the FP32 accumula-
tion and reducing a bit that is still within the representable
range.

We found that the smallest effective contribution corre-
sponds to a product with exponent 27156, This implies
that the summation logic tracks enough significant bits to
detect changes down to this level. In terms of group-based
alignment, this threshold is equivalent to taking the max-
imum exponent across all products and the number —132
(For Hopper GPUs, the corresponding number is —133). To
generalize this observation, we designed a reproducible test
framework that identifies the minimal maximal exponent
during accumulation across architectures, This procedure is
formalized in Algorithm 11.

To confirm this, we ran the following test: we set A; 1 =
Ai72 = qu,l = 2_74, and Bg’j = —2782 The result of the
dot product was D; ; = 2749 However, when we modified
By j to —2783 the result increased to D; ; = 27148, This
change confirms that a contribution at the 27 1% level still
affects rounding behavior due to its interaction with the
mantissa bits of the aligned sum. Any smaller contribution
would be fully truncated and have no effect.

Algorithm 11 Reproducing GPU Minimal max exponent

1: Input: m - GPU internal representation
2: Initialize matrices A, B, C' to zeros

3: for each integer e < 0 do

4: Set Ai,l — 2[5]’ B+ ols]

5: Set Ai,g — 2|—c_2m~|, Bgﬁj «— 2“_27”
6:  Compute in the Tensor cores:

D+~ C+A B
7. if Di’j = 2¢ then
8: Record e+1 as the minimal option for the maximal
exponent during accumulation.

9: break
10:  end if

11: end for

8 EMPIRICAL RESULTS

Recall that the primary motivation of Hawkeye is verifiable
machine learning: given a server’s computation on an arbi-
trary GPU, can an auditor replicate the computation such
that any discrepancies must be due to incorrect behavior
versus GPU nondeterminism? Due to scope of our paper,
we leave integrating matrix multiplication implementations
identified by Hawkeye into the architecture of an existing
model for future work. However, we provide simulators
across the different GPU architectures and precision types
we study in a public repository available here: https:
//github.com/badasherez/gpu-simulator.

To test our simulators, we create bit-exact reproduction tests
across architectures (e.g. H100) and precision types (e.g.
FP16), even extending our prior analysis to FP8 (E4M3
type) precision. These tests compare the outputs of our
simulator with outputs of the custom kernels invoking mma
on the hardware the simulator is run on. Across 100,000
randomly generated 16x16 matrix multiplication, our tests
demonstrate 100% bit-exact replication.

We further report the average CPU execution times for sam-
ple matrix multiplications in Table 1, noting that our im-
plementation provides a performance baseline, and further
optimizations (such as a integer-based GPU implementation
of the simulators) are deferred to future work. However, we
note that for applications in verifiable ML, it suffices for an
auditor to reproduce a computation only once, and therefore
a slow CPU-side execution can be tolerated.

9 FUTURE WORK AND CONCLUSION

While Hawkeye demonstrates that GPU-level numerical
behaviors can be faithfully reproduced on CPUs (or other
GPU hardwares), several challenges remain before such
techniques can be fully integrated into verifiable machine
learning pipelines, including proof systems and distributed
training settings. First, our current framework focuses on a
subset of NVIDIA architectures that utilize Tensor Cores;
extending this approach to other hardware vendors and ac-
celerator designs is an important direction for future work.
Although vendor-specific implementations may introduce
subtle differences, we believe that our test suite captures the
fundamental design choices underlying 16 x 16 tiled matrix
multiplication, providing a strong basis for generalization.

Second, while Hawkeye accurately reproduces low-level
matrix multiplication behavior, higher-level operations com-
monly used in modern ML workloads—such as convolu-
tions or attention mechanisms —require additional reverse
engineering of implementation details beyond the scope of
this work. Bridging this gap is essential for enabling end-to-
end reproducibility of full training and inference pipelines.
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Finally, integrating Hawkeye into practical verification
frameworks raises systems-level challenges, including scal-
ability in distributed environments and compatibility with
cryptographic proof systems. Addressing these challenges
will be critical for deploying Hawkeye in real-world auditing
and verification workflows. Overall, Hawkeye provides a
foundation for understanding and reproducing hardware-
level numerical behavior, paving the way toward repro-
ducible and hardware-agnostic machine learning systems.
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Table 1. Average execution time (in seconds) and standard deviata-
tion for 4096 x 4096 matrix multiplication on an Apple M4 Pro
CPU, calculated over 10 independent runs.

PRECISION  ARCHITECTURE TIME (SEC.) STD (SEC.)

FP16
FP16
BF16
BF16
FP8

AMPERE
HOPPER
AMPERE
HOPPER
HOPPER

50.8 3.2
47.2 2.5
52.5 2.9
48.2 2.6
40.6 0.6

Require: Floating-point

(5B7 €B7mB)

inputs  (sa,ea,ma) and

Ensure: Product (Sresu]t7 Eresult) mresu]t)

Mpaw <= M A

RN A

Sresult = SA D S
Cresult <~ €A T €B
-mp
Mesult <~ Mraw <K 3
return(sresulta Cresults mresult)

/I internal precision expansion

Algorithm 13 Grouped Summation (Recovered Ampere

Model for FP16)

Require: Floating-point values {(s;, e;,m;)}7"
Ensure: Result (Sout, €outs Mout)

end for

end for

Al e I AR S

—

fori = 1tondo
m; < m; <1

€max < Max; e;

for i =1tondo
A€ +— epmax — €;
m; <+ m; > Ae

M S0 (~1)% - m,

Normalize (emax, M) to floating-point form
. Truncate significand to output precision

: return(Soy, €out, Mout)

// expand to internal precision

// truncating alignment shift

Algorithm 14 Dot Product Computation (Recovered
Ampere Model for FP16)

Require: Accumulator C' and vectors A[1..16], B[1..16]

Ensure: Dot product result
for i = 1to 16 do
P[i] + Multiply(A[i], B[i])

end for

AN AN S i e

returnG,

G1 + GroupSum({C, P[1],..., P[8]})
Go < GroupSum({G1, P[9], ..., P[16]})




