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ABSTRACT

This paper presents a payoff perturbation technique, introducing a strong convex-
ity to players’ payoff functions in games. This technique is specifically designed
for first-order methods to achieve last-iterate convergence in games where the gra-
dient of the payoff functions is monotone in the strategy profile space, potentially
containing additive noise. Although perturbation is known to facilitate the con-
vergence of learning algorithms, the magnitude of perturbation requires careful
adjustment to ensure last-iterate convergence. Previous studies have proposed a
scheme in which the magnitude is determined by the distance from a periodi-
cally re-initialized anchoring or reference strategy. Building upon this, we pro-
pose Gradient Ascent with Boosting Payoff Perturbation, which incorporates a
novel perturbation into the underlying payoff function, maintaining the periodi-
cally re-initializing anchoring strategy scheme. This innovation empowers us to
provide faster last-iterate convergence rates against the existing payoff perturbed
algorithms, even in the presence of additive noise.

1 INTRODUCTION

This study considers online learning in monotone games, where the gradient of the payoff function is
monotone in the strategy profile space. Monotone games encompassed diverse well-studied games
as special instances, such as concave-convex games, zero-sum polymatrix games (Cai & Daskalakis,
2011; Cai et al., 2016), A-cocoercive games (Lin et al., 2020), and Cournot competition (Monderer
& Shapley, 1996). Due to their wide-ranging applications, there has been growing interest in devel-
oping learning algorithms to compute Nash equilibria in monotone games.

Typical learning algorithms such as Gradient Ascent (Zinkevich, 2003) and Multiplicative Weights
Update (Bailey & Piliouras, 2018) have been extensively studied and shown to converge to equilibria
in an average-iterate sense, which is termed average-iterate convergence. However, averaging the
strategies can be undesirable because it can lead to additional memory or computational costs in
the context of training Generative Adversarial Networks (Goodfellow et al., 2014) and preference-
based fine-tuning of large language models (Munos et al., 2024; Swamy et al., 2024). In contrast,
last-iterate convergence, in which the updated strategy profile itself converges to a Nash equilibrium,
has emerged as a stronger notion than average-iterate convergence.

Payoff-perturbed algorithms have recently been regaining attention in this context (Sokota et al.,
2023; Liu et al., 2023). Payoff perturbation, a classical technique referenced in Facchinei & Pang
(2003), introduces a strongly convex penalty to the players’ payoff functions to stabilize learning.
This leads to convergence toward approximate equilibria, not only in the full feedback setting where
the perfect gradient vector of the payoff function can be used to update strategies, but also in the
noisy feedback setting where the gradient vector is contaminated by noise.

However, to ensure convergence toward a Nash equilibrium of the underlying game, the magnitude
of perturbation requires careful adjustment. As a remedy, it is adjusted by the distance from an
anchoring or reference strategy. Koshal et al. (2010) and Tatarenko & Kamgarpour (2019) simply
decay the magnitude in each iteration, and their methods asymptotically converge, since the per-
turbed function gradually loses strong convexity. In response to this, recent studies (Perolat et al.,
2021; Abe et al., 2023; 2024) re-initialize the anchoring strategies periodically, or in a predefined
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interval, so that they keep the perturbed function strongly convex and achieve non-asymptotic con-
vergence.

We should also mention the optimistic family of learning algorithms, which incorporates recency
bias and exhibits last-iterate convergence (Daskalakis et al., 2018; Daskalakis & Panageas, 2019;
Mertikopoulos et al., 2019; Wei et al., 2021). Unfortunately, the property has mainly been proven in
the full feedback setting. Although it might empirically work with noisy feedback, the convergence
is slower, as demonstrated in Section 6. The fast convergence in the noisy feedback setting is another
reason why payoff-perturbed algorithms have been gaining renewed interest.

The most recent payoff-perturbed algorithm, Adaptively Perturbed Mirror Descent (APMD) (Abe
etal., 2024), achieves O(1/v/T)" and O(1/T 1) last-iterate convergence rates in the full/noisy feed-
back setting, respectively. The motivation of this study lies in improving these convergence rates.
We propose an elegant one-line modification of APMD, which effectively accelerates convergence.
In fact, we just add the difference between the current anchoring strategy and the initial anchoring
strategy to the payoff perturbation function in APMD.

Our contributions are manifold. Firstly, we propose a novel payoff-perturbed learning algorithm
named Gradient Ascent with Boosting Payoff Perturbation’ (GABP). This method incorporates a
unique perturbation payoff function, enabling it to achieve fast convergence. Subsequently, we
prove that GABP exhibits accelerated O(1/7T") and O(1/T'7) last-iterate convergence rates to a
Nash equilibrium with full and noisy feedback, respectively®. To derive these rates, we utilize the
concept of the potential function used in Cai & Zheng (2023). Specifically, the potential function we
employ is customized for handling noisy feedback. We further show that each player’s individual
regret is at most O ((ln T)2) in the full feedback setting, provided all players play according to
GABP. Finally, through our experiments, we demonstrate the competitive or superior performance
of GABP over the Optimistic Gradient algorithm (Daskalakis et al., 2018; Wei et al., 2021), the
Accelerated Optimistic Gradient algorithm (Cai & Zheng, 2023), and APMD in concave-convex
games, irrespective of the presence of noise.

2 PRELIMINARIES

Monotone games. In this study, we focus on a continuous multi-player game, which is denoted
as ([N], (X)ie(n)s (vi)iern])- [N] = {1,2,---, N} denotes the set of N players. Each player
i € [N] chooses a strategy m; from a d;-dimensional compact convex strategy space X;, and we
write X = Hie[ N] AX;. Each player ¢ aims to maximize her payoff function v; : X — R, which
is differentiable on X'. We denote 7_; € [] i ¥; as the strategies of all players except player 1,
and m = (m;);e[n) € X as the strategy profile. This paper particularly studies learning in smooth
monotone games, where the gradient operator V' (-) = (Vr,vi(-))ie[n] of the payoff functions is
monotone: Vm, 7’ € X,

(V(m) = V(r'),m =) <0, (1)
and L-Lipschitz for L > 0,
IV(r) = V(@) < Lijx =, 2)
where || - || denotes the ¢5-norm.
Many common and well-studied games, such as concave-convex games, zero-sum polymatrix games

(Cai et al., 2016), A-cocoercive games (Lin et al., 2020), and Cournot competition (Monderer &
Shapley, 1996), are included in the class of monotone games.

Example 2.1 (Concave-convex games). Consider a game defined by ({1, 2}, (X3, X2), (v, —v)),
where v : &7 X X5 — R is the payoff function. In this game, player 1 wishes to maximize v, while
player 2 aims to minimize v. If v is concave in 71 € &) and convex in 7w, € X5, the game is called
a concave-convex game or minimax optimization problem, and it is not hard to see that this game is
a special case of monotone games.

'We use O to denote a Landau notation that disregards a polylogarithmic factor.

2An implementation of our method is available at https://github.com/CyberAgentAILab/
boosting-perturbed-ga

3For a more detailed comparison of our rates with other works, please refer to Table 3 in Appendix F.2.


https://github.com/CyberAgentAILab/boosting-perturbed-ga
https://github.com/CyberAgentAILab/boosting-perturbed-ga
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Example 2.2 (Cournot Competition). Consider a Cournot competition model with a linear price
function. There are N firms in competition, and each independently and simultaneously chooses a
quantity 7; € X; := [0, C;] to produce certain goods, where C; is a constant greater than 0. The
price of the goods is determined by a linear function P(7) = a — b Zie[ ~] Ti» Where a and b are
constants greater than 0. The payoff for each firm ¢ is calculated as the total revenue from producing
; units of the goods, minus the associated production cost, i.e., v;(7) = m; P(7) — ¢;m;. This game
has been shown to satisfy the property of monotone games as defined in Eq. (1) (Bravo et al., 2018).

Nash equilibrium and gap function. A Nash equilibrium (Nash, 1951) is a widely used solution
concept for a game, which is a strategy profile where no player can gain by changing her own
strategy. Formally, a strategy profile 7* € X is called a Nash equilibrium, if and only if 7* satisfies
the following condition:

Vi € [N],V’ﬂ'l c Xi, ’l}i(7'(';<77'rii) > ’l)Z'(’lTiﬂTii).

We define the set of all Nash equilibria to be II*. It has been shown that there exists at least one
Nash equilibrium (Debreu, 1952) for any smooth monotone games.

To quantify the proximity to Nash equilibrium for a given strategy profile m € X, we use the gap
function, which is defined as:

GAP(n) := max (V(m),® — 7).

Additionally, we use another measure of proximity to Nash equilibrium, referred to as the tangent
residual. This measure is defined as:

tan(ﬂ') = aeIII\[li{Itﬂ—) H—V(ﬂ') + (l” R

r

where Nx(m) = {(ai)icin) € Hﬁilei Zf\;(ai,wg —m) <0, Va' € X} is the normal cone
atm € X. Itis easy to see that GAP(7) > 0 (resp. 7***(w) > 0) for any 7 € X, and the equality
holds if and only if 7 is a Nash equilibrium. Defining D := sup,, ¢y |7 — 7’| as the diameter of
X, the gap function for any given strategy profile m € X is upper bounded by its tangent residual:

Lemma 2.3 (Lemma 2 of Cai et al. (2022a)). For any m € X, we have:
GAP(7) < D - (7).

The gap function and the tangent residual are standard measures of proximity to Nash equilibrium;
e.g., it has been used in Cai & Zheng (2023); Abe et al. (2024).

Problem setting. This study focuses on the online learning setting in which the following process
repeats from iterations ¢ = 1 to T: (i) Each player i € [N] chooses her strategy 7} € X;, based on

previously observed feedback; (ii) Each player ¢ receives the (noisy) gradient vector V., v; (wt) as
feedback. This study examines two feedback models: full feedback and noisy feedback. In the full
feedback setting, each player observes the perfect gradient vector V., v;(7!) = V., v;(7"). In the
noisy feedback setting, each player’s gradient feedback V., v;(7") is contaminated by an additive
noise vector £, i.e., V,vi(w!) = Vn,vi(n") + €, where £ € R%. Throughout the paper, we
assume that & is the zero-mean and bounded-variance noise vector at each iteration ¢.
Payoff-perturbed learning algorithms. To facilitate the convergence in the online learning set-
ting, recent studies have utilized a payoff perturbation technique, where payoff functions are per-
turbed by strongly convex functions (Sokota et al., 2023; Liu et al., 2023; Abe et al., 2022). However,
while the addition of these strongly convex functions leads learning algorithms to converge to a sta-
tionary point, this stationary point may be significantly distant from a Nash equilibrium. Therefore,
the magnitude of perturbation requires careful adjustment. Perolat et al. (2021); Abe et al. (2023;
2024) have introduced a scheme in which the magnitude is determined by the distance (or divergence
function) from an anchoring strategy o;, which is periodically re-initialized. Specifically, Adaptively
Perturbed Mirror Descent (APMD) (Abe et al., 2024) perturbs each player’s payoff function by a
strongly convex divergence function G(m;,0;) : X; x X; — [0, 00), where the anchoring strategy
o; is periodically replaced by the current strategy 7! every predefined iterations 7.
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Algorithm 1 GABP for player .

Require: Learning rates {n; };>0, perturbation strength 1, update interval T, initial strategy 7,
Ik« 1, 7+0
2: ail — 7T,L~1
3: fort=1,2,--- ,T do R
4:  Receive the gradient feedback V., v; (")
5:  Update the strategy by

7T¢+1:argmax n v v»(wt)—uu—u(ﬂ'?—ak) T —EH,QC—W?HQ
7 X, t i V1 k41 i i) 2 i

6: T+ 71741

7. if 7 =T, then

8: k< k+1, 7«0

9: af<—7r,f+1

10:  end if

11: end for

Let us denote the number of updates of o; up to iteration ¢ as k(t), and the anchoring strategy
after k(t) updates as Jf ) Since o is overwritten every T, iterations, we can write k(t) = |(t —
1)/T5] + 1 and af ® = ﬂ'iT“(k(t)_l)H. Except for the payoff perturbation and the update of the

anchoring strategy, APMD updates each player ¢’s strategy in the same way as standard Mirror
Descent algorithms:

Trf"'l = arg max {m <6mv,;(7rt) - uVMG(ﬂ't Uk(t)),x> — Dy(z, ﬂ'f)} ,

Y
reEX;
where 7, is the learning rate at iteration ¢, y € (0, 00) is the perturbation strength, and D, (m;, 7)) =
Y(m;) — (nl) — (Vp(nl), m — m}) is the Bregman divergence associated with a strictly convex

function 1 : X; — R. When both G and D, is set to the squared ¢2-distance, this algorithm can be
equivalently written as:

. 1
7t = arg max {77,5 <vai(7rt) — (ﬂf — Uf(t)) ,x> — =l - 7th“2} :

TEX; 2
We refer to this version of APMD as Adaptively Perturbed Gradient Ascent (APGA). Abe et al.

(2024) have shown that APGA exhibits the convergence rates of O(1/+/T) and O(1/T'1 ) with full
and noisy feedback, respectively.

3 GRADIENT ASCENT WITH BOOSTING PAYOFF PERTURBATION

This section proposes a novel payoff-perturbed learning algorithm, Gradient Ascent with Boosting
Payoff Perturbation (GABP). The pseudo-code of GABP is outlined in Algorithm 1. At each iter-

ation t € [T'], GABP receives the gradient feedback 6m’0i(ﬂ't), and updates each player’s strategy
by the following update rule:

k(t) 1
~ AL 1
"1 arg maX{m <vmvi<wt> /AL CPLC) > Lot } ®
rEX;
e
()
o; is overwritten every T, iterations, and thus af ) is define as af ® = 7riT c(RO=DF!  The term
(*) in Eq. (3) is our proposed additional perturbation term. It shrinks as k(¢), the number of updates

(®)

k(t) .
of o;"", increases.
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For a more intuitive explanation of the proposed perturbation term, we present the following update
rule, which is equivalent to Eq. (3):

- k(o 4 51 1 2
41 _ (b)Y — t _M\WE T _ = _ ot
= argeriax {nt <Vﬂvz(7r ) — 1 <7rz OES] T 5 |z — || -

According this formula, it is evident that GABP perturbs the gradient vector §ﬂvi(7rt) so that 7!
k(0o ol (

k()1
compared to Jf ® itself, is anticipated to contribute to the stabilization of the learning dynamics.
There is a tradeoff between the shrinking speed of the term (x) and the stabilizing impact on the last-
iterate convergence rate of GABP. The shrinking speed of 1/(k(t)+ 1) achieves a faster convergence
rate, and we believe that this represents the optimal balance for this trade-off. We remark that
the term (x) bears a resemblance to the update rule of the Accelerated Optimistic Gradient (AOG)
algorithm (Cai & Zheng, 2023). However, AOG differs in the sense that it actually modifies the
proximal point in gradient ascent, instead of perturbing the gradient vector. A detailed comparison
is discussed in Appendix F.1.

approaches , instead of of Y This gradual evolution of the anchoring strategy in GABP,

4 LAST-ITERATE CONVERGENCE RATES

This section provides the last-iterate convergence rates of GABP. Specifically, we derive @(1 /T)
and O(1/T'7) rates for the full/noisy feedback setting, respectively.

4.1 FULL FEEDBACK SETTING

First, we demonstrate the last-iterate convergence rate of GABP with full feedback where each player

receives the perfect gradient vector as feedback at each iteration ¢, i.e., @m vi(rh) = V,vi(rh).
Theorem 4.1 shows that the last-iterate strategy profile 77 updated by GABP converges to a Nash

equilibrium with an O(1/T) rate in the full feedback setting.

Theorem 4.1. If we use the constant learning rate n; = n € (0, ﬁ) and the constant perturba-
tion strength p > 0, and set T, = ¢ - max(1, %) for some constant ¢ > 1, then the strategy

wt updated by GABP satisfies for any t € [T):

17eD? (S + 1) o
GAP(Wt+1) < D.rtan(ﬂt+1) < I (t1+?7#) (,LL+ 4;77]>

This rate is competitive compared to the previous state-of-the-art rate of O(1/7") (Yoon & Ryu,
2021; Cai & Zheng, 2023). Note that the rate in Theorem 4.1 holds for any fixed p > 0.

4.2 NOISY FEEDBACK SETTING

Next, we establish the last-iterate convergence rate in the noisy feedback setting, where each
player i observes a noisy gradient vector contaminated by an additive noise vector {f € R%:

Ve, vi(wh) = Vo,vi(rt) + €. We assume that the noisy vector & is zero-mean and its variance
is bounded. Formally, defining the sigma-algebra generated by the history of the observations as
Fi=0 ((@,rivi(7r1))1-€[N]7 e (ﬁmvi(wt_l))iew]), Vt > 1, the noisy vector &! is assumed to
satisfy the following conditions:

Assumption 4.2. ¢! satisfies the following properties for all t > 1 and i € [N]: (a) Zero-mean:
E[¢f|F,] = (0,---,0)T; (b) Bounded variance: E[||€¢]|?|F;] < C? with some constant C > 0.

Assumption 4.2 is standard in online learning in games with noisy feedback (Mertikopoulos &
Zhou, 2019; Hsieh et al., 2019; Abe et al., 2024) and stochastic optimization (Nemirovski et al.,
2009; Nedi¢ & Lee, 2014). Under Assumption 4.2 and a decreasing learning rate sequence 7;, we

can obtain a faster last convergence rate O(1/T'7) than O(1/T1) of APGA (Abe et al., 2024).
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Theorem 4.3. Let k = 45,0 = %. Suppose that Assumption 4.2 holds and V (m) < (

. . 6

Sor any m € X. We also assume that T, is set to satisfy T, = ¢ - max(T7,1) for some constant

c > 1. If we use the constant perturbation strength . > 0 and the decreasing learning rate sequence
_ 1 TH1 i .

Nt = =T (R =1)) 726" then the strategy 7' 1 satisfies:

E[GAP(x"+1)] =0 (1;7T> :

4.3 PROOF SKETCH OF THEOREMS 4.1 AND 4.3

This section outlines the sketch of the proofs for Theorems 4.1 and 4.3. The complete proofs are
placed in Appendix B and C.

We define the stationary point 7#*(*) which satisfies the following condition: Vi € [N],
2
RN T )
TEX; 2

Lk k()oF® 4ol
where Ui = W

rates lies in the construction of the following potential function P*®), which can be utilized in the
proofs for both full and noisy feedback settings:

. The primary technical challenge in deriving the last-iterate convergence

|7T,u,k(t)fl _ Ak(t)71||2
+

2

PO = k() (k(t) + 1) <| <6k(t) _ k(=1 k(=1 _ 6,k(t)1>> '

Specifically, we demonstrate that this potential function is approximately non-increasing regard-
less of the presence of noise. Although the potential function P*®) is inspired by one in Cai

. P 2
& Zheng (2023), their potential function contains the term 7 3=,y vai(ﬂ't) — Vo (nt=2)

’

which could have a high value in the noisy feedback setting even if 7t = 7= holds*. This com-
plicates providing a last-iterate convergence result for the noisy feedback setting via their potential

function. In contrast, our potential function P*(*) does not include the term dependent on @vi(ﬂ't).
As aresult, we can provide the last-iterate convergence rates even for the noisy feedback setting.

Furthermore, compared to Abe et al. (2024), our new potential function P*(*) allows us to improve
the convergence rate with respect to the distance between the k(t)-th anchoring strategy profile o* ®)
and the corresponding stationary point 7/*(*) ie., Hﬂ'“’k(t) — ok H In fact, our analysis enhances

this rate from O(1/+/k(t)) to O(1/k(t)). This improvement leads to faster last-iterate convergence
results, further demonstrating the effectiveness of our approach.

(1) Potential function for bounding the distance between 74k®) and o*®), As mentioned

above, our main technical contribution is proving that P*(*) is approximately non-increasing (as
shown in Lemma B.3). That is, we have for any ¢ > 1 such that k(¢) > 2:

PHOFL < PRO 4 (5(t) +1)2 - O (||rh®) — k41| 4 |k =1 _ RO} - 4

By telescoping of Eq. (4) and the first-order optimality condition for 7#*(*) we can derive the
following upper bound on the distance between 7#* and 5**):

(k(t) +1)(k(t) +2) Hﬂu,k(t) _ sk
2

k(t)
<O+ (k(t) +1)2 >0 (||=t = o).
=1

2

Applying the definition of 6*(*) and Cauchy-Schwarz inequality to this inequality, we obtain:

(sl I &t i
LGRS *O(W)@O(Hﬂ* —a).®

Hﬁu,k(t) _ kO

*The comparison of the potential function of Cai & Zheng (2023) with ours can be found in Appendix F.1.
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Note that the non-increasing property of our potential function, as described in Eq. (4), holds even
in the noisy feedback setting. This implies that a similar proof technique for deriving Eq. (5) can be
utilized to provide last-iterate convergence results both in full and noisy feedback settings.

(2) Convergence rate of o*() 1 to the stationary point 7/*(!), Leveraging the strong convexity

of the perturbation payoff function, & ||z — c}f ®© |2, we show that * converges to 7**(*) expo-

nentially fast in the full feedback setting (as shown in Lemma B.1). Specifically, we have for any

t>1:
t—(k(t)—1)T,
oo < (55)
“\1l+nu

By using Eq. (6) and the assumption that 7,, > % in the full feedback setting, we can easily

show that ||zl — g!T1|| = |7t — 77! || < O(k(t)3) for any | < k(t). Hence, from Eq. (5),
we can derive the following convergence rate of the distance between 7/-*(*) and o*®*) with respect
to k(t) (as shown in Lemma B.2):

Hw%’f(ﬂ — gk® H < O(1/k(t)). 7)

2

k() _ (D)

(6)

(3) Decomposition of the gap function of the last-iterate strategy profile 77 1. Let us define
K := |T/T,]. From Cauchy-Schwarz inequality and Lemma 2.3, we can decompose the gap
function GAP (7 T+1) as follows:

GAP(r" 1) < GAP(r"¥) 4 O (|a* — ")
<D- min )H—V(W#»K)+GH_}_O(HW;L,K_WTHH).

a€Nyx (mH- K
From the first-order optimality condition for 7/%, we can see that V(7)) — y(7tK — 6K) ¢
N (7K. Thus, from the triangle inequality and L-smoothness of the gradient operator in Eq. (2),
the gap function GAP(77*1) can be bounded as:

GAP(x"™) < O(1/K) + O (||=*5 = & ||) + O (|7 —="F)) . (8)

(4) Putting it all together: last-iterate convergence rate of 77 1. By combining Eq. (6), Eq. (7),
and Eq. (8), it holds that GAP(7#7*!) < O(1/K) in the full feedback setting. Hence, given K =
|T/T, |, we can deduce that GAP(xT+1) < O(T,/T). Finally, taking T, = O(InT), we obtain
the upper bound on the gap function for the full feedback setting: GAP (77 +1) < O(InT/T). Note
that using a similar proof technique, we can also derive an upper bound on the tangent residual for
the full feedback setting.

In the context of the noisy feedback setting, we achieve the following convergence rate to m-*(*)
instead of Eq. (6) (as shown in Lemma C.1):

E {Hm«k(t) _ ﬁt+1H2} <0 <t—(k’(1;t—1)T> ) 9)

By using Eq. (9) and the assumption that T,, = ©(T' g), we can still derive Eq. (7) and Eq. (8) for
the noisy feedback setting. Therefore, we conclude that: E [GAP(7T+1)] < O(InT/T'7).

5 INDIVIDUAL REGRET BOUND

In this section, we present an upper bound on an individual regret for each player. Specifically, our
study examines two performance measures: the external regret and the dynamic regret (Zinkevich,
2003). The external regret is a conventional measure in online learning. In online learning in games,
the external regret for player ¢ is defined as the gap between the player’s realized cumulative payoff
and the cumulative payoff of the best fixed strategy in hindsight:
T
Reg;(T) := max » (vi(z,7";) —vi(n")) .

TEX;
“t=1
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The dynamics regret is a much stronger performance metric, which is given by:

T
DynamicReg;(T) := Z <m%§( vi(m, ;) — Ui(ﬂ't)) :
TEX;
t=1

We show in Theorem 5.1 that the individual regret is at most O ((InT))?) if each player i € [N]
plays according to GABP in the full feedback setting. The proof is given in Appendix D.

Theorem 5.1. In the same setup of Theorem 4.1, we have for any playeri € [N] and T > 2:

Reg;(T) < DynamicReg,(T) < O ((InT)?).

This regret bound is significantly superior to the O(v/T) regret bound of the Optimistic Gradient
(OG) algorithm, and it is slightly inferior to the O(In T") regret bound of AOG (Cai & Zheng, 2023).

6 EXPERIMENTS

In this section, we present the empirical results of our GABP, comparing its performance with APGA
(Abe et al., 2024), OG (Daskalakis et al., 2018; Wei et al., 2021), and AOG (Cai & Zheng, 2023).
We conduct experiments on two classes of concave-convex games. One is random payoff games,
which are two-player zero-sum normal-form games with payoff matrices of size d. Each player’s
strategy space is represented by the d-dimensional probability simplex, i.e., X; = Ay = A All
entries of the payoff matrix are drawn independently from a uniform distribution over the interval
[~1,1]. We set d = 50 and the initial strategies are set to 1} = 74 = él. The other is a hard
concave-convex game (Ouyang & Xu, 2021), formulated as the following max-min optimization
problem: max, ey, mingex, f(z,y), where f(z,y) = —2z"Hx +h"2 + (Az — b,y). Following
the setup in Cai & Zheng (2023), we choose X; = X5 = [—200, 200]¢ with d = 100. The precise
terms of H € R%*4 A € R™¥4 b € R?, and h € R? are provided in Appendix E.2. All algorithms
are executed with initial strategies 71 = 75 = él. The detailed hyperparameters of the algorithms,
tuned for best performance, are shown in Table 2 in Appendix E.3.

Figure 1 illustrates the logarithmic GAP values per iteration for each of the two games under each
type of feedback. For the random payoff games with full or noisy feedback, 50 payoff matrices
are generated using different random seeds. Likewise, for the hard concave-convex games, we use
10 different random seeds. We assume that the noise vector &! is generated from the multivariate
Gaussian distribution A/(0, 0.1?I) in an i.i.d. manner for both games. In the former game with full
feedback, GABP performs almost as well as the others. With noisy feedback, GABP outperforms the
others, although the margin from APGA is slight. In the latter game, under the full feedback setting,
GABP is competitive against AOG, whereas, under the noisy feedback setting, it demonstrates a
substantial advantage over the others.

Figure 2 illustrates the dynamic regret in the hard concave-convex game. GABP exhibits lower regret
than APGA and OG with both feedback, demonstrating its efficiency and robustness. Note that
APGA and OG exhibit almost identical trajectories with full feedback, with their plots overlapping
completely. In addition, GABP achieves competitive regret in comparison to AOG.

7 RELATED LITERATURE

No-regret learning algorithms have been extensively studied with the intent of achieving key objec-
tives such as average-iterate convergence or last-iterate convergence. Recently, learning algorithms
introducing optimism (Rakhlin & Sridharan, 2013a;b), such as optimistic Follow the Regularized
Leader (Shalev-Shwartz & Singer, 2006) and optimistic Mirror Descent (Zhou et al., 2017; Hsieh
et al., 2021), have been introduced to admit last-iterate convergence in a broad spectrum of game
settings. These optimistic algorithms with full feedback have been shown to achieve last-iterate con-
vergence in various classes of games, including bilinear games (Daskalakis et al., 2018; Daskalakis
& Panageas, 2019; Liang & Stokes, 2019; de Montbrun & Renault, 2022), cocoercive games (Lin
et al., 2020), and saddle point problems (Daskalakis & Panageas, 2018; Mertikopoulos et al., 2019;
Golowich et al., 2020b; Wei et al., 2021; Lei et al., 2021; Yoon & Ryu, 2021; Lee & Kim, 2021;
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Figure 1: The gap function for 7! of GABP, APGA, OG, and AOG with full and noisy feedback.
The shaded area represents the standard errors.
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Figure 2: Dynamic regret for GABP, APGA, OG, and AOG with full and noisy feedback.

Cevher et al., 2023). Recent studies have provided finite convergence rates for monotone games
(Golowich et al., 2020a; Cai et al., 2022a;b; Gorbunov et al., 2022; Cai & Zheng, 2023).

Compared to the full feedback setting, there are significant challenges in learning with noisy feed-
back. For example, a learning algorithm must estimate the gradient from feedback that is contam-
inated by noise. Despite the challenge, a vast literature has successfully achieved last-iterate con-
vergence with noisy feedback in specific classes of games, including potential games (Cohen et al.,
2017), strongly monotone games (Giannou et al., 2021b;a), and two-player zero-sum games (Abe
et al., 2023). These results have often leveraged unique structures of their payoff functions, such as
strict (or strong) monotonicity (Bravo et al., 2018; Kannan & Shanbhag, 2019; Hsieh et al., 2019;
Anagnostides & Panageas, 2022) and strict variational stability (Mertikopoulos & Zhou, 2019; Mer-
tikopoulos et al., 2019; 2022; Azizian et al., 2021). Without these restrictions, convergence is mainly
demonstrated in an asymptotic manner, with no quantification of the rate (Hsieh et al., 2020; 2022;
Abe et al., 2023). Consequently, an exceedingly large number of iterations might be necessary to
reach an equilibrium.

There have been several studies focusing on payoff-regularized learning, where each player’s pay-
off or utility function is perturbed or regularized via strongly convex functions (Cen et al., 2021;
2023; Pattathil et al., 2023). Previous studies have successfully achieved convergence to stationary
points, which are approximate equilibria. For instance, Sokota et al. (2023) have demonstrated that
their perturbed mirror descent algorithm converges to a quantal response equilibrium (McKelvey &
Palfrey, 1995; 1998). Similar results have been obtained with the Boltzmann Q-learning dynam-
ics (Tuyls et al., 2006) and penalty-regularized dynamics (Coucheney et al., 2015) in continuous-
time settings (Leslie & Collins, 2005; Abe et al., 2022; Hussain et al., 2023). To ensure convergence
toward a Nash equilibrium of the underlying game, the magnitude of perturbation requires careful
adjustment. Several learning algorithms have been proposed to gradually reduce the perturbation
strength p in response to this (Bernasconi et al., 2022; Liu et al., 2023; Cai et al., 2023). These
include well-studied methods such as iterative Tikhonov regularization (Facchinei & Pang, 2003;
Koshal et al., 2010; 2013; Yousefian et al., 2017; Tatarenko & Kamgarpour, 2019). Alternatively,
Perolat et al. (2021) and Abe et al. (2023) have employed a payoff perturbation scheme, where the
magnitude of perturbation is determined by the distance from an anchoring strategy, which is period-

ically re-initialized by the current strategy. Recently, Abe et al. (2024) have established O(1/v/T)
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and O(1/ T%) last-iterate convergence rates for the payoff perturbation scheme in the full/noisy
feedback setting, respectively. Our algorithm achieves faster O(1/T") and O(1/T'7) last-iterate
convergence rates by modifying the periodically re-initializing anchoring strategy scheme so that
the anchoring strategy evolves more gradually.

8 CONCLUSION

This study proposes a novel payoff-perturbed algorithm, Gradient Ascent with Boosting Payoff Per-
turbation, which achieves O(1/T') and O(1/T'7) last-iterate convergence rates in monotone games
with full/noisy feedback, respectively. Extending our results in settings where each player only
observes bandit feedback is an intriguing and challenging future direction.
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A NOTATIONS

In this section, we summarize the notations we use in Table 1.

Table 1: Notations

Symbol Description
N Number of players
X; Strategy space for player @
X Joint strategy space: X = vazl X;
v; Payoff function for player ¢
an Strategy for player ¢
™ Strategy profile: m = (7;);e[n]
" Nash equilibrium
I Set of Nash equilibria
GAP(n) Gap function of m: GAP(7) = maxzex Ziil(vai(ﬁ), Ty — )
R () Tangent residual of 7: 7" () = min,e ny (=) || =V (7) + al|
Vo, 0i () Gradient vector of v; with respect to 7;

V., vi(m) Noisy gradient vector of v; with respect to 7;: ﬁmvi(w) =V, (m)+ &

¢ Noise vector for player ¢ at iteration ¢
V() Gradient operator of the payoff functions: V'(-) = (Vr,vi(-))ic[n
T Total number of iterations
Nt Learning rate at iteration ¢
I Perturbation strength
T, Update interval for the anchoring strategy
mt Strategy profile at iteration ¢
E(t) Number of updates of the anchoring strategy up to iteration ¢
K Total number of the updates of the anchoring strategy
ok Anchoring strategy profile at iteration ¢
ok convex combination of o*(*) and ¢!: F(1) = %
k(t) Stationary point satisfies: \
Vi € [N], ﬂ'f’k(t) = arg max {vi(x,ﬂ‘i’ik(t)) -5 ||9: — &k(t)H }
reEX;
L Smoothness parameter of (v;)ie[n]

B PROOFS FOR THEOREM 4.1

B.1 PROOF OF THEOREM 4.1

Proof of Theorem 4.1. From the first-order optimality condition for 7!, we have for any = € X and
t>2:

— 1)gkt-1) 1 1
<V(7rt_1) —u (ﬂ_t—l _ k(t —1)o t+o ) _ 2t (ﬂ_t _ 7Tt—1) Lt — m> >0,

E(t—1)+1 n
and then V(7'=1) — u (wt_l - %) — 5 (7" —@*~) € Na(n*). Thus, the tangent
residual for 7! can be bounded as:
0 (rt)y = min |-V (7)) +a
= i [V el
_ L k(t—=1)o*D 4ot 1 i
<||l=Vv t vV t—1y _ t—1 _ _ = t_ _t—1 .
< (Y + V(@ ™) —plw -1 T1 77(7r 1)

Letting us define

ko 1
_ koi +0;

A

wk ok 1Y
" = arg max { v;(m;, 7)) — 5
T EX;

)
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then we get by triangle inequality:

ptan( a1y _ K k(t—1) _ 1
H ) wi—n 1 )
(D) k(=1 | =1 k(=) l(ﬂ,t ot
n

< [-VE) +VE |+ |

tu Hﬂp,k(tfl) _ k=1 ‘ ny Hﬂ,u,k(tfl) _ 7Tt71H i 1 ||7Tt _ ﬂ,t71||
n

L+nL, t—1 pD
< —— — =

Yo Hﬂu,k(tq) _ ght=1) ‘ ny Hﬂu,k(tfl) _ WtAH

L+l ke pD - -
< 2T k(1) ot H wk(t—1) _ _k(t 1)”
="y HW T Re—p T I 7

1 L
N (/H +1 )HW,L,W_n_Wt_lH_ (10)
n

In terms of upper bound on ||x#*¥(t=1) — 7t|| and ||7rk(t=1) — 7t=
lemma:

Lemma B.1. Ifwe use the constant learning rate n; = n € (0, W), we have for any t > 1:

9 1 t—(k(t)—1)Ts—1
< Hﬂu,m) _ gk®
L+np

e - (5
“\1+npu

2

)

Hﬂuyk(t) — gt

k() _ k]|

>t—(k(t)—1)T,,

Combining Eq. (10) and Lemma B.1, we have for any ¢t > 2:

1+nL _ _ uD
tan (1) < 9 H pok(t=1) _ _k(t 1>H M= 11
r(rt) < (qu o > T o Jrk;(t—l)—i—l (11)

Next, we derive the following upper bound on ||r#:#(t=1) — gk(t=1)|};

61n3(T+1)
> In(14mp)
-] < i

Lemma B.2. [fwe set n; = n € (0, W) and T, > max(1 ), we have for any t > 1:

By combining Eq. (11) and Lemma B.2, we get:
16D 1+4+nL D
pon () < 6 <u+ +1 )+k( Iz
n

e

SRE-D+1 111
17D 1+nL

<= L el I

—k(t—1)+1<“+ 1 )

Therefore, since k(t) = |

=1] + 1, it holds that:

17DT, 1 L
rtan(ﬂ,t) S 7 +77 .
t+ Ty —2 n

61n3(T+1)
> In(1+4np)

17¢D (6111?(T+1) n 1) )
. +nL
,,,tdn ’/Tt < (1+np) (/1, + > .
(") ] ;

Finally, taking T,, = ¢ - max(1 ), we have for any ¢ > 2:
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B.2 PROOF OF LEMMA B.1

Proof of Lemma B.1. First, we have for any three vectors a, b, c:
1 1 1
Sla=bl> =S lla—cl” + S Ib—cl’ = {c—b,a—b).

Thus, we have for any ¢ > 1:

1 Hﬁu,k(t) _ ,n_t-‘rlHQ _ % ‘ Thak(t) _ 7TtH2 + % Hﬂt-&-l _ ﬂ_tHQ _ <7Tt — bt k(t) 7_‘_t+1>'
(12)
Here, let us define 6% = % Then, from the first-order optimality condition for 1
we have for any ¢ > 1:
<17 (V(?Tt) — (ﬁt — &k(t))) — it gt gt — w"’k(t)> > 0. (13)

Similarly, from the first-order optimality condition for /() we get:

<V(ﬂ_u,k(t)) —u (Wu,k(t) _ &k(t)) PO 7Tt+1> > 0. (14)

Combining Eq. (12), Eq. (13), and Eq. (14) yields:
e T A T,
<1 <V(7Tt) o (ﬂ_t B &k(t)) bt ﬂu,k(t)>
— <V(ﬂ_t+l) o (’/TH_l B 5_k(t)) Lt w“”“(t)>
1 <V(7Tt) — V(@) - p(rt = atT) 2t 7Tu,fc<t>>
< <V(7Tu,k(t)) — (ﬂt+1 _ &k(t)) Lt Wﬂ,k(t)>
+n <V(7Tt) V(Y — (Wt _ 7Tt+1> it w“”f(t)>
=7 <V(ﬂ.u,k(t)) —u (ﬂu,k(t) _ &k(t)) Lt Wﬂ7k(t)> o Hﬂ't-H B W”’k(t)HQ
+7n <V(7rt) — V() — (= )t Wﬂ,k(t)>
< —ap [t = 0| o (Vi) - V() g (= w1 -k as)

where the second inequality follows from Eq. (1). From Cauchy-Schwarz inequality and Young’s
inequality, the second term in the right-hand side of this inequality can be bounded by:

7 <V(7rt) V() — g (ﬁt _ 7Tt+1) S 7rH,k(t)>
=7 <V(7Tt) — V(rtth, pt T - 7Tu#’@(t)> —np <ﬂ.t ot gt 7T,u,,k‘(t)>
<o (IVG) =V + allrt =) - ko]

<L+ p) |7t — x| ] AL ik (t)

L R Ll
<l = e e o
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where the second inequality follow from Eq. (2), and the last inequality follows from the assumption

that n < W By combining Eq. (15) and Eq. (16), we get:
1

| R S TR

< N ’ L k() 2 4 1 Hﬂ,t _ 7Ttﬂ||2'
2 2
Thus,
LHWH#¢m_WHw2<1WwMQ_H2
2 -2
Therefore, we have for any ¢ > 1:
H#W@_WHW2< 1 mem_FW?
T 1+
Furthermore, since k(s) = k(t) for s € [(k(t) — 1)1, + 1, t], we have for such s that:
Hﬂuwu>,7ﬁ+1H2< 1 kuﬁ@),7ﬁ 2
T l4+npu

Therefore, by applying this inequality from ¢,¢ — 1,--- | (k(¢t) — 1)T, + 1, we get for any ¢ > 1:

9 1 t—(k(t)—1)T,
e < (5)
" \1l+np

1 t—(k(t)—1)T,
::<1+nu>

Here, since k(t) = k(¢ + 1) when ¢ satisfies that ¢ # T, {TLJ , we have for such ¢ that:

Wmmwfﬁwa%nn+w2

w“*“)-ak“wr. a7

5 1 t—(k(t+1)—1)T, 9
Hﬂu,k(t+1) _ ,/Tt+1H < k(1) _ Uk(t+1)H ' (18)
" \l+nu
On the other hand, when ¢ satisfies that t = T}, {TLJ :
n[%¢+171 ;
Et+1)= | —=———— 1=|— 1
(t+1) T + {TUJ +
t
= kit+1)-1)T, =T, {TJ =t
o pttl (D) -DTo+1 _ Jk(t41)
Therefore, we have for any ¢ > 1 such thatt =T, {TLJ :
Hﬂ_u,k(tﬂ) _ ﬂ_t+1H2 _ Hﬂ,p,k(t+l) _ O_k(t+1)H2
1 t—(k(t+1)—1)T, 9
= k(1) U’f(t-i-l)H ) 19)
L+nu

By combining Eq. (17), Eq. (18), and Eq. (19), we have for any ¢t > 1:

) L\ RO, )
WM@_HHH< k() _ k@ ||
“\1l+nu
) 1 t—(k(t+1)=1)T, )
Hﬂ_u,k(tﬂ) - ﬂ,t+1H < < ) hk(t1) O,k(t+1)H .
“\l+nu

17
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B.3 PROOF OF LEMMA B.2

Proof of Lemma B.2. First, we have for any Nash equilibrium 7* € II* and ¢ > 1 such that k(t) >
1:

(k(t) + D)(k(t) +2) H wk(t) H + (k) + 1) (k(t) + 2) <&k(t)+1 pink(®) k() &k(t)>

2
(k(t) +1)(k(t) +2) Hﬂ_p,k(t) _ ol
2

CORB(CE > DO 4 g1 (R(t) + 2O, g0 — GO )
_ G0 000 +2) )

pk(t) _ k() H2 k() + 1) <0.1 RO k() &k(t>>

( ( )+ )(kj( ) )<0_k(t)+1 _ W/L’k(t)ﬂrlt’k(t) _ &k(t)>
_ (k() + 1)(k(t ) +2) H wk(t) _ gkt

F(k(1) + 1) {0 — kO, k) ghO)
+(k(t) + )2< O+ _ k() gmok(t) fg,k(t)>

1
INGORS )z(k( ) +2) H wk(t) k(t)Hz_’_( )+1)<J o Wulc(t)_Ak(t)>

- (k(E) + 1) (i = kO, k() — GHOY (1) 4 1) (GHO+ — k), rieh(®) _ Gh O

Here, the first-order optimality condition for 7#-*(*):

<V(7rlhk(t)) —pu (Wu,k(t) _ &k(t)> ik(t) _ W*> >0

N <7Tu,k<t> PO 7Tu,lc<t>> > 1 <V(7Tu,k(t))77r* _ ﬂu7k<t>> > 1 <V(7T*) i 7Tu,ic<t>> >0
- M p ll/ ) — )

where we use Eq. (1) and the fact that 7* is a Nash equilibrium. Combining these inequalities yields:

(k) + 1)(k(t) +2
2
(k(t) + 1)2(k(t) + k() +1) <0. — k(t) _ &k(t)>

+ (k(t) + 1)2 <O_k(t)+1 — k() k() _ &k(t)> .

) Hﬂ_u,k(t) _ gk®) 2

o (k(E) + 1)(k(t) +2) (G101 = qik(®) pak(t) _ ()

> +2) Hﬂu,ku) _ skm]

From Young’s inequality, we have for any pi, p2 > O:

(k(t) +1)(k(t) +2) Hﬂ_,u,k(t) _ 5k

2
5 o (k(E) + 1) (k(t) +2) (§HOH1 — k() ak(t) _ ()

1 a2 (k@) + 1) k() Ak(t) 2
2 2 o =" - 201 HWM —C H
_ pa(k(t) +1)° Ho_k(t)-&-l _ ﬂ_u,k(t)HZ (k@) +1)? ku,k(t) _ &k(t)H2
2 2p2
_ ((k(t) FDRO +2) k)1 (k) + 1)2) Hﬂ_u,k(t) _ a.k(t)H2
2 2p1 2p2
2
_ Pl(k(? +1) ot — = 2 02(]“(72 +1) Hak(t)ﬂ _ phk(t) ?

18
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By setting p; = k(t‘)1+2 , P2 = 4%6(%)_;1), we obtain:

(k(t) +1)(k(t) +2) Hﬂ_,u,k(t) _ 5k

2
(k) + DEG) +2) || ke o> 2RO+ 1
= 4 Tl POFT L
C2(k(t) +1)° Ho_k(t)Jrl - ,R_u,k(t)Hg
k() + 2
> (k(t) + 11(]?(75) +2) Hﬂ_u,k(t) _ Ak(t)HQ P - 2 9 (k(t) + 1)? Ha_k(t)-H _ Wﬂ,k(t)HQ_

(20)
Here, we introduce the following lemma:

Lemma B.3. Foranyt > 1 such that k(t) > 2, we have:
(k(t) + D(k(t) +2) Hﬂu,k(t)
2
k(®)(k(t) + 1) H k()

() H2 o (k() + 1)((t) + 2) (5HOFT — k0 k() _ g0

< k(t)71H2 R KR + 1) <é,k(t) _ kO k() =1 _ a_k(t)71>

2
+ (k(t) + 1) <(k(t) 1) (RO — GEOFL) 4 g (4)(oF O — pk®=1) sk _ W“’k(t)> .

By combining Eq. (20) and Lemma B.3, we get:

(k(t) +1)(k(t) +2) Hﬂu,k(t) _ sk H2
4

< (k(t) + 1)2(k(t) +2) Hﬂ_u,k(t) _ sk 2

+2|o?

+(k(t)+1)(k()+2)< K41 _ Wu»k(t)’ﬁu,ka)_&kav

(k‘(t) + 1)2 Ho_k(t)+1 _ 7_(_p‘,lc(t)HZ

<3t
k()
+Z l—l—l (14 1)(x! — l+1)—|—l(al—W“’lil),c}l—w“’l>

(62— w = 61) 4 2ot — P 2(h(r) 4+ 1)2 | O - ek

:3||7r“’1—01H +2 20’2—|—01—37r“’1 77“’1—01>+2H01—7r*|2
k(t)

+2(k(t) +1)? H ’““)“—w”k(t)H +) (D) (4 Dt = o (ot — ), 6 — it
1=2

=3 ||7T“’1 — alHQ + 2<O’1 — 7r“’1,7T“’1 — 01> +4<O’2 — 7r“’177r“’1 — O’l>

2
+ 2 ||a1 _ 77*H2 +2(k(t) + 1)2 Ho.k‘(t)+1 k()
k()
+Z l+1 l+1 (Trﬂl l+1)+l(0'l—ﬂ'y”l*l)’o"_l_ﬂ-llﬁl>

= [t = ot 4 40 — it w0t 4 2ot — | 4 2(k(r) + 1) 0RO — k0]
k(t)
+Z l+1 (I+1 (W“l l+1)+l(olfw”’lfl),&lfﬂ“’l>

= [t = P+ 2 [0 — P+ 20k(2) + 1) O - WMMHQ

k(t) k()
+ Y (412wt — ot — ) £ Y 1+ 1) (of = T 6 — )
=2
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k(1)
2
< 3D2 4 2(k(t) + 1)?||o* O — 7O 2D k() + 1)2 Y [ - oM.
=1

Therefore, we have for any ¢ > 1 such that k(¢) > 2:

2 12D?
<

k() _ k()
H” 7 = (k(t) + 1)

8 H k(D+1 _ pk(t)

) k(t)
+ 8D Z ||7r“"l - UZHH .
=1

By the definition of 6*(*),

Uk<t>_gl||2+ 2 (k0 — k0, g0 _ g1
ROFD TROFINT T T

mek(t) _ O_k(t)H2 i ||

k(t)
< i ol - s o

Therefore, from Cauchy-Schwarz inequality, we have:

Hﬂu,k(w _ 0|

12D?
(k(t) +1)2

L2
= k(t)+1

<7Tu,k<t> ORI Uk<t>> +

18 Hak<t>+1 _ k()

) k(1)
+ SDZ ||7T“’l — UZ'HH
=1

2D 12D? ol L
< RS ku,k(t) _ S0 5 COESY 18 Hak(t)—o—l — k@ |7 4 SDZ: Hﬂu,l _ UZ+1H~
(21
Furthermore, from Lemma B.1, we have for any & > 1:
2 1 o 2
Hﬁ“’k _Uk+1H < (1 ) Hﬁu,k _UkH . (22)
+ Ny

Combining Eq. (21) nad Eq. (22), we have for any ¢ > 1 such that k() > 2:

2
Hﬂu,ka) _gw]|F < 2D Hﬂu,km _ k]| 4 12D7
= k() +1 (k(t) + 1)2
1 \% 2 1\
8 < ) Hﬁ#”““) — o*®||” 4 8Dk (1) ( > .
L+np I+nu

Therefore, since T, > max( we have for k(t) > 2:

1 61113(T+1)) :>( 1 )T" < (k@®+D® 1

 In(14+np) I+nu S Tt = 16
2 5 ) ) )
2 k(t) +1 (k(t)+1)2 (k@) +1)2  2(k(t)+1)2 (k(t) + 1)2
and then:
Hﬂu,k(t) _Jk(t)H < 2D N 42D _ 8D |
TR +1 k() +1 7 k() +1

On the other hand, for k(t) = 1, we have:
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In summary, for any ¢t > 1, we have:

8D
k(t)+1

Hﬁu,k(w _ gk®

<

B.4 PROOF OF LEMMA B.3

Proof of Lemma B.3. From the first-order optimality condition for 7/+*() we have:

<V(7Tu,k<t>) — (RO RO k(t) 7Tu,lc(zs>—1> > 0.

Similarly, from the first-order optimality condition for 7#*(!)=1 we have:

<V(ﬂ,y,k(t)71) _ N(W#,k(t)q _ &k(t)q)mu,k(t)q _ ﬂ_,u,k(t)> >0.

Summing up these inequalities, we get for any ¢ > 1 such that k(t) > 2:
0< <V(ﬂu,k<t>) R OR MO ﬂ-u,k(t)—l> —u <ﬂ-u,k(t) _ 6RO pmk(t) _ 7Tu,ic<t>—1>

Y <&k<t>—1 _ k(=1 k(B =1 _ Wu7k(t)>

pok(8) _ k(1)

< u<ﬂu, GRO) pk(t) _ Wu,k(t)*1>+u< k(t)—1 _ u,k<t>71,wu,k<t>7177Tu,k<t>>
— u<7ruk oFO) o g0 _ gk k() _ ok(0) 4 oK) _Wu,k<t>—1>
+M< BO=1 _ k() =1 puk(t)—1 W;A,k(t)>

——u ’ —u <7T/t,k(t) _ oM k@) _ 7T;L,k<t>—1>

< RO _ gh(0) qak(t) _ pusk(t)— 1> tu <&k<t>—1 _ k(=1 k() =1 _ 7Tu,f~c<t>>

i Hﬁu,ku) _ ok® H —u <7Tu,k(t) — kW) k) _ 7Tu,k<t>—1>
Y u <7Twc(t) _ k(=1 k(=1 _ Uk<t>> T u< RO _ gh() puk(®)=1 _ 7Tm(t)> ,
Here, for any vectors a, b, c, it holds that:
_ 1 2 1 2 1 2
(a=bb—c) = Zlla—cl = 15— cl* = Slla— |,
1 2 1 2 1 2
{a=bec—d)=gla=bl" +glle = d|" - 5lld = c+a—b]"

Thus, we have:

Akt _ k||

0<—u _ % Hﬁu,w) _ ﬁu,m)lez

N % A1 _ gk ||* 4 % Hﬁu,m) _ 0

L k) _ Uk(t)HQ _ Hﬁu,k(w—l _ Uk(t)HQ K ku, ka(t)—lHQ
2

4 k-1 _ grm P 4 P ku,km _ W(tHH
2 2

Bl k=1 g b0 g i
H
2

Hﬂu,k(w _ ﬂu,ku)—lHQ -

2
&R _ a_k(t)—lH
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_ % ku,w) _ k-1 gk sk

< _g Hﬂu,w) _ W(t)—lHQ n % S _ &k(t)—luz

_ ,g ku,k(w _ ﬁu’k“)*l(f n g SR _ k()1 k(-1 _ g,k(tHHQ

_ g Hﬂu,mH _ &ka)leQ n g SR _ Wuyk(t)*le _ g Hﬂu,m) _ Wu,k(tHHQ

o <5_k(t) _ k(D=1 k(®) =1 _ a,k(t)71> ' (23)

k(

Here, from the definition of 6%(Y), we have:

% ”g,k(t) _ Wm(t)—le _ % H pk(t) _ pk(t)—=1 H2

2
_ L@+ ot L Hﬂu,m) _ ﬂu,ku)—le’
2| k(@) +1 2
_L/R® O ot ke k) _ i KO 0 n ke | ko1
2\ k() +1 OES!
_ 1 /ot (k) + Dtk —9(k(t) + 1) kO 4 k(t)o*®) SHO k(D)
2 k(t) + 1 ’
1
= gy (20 + 10RO 4 207 = 2(0(d) 4 2)r O, GO - k0
1 k(t) + 2
- 0 <— kgt; I 101 + (Bk(t) + )T E® —2(k(t) 4 1)oFOF15EE _ wﬂvk<t>>
1 _ Kk(t)?
ole($) k(-1 B(t) gh() _ k()
+2k(t)< () TR+ 7T
_ k(li)(;)r 2 <5_k(t)+1 pk(®) gk(6) ,ﬁu,k(t)>
1 k() +2 1 k@®)(kE)+2) e wk(t) AR k()
+2k(t)< k(t)JrlU kD) + 1 o+ (k(t) +2)7 ,o ) — g
s (206(0) + (0 = HO) 1 2(1) (o4O — i h(0-1), 10 — g0
_ _’“(t)J 2 (11— ) ki) _ ko)
k(t ’
k) +2 k)" o Sk(t) k() _ k()
2k(t) k(t)+1 ’

L L <(k(t) 1) (RO GROFLY () (oM k(D=1 k() _ Wﬂ,k(t)>

= k(t)(J)FQ <5,k(t)+1 k() k() a_k;(t)> _ k(t)(+)2 ‘ GR(t) _ nk(t) 2
k(t ’ 2k(t
- ﬁ ((k(t) + 1) (rH0 — GFOTT) 4 (1) (MO — hO1) Gh O — k) (04

Combining Eq. (23) and Eq. (24) yields for any ¢ > 1 such that k(¢) > 2:

k(t) +2 ku,k(t) _ 6k(t)H2 + k(t) +2 <6k(t)+1 _ k() k(t) _ 6k(t)>
2k(t) k(t) ’
< % Hﬂ_,u,k(t)—l _ 6_k(t)—1H2 n <&k(t) — k(D=1 k() =1 _ a_k(t)—1>

+ ﬁ <(k(t) + 1) (PO — gF O 4 () (oPO) — k0T g ﬁp,k<t)> .

22
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Multiplying both sides by k(¢)(k(t) + 1), we have:

(k(t) +1)(k(t) +2) Hﬂu,k(t) _ ol
2
k(t)(k(t) +1) H k() =1 _ sk(t)—

- (k(E) + 1) (k(t) +2) (GHOF1 = qik(®) pank(t) _ ()
< 1H2 + k‘(t)(k‘(t) + 1) <a_k(t) _ 7_(_,u,k(t)—l’7_(_,u,lc(t)—1 _ (5’k(t)_1>

2
() 1) ((b(0) + (O = HOH) k(1) (MO — b1 GHO ),

O

C PROOFS FOR THEOREM 4.3
C.1 PROOF OF THEOREM 4.3
Proof of Theorem 4.3. Let us define K : . We can decompose the gap function for 77! as
follows:
GAP(nT+h)
_ mea;é <V(7TT+1)7$ _ 7TT+1>

(( V(m ), g — B — (V (o B) 2 — w4 (V(r T, 2 — 2T
= i (V05,2 — 1K) — (V (oK) V(T = ) (1 () K )
< max x ((V(x5), 0 — a5 + DV (@ ") = V(T + ¢ |7 % = =)

(

< GAP )+ (LD + Q) || 5 — 24|
|

<D-. min | 7r”’ )+ CH + (LD +¢) Hw“’K — g+l
CcENy (mh-K)

)

where the last inequality follows from Lemma 2.3. From the first-order optimality condition for
7K we have for any z € X:

K 1
<V(7r"’K) — (W’“K — K;{_J;) ok x> >0,

and then V (7 K) — (w“vK — %ﬂ"l) € Ny (m*%). Thus, the gap function for 7771 can be
bounded by:

K K+ 1
GAP(r™*Y) < uD - ||x K — % ’ + (LD + ) |7 — T+
=pD - i + 7B — K|+ (LD + ¢) ||t " — 7T+
K+1
D
. wE _ K K T+l
<uD (g + I = o] ) + (LD + ) I

IN

B[GAP( )] < ¢ +uD B[ = ¥ 4 (LD +.) B [ =271

2
< S DB (| =R+ (ED +0)- B [l — 7]
(25)

Here, we derive the following upper bound on E [Hw“’k(t) — qitl HQ] :
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2 2
Lemma C.1. Let k = 5,0 = %

n(t—Tﬂ(k(lt)—l))+29’

£ {H”Mm - ”Hlm S e (k(t)2—9 0T,) + 20 <D2 + % In (K = (k(zte) ) 1)) '

. Suppose that Assumption 4.2 holds. If we set n; =

we have for any t > 1:

Setting t = T' = KT, we can write k(t) = | £2e=1] + 1 = K. Therefore, from Lemma C.1, we
have:

K _gra o 20 (e O (6T
E|[xK - H]SHT(]HQ(D + (1) ). (26)

On the other hand, in terms of E [Hw“’k(t) — ok ‘H , we introduce the following lemma:

Lemma C.2. [fwe setn, = n(thg(k(lt)fl))+26 and T, > max(1, T%), we have for any t > 1:

E {Hﬁu,km _Uut)H] < 6 (ﬁ+\/§+m+\/ﬁ) <\/1 <D2 + S (“T +1>> +1> ‘

k(t) K K0 20

By setting t = KT, in this lemma, we get:

sl o) PSP (i () 1)

K

Combining Eq. (25), Eq. (26), and Eq. (27), we have:
E [GAP(c" )]

_ D2 +”D.6<\/E+\/§+\/1W+\/5) <\/i<D2+g2ln<KT—#1)>+l>
)

26 C? KT,
. - 2 - 2
(LD +¢) \/fdg + 20 <D K0 In < 20 1)

N
guDQ?JruDGTa (VE+Vi+vDo+ VD) (\/i <D2+021n<’”"T+1>>+1>

T K0 260
20 C? KT
LD . D24+ —In|l—+1
+ (LD + Q) \/KJTO—< +nen<29+>)’
where the second inequality follows from K = Tl Finally, since T, = ¢ - max (1,77 ), we have

forany T' > T:
E [GAP(c"11)]

) cuD2+66“D<\/E+‘/§+m+\/E> (\/1 (D2+021n(ﬂ+1)>+1>

T% T3 K K0 26

(LD+Q) |20 ( , C? (kT
+ T2 - D+n91n 29+1

SacuD \/E+\/67;@+\/5+D) (\/i <D2+S;1n<;§+l>>+l>

~=

24



Published as a conference paper at ICLR 2025

~=

WW (24 S (2 ))H)

T LT ([ (o Su (5 ) )

=

Since T' = T, K, we have finally:
E [GAP(x"th)]

9¢(uD + LD + () (\/E+\/§+m+‘/5+D> (\/1 (D2+021 ("T+1>)+1>

Tt 0 20
ol ) (€ )

: (
18¢(D(u+ 1) +¢) (VA + /(D + DD +0)) (\/1( cz (a+1)>+1>

=

IN

<260(D(ﬂ+L)+C)\/(D+1)(D+6)+/<;(\/1 <D2+C21 <T+1)>+1>‘

T7 0 20
O

C.2 PROOF OF LEMMA C.1
Proof of Lemma C.1. From the first-order optimality condition for ¢+, we have for t > 1:

<77t (V(ﬂ_t) ~ p(rt — a_k(t))) B 7Tlu.,k‘(t)> >0. (28)
Combining Eq. (28), Eq. (12), and Eq. (14), we have:
TP il b G
<n, < p(rt — Gkt ))’ ot 7Tu,/c(zs)>
— <V t+1) ot k(t)),ﬂ,tJrl _ ﬂp,k(t)> o, <V(ﬂ,t) V() = p(at — gt pt L 7r;L,k(t)>

< <V (mt k(t) e t+1 a_k(t)>77rt+1 _ ﬂ_p,,k(t)> + o, <V(ﬂ_t) _ V(ﬂ_t-&-l) — p(rt - pttl) g+l 7T;L,lc(t)>

=, <V(7T#vk(t)) — (k) k() il ﬂ.u,k(t)> o Hﬂ.p,k(t) B 7Tt+1H2
T <V(7Tt) _ V(ﬂ_t+1)77rt+1 . 7Tu,k(t)> — <7r B ﬂ_,u,k(t)> +n, <§t7 S N (t)>
—— ‘ i) _ ﬂ_t+1‘ 2 e <7Tt+1 — ot gt 7T/L7k(t)>
o (V) = V() mtt = aik®) o (gt it — k)

S ‘ k() _ ﬂ_t+1‘ 2 o Tep |+t — 7TtHQ o et Hﬂ.t—&-l _ 7Tu,k(t)’r _ e Hﬂt _ 7Tu71€(t)H2
2 2 2

+ e <V(7rt) — V(rtth), mttt — W“’k(t)> + 0 <§t, it — 7T“’k(t)>

e k| k0| T et e
2 2
o, <V(7Tt) _ V(,n_tJrl),?TtJrl . ﬂ_u,k(t)> o, <£t,7rt+1 _ 7rM,k(t)> : (29)
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where the third inequality follows from Eq. (1). From Cauchy-Schwarz inequality and Young’s
inequality, the fourth term on the right-hand side of this inequality can be bounded by:

<V(7rt) — Y (mtt), pt 7Tu,k(t)>

< HV(Wt) — V(WtH)H . ‘ otk (t)

< Hﬂ_t _ 7Tt+1H ) Hwt-i-l _ ﬂ_u,k(t)H
< g |7 - 7Tt+1||2 +£ ‘ ritl — k() ’
= 3
2%, 12 . M| ¢ pok(t) S T t|2
—THW - ||+g‘77—7f + 7 I =
Y e el .
—<ﬁb 2> 2 2 2 (30)
By combining Eq. (29) and Eq. (30), we have:
Hﬂu,k(t) - 7rtJAH2 < —mp ’ S TN () 2 I (1 _ %) ’ ot k() 2
2
_ (1 —n <32ﬂ + 4f;)> ||7Tt+1 _ ﬂ_t||2 +om, <£t77_rt+1 _ ﬂ_p.,k}(t)>

3 417
u 4L

2
— (1=
< nt(2 M

+ 2n, <§t, 7t — W“’k(t)> + 2n <§t,7rt+1 — 7Tt>

< (1= ) -

))llat+t = |

2
= (1 —mk) ‘ xt — RO (1 — n,0) H7rt+1 — 77"‘H2

+2n, <£t’ﬂ_t _ 7TM,k(z&)> +on, <£t’7rt+1 _ 7Tzs> .

By taking the expectation conditioned on F; for both sides and using Assumption 4.2 (a) and (b),

2
2o 1]

at — k@)

< (I—-mw)E U

+277t<E[§t|}—t]v7Tt*

2 t+1 )2
7] - =) [ = w1 7]

ﬂ“’k(t)> +2n,E Kft, it — 7rt> | ft]

= (1 — k) Hwt - 7r’“k(t)’ g (1-mb)E [H”Hl - 7Tt||2 | }—f} + 2B [(¢' 7 ') | Fi
< (=) ot = RO — (1 = ) [[latt | | 7]
o [l 1 7]+ (- [t - x| 1 7]
< (1= muw) | = kO = - jiteE [lle']1* 1 7]
< (=) ot~ 74|+ 20E [ 7]
< (1—mpr) ‘ R— 1 20 C*.

Therefore, under the setting where 7, =

2
2 [fe w17 < (-

n(t—Ta(k(lt)—l))+20’ we have for any ¢t > 1:

1
T,(k(t) — 1) + 20/

2
) Hwt — W“’k(t)H + 277?02.
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Rearranging and taking the expectations, we get:

(t — Ty(k(t) — 1) + 20/k) E “

2
qhok() _ ot H }

< (t—1—Ty(k(t)—1)+20/k)E [Hﬂ“’k(” - ”tm t (k(t — Ta(iff) —1)) +20)

Since k(s) = k(t) for any s € [(k(t) — 1)T, + 1, T}, telescoping the sum yields:
]
<(s—1—Ty(k(t) — 1) +20/k)E H k() _ 5‘2 +§tj 2C%

= v i T ke (k(m — T, (k(t) — 1)) + 20)

(t—Ty(k(t)—1)+20/k)E [Hﬂu,k(t) _ ot

m=s

Defining s = (k(t) — 1)T, + 1,

(t—T,(k(t)—1)+20/k)E |:H7r“7k(t) B 7rt+1H2-

t

260 [ 2 202 1
< ZE ku,k(t) _ W(k(t)—l)Ta-‘rlH } L2 Z .
" F ez, T To (k) = 1)) +26

Therefore,

d

2 20 2
wk(t) t+1H < E H wk(t) (k(t)—l)T,,—o—lH
‘” i } S kt—T, (k) —1)+20 T i

t—(k(t)—1)T,

k(t=To(k(t) - 1)) +20 <= km+20
Here, we have:
t—(k(t)—1)T, t—(k(t)—1)T,
1 1 1 — - 1T,
- S/ —dr=-In (8= (k) = DTo) +1). (32)
km -+ 20 o kx + 20 K 20

m=1
Combining Eq. (31), Eq. (32), and the fact that 7(*()=DTo+1 — k(1) e have:
sl
2 2] 2 [r(t—(k(t) - 1)T,)
E H k() _ k() | o) 4 q
w(E— (k(6) = )T5) + 26 ( { T 4 T 20 +

20 L C (r(t—(k(t)— 1T,
S =) = T,) + 20 (D +/€91n< 20 “))'

IA

C.3 PROOF OF LEMMA C.2

Proof of Lemma C.2. First, from Lemma C.1, we have for any & > 1:

u,k k41 2:| i 2 072 K,TO—
EMﬂl o H SHT0+29 (D +119 In 20 +1 .

Moreover, by taking the expectation of Eq. (21), we have for any ¢ > 1 such that k(t) > 2:

2 2D 12D?
o ‘ pk(t) _ k(t)H < o H pk(t) _ k(t)H e
[” 7 N TOES! [ 4 }+(k(t)+1)2

+ 8E [Hak“)“ — qrik(®)

) k(t)
} +8D ZIE (|7t — o] -
=1
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Combining these inequalities, we get for any ¢ > 1 such that k(t) > 2:

2 2D 12D?
E H whk(t) _ k@ |7 « 22 ——
[ T 7 N OES J+ (k(t) + 1)2

1660 C? (KT, 20 Cc? (KT,
—(D*+ I (=2 +1 D D2+ —In(—~Z+1
+I€Tg< T <2e+>)+8 kw\/m,( T <2a+>)
Since T, > max(l,Tg) = % < 1, we have:
D I 13p* 160 C? (kT
E pok(t) _ (1) < D+ —In{—+1
[(H” H H+1 AR A S
8D |26 C? (kT
= (D24 = I~ +1
+k(t)2\/n( +/€9 (20+ >)

Since E[X]? < E[X?] for any random variable X, we get:

13D? 166 C? w1 8D 20 C? kT
- D?+ —1In D24 —In(—+1
ROZ T Rk ()? < 0 <29 * >) + k(t)Q\/n ( * 0 (29 + )>

E [Hﬁmm _ gk

2
S E Hﬂu,ka) _ kaH __b
= OES!
2
>E HW” k(t D
= k() + 1
2
~ (& W(t) “”\H D\
k() +1

Then, we have:

E {Hﬁu,w) _ ok®)

]
S%+43 \;i\lg)\/D +fe21“(;:9f+1>+?2(/§(25(D2+C;1 (i—&—l)))i
= (\k/(:f)tf\[)\/D +71 (2§+1)+6ﬁ)2(@<\/i<D2+S;1n<’;§+1))+1>

_ G(ﬁwzﬁmﬂ (2o Gl ) +1),

K0 20

Furthermore, for k(t) = 1, we have:

e (NN ]

1 K K0 20

Therefore, we have for any ¢ > 1:

]Sﬁ(mﬂzﬁmﬁ (2 Gl )) 1),

E [Hﬂu,m) ()

K0 20

O
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D PROOF OF THEOREM 5.1

Proof of Theorem 5.1. By the definition of dynamic regret, we have:

T
DynamicReg;(T) = <ma)5< vi(z, ;) — vi(wt))
t=1

IN

T N
o) + <ma)3gvi(sc,7rt_i) — Ui(ﬁt)> .
=2 i=1

Here, we introduce the following lemma:

Lemma D.1 (Lemma 2 of Cai et al. (2022a)). For any m € X, we have:

N
3 (smmg oo i) <GAPIR) <D aglVe) )

Therefore, we have:
DynamicReg, (T )+ Z GAP(x

Thus, from Theorem 4.1:

L /T
DynamicReg, (T’ Z ( )

t=2

O ((InT7)%).

E EXPERIMENTAL DETAILS

E.1 INFORMATION ON THE COMPUTER RESOURCES

The experiments were conducted on macOS Sonoma 14.4.1 with Apple M2 Max and 32GB RAM.

E.2 HARD CONCAVE-CONVEX GAME

Following the setup in Ouyang & Xu (2021); Cai & Zheng (2023), we choose

11 1 0
1 0
1 1 1
A== 11 eRY™ p==|...| eR", h==|---| eR",
411 1 411 410
1 1 1

and H = 2AT A.

E.3 HYPERPARAMETERS

For each game, we carefully tuned the hyperparameters for each algorithm to ensure optimal perfor-
mance. The specific parameters for each game and setting are summarized in Table 2.
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Game Algorithm n T, m
oG 0.05 - -
Random Payoff (Full Feedback) AOG 0.05 - -

APGA 0.05 20 1.0
GABP 0.05 10 1.0
oG 0.001 - -

Random Payoff (Noisy Feedback) AOG 0.001 - -
APGA 0.001 2000 1.0
GABP 0.001 1000 1.0
oG 1.0 - -
Hard Concave-Convex (Full Feedback) AOG 1.0 - -
APGA 1.0 20 0.1
GABP 1.0 20 0.1
oG 0.5 - -
Hard Concave-Convex (Noisy Feedback) AOG 0.5 - -
APGA 0.5 50 0.1
GABP 0.1 100 0.1

Table 2: Hyperparameters

F COMPARISON WITH EXISTING LEARNING ALGORITHMS

F.1 RELATIONSHIP WITH ACCELERATED OPTIMISTIC GRADIENT ALGORITHM

Our GABP bears some relation to Accelerated Optimistic Gradient (AOG) (Cai & Zheng, 2023),
which updates the strategy by:

1

1 t
1 _ 1 _ gt 1
7r§+2 = arg max{<nvmvi(7rt_§) + Ti T ,:v> ~3 Hx — WfHQ} ,

reX; t+1
t+1 v ( t+%) + T —m L H tH2
w7 = arg max 0; (T ,x ) — - ||z —m; .
S S A 41 2 P
This can be equivalently written as:
1 ~ 1 trmt L2
7r:+2 = arg max< 7 <va,;(7rt7%),x> — =l — fm ,

= 1 trt + !
it = arg max {n <Vﬂivi(ﬁt+%),x> — = Hx _ T
TEX;

t 1
This means that AOG employs a convex combination mg_tf L of the current strategy 7/ and initial
strategy 7, as the proximal point in gradient ascent. However, our GABP diverges from AOG in
k(t)o*® 4ol k(t) 1
—ROFT of o, ;

that it uses a convex combination and o; as the reference strategy for the

perturbation term.

In terms of proof for a last-iterate convergence result, Cai & Zheng (2023) have employed the
following potential function for the full feedback setting:

P = Lt;— D (772 H—‘A/(wt) + ctH2 +n° HV(wt) —V(x'"3)

2 ~
‘ ) +tn(~=V(x") + ' nt — 771>,

7rt71+nl7(7rt7%)+%(7rl—7rt71)—7r
n

where ¢! = " and V() = (ﬁmvi(-))iem. Compared to our potential
V(xt) — V(xi=2)

feedback setting, the value of this term could remain high even if at = t=3, Therefore, this term
complicates providing a last-iterate convergence result for the noisy feedback setting. In contrast,

2
‘ . In the noisy

function P*(*) their potential function includes the term of 7> ‘

30



Published as a conference paper at ICLR 2025

our potential function P*(!) does not contain the term depending on ﬁvi t):
p p g

PRt . k’(t)(k(;) +1) Hﬂ.u,k(t)—l B &k(t)—lHQ

+E@)(k(t)+1) <6k(t) — RO =1 k(=1 6k(t)_1> .
This allows us to provide the last-iterate convergence rates both for full and noisy feedback settings.

F.2 COMPARISON OF LAST-ITERATE CONVERGENCE RESULTS

In this section, we provide Table 3 for comparison with last-iterate convergence results of existing
representative learning algorithms in monotone games.

Algorithm Full Feedback Noisy Feedback
(Cai ot 21, 20320b) O(1/VT) NIA
(Golowich et al., 20208%5?5&2? Stlillen 5022; Caietal, 20220y O(/VT) N/A
" oo & Ry, 2021) o) NIA
Accel(e(r:a;tiegc (%I;t:;g,st;(:) 2G3r)adlent O(1/T) N/A
Iterative Tikhonov Regularization N/A Asymptotic”

(Koshal et al., 2010; Tatarenko & Kamgarpour, 2019)

Adaptively Perturbed Gradient Ascent ~ ~ 1
(Abe et al., 2024) O(1/VT) O(1/T™)
Ours O(1/T) O(1/T7)

Table 3: Existing results on last-iterate convergence in monotone games. (*) means the result holds
only under bandit feedback.
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