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Abstract

The options framework yields empirical success in long-horizon planning prob-
lems of reinforcement learning (RL). Recent works show that options improves
the sample efficiency in online RL where the learner can actively explores the
environment. However, these results are no longer applicable to scenarios where
exploring the environment online is risky, e.g., automated driving and healthcare.
In this paper, we provide the first analysis of the sample complexity for offline
RL with options, where the agent learns from a dataset without further interaction
with the environment. We propose the PEssimistic Value Iteration for Learning
with Options (PEVIO) algorithm and establish near-optimal suboptimality bounds
(with respect to the novel information-theoretic lower bound for offline RL with
options) for two popular data-collection procedures, where the first one collects
state-option transitions and the second one collects state-action transitions. We
show that compared to offline RL with actions, using options not only enjoys a
faster finite-time convergence rate (to the optimal value) but also attains a better
performance (when either the options are carefully designed or the offline data is
limited). Based on these results, we analyze the pros and cons of the data-collection
procedures, which may facilitate the selection in practice.

1 Introduction

Planning in long-horizon tasks is challenging in reinforcement learning (RL) (Co-Reyes et al., 2018}
Eysenbach et al., 2019; [Hoang et al.| [2021)). A line of study proposes to accelerate learning in
these tasks using temporally-extended actions (Fikes et al., [1972; |Sacerdoti, {1973} |Drescher, |1991;
Jiang et al., 2019; Nachum et al., 2019 Machado et al., 2021} [Erragabi et al., 2022). One powerful
approach is the options framework introduced by Sutton et al.|(1999)), where the agent interacts with
the environment with closed-loop policies called options. Empirical success (Tessler et al., 2017}
Vezhnevets et al.,[2017)) shows that options help achieve sample-efficient performance in long-horizon
planning problems.

To provide a theoretical guarantee to the options framework, recent works have focused on the sample
complexity of RL with options in the online setting, where the agent continuously explores the
environment and learns a hierarchical policy to select options. [Brunskill and Li| (2014} establish a
PAC-like sample complexity of RL with options in the semi-Markov decision processes (SMDPs),
where temporally-extended actions are treated as indivisible and unknown units. Later, |[Fruit and
Lazaric| (2017) provide the first regret analysis of RL with options under the Markov decision
processes (MDPs) framework. While their proposed algorithm attains a sublinear regret, it requires
prior knowledge of the environment, which is not usually available in practice. To address this
problem, [Fruit et al.| (2017) propose an algorithm that does not require prior knowledge, yet achieves
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a near-optimal regret bound. However, these results are inapplicable to many real-world scenarios
where online exploration is not allowed. For example, it has been argued that in healthcare (Gottesman
et al.,[2019) and automated driving (Shalev-Shwartz et al.,[2016)), learning in an online manner is
risky and costly. In these scenarios, offline learning, where the agent learns a policy from a dataset, is
preferred. We note that there is a line of studies on the sample complexity of offline RL with primitive
actions only (i.e., without the use of options) (Levine et al.} 2020} [Fu et al.|[2020; Rashidinejad et al.|
2021)). Unfortunately, to the best of our knowledge, there have been no results reported on the offline
RL with options.

In this paper, we make the following contributions. First, we derive a novel information-theoretic
lower bound, which generalizes the one for offline learning with actions. Second, we propose the
PEssimistic Value Iteration for Learning with Options (PEVIO) algorithm and derive near-optimal
suboptimality bounds for two popular data-collection procedures, where the first one collects state-
option transitions and the second one collects state-action transitions. More importantly, we show
that options facilitate more sample-efficient learning in both the finite-time convergence rate and
actual performance. To shed light on offline RL with options in practice, we discuss the pros and
cons of both data-collection procedures based on our analysis.

2 Related Work

Learning with Options Building upon the theory of semi-Markov decision processes
(SMDPs) (Bradtke and Duff], [1994; Mahadevan et al., [1997)), Sutton et al.| (1999) propose to learn
with options. Following their seminal work, learning with options has been widely studied in the
function approximation setting (Sorg and Singh} 2010) and hierarchical RL (Igl et al.| 2020; [Klissarov
and Precup, 2021} [Wulfmeier et al.| [2021). Discovering useful options has also been the subject
of extensive research (Stolle and Precupl [2002; Riemer et al.,|2018; Mankowitz et al., 2018}; [Harb
et al., |2018; [Hiraoka et al., 2019; Bagaria et al., 2021). Despite its empirical success, there have
been fairly limited studies on the sample efficiency of learning with options. [Brunskill and Li|(2014)
analyze the sample complexity bound for an RMAX-like algorithm for SMDPs. [Fruit and Lazaric
(2017) derive the first regret analysis of learning with options. They propose an algorithm that attains
sublinear regret in the infinite-horizon average-reward MDP while requiring prior knowledge of the
environment. Later, |[Fruit et al.|(2017) remove this requirement.

Offline RL In the offline setting, a dataset that is collected by executing a behavior policy in the
environment is provided, and the agent is asked to learn a near-optimal policy using only this dataset.
A key challenge in offline RL is the insufficient coverage of the dataset (Wang et al.l 2021)), which is
also known as distributional shift (Chen and Jiang,2019;|Levine et al.,|2020)). To address this problem,
the previous study on sample-efficient learning assumes uniform coverage of the dataset (Liu et al.,
2018}, |Chen and Jiang| 2019; Jiang and Huang}, 2020; |Yang et al., [2020; |Xie and Jiang| [2020; Uehara
et al.}2020; Qu and Wierman, 2020; Yin et al.,|2021). This assumption is relaxed in recent works by
pessimism principle (Xie et al.| 20215 Rashidinejad et al.l 2021} Jin et al., 2021).

3 Preliminaries

3.1 Episodic MDP with Options

Let A(X) denote the probability simplex on space X and [N] := {1,---, N} for any positive
integer N. An episodic MDP with options is a sextuple M = (S, A, O, H, P,r), where S is the
state space, A the (primitive) action set, O the finite set of options, H the length of each episode,
P ={P,:Sx A A(S)}nem the transition kernel, r = {r, : S x A > [0,1]},¢q) the
deterministic reward function]'| We define S := |S|, A := | 4|, and O := |O|. A (Markov)
option o € O is a pair (7°, 3°) where 7° = {7}, : S = A(A)},ea is the option’s policy and
B° = {8 + & = [0,1]},eqa is the probability of the option’s termination. For convenience,
we define 3% ,(s) = 1forall (s,0) € S x O, i.e., any option is terminated after the end of an

'Our results can be directly generalized to stochastic rewards.



episode. We assume that the initial state s; is ﬁxedﬂ Upon arriving at state s;, at any timestep
h € [H], if h = 1 (at the beginning of an episode), the agent selects option 01 ~ 1 (-|s1), where
p = {pn : S = A(O)}rhern) is a hierarchical policy to select an option at each state. Otherwise
(h > 2), the agent first terminates option oj,_1 with probability 5Zh‘1(sh). If option op,_1 is
terminated, she then selects a new option op, ~ pp,(+|sy) according to the hierarchical policy u. If
option o _1 is not terminated, the agent continues to use option oy, _; at timestep h, i.e., o, = op—_1.
After that, the agent takes action ap ~ 7" (-|sy,), receives a reward ry, := r4(s, ap), and transits
to the next state sp+1 ~ Ppn(:|sn,an). An episode terminates at timestep H + 1. A special case
is that an action a is an option o, such that 7 (als) = 1 and 85 (s) = 1 for any (h, s) € [H] x S.
For convenience, we use the notation O = A to represent that each option corresponds to an action,
which is the case in RL with primitive actions.

To define the Q-function and the value function, we introduce some useful notationsﬂ Let T =
{Th S X0 — A(S X [H —h+ 1})}hE[H] and U = {Uh S X0 — [O, H]}he[H] denote
the option transition function and the option utility function, respectively. Particularly, for any
(h,s,0) € [H] x § x O, the option transition function T} (s’|s, o, T) is the probability that the agent
uses option o at state s at timestep h, reaches state s’ at timestep h + 7 without terminating option o
in these 7 timesteps, and finally terminates option o at state s’ at timestep h + 7. The option utility
function U}, (s, 0) is the expected cumulative reward within timesteps that the option is used without
being terminated. Given any arbitrary series of functions {y;, : S — R},¢[x]. define the operator
(Thyn+-)(5,0) == ocs Th(s'|s,0,T)yns-(s") for any (s,0,7) € S x O x [H — h + 1]. In the
following, we derive the Q-function and the value function for learning with options. (The detailed
proof can be found in Appendix [B])

Theorem 1 (Q-function and value function). For any hierarchical policy 1 and (h, s,0) € [H] X
S x O, the Q-function is given by

H

Z e (S, anr)

h'=h

QY (s,0) :=E, = Up(s,0) + Z [TV} (s, 0)

T€[H—h+1]

Sp = S,0p = O

ey

and the value function is given by

H

V}f‘(s) ::E# [Z Th (sh/,ah/)

h'=h

Sh = 8,0p ~ Mh('|5h)] = > un(ols)Q} (s,0) @

e

where Vi (s) = Q41 (s,0) = 0 forany (s,0) € S x O.

Intuitively, the first term U}, (s, o) of the Q-function is the expected reward within timesteps that option
o is used without being terminated, and the second term >-_c (g1 [ThVy',,](s, 0) corresponds
to the expected reward within timesteps after option o is terminated and a new option is selected
according to . It can be shown that there exists an optimal (and deterministic) hierarchical policy
w* = {uj, + S = O}pea that attains the optimal value function, i.e., V;(s) = sup,, V}/'(s) for all

(h,s) € [H] x S (Sutton et al.,[1999).

3.2 Offline RL with Options

We consider learning with options in the offline setting. That is, given a dataset D that is collected by
an experimenter through interacting with the environment, the algorithm outputs a hierarchical policy
11. The sample complexity is measured by the suboptimality, i.e., the shortfall in the value function of
the hierarchical policy /i compared to that of the optimal hierarchical policy p*, which is given by

SubOptyp (7, s1) := Vi*(s1) — V{(s1) 3)

To derive a novel information-theoretic lower bound of SubOpt,, we first define some useful notations.
For any hierarchical policy i, we denote by 0* = {0 : S x O + [0,1]}ycn its state-option

*Note that any H-length episodic MDP with a stochastic initial state is equivalent to an (H + 1)-length MDP
with a fixed initial state sq.
3The formal definitions can be found in Appendix



occupancy measure. That is, 0} (s, 0) is the probability that the agent selects a particular option o
at state s at timestep h (either when h = 1 or when the option o, _1 used at the timestep i — 1 is
terminated) when following the hierarchical policy p. With a slight abuse of the notation, we denote
by 6, (s) :== > ,co 05 (s, 0) the state occupancy measure for any (h, s) € [H] x S. Further, we
define

Zlh =3 00(s), Zo = _1[0(s,0) > 0] 4)
h,s

h,s,o

where II[-] is the indicator function. Intuitively, Z, is the expected number of timesteps to alternate a
new option and Zé is the maximal number of state-option pairs that can be visited, when following
the hierarchical policy p. The following proposition shows that options facilitate temporal abstraction
and reduction of the state space.

Proposition 1. For any hierarchical policy 1, we have that Z, < H. If ju is deterministic, i.e.,

= {un : S = Olpein), we further have that Zyy < HS. All the above equalities hold when
O0=A

Next, we derive a novel information-theoretic lower bound of SubOpt,. The detailed proof can be
found in Appendix[C]

Theorem 2 (Information-theoretic lower bound). Let p = {p, : S = A(O)}pen denote any
hierarchical behavior policy to collect the dataset. Define the class of problem instances

M(COPHOn % 5% = {(M, p) : Exists deterministic p* of an episodic MDP M

0% (S’ 0) option u* * w* —%
such that max —s—~—=> < OV 70 < 2% 75 <Z° ).
h,s,o h(S, O)

Suppose that CPi" > 2, 2* > 1, and z* > |2*|S, where |x| := max{n € N : n < z} is the
largest integer no greater than x € R. Then, there exists an absolute constant cy such that for any
offline algorithm that outputs a hierarchical policy [i, if the number of episodes

o - option f o k%

K< 5

€
then there exists a problem instance (M, p) € M(CPU" z* Z*) on which the hierarchical policy [i
suffers from e-suboptimality, that is,

En[SubOptp, (1, 5)] = €

where the expectation E f is with respect to the randomness during the execution of p within MDP

M.

Theorem [2] shows that, when dataset D sufficiently covers the trajectories induced by p*, i.e.,
maxy ¢ o, 01 (s,0)/07(s,0) < CPI at least Q(CPIM H 757, /¢2) episodes are required to learn
an e-optimal hierarchical policy from dataset D. Note that when O = A, it recovers the lower bound
Q(H3SC* /€?) for offline RL with primitive actions, where C* is the concentrability defined therein.

4 The PEVIO Algorithm

Inspired by the Pessimistic Value Iteration (PEVI) algorithm (Jin et al.| 2021)), we propose the
PEssimistic Value Iteration for Learning with Options (PEVIO) in Algorithm|I| Given a dataset D
and the corresponding Offline Option Evaluation (OOE) subroutine, whose details are specified in
Sectionsand PEVIO outputs a hierarchical policy 1z = {fin, : S = A(O) }reim-

To estimate the Q)-function, given a dataset D, PEVIO first constructs (f, 17, ") by the OOE subrou-

tine (line 3). Specifically, fh and ﬁh are the empirical counterparts of 7}, and U}, presented in the
Q-function given by Equation (IJ), respectively. In addition, I is a penalty function computed based
on dataset D. We remark that the OOE subroutine varies when different data-collecting procedures



Algorithm 1 PEssimistic Value Iteration for Learning with Options (PEVIO)
1: Input: Dataset D and the corresponding Offline Option Evaluation (OOE) subroutine.
2: Initialize: Qp(s,0) < 0, Vi(s) < 0, Vi1 (s) < 0 forany (h, s,0) € [H] x 8 x O.
3: (T,U,T) + OOE(D).
4. forh=H,H—-1,---,1do

5: for (s,0) € S x O do

o Qn(s,0) ¢ Un(s,0) + X7 [T Vier (s, 0) = T, 0).
7 Qh(S,O) = maX{O,min{Qh(s7o))H_ h+ 1}}

8: end for

9: for s € S do R

10: Eh( |s) arg maxy,, (Qn(s,), tn(-]s))o.

11: Vin(s) < (Qn(s, ), fin(-]s))o-

12: end for

13: end for

14: Output: 1 = {ﬁh}he[H]-

are considered and we provide the details in Sections and , respectively. Given U hs fh, and
I';,, the estimated -function @ » is the derived (lines 6 and 7). Particularly, Q,, computed in line 6
can be seen as first replacing Uj, and T}, with their empirical counterparts U hs fh in Equation ,
and then subtracting the penalty function I'j,. Further, a hierarchical policy fiy, is constructed greedily
with Qp, (line 10), where (f(-), g(-))o := > oco f(0)g(o) for any arbitrary functions f, g defined
on O. Finally, given Q n and [ip,, the corresponding estimated value function V;L is computed (line
11). To analyze the suboptimality of the hierarchical policy i output from PEVIO, we first provide
the the following definition, which motivates the design of the penalty function I'.

Definition 1 (£-uncertainty quantifier for dataset D). The penalty functionI' = {I'y, : S x O —
R*} ne[) output from the OOE subroutine in Algorithm |1{ (line 3) is said to be a {-uncertainty
quantifier with respect to Pp if the following event

R H—h+1 R R
£ ={|Un(s,0) = Un(s,0)+ > _ [(Tn — Tn)Viy](s,0)] )

< T (s,0)forall (h,s,o) € [H] xS x O}
satisfies that Pp(€) > 1 — £, where Pp is the joint distribution of the data collecting process.

In other words, the penalty function I" is a &- uncertamty quantifier if it upper bounds the estlmatlon
errors in the empirical option transition function T and the empirical option utility function U. Next,
we show that the suboptimality of zz output from PEVIO is upper bounded if T" is a £-uncertainty
quantifier. (The detailed proof can be found in Appendix [D])

Theorem 3 (Suboptimality of learning with options using dataset D). Let [i denote the hierarchical
policy output by Algorithm|I} Suppose that T' = {I',}he[) output from the OOE subroutine is
a &-uncertainty quantifier. Conditioned on the successful event & defined in Equation (), which
satisfies that Pp(E) > 1 — &, we have that

SubOpt, (11, s1) wr (L (sns0n)]s1] (6)

uMm

where By [g(sn, 0n)] = 3 (5.0 QZ (s,0)g(s,0) for any h € [H| and arbitrary function g : S x O
R.

Remark 1. Since the temporal structure of learning with options is much more complex than learning
with actions, PEVIO is significantly different from the algorithms proposed for offline RL with
primitive actions, such as PEVI (Jin et al.} [2021) or VI-LCB (Xie et al.| |2021)), despite sharing a
similar intuition. First, in terms of the algorithm design, PEVI and VI-LCB estimate (one-step)
transition kernel and reward function to compute the ()-function of a state-action pair. However, by
Equation (), the Q-function of a state-option pair depends on multi-step transitions and rewards.



Hence, it is challenging to design the OOE subroutine and analyze the estimated (7T U ,I') for
options. Indeed, if the dataset contains (s, 0, u) (state-option-utility) tuples, then (7', U,T") can be
estimated similarly to the case of learning with primitive actions. However, if the dataset contains
only (s, a,r) (state-action-reward) tuples, then it remains elusive to estimate and analyze (T, U, T").
Second, in terms of the suboptimality analysis, previous works on offline RL with primitive actions
rely on the extended value difference lemma (Cai et al.| 2020, Lemma 4.2), which also depends on
the one-step temporal structure of actions and cannot be directly applied to our setting. Hence, to
derive Theorem [3] it is non-trivial to generalize the extended value difference lemma to the options
framework (See Lemma [8in the Appendices).

5 Data-Collection and Suboptimality Analysis

In this section, we consider two data-collection procedures that are widely deployed in the options
literature. The first one collects state-option-utility tuples (dataset D7) and similar datasets are
utilized in the work of Zhang et al.|(2023)). The second one collects state-action-reward tuples (dataset
Ds) and is studied in a line of works (Ajay et al.l 2021} |Villecroze et al.| 2022} |Salter et al.,2022).
Intuitively, dataset D; requires smaller storage and enables efficient evaluation of the options, while
dataset D, provides richer information on the environment and even facilitates the evaluation of new
options. For each dataset, we design the corresponding OOE subroutine and derive a suboptimality
bound for the PEVIO algorithm. Based on these results, we further discuss the advantages and the
disadvantages of both data-collection procedures, which sheds light on offline RL with options in
practice.

5.1 Learning from State-Option Transitions

We consider dataset D; := {(Sf{c,Ofk,ufk)}ie[jkLkE[ k) consisting of state-option-utility tuples,
which is collected by the experimlentelr’s interaction with the environment for K episodes using a
hierarchical behavior policy p = {p, : S = A(O)}ne(m). More precisely, at timestep t¥ of the
kth episode, the experimenter selects a new option of,_c, uses it for (t¥ 1 t¥) timesteps, collects a

cumulative reward of wj; within these (¢}, ; — t}) timesteps, and finally terminates this option at

state s¥,  at timestep ¢¥ " 1. For convenience, we define t?k 4 =H +1foranyk € [K].

k
t?"#»l
Let a V b := max{a, b} for any pair of integers a,b € N. When dataset D; is available, the OOE
subroutine in Algorithm|[T]is given by Subroutine[2] Particularly, Subroutine 2]incorporates the data
splitting technique (Xie et al., 2021} (line 2). That is, given dataset D1, the algorithm randomly splits
it into H subdatasets {D; 5} ne[H]- Then fh and U », are constructed using subdataset Dy ;, (lines
4-7).

To derive the suboptimality for zi output from PEVIO, we follow the previous study and make a
standard assumption on the coverage of dataset D;.

Assumption 1 (Single hierarchical policy concentrability for dataset D;). The experimenter collects
dataset D; by following a hierarchical behavior policy p = {ps : S = A(O)}e(n)- There exists
some deterministic optimal hierarchical policy x* such that

*

i 0l (s,0)
option , _ h ) 7
G ‘ I}«Ibl?}(f 07 (s,0) @

(with the convention 0/0 = 0) is finite.

In other words, Assumption |l|states that dataset D sufficiently covers the trajectories of state-option-
utility tuples induced by some deterministic optimal hierarchical policy p*. We derive an upper
bound of SubOptp, in the following theorem. (The detailed proof can be found in Appendix l]::})

Theorem 4 (Suboptimality for dataset D). Under Assumption|l} with probability at least 1 — &£, we
have that
CP"H3Z% 7,

SubOpty, (71, 51) < O ~

®



Subroutine 2 Offline Option Evaluation (OOE) for Dataset D

1: Input: Dataset D; = {(sf,?,ofk,ufk)}ie[jkme[m.

2: Initialize: Randomly split the dataset D into H subdatasets {Dip}nem) With [D1s| =
K/H. More precisely, let | := {ln}ne[n) be a random partition of the set [K], where
In = {lnj}jerx/m) C [K] is uniformly sampled from [K] such that Upcipln = [K] and
I Nl = 0 for any h # h'. Then we have that Dy j, = {(sfk,of,‘c,uf,‘c)}ie[jk],kelh for any
h € [H]. Let nu(s,0) :== Y pey, Ilh € {tF}ic(jn), 85 = 5,0} = o] denote the number of times
that the experimenter selects a particular option o at state s at timestep h in subdataset Dy j,.

3: for (h,s,0) € [H] x S x O do
4: for (s',7) e Sx [H—h+1]do
5: fh(s’|8 0,T) + ke, H[hG{t?}ie[ﬂc]’5§:5’0210’5Q+r:5l]

: » U 1Vnp(s,0)
6: end for . Kk %

. > H[he{ti'}i k]S =s,0F =olu
7: Un(s,0) me IVTLE;L[(S}O)h : -
~ 2

8: [n(s,0) < O ( m)
9: end for

10: Output: (7' = {Ti}nerm), U = {Untnem)s T = T bnerm)-

where Z3y := 7V and Zg, := Zsy .

Compared to the lower bound in Theorem 2] suboptimality bound (8) is near-optimal except for an
extra factor of E] More importantly, it shows that learning with options enjoys a faster convergence
rate to the optimal value than learning with primitive actions. Recall that the VI-LCB algorithm (Xie
et al.l 2021) that learns with primitive actions attains the suboptimality bound O(/H°SC*/K),
where C* is the concentrability defined therein. When ignoring the concentrability parameters, the

suboptimality bound (8) is smaller since Z}, < H and 72, < HS.

Remark 2. While, in the worst case, both Z¢, and 7:9 can scale with H and H S, respectively, we note
that in many long-horizon planning problems, they often scale with the number of sub-tasks, which
are greatly smaller, especially for tasks that enables temporal abstraction and the reduction of the state
space. For example, while the route-planning task of going from City A to City B by transportation
takes thousands of primitive actions to finish, it can be efficiently solved by decomposing into the
following sub-tasks: (1) going to the airport/train station in City A; (2) taking transportation to City
B; and (3) reaching the final destination in City B, for which options are designed. In this case, both
Z¢ and 7:9 /S may only scale as o(H). In other words, options facilitate more sample-efficient
learning through temporal abstraction, i.e., sticking to an option until a sub-task is finished. Another
concrete example is solving a maze, where options are often designed to move agents to bottleneck
states (Simsek and Barto, [2004; [Solway et al., 2014; Machado et al., 2017} that connect different
densely connected regions of the state space, e.g., doorways. In this case, while the number of option
switches may grow proportionally to H, i.e., Z},/H = O(1), the number of states to switch options

can be greatly smaller than S, i.e., 7*0 /H = o(s). That is to say, options help improve the sample
complexity by the reduction of the state space.

Further, we show that learning with options attains a better performance than learning with primitive
actions, when either the options are carefully designed or the offline data is limited.

Corollary 1 (Better performance). Let TrueSubOpty, (7, s1) := V;"*"(s1) - Vi (s1), where V*i is
the optimal value function defined for the primitive actions. Ignoring the concentrability parameters,
we have that TrueSubOptyp, (i, 51) < O(\/H?SC* | K) attained by the VI-LCB algorithm (Xie et al.|

2021)), when either the options are carefully designed (i.e., Ao(s1) := Vl*’pri(sl) —Vi*(s1) =0)or

“We note that the extra factor H in the suboptimality bound (8)) can be reduced by applying the reference-
advantage decomposition technique (Xie et al.,|2021).



the number K of trajectories in the dataset is

H3 ——
o| = [ VH2SC* —\/C""Z5Z
AL +
where (z)4 := max{0,z} for any x € R.

Corollary (1) implies that when data is limited, e.g., in cases where the data collection is highly
expensive or risky, learning with options is beneficial since the output hierarchical policy yields a
higher value than learning with primitive actions.

5.2 Learning from State-Action Transitions

We consider dataset Dy := {(5’,37 a’fb, r,’j)}he[ H],ke[K] consisting of state-action-reward tuples, which
is collected by an experimenter’s interaction with the environment for K episodes using any arbitrary
behavior policy. That is, the experimenter takes action a’g at state SZ at timestep h of the kth episode,
receives a reward of r,’j, and transits to state Sﬁ 41

When dataset Ds is provided, the OOE subroutine in Algorithm[I]is given by Subroutine[3] Note
that one difficulty is that we cannot directly estimate the option transition function and the option
utility function from dataset D as it only includes the information of the primitive actions. Hence,

Subroutmeﬁrst constructs the empirical transition kernel P= {Ph} he[H] and the empirical reward
function 7 = {7} } nepm) (lines 4-7), and use them to further construct T n and Uh (lines 8-20). To

Subroutine 3 Offline Option Evaluation (OOE) for Dataset Dy

1: Input: Dataset Dy = {(SZ»GZ»TZ)}he[H] ke[K]

2: Initialize: ﬁH+1( -) + 0. Let Np(s,a) := Zk I[s¥ = s,af = a] denote the number of visits
of state-action pair (s, a) at timestep h in dataset DQ Function ¢ :={dn: S x O+ R}pepp is
given by Equatlon (32) in the Appendices.

3: forh=H H — ,1do
4: for (s,a)ESx.Ado
. D () Zke[K]H[Sﬁzs)alﬁ:a73£+1:5/] ’
5: P (s'|s,a) + TV (s0) forany s’ € S
6: Th(s,a) < I[Np(s,a) > 1]rp(s, a)
7: end for
8:  for(s,0,5') € Sx O xSdo
9: Th(s']s,0,1) « ﬂ,‘jﬂ(s’) ZaeA 7 (als)Pr(s'|s, a)
10: Tals]s,0.1) (1= 8241 () Lacu moals)Pa(s']s, 0)
11: forl=2,---  H—h+1do
12: Th(s'|s,0,1) < >, molals) Yy Pu(s”]s,a) (1 — By 1 (")) Tha1(s']s”, 0,1 — 1)
13: Th(s|s,0,1) « >, mo(als) > . Py(s"]s,a) (1= Bp1(8") Thya(s']s”,0,1—1)
14: end for
15: end for
16: end for

17: for (h,s,0) € [H] x S x O do
18:  Tu(s,0) « O <\/zﬁ_h Y (sayexm, #%w + Hon(s, o))

h,s,o

19: Tn(s,0) + e a (al8)Pn(5.0) + X s Tu(s']s, 0. )T (5", 0)
20: end for

21: Output: (T = {Th}nepmys U = {Untne)s T = {Tnbnerm)-

derive the suboptimality, we first define some useful notations. For any (h, s,0) € [H] x S x O and
h <m < H, we denote by X", the set of state-action pairs that can be reached at timestep m by

using option o at state s and timestep ~ without being terminatedE] Further, let d” := {d}) : S x A

3For convenience, we assume that Xy o is known prior. When A&} , is unknown, it can be replaced by a
superset that does not require prior knowledge and our results directly follow (See RernarkE]in Appendix EI)



[0, 1]} () denote the state-action distribution of the behavior policy p used by the experimenter.
That is, d}, (s, a) is the probability that the agent takes action a at state s at timestep . Similarly, we
make the following assumption on dataset Ds.

Assumption 2 (Single hierarchical policy concentrability for dataset Dy). The experimenter collects
dataset Ds by following an arbitrary behavior policy p. There exists some deterministic optimal
hierarchical policy p* such that
i 0" (s,0)
Coptlon — h ) 9
S - SNP R rovr) ®
h<m<H,(s',a")EX]T,

o

(with the convention 0/0 = 0) is finite.

Intuitively, Assumption [2]states that dataset Dy sufficiently covers the trajectories of state-action-
reward tuples induced by the optimal hierarchical policy p*. Next, we derive an upper bound of
SubOptp, under Assumption |2} The detailed proof can be found in Appendix

Theorem 5 (Suboptimality for dataset Ds). Under Assumption[2] with probability at least 1 — &, we
have that

R 5 CoptionH3SZ* 7* H2 SOCopti(m
SubOptp, (7, 51) < O \/ 2 = 070 4 R 2 (10)

which translates to

5[ e sz 7,
K

when K of dataset Dy is sufficiently large, i.e, K > O(CS""H5S9A202/(Z%7Z)), where
Z =2 and Zy, = Zb .

While, in general, suboptimality bound (I0) does not compare favorably against the suboptimality
O(y/H?>SC*/K) attained by the VI-LCB algorithm that learns with primitive actions, we argue that
it can be better in long-horizon problems where the horizon H is much greater than the cardinality of
the state space S.

5.3 Further Discussion

We analyze the pros and cons of both data-collection procedures, which sheds light on offline RL
with options in practice. Compared to D, dataset D; requires smaller storage and enjoys faster
convergence to the optimal value, which is further illustrated as follows.

* Storage: For dataset Dy = {(s}, af, r¥)}nem) ne(x)» the storage is simply H K. However,

for dataset D; = {(sf?,ofﬁ,ufﬁ)}iew]’kem, its expected size is K - Z/, < HK, where p

is the hierarchical behavior policy. Therefore, in the case of a small Z?%), dataset D; requires
much smaller storage than D, (on average).

* Suboptimality: Ignoring the concentrability, the suboptimality bound for dataset Dj is
worse than the suboptimality bound (8)) for dataset D; by a factor of v/.S, which is introduced
when estimating the option transition function and the option utility function using only the
information of the primitive actions.

However, since dataset D, contains more information on the environment than D1, it has a weaker
requirement on the behavior (hierarchical) policy and allows the evaluation of new options, which is
illustrated as follows.

* Concentrability: Recall that the suboptimality bounds for both datasets build upon the suffi-
cient coverage assumptions, i.e., Assumption [I|for D; and Assumption[2|for Dy. While they
are generally incomparable (as dataset D5 can be collected by an arbitrary behavior policy),
we focus on the case that both datasets are collected by the same hierarchical behavior policy
p. Particularly, it can be shown that Assumption[2]is weaker than Assumption|[I] Indeed, if p



covers the trajectories of state-option-utility tuples induced by p* (i.e., Assumption[I[holds),
then it must have covered the trajectories of state-action-reward tuples induced by p* (i.e.,
Assumption 2] holds). However, the opposite does not hold in general and we provide such
an example in Appendix [H|

* Evaluation of New Options: In the options literature, a popular task is offline option
discovery (Ajay et al} 2021} Villecroze et al.|[2022), i.e., designing new and useful options
from the dataset. Therefore, an important problem is whether these new options can be
evaluated through the dataset. We argue that dataset D yields greater flexibility than D,
in this case. Again, we assume that both datasets are collected by the same hierarchical
behavior policy p. Unfortunately, one cannot use dataset D; to evaluate any (h, s, o) that is
not visited by p, i.e., 67 (s,0) = 0, let along evaluating the new options. However, this is
not the case for dataset Ds. In fact, any (h, s, 0) can be evaluated if the visiting state-action

pairs are also reachable by p,i.e., ), ., -y (s'a’)eST 1/df (s',a") < co. An interesting
= -1, k) h,s,o

problem is how to leverage the results in this paper to facilitate offline option discovery,
which we shall research in the future work.

6 Conclusions

In this paper, we provide the first analysis of the sample complexity for offline RL with options. A
novel information-theoretic lower bound is established, which generalizes the one for offline RL
with actions. We derive near-optimal suboptimality bounds of the PEssimistic Value Iteration for
Learning with Options (PEVIO) algorithm for two popular data-collection procedures. Our results
show that options facilitate more sample-efficient learning than primitive actions in offline RL in both
the finite-time convergence rate to the optimal value and the actual performance.
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A Notations

A.1 Notations in Section

Recall that for any (h,s,0) € [H] x S x O and (s',7) € § x [H — h + 1], Tp(s'|s,0,7) is the
probability that the agent uses option o at state s at timestep h, reaches state s’ at timestep h + 7
without being terminated option o in these 7 timesteps, and finally terminates option o at state s’ at
timestep h + 7. Hence, it can be recursively defined as

Ty (s'|s,0,7) := Z 77 (als) Z Py(s"|s,a) (1= Bp 1 (8") Thia (s'|s" 0,7 — 1) (11)

acA s'"esS

where Ty (s'[s,0,1) := 37, 1(s") > ,c4 ™ (als)Pn(s'|s,a). It can be shown that Tj(-[s,0,) is a
probability distribution over [H — h + 1] x S, which is stated in the following lemma. (The detailed
proof can be found in Appendix[G.I])

Lemma 1. Consider Ty, (s'|s, 0, 7) defined in Equation (1)) it holds that

Yoo D Tu$ls,0r) =1 (12)

TE[H—h+1]s'€S
forany (h,s) € [H] x S.

Recall that for any (s',1) € S x [H — h + 1], T,(s|s, 0,1) is the probability that the agent uses
option o at state s at timestep h, reaches state s’ at timestep h + [ without being terminated option
o in these [ timesteps, but does not terminate option o at state s’ at timestep h + I. Hence, we can
recursively define it by

(8'|s,0,1) Zﬂ'h als) Z Pi(s"]s,a) (1= B 1 (") Thaa(s']s”, 0,1 = 1) (13)

acA s"’eS

where T, (s']s,0,1) := (1 — B 1(5')) Y uea ®n(als)Pu(s'|s, a). Intuitively, Ty (s'|s, 0,7) can be
interpreted as the joint probability of two consecutive and independent events: (i) at state s at timestep
h, the agent uses option o for ¢ < 7 timesteps without being terminated this option, reaches some
state s;,1¢, and does not terminate option o at state s at timestep h + t (the probability of this
event is T'p,( ,t)), (i) at state sp, at timestep h + ¢, the agent keeps using option o for
(T — t) timesteps, reaches state s’, and then terminates option o at state s’ at timestep h + 7 (the
probability of this event is Thy+(s'|Sptt,0,7 — t)). Since events (i) and (ii) are independent, the
joint probability is therefore Ty, (s 1¢|s,0,t)Thit(s'|Shit, 0,7 — t). Similarly, T} (s'|s, 0,7) can
be thought of as the joint probability of two consecutive and independent events: (i’) at state s at
timestep h, the agent uses option o for ¢ < 7 timesteps without being terminated this option, reaches
some state sj¢, and does not terminate option o at state sp4¢ at timestep h + t (the probability
of this event is T, (s1¢|s, 0,1)), (ii’) at state s, at timestep h + t, the agent keeps using option
o for (7 — t) timesteps, reaches state s’, and does not terminates option o at state s’ at timestep
h + 7 (the probability of this event is T}, +(s|sp4¢, 0,7 — t)). Again, since events (i’) and (ii’) are
independent, the joint probability is Th(snatls,0,)Thit(s'|Shit,0, 7 —t). We formalize this idea
in the following lemma. (The detailed proof can be found in Appendix [G.2])

Lemma 2. Consider T}, (s'|s,0,7) and T1,(s'|s, 0,1) defined in Equation and Equation ,
respectively, it holds that

Th(s'|s,0,1) +Th(s'|s,0,1) Zﬂ'h a|s)Py(s'|s, a) (14)
acA
(s'ls,0,7) Z Th(s"|8,0,t)Thit(s']8", 0,7 — 1) (15)
s"”eS
(8'|s,0,1) Z Th(s"|8,0,t)Thit(s'|s", 0,1 — 1) (16)
s""eS

foranyT >2andt € [T —1].
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In addition, recall that Up(s,0) = Elup(s,0)], where uy(s,0) is the random cumulative reward
within timesteps that the agent keeps using option o from timestep h without being terminated it,
provided that the agent is at state s at timestep h. Hence, it can be recursively defined as

Un(s,0) = Z 7y (a|s)rn(s,a) + Z Th(s'|s,0,1)Up11(s',0)

acA s’eS
=S wlals)rals @)+ 33 Tu(s' 15,0, 1)h s (@/]8 e (5 0)
acA s'eSa’eA
Z Th(s"15,0,2)Up12(s", 0)
s"ES
= *Zﬂha| s)rp(s,a) Z ZZTh s'ls,0,0)mp (a8 ) rpqu(s',a)
acA le[H—h]s'€eSa’cA

a7

where Ug(s,0) := ), 4 7% (als)ru (s, a). Finally, for any hierarchical policy y and an episode
starts from state s; at the first timestep, we define the state-option occupancy measure 6* as follows.

0. (s,0) := pn(o|s) Z Z Z 0 _(s',0")Th—r(s|s',0",7) (18)
T€lh—1] s'€S 0’€0

where 61 (s, 0) := [[s = s1]u1(0|s).

A.2 Notations in Section[5.2]

Recall that d, (s, a) is the probability that the agent takes action a at state s at timestep h, given
that the episode starts from state s; at the first timestep. When the behavior policy p = {p, : S —
A(A)}hepn) is not hierarchical, dj (s, a) is given as

d (s,a) :== pp(als) Z Z Py_1(sls',a")dy_((s',a") (19)
s'eSa’eA

where df(s,a) = I[s = s1]p1(als). When the behavior policy p = {pp : S = A(O)}nen is

hierarchical, we first define the probability ¢/, (s, o) that the agent use option o at state s at timestep h

following the hierarchical policy p, given that the episode starts at state s; at the first timestep. That

is,

6500 = 3 3 a1 (50) 3wy (@) Pusls’sa') (1o = ol(1 — B¢ (5)) + B (s)un (o))
5'€S5 0'€0 a’€A

where ¢/ (s,0) = I[s = s1]u1(o|s). We note that the difference between ¢J, (s, 0) and 6} (s, 0)
defined in Equation (18) is that ¢}'(s, 0) does not require option o to be newly selected at timestep A,
i.e., option 0j,_1 needs not to be terminated. Therefore, d} (s, a) for a hierarchical policy p is given

by
a) =Y qp(s,0)un(als)

0cO

B Proof of Theorem 1]

Proof. We decompose the Q-function for any (h, s,0) € [H] x S x O as follows.

H
Qh(s,0) =By | Y 7w (swsan)|sn = 5,00 = 0]
h'=h
= Z 75 (als)rn(s,a) + Z (Tn(s'ls,0, VL (") + Th(s'|s,0,1)Q) 1 (s,0))  (20)
acA s'eS
(7.1) (7.2)

and we define Vi, (s) = Q. (s, 0) = 0forany (s,0) € SxO. Thatis to say, the Q-function (20)
is the expected return from timestep h to timestep H, provided that option o is used at state s at
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timestep h, no matter option oy, used at timestep h — 1 is terminated or not. Similar to classic
RL, the @-function for learning with options can be decomposed into two parts. Term (7.1) is the
(expected) instant reward at timestep h and term (7.2) is the expected return in the rest of the episode
(from timestep h + 1 to timestep H). However, different from the Q-function for classic RL with
primitive actions, the expected return in the rest of the episode is not the expectation of the value
function over the states at timestep h + 1. Intuitively, after some state s’ is reached at timestep h + 1
with probability 4 77, (als) Py (s'|s, a) given that option o is used at state s at timestep h, only
one of the following two situations happens. The first situation is that option o is not terminated
at state s” at timestep h + 1 (the probability of this event is T, (s’|s,0,1)). As a result, the agent
uses option o at state s’ at timestep h + 1, and hence the expected return in the rest of the episode
conditioned on this first situation is ()}, +1( 0). The second situation is that option o is terminated
at state s’ at timestep h + 1 (the probablhty of this event is Tj(s’|s,0,1), and by Equation
we have that T, (s'[s,0,1) = 3. . 4 77 (als)Pa(s'|s,a) — Th(s']s, 0,1)). Consequently, the agent
selects a new option according to the hierarchical policy at state s’ at timestep & + 1, and hence the
expected return in the rest of the episode conditioned on this second situation is V! 't1(s"). Note that
when O = A (In this case, we have that T’ (s'|s, 0,1) = 0 hold for any (h, s,0) € [H] x S x (’))ﬁ
Equation (20) recovers the Q-function for episodic MDP that learns with primitive actions, e.g. (Jin
et al.,|2021, Equation (2.5)). Further, by iteratively applying Equation overh+1,---, H,we
derive that

(5,00 = Y h(als) ( + 3T s,0,1) 3 (@l (s a>>

acA s'eS a’eA
+ 3> Tu(sls,0,1)Thia(s"]s',0,1) Vi, (")
s""eSs'eS

= Ty, (s"|s, 0, 2) by Equation
+ Z Z Th(s'|s,0,1)Thy1(s"|s",0,1) QZ+2(S", 0)
s”’eSs'eS
=T (s"|s, o, 2) by Equation

+ Y Tu(s']s, 0, )V (5)

s'eS

— ... = Uh(s7 0) + Z [Tth”JrT](s, O) (21)
rE[H—h+1]

where [Thyn4-](8,0) := Yo cs Th(s'|s,0, T)yni+(s") is defined for any (s,0,7) € S x O x [H —
h + 1] given any arbitrary series of functions {ys : S + R},c[p). The value function for any
(h,s) € [H] x S can be derived as

H
Vi(s) =E, Z rhe(Snryan)|sh = 8,00 ~ up(|sk) Z pn(0]s)QY (s, 0)
h'=h 0€0
which concludes the proof. O

C Proof of Theorem

Proof. Our construction of the hard episodic MDP instance is inspired by [Xie et al.| (2021, Ap-
pendix D).

Construction of hard instances. The family of MDPs has (S + 2) states, (2H + 1) timesteps,
A actions, and (O + 1) options for any S, H,O > 1 (The rescaling only affects H, S by at most
a multiplicative constant and thus does not affect the result). Each MDP M, (S, A, O, H, P, r) is
index by a vector a* = (aj, ;) € [A]HS and is specified as follows.

SThe notation O = A means that for any a € A, there exists o € O such that 7§ (a|s) = 1 and S5 (s) = 1
forany (h, s,0) € [H] x § x O. In addition, it holds that O = |O| = |A| = A

17



* The state space is S := {s;};c[s] U {54, 55 }. There are S “bandit states” {s;},c[s], one
“good state” s4, and one “bad state” s;. Particularly, s, and s, are absorbing states, i.e.,
Pr(sq|sg,a) = Pp(sp|sp,a) =1forall h € [2H + 1] and all a € [A].

* The action space is A := [A].
* The option setis O := {0, };e[0) U {0*}.

— The option o* satisfies that 7§ (aj, ;1si) = 1 for any (h,i) € [H + 1] x [S] and

70 (1|s) = 1 whenever h > H + 1 or s € [s,, 5], i.€., option o* always takes action
a*};i at each bandit state s; and otherwise, takes action 1.

— For any o # o*, it holds that 7} (j|s;) = 1 for some j # a} , and any (h,i) €
[Lz*]] x [S], i.e., any option other than o* always takes the suboptimal action at each
bandit state at the first | z* | timesteps. And at timestep | z*]| +1 < h < H +1, we have
that 7§ (aj; ;|s;) = 1 for any o # o*. In addition, it holds that 7}, (1|s) = 1 whenever
h>H+1ors € [sqg,s]

- Further, for any o € O, it holds that ;(s;) = 1 for any (h,7) € [[2*]] x [S] and
B, (s;) = 0for any ([2H +1]\[| 2*]]) x [S], i.e., any option is guaranteed to terminate
(continue) at any bandit state and at each timestep h € [|2*|] (0 € ([2H + 1]\[|z*]])).

In addition, each option is continued at state s, or s, i.e., 55 (sy) = S5 (sp) = 0 for
any (h,0) € 2H 4+ 1] x O.

* Transition kernel P: At the first H timesteps, each bandit state s; can only transit to
s; itself, s4, or s,. The transition probabilities satisfy: (i) Pp(s;|s;,a) = 1 — % for all
a € [A], (ii) Py(sglsi,a) = Pu(sp|si, a) = 5 forany a # aj, ;, and (iii) Py (sy|s:, aj, ;) =
L (3 +71), Pulsplss, ar, ;) = 4 (% — 7), where 7 is a parameter to be determined. At the
last H + 1 timesteps, all bandit states transit to one of s, and s; with probability 1/2 each.

* Reward function r: The bandit states and the bad state s, do not receive any reward, i.e.,
Th(8i,a) = ri(sq,a) = 0 for any (h,4,a) € [2H + 1] x [S] x [A]. The good state does
not receive any reward at the first H + 1 timesteps, while for h > H + 2, it receives a
reward 1 regardless of the action taken, i.e., r,(sg,a) = 0 for any (h,a) € [H + 1] x [4]
and rp,(s4,a) = 1 forany (h,a) € (2H + 1)\[H + 1]) x [A].

* Initial state distribution is uniform on all bandit states, i.e., S1 ~ Unif{s;};c[g].

We also let Mg denote the “null” MDP that has the same construction as the above except that there
is no “special” action aj ,, that is, for any a € [A], it holds that

1

~ 2H

Optimal hierarchical policy 1* and hierarchical behavior policy p. We define our deter-
ministic hierarchical policy u* = {uj(s) = o* forany s € S}ue(y). Therefore, we have that
S0t (s,0) < |2*] < 2 and X2, 1[04 (s,0) > 0] < S|2*] < 7%, Let B = |Coor |
denote the largest integer no greater than C°P, The hierarchical behavior policy p satisfies that
pi(ols;) = % forany o € {0*}U{0,},e(p—1) and all (h, i) € [H] x [S] and pj,(0*|s) = 1 whenever
h>H+1ors € {sg,sp}. It should be obvious that

Pr(sg|si,a) = Pp(sp|si,a)

0" (s,0 ,
max h ( ’ ) Coptlon
h,s,o

-’ 2 <B
o 0 (s,0) ~

IN

Since the above statement holds for any arbitrary selection of a* € [B]HS. Therefore, the following
family of problems is indeed a subset of the class M (CPU" z* Z*).

{(Ma*,p) ca* e [K]HS} c M(COP&OH,Z*,Z*)
We denote by v the uniform (prior) distribution on | B]H S ie. v(a* = ag) = 1/B HS tor all

ag € [B]"5. Note that the hierarchical behavior policy p is the same for all MDPs in the above
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family of problems. Define

lz"] s
lhy,;(ﬂ,a*) = ]P)a* (ﬂh(Sv) 7é 0*)3 L(ﬂva*) = Z Z h Z
h=1 i=1

The loss L measures the expected number of (h, ) pairs on which the algorithm fails to identify the
best option o*. A large loss will translate to a high suboptimality bound, which is formalized in the
following lemma (The detailed proof can be found in Appendix [G.3).

Lemma 3. For any a* € [B]% and any offline algorithm that outputs a deterministic hierarchical
policy i, we have that

i T
* Q
EMa* Vl,Ma* - V1,Ma*} >

2 33 - L(p,a%) (22)

Next, we devote to establishing the following inequality, which lower bounds L(j, a*).

1 212K
Eae[L(ji,a%)] > |2%]S (2 _ BTHS) (23)

Once Inequality is established, then if \/272K/BHS < %, we have that

|z*]S
4

Eqr oy [L(f1,2%)] >

Plugging in Inequality (22)), we can further derive that

.
Eas o [L(f1,2%)] > == =
[L(j1,a")] 35

4 12
Let 7 = 12¢/| z* | where € < 1/12. Then, if
BHS  BHS(|z*])? (option FT 5+
K < = = .
- 3272 321222 ° 2

Hence, the suboptimality satisfies that
Ea-mu|L(ji,a")] > €

and we conclude the proof of Theorem E} Therefore, the rest of this section is to establish Inequal-
ity (23). By slightly modifying the proof of (Xie et al.l 2021} Theorem 3), we have that

Ea o [lni(f1,2%)] > f_\/Epm [Na(s;)] - 2r2/HB

Then, summing the preceding bound over all (h, i), we have that for the hierarchical policy i output
by any offline algorithm,

Ear oy [L(f1, 2%)]

=

S
1 212K
E § 2 — * R
2 ]p .ANh Sl - 27 /HB —LZ JS<2 BHS)

which concludes the proof. O

D Proof of Theorem

Proof. Our proof relies on the following lemma, which decomposes the suboptimality (3) into three
terms that can be analyzed separately. (The detailed proof can be found in Appendix [G.4})
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Lemma 4 (Decomposition of suboptimality). Let i = {fin } ne[a], @ = {@h}he[H] , V= {Vh}he[H]
denote the hierarchical policy, the estimated Q-function, and the corresponding estimated value
function output from Algorithm[l] respectively. We have that

SubOpty (7, 51)

H H
=~ Ealtn(sn, 0n)ls1]+ Y Eu-len(sn, on)ls1]

h=1 h=1
B (i)
H ~
+ Y B [(Qnlsny ), 15 (lsn) = fin(-|sn))ols1] (24)
h=1

(iii)

where |1* is the optimal hierarchical policy and

(s,0) =Un(s,0)+ D> [ThViys)(s,0) — Qu(s,0) (25)
TE[H—h+1]

is defined for any (h, s,0) € [H] x S x O.

The following lemma states that ¢ is non-negative. (The detailed proof can be found in Appendix [G.6})

Lemma 5 (Pessimism for Learning with Options in General MDP Using Dataset D). Suppose that
{Th}herm) in Algorithm are &-uncertainty quantifiers. Under £ defined in Equation , which
satisfies Pp(E) > 1 — &, we have

0 < tp(s,0) < 2T(s,0)
forall (h,s,0) € [H] xS x O.
Therefore, the first term Equation non-positive. By Lemmald|and the fact that i is greedy with

respect to @h (which implies the third term in Equation is non-positive) for all h € [H], we have
that

H
SubOptp (@, 51) < 2 Y Ey- [T (sn, 0n)|51]
h=1
which concludes the proof. O

E Proof of Theorem d

Proof. We first show that I' defined in line 5 of Subroutine [2]is a £-uncertainty quantifier. (The
detailed proof can be found in Appendix[G.7])

Lemma 6. Given a dataset D1, we have that

H? HSO
th=0 (\/nh<s,o> Vi 1°g< ¢ )) (20

forany (h,s,0) € [H] x § x O is a £-uncertainty quantifier.

Hence, by Theorem [3]and Lemmal6] we have that with probability at least 1 — £

~ H H?2
i < Epy |y —————
SuboptDl (,LL, s1) <O (hz_:l w l nn(s,0) V 1 31])

(& H3
<0 (Z E,- [ R0 27
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H
. H3
1%
Z Z O (s,0) K07 (s,0)
h=1 (s,0)eSx0O
H optionH3
Z (28)
h=1 (s,0)0€Sx0O
corongs 1 & . d .
t Iz
T-O };ZH[Qh (s,0) > 0] - ZZeh (s,0) (29)

s,0 h=1 s,o

| /\

IN

o O "H3Z 75,
K

where Z5 = 3¢ 2oses 2ooco O (8,0) and Zo = 3751112 ses 2oco 10, (s,0) > 0].
Here, Inequality follows from (Xie et al., 2021, Lemma B.1) with n = K,p = 0/ (s,0).
Inequality holds by Assumption [T] Inequality is implied by Cauchy-Schwarz Inequality.
Therefore, we conclude the proof. O

F Proof of Theorem [3

Proof. To begin with, we first define the set A}, |, which is the set of state-action pairs that can
be reached at timestep m by using option o at state s and timestep i without being terminated. For
m > h, X", s given by

1,8,0
A, =A{(s",d") : Th(s'|s,0,m — h) - 75, (a'|s") > 0} (30)

where T, (s'|s,0,1) is defined in Equation 1) Particularly, we define X,ﬁs)o = {(s,d) :
w0 (a'|s) > 0}.
Remark 3. In the proof, we assume that X fT&o is known prior for convenience. However, this

. . . . -m
assumption can be relaxed since one can replace A" , with its superset X, , == {(s',a') :

° (a’ls’) > 0}, which does not require prior knowledge, and our results follow directly.

Tm

First, we show that I' defined in Line 18 of Subroutine [3]is a £-uncertainty quantifier. (The detailed
proof can be found in Appendix [G.8])

Lemma 7. Given a dataset Do, we have that

HS
Tn(s,0) = Z Z ~ o T Hon(s, o) (31)
h (s,a 6./"('}:"g o Nm,(S, Cl) vl
where
On(s,0) :=HS> Y~ ) NS N o B
,0) : h<meat<H \| (sm,am)exym Nin(8ms am) V 1 i Ni(s),a;) V1
- - m=m h,s,0 tr9t h,s,o

, 1 1
+HS ) > (Nm( 1T Nha)vi

Sms Gm ) V
h§m<t§H(5771,70'777,)EX}:Y:’S’O,(S al)ex ’”O ms m)

Z S
* Z Z Np(s,a) V1

m=h (s, a)EXh 5.0

(32)
is a §-uncertainty quantifier, where { Vi1 1 },em) are obtained in line 8 ofAlgorithm
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By Theorem [3]and Lemma(7, we have that with probability at least 1 — &

SubOptp, (7, 51)

ZE#* Z Z 7|51 +0 (Z]E [Hon(s 0)|81]>
h=1

h<m<H s,a

i) (F. ii)

Recall that X}, | is the set of state-action pairs that can be reached at timestep m > h by using
option o at state s and timestep h without being terminated. Particularly, we have that Xﬁs o =
{(s',a")|s" = s,m5(a’|s") > 0}. For term (F. 1), we have that

H
- 1
VH3S - O h§*1 E,- Z Z Np(s,a) V1 51

h<m<H (s,a)eX™

h,s,o

<VHS-0 ZZ SO)‘ > > %(S,’Zf)) (33)

h=1 s,0 h<m<H (s,0)€X",
<\JCPEBS . O EH:Z B (s,0) (34)
; ’ h=1 s,0 K
) (s, o0
<\ O H3S O | [>T T6) (s,0) > 0] \/Zh 12500 (5,9)
h,s,o
_ CoptionH3 Sz 7*

where Inequality (33) holds by the similar analysis in deriving Inequality (27), Inequality follows
from the definition of C5?"*" in Equation @), and the last inequality holds by the definition of Z, and

Z . We note that since we do not split dataset Dy, a factor of V/H is saved in deriving Inequality .
For term (F. ii) and by the definition of ¢ in Equation (32), we have that

<ZE [Hn(s o)|s1]>

- 1
<HS-O|Eu | Y > Nl a Vil

h<m<H (s,a)eX™

h,s,o
u i 1
+ H?S%.0 E, - —— 15
m Z Z N (Smy am) V1 !
h=1 |h<m<E<H (sp,am)EX", ,.(s7,a,)€X) |
u i 1
H?5%.0 E,- -
+ |2 2. N ayvi|t
h=1 |hSm<E<H (sim,am)EX", ,.(st,a,)EX)
cwsofn) ¥y ol s )
w* !
h<m<t<H (Sm"am)e‘){g}s,a Nm(Sma am) V1 (shha )GX,f » Nt(Sta at) V1
ul 1
<H?%S%.0 o , —_
< PIPIUACHOIDD > R (oo
h=1 s,0 h<M<t<H (s,a0n)€X, (s),a})€XE
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H
1
2g I
FHS 0 YN0 (o) Y 2 K[ (s a})
h=1 s,0 h<m<t<H (s, am)EX;L'é or(st,at)EX] s,0
H
1
HHS- O3 300 X X g
h=1 s,0 h<m<H (s',a’)eX his.o
R S D SR B SR D SR
Kdb(sm,am) Kdf (s}, a})
h=1 s,0 h<m<t§H (Sm7am)6X}TS,o (827a£)ex}i’s’o
I H
<CoplionH253 O 1 CoptionHQSB O~ 1
copmrs oYY LS a)sarusoYYE Y
h=1 s,0 h<t<H,(sja})€X] _ h=t e PEMSH (o 0m)EX e 0
_ [ coption 2 g2y N iy =E5Te)
o= o| 2———

+ ( K + K

B CoptionH4 S5AO
<0 <2K (0

where the last-second inequality holds by

H i 1 1
AT EDS 2 RaGman A 2. KL

h=1 s,0 h<m<t<H \| ($m,am)EX, e o (s;,at)GX}tl 5o

Shall O (s, 01 (5.0)
SZZ? H Z Z dP}(SjZm H Z Z dZ’(SZaog)

h=1 s,0 h<m<H (sm,am)EX h<t<H (sja})eX}  ,
- H HC;)ption B Hgsocgption
- K K

h=1 s,o0

Combining Inequalities and , when K > O(CM"H5S%A20%/(Z%Zy,)), we conclude
the proof. O

G Proofs of Auxiliary Lemmas

G.1 Proof of Lemmal[l]

Proof. We prove this lemma by backward induction. Recall that 37, (s) = 1forany (s,0) € Sx O.
At timestep H, for any s € S, we have that

Z Z TH(8/|8707 T) = Z TH(SI|370» 1)

TE[H—H+1]s’€S s'eS
*26H+1 ZWH als) Py (s']s, a)
s'eS acA
=" wiilals) 3 Puls/ls.a) =1
acA s'eS
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Next, assume that Equation holds for timestep h + 1. At timestep h, for any s € S, it holds that

Z Z Tn(s'|s,0,7)

TE[H—h+1] s’€S

H—h+1

= ZTh(3/|870a 1)+ Z ZTh(S/|S7Oa7—)

s’E€S T=2 Ss'E€S
= Bira(s) D mhlals)Pa(s'ls, a)

s’eS acA

H—h+1
+ Y milals) Y Pa(s"]s,a) (1= Bia(s”) Do D Thn(s']s",0,m7 = 1)
acA s""eS 7=2 Ss'E€S

=1

= Biaals) D milals)Pu(sls,a) + D wi(als) Y Puls”ls,a) (1= 5714 (s")

s’eS acA acA s"’eS

= Z Z mp(als)Py(s']s,a) =1

s’eSacA

which concludes the proof. O

G.2 Proof of Lemma[2
Proof. Equation can be easily derived by the definitions of T},(s|s,0,1) and T} (s'|s, 0, 1).

We first prove Equation (16) by backward induction on t. When ¢ = 7 — 1, by the definition of
T1(s'|s,0,7) in Equation (13]), we have that for any 7 > 2,

(s'|s,0,7) Z th als)Pu(s"[s,a) (1= Bh 1 (") Thea(s'|s", 0,7 — 1)

s""€SacA
=Tha(s"]s,0,1)
= Z Th(s"|s,0,1)Thi1(s'|s", 0,7 — 1)
s"’eS

Assume that Equation @ holds forany 7 > 2and 2 <t 41 < 7 — 1, we have that

Th(s'|s,0,7) = Z Th(s"|s,0,t + )Thier1(s'[s" 0,7 —t —1)

s""eS
= > Tu(s"[s,0,t) > Thie(s"|s", 0, )T hieqa(s']s", 0,7 —t = 1)
///eS //eS

=Thye(s'|s", 0,7 —t)

Z Th(s"|s,0,t)Th14(s'|s", 0,7 — 1)
s'’eS

which concludes the proof of Equation (I6). Next, we prove Equatlon @ by backward induction on
t. When ¢ = 7 — 1, by the definition of T}, (s'|s, 0, 7) in Equation (11)), we have that for any 7 > 2

Th(s|s,0,7) Z Z i (als) P (s"]s,a) (1 = By 1 (") Thga (s'|s” 0,7 — 1)

s”’€S acA

=Th(s"|s,0,1)

= Z Th(s"|s,0,1)Th41(s"|s", 0,7 — 1)
s'"eS
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Assume that Equation holds for any 7 > 2 and t + 1 € [T — 1], we have that

Th(s'|s,0,7) = Z Th(s"|s,0,t + 1) Thips1(s'|s", 0,7 —t —1)
s"’eS

= Z Th(s"|s,0,t) Z Thit(s"8",0, 1) Thisi1(s'|s" 0,7 —t —1)  (37)
s"€S €S

= T;I,th(s’|s'”7 o, 7T — 1)

= Z Th(s"|s,0,t)Thie(s'|s", 0,7 —t)
//GS
where Equation (37) holds by Equation (T6)) and we concludes the proof. O

G.3 Proof of Lemma[3

Proof. Fix any a* € [B]*®, by construction of our MDP M,-, only the good state 54 receives a
reward of 1 starting at timestep h € {H + 2,--- ,2H + 1}. Along each trajectory, there will be
exactly one transition from the bandit states {s;} to either the good state s, or the bad state s;. This
transition can happen at timestep h = H + 1 but with the same transition probabﬂlty regardless of the
policy. In addition, the state occupancy measure 6/, (s;) := > 6 (s;,0) = (1 — —)h b= 05(sy)
(for h < |z*|) does not depend on the hierarchical policy p. Note that any 0pt10n is termlnated at
any bandit state at the first | z* | timesteps. Therefore, we have that

< i
Vi — Vi,

S S e 15 (57) - 5] Winton) 21

h=1 i=1

5 i (1- ) T n(s:) # o)

h=1 i=1
Taking the expectation with respect to the execution of the behavior policy p within the MDP M-,
we have that

R Lz") 1 1\ !
En,- [foMa* - foMa*] =>.> S (1 - H) 7 Pa- (fin(s:) # 0")
‘ N——
h=1 i=1 = ln.i(,a")
lz*] s -
l 1 =—-L A» *
>3 s hz1 2; h, a5 Lina’)
which concludes the proof. O

G.4 Proof of Lemmafd

Proof. We first provide the extended value difference lemma for options, which generalizes the
extended value difference lemma (Cai et al.l 2020, Lemma 4.2). (The detailed proof can be found in

Appendix [G.5])

Lemma 8 (Extended value difference for learning with options). Let 1 = {pn}pe(m) and p' =
{1}, }ne[m) be any two hierarchical policies and let {Qn:8x 0O R+}he be any estimated
Q functton For all h € [H], we define the estimated value function Vh S — R by setting
Vin(s) = (Qn(s, ), p (\ ))oforallses Forall s € S, we have

Vi(s) = Vi“(s)

A (38)
Ep [(@n(sn, ) i (Lsn) = 5, (1sn))ols1] — Z [en(sn,0n)]s1

M:

h=1

where B/ [f(sn)]s1] := Yo cs 95,(5’)]”(3’) and B, [g(sn,on)] == 32y ) 9h (s',0")g(s, o) for
any h € [H] and arbitrary function f : S— Rand g: S x O — R.

25



We decompose the suboptimality (3] into two terms.

SubOptp (71, 51) = (Vl*(s) - 171(5)) + (171(5) - Vf(s)) (39)

@@ (ii)

Term (i). Applying Lemma with = [, ' = p* and {@h} ne[H) being the estimated QQ-functions
constructed by the meta-algorithm (and taking the inverse in both sides), we have that

H

Vit (s ZE (Qn(sn, ), 1 Clsn) — fin(-lsn))ols1] +ZEM*[5h(5h,0h)|51] (40)

h=1
Term (ii). Similarly, applying Lemmawith uw = p' = fand {@h} ne[H) being the estimated

@-functions constructed by the meta-algorithm, we have that

\7( ) — V“ Z]E th(Sh,0n)|s1] 41)

Combining Equation and (1), we decompose the suboptimality (39) as follows

SubOptp (i, 81) = Z]E th(Sh,on)|s1] +ZE [th(sh,on)|51]
h=1 h=1

+ZIE (@Qn(sns ), 13, Clsn) — Ain(Clsn))olsi]

h=1

which concludes the proof. O

G.5 Proof of Lemmal§]

Proof. By the definition of V},(s) = (Qn(s,-), un(-|s))o and Vh“/ = <QZ/(S, ), 15, (-s)) 0. we have
that

Vi(s) = Vi (s) = (Qu(s. ). i (-1s))o — (@4 (5,), i (1)) o
—(Qn(5,), 1 (18) = ph (19))o + (Qn(s,-) — QY (5,-), i (1))o

By the definition of the model prediction error in Equation (25)), we have that

H—h+1 ) R H—h+1
=Un+ Y [TV Qu=Us+ Y [TiVig-—un
7=1 T=1
which implies that
~ ’ H_h+1 ~ 7
Qn=Qh = Y [Tn(Varr = Vi) —
=1
That is, we have that
R ) H—h+1 R /
Vi(s) = Vi () = D ([Tn(Vagr = VLIS, ), i (l9)) 0
T=1
— (s, ), b C18)o + (@nls, ), mals) = i (19)o (42)

Recall that for any hierarchical policy p and episode that starts from state s; at the first timestep, the
state-option occupancy measure 6* is given by

0 (s,0) = pn(o|s) Z Z 29 (s, 0\ Th_r(s|s',0',7)

T€[h—1]s'€S 0'€O

where 01 (s, 0) = I[s = s1]p1(0|s). Let q;, (s'[s, 7) := > co 1n(0]s)Th(s'|s, 0, T) is the probability
that the agent selects a new option o according to the hierarchical policy y at state s at timestep h
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(either when h = 1 or when the option used at timestep (h — 1) is terminated if A > 2), uses option o
for 7 timesteps, and terminates option o at state s’ at timestep h + 7. We have that

j-1
0 (s Z 0 (s,0) Z H @b (Stip |5t tigr — ti)

0€0 {(tivSti)}z:1€ﬁh,s i=1

Here, Ly, s contains any possible sequence of timestep-state pair {(t1,5¢,), (t2,5t,), -, (£, 5¢,)}
with a (random) length of j < h, where 1 = t; < #; < ... < t; < H. For such a sequence, the
agent selects a new option at state s;, at timestep ¢; (either when ¢; = 1 or when the option used at
timestep (¢; — 1) is terminated if ¢; > 2), uses it for (¢;41 — t;) timesteps, and terminates this option
at timestep ;1. It also holds that (1, s, ) = (1,51) and (¢, s¢;) = (h, s). Recursively expanding
Equation (@2)), we obtain that

~

1(s) = VI (s)
H
Z 11 (Vigr = VELON(, ) i (C19))o = (s, 2), 1 (19))o + (@1 (s, ), i (-]s) = i (1))

H

=3 lol) 30 3 Tal1s,0,7) (Vi) = VEL()) = (a5, i (o + (@15, mCls) = s (ls))o

e T=1s'€S

H—1
5 (z MS(OIS)Tl(S’I&OJ)) ( S (e Prrars — Voo ), e (1))
s’eS

0cO T'=1

M=

T=1

!
=gl (s's, T)

— (4 (8, ) (L)) 0 + (Quir (8'5), s (8)) = u’1+7(~5’)>o>
= (u(s, )i Cls))o + (Qu(s. ), mlls) = wh (ls)o

i > ¢t (s']s,7) HZ::I<[T1+T(‘71+T+T' ~ V() i (1))
+ (@ms,-)?mu ) - o+; %ql |5, 7){Quer (5, >,m+7<-|s’>—ua+7<-|s’>>o>
- <<L1< o+21%q1 l5,7) (114 (5", >,ua+f<-|s'>>o>
= —ZZ@“ 5,70, 1 ([8) = i (- 229“ i ([9)o
pfeert pfeert

H
Z @n(sny ) nlsn) = ph(lsn))ols1] - ZE [en(shs 0n)ls1]
which concludes the proof. O

G.6 Proof of Lemma[j

Proof. We first show that conditioned on the successful event £ defined in Equation @, the model
evaluation error {¢4}5c(m is non-negative. Indeed, by the definition of ¢, in Equation (25), if

Q,,(s,0) < 0 (which implies Q5 (s, 0) = 0 by line 6 of Algorithm , we have

H—h+1 N N H—h+1 .
tn(5,0) = Un(s,0) + > [ThVisrl(s,0) = Qu(s,0) = Un(s,0) + > [ThVayr](s,0) =0
=1 T=1
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Otherwise, if @}, (s,0) > 0, we have

H—h+1 N
Lh(s,o) ZUh(S,O) + Z [TthJr'r](sv O) - @h(&o)
AT=1 H—-h+1 .
=Un(s,0) = Un(s,0)+ > [(Th = Th)Vas+)(5,0) + T(s,0) > 0
T=1

Conditioned on the successful event £, we have that

H—h+1
Qu(s,0) =Un(s,0)+ Y [ThVisr](s,0) = Th(s,0)
=1
H-h+1
<Uy(s,0) + Z [ThVhtr)(s,0) <H —-h+1
T=1

Hence, we obtain that

Q\h(sv O) = min{@h(sv 0)7 H—h + 1}+ = max{@h(sa 0)7 O} 2 @h(sa O)
Therefore, we finally derive that

H—h+1

th(s,0) =Un(s,0)+ Y [ThVisr)(s,0) — Qn(s,0)
T=1
H-h+1 B
<Un(s,0) + Z [ThVhir](s,0) — Qy(s,0)
=1
R H—h+1 L
=Un(s,0) — Up(s,0) + Z [(Th — Th)Vhir](s,0) + Th(s,0) < 2T'4(s,0)
T=1
which concludes the proof. O

G.7 Proof of Lemmald

Proof. Tt suffices to show that for all (h, s,0) € [H] x S x O, it holds that with probability at least
1-¢

H—h+1
’Uh(s,o) - Uh(s,o)‘ +| 32 [T — T1)Vherl(5.0)| < Ti(s,0) (43)
T=1

where fh(~, - and Uy, (-, -) are given in lines 6 and 7 in Subroutine respectively, 'y (+, -) is defined
in Equation (26), and V}, () is defined in line 8 of Algorithm Recall that ny, (s, 0) is the number of
visits to state-option pair (s, 0) at the hth timestep in subdataset Dy ;. By Hoeffding’s Inequality and

noting that U, (+,-) € [0, H — h + 1], for any (h, s,0) € [H| x S x O, it holds with probability at

least 1 — p that
R H2 1
B _ - £ 44
‘Uh(s,o) Uh(S,O)‘ <0 (\/nh(s,o) Vi <P)> -

By Hoeffding’s Inequality and noting that fh only depends on D; j and \7h+T only depends on
D1 t>h, forany (b, s,0) € [H] x S x O, we have that with probability at least 1 — p

H—h+1
S (= TFasel(5:0) <O (\/ o (;)) )

Therefore, applying a union bound over (h, s,0) € [H] x & x O and letting p + ﬁ, we conclude
the proof. O
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G.8 Proof of Lemmal[7|

Proof. Our proof relies on the following lemma. (The detailed proof can be found in Appendix [G.9})
Lemma 9. With probability at least 1 — &, for any (h, s,0) € [H] x S x O, it holds that

Z ’fh,(s’\s,o,r) —Th(s'|s,0,r)‘

(s, 7)ESX[H—h+1]

o[£ 5 () o (159)

m=h (s,a) exr, ,

where ¢y, is defined in Equation in the proof.

Similar to the proof of Lemmal6] it suffices to show that for all (h, s,0) € [H] x S x O, it holds that
with probability at least 1 — &

N H—h+1 R R
|Un(s,0) = Un(s,0)| + | 3° [(Th = Tu)Vasr(s.0)| < Tuls,0) (46)

where fh( -) and U h( -) are constructed by replacing Py, r1,, and T, with their empirical counter-

parts in Equatlon and Equatlon 7), respectively, 'y, (-, -) is defined in Equation , and \7h()
is defined in line 8 of Algorithm[T] First, recall that

Un(s,0) = ZWZ( |s)rn (s, a) Z Z Z Th(s'|s,0,0)mf (a8 ) rpgu(s’,a")
acA le[H—h]s’€Sa’eA
Therefore, we have that with probability at least 1 — &,
‘ﬁh(s,o) — Uh(s7o)‘
<> w(als)lrals,a) = Fi(s,a)l

acA

+ Z Z Zﬂ'h_H "s") ‘Th 8,0, )Thyi(s',a") = Th(s'|s,0,0)rh(s",a’)

l€e[H—h]s'€eSa’eA

< Z 70 (als)|rn(s,a) — Pr(s,a)| + Z Z Z mh (@8 ) |rhga (s’ a") = Prqa (s’ a)]

acA le[H—h] (s’ a')e;\{l L, €A

u 1 HSA
LIDIEDY ”ﬂa'S)\/N",,(S,a)wlog( =)

m=h (s,a) X",

e

H H 1 HSA
<0 (roulals)? | | D2 D Nm(s,a)\/llog< f)

m=h (s,a)EX]" m=h (s,a) X"

5,0

A HS HSA
<o|,|2 Nn(s,0) v 1 1g< 5)

m=h (s,a) EX}",

s,0

,0

where the last second inequality holds by Cauchy-Schwarz inequality and the last inequality follows
from the fact that Z(s,a)EX,TSYO (72, (als))? < Z(s,a)eX,Tsyo w2 (a|s) < S. In addition, by Lemmaﬂ

we have that

H—h+1 N N
Z [(Th - Th)‘/h—i-r](sv 0)
T=1
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<H Z Z’Th (8'|s,0,7) — Th(s |SOT)‘

TE[H—h+1]s’€S

A HS HSA HSA
<O| H Z Z Nm(s,a)\/llog( € >+H¢h(s o)log< ¢ )

m=h (s,a)€X]"

which concludes the proof. O

G.9 Proof of Lemmald

Proof. We adopt a similar analysis to the proof of (Jin et al.,2020, Lemma 4). By the construction of
Tw(s'|s,0,7) in Line 12 of Subroutine we have that

fh(s'|s7o, 7)
=> " wh(als) Y Puyroa(s"s,0) (1= 8741 (s")) Thga (s']s”, 0,7 = 1)

acA s"’eS
h47-1 h47—-1
=Brir(s) Y [T (0 =82se) mhaulse) H Py(siasr,ar)
{St at}h+T 1 t=h

where sp, = s, 4 = §'. Define 0 (a|s) := (1 — 55 (s))7 (als). Hence, we have

fh(s’|s,0, T) = Th(s'|s,0,7)
h+1—1 (th‘r 1 h+71—1

:ﬂ2+7(3/) Z H n (aelst) H Pt (8t4+1]8t,at) — H 3t+1|3t7at)> (47)
t=h

CTRS =

)
Consider any such trajectory {s;, at}fi; ~!. To bound term (*) by the error in estimating the one-step
transition kernel, i.e., | P, (s|s, a) — Py (s']s, a)|,

h+1—1 h+7—1 h+7—1 m—1 h+1—1 R
(*) = H Pt St+1‘8t7at H P, 5t+1|5taat Z H Pt(st+1|5t>at) H Pt(st-&-l‘stva't)
t=h t=h m=h+1 t=h t=m
(i) (ii)
h+7—1
= (Ph,(5h+1|3h;ah) + P}L(S}L+1|Sha ah)) H Pt(3t+1|5ta Clt)
t=h+1
()
h+7—1 h+17—1 m—1 h+1—1
P (Sh+1lsn, an) H Py(stt1lse,ar) £ Z H Py(st41]se, ar) H Py(ser1lse,ar)
t=h+1 m=h+2 t=h =
(i)
h+71—1
H Pt(5t+1|5t7at)
t=h
N h+71—1
=(Pr(sn+1lsn, an) — Pr(sht1lsn, an)) H Py(st41]st, at)
t=h+1
h+71—-1
+ Pr(sh+1|sn, an) (Ph+1($h+2\5h+17ah+1) + Phi1(Snt2|sh+1, ant1) H Py(st41]se, at)
t=h+2
h+7—1 m—1 h+7—1 h+7—1
+ Z H B 8t+1\3t7at H Pt 5t+1\8t7@t H P 5t+1\8t7@t)
m=h+2 t=h t=h
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h+7—1 m—1 h+7—1

Pm(5m+1|5m, am) - Pm(5m+1|5m7 am)) H Pt(5t+1|5t7at) H Pt(5t+1|5ta at)
m=h t=h t=m+1

I
(]

(48)
The following lemma shows the error of the empirical transition kernel.

Lemma 10. By the empirical Bernstein Inequality, with probability at least 1 — 4p, it holds that for
any (h,s,a,s') € [H] x 82 x A
1
7log (E)

p> T (MG -V D)

/ 5 2P (s'|s,a)(1 — Pa(s'|s, a)) 1
Ph(S |$,a)*Ph($ Saa)‘g\/ (Nh(s,a)—l)\/l lo (

which implies
‘Ph(s’|s, a) — Igh(s'|s, a)‘ < en(s']s, a) (49)

forany (h,s,a) € [H] x S x A, where Nj,(s, a) is the number of visits to the state-action pair (s, a)
at the hth timestep in Dataset Do and

Pu(s'|s, a) HsAy log(154)
! = mi 1,0 ! . 1 50
nlelsa):=min g LO W S0V "g( » > T NGV O
Proof. See the proof of (Jin et al.,|2020, Lemmas 2 and 8). O

Combining Inequalities @7), (48], and (50), we further derive that

‘fh(s’|s,0, 7) = Th(s'|s, 0, 7')‘

h+71—1 h+7—1 m—1 h+7—1 R
Sﬂz+r(3/) Z H n; (at|st) €m(Sm+1[8m, am) H Py(st+1lst, at) H Py(sev1lse, ar)
{St,at}?i—;—_l t=h m=h t=h t=m+1

h+7—1 m—
= > > eml(Smilsm am) (nfn(amsm H £ (at|se) Pe( 5t+1|5t,at)>

m=h {5t7at}h+7- 1

h+1—1 R
'</BZ+T(8/) 1T Wf(at|8t)Pt(St+1|5t>at)>

t=m-+1
h+7—1 m—1
= Z Z €m(Sm+1[8m, am) Z T (@[ 5m) H 1 (ae|se) Pi(stylse, ar)
m=h Sm,Am,Sm+1 {Smat};’;;l t=h
h+7—1

S ST B ) T miarls)Pilsiialse, ar)

Am+1 {sq,a, 107 m+2 t=m+1
h+7—1

= Z Z m (Smt1]5ms @m)Th(Sm|s, 0,m — W)Th (5 |$mi1, 0, h +7 — (m + 1))
m=h Sm,am,Sm+1

(5D
Similarly, we have that
1T (8 |Sma1, 0, h+ T — (m+ 1)) = Tp(s'|Sma1, 0, h + 7 — (m+ 1))

h+T 1
Z Z €1(sy4115, ap)Th(s}]Sm+1, 0, t— (m+1)Th(s'|sh,0,h + 7 —t)

t=m+1 St!a’t7st+1
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h+‘r 1

B () D Y alsialsh a)Ta(sismir, 0t — (m+1)) (52)

t=m+1s},a}, stJrl

forany m € {h,--- ,h47—1}, where the last inequality holds by T}, (s'|s}, 0, h4+7 —t) < By (s).
Let wy, := (Sm, @m, Sm+1). Combining Inequality and (52), we derive that

Z ‘fh(s’\s,om)—Th(s’|s,o,7)‘
(s',7)ESX[H—h+1]
h+7—1
< Z Z Z €m (8ma1/8ms @) Th(Sms @ml|s,0,m — R)Th(8'|$ma1,0,h + T — (m + 1))
s', T m=h wm
h4+71-1

+ Z Z Z €m (Sma1|Sms @m)Th(8m, @ml|s, 0,m — h)

s',T m=h wm

h+71—1
Biia(s) Do D elsipalst, al)Tu(sy, aplsmen, 0.t — (m+ 1))
t=m+1 wé
H
= Z Zﬁm(5m+1|3m7 am)Th(Sm, amls,0,m — h) ZTh(s’|sm+1, o,h+1—(m+1))
m=h Wm s'T

= 1 by LemmalT]
H d—1
+ Z Z Zem(sm+1|sm, am)Th(Sm,amls, 0,m — h)e(si sy, ay)Th(s}, at]Smi1,0,t — (m+ 1))
m=h

=h W, t=m+1 w{

Z BfOH—T(Sl
s',T

< HS
H
< Z Zem(5m+1|3m7am)Th(Sm7am $,0,M — h)
m=h Wm

B,

+HS Z Z €m (Smt11Sm, @m)Th(Sm, amls, 0,m — h)e(sy 4|8}, ay)Th(s}, at|sm1,0,t — (m+ 1))
h<m<t<H w?nawi

B,
(53)

Step 1. Bounding term B;. Recall that from Equation (50)

/ log HSA
Eh(s’|5,a) =min{ 1,0 \/ Ph( |S (I) log (HSA) " ( )
p

Np(s,a) V1 Np(s,a) V1
We have that
H
Bl = Z Zem(5m+1|8m7am>Th(Smaam|570am - h)
m=h Wm
(57n+1‘5m7am) HSA
=0 Th(Sm, m h 1 —_—
<mz:hwz: h(Sm,amls,0,m — )\/N o am) v 1 og )
Th(8m,aml|s,0,m — h) HSA
1
+mz:h; m(Smsam) V1 o8 P
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For the first term, applying Cauchy-Schwarz inequality yields

H
_ Pm(5m+1|3m’am) H54
T my Um |5, 0, —h !

Z Z h(s “ |S om )\/ Nm(swmam) V1 o p

m=h W,

H
= v (Smt1]Sm, Gm) HSA
< Z Z Th(Sm,am|s,0,m — h) Z m(Sm,am)\/l log< ’

M=nh (S ,am)EX™ Sm41E€ES

h,s,o

u > Py ($mt1]8ms am) HSA
— Sma1ES T M m—+1[9my Um
< Z Z Tn(sm, amls,0,m —h) Z 1 < +Z\§m(sm,am) v log ( P )

m=h (sm,am)EX", , Sm+1E€ES

H
— S HSA
- Z Z Th(sm, amls,0,m = h)\/Nm(Snuam) vl . ( p )

m=h (S ,am)EX™

h,s,o

< i Z (Th(8m,m|s,0,m — h))2 i Z s log as54

= msy ¥'m ] Nm(sm,am)\/]. p
Mm=nh (Sm,am)EX e o m=h (sm,am)eX;L"S o

_ ZH: 3 HS g [(H5A

= Nowlsmram) V1 8\ p

\ Mm=nh (S ,am)EX™"

h,s,o

where the last inequality holds by Z(Sm am)EX (Th(Sm,am|s,0,m — h))? <
Z(sm,am)exgjw Th(8m,amls,0,m — h) < 1, ie., it is the probability that the agent does
not terminate the option at timestep m. Hence, we obtain that

H
HS HSA
<
meo [¥ % e (M54)

m=h (Snua'm)exfsm

(54)

+ EH: > Nm(sm,sam) Vil <H§A> )

M= (8m,am)EX, h s,0

Step 2. Bounding term B,. Since e, T, < 1, we have that
m m m HSA
E E (Sm1]$m, @ )log Th(Sm,aml|s,0,m — h)
N, va am) V1 p

h<m<t<H w, ,w};
Pt(st+1|st,at) HSA
. ] T a1y O — 1

\/Nt(s;a;)vl 8|7 JTrlb a0t = (m+1)

Th Sm;am|3 0, m — h) HSA
§ 1
- Z m(Smsam) V1 °8 D

h<m<t<H wp,,w;

N Z Z Th(s,, ah|sma1,0,t — (m+1)) log <H§A)

Ny(s},a;) V1
h<m<t<H wp, ,w; t 2 t)

Bs

IN

(55)
Applying the Cauchy-Schwartz inequality, the first term of Inequality (55) can be written as

Z Z log <HSA) \/Th(sm,am|s,o,m — h)Py(s} 118}, a})Th(s}, af|$m1, 0.t — (m + 1))
p

Ny (S, am) V1
<M <t<H W, ,w) m(Sm; @m)

33



. \/Th(sm, Am|8,0,m — B) Py (St |8my @ ) Th(Sh, ah|Sma1, 05t

—(m+1))
Ne(sh,ah) V1

< HSA Z Th(s’rrua7n‘sao7m_ h)Pt(S;+1|5;£>a;£)Th(52aa“sm-i-lvoat_ (m+1))
- N (Smyam) V' 1

h<m<t<H W , W}

Z Th(S»m, am|8 0,mM — h) TTL(S77L+1‘STVL7 am)Th(St; at|87n+1a 0, t— (m + 1))
Nt(st7 at) vl
HSA Th(Sms amls,0,m — h) Th(s,, a}ls,0,t —h)

< 1 et S ) . S ) ) b
< )P LS, TR LT

h<m<t<H (sm,am)EXh”s Y

(s’a)EXt Nt(s;7a;)\/1
9

h,s,0

(56)
where the last inequality holds by
Z Th(Sm,am|s,0,m — h)Py(si4 1|}, ap)Th(s), ay|smyt1,0,t — (m+1))
, Nm(sm; am) V1
Th sm,am|s o,m — h) _
-3 Tl ) S T 0t = 410) Y Pl )
m si,ay Sii1
<1 =1
Th(Sm,amls,0,m — h)
<S
Z Nm(sma am) V 1
(SM,GM)E h s,0
and
Z Th(Sm, aml|s,0,m — h) Py (Sma1|8ms am ) Th(8h, @bl sma1,0,t — (m + 1))
o Ni(sy,ap) V1
SS Z Thgvsga(a/; |Sa/§7\j I h)
(spapexy,, ond
by the same analysis.
In addition, the second term of Inequality (55) can be bounded by
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By the exact analysis, the third term of Inequality (53] can be bounded by
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Combining Inequalities (56), (57), and (58), we have that

1 1
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h<m<t<H (s,,“am)EX}”}SYO,(sQ,aft)e?(‘

(59)

v h,s,o

Step 3. Putting all together. Therefore, combining Inequalities (53)), (54), and (39), we derive that

Z ‘fh(s’|s70, 7) — Th(s'|s, 0, 7)‘
(s',7)ESX [H—h+1]
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h,s,o

where ¢y, is defined in Equation (32). O

H Counterexample

Example 1. We consider an episodic MDP with the following structures: (1) Py_1(z|s,a) = 1
for some x € S and any (s,a) € S x A, i.e., the agent is guaranteed to arrive state x at the Hth
timestep using any hierarchical policy, (2) the set of actions A = {a',a?}, which satisfies that
ra(x,at) = 1 and rg(z,a?) = 0, (3) the set of options O = {01, 02}, which satisfies that: (3.i)
01 and oy are exactly the same before timestep H, i.e., 7' (als) = 772 (als), 57" (s) = B2 (s) for
any (h, s,a) € [H — 1] x 8§ x A, (3.ii) at state = at timestep H, option o; always takes action a'
while option oy takes action a? with probability € € (0,1), i.e., 7% (a'|z) = 1, 7% (a'|z) =1 — ¢,
792 (a?|x) = e, (3.iii) the agent guarantees to terminate option o,_; and select a new option at
timestep H, i.e., 87 (z) = B77(x) = 1. It can be easily seen that u};(x) = o;. If the hierarchical
behavior policy p to collect the dataset D; always selects oo in the Hth timestep, i.e., pg () = 09,
then jig () = og since no information of o, is provided. Therefore, it holds that CY*"*" = oo while

O < o

35



	Introduction
	Related Work
	Preliminaries
	Episodic MDP with Options
	Offline RL with Options

	The PEVIO Algorithm
	Data-Collection and Suboptimality Analysis
	Learning from State-Option Transitions
	Learning from State-Action Transitions
	Further Discussion

	Conclusions
	Notations
	Notations in Section 3
	Notations in Section 5.2

	Proof of Theorem 1
	Proof of Theorem 2
	Proof of Theorem 3
	Proof of Theorem 4
	Proof of Theorem 5
	Proofs of Auxiliary Lemmas
	Proof of Lemma 1
	Proof of Lemma 2
	Proof of Lemma 3
	Proof of Lemma 4
	Proof of Lemma 8
	Proof of Lemma 5
	Proof of Lemma 6
	Proof of Lemma 7
	Proof of Lemma 9

	Counterexample

