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A Functionals and Derivation of Gradients of First-order Variations828

A.1 Overview of utilities and divergences in Table 1829

In the following, we report the missing details for the functionals presented within Table 1, and830

discuss some possible applications.831

Manifold Exploration and Generative Model De-biasing As mentioned within Sec. 3, maxi-832

mization of the entropy functional as been recently introduced as a principled objective for manifold833

exploration [12]. Moreover, we wish to point out that it can be interpreted also from the viewpoint of834

de-biasing a prior generative model to re-distribute more uniformly its density while preserving a835

certain notion of support, e.g., via sufficient KL-divergence regularization.836

Risk-averse and Novelty-seeking reward maximization A definition of qrω can be found below,837

explanations of these utilities can be found in Sec. 1, and experimental illustrative examples are838

provided in Sec. 6.839

Optimal Experiment Design The task of Optimal Experimental Design (OED) [7] involves840

choosing a sequence of experiments so as to minimize some uncertainty metric for an unknown841

quantity of interest f : X → R, where X is the set of all possible experiments. From a probabilistic842

standpoint, an optimal design may be viewed as a probability distribution over X , prescribing how843

frequently each experiment should be performed to achieve maximal reduction in uncertainty about844

f [46]. This problem has been recently studied in the case where f is an element of a reproducing845

kernel Hilbert space (RKHS), i.e., f ↑ Hk, induced by a known kernel k(x, x→
) = !(x)

↑
!(x

→
)846

where x, x
→
↑ X [38]. Given this setting, one might aim to acquire information about f according to847

different criteria captured by the scalarization function s(·) [39]. In particular, in Table 1, we report848

three illustrative choices for s:849

• D-design: log det(·) (Information)850

• A-design: ↓Tr(·) (Parameter error)851

• E-design: ωmax(·) (Worst projection error)852

as reported in previous work [Table 1 39].853

Diverse Mode Discovery This objective corresponds to a re-interpretation of the Diverse Skill854

Discovery objective introduced in the context of Reinforcement Learning [59]. Consider the case855

where it is given a discrete and finite set S of symbols interpretable as latent variables, which can856

be leveraged to (exactly or approximately) perform conditional generation. This objective captures857

the task of assuring maximal diversity, in terms of KL divergence between the different conditional858

components, represented as pε,k with k ↑ S .859

Log-barrier constrained generation This formulation can be found within the General Utilities860

RL literature [61]. In particular, here we show the case where constraints are enforced via a log-barrier861

function, namely log(·). Nonetheless, the functional presented in Table 1 remains meaningful for862

general penalty functions.863

Optimal transport distances OT distances within Table 1 and their relative notation are introduced864

below in the context of their first variation computation.865

Maximum Mean Discrepancy Here k denotes a positive-definite kernel, which measures similarity866

between two points in sample space. Moreover, µp denotes a kernel mean embedding of distribution867

p [37]. In terms of applications, choosing a proper kernel k could render possible to preserve specific868

structure of the initial pre-trained model that would be otherwise lost via KL regularization.869

A.2 A brief tutorial on first variation derivation870

In this work, we focus on the functionals that are Fréchet differentiable: Let V be a normed spaces.871

Consider a functional F : V → R. There exists a linear operator A : V → R such that the following872
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limit holds873

lim
↓h↓V ↔0

|F (f + h)↓ F (f)↓A[h]|

↔h↔V
= 0. (15)

We further assume that V admits certain structure such that every element in its dual space (the space874

of bounded linear operator on V ) admits some compact representation. For example, when V is the875

set of compact-supported continuous bounded functions, there exists a unique positive Borel measure876

µ with the same support, which can be identified as the linear functional. We denote this element as877

εF [f ] such that ↗εF [f ], h↘ = A[h]. Sometimes we also denote it as ϑF
ϑf . We will refer to εF [f ] as878

the first-order variation of F at f .879

In this section, we briefly review strategies for deriving the first-order variation of two broad classes880

of functionals: those defined in closed form with respect to the density (e.g., expectation and entropy)881

and those defined via variational formulations (e.g., CVaR, Wasserstein distance, and MMD).882

• Category 1: Functional defined in a closed form w.r.t. the density. For this class of functionals,883

the first-order variations can typically be computed using its definition and chain rule.884

With definition (15) in mind, we can try to calculate the first-order variation of the mean functional.885

Consider a continuous and bounded function r : Rd
→ R and a probability measure µ on Rd.886

Consider the functional F (µ) =
∫
r(x)µ(x)dx. We have887

|F (µ+ εµ)↓ F (µ)↓ ↗r, εµ↘| = 0. (16)

We therefore obtain εF [µ] = r for all µ. We will compute the first-order variations for other888

functionals in the next subsection.889

• Category 2: Functionals defined through a variational formulation. Another important subclass890

of functionals considered in this paper is the ones defined via a variational problem891

F [f ] = sup
g↗!

G[f, g], (17)

where ” is a set of functions or vectors independent of the choice of f , and g is optimized over the892

set ”. We will assume that the maximizer g↘(f) that reaches the optimal value for G[f, ·] is unique893

(which is the case for the functionals considered in this project). It is known that one can use the894

Danskin’s theorem (also known as the envelope theorem) to compute895

εF [f ]

εf
= ϑfG[f, g

↘
(f)], (18)

under the assumption that F is differentiable [36].896

A.3 Derivation of gradients of first-order variation for functionals in Table 1897

• Risk-Averse Optimization (Category 2) Recall that qrω(p
ε
) = sup{v ↑ R|FZ(v) ≃ ϖ}, where898

the random variable Z is defined as Z = r(x) with x ⇐ p
ε
(x). From [49], we have899

CVaR
r
ω(p

ε
) = E[r(x)|r(x) ≃ q

r
ω(p

ε
)] = ϖ inf

ϖ

{
ϱ +

1

ϖ
E [min{r(x)↓ ϱ, 0}]

}
.

Moreover, we have ϱ
↘ that solves the above optimization problem is exactly ϱ

↘
= q

r
ω(p

ε
). By900

Danskin’s theorem, one has (in a weak sense)901

εCVaR
r
ω(p

ε
)

εpε
= ϖmin{r(x)↓ q

r
ω(p

ε
), 0}. (19)

• Risk-Seeking Optimization (Category 2) Recall that qrω(p
ε
) = sup{v ↑ R|FZ(v) ≃ ϖ}, where902

the random variable Z is defined as Z = r(x) with x ⇐ p
ε
(x). From [49], we have903

SQ
r
ω(p

ε
) = E[r(x)|r(x) ⇒ q

r
ω(p

ε
)] = (1↓ ϖ) inf

ϖ

{
ϱ +

1

1↓ ϖ
E [max{r(x)↓ ϱ, 0}]

}
.

Moreover, we have ϱ
↘ that solves the above optimization problem is exactly ϱ

↘
= q

r
ω(p

ε
). By904

Danskin’s theorem, one has (in a weak sense)905

εSQ
r
ω(p

ε
)

εpε
= (1↓ ϖ)max{r(x)↓ q

r
ω(p

ε
), 0}. (20)
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APPLICATION FUNCTIONAL F / D FIRST-ORDER VARIATION
DENSITY CONTROL

CONVEX GENERAL

REWARD OPTIMIZATION [14, 56] Ex≃pω [r(x)] r ✁ ✁

MANIFOLD EXPLORATION
GEN. MODEL DE-BIASING H(p

ε
) := ↓Ex≃pω [log p

ε
(x)] ↓1↓ log p

ε ✁ ✁

RISK-AVERSE OPTIMIZATION
CVaR

r
ω(p

ε
) := Ex≃pω [r(x) | r(x) ≃ q

r
ω(p

ε
)] ϖmin{r(x)↓ q

r
ω(p

ε
), 0} ✁ ✁

Ex≃pω [r(x)]↓ Var(pε) r(x)↓
(
r(x)

2
↓ 2Ex≃pω [r(x)]r(x)

)
✂ ✁

RISK-SEEKING OPTIMIZATION SQr
ω(p

ε
) := Ex≃pω [r(x) | r(x) ⇒ q

r
ω(p

ε
)] (1↓ ϖ)max{r(x)↓ q

r
ω(p

ε
), 0} ✂ ✁

OPTIMAL EXPERIMENT DESIGN
s(Ex≃pω [!(x)!(x)

↑
↓ ωI]) SEE EQUATION (30)

✁ ✁

s(·) ↑ {log det(·),↓Tr(·)
⇐1

,↓ωmax(·)}

DIVERSE MODES DISCOVERY ↓Ez[DKL(p
ε,z

↔Ek p
ε,k

)] SEE EQUATION (32) ✂ ✁

LOG-BARRIER CONSTRAINED GENERATION Ex≃pω [r(x)]↓ ϖ log (↗p
ε
, c↘ ↓ C) SEE EQUATION (31) ✁ ✁

KULLBACK–LEIBLER DIVERGENCE DKL(p
ε
↔ p

pre
) =

∫
p
ε
(x) log

pω(x)
ppre(x) dx 1 + log p

ε
↓ log p

pre ✁ ✁

RÉNYI DIVERGENCES Dω(p
ε
↔ p

pre
) :=

1
ω⇐1 log

∫
(p

ε
(x))

ω
(p

pre
(x))

1⇐ω
dx

ω
ω⇐1

(∫ (
p
q

)ω
dq(x)

)⇐1 (
p
q

)ω⇐1
✁ ✁

OPTIMAL TRANSPORT DISTANCES Wp(p
ε
↔ p

pre
) := infϱ↗”(pω,ppre) E(x,y)≃ϱ [d(x, y)

p
]
1
p SEE EQUATION (29) ✁ ✁

MAXIMUM MEAN DISCREPANCY MMDk(p
ε
, p

pre
) := ↔µpω ↓ µppre↔, µp := Ex≃p[k(x, ·)] argmaxς↗H

↗ς, p
ε
↓ p

pre
↘ ✁ ✁

Table 2: Examples of practically relevant utilities F (blue) and divergences D (orange), and their
first-order variations.

• Rényi Divergence (Category 1) Recall the definition of Rényi Divergence906

Dω(p↔q) =
1

ϖ ↓ 1
log

∫ (
p

q

)ω

dq(x). (21)

We ignore higher-order terms like O((εp)
2
).907

Dω(p+ εp↔q)↓Dω(p↔q) =
1

ϖ ↓ 1
log

∫ (
p+ϑp

q

)ω
dq(x)

∫ (
p
q

)ω
dq(x)

(22)

=
1

ϖ ↓ 1
log

∫ (
p
q

)ω
+ ϖ

(
p
q

)ω⇐1
ϑp
q dq(x)

∫ (
p
q

)ω
dq(x)

(23)

=
1

ϖ ↓ 1
log 1 +

∫
ϖ

(
p
q

)ω⇐1
ϑp
q dq(x)

∫ (
p
q

)ω
dq(x)

(24)

=
1

ϖ ↓ 1

∫
ϖ

(
p
q

)ω⇐1
ϑp
q dq(x)

∫ (
p
q

)ω
dq(x)

(25)

908

ε

εp
Rω(p, q) =

ϖ

ϖ ↓ 1

(∫ (
p

q

)ω

dq(x)

)⇐1 (
p

q

)ω⇐1

(26)

• Optimal transport and Wasserstein-p distance (Category 2) Consider the optimal transport909

problem910

OTc(u, v) = inf
ϱ

{∫ ∫
c(x, y)dφ(x, y) :

∫
φ(x, y)dx = u(y),

∫
φ(x, y)dy = v(x)

}
(27)
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where911

# =

{
φ :

∫
φ(x, y)dx = u(y),

∫
φ(x, y)dy = v(x)

}

It admits the following equivalent dual formulation912

OTc(u, v) = sup
f,g

{∫
fdu+

∫
gdv : f(x) + g(y) ≃ c(x, y)

}
(28)

By taking c(x, y) = ↔x↓ y↔
p, we recover OTc(u, v) = Wp(u, v)

p. Let f↘ and g
↘ be the solution913

to the above dual optimization problem. From the Danskin’s theorem, we have914

ε

εu
Wp(u, v)

p
= f

↘
. (29)

In the special case of p = 1, we know that g↘ = ↓f
↘ (note that the constraint can be equivalently915

written as ↔⇑f↔ ≃ 1), in which case f
↘ is typically known as the critic in the WGAN framework.916

• Optimal Experiment Design. (Category 1) We take s(M) = log det(M) as example. By chain917

rule, we have918

εF [p
ε
] = Tr

[(
E

x≃pω
[!(x)!(x)

↑
↓ ωI]

)⇐1 (
!(x)!(x)

↑
↓ ωI

)
]
. (30)

• Log-Barrier Constrained Generation. (Category 1) By chain rule, we obtain919

εF [p
ε
] = r ↓

ϖc

↗pε, c↘ ↓ C
. (31)

• Diverse modes discovery. (Category 1) By chain rule, we obtain920

εF

εpε,z
= ↓

ε

εpε,z
Ez

[∫
p
ε,z

log p
ε,z

dx↓

∫
p
ε,z

log
(
Ek[p

ε,k
]
)
dx



= ↓ Ez

[
ε

εpε,z

(∫
p
ε,z

log p
ε,z

dx

)
↓

ε

εpε,z

(∫
p
ε,z

log
(
Ek[p

ε,k
]
)
dx

)

= ↓ Ez

[
log p

ε,z
+ 1↓ log

(
Ek[p

ε,k
]
)
↓

p
ε,z

Ek[p
ε,k]


(32)

• Entropy. (Category 1) As a first example, consider the entropy functional F(p) = ↓
∫
p log p, dx.921

By the definition of the first-order variation, we have ϑF
ϑp (p) = ↓1↓log p, and therefore ⇑ ϑF

ϑp (p) =922

↓⇑ log p. This gradient term can be effectively estimated using standard score approximations;923

see [12].924
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B Proof for Theorem 5.1925

Theorem 5.1 (Convergence guarantee of Flow Density Control with concave functionals). Given926

Assumptions 5.1, fine-tuning a pre-trained model ↼pre via FDC (Algorithm 1) with ↽k = L ⇓k ↑ [K],927

leads to a policy ↼ inducing a marginal distribution p
ε
1 such that:928

G(p
↘

1)↓ G(p
ε
1 ) ≃

L↓ l

K
DKL(p

↘

1 ↔ p
pre
1 ) (12)

where p↘1 := p
ε→

1 is the marginal distribution induced by the optimal policy ↼↘
↑ argmaxε G(p

ε
1 ) :=929

F(p
ε
1 )↓ ⇀D(p

ε
1 ↔ p

pre
1 ).930

Proof. We prove this result using the framework of relative smoothness and relative strong convexity931

introduced in Section 5.932

The analysis is based on the classical mirror descent framework under relative properties [33]. For933

notational simplicity, we let µk := p
εk
T , and fix an arbitrary reference density µ ↑ P(”pre). To better934

align the notation of our theory with existing literature, we will proceed with the convex functional935

G̃ := ↓G below.936

We begin by showing the following inequality:937

G̃(µk) ≃ G̃(µk⇐1) + ↗εG̃(µk⇐1), µk ↓ µk⇐1↘+ LDQ(µk, µk⇐1) (33)

≃ G̃(µk⇐1) + ↗εG̃(µk⇐1), µ↓ µk⇐1↘+ LDQ(µ, µk⇐1)↓ LDQ(µ, µk). (34)

The first inequality follows from the L-smoothness of G relative to Q as defined in Definition 1. The938

second inequality uses the three-point inequality of the Bregman divergence [33, Lemma 3.1] with939

ς(µ) =
1
L ↗εG(µk⇐1), µ↓ µk⇐1↘, z = µk⇐1, and z

+
= µk.940

Next, using the l-strong concavity of G relative to Q, again from Definition 1, we obtain:941

G̃(µk) ≃ G̃(µ) + (L↓ l)DQ(µ, µk⇐1)↓ LDQ(µ, µk). (35)

By recursively applying the above inequality and using the monotonicity of G(µk) along with the942

non-negativity of the Bregman divergence, we obtain [33]:943

K

k=1

(
L

L↓ l

)k (
G̃(µk)↓ G̃(µ)

)
≃ LDQ(µ, µ0)↓ L

(
L

L↓ l

)K

DQ(µ, µK) ≃ LDQ(µ, µ0).

(36)

Letting944

1

CK
:=

K

k=1

(
L

L↓ l

)k

, (37)

and rearranging terms, we arrive at the convergence rate:945

G̃(µK)↓ G̃(µ) ≃ CKLDQ(µ, µ0) =
lDQ(µ, µ0)

(
1 +

l
L⇐l

)K
↓ 1

. (38)

Finally, the convergence rate stated in the theorem follows by observing that
(
1 +

l
L⇐l

)K
⇒ 1+

Kl
L⇐l .946

947
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C Proof for Theorem 5.2948

To establish our main convergence result, we introduce two additional technical assumptions that are949

satisfied in virtually all practical settings:950

Assumption C.1 (Support Compatibility). We assume that the support of pεk
T is contained in a fixed951

compact domain ”̃ for all k, and that for some j, we have supp(pεk
j ) = ”̃.952

Assumption C.2 (Precompactness). The sequence {εH(p
εk
T )}k is precompact in the topology953

induced by the L⇒ norm.954

We are now ready to present the full proof. For the reader’s convenience, we restate the theorem:955

Theorem 5.2 (Convergence guarantee of Flow Density Control for general functionals). Given956

the Robbins-Monro step-size rule:


k φk = ⇔,


k φ
2
k < ⇔, under Assumption 5.2 and technical957

assumptions (see Appendix C), the sequence of marginal densities pk1 induced by the iterates ↼k of958

Algorithm 1 converges weakly to a stationary point p̃1 of G almost surely, formally: pk1 ⇁ p̃1 a.s..959

Proof. To facilitate readability, we begin with an outline of the key steps.960

Proof Outline The main idea is to relate the discrete iterates {pkT }k↗N produced by Algorithm 1 to
a continuous-time dynamical system. Let us define the initial dual variable as:

h0 = εH(ppre) = ↓ log ppre,

and consider the following gradient flow:961

{
ḣt = εG(pt),

pt = ε(↓H)
φ
(ht),

(MF)

where (↓H)
φ
(h) = log

∫
! e

h is the Fenchel dual of the negative entropy functional [25, 22].962

To connect this with our algorithm, we construct a continuous-time interpolation of the dual iterates963

h
k
= εH(p

εk
T ). Define the effective time τ

k
=

k
r=0 ⇀r, and let the interpolated process h(t) be964

given by:965

h(t) = h
k
+

t↓ τ
k

τ + 1k ↓ τk
(τ + 1

k
↓ h

k
). (Int)

Intuitively, our convergence result follows if two conditions hold:966

Informal Assumption 1 (Closeness to Continuous-Time Flow). The interpolated process h(t)967

asymptotically follows the dynamics of (MF) as k → ⇔.968

Informal Assumption 2 (Convergence of the Flow). The trajectories of (MF) converge to a station-969

ary point of G.970

To formalize this, we invoke the stochastic approximation framework of [5]. Let Z be the space of971

integrable functions on ”, and let $ denote the flow of (MF). We define:972

Definition 2 (Asymptotic Pseudotrajectory (APT)). We say h(t) is an asymptotic pseudotrajectory
(APT) of (MF) if for all T > 0,

lim
t↔⇒

sup
0⇑h⇑T

↔h(t+ h)↓$h(h(t))↔⇒ = 0.

If h(t) is a precompact APT, then [5] show:973

Theorem C.1 (APT Limit Set Theorem). Let h(t) be a precompact APT for the flow (MF). Then,974

almost surely, the limit set of h(t) is contained in the set of internally chain-transitive (ICT) points of975

(MF).976

The proof of our result follows from two claims:977

1. The iterates {hk
} generate a precompact APT under Assumptions C.1 and5.2.978
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2. The ICT set of (MF) consists only of stationary points of G.979

The second claim holds because (MF) is a gradient flow—specifically, the spherical980

Hellinger–Kantorovich flow [35]. By Sard’s theorem and standard results in dynamical systems [5],981

the ICT set must consist of stationary points.982

For the first claim, Assumptions C.1 and C.2 ensure that the interpolated process is well-defined and983

precompact, while Assumption 5.2 allows us to apply standard stochastic approximation arguments984

[27]. We conclude the proof by applying Theorem C.1.985
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D Detailed Example of Algorithm Implementation986

D.1 Implementation of ENTROPYREGULARIZEDCONTROLSOLVER987

To ensure completeness, below we provide pseudocode for one concrete realization of a ENTROPYREG-988

ULARIZEDCONTROLSOLVER as in Eq. (8) using a first-order optimization routine. In particular, we de-989

scribe exactly the version employed in Sec. 6, which builds on the Adjoint Matching framework [14],990

casting linear fine-tuning as a stochastic optimal control problem and tackling it via regression.991

Let upre be the initial, pre-trained vector field, and u
finetuned its fine-tuned counterpart. We also use992

⇀̄ to refer to the accumulated noise schedule from [23] effectively following the flow models notation993

introduced by Adjoint Mathing [14, Sec. 5.2]. The full procedure is in Algorithm 2.994

Algorithm 2 ENTROPYREGULARIZEDCONTROLSOLVER (Adjoint Matching [14]) based implementation
1: Input: N : number of iterations, upre

: pre-trained flow vector field, ↽ regularization coefficient
as in Eq. (8), h : step size, ⇑f : reward function gradient, m batch size

2: Init: u
finetuned := u

pre with parameter θ
3: for n = 0, 1, 2, . . . , N ↓ 1 do

4: Sample m trajectories {Xt}
T
t=1 via memoryless noise schedule [14], e.g.,

sample ▷t ⇐ N (0, I), X0 ⇐ N (0, I), then:

Xt+h = Xt + h

(
2v

finetuned
↼ (Xt, t)↓

⇀̄t

⇀t
Xt

)
+

↖

h◁(t)▷t

Use reward gradient:

ãT = ↓
1

↽
⇑f(X1)

For each trajectory, solve the lean adjoint ODE, see [14, Eq. 38-39], from t = 1 to 0, e.g.,:

ãt⇐h = ãt + hã
↑

t ⇑Xt

(
2u

pre
(Xt, t)↓

⇀̄t

⇀t
Xt

)

Where Xt and ãt are computed without gradients, i.e., Xt = stopgrad(Xt), ãt =

stopgrad(ãt). For each trajectory compute the Adjoint Matching objective [14, Eq. 37]:

L↼ =

1⇐h

t=0

↔
2

◁(t)

(
u
finetuned
↼ (X ↓ t, t)↓ u

pre
(Xt, t)

)
+ ◁(t)ãt↔

Compute the gradient ⇑↼L(θ) and update θ.
5: end for

6: output: Fine-tuned noise predictor ufinetuned
↼

D.2 Discussion: computational complexity and cost of FDC995

Flow Density Control (see Algorithm 1) is a sequential fine-tuning scheme, which performs K996

iterations of a base fine-tuning oracle, as shown in Algorithm 1. Typically, as for the case of Adjoint997

Matching [14], which is contextualized in Algorithm 2, the inner oracle also performs N iterations to998

solve the classic fine-tuning problem. As a consequence, at first glance, this lead to FDC having a999

computational complexity scaling linearly in K the one of classic fine-tuning. Nonetheless, this does1000

not seem to capture well the practical computational cost. In particular, we wish to point out the two1001

following observations:1002

• As discussed for the molecular design experiment in Sec. 6 and further in Appendix1003

E, the FDC scheme might work well even with a very approximate oracle to solve the1004

entropy-regularized control problem at each iteration.1005

• For many real-world problems a very small number of iterations K might be sufficient to1006

approximate the non-linear functional sufficiently well and hence obtain useful fine-tuned1007
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models. This is shown in text-to-image bridge design experiment in Sec. 6 and in Appendix1008

E. In this case, merely K = 2 iterations of FDC lead to promising results.1009
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E Experimental Details1010

E.1 Used computational resources1011

We run all experiments on a single Nvidia H100 GPU.1012

E.2 Experiments in Illustrative Settings1013

Shared experimental setup. For all illustrative experiments we utilize Adjoint Matching (AM) [14]1014

for the entropy-regularized fine-tuning solver in Algorithm 1. Moreover, the stochastic gradient steps1015

within the AM scheme are performed via an Adam optimizer.1016

Risk-averse reward maximization for better worst-case validity or safety. In this experiment,1017

we execute FDC for K = 2 iterations with a total of 1000 gradient steps within each iteration, AM1018

solver (within the FDC scheme) with learning rate of 2e⇐2, ⇀ = 10
9, and ↽ = 10. Meanwhile,1019

the AM baseline, is run for 1000 gradient steps with ⇀ = 0.2857, and learning rate of 1e⇐5. The1020

resulting CVaR is computed via the standard torch quantile method. The values of ϖ reported in the1021

main paper effectively refers to the value of 1↓ ϖ.1022

Novelty-seeking reward maximization for discovery. We run FDC for K = 2 iterations with a1023

total of 1000 gradient steps within each iteration, AM solver (within the FDC scheme) with learning1024

rate of 3e⇐6, ⇀ = 10
5, and ↽ = 0.625, and 8000 samples are used to estimate the first variation1025

gradient as explained in Appendix A. Meanwhile, the AM baseline, is run for 1000 gradient steps1026

with ⇀ = 0.333, and learning rate of 1e⇐5. The resulting SQ is computed via the standard torch1027

quantile method.1028

Reward maximization regularized via optimal transport distance. Within this experiment,1029

we present two runs of FDC, namely FDC-A and FDC-B, compared against AM. Both FDC-A and1030

FDC-B have been run for K = 6 iterations of FDC, with ⇀ = 0.1, AM oracle learning rate of 1e⇐6,1031

↽ = 6.666. Both their discriminators to solve the dual OT problem as presented in Appendix A and1032

mentioned within Sec. 4, have been learned via a simple MLP architecture with 800 gradient steps,1033

by enforcing the 1-Lip. condition via the standard gradient penalty technique with regularization1034

strength of ωGP = 10.0 and learning rate of 1e⇐4. In particular, FDC-A is based on the distance1035

defined, for two 2-dimensional points x = (x1, x2) and y = (y1, y2) by:1036

dA(x, y) =

(x1 ↓ y1)

2 + (K(x2 ↓ y2))
2

Analogously, FDC-B leverages dB defined as:1037

dA(x, y) =

(K(x1 ↓ y1))

2 + (x2 ↓ y2)
2)

Where K = 7 in both cases. On the other hand, the AM baseline is run for 1000 gradient steps with1038

learning rate of 1e⇐3 and ⇀ = 1.538.1039

Conservative manifold exploration. We ran FDC for K = 50 iterations and 2500 gradient steps1040

in total with ↽ = 10 and ⇀ = 0.0, 0.01, 0.1, 0.5, 1.0. We set the AM learning rate to 2e
⇐4 and sample1041

trajectories of length 400 for computing the AM loss.1042

E.3 Real-World Experiments1043

Molecular design for single-point energy minimization. In this experiment FDC is run for1044

K = 10 iterations, with merely 2 gradient steps at each iteration (i.e., the AM oracle is very1045

approximate), AM learning rate of 1e⇐4, ↽ = 0.01 and ⇀ = 0. Meanwhile, the AM baseline is run1046

for 240 gradient steps with ⇀ = 0.0045.1047

Text-to-image bridge designs conservative exploration. For this experiment we ran FDC on1048

a single Nvidia H100 GPU, with K = 2, ↽ = 200, ⇀ = 0.001 and a 100 gradient steps in total.1049

Similarly to previous work, we tuned the vector field resulting from applying classifier-free guidance1050

with guidance scale w = 8 in SD-1.5.1051
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[38] Mojmír Mutnỳ. Modern Adaptive Experiment Design: Machine Learning Perspective. PhD415

thesis, ETH Zurich, 2024.416

[39] Mojmir Mutny, Tadeusz Janik, and Andreas Krause. Active exploration via experiment design417

in Markov chains. In International Conference on Artificial Intelligence and Statistics, 2023.418

[40] Mirco Mutti, Riccardo De Santi, Piersilvio De Bartolomeis, and Marcello Restelli. Challenging419

common assumptions in convex reinforcement learning. Advances in Neural Information420

Processing Systems, 35:4489–4502, 2022.421

[41] Mirco Mutti, Riccardo De Santi, Piersilvio De Bartolomeis, and Marcello Restelli. Convex422

reinforcement learning in finite trials. Journal of Machine Learning Research, 24(250):1–42,423

2023.424

[42] Mirco Mutti, Riccardo De Santi, and Marcello Restelli. The importance of non-markovianity in425

maximum state entropy exploration. In International Conference on Machine Learning, pages426

16223–16239. PMLR, 2022.427
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