Additional notations. In the appendix, we use the following additional notations. For an integer
d > 1, and a vector v € RY, the support supp(v) = {j € [d] : v; # 0} denotes the indices of
non-zero entries. For an event A on a probability space (2, B, P) (which is usually self-understood
from the context), we denote by I(A), 1{A}, or 1(A) its indicator function, such that I(A)(w) =1
if w € A, and zero otherwise. We denote by ® the cumulative distribution function of the standard
normal random variable. For two scalars a, b € R, we write a A b = min(a, b).

A Properties of Uniform Hashing

Algorithm 2 Encoding-Decoding via Uniform Hashing

input: cluster C* with n > 1 users having data X7, j =1,...,n
forj=1,...,ndo 4
Generate a uniformly random hash function %7 : [d] — [2%] using shared randomness

Encode message Y7/ = h%J(X*%7) and send it to the server > Encoding
end for
fork=1,...,ddo
Count N,ﬁv(Yt’[”]) — {je€n]: (k) =Y} > Decoding
Estimate b}, + N} /n
end for _
output: b’

Recall that for all ¢ € [T] and k € [d], b, = M € [, 1].
Proposition 1 (Properties of Hashed Estimates). For each t € [T, suppose bt is computed in cluster
Ct as in Algorithm 2| with i.i.d datapoints X9 ~ Cat(p?), Vj € [n]. Then, it holds that

1. bt,... . bT €[0,1] are independent;

2. foranyt € [T] and k € [d], N} ~ Binom(n, b},);

3. supp(p’ — p*) = supp(b’ — b*) and p; = 1 (or 0) is equivalent to b} = 1 (or %,

respectively).

Proof. Property 1 holds because Bl, e ,BT are obtained by cluster-wise encoding-decoding of
independent datapoints. To see property 2, we have for any j € [n] and k € [d] that

P(h"I (k) =Y"7) =P(k = X"7) + P(k # X"/ and " (k) = h"/ (X"7))
1 1
=i+ -ph) 55 =t € [le} :

Thus, I(h*7 (k) = Y*7) is a Bernoulli variable with success probability b%. Since each datapoint
is encoded with an independent hash function, N, ,ﬁ has a binomial distribution with n trials and

parameter b,. Property 3 directly follows from b — b* = (p! — p*)(2° —1)/2° andas b > 0. O
Proposition 2 (Property of Debiasing). For any y,y* € RY, let x = Proj[oyll( 2b ~ L) and
x* = Proj[()’l](%). Then it holds that for ¢ = 1,2, E[|lx — x*||1] = O(E[ly — y*[|Z]).
In particular, we haveforq = 1,2 and any t € [T, E[||p* — p*||I] = O(E E[||bt — b*(|4]), where
pt = Proj [0, 1]( 2b 5 LY is the final per-cluster estimate obtained in Algorzthm

Proof. Using the inequality that [Projg 1)(x) — Projjo 4;(y)| < |o — yl for any z,y € R, we have
. , 2oy, — 1 2byr — 1\ |
Efllx — x*[|2] = Z E HPYOJ[o,u <2b_1> Projg 1 (kl

keld]
q bo\1?
| = (5=7) =iy - ¥l = OElly - y71zD.

I =

ke(d]
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In the last step, we used that 2°/(2° — 1) < 2 for all b > 1, and thus the O(-) only depends on
universal constants. O

B General Lemmas

In this section, we state some general lemmas that will be used in the analysis.

Lemma 2 (Berry-Esseen Theorem; [35]). Assume that Zy, . .., Z, are i.i.d. copies of a random
variable Z with mean p, variance 02 > 0, and such that E [|Z — u|3] < 00. Then,

sup < 0471874

Z
Psvn
zeR {f \/ﬁ
where Z = 23" | Z; and y(Z) = E[|Z — p|®]/o® is the absolute skewness of Z.

Lemma 3 (Hoeffding’s Inequality; [53]). Let Z1,...,Z, € [I,7], | < 7, be independent random
variables and let Z = 717 Z?:1 Z;. Then for any § > 0,

o gx} ~ ®(x)

max{P(Z — E[Z] > 6),P(Z — E[Z] < —8)} < exp (_m> .

Lemma 4 (Bernstein’s Inequality; [54). Let Z, ..., Z, be i.i.d. copies of a random variable Z
with |Z — E[Z]| < M, M > 0 and Var(Z;) = 0 > 0, and let Z = %Z?:l Zj. Then for any
6 >0,

_ _ 52 5 9
1 1

The second inequality above directly follows from =7 > 5 min i, %} for any a,b > 0. Note

that (6) also allows o = 0 because P(|Z — E[Z]| > §) = 0 and min {52/02 £ +oo, 5/]\/[} =2,
Therefore, we use this lemma for all o > 0 below.
B.1 Analysis Framework
For each t € [T, we denote by
Ko = {k € ld]: (5 — B)* < abj/n} )

the set of entries in which the central estimate [B*]k is adapted to cluster C*. In this language, the
final estimates can be expressed as b}, = by 1{k € K.} + bl 1{k ¢ K.} for t € [T]. Therefore, it
holds that, for g = 1, 2,
E[[b —bYg) = > EM{k € KLHBL — b7+ D BIL{k ¢ KL - 0,7 @)
keld) keld]

LetZt £ {k € [d] : b} = b}, i.e., pl, = p;} be set of entries at which the ¢-th cluster’s distribution
p! aligns with the central distribution p*. We next bound the two terms from (§) in Lemmas [5]and |6}

These do not need the independence of b* and tv)t, and hence do not require sample splitting despite
the division between stages.

Lemma 5. Foranyt € [T], « > 1 andn € (0, 1], with K, from (7)), we have, for ¢ = 1,2

Tx Tx * ab} arz
> BlL(k € KLHB: - 0411 = O | Bl oz — b, g+ 30 (%)
keld) k¢T,NTt

Proof. We first take ¢ = 1. For any k € [d], clearly
B{1{k € K4} b7 — bil) < E[B; — by ©)
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We use this bound for k € Z,, N Z*. For k ¢ Z,, N I, we instead bound
E[1{k € K. }|b} — bL|] < E[1{k € KL }|b} — bL|] + E[1{k € KL }|B% — bL|].

If k € K, it holds by definition that |52 - 52| < \/ozgfc /n, thus we further have

E[1{k € KL}|b} — bL|] <E []l{k ek} ag}i/n} +E[1{k € K. }|B — b |]

<& [ \/alf /] + BT - 01 (10

By Jensen’s inequality and since ng}i ~ Binom(n, b,), we have

B[, ~ t41) < /EIG, - 5)?] = \/W < \E 1

Plugging (TT)) and (T2) into (I0), we find

E[1{k € K. }|b} — bL|] (\/&+1)\/§:0< Oﬁ“) (13)

Summing up (9) over all entries in Z,, N Z* and summing up (T3) over all entries not in Z,, N Z* leads
to the claim for ¢ = 1 in Lemmal[5] The case ¢ = 2 follows by a similar argument. O

Lemma 6. Foranyt € [T], « > 1 andn € (0,1], with K!, from (7), we have, for ¢ = 1,2
> E[L{k ¢ KL}HDE — bh]7]

and

ke(d]
bt (1 —bt) q/2 bt a/2
o t k k _k
=0 Y ]P’(kgélCa)/\( - ) + > (n>
keT,NT! k¢I,NTt
Proof. For q = 1, note that
E[1{k ¢ K&}b, — bf.]] < P(k ¢ K?,) (14)
and - -
E[1{k ¢ K} bl — bil] < E[|by, — by ). (15)

Combining (T4), (T3) with the first inequality in (T2) for k € Z,, N Z*, and using the last inequality
in (I2) for k ¢ Z,, N Z" leads to the claim with ¢ = 1. We can similarly obtain the bound with
q = 2' D

Combing Lemma [5| and [6] with (8), we find the following proposition:
Proposition 3. For any o > 1, and q = 1,2, it holds that

2
sip b -0 30 (2h)"
4 n

k¢Z,NTt

t bi:(libi:) asz T x * q
v Y peg kA (BT b )

keZ,NI?t

Proposition [3|does not rely on how b* is obtained. The next part is devoted to proving that when b*
is obtained via a certain robust estimate, the bounds in Proposition |§| are small for certain values of «
and 7.
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C Median-Based Method
In this section, we provide the proofs for the median-based SHIFT method. We first re-state the
detailed version of some key results that apply to both the ¢; and ¢; errors.

Below, we use 0, = 1/b} (1 — b%) to denote the standard deviation of the Bernoulli variable with

success probability b = p} + (1 —p)/2°. We also recall that By, is defined as the set of clusters with
distributions mismatched with the central distribution at the k-th entry, i.e., By, = {t € [T] : p}. # p} }.
and Z,, is defined as the n-well-aligned entries, i.e., Z, = {k € [d] : |Bx| < nT}.

Lemma 7 (Detailed statement of Lemma . Suppose b* = median({lv)t}te[T]). Then for any
0<n< %, k € 1,, and q = 1,2, it holds that

w0 (85 () +(2))

Let us define, for ¢ = 1, 2,

d d

E(q) 2 E(g;n,d,b,T) := T

Proposition 4. Suppose b* = median({lv)t}te[T]). Then for any 0 < n < % and q = 1,2, it holds
that

¥ 5 |Brlow | *
*x_px (14] —
E[|Fs, b5, 4] = O g;(Tﬁl +E@

We omit the proofs of Proposition d] and Theorem [6] (below), as Proposition[]is a direct corollary
of Lemmaby using 3 g ol = 0(d/2%/2) for ¢ = 1,2, and Theorem@follows from the same
analysis as Theorem [5]

Theorem 5 (Detailed statement of Theorem . Suppose n > 2°+61n(n) and o > 2(8 + 1/81n(n))?
with o = O(In(n)). Then for the median-based SHIFT method, for any 0 < n < 1, q = 1,2, and
tel[T),

L] = 6 b LA
E[p'-p' 1l =0 > (n) + > < o ) + E(q)
k¢T,NTt k€Z,NTt

Furthermore, by setting = ©(1) with n < &, we have

max b S a/2
EMﬁmmOGIW({”}) +E@>

2bn,

Theorem 6 (Detailed statement of Theorem . Suppose n > 7 > 2"161n(7) and o > 2(8 +

81n(n))? with o = O(In(#2)). Then the median-based SHIFT method for predicting the distribution
of the new cluster with . users achieves, for ¢ = 1, 2,

o ~ _ max{2%, s e/
E[[[p" —p" 2] =0 (81 o2 <H> + E(q).

207

C.1 Proof of Lemmal7|

We first consider 7' < 20 In(n). In this case, by Bernstein’s inequality (Lemma with M =1, we
have for any ¢ € [T]\B, that for any § > 0,

P (1B, — bi| > 6) < 2¢7 i mintd*/oa), (16)
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Taking 6 = max{ox+/81In(n)/n,81n(n)/n} in (I6), we find
P(|ngz|>max{ak MM}) g%. (17)

n n n

Since |[T]\B| > & forany k € Z,, with < £, we have, since 52 = median({\I;Z}te[T]), that there
aret_,t, € [T)\By with b, < bt < bt . Hence, [bf — b5 < max [bf — b|.
C T telTN\By

Recall that for any random variable 0 < X < 1 and any ¢ > 0, E[X] < 6 + P(X > §). Therefore,
by taking the union bound of over k € [T]\By, and by the assumption that T < 201n(n), we
have

o - 1 I 2T
E[F — bl <E[ max [ — bil] < opy ) | 8ln(m) | 2T

T ke[T\Bs n n n?
In(n) 1In(n) ( In(n) ln(n)) ~ ( ok 1 )
=0 —+——=1=0 —= 4+ =0 +—. 18
(Uk - - Ok T . 7 (18)
Similarly, we have
> 8ln(n) 64In(n)?> 2T - (o? 1
* _ px\2 2 - - Zk N

For each k € [d] with b} # 1 (recall that b} > 1/2° by definition), let v, = (1 — 2b;(1 —
b:))/+/br(1 —b7), and let Fy(z) := ﬁ > teir\s, L(b, < ) be the empirical distribution

function of {bf, : bl = b:}. Lete € (0,1/2) and C. = v2mexp((®~1(1 — €))2/2). For § > 0,
define, recalling nT > |By| forall k € Z,,,

Bkl 10—8 1)
G = 1Bxl +
S AR % T — | By
-8 . . ..
where the term 1%—” is used to overcome some challenges due to the discreteness of empirical

distributions, and can be replaced with other suitably small terms (see the proof of Lemma[J)). Further,
define )
;C,T,S =Grrs+ 0.4748—2.

NG

To prove Lemma [l]for 7' > 20 In(n), we need the following additional lemmas:
Lemma 8. For any 6 > 0 such that

1
oT.s < 378 (20)
it holds with probability at least 1 — 4e~2° that
~ Ok 1 |By | 10—8
(o +C.—=G, > -+ —
k(k+ sﬁ k’T’6>_2+T+Tn
and
~ Ok 1 |Bk| 10—8
B, (b — C.—=@, <—-—— = —.
’“(’f “Vn ’“T>5)—2 T Tn

Proof. The proof essentially follows Lemma 1 of [58]. We provide the proof for the sake of being
self-contained.

Let Z; = (b, — bL,)/\/ Var(bt) be a standardized version of b, for each ¢ € [T] and k € [d], with
br # 1. Let p(2) = ﬁ Y iermse L(Zf < 2) be the empirical distribution of {Z} : t €
[T\ B }. The distribution of Z}, is identical ¢ € [T]\Bj, and we denote by ®;, their common cdf.
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By definition, E[®},(2)] = ®(z) for any z € R. Let z; > 0 > 2 be such that ®(z;,) = 14 Gl.rs
and ®(22) = % — G%}T’ s» which exist due to (20). Then, by Lemma we have

1 1
Dp(21) > 3 +Grrs and Pp(z) < 5~ G5 (21)
Further, by the Hoeffding’s inequality, we have for any § > 0 and z € R,
$y(z) — @ (z)‘ < -0 22)
RN T 1B

with probability at least 1 — 2e~2°. Then, by a union bound of (22) for z = z1, 22, and by ])), it
holds with probability at least 1 — 4e~29 that

- 1 |By 107®

) > = 4 1Dkl
k(o) 2 5+ T s

1 By 10°®
2 T Tn

(23)

Finally, we bound the values of z; and z2. By the mean value theorem, there exists £ € [0, z1] such
that

Gy = 21 ®(6) = e > P (24)
=2 = > .
kT8 V2T V2T
By (20) and the definition of z1, we have z; < ®~!(1 — ¢), and thus, by (24), we have
1
71 < V2rG), 5 exp (2(¢1(1 - g))z) : (25)
Similarly, we have
1
z1 > —V21Gy, 1 5 exp (Q(q)_l(l - 5))2) : (26)

Since for all z, ®y,(2) = Fy,(ox2/+/n + b%), plugging (Z3) and (26) into (23), we find the conclusion
of this lemma. O

This leads to our next result.

Lemma 9. Forany k € [d] such that condition @20) holds, we have with probability at least 1 — 4e=20
that

on 0.4748C.
% kTS T -

by, — bl

< C; 27)

Proof. Let F}, be the empirical distribution function of {b% : ¢ € [T]}, such that for all z € R,
Fy(z) == % Y iepr) 1(b, < x). We have

1 ~ 1 -
|Fk(2) — Fr(z)| = T > 1(52§$)—T_7‘B| > 1@ <w)
te(T] M e,

1 4 | By Tt
— TZn(b gm)—m > A <)

tEBy te[T]\Bk
1 | B|

< T N | G A Y G 28

<o { 1 1Bl g g (T 8 | = 2 et

Define F}, () := ﬁ Sierrse L), < @) < Fi(x). Then by 28) and Lemma we have,

with probability at least 1 — 4e~2° that

. Ok 1 1078 . ok 1 1078
Fk ( Z—"CE% ;€7T7§> Z 5 + Tn and Fk: z— CE% ;C,T,(S S 5 — Tn . (29)
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Let Bg ). Vj € [T] be the j-th smallest element in {b. : ¢ € [T]}. Recalling the definition
of the median, if 7" is odd, then Bz = g,(c(TH)/Q). Therefore, by + C’E%Gk_yné < 52 implies
By (V4 Co %Gl p5) < &= e and b = CL 2G5 > B implies i (b — C. %G 1,5) 2
1 + -, leading to a contradiction with (29).

On the other hand, if T is even, \l;; = (E;T/Q) + EIST/2+1))/2. Therefore, b} + CEU—\/%G;€7T,5 < 5; im-
plies £, (bf + C. %Gl 15) < 3 and b = C. 2G5 > B implies £ (v = C. %G 1) 2
1, which is also contradictory to (29).

To summarize, it holds that
Ok

\/ﬁ ;C,T,S

with probability at least 1 — 4e=29. O

|bp — bi| < C-

If T < 201In(n), Lemmal7]follows directly from (T8) and (T9). Now, given Lemma|[8|and Lemma[9]
we turn to prove Lemmal7|with 7' > 201n(n). We first check condition (Z0). Since |By| < nT for
any k€ Z,,n < %, and y,0p, < 1, we have for each k£ € Z,, that

o 10 [55 04748
k6 =TT Ty AT noy,

When T' > 201n(n), for any k € [d] such that o), > ﬁ, taking 6 = In(n) above, we have

_ 1 1—-2n
! < 1078+ 2 +0.474
Glrs <n+10 +4+0 748 50

Therefore, condition (20) in Lemma[J]is satisfied with e = 0.035755, for which we can check that
C. < 13. Thus, for any 6 < In(n),

1
< 3~ 0.035755.

NG

Therefore, by @) we have, using that for any random variable 0 < X < landany 0 < r < 1,
E[X] < r 4+ P(X > ), and that for § = (Inn)/2, one has 4e~2° = 4/n, we find

. 1
P <|b; — byl > 13%Gk,T,5 + §> <4e” %, (30)

Y Ok 17 ~ Ok ‘Bk| Ok 1
E[|b; — b]] < 13—=G nn — =0 —=—7 — . 31
[[b; — brl] < BT )2+ - (\/ﬁ 7 T \/ﬁJr - (€25

Similarly, by the Cauchy-Schwarz inequality, we also have
~ 2 (|By|? In(n) 1
El(bF — b* 2] _ @ | k - —21In(n)
[(k k:)] O(TL T2 +T—|Bk| +n2+e

2 2 2
=~ (0} |Bl o3 1
o ( n T2 + nT + n? )’ (32)

On the other hand, for any k& € [d]\Bj such that o, < %, by Bernstein’s inequality and a
union bound, we have

Y noni n*n*ﬂ22
P(@ﬁ@I%—@:w)<mT—wmawmﬂﬁﬁM<zﬂf~m{“&”’% (33)
k

~

Since |[T]\Bx| > I, we have as before that \52 - b < I[I%E]%\}% |bt — by|. Taking 6 =
te k

4 max{In(Tn?),10+/In(Tn?)}/n in (33), with the same steps as above, we find

~ ~ n . 1—72712
(b — bt <E[ max B — b < -+ 27§ minl )
€ k

<4max{1n(Tn2), 10y/In(Tn?)} +2 _6 (1) (34)
n

n
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and
T * *\2 2 mm{M o} _ N 1
E[(b% — b%)?] < 82 + 2Te~ w0t =0 (). (35)
n
To summarize, combining (31), (32) with (34),(33), we complete the proof when 7' > 20 In(n).

Furthermore, by using keld) off = 0(d/2%/?) for ¢ = 1,2, we directly reach Proposition

C.2 Proof of Theorem

We first consider the case where 7' < 20 In(n). By definition, /52 is either equal to 5’,; or 52, and the

latter happens only when k € K!,, i.e., |5; — B}U <4/ ag}i /n. In this case, we have

7t * Tt * Tt a\g}i
B = ] = [Bt — bR| < (B — bl + (B — Bl <[5 — ]+ =k

Therefore, we have |Z’,5C —bt| < \Efc — bt + \/0452 /n for all k € [d]. This leads to

E[IB* — b[la] <E[JB b \f > E [ }

keld]
<E[|B* - bl \f Y ER G6)
ke(d]

where (36) holds by Jensen’s inequality. By further using the Cauchy—Schwarz inequality, we have

BB ~ b)) < /aB[[E b = 0 (=) 37)
S VER) Z\/b7< la S b =0 T (38)
keld]

keld] keld]

Plugging (37) and (38) into (36), we find
~ ~ d ~ d
BlI5 - b =0 (2= ) =0 (
2o 20Tn

BB - 121 =0 (55 ) =0 (575 )

Next we prove the case where 7" > 20 ln( ) = Q(ln(n )) We first consider the estimation errors
over k € Z, N Z" such that o}, > f(1 5y Let E,f = {bl > b}, and |b} — by| < 8y/b;/n}. If
n > 2%61n(n) and 0 < n < 1/5, then since b}, > 5 for any k € [d], we have

and

We can similarly prove

O 13 |Bk‘ ln(n) 13
1325 G 1 _ 139k [ 1Bkl 13
Ny \/ﬁ< T +2 Tn "+ T—18)
on (1Bl 10°°  [5ln(n)\ 13 _ __ox (1 . 4 1 13
<3— | — —<13—= | -+10 - —_—
- \/ﬁ< T " Tn T P R Vvn \5 * 1)t n20+61n(n)
on (1 4 1) 13,/57 o
<1378 (Z 10784~ ) 4 ——E <8y [k,
—Vn <5 4 n641In(n) — n

Hence, by (30), it holds that

[N~}

- b 4
P(|oy —br >822 ) <. 3
<|k Wl >38 n)‘n (39)
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By Bernstein’s inequality and as b}, > we have

Qb’
n2’

- t — 2 min b}c i nbr
P(le—b2|>b§>S2e PGS Cge T <o wWE < 2 (o)

where the last inequality holds because n > 2°761In(n). Combining @0) with (39), we find
P((&L)°) < 5. By definition, k ¢ K, implies |\52 - \5‘,;| > \/ag}i/n. On the event &, this

2
further implies b — b > /bl /2n. Combined with (39) and that b}, = b, for any k € T, we
have on the event £},
Tt t Tt * Tt T T * bi: «
Let ( £ \/a/2 —8 > /8In(n) and Fi := { gz —bh| > («/bi/n}. By Bernstein’s inequality,

and using n > 2°+%1n(n), we have

; -2 min{n(%zbt),g %} —min{ﬁ,g /) 2
P(]:k)) S 2e k S 2e 474V 2b S ﬁ (42)

Combining (@T) with @2), we find that for any k € Z,, N Z* with o), > it holds that

TRamy
P(k ¢ KL) < P((E1)°) + P(EL N (I  KCL}) < P(ED°) + (€N F)
<P((E)°) + B(FL) < .

On the other hand for any k € Z,, N Z* with o}, < we have

20
Vn(1-2n)’

SR RO o “o(2).

Therefore, we have for all £ € Z,, N It andg=1,2

N
min{n»(kgé/cg), (bi(ln_b@)W} :o(iq). 43)

Since a = O(In(n)), by (@3) and Proposition 3| we obtain

~ ~ bt v, d
E[[b' =b' ] =0 > 2+ E[b7,0z = 07,nzell] + | - (44)
k¢T,NIt

Combining (@4) with Propositionand using that o, < /b5 = /bt forany k € Z*, we have

" . ¢ i
E|6' -bi]=0( 3 \/E+ 3 @\/%JrE(l) . 45)

n
k¢T,NTt keT,NTt

Since |(Z%)¢| = ||p* — p*||o < s, by the Cauchy-Schwarz inequality, we have

RS zﬁZ[W

k¢ZL,NIt
<z\/7 \/ZkiIt 1pk+1 Z\/ﬁ /S +S (46)
k¢T,

Plugging {@6) into (@4)), we further obtain

E[b — b'[] Z\/bT Z'B’”\f Vsl py ) e

k¢TI, keZ,
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Similarly, we can reach the following {5 counterpart:

~ ~ bt \Bk| by, max{2b s}

t t1121 )

E[[b' —b3] =0 > E+ > -t — S+ EQ) . (48)
k¢Z, keT,

Note that 3, 4 |Bk|/T < s and for any set Z with |Z] = [ 2],

Z \/bT \/|I| ZkeI —1)pj, +1) _0 (\/s/nma;(b{Qb s/n})

kel

Now, recalling the definition of Z,, we apply Lemmain @7 with (ry, zx) = (\/bL,/n, |Bk|/T)
for all k € [d], to find

E[[|b¢ — bt||,] = <\/s/"ma§b{2b 5/} (1)).

Therefore, for any n = ©(1) with n < %, we finally have

E[[B — biJ,] = O (x/m;{j} +E<1)> .

Similarly, by combining @8] with Lemma we have for any = ©(1) with n < 1,

max{2°, s}
B[IB - b[3) = 0 (5 4 5).
The result directly follows Proposition 2]
Lemma 10. Given n € (0,1], 7, > 0 for all k € [d], and for ¢ = 1,2, consider the func-
tions fy : {x € RY : 0 < 2, < 1,Vk € [d] and Ykeg T < st = R fo(wr,... @a) =
ket Tz = 0} + 2 1{z) <n}). Then it holds that

[s/n]
q
zlrnzn;d folzr ... zq) < T(ky» (49)
k=1
where r(1y > - -+ > r(q) is the non-decreasing rearrangement of {r1,...,7q}.

Proof. We only prove the result for f;, and the result for function fs follows similarly. Note
that 7 (1{zr > n} + z,1{rr > n}) is increasing with respect to r and z;. To consider the
maximum of the sum in f, by the rearrangement inequality, without loss of generality, we can
assume 1y > ro > .- >1rqg > 0and 1 > xy > 29 > --- > x4 > 0. In this case, we claim
that the maximum is attained at z; = --- = ILS/nJ =10, T|s/mj+1 = S —n[s/n], and 7}, = 0 for

all k > |s/n] + 1. Further, the maximum is Z J Tk + 7|5 /nj+1(s — nls/n])?, which is upper
bounded by the right-hand side of (#9). We now use the exchange argument to prove the claim.

Step 1: If there is some k such that ¥, > 7 > @41, then defining 2’ by letting (v}, 2}, ;) =
(7, Tk + 41 — n) while for other j, 2, = x;, increases the value of f. Therefore, the
maximum is attained by x such that for some j, 1 = - - =x; =1 > T;11 > -+ > 4.

Step 2: If there is some k such that > x), > x341 > 0, then defining 2’ by letting (2}, v} ;) =
(min{n, zx + 41}, max{0, zy + 41 — n}) while for other j, z; = x;, increases the
value of f. Therefore, combined with Step 1, the maximum is attained by « such that for
some j, x; = -+ =x; =N > 41 > 0and x, = 0 for all £ > j 4 1. Thus most one
element lies in (0, 7).

Combining Step 1 and Step 2 above, we complete the proof of the claim, which further leads to
#9). O
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D Trimmed-Mean-Based Method

In this section, we study the trimmed-mean-based estimator. Fix w € (0,1/2). Specifically, for
each k € [d], let Uy, be the subset of {[P'];c(71} obtained by removing the largest and smallest w7’

elementﬂ Then, the trimmed-mean-based method can be expressed as

= gy

teUy

We also write b* = trmean({bt}tem , w). For any chosen trimming proportion 0 < 7 < w < %,
we control the estimation error of each n-well aligned entry. Intuitively, this is small because there are
at most a fraction of 7 elements from heterogeneous distributions. These are trimmed if they behave
as outliers, and otherwise kept in Uj,. The error control for a single entry k € Z,, is in Lemma

Lemma 11. Suppose b* = trmean({lv)t}te[T] , w) such that 0 < w < % Then for each k € I, with
0 <n<wandany q=1,2, it holds that

E[|bE — bt]9]) = ((wﬁ:)qm + (%)W + (Ti)q + (:)q> . (51)

Proof. To prove Lemma|[T1] we need the following lemma.

Lemma 12. For each k € Z,, with0 <n <w < 1 , and any €, O, > 0, it holds with probability at

_TiBehn i ok Ny
feast 120"+ IR o g e gy
Y. €k+3w5k
by —br| < 278,
o bl < =,

Proof of Lemma By Bernstein’s inequality and the union bound, we have for any ¢y, 6 > 0 that

_(T=iBgDn mm{ sk}
P Z b= bh| > e | <2 i r
—| By,
E[T\By,
and

IP’( max |5 — b5 > 6 ) <2AT-|B |)e’%mi“{%’6k}
te[T\B, | B R TR )= g '

By the definition of 5*, we have

b — bi| = Z by, — by
teUy,
1 7 T T *
:m Z (b, — b%) — Z (b, — b%) + Z (bj, — b7,)
te[T)\By te[T)\ (B UlUk) tE€BLNU
1 -~ -
ST 20 DR A N A R B N
tE[T \Bk i%BkUZ/{k tEB UK

It is clear that

S @B -vp)| < TN max (B —bil = 20T max_ [B - bil-
¢TI\ (B W) LE[TI\By te[TI\Bx

3To be precise, one can either trim [wT'] or |wT| elements. From now on, we write w7 for conciseness
without further notice.
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Then we claim that >, \5}; — by | < |Br|maxe[r\ s, \5}; — b|. Let Q1 and Qy , be the
indices of the trimmed elements on the left side and right side, respectively, i.e., the smallest and
largest w1 elements among {Ei}te[T]- If By N U # 0, then U \Bx| < T(1 — 2w). Furthermore,
we have |Qr1 U (Up\Bi)| = |Qkr U U \Bi)| = wT + [Up\Bi| < T(1 —w) < |[T]\Bgk|, which
leads to ([T1\Bx) N Q1 # 0 and (T\By) N Qkr # 0. In conclusion, we have max;cyy, \EZ —bx| <
maxse[T)\ By, |B’,5c — b7, which completes the proof of the claim. Therefore, we have

- 1 -~ ~ ek + 3wdy,
by — b5 < —-— bt — bt 2wT + |B -y | < 2 ——F
|0% k|—T(172w) Z 0% — bR || + (20T + | k\)tef[r%?\’%kh W< T~ 20
te[T\By,
_(T—1BkDn in i — 2 min ﬁ )
with probability at least 1 — 2¢ R R TG T X P bt S O

Given Lemma 2] by setting

2,2 2,2 ~
sk:max{élok n(72n2) 81n(Tn)}:O( o 1)

(T = [Bxl)n " (T = |Bi[)n VTn  Tn

and

5 maX{4aMn<T2<T —[Bul)n?) A(T(T — |By])n?) } 5 ( 2 1) |

using that 1/(1 — 2w) < % and recalling o, < /bf, we have with probability at least 1 — —— that

Y €k+3w5k
by —bi| < =——— =
B — b <

5w 4,/b5 In(T3n2) 41n(T3n?) 5 4/bxIn(T?n2) 41In(T?n?)
<— = 52
=73 max{ N 3N T B @ — B [ O

O

Given these results, we readily establish the following bound on the total error over all -well-aligned
entries.

Proposition 5. Suppose b* = trmean({Bt}te[T], w) such that 0 < w < 1/5. Then for each k € I,
with0 < n < w and any q = 1,2, it holds that

~ ~ w? a/2 d d w\ ¢
*x bk 19] — _ —
E(| 5, bznllﬂ()(d(zbn) e ) )
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By setting « = O(In(T'n)), we find the following result.

Theorem 7. Suppose n > 2°+51n(Tn) and o > 2(8 + /81n(Tn))? with « = O(In(Tn)). Then
for the trimmed-mean-based SHIFT method, for any 0 < w < %, te[T)and q=1,2

1-q max s/w e/ 2\ 2
el oty =0 ()™ (M) (5) " )

Proof. To apply Proposition we need to bound 37, .7 7. min{P(k ¢ KL, +/bh(1 — bt )/n} and
Ykez,nz min{P(k & K7), b, (1 = b)) /n}.

Let & = {Bt > 1b! and |5* — ;| < 8y/byIn(T3n?)/n}. For each entry k € Z, N Z*, since
n > 20 ln(T3 ?) and b}, < 55, wehave 1 </ m. By (52), we have with probability at least

o * 3,2 3,2 * 2.2 2,2
|b',;—b};|§5wmax{4 bkln(Tn)’41n(Tn)}+5maX{4 b% In(T%n?2) 41n(Tn)}
3 Vn n (

3 —[Bi)n " (T = [Bi|)n
by In(T3n2) 20 |b}In(T2n?) by In(T3n?)
20 < . (53)
= |Bk[)n
By Bernstein’s inequality and as b}, > 217, we have
b, 2 minf gy ) nif 2
<|bt —b >2> <2 10-03)7 20 < 9e™ T < 2e” To-2b <Tn27 54)

where the last inequality is because n > 2°+5 In(T'n). Combining (53) with (54), we find P((£L)¢) <
2. Now following the argument from @T)-([#3), we can obtain that for all k € Z,, N Z",

Pk ¢ K1) =0 (Tan)

Since a = O(In(T'n)), by applying [@3) to Proposition[3|with 7 = w and using Proposition 5] with
n = Q(2%), we find

E[[B¢ — bt|J;] = O \/—k d 55)
n V20Tn

k¢I NIt

and

-~ ~ b dw d
E[|[b’ — b||2] = ey 4=
B B8 =0 30 St T

Note that |(Z,, N Z8)¢| < [Z¢] + [(Z1)°] < s/w + s = O(s/w) and

Z \/gg ((Z, N T)e| \/|I nI1*) |max{2b |(Zo NTY)°[}

k¢T,NTt kgzz NZt

_ \/s/wmax{?b,s/w}'

2bn

(56)

Plugging (36) into (33) and using E[||p* — p'[1] = O(E[||b" — bt|/1]), we find the conclusion in
terms of the ¢; error. The results in terms of the ¢5 error can be obtained similarly. O
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E Lower Bounds

In this section, we provide the proofs for the minimax lower bounds for estimating distributions under
our heterogeneity model. We first re-state the detailed version the lower bounds that apply to both the
{5 and ¢, errors.

Theorem 8 (Detailed statement of Theorem [3). For any—possibly interactive—estimation method,
and for any t € [T and g = 1,2, we have

b s} a/2 d
inf su E[|lpt — pt||9] = Q | s179/2 (max{ ’ > + .
(Wt/‘[lnl)t/e[T] P*EI;(L [Hp P ”q] ( 2'n (Qan)q/2
p’ {p" ' €[T]}CB, (p*)
(57

Theorem 9 (Detailed statement of Theorem. ). For any—possibly interactive—estimation method,
and a new cluster CT+1, we have

: =T+1 T+1
inf sup Ellp" ™ —p T[]
wt ’[n])t’e[T] , p €Pa
WL T (p! ot €[TH1]} CB. (p*)

_q [ g1-arz ((me{2", s} q/2+7d
B 2b7 (20Tn)a/2 |-

We omit the proof of Theorem [J]since it follows from the same analysis as Theorem [§]

E.1 Proof of Theorem 8l

As discussed in Section ] we will prove (57) by considering two special cases of our sparse
heterogeneity model:

1. The homogeneous case where p* = --- = p = p* € Py.
2. The s/2-sparse case where ||p*||o < s/2 and ||p*||o < s/2 forall t € [T.

Therefore, it naturally holds that

, inf sup E[[p" - p'llf = inf  sup E[[p* -p*[i] (58
W) ey PTEPa (W"[A"l),,e[;r] p*€Pq
B’ {p" ' €[TI}CB:(p") p
and
,inf sup E[|p" —p'[|2] > ,inf sup  E[p" —p'[I]. (59)
Wt ey PYEPa W) ety p o< /2
P’ {p" t'€[T]}CBs (p*) P vt e[T)

For the first case, combining (58) with the existing lower bound result [[6| Cor 7] and [26, Thm 2]
for the homogeneous setup, where all datapoints are generated by a single distribution, that for any
estimation method (possibly based on interactive encoding),

d
inf  sup E[Jp* - p*9] = © () ,
(Wt’[j])tE[T] p*EPy ¢ (2an)q/2

"

we prove that the lower bound is at least of the order of the second term in (57).

For the second case, without loss of generality, we assume s is even. This can be achieved by
considering s — 1 instead of s, if necessary. Recall that supp(-) denotes the indices of non-zero
entries of a vector. Fixing any ¢ € [T'], we further consider the scenario where

supp(p’) N (Ut/#supp(pt')) =0. (60)

One example where (60) holds is when supp(p) C [s/2] and supp(p®) C {s/2+ 1,...,d} for
allt! £t If holds, then the support of the datapoints generated by {p! : ¢’ # ¢} does not
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Truncated geometric, 5 = 0.95
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Figure 3: Average {5 estimation error in synthetic experiment using the truncated geometric dis-
tribution. (Left): Fixing s = 5, T' = 30 and varying n. (Middle): Fixing s = 5, n = 100, 000
and varying T'. (Right): Fixing T' = 30, n = 100, 000 and varying s. The standard error bars are
obtained from 10 independent runs.

overlap with the support of those generated by p?, and hence former are not informative for estimating
p'. Therefore, by further combining (59) with the existing lower bound result [14, Thm 2] for the
s/2-sparse homogeneous setup, where all datapoints are generated by a single s/2-sparse distribution,
that for any estimation method (possibly based on interactive encoding),

max bS a/2
inf  sup E[||ﬁtpt|z1“<<s/2>”/2 (=) )

Wh) Ipto<s/2 2'n
p'EPq
q/2
_q [ s1-a2 max{2°, s}
2bn '
Thus, we have
inf sup E[p' —p'llf] = inf sup  E[||p* — p||d]
W Myery | PTEP WD ey 1pt Jlo<s/2
B’ {p" :t'€[T]}CB;(p*) B’ V' e[T)
S swp B[l -pYg = inf  swp E[Jp—p!l]
W) ey 1pY (lo<s/2, ¥ ¢ €[T] WH ) Iptflo<s/2
pt (&0) holds p'EPy

o [ smare (max{2t, s\
- 2bn, '

This proves that the lower bound is at least of the order of the first term in (57). Overall, we conclude
the desired result.

F Supplementary Experiments

Truncated geometric distribution We consider the truncated geometric distribution with parameter
B € (0,1), p* = 11_;5;(1, B,...,B971), as the central distribution and repeat the experiment in

Section[5.1] We use d = 300, 8 = 0.95,b = 2 and vary n, T, s. Figure [3] summarizes the results.
As in Section we observe that our methods outperform the baseline methods in most cases,
especially when s is small. Also, we see the benefit of collaboration, i.e., decreasing trend of the error
as T' increases, only in our methods.
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Figure 4: Effect of the hyperparameters o and w. The top row shows results for the uniform
distribution and the bottom row shows the results for the truncated geometric distribution with
B8 =0.8.

Hyperparmeter selection. We provide additional experiments using different hyperparameters
« and w from discussed in Section [5.1] All other settings are identical to Section [5.1] We test
the hyperparameters (o, w) = (2" In(n),0.1) for r € {—5,—4,...,4} and (o,w) = (In(n),w) for
w € {0.05,0.1,...,0.25}. Figuresummarizes the results.

We find that setting the threshold o too small leads to replacing almost all coordinates of the central
estimate p* with local ones. In the extreme case of a = 0, our method is essentially returns the
local minimax estimates. On the other hand, we observe that the performance of our method is less
sensitive to the trimming proportion w.

While the choice of « is crucial to the performance of our method, we argue that it is possible to
select a reasonably good a by checking the number of fine-tuned entries, i.e.,

1 d T It
73| ke - B>

In Figure [5| we observe that more than half (d/2 = 150) of the entries are fine-tuned when r €
{—5,—4,—3}. These correspond to the three curves in the top left of Figure Ié-_l| that perform no better
than the baseline methods. In conclusion, by selecting o such that the number of fine-tuned entries
are small enough compared to d, it is possible to reproduce the results in Section
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Figure 5: Average number of fine-tuned entries for different values of « = 2" In(n). We use the
trimmed mean with w = 0.1 and the uniform distribution with d = 300. This corresponds to the top
left of Figure [d}
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