se2 A Proof of Lemma 4.1

a3 Proof. Throughout this section, we let 0y, := ), + Spur, gr(0;u, 2) := g5, (0;u, 2) and L,(8) =
s L5, (0) for simplicity. We begin our analysis from Assumption 3.1 and the observation that 0,1 —
a5 O = —mp ok, /\T’“_mg,(cm). Recall that g,(em) = 5%6 (é,im); z,im)) uy, and é,(cm) = 0,(;") + SR,
396 we have
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L(Ok11) — L(Og) + i <V[,(0k) | Z )\Tk—mgl(C )> < — 2

m=1

so7  Rearranging terms and adding 2% ||V £(8y)||” on the both sides lead to
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ses Let FF = o (6o, ng),us, 0 < s <k,0<m < 7g) be the filtration of random variables. Taking
ase  expectation conditioned on F¥~1 gives

(0k)|I” <Epr-1 [L(0k) — L(Oks1)]
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1_ < <vc(ek) (L= Y A "B [g,gm>] - vz(ek)>
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L
+ ETII%IE]:k—l

)

400 By adding and subtracting, we obtain

VL0 < Epes [£8) — £(B1s1)]
1 — <V/3 (6k) | Z AT (Efk 1 [ ;(cm)} —Bzam,, Fr1 (95 (Ok; ur, Z)})>
1 - <V£(0k) | (1 mz:l)\w Eznng Frr (9105 ur, 2)] = v£(9k)>

2

>0 gl

m=1

L
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401 By Lemma E.2, the conditional expectation evaluates to EZNHék [gk(Ok; uk, Z)] = VL (Oy). Di-
k- derive that

402 viding 7

VL) <2t (£(6) ~ £(6k:1)

Tk

- <V£(0k) [(1—X) Z ATETT (E]_‘kfl {g,(gm)} —ErEzn,, [k (0k; ur, Z)|Uk]>>

m=1
Tk
- <Vﬁ(0k> [(1=2) (Z Afkmvmek)) - V£(0k>>
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403  Summing over k from O to ¢, indeed we obtain

t
D> E(VL6)]?
k=0
t

_ZE

<
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— L(Or11)]

Z ATET™ (E]_.k 1 [ ](Cm)] —]E]:k—lEZNHék [gk(ek;uk,z)|uk])>

A)(E:A%—mV£Maw>-vcww>
m=1

1 m
+ 5 kzo Z ATR—™ ( )

404 O

=T, (t) + Ia(t) + I3(¢) + L4(2)

405 B Proof of Lemma 4.2

s0s Lemma B.1. Under Assumption 3.2 and step size n: = no(1 + t) %, it holds that
Il(t) S Cl(lfA)(l‘i’t)a (21)

s07  where constant ¢; = 27]—(0;
408 Proof. We observe the following chain

t

L) = Y 2 (BIL(0)] ~ BI£(6k:n)
k=0
A EILOk)]/mk — EILOk 1))/ k41 + BILOk 1)) /Mt 1 — BIL(Ok11)] /i
k=0
W (1 - \) |ELL(80) /m0] — EIL(Ors1) /mes1] +Z e EIL(Ok)]
k=

1 1 1 1
< (1—=X)max|E[L(O} <+ + —)
(1 = A) max [E[£(8))]| o o Y T
409 where equality (a) is obtained using the fact that step size 1y, > 0 is a decreasing sequence. Applying
410 assumption 3.2 to the last inequality leads to

L(t) < (1— \)G——
Tt+1
<e(1=A)(1+1)

411 where the constant ¢; = 37—?

412 O

413 Lemma B.2. Under Assumption 3.1, 3.2, 3.3, 3.4, 3.5, and constraint 0 < 2 — 48 < 1, and for all
414 k>0, 71 > m log(1 + k), then there exists universal constants t1,ts > 0 such that

d2
L(t) < CQWA( HY21 + )20 v > max{ty, o) (22)
415 where A(t) := 1+t S E IV L(6,)||* and ¢y := ’7—2 (Lle\ZL_QQC;E\fGB/z) is a constant.
a2 .

13



416
417

418

419
420

421

422

423

Proof. Fix k > 0, and recall 0 := Ok + Spup, é,(f) = Bz(f) + d,ug, then consider the following pair
of Markov chains:

é("k)

1% 6 M
Zp = ZJEO) k Zl(cl) k Z.IE,‘Q) k Z£3) Tk Zli‘fk) = Zi1 (23)
7y, = 70 By 70 Oy 70 Ouy 73 Gy Z() (24)

where the arrow associated with 8 represents the transition kernel Tg(-, ).

Note that Chain 23 is the trajectory of DFO()) algorithm at iteration k, while Chain 24 describes
the trajectory of the same length generated by a reference Markov chain with fixed transition kernel

T, (). Since Zy, = Z(O) Z,(CO), we shall use them interchangeably.

Define Ay, 1, := Ezr— g,(cm) — EZNHQ [gk (Ok; ug, Z)]] , then I(¢) can be reformed as

L(t) = —(1—A IEZ<V£0k Zxk mAkm>

k=0 m=1

Tk
E )\Tk_mAk:,m
m=1

Next, observe that each Ay, ,,, can be decomposed into 3 bias terms as follows

< (1= NEY VL6
k=0

d m m Alm
Agom = Bz |:5k (E[e(e,g ) 2860, 2 ~ Bz, 166y )|0k]) ]

d A(m m A(m A(m ~(m A(m ~
=Bz [(sk (BI@™: 20161, 2] = B 106 2716, Z1)) uk}

Zk
d m m m
+Epes {610 (Ezlim[e(e( 20, 2 ~ Bz, 100 )0 >]) ]

d o
Ez-n, [5(49(”” Z) — 0(0y; Z)|0,(€”),0k} .

+E]:k 16

<es|[60m -6, |+ & |60 -6 |

424  where we use Lemma E.3 in the last inequality and cg := 2 (\/ LG + GL1>.

425

426

427

Here we bound these three parts separately. For the first term, it holds that

B0 210, 2] ~ B pon [06: 2160, 27|

e(é“”) AP(Z™ = 2| Z7) — 66™; )2 = 2| ZV)d=

<G/ )P z™ = 212 —p(Z(™ = z|Z,§°>)’ dz
—2Gbry ( (™ € 1z, P2 € .|z 0)))
<2GL, Z |61 - 6] =261 Z |60 - 6.
=1 =1
where the first inequality is due to Assumption 3.2, the second inequality is due to Lemma E.4.

For the second term, we have

‘Ezm (a(m) Z(m>)]—Eanék [ﬁ(ék;Z)]‘

0™ 2 )P(Z™ = 2|Z") — 0(8; 2)I, (2)d=

(a) o -
e / P(Z™ = 2 Z0) — Ty, (2))|d=
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—2Gory (P(Z,@ e .\Z,g())),nék)

<2GMp™
428 where we use Assumption 3.2 in inequality (a) and Assumptions 3.4 in the last inequality. Combining
429 three upper bounds, we obtain that

1Ak mll < Efk—lé <2GL2 mz_:l [He,(f) - akm +2GMp™ + cs Hé,ﬁm) - ékH + % Hé,ﬁm) — 6,
=

H

d m—11¢ m—1 dG
< 5 77k)\7’“ 7* —|—2GMp +cs Z MEATE T — 5
k =1 j=1 =1 k
2
-|- —= (Z NeAT™* ™ id )
d Nk LG?d3 n? pm
Te—m+1 2(t,—m~+1) 'k
< oy (LGP esGd) A 52+7(17A) A 55 +2GMd

430 Then it holds that

Tk

Z /\Tk_mAk,m

m=1

Tk
< Z ATRTT ||Ak,m||

m=1

Tk

(1 — )\) (2L2G2d + ngG) 52 zjl )\Q(kam)A

d377k Z A\3(Te—m) )2

<

+2(

+2GMds; Z ATETT oM

m=1

< (2L2G?d + csGd) dr

(1= )7 37
LG? @3)\2 nk
21—\ 53

+ 2GMds; i, max{p, A} ™

431 Finally, provided 75 > 10g,,0x(,.23 (1 + %) 7" and 0 < 2o — 43 < 1, we can bound I(t) as follows:
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Z AR Ak@m

m=1

L(t) < (1= NE> [[VL(O)| -
k=0

< (1-NEY VL@ [(mG?d + s Gd)
k=0
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n
S )\)2(2L2G2d—|—c8Gd) (ZEHW(@)HQ) ( 5%;)
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. 1/2 ¢ 5 1/2
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+ 1 /\GM (ZEHVC(ek)H ) (kz 5201 —|—k:)2>

t

2 7342
dhx  mr  LG® d°A nk—|—2GMd

k=0
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>1/2
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< S6(LaG? + VLG*? + LiG?) | Y E VL) ) (Z
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1/2
d? o
1=N)2 <1+tZE”V‘C (Or)l ) (1 + 1)@ vt > max{ty, ta}

< ey

. /2 . . .
232 where ¢y 1= 6 (Llcz\zL_ﬁl i:;fGS ). The inequality (b) holds since 7, = O(log k), 4o — 65 >

433 2a— 4 and 2 2 > 2a — 40, so there exist constants

, AONL2G St dPA2(2L0G2d + csGd)? o 12
tlzlrtlf{tZOZgg T Z (25)

2 d*N2(2L2G?d + csGd)? i n?
> 227 12 < k
1nf{t 0|d*G*M E 521+k) A=) E (26)

434 In brief, we have

d2

1/2
L(t) < a2 (1 Tt ZEHVE (0)]] ) S0t > max{ty, 1y}

435 O
a3 Lemma B.3. Under Assumption 3.1, 3.2 and 0 < fp < 1/2, with 7, >
437 m (log(l + k) + log %), lt hOldS that

T3(t) < cs A(t) 2 (1 +¢) 7 27)
438 where A(t) := %th S E IV L(6y)||* and constant c5 = ﬁ max{2'~#Ld,,2°G/T = B}.

439 Proof. Recall that g;,(0;u, 2) := g5, (0;u, z) and L(0) := L5, (0).

Lt =-) F <vc<ek> (=) (Z kavckwk)) - vz(ek>>

=->'E <v,c(0k) | ((1 -\ i )\Tk‘m> VLL(0k) — v,c(ek)>
k=0 m=1

= = S E (VLK) | VLK(Ok) — VLOK)) — \VE(VLOK) | Ezmn, 94(64s ur, 2)])
k=0

440 where we apply Lemma E.1 at the last equality.

441 By triangle inequality, Cauchy-Schwarz inequality and Assumption 3.2, we obtain

e

t
t) <Y EVLEOK) - [VL(Ok) — VLB + ZAT’“EIIW(%)II 5

k=0 k=0

. log(1+k)-+log -+ log 8o /d(1+k)~1
s42  Provided 75, > logl/max{p);i’ > ig(’r{lai{pﬂ/\)} =108 maxipa} & %(1+k)~t >logy 2(1+ k)

443 with Lemma E.2 as a consequence of Assumption 3.1, we have

0o dG
<ZEHV£ 0r)l - LéwZEHv.c (0)]| 50+ k)

k=0 k=0

t t
=Y E|VLO) - Lok +G Y E|VLE) (1 +k)""
k=0 k=0

¢ /2 , 4 1/2 t /2 , 1/2
(ZE VL)l ) ( 5,%) +G (ZE||V£(0k)||2> (Z (1 + k)25~ 1>>
k=0 k k=0

=0 k=0
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444 Since < 1/2, it holds that

t t
DY % [1oost (a0 1)< 00 (1
Z — ( 1+k25_1 23 =1-23

t

(1+k)?P-D <1 +/ (4120 Vdx <1+
P 0 1-25

(=)

445 Then we can conclude

1/2
I(t) < cy (HtZEnvwk ||> L

k=0

a6 where c3 := \/12—72/3 max{Ldy, G/1 — S}. O

447 Lemma B.4. Under assumption 3.2 and constraint 0 < o < 1, it holds that
2

1 1—(a—28) 2
() 8)

L(t)<c

noLG?

448 where constant c4 = S 2h—atl)"
0

Proof.

t Tk 2
Ly = L2k ;A)L S mE |5l
2
LS e (z e )
2
1-\L i dG)?
k=0

m=1
_ A-NLde? Zt: 1= A"\ g
- 2 1-A 5,3
k=0
t
d2LG2 an
2
0
449 Recall that g, = (kz‘i)a , 0 = (1J‘i‘;€)ﬁ and o < 1,8 > 0, it is clear that & — 23 < 1, so it holds that
e o < U !
0 —Q 0 —Q
Z(TQ = ?Z(Hk)?ﬁ <5 (1+/ (14 2)% dm)
k=0 Kk 0 k=0 0 0
Mo 2B—a+1 210 28—a+1
< ——— (1 +¢ 2 —_—(1+1¢
—5(2)(2ﬁ—a+1)[(+) —a+ 5]_52(%_ )( +1)
450 In conclusion, we obtain that
LG2 Mo d2
Ly(t) < d? (L t)2Pett = 1+ ¢)t (@728
._ LG?
451 Where Cq ‘= % . m D
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2 C  Proof of Lemma 4.3

453 Proof. Combining Lemmas 4.1 and 4.2, subject to the constraints 0 < o < 1,0 < 5 < 1/2,0 <
454 2a— 48 < 1, it holds that for any ¢ > max{t1,t2},

t
> E(VL(O)]?
k=0

<Ii(t) + Ia(t) + Is(t) + 14(2)
5/2

<a(1=N1+1)%+ ¢ S(14 )28 A )1/

(1=2)

1-A

2 . . .
, above inequality can be rewritten as

+es(1+ ) PARY? 4 ¢4 (14t)t—(@=28

455 Recall A(t) := %th ZZ:O E||VL(O)

A(t) < 1 c d5/2 (1+t)1*(a72ﬁ)A(t)1/2
T4t C(1=A)2

d2
+es(L+ ) PADY? + (1= N1+ 1)+ c4 -

1 4+ )1 (@=28)
(1+1)

d5/2
- <¢:2(1_)\)2(1 +1)7@2) L ey(1 4 t)") ADY2 +ei(1 = N1 +1)~ 0

2
1-—A
456 which is a quadratic inequality in A(¢)/2.

+ 4 (1 +¢t)~(@=28)

/
w1 Letz = A(t)Y2, 0= cofim(1+ 1)@ 2D eyt =8 b= (1= N(1+)~079 4oy 1 5 (1+
458 t)_(“_w), we have 22 — ax — b < 0. Since a,b > 0, the quadratic has two real roots, denoted
459 as w1, xo respectively, and ;1 < 0 < xz3. Moreover, we must have z < x5, which implies

wo x < eRveddb < ‘”“;2‘/5 = a + Vb. Therefore, A(t) = 2® < (a + Vb)? < 2(a® + D).
461 Substituting a, b back leads to

2

d5/2
Alt) <2 <C2(1_>\)2(1 +1)7O2) peg(1 4 t)—ﬁ> +2c1(1 = N1 +1)~
2
+ 27— (1+ t)~ (=28
(a) 45
< 4057(1 N (141)72@728) 1 42(14+1)72 +2¢,(1 = N)(1 4 1)~
2
2 1 —(a—28)
+ C41 — )\( +1)

2
1—-2X
s62  where inequality (a) is due to the fact (z + y)? < 2(z + 3?), the last inequality holds because
a3 there exists sufficiently large constant ¢z such that, 4c§$(1 + t)72@=28) < 2@%(1 +

464 t)*(o"w)Vt > t3 given « > 2f3. Therefore, set to := max{ty, t2,t3}, then for all t > ¢y, we have

2
A(t) < 4max{ei (1 — \), 2, 64%} : ((1 +0)7 L (1) (14 t)_(”‘_%))

<ABA+ )72 4201 (1 = N1 41)" 07 4 4¢4 (14 ¢)~(@=28),

2

d .
< 12 max{cl(l — )\), Cg, C4m}(1 + t)i min{2f,1-a,a—24}

a65 Recall that constant ¢; contains 1/1, c3 contains &y, ¢4 contains 79/63, , thus we can set 5y =
w6 d'/3 ny = d—2/3, which yields
cr

A(t) < 12max{cs(1 — \), cg, 1_

X }d2/3(1 + t)7 min{28,1—a,a—23}
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where constants

o= 2G. o= 4max{]127_(;225(1 — B)}7 o= 5 fi: :
do not contain 7y and dy. Moreover, note that max,, g min{23,1 — o, — 28} = %, thus it holds
Liu«:nvc(e) I < 12max{es(1 — A), cg, ——1d?/3(1 + T)~1/3
14+7T & M= ° D

where the rate O(1/T"/3) can be attained by choosing o = 2, B = &. This immediately leads to
Theorem 3.1 by observing

. 2 T 2
omin E[VLOOI < mip Zpo BIVLEOL]

D Non-smooth Optimization Analysis

In this section, we aim to apply our algorithm to non-smooth performative risk optimization problem
and analyze its convergence behavior. Before presenting the theorem, we need the following Lipschitz
loss assumption D.1.

Assumption D.1. (Lipschitz Loss) There exists constant Ly > 0 such that

0(61;2) — £(02;2)| < Lo |01 — 02|, V61,0, e R, Vz € Z

Under Lipschitz loss assumption D.1 and some regularity condition, one can show that the performa-
tive risk is also Lipschitz continuous, which is stated as follows.

Lemma D.1. Under Assumption D.1, 3.2, 3.3, the performative risk L£(0) is (Lo + 2L, G)-Lipschitz
continuous.

Under non-smooth settings, the convergence behavior can be characterized in both squared gradient
norm and proximity gap. Now, we are ready to show the following theorem:
Theorem D.1. (DFO () for Non-smooth Optimization) Under Assumption D.1, 3.2, 3.3, 3.4, 3.5,
with two time-scale step sizes ny, = 1o(1+ k)™, 0, = d(1+k)~ P, 1, > %, where «, 3
satisfies 0 < 33 < a < 1, there exists a constant t4 such that, the iterates {0y }>1 satisfies for all
T>ty

T

1 2 min{l—a.a—
_— E 0 — T min{l—a,a—33}
T L EIVEs @I = O )

and the following error estimate holds for all T > 0 and € R?

1 & )
7 2 i () — L) = O )

Corollary D.1. (e-stationarity, p-proximity) Suppose Assumptions of Theorem D.I hold. Fix any
€.t > 0, the estimate 71 Y E|VLs, (80)]° < € and 1 3o E|Ls, (81) — L(0k)] < p
holds for all

T > max{O(1/e*),0(1/u°)}

Next, we present the proof of Theorem D. 1.

Proof. This proof resembles the proof of Lemma 4.2, where we reinterpret Y_;_ E || V.L(6}) | as

ZZ:O E|VLs, (8:)|%, and £(6},) as L5, (8)), with additional bias terms that, as we shall prove, are
not dominant.
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Due to Lemma D.1, £(0) is (Lo + 2L, G)-Lipschitz. Then by Lemma E.1, £5(8) is ¢(Lo + 2L, G)-

495
smooth for all § > 0. Similar to Lemma 4.1, we have

496

Tk
Ls, (Or+1) — Lo, (0r) + 1 — <V£5k Ox) [ (1=X) > x’”’_mgz(ﬁm)>
m=1
d(Lo + 2L, G) w ’
0 1 2 Te—m (m)
< —— = ATE
407 By adding, subtracting and rearranging terms, after taking conditional expectation on F*~1, it holds
498 that
1 (00)[1 < B [L5,(0k) = Loy, (Oks1) + Loy, (k1) — Lo, (B41)]
Tk
+1m5Efk1<vc%wm|vc%wm—41—A>EjA”-m¢m>
m=1

2

Tk

Z ATk 7mgl(€7")

m=1

= VL;, (0y), then by dividing and summing

d
+ ﬁ(Lo + 201G E pr1

499 By Lemma E.1, we have Ez 11, u, (96, (Ok; ug, Z)]

500 over k, it holds that

~N) Y E|VL; (6]

k=0

t
1—AX
<> E [L5,(0k) = Loy, 1 (On41) + Loy, (Or41) — Lo, (Or11)]

k=0 ¥
t Tk
ZE <V£5k Ok ‘ Z ATRT (EZNHék [96k (6k;uk»Z)] - gl(cm))>

k=0 m=1
+ZV%W%wm2
k=0

d(L 2LG
n (Lo + an

DAy
m=1

= I5(t) + I (t) + I7(2 )+IS( )

After splitting RHS into I5(t), Is(t), I7(¢), Is(¢), we can bound them separately.
= O(k="71), it holds that

501
Under Assumption 3.2 and the estimate 0y, — Jg1

502
‘1 ‘1
I5(t) = (1 - )‘) Z —E [‘Cék (ek) - ‘C5k+1 (6/€+1)] + (1 - )‘) Z —E [£5k+1 (0k+1) — Ls, (0k+1)]
k=0 'k k=0 'k
( L Lo, (8r) — L5, (8
< (17>\)G +(1*)\)Z]E 5k+1( k) 5k( k)
Me+1 0 Mk
) 2 G — 0
< (1=NG——+ 1=\ (Lo +2L:G) Y F—+
Te+1 =0 Nk
=0 ((1L+)*+1+)* ") =0(1+1)*)
503 where we apply the summation by part in inequality (a) as in Lemma B.1, and use the fact |Ls, (0) —
L(0+dw)| < (Lo+2L1G)|01 — 2| in inequality (e), as a consequence

o

504 L5,(0)] < Ep|L(0+01w)—
505 of Lipschitz continuity.
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sos  As for Ig(t), if we let B(t) := 15 S o EVLs, (8:)]?, by definition of glgm), we can split the
507 term as follows

d < (m ) (m
Ere-s 5 (Ezen,, (004 2)16:] ~ B0, 2716, 2,
d 3 R
= Erg Eanng, [E(Gk;Z)—f(ch ). 2)\6} ),04
d m ~(m) ~(m “(m) A
+ Epir s (B, [0 2)160")) = E 5 (06" 2716, 2,7))

d A(m m. A(m m A(m
+Epe gz (Bym (06" 271607, 2,7 ~ Bl 216, 7))
soe By applying Jensen’s inequality and triangle inequality according to the above splitting, it holds that

HE]:k—lEZNHék [gék(ek;uk)? _gk H

d N N n(m m n(m
_‘(skmﬂ_lEzmék [6(0x; Z)|6x]) — B[O Z™) 6™, 2\

d N N A (m m A (m
<Egis 5 Bz, [0 2)10:) - B[O 2()\6[". 2,
d A A(m Alm) 3
<Ezr = Bz, [z(ak;z) (6™ )6 >’0kH
d m n(m ~(m n(m ~
B 5 [Ezom,, (001" 2)100") ~ By (00 )16, 2"
d A(m ~(m A(m ~ a(m m A(m
i1 5 [Ezon (065 216 %ZS”] ~E[6,": (") 16", 2,
(e - y
< (Sd Exr-1Lg Hgl(cm) - GkH
2dG m
+75 Eresdry (Hgk,IP’(Z( c | U)))
2dG m < . m y
U i (B2 € 10, 20) (2 € 40, 2)
() dL m 24G 2dLoG TR
75—:Efk |t ekH 5 M 5; Eri s E; Heff) —ekH
m—14—1
dLO e 2dGM 2dL2 77k
—dG AT pm dG ATk
<5 Z 5t h 2.2
N \TE— m—+1 2dG M ) 277k \TE— m—+2
<d’LoG— 4 2dP LGP s
R S A LRI YE
509 where inequality (c) is due to Lipschitzness of decoupled risk, 1nequality (d) is due to Assumption 3.4

sto and Lemma E.4 (a consequence of Assumption 3.5). Given 7, > %, then the following

511 deterministic bound holds for all k¥ > 0,
Tk
E i Z ATETTR HEZ~Hék (95, (Ok; uk, Z)] — gl(cm)H
m=1
/\ ¢ Te—m Nk )‘ ¢ TeL—m
52 ATk +2d%L,G?*Z 52 ATk

<d2L0G

+2dGM /5, Z prATET
m=1

2 A palE o ai LGP

<Al TNl

+ 2dGM /6y, Z max{p, A}

m=1

21



A Tk 2 27
— 2d L 2d Mi
(1—N)2 G52+ (1—N)2 2G 62+ ¢ (14 k)dy

s12  So for sufficiently large ¢, it holds that

<d?

Tk

Z )\TkimEZNHék (95, (Ok; ug, Z)] — g,im’

m=1

To(t) < (1= A) Y E|VL(O))|| Eps

k=0

t Tk
— ) E[VLEOL) Y AT E e
k=0 m=1

Ez~mg, (95, (O; up, 2)] — gz(cm) H

t
A N
<§Ev0 2~ _((Lo+2L + 201G + 22LsG?
_k . H L( k)Hd 1_/\(( 0 1G)G 1G A 2G )52

ZIEJHV[, (0,)|| 2dGM

— (1+k)5
: 2
<) E 2 L 2L 2AL>G?
< 2 IVL(O)| d TENE ( oG +2L1G + 2)\LsG )52
2)\ ! n
— ]2 2 k
=d TENE (LoG + 201G + 20LyG ),; O]E IVL(O)]] 5—2
2) ¢ /2 2172
<dr-== 2) Uk
<d a 7)\)2(L0G+2L1G+2)\L2G ( EOEHVE ()] ) (/?—0 513)

< cod®B(t)/?(1 + t)z T3 (a=2)
513 Therefore, there exists a constant cg > 0 such that
To(t) < cod®B(t)/?(1 + )1~ (o—28)
514 where there is an extra /2 in exponent because the L in cg is now a variable d(Lg + 2L1G) /6.
515 For (Lo + 2L1G)-Lipschitz continuous £(8), for all § > 0 it holds that IVLs(0)|| < (Lo +2L1G).
si6 Given 7, > —tUR) it holds that A™E || VL, (8) < then I;(¢) can be bounded

log 1/ max{p,A}’ — 60(1+k)

517 as follows

d t
S‘Tkz (14 k)" = Olog(1 + 1))

518 Ig(t) is similar to I4(¢). Forall 0 < k < t,1 < m < 7y, it holds that Hg,gm) H < %, which implies

Tk 2

PIRNET

m=1

d(Lo + 2L1G) < e g

I(t) < (1- )= &
k=0

)’

d(Lo + 2L1G) < o m
<1yt 26) I OIR
k=0 m=1

T

d(Lo +20,G) < K dG\2
S(l_)\) ( 0+22 1 )Z%(ZAm—mQ)

_ (1_/\)d (Lo +§L1 Z (Z ATE— m)

d®(Lo + 2L, G)G?
- 2(1 =) 53

< epo(1 + )= (@38)

519 where c19 > 0 is a constant hiding the factor 2 5—3
0
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541

Applying quadratic technique in Lemma 4.3, and for all «, 3 satisfying 0 < 38 < o < 1, itis clear
that only I5(¢) and Is(¢) contribute to the asymptotic rate, so for all ¢ > ¢, (for some constant t4 > 0),
we have

1+7T &

The error estimate directly follows from Lemma D.1. O

T

! —min{l—a,a—
ST E(VLs, (8))]7 = O(r~ mintizea=30}
k=0

E Auxiliary Lemmas

Lemma E.1. (Smoothing) For continuous L(0) : R? — R, its smoothed approximation L5(0) :=
By unifse) [£(0 + dw)] is differentiable, and it holds that

B, vnipse-1),[96(05u, Z)] = VL5(0)
Z~Tlg4su

Moreover, if L(8) is L-Lipschitz continuous, then Ls(8) is % L-smooth.

Proof. The first fact follows from (generalized) Stoke’s theorem. Given continuous £(8), it holds
that

V[ L£0+v)dv= / L6 +1)—dr (29)
SBd 5Sd—1 (il
Observe that the RHS of Equation (29) is continuous in 8, which implies £5(0) = W Jspa L(O+

v)duv is differentiable. Note that the volume to surface area ratio of 6B is §/d, so it follows from
Equation (29) that

~ vol(6s971) r d
VK(;(B) = W /5Sd_1 E(e + T)mdr = gEqunif(Sdfl)[c(e + 5U)U}

d
= Eytnifss-1) Ez~ro 50 [56(0 + 0u; Z)u] = Eu~Unif(Sd*1), [95(0;u, Z)]

Zr~Ilg45u
where we use the definition of gs5(0;u, z) in the last equality.

If further assuming £(0) is L-Lipschitz continuous, then we obtain

IV Ls(601) — VLs(8:)] = Cgi . Wﬂl—l) /S L0 + 6u) — L85 + ou)] udu
<. Lo, 0.
O
Lemma E.2. (O(6)-Biased Gradient Estimation)
Under Assumptions 3.1, fix a proximity parameter 6 > 0, it holds that
E, _unise1.195(85 u. 2)] — VL) = [|VL5(8) — VL(O)|| < 5L
Z~ o su
Proof. By Lemma E.1, we have
]EuNUnif(Sdfl), [9(0;u, Z)] = VL;(6)
Z~Tg s
Note that when £(8) is differentiable, we have
VLs(0) =V []EwNUnif(Bd)L(O + (5w)] = Eyunitee) VL(O + dw)
Then under Assumption 3.1, by linearity of expectation and Jensen’s inequality, it holds that
IVLs(0) — VL(O)| = HEwamf(Bd)[Vﬁ(O + dw) — VE(G)]H < L.
O
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s42  Note that if the performative risk only satisfies Lipschitz continuity, it is possible to apply similar
543 analysis to obtain convergence result for our algorithm. Informally, as T — oo, ||VLs, (6)]* — 0
saa  atarate of O((1 + 7))~ min{l=ea=38}) and L5, (0) — L£(0) at arate of O((1 + T)~?), where we
s45 assume 0 < 308 < a < 1. To find an e-stationary point of p-approximate performative risk function,
s O(1/€28) samples suffices.

547 Corollary E.1. Under Assumption 3.1 and 3.2, for all @ € RY, it holds that
IVL(O)| < 2VLG

s48  Proof. Omitted. O

s49  Lemma E.3. (Lipschitz Continuity of Decoupled Risk) Under Assumption 3.1, 3.2 and 3.3, it
ss0  holds that

L
|[E 2zt (€615 2) = £(62; Z)]| < 2(GLy + VLG) |61 — 02] + 5 (|61 0|

551 Proof. Let £(01,03) := Ez~n325(91; Z), then we have

LHS = [£(01,02) — L(02,6)]
< |L(601) — L(02)| + |L£(61,02) — L(601,604)]
<[L(01) — L(02) — (VL(O2) |61 — 02)| + |(VL(02) |01 — 02)| + [L(01,01) — L(61,6)]

(@) L
< 5 1161 02 + [(VL(62) | 61 — 02)] + L (61,61) — L(61,65)]

® L
< 5 181 — 0] + 2VIG 01 — 0] + |£(61,61) — L(61,62)]

L
= 5 1161 — 62])” +2VLG |6, - 6] + ‘/6(01;2) (T, (=) — Tlg, (2)) d=

(o L
<3 161 — 62| + 2VLG |61 — 65| + 2Géry (s, , ITp,)

L
< 5 101 = 0s[* +2VIG 101 — Osl| + 2G Ly |61 — 0o

L
=2 (V LG+ GL1> 10, — 62| + 3 161 — 6,

s52  where we use Assumption 3.1 in inequality (a), Corollary E.1 in inequality (b), Assumption 3.2 in
553 inequality (c), and Assumption 3.3 in the last inequality. O

554« Lemma E.4. Under Assumption 3.5, it holds that for all0 < ¢ <m, m > 1
orv (P2 € 1Z00), P2 € 12()) < L |01 - 6| +orv (P27 €120, P(Z € 12())

555 Unfold above recursion leads to the following inequality,

m—1
Sy (P(Z};") e |z, Pz e -|Z,§°))) <L) 6~ 6], vm>1.
=1

556 Proof. Recall the notation é,(f) = é,(f) + Op g, O = O + S uy, and the fact that Z;, = Z;EO) = Z;io),
557 we have

2. LHS = / ‘]P’(Z,(f“) = 2ZV) — Pz = z|Z,E,O>)’ dz
z

-,

4 0 ~ (¢ 0
< /Z/z "ﬂ‘él(f)(z’,Z)I[D(ZI(C ) _ Z/‘Zl(c )) B Ték(zl,Z)P(Z](c ) _ Z/‘Z,(C ))

dz

/P(Z,ﬁ“ =2, 28 = 2120 —p(ZY = 2, 2"V = 212y
VA

d7' dz
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< / / \Tw(z/,z)zp(z,g@ =212) — Ty, (', 2)P(Z” :z'|z,§°>)‘dz'dz
zJz! 7k
b [ [ o @) = 120 =Ty, (4, B 2120 a0
zJz
(a) /]P’(Z,‘i = z’|Z,50))/ "]I‘gk(z’,z) — Ty (z',z)‘dzdz’
z z k

+/Z {/ZTgk(z’,z)dz}

< /IE”(Zk = 2|2") - 261y (Tg, (+/,), Tg, (+/,)) d' + 261y (P(2) € 12("), B(Z" € 12{"))
4

P(z" = 212 — P Z{" = 2'|12\)| d2’

< 2/1}»(2,@ = 212"z Lo |00 — 0| + 26wy (P(2 € 12), B2 € 2"
VA
=2|[L, Hé,(f) - ékH +orv (P2 € 12"), (2} € 12"))] = 2-Rus

ss8  where inequality (a) holds due to the (absolutely) integrable condition (which automatically holds for
s59  probability density functions and kernels), and Assumption 3.5 is used in the last inequality. O
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