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1 Math background of the temporal scaling group

1.1 Temporal scaling group and its generator

Several properties of the S () can be directly derived from the definition (Eq. [2) in the main text [1]],

S(1)=1, (Sla)
S(a)- 8(8) = S(B) - S(a) = S(ap), (S1b)
S()™t = S(a™). (Slc)

Eq. shows that a scaling transformation with factor 1 will leave y(¢) unchanged. Eq.
indicates that sequential actions of two scaling operators can be composed into another scaling
operator (start timing alignment is needed, see SI. Sec. [I.3]), which ensures the closure of the group.
Moreover, the composition is irrelevant with the order of the two operators, suggesting the temporal
scaling group is commutative. At last, Eq. shows the inverse of a temporal scaling operator is
the one with an inverse scaling factor. According to the Lie group theory, generators can be derived
by evaluating the derivative of the group element at the identity element. As for the temporal scaling
group we are studying in the present work, we have:

gy =2y
S(a+ da) — S(a
S N0 (82)
~ [y(at) + datd; - y(at) — y(at)]a=1
da

Therefore, we obtain that § = t0;. Here, y(¢) denotes an arbitrary temporal sequence.

With the generator we have obtained, we can generate a set of continuous lie group elements by
exponential mapping. Taking the derivative of .S(«) with respect to its parameter «, and utilizing the
property S(af) = S(a)S(B), it yields:

dS(a)  S(a+da) — S(a)

da o
S(a)S(1 4 da/a) — S(a)S(1)
) oo da/a ) (S3)
_ Sla) S+ éa/a)—5(1)
o« oo/
S(@) .
_S@
e
Solving this equation, we obtain the exponential map of the generator,
S(a) = exp(lna - §), (S4)

then we have a temporal scaling operator with scaling factor .. To verify the above exponential form
of the TS operators, we apply it to y(¢) and see whether it generates the same TS effect as defined in

Eq. @).
exp(lna - §) - y(t) = lirr(l) exp(lna/e - €g) - y(t)
e—
— lim(1+ )" y(t)
e—0

R 3
e—0

= ylexp(Ina)t]
=y(at),



where we used lim._,o(1 + 6)1/ ¢ = e. And from the 2nd to the 3rd row in the above equation, we
apply the In «/e infinitesimal transformations (1 + €§) to y(¢). Eq. (S3) verified that the exponential
map (Eq. [S4) is indeed an operator of the TS group.

The generator and its exponential map can also be derived from the definition. As stated in the main
text, S(a) - y(t) = y(at). We can represent y(at) as y(at) = h(lnt + In o), where h(x) = y(e*).
Then we apply a full-order Taylor expansion to h(Iln¢ + In «) as follows:

oo 1 n
h(Int +Ina) = E ( nnc;z) h(" (Int), (S6)
n=0 ’

where h(™) (Int) represents the n-th order derivative of h with respect to In¢. We can calculate the

first-order derivative as h(®) (Int) = d’{r(fz = tdi’l(tt) . Using this result, we can derive the n-th order
derivative as:

dy(t) de™" _ dy(t) _  dy(t)
hM(nt) = - -
) = Gemt gt ~ amt " at
d dy(t) d\’
h® (Int) = = (t— t
() = oot it <dt> y(t) (S7)
d n
(n) —(+&
W) = (1) ¥,
thus obtaining the expression of S(a) - y(t) as:
S(a)-y(t) =y(at) =h(lnt + Ina)
= (In C,Y) h(™ (In )
n.
n=0
> (Ina-td)n (S8)
=) %y
n:

Il
=

n

d
= exp (lna . td) -y (),
which leads to the same results as Eq. [S2]and

1.2 Temporal reversal operators

We note that the exponential form of TS operators (Eq. [S4) is not consistent with temporal reversal
operators (o < 0), because a typical logarithmic function cannot take negative values. To resolve this
notation issue, we effectively define a generalized logarithmic function that can take negative « as
input. Specifically, we use the Euler’s formula,

exp(im) = —1, (i=+/—1)
Applying the “logarithm” on the LHS and RHS of the above equation,
In(—1) = im,
we can get the notation of a generalized logarithmic function. For any negative number «, we have,
Ina =In(—|a|) = In(e"™|a|) = ir + In|al.

Thus, the TS operators with negative factors « can be still denoted by using the same exponential
map as defined in Eq. (S4),

S(a) =exp(lna - g)
exp[(im + Inal) - g]

= exp(im - §) - exp(Inal - g)
=5(-1)-5(la]), (a<0).

(89)



The above result implies that a TS operator with negative factor « is equivalent to successive actions
of temporal scaling with factor |« followed by flipping the sequence over the time axis.

1.3 Temporal scaling operators acting in succession

In the main text, we described that the successive action of two temporal scaling operators on an
arbitrary sequence can be replaced by another operator, which writes:

S(a)-8(8) -y(t) = S(8) - S(a) - y(t) = S(aB) - y(t) = y(apt). (810)
It is worth noting that this equation only holds when « and 3 are both larger than 0. When two
operators with opposite signs or with both negative signs are applied, it yields:

V(teo + aft) a>08<0,

S() - S(8) - y(t) = { ¥t + (oo —to)/B+aBt)  a<0 B>0, (S1D)
V(oo — (to — too)/B + aft) a<0 8<0,

which are not considered in the present study.

1.4 Temporal dynamics of scaled sequence and corresponding neural representation

Next we derive the temporal dynamics of consequential sequences after temporal scaling. To study
the temporal dynamics, we apply a temporal derivative operator 0; to the scaled sequence, and it
yields:

aiy(6) = lS(e) -y (0] = i) v = [ B a0 v s

To calculate the above equation, we should further expand 0;(t0;)™. By recursively applying ; on
each t0; in (t0;)", we derive:

Qi (t0y)" = (1 +t0) 0y (t0)" ' =+ = (1 +t9)" 0y (S13)
Substituting the above equation into Eq. [ST2] we can express the temporal dynamics of the scaled
sequence as:

o(e) =[S 5 a0a)] v
n=0 '
= [i (lnnof)n(l +t5t)”8t] -y (t) (S14)

n=0

= exp[lna(l +t0y)] - Oy (t)
= aS(a) - Oy (t)

Similar to the above analysis, the temporal scaled dynamics of neural responses can be derived as:
oo

oulz(t)] = [ B 9 02)0.07] - ulz(e)

n!

= [ oy (1+ [t(atZ)azD”at} culz(t)] (S15)

2 Continuous attractor network dynamics

We described in the main text a neural circuit model named CAN, whose dynamics writes:
Tiu(x,t) = —u(z,t) + p/J(w, 2 )r(x' ) da' + Loy, (S16a)

fuf, )%
I+ ko Jul(a O’

r(z,t) = (S16b)



Given that neurons in the circuit are connected reciprocally by a Gaussian-shaped function, we
postulated that neural responses of the attractor states are expressed as follow:

a(z,t) = Ay exp[—(z — 2(t))?/4a?], 7(z,t) = A, exp[—(x — 2(t))?/2a?], (S17a)

where @(z,t) and 7(x,t) are both Gaussian curves centered at the represented position z(t).

2.1 Perturbation analysis of Continuous Attractor Networks

A CAN only reserves those perturbations parallel to its z manifold. To verify this point, we perform
the perturbation analysis, and calculate the eigenvalue and eigenfunctions of the time derivative
operator. The neural activity u(x, t) of the CAN can be expressed as a combination of the attractor
state and a perturbation: u(z,t) = @(x — 2z) + du(z, t). Substituting it into the network dynamics
(Eq.[S164), we derive the dynamics of the perturbation:

T%CS’U,(% t) = —du(x,t) +/K(x,x’|z)5u(:c’,t)da:’, (S18)
where
K(z,2'|2) = p/J(a? —2")or(x" — 2)/0u(z’ — z)dx". (S19)

Based on the expression of r(x, ¢) in Eq. (SI6b), we can calculate K (z, 2’| z) as follow:

/K(ac, 2 |2)6u(z’, t)da’

. QPU(xlvt) / / "
= / [Tj(o:,x You(a',t) — J(x, kp D2 / " t)dx }dx
= / 2pula’, ) J(x, 2" )ou(a' t)dx' — //Qka x,x) ( 2 u(z”, t)ou(x”  t)dx' dx”
P ¢ "ot (520)
/ pu(a: ) J(z, 2" )ou(x' t)dz' — //kaJ (g ) w(x', t)ou(z’, t)dx" dz’
2 t // t 1" /
/%[J(gc z') kp/J %dw ]5u(x ,t)dx
z/W[J(x,x’) —kp/J(x,x")r(a:”,t)dac”} du(a’ t)dx’
Therefore, we conclude that
K(z,2|z) = %ﬁ”’t) [J(z,a;') —kp / J(x,x”)r(x",t)dx”}, (s21)

where D denotes the nominator of (z, t), which can be calculated from D = 1 + kp [a?(2', t)d’.

Here, we treat [ K (z,2’|z)(x)d2’ as a linear operator, and consider it in a Hilbert L? space con-
structed by a set of basis functions,

—1) /2 n—1/2 )2 d\m )2

vp(z|2) = (=1)"(v2a) exp {(w 2) ](—) exp [u} (522)
VPl 102 I\ 202

In this Hilbert space, we can calculate the eigenvalues and corresponding eigenfunctions of the

operator [ K (z,x’|z)(*)dz’. We list the eigenvalues as follow,

M=1, dA=1-—/1-J2/J3 X\, =22" (n>3), (S23)
where .J. denotes the critical connection weight above which the network can hold a stable non-zero
activity. Eq. (S23)) shows that only perturbations parallel to the corresponding eigenfunction of A\;
can be reserved by the network. This eigenfunction happens to be parallel to the translation direction
along z space,

4a?
which implies that the neural activity bump can move smoothly along z direction.

fi(z|z) = vi(z]z) x (z — z) exp [(a:—z)} , (S24)



2.2 Calculation of bump amplitude and velocity

With projection method adopted from [2], we can theoretically calculate the magnitude and moving
velocity of neural activities in the CAN. Substituting the neural responses (EqJS17) into the network
dynamics Eq. [ST6a we obtain that:

A, d
LHS = 7% (2 — 2) expl~(z — 2(1))?/4a?] - d—’tz, (S252)
RHS = (—A, + VmapJoA,.) exp[—(x — 2(t))?/4a®] + Iy exp[—(z — 200)*/4a?]. (S25b)
Substitute the solutions into Eq. [ST6b] then we obtain the relationship between A,, and A, :
2

A, = A

1+ kpv2maA2
As stated in SI. Sec. 2.1} the CAN dynamics can be considered along a set of basis functions. The

first two of them are shown as follow, which dominate the amplitude and spatial translation of the
neural response respectively:

fi(z]2) = (z — 2) - exp[—(z — 2(t))?/4a?], (S27a)
fa(z]2) = exp[—(z — 2(t))?/4a?]. (S27b)

Then we can project Eq. [S25]onto these basis functions to study its corresponding properties. By
projecting function f(x) onto ¢(z), we mean that we compute their inner project that is defined as an

integral [ f(2)p(x)dx/ [ ¢*(x)dx.

Projecting both sides of Eq. [S25]onto f> and considering a weak input condition (Iy ~ 0), we obtain
that:

(S26)

0= (—A, +mapJoA,) - V2ma. (S28)
Given Eq. (S26]and [S28), we can calculate the amplitude A,, of neural response:

Vrapdy + ) wa?p? JE — 4kpy/2ma
A, = . (S29)
2kpv/2ma
According to the above equation, Jy has to be larger than a critical value J. to allow A, to be real.
Equating the term under the root sign with 0, we obtain the expression of .J,.:

4/ 27k
J. = T (S30)
wap
Projecting Eq. onto f; yields:
V2r d
LHS = rad, Y1 . &2 (S31a)
2 dt
V2
RHS = 0 — aIOT7r (2 = 2og) - exp|— (2 — 200)?/80a2]. (S31b)
Equating both sides, we derive a differential equation of the center of the neural response:
d I
T = ra (e ) el (= — )87, ($32)

We solve this equation by separating the variables and integrating both sides of it. Since the
integral over z is not analytically solvable, we expressed it by the exponential integration function

Ei(z) = [*__€'/tdt:
/tzdt:/zz(z—zoo)1exp[(z—zoo)2/8a2]dz

v 2 (S33)

(zz—zco)Q/&z2 1
= / —w ™ exp(w)dw
(21—200)2/8a? 2

= /22 1(Z — Zoo) 2 exp|(z — 200)?/8a%]d2?

1

3 [Ei((22 — 200)?/8a%) — Ei((21 — 200)?/8a%)],



where 21, zo represent 2 arbitrary states between zg and z,, while ¢1, t5 represent their corresponding
time step. Then the time duration of the sequence can be written as:

— %[Ei((zoo ~ 200)?/8a%) — Ei((z0 — 200)?/87)]. (S34)

3 Temporal scaling operator in the neural circuit dynamics
We perform theoretical analysis to verify the emergence of temporal scaling operator in the CAN
circuit. The neural activity at an arbitrary time is represented as:

u(z,t) = u(x, z(t)) + du(x, t). (S353)

Substituting it into the network dynamics and utilizing the basis functions we have defined in Sec.
[2.1] we obtain that:

dug, S [u(x, 2(t)) + ou(z,t)] + p/J(w,x’)F(x’,t)dx’

T

+ /K(x,x’|z)5u(w,t)daz’ + alp(7]200), (S36)

bn(An — 1) fu(z]2) + az an fn(2]2)

where we took advantage of the properties of the attractor states to cancel the two terms of —u(x, z(t))
and p [ J(x,2)F(a’, t)dz" with each other. Moreover, we decomposed du and I into components
along the basis functions,

t) = Z b fu(l2), (S37a)
To (] 200) Zanfn (z]2) (S37b)

As stated in SI. Sec. only perturbations along z direction can be preserved by the network
dynamics, so we can expand d/dt according to the chain rule and omit the partial derivatives
respective to the variables except z:

T@ﬁwt Zb D fn(z]2) +aZanfn 2|2) (S38)

Since the basis functions f,,(z|z) are orthogonal to each other, Eq. m can be considered as a set of
independent equations. We derived that \; = 1 in SI. Sec. [2.1] so the first term on the right hand
side of Eq. [S38]will vanish when n = 1. To simplify Eq. [S38] we calculate the inner product of both
sides of it with f7(x|z2):

T%@z(z Cnfn($|z))‘f1($|2)> = Zbn(An—1)<fn(x|z)’fl(x|z)>+aZan<fn(x|z)‘f1(x‘z)>’

(S39)
where (f(x)|g(x)) denotes the inner product of f(z) and g(z), i.e., [ f(x)g(x)dz. Consider the
orthogonality of f,,(x|z) and the relationship of 0, f2(x|z) x f1 (:c\ ) we obtaln that,

dz
TCQE = aaq, (840)
where ¢ is the second component of u(z, t), representing the bump amplitude of the neural ac-
tivity, and a; is the first component of I(z|z). Therefore, we can substitute co = A, and
a = <I(x\zoo)‘ fl(x|z)> into Eq. (S40) and it yields,
dz 26 9
TAuE = alp(200 — 2) €xp[— (200 — 2)°/8a”]. (541)

We see from Eq. [S41]that the gain factor « and spatial offset zo, — 2 constitute the temporal scaling
operator.



4 Simulation details

4.1 The simulation of the CAN

We simulated a continuous attractor network with 512 neurons. The preferred positions of these
neurons are set uniformly distributed in the z manifold. Without loss of generality, we set the z
manifold spans in the range of [—7, ) as a dimensionless number. To avoid the boundary effect, we
applied a periodic condition in our simulations by connecting the — and 7 of the z manifold. Since
the range of [—, ) is much larger than the connection width between neurons (a = 0.5, Eq. ,
the calculations where integrals are calculated over an infinite range are not substantially affected.
The differential equations are simulated by Euler method and the time step dt in simulation is set
to be 1/10 of time constant 7. Other parameters are listed in Table. The network was coded in
Python and run on a MacBook Pro laptop with M1Pro CPU and 32GB RAM.

Table S1: Parameters of CAN simulations

Symbol Description Value
N Number of neurons 512

p Neuron density N/2m
a Tuning width 0.5

ke Critical inhibitory strength 12.766
k Inhibitory strength 0.04k.
T Time constant of neural activities 1ms
dt Time step in numerical simulations  0.17
Jo Connection strength 1

20 Position of the initial state 27/5
Zoo Position of the target state 0

Io Referenced input strength 0.04

F Fano factor of Poisson noise 0.001

4.2 Dimension reduction

To reduce the dimensions of the neural activities, we applied principle component analysis (PCA) to
the network data. For each scaling factor «, we ran the network for 10 times to obtain a 10 x T" x N
neural activity matrix (1" for number of time steps and N for number of neurons). The activities when
a = 1 and T = 1 were taken to build the projection vectors and 3 PCs were preserved to explain the
variance over 10 noisy samples. Therefore, the dimension of the network data is reduced from N to 3.
With the projection vectors we have built, the data of each « value and each time step were projected
into the 3 dimenisonal space and formed the low-dimensional manifold depicted in the main text Fig.
BIC. Note that 3 PCs are sufficient to explain most of the variance of the neural activities, as shown in

Fig. [ST]
4.3 The simulation and training of handwritten digits

To verify the neural sequence generated by the CAN in the disentangled circuit can produce complex
sequence with different scales, we trained a feedforward network that uses the activity of CAN to
generate the trajectory of the handwritten digit "6".

We constructed a simple feedforward network consisting of three-layer of neurons with 100, 20, and
2 neurons in each layer, respectively. The input of the feedforward network is the spatiotemporal
responses of the 512 neurons in the CAN. And the first and the second layers in the feedforward
network use ReLLU and tanh as activation functions respectively, in order to best fit the shape of
handwritten digits. The neurons in final layer is linear and directly outputs the coordinates (z, y) of
the digit’s trajectory. The handwritten digit trajectory data was obtained from [3]].

Consistent with the previous simulation, we used CAN with referenced input strength I to train the
three-layer network. The target (Z¢qrget (t), Ytarget (t)) at each time step ¢ was calculated based on
the position of the CAN bump center. During the training process, we fed the CAN sequence with
random noise (~ N'(0,0.001)) step by step. The error was calculated by



Err = ; %[(l'(t) - xtarget(t))2 + (y(t) — Ytarget (t))g]

We used the adaptive moment estimation stochastic gradient descent algorithm (Adam) implemented
in Pytorch to minimize the mean square error (MSE) between the network output and the target
trajectory coordinates. The learning rate was set to 0.002, and all other parameters were set to Pytorch
defaults. The network was trained for a total of 400 epochs before stopping.

We trained digits "0-9". The training loss for number "6" is shown in Fig. [S2] The results of all the
other numbers are shown in Fig. [S3] Please note that the color bars used for the target and digital
trajectories in the main text and supplementary are different for visual purposes. However, the target
and o = 1 traces are at about the same time.
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100 OOOOQ-O-O
95 OOO
90
85
80

75

ol

1 5 10 15 20
#PCs

Cumulative variance explained (%)

Figure S1: Cumulative variance explained by number of PCs

Loss

1001

801

60 1

40 A

20 -

0 50 100 150 200 250 300 350 400
Epoch

Figure S2: The loss of training digital number "6" in the main text.

10



Target Forward order Reverse order

N
d!
AW
o
I T
I
|
L

4

T
|
222227

3333333
AAANLLAA
5555555
=
S
a

Time t (a.u.)
O Timet@ )

-0

ol

|2

O
Time t (a.u)

-——
-0

O Timet Gu )

Time ¢ (a.u)

-0

Time ¢ (a.u)

u.) i

Time ¢ (a.u)
—=——=——=——=——=—

© Timet @u)
v

- o

RN

Time ¢ (a.u)

=o Tme o) O Timetaw T Timet " = Timet G w

j[][j[]i][
HEEE RSN

-0

177777

333888
1999494

e S W W WP SV A <l < =

-4 -2 -1 -05 -025 025 05 1 2 4

7
|
Al

Figure S3: Results of training for digit "0-9" except "6"

- o
O Timer@ v
M

Time ¢ (a.u)
= O Time ()
v

-0

Time ¢ (a.u)

e 0NN SalhN|[VY;
00 ||| -
3|00 \IIU‘I -

o

References

[1] Anthony Zee. Group theory in a nutshell for physicists, volume 17. Princeton University Press,
2016.

[2] C.C. Alan Fung, K. Y. Michael Wong, and Si Wu. A moving bump in a continuous manifold: A
comprehensive study of the tracking dynamics of continuous attractor neural networks. Neural
Computation, 22(3):752-792, 2010.

[3] Vishwa Goudar and Dean V Buonomano. Encoding sensory and motor patterns as time-invariant
trajectories in recurrent neural networks. eLife, 7:e31134, March 2018.

11



	Math background of the temporal scaling group
	Temporal scaling group and its generator
	Temporal reversal operators
	Temporal scaling operators acting in succession
	Temporal dynamics of scaled sequence and corresponding neural representation

	Continuous attractor network dynamics
	Perturbation analysis of Continuous Attractor Networks
	Calculation of bump amplitude and velocity

	Temporal scaling operator in the neural circuit dynamics 
	Simulation details
	The simulation of the CAN
	Dimension reduction
	The simulation and training of handwritten digits

	Supplementary Figures

