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Abstract

Contrary to common belief, we show that gradient ascent-based unconstrained1

optimization methods frequently fail to perform machine unlearning, a phenomenon2

we attribute to the inherent statistical dependence between the forget and retain3

data sets. This dependence, which can manifest itself even as simple correlations,4

undermines the misconception that these sets can be independently manipulated5

during unlearning. We provide empirical and theoretical evidence showing these6

methods often fail precisely due to this overlooked relationship. For random forget7

sets, this dependence means that degrading forget set metrics (which, for the oracle,8

should mirror test set metrics) inevitably harms overall test performance. Going9

beyond random sets, we consider logistic regression as an instructive example10

where a critical failure mode emerges: inter-set dependence causes gradient descent-11

ascent iterations to progressively diverge from the oracle. Strikingly, these methods12

can converge to solutions that are not only far from the oracle but are potentially13

even further from it than the original model itself, rendering the unlearning process14

actively detrimental. A toy example further illustrates how this dependence can15

trap models in inferior local minima, inescapable via finetuning. Our findings16

highlight that the presence of such statistical dependencies, even when manifest17

only as correlations, can be sufficient for ascent-based unlearning to fail. Our18

theoretical insights are corroborated by experiments on complex neural networks,19

demonstrating that these methods do not perform as expected in practice due to20

this unaddressed statistical interplay.21

1 Introduction22

Machine learning models have become an integral part of modern research and development methods,23

even in sensitive domains such as medicine, chemistry, and cybersecurity. This integration has24

led to growing concerns over data privacy and model maintenance. In this context, the process25

of selectively removing the influence of specific training examples from a trained model, namely26

machine unlearning, has emerged as a strongly desired capability [1]. Machine unlearning [2, 3]27

has garnered significant attention due to its diverse applications, ranging from addressing toxic or28

outdated data [4, 5], to resolving copyright concerns in generative models [6–8], and improving LLM29

alignment [9, 10].30

The fundamental challenge in machine unlearning lies in designing efficient unlearning algorithms31

that do not degrade model performance.32

Given a model hθ with parameters θ, trained on a dataset D, and a subset F ⊂ D to be forgotten,33

the goal of any unlearning algorithm is to produce a model hUL
θ that effectively simulates a model34

trained exclusively on the retain setR = D \ F [11]. While retraining from scratch onR provides a35

straightforward solution, it becomes computationally prohibitive on large datasets or as unlearning36

requests become more frequent.37
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For convex models, efficient unlearning algorithms with theoretical guarantees have been developed38

[12–17], which rely on variants of noisy descent algorithms (no ascent steps). However, due to the39

non-convex, non-smooth, and high-dimensional nature of deep neural network architectures, provable40

guarantees for unlearning are often lacking. Consequently, current methods frequently compromise41

model accuracy or require substantial modifications to training procedures [18, 19]. A notable recent42

exception is the rewind method for unlearning proposed by Mu and Klabjan [20], which provides43

guarantees for the unlearned model. However, this method is expensive, needing either substantial44

storage (to retain full model states from previous stages) or significant computational effort (due to45

the requirement of multiple proximal point iterations).46

Many widely used and studied unlearning methods in practice [1, 21, 22] typically rely on fine-tuning47

heuristics to transform the initial model hθ into an empirically unlearned model ĥUL
θ . The underlying48

idea of these methods is to reverse the effect that the forget set F has had on the model during training.49

Typically, these methods employ some variant of Gradient Ascent on forget set points and Gradient50

Descent on retain set points for a small number of fine-tuning epochs [23, 24]. We will refer to these51

methods as Descent-Ascent (DA) unlearning algorithms.52

Unfortunately, recent evaluations and benchmarks demonstrate that DA approaches can be highly un-53

reliable [25, 21, 26], as they neither possess theoretical performance guarantees nor clear mechanisms54

defining a stopping criterion for the unlearning process. Additionally, these methods are extremely55

sensitive to fine-tuning hyperparameters, most crucially the learning rate and the fine-tuning duration.56

In this work, we identify an overlooked crucial obstacle for machine unlearning that is not taken57

into account by DA methods. Concretely, we show that the existence of data dependencies between58

samples in the forget and retain sets can lead to poor unlearning performance in some cases, as well59

as complete breakdown, even in convex settings.60

Our main contributions can be summarized as follows:61

1. We start by empirically showcasing that DA-based methods fail in practical settings under a62

robust evaluation and discuss limitations of previous methodologies.63

2. Supported by our empirical findings, we first show theoretically that unlearning random64

forget sets is impossible without causing model degradation, as unlearning random sets is65

equivalent in distribution to unlearning samples from the population data distribution.66

3. We move beyond forget and retain sets which share clear statistical dependencies to ana-67

lyze the simple setting of multi-dimensional logistic regression, where we show inter-set68

correlations lead to DA failure modes.69

4. In our logistic regression analysis, we differentiate the impact of DA unlearning based on70

forget set size. We specifically show that for certain forget set sizes, DA can be harmful to71

the model, even when employing arbitrary early stopping.72

5. Finally, using low-dimensional examples, we demonstrate how DA can lead the model to73

suboptimal local minima, which do not align with the minima achieved through retraining.74

Notation: We will use the following notation. We use uppercase bold letters for matrices X ∈ Rm×n,75

lowercase bold letters for vectors x ∈ Rm and lowercase letters for numbers x ∈ R. Accordingly,76

the ith row and the element in the i, j position of a matrix X are given by xi and xij respectively.77

We use the shorthand [n] = {1, · · · , n} for any natural number n. Let 1(·,·) : R× R→ {0, 1} such78

that 1(x,x) = 1, otherwise for x ̸= y,1(x,y) = 0. We will denote our model with parameters θ as79

hθ : Rd → R. We define a training dataset of size |D| as a set of samples and labels {(xi, yi)}|D|
i=1 =80

D, composed of a “retain” set R and “forget” set F such that |D| = |R| + |F|. We take “ascent”81

optimization on a sample to mean computing the gradient update w.r.t. to a loss ∇θℓ and flipping its82

sign when updating the model parameters.83

2 Related Work84

Machine unlearning: Unlearning methods can be used to either remove particular samples [11, 1,85

27, 12, 18], or to remove subsets of the data which share certain underlying features, captured by86

abstract concepts [28–31]. In this work, we focus on the prior, though we believe some of our results87

may be extended to the latter setting. Exact unlearning methods [18] offer theoretical guarantees but88

often sacrifice accuracy, leading to widespread adoption of approximate methods in deep learning.89

These approximate approaches are evaluated through membership inference attacks [22, 32, 25] and90
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backdoor removal capabilities [4]. As Thudi et al. [33] note, meaningful evaluation must focus on91

algorithmic behavior rather than individual models due to deep learning’s stochastic nature. For a92

review of open problems in machine unlearning, see [34] and references therein.93

Unlearning approaches in deep learning. Current approaches primarily use gradient-based meth-94

ods, including partial fine-tuning [32], AD combinations [21], and sparsity-regularized fine-tuning95

[35]. Alternative methods employ local quadratic approximations [22, 36] or influence functions96

[37]. One of the most used unlearning methods, SCRUB [25] fine-tunes models using KL divergence97

objectives, but faces similar underlying challenges as other methods. The approach presented in98

Georgiev et al. [38] introduces a predictive data attribution approach with good unlearning quality99

under a robust evaluation, although it raises some scalability concerns if we account for the full cost100

the method. In this work we focus on DA based methods.101

3 Ascent Methods Fail in the Wild102

To evaluate the quality of unlearning rigorously, we adopt the KLoM (KL Divergence of Margins [38])103

metric, which quantifies the distributional difference in predictions between the unlearned model and104

the oracle model. KLoM measures the KL-Divergence between the classifier margin distributions105

of 100 unlearned models against 100 Oracle models. A KLoM score approaching zero, the lowest106

possible, indicates near-perfect unlearning.107

In our main experiments, we examine two gradient-based unlearning approaches which are commonly108

used as baselines: Gradient Ascent (GA) which performs steps in the direction of the gradients of the109

model on forget set, and Gradient Descent/Ascent (GDA) which adds descent steps on the retain set110

after the initial ascent steps, for each epoch. We conduct these experiments using ResNet-9 models111

on Cifar-10 [39] under forget sets of different sizes and properties. Fig. 1 illustrates our results on112

a selected forget set. We observe that both GA and GDA methods either fail to substantially move113

away from the pretrained initialization or severely degrade model performance. Our choices in model,114

dataset, forget sets and results are consistent with the values reported in Georgiev et al. [38].115

These outcomes highlight an important limitation in the empirical evaluation of GA based unlearning116

methods. It is necessary for a hyperparameter selection criteria to be defined, ideally, before deploying117

the method or at least without measuring at the final target metric. It is not fair to do an instance-118

specific selection of the best run after having seen the evaluation due to bias. For a small enough119

forget set and a large enough grid of runs with different hyperparameters we could trick ourselves120

into a false sense of unlearning even with vanilla GA. This problem is showcased in Fig. 2 and is121

rooted in the missing targets problem [25, 38], which amounts to the difficulty of not having a target122

stopping value for GA based unlearning optimization procedures. On top of that, different points123

seem to unlearn at different rates [38] which suggests that such a stopping value would need to be124

point-specific.125

We also observe that the difficulty of unlearning varies greatly depending on the specific forget126

set selected, as shown in Fig. 3. In general, we find GA and GDA methods to be fragile. The127

extreme sensitivity to hyperparameters, unclear stopping criteria for Gradient Ascent, and substantial128

computational costs in using Gradient Descent on the retain set to fix models, severely restrict their129

practicality. Fundamentally, performing gradient ascent on individual points is not aligned with the130

core definition of unlearning, making these approaches unsuitable for reliable and consistent machine131

unlearning in real-world scenarios. In the Appendix, we include the methodology details for forget132

sets, KLoM, hyperparameters along with additional results on more forget sets, models (ResNet-18133

[40]) and datasets (ImageNetLiving-17 [41, 42]).134

Motivated by these results, the following sections aim to demonstrate that the underlying statistical135

data dependencies may be a central cause for the typical failure modes of DA based unlearning136

methods, both in general, and in some useful tractable settings.137

4 Unlearning and Random Sets138

A natural starting point for understanding how data correlations influence the unlearning process is139

that of random forget sets. If a forget set is selected uniformly at random from the original set, it is140

evident that the two sets would have high statistical dependence between them. Therefore, we would141
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Figure 1: Ascent Fails to Forget. We apply Gradient Ascent and Gradient Descent/Ascent to
Pretrained models to unlearn a selected forget set containing points of the first Principal Component
(PC) of the influence matrix from Cifar-10. KLoM scores (x-axis, y-axis) measure the quality of
unlearning on a given set by comparing the distribution distance between unlearned predictions and
Oracle predictions (0 means perfect unlearning ⋆). We measure KLoM values over each data-point
in a set and report the 95th percentile in each group. Different (x/y) points in the plot represent
results for different unlearning method hyper-parameters. The colors indicate what is the relative
cost of an unlearning method when compared to fully retraining the model. A Pretrained model
(◦) is similar to an Oracle on the validation set but very different on the forget set. On such set,
unlearning with Gradient Ascent or Gradient Descent/Ascent either breaks the model or does not
move much from the Pretrained starting point, we find this behavior to be consistent in most sets.
Forget set selection and KLoM score metric follow Georgiev et al. [38]. Further details on method
and evaluation hyper-parameters can be found in the Appendix.
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Figure 2: The Ascent Forgets Illusion. The left plot shows KLoM scores of Gradient Ascent when
unlearning just 10 random samples (axis and points follow Fig. 1). Some runs (- - -) seem to achieve
unlearning without breaking the model. On the right, we present the average KLoM between retain,
validation and forget sets (y-axis) along time of unlearning (x-axis). We observe that in order for
Gradient Ascent to unlearn such (easy) sets in practice, one would need to (i): select the learning rate,
(ii) know when to stop fine-tuning.

naturally expect that metrics measured in the forget set would be indistinguishable those of the test142

set and very close to those of the retain for the oracle. We can state this formally in Lemma 1, for the143

Accuracy, while it follows in like manner for other metrics, the proof of Lemma 1 can be found in144

App. B.145

Lemma 1 (Random Sets). Given a true distribution of samples PT and a forget set F chosen146

uniformly at random from the dataset and a model with parameters θ, then the probability that the147

accuracy on the test set AccT and the forget set AccF diverge from one another by more than ϵ is148
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Figure 3: Different Unlearning Difficulties. We present the KLoM scores of Gradient Ascent and
Gradient Descent/Ascent when unlearning over different forget sets (axes and points follow Fig. 1).
In general, the majority of runs either do nothing or break the model. Empirically, we find highly
important points (left) to be the hardest to unlearn with zero realizations showing any unlearning
signs at all. Random samples (center) show some Gradient Ascent runs improving the forget KLoM
but with significant degradation in the models. Finally, for a set with second PC points (right) we
observe some Gradient Descent/Ascent runs improve the forget KLoM without breaking the model
but at a high cost, around 25% of retraining an Oracle for unlearning 0.2% of the data.

upperbounded by the following inequality:149

P (|AccT − AccF | ≥ ϵ) ≤ 2 exp
(
−2|F|ϵ2

)
.

Lemma 1 suggests that methods based on DA that degrade a metric on the forget set, might be more150

harmful rather than beneficial. This observation raises the following question:151

(I) Do data dependencies, in general, cause DA methods to have a detrimental effect on the models,152

without actually unlearning?153

While the answer to this question under statistical dependencies is apparently positive, as stated154

in Lemma 1, when considering limited data dependencies, the answer becomes more convoluted.155

Before proceeding to the discussion regarding this, we would like to point out that a “good” unlearning156

algorithm should not be harmful to the model regardless of the input forget set F , even for random157

sets.158

In the following sections, we analyze several tractable scenarios. We find that in many cases the159

answer to (I) is positive, implying that data dependencies do, in fact, cause DA methods to have a160

detrimental effect on the models.161

5 Models Diverge from Retraining Solutions Under DA Unlearning162

We begin our study with logistic regression in a high-dimensional, nearly orthogonal setting where cor-163

relations are only between samples on the same dimension. We then generalize to cross-dimensional164

correlations, and finally study a nonlinear example in low-dimensions with on a small fixed dataset.165

5.1 High Dimensions: Correlated Data Causes Diverging Solutions in Logistic Regression166

Here, we study the problem of binary logistic regression with a ridge parameter λ, and weights w167

on nearly orthogonal data in d dimensions. Based on the work of Soudry et al. [43], we use the168

exponential loss ℓi = eyihθ(xi) as a more tractable proxy for the logistic loss. The pre-training (D),169

retraining (R) and GDA optimization methods (DA) will minimize their respective losses170

LD =
1

|D|
D∑
i=1

e−yi·⟨w,xi⟩ +
λ

2
∥w∥22, LR,=

1

|R|
R∑
i=1

e−yi·⟨w,xi⟩ +
λ

2
∥w∥22,

LDA =
1

|R|
R∑
i=1

e−yi·⟨w,xi⟩ − 1

|F|
F∑
i=1

e−yi·⟨w,xi⟩ +
λ

2
∥w∥22.

(1)

5.1.1 Data Correlations on a Single Dimension171

We start from the case of a semi orthogonal dataset. Using the following assumptions:172
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Assumption 1. The data is separable into orthogonal sets Sj for each coordinate j.173

Assumption 2. For a coordinate j it holds that for all samples i with xi,j ̸= 0, yi · xi,j = 1.174

These assumptions correspond to a dataset in d dimensions where there are sets of samples on175

orthogonal axes to one another. As a result, data points that lie in different sets Sj , are perfectly176

orthogonal and uncorrelated; however, data points that lie in the same set are fully correlated with177

one another.178

Recall our hypothesis that data dependencies can cause DA methods to degrade model metrics,179

instead of converging to an oracle model, we will pick a subset of a set Sj as our forget set. This will180

allow for a simplistic analysis while testing the hypothesis for a highly correlated forget set.181

Let |Rj | the size of the retain set for samples with xi,j ̸= 0, then in order to model the behavior of182

the minimizers of Eq. (1), for forget sets of different sizes, we define the jth forget set fraction size183

as |Fj | = α · |Rj |. A simple example of this setting can be a set of retain points of xj = 1, yj = 1184

and a set of forget points of xj = −1, yj = −1, where we are practically requested to remove all (or185

some) of the negative samples. The effect of unlearning a forget set on a particular coordinate axis j,186

can then be shown to obtain closed form solutions as given by Lemma 2, proven in App. C.2.187

Lemma 2 (Closed Form). Let wD
j , wR

j and wDA
j be the jth coordinate of any local minima/maxima188

for the logistic regression problems defined in Eq. (1), then they admit the form:189

wD
j = W

(
(1 + α)|Rj |

λ|D|

)
, wR

j = W

( |Rj |
λ|R|

)
, wDA

j = W

(
(1− α|R|/|F|)|Rj |

λ|R|

)
,

where W (z) corresponds to the Lambert-W function, the solution to z = W (z)eW (z).190

It follows directly from Lemma 2, that by changing the value of α, which determines the ratio of191

the size of the forget set to that of the retain in this coordinate, the solutions will be ordered by their192

magnitude. Concretely, Lemma 3 shows that the DA solution is always farthest away from the193

oracle solution, while the oracle and pre-trained solutions remain close and more importantly the194

DA solution and the oracle solution lie in opposite directions with respect to the initial solution of195

pre-training wD
j . This observation implies that performing DA in this setup always converges away196

from the oracle solution, thus doing nothing at all is a better strategy than DA. The aforementioned197

observation can be formally decomposed in the following lemmas. We prove Lemma 3 in App. E,198

which gives a formal statement regarding the fact that the minima of DA and the oracle are in opposite199

directions with respect to the minimum of the intial dataset D.200

Lemma 3 (Divergence Logistic Regression). Let wD
j , wR

j and wDA
j the jth coordinate of the conver-201

gence point for the logistic regression problem for the original setD, the retain setR and the Descent202

Ascent method respectively. Then for a range of α we have that:
(
wDA

j − wD
j

)
·
(
wD

j − wR
j

)
≥ 0.203

We defer the reader to App. E for the exact range of α, for which Lemma 3 holds, let us point out that204

the lemma holds for α ≤ |F|/|R|, this means that if we were working on a purely 1 dimensional205

dataset, this lemma would always hold. Lemma 3 answers our original question of whether data206

correlations cause DA methods to harm the model in the positive. Before proceeding to the study of207

higher dimensions, we would like to comment on the stability of the process of unlearning under DA208

methods.209

Stability of DA methods: We begin by characterizing the distance between the different stationary210

points for the three problems.211

Lemma 4 provides an upperbound on the distance between the oracle solution and the initial solution212

for D. Its counterpart, Lemma 5 provides a lower bound on the distance between the oracle solution213

and the DA solution. The proof for Lemma 4 can be found in App. F, while the proof for Lemma 5214

lies in App. G215

Lemma 4 (Distance Growth). Let wD
j , wR

j the jth coordinate of the convergence point for the logistic216

regression problem for the original set D and the retain setR respectively. It holds that the distance217

∆R,D = |wD
j − wR

j | ≤
∣∣∣ln((1 + α) |R|

|D|

)∣∣∣, for any value of λ > 0.218

Lemma 5 (Distance Unlearning). Let wR
j , wDA

j the jth coordinate of the convergence point for the219

logistic regression problem for the retain setR and the Descent Ascent method respectively. It holds220

that for for α ≥ |F|/|R| the distance ∆R,DA = |wR
j − wDA

j | ≥W0 (|Rj |/(λ|R|))221
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Figure 4: Cross dimensional data correlations ϵ lead DA to failure for a certain range of values.
We present the range of α as a function of the correlation ϵ, for which we can guarantee that DA is
detrimental. The (- -) lines represent the minimum α for which the coordinates of the original model
become bigger than the coordinates of the DA unlearning algorithm and with the (–) the maximum α
for which the coordinates of the oracle are bigger than those of the original model.

Employing Lemma 4 and Lemma 5, one can derive the following Corollary.222

Corollary 1. As the ridge λ→ 0 for ej → |F|/|R|, we have that ∆R,D → 0 and ∆R,DA →∞.223

Cor. 1 demonstrates how unlearning using DA is very volatile and even a few steps of the method can224

cause the model to diverge.225

A possible stabilization effect of iterative DA: So far, we have focused on the behavior of226

minimizers of Eq. (1), which describes a simultaneous descent-ascent algorithm. In practice, however,227

iterative methods are typically used, where one first performs a step of ascent on the forget set,228

followed descent on the retain set. In App. C.3, we show that for small learning rates η → 0, the229

iterative method is nearly identical to the simultaneous update. Namely the derivative used for the230

update rule is231

wt+1
j ← wt

j − η

(
−|Rj |
|R| e

−wt
j +

α · |Rj |
|F| e−wt

j + 2λwt
j

)
,

where the only difference is a factor of 2 in front of the regularization that differs from the normal232

DA loss. We have omitted a term which is of the order of O
(
η2
)
, since the solution, should it exist233

has wt
j small and a term with η2 → 0 has negligable contribution.234

The leading correction term O
(
η2
)

which was omitted in the update rule above stops the algorithms235

solution wDA
j from diverging, since the term is of the form236

η2α
|Rj |2
|F||R|e

−2wt
j − η2λwt

jα
|Rj |
|F| e

−wt
j ,

which increases for larger wt
j . This addresses stability concerns; however, it does nothing to remedy237

our main concern raised in Lemma 3 regarding the harmful effect of these methods on the model.238

5.1.2 Cross Dimensional Data Correlations239

In the previous section we studied the case where our samples are fully correlated, since they240

existed in a single dimension. In this section we will consider the two dimensional case where241

we have two sets of samples Si and Sj , which have values xi = (0, . . . , 0, 1, ϵ, 0, . . . , 0) and242

xj = (0, . . . , 0, ϵ, 1, 0, . . . , 0) respectively. We will consider the case where the samples of Si243

are all in the retain set, while the samples of Sj are all in the forget. In this case the correlation244

between the samples in the forget and the retain set depends on ϵ and therefore this allows us to do a245

parametric study of the effect of correlation between the forget and the retain on the performance of246

DA based methods. In similar fashion to the 1 dimensional case we will consider that the forget set247

|Fi,j | = α|Ri,j |, where Fi,j , Ri,j the forget and the retain over the i, j dimensions, respectively. In248

order to facilitate the analysis we will change the coordinate system only for the i and the j coordinate249

to x = wi + ϵwj and y = wiϵ + wj . Let xR, yR the coordinates for the oracle model stationary250

point, xD, yD for the pretrain model and xDA, yDA for the DA unlearning scheme, we can give the251

following characterizations:252
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Lemma 6. The closed form solution for the stationary points for the retrain set is given as:

xR = W

(
(1 + ϵ2)|Ri,j |

λ|R|

)
, yR =

2ϵ

1 + ϵ2
W

(
(1 + ϵ2)|Ri,j |

λ|R|

)
.

Lemma 7. For the stationary points of the original set, one can derive the following ranges.253

W

( |Ri,j |
λ|D| ((1 + ϵ2) + 2αϵ)

)
≤ xD ≤ 2ϵ

1 + ϵ2
W

(
α(1 + ϵ2)|Ri,j |

λ|D|

)
+W

(
(1 + ϵ2)|Ri,j |

λ|D|

)
,

W

(
α(1 + ϵ2)|Ri,j |

λ|D|

)
≤ yD ≤ W

( |Ri,j |
λ|D| (2ϵ+ α(1 + ϵ2))

)
.

Lemma 8. For the stationary points of the model trained by DA methods we can derive the following254

ranges.255

xDA ≤W

( |Ri,j |
λ|R| (1 + ϵ2)− |Ri,j |

λ|F| α2ϵ
)
, yDA ≤W

( |Ri,j |
λ|R| 2ϵ−

|Ri,j |
λ|F| α(1 + ϵ2)

)
.

While the problem becomes more complex in this case and to our knowledge it is not possible to256

compute an exact solution, the above Lemmas provide enough information for our purpose. The proofs257

for all of these Lemmas can be found in App. H.1. In similar fashion to the 1 dimensional case we258

would like to show that there exists a reasonable α, for which we have that (xR−xD)·(xD−xDA) ≥ 0259

and at the same time (yR − yD) · (yD − yDA) ≥ 0.260

Lemma 9. For α ≥ αD>DA = max
{

1+ϵ2

2ϵ
|F|2

|R|(|D|+|F|) ,
2ϵ

1+ϵ2
|F||D|

|R|(|D|+|F|)

}
we have that xD ≥ xDA261

and that yD ≥ yDA.262

Lemma 10. For α ≤ αR>D = min
{
αR>D
x , αR>D

y

}
we have that xR ≥ xD and that yR ≥ yD,263

with αR>D
x , αR>D

y .264

We omit the exact values of αR>D
x and αR>D

y , which can be found in App. H.2 along with the proofs265

for Lemma 9 and Lemma 10. Since the range of ϵ for which (xR, yR) ≥ (xD, yD) ≥ (xDA, yDA)266

cannot be resolved analytically, we show numerically in Fig. 4 that this range is typically large, and267

broadens as the fraction of samples to be forgotten increases, while the relevant window of correlation268

strength ϵ is wider for smaller correlation.269

5.2 Low Dimensions: Descent-Ascent Favors The Wrong Solutions270

While our previous theoretical analysis demonstrates that DA methods can be harmful to the model,271

it fails to demonstrate a final concern about these methods, we would like to raise. Is it possible to272

remedy the harmful effects of these methods through finetuning on the retain afterwards?273

The answer that we give to this question unfortunately is not always, for neural networks or in general274

non-convex function classes. To demonstrate this let us consider a binary classification problem275

using a two dimensional kernel, with labels yi ∈ {−1, 1}, data composed of xi = (xi, x
2
i ) and276

Mean Squared Error (MSE) loss with ridge regularization λ ∈ R+. The network is taken to be a277

sigmoidal network with two parameters θ = (a, b), such that its output is hθ(xi) = σ(axi + bx2
i ),278

where σ(z) = 1/(1 + e−(1+z)/2).279

We choose 4 samples in the configuration: D = {x1,x2,x3,x4} = {(−1, 1), (1, 1), (3, 9), (4, 16)},280

with labels {y1, y2, y3, y4} = {−1, 1,−1, 1}, respectively. In order to model the effect of multiple281

points clustered together, we give each point a different weight in the loss function, such that282

L =
1

|D|

|D|∑
i=1

αiℓi +
λ

2
∥θ∥22, (2)

where ℓi are the single sample loss functions, and {α1, α2, α3, α4} = {5, 4, 1, 4} represent the283

number of points clustered together, as illustrated in Fig. 5, where λ = 0.1. This means that the284

effective number of points that the classifier sees is
∑

i αi. The data configuration is chosen to285
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Figure 5: Unlearning certain forget sets leads to the wrong decision boundary under GDA.
Left: We show the MSE loss landscape for a pretrained model on the problem described in Sec. 5.2.
We denote as (×) the global minimum, while (◦) is the local minimum. Right: The effective loss
landscape observed in the GDA problem (top) and the retraining problem (bottom). The combination
of these results shows that retraining keeps the model in the same global optimum as the pretrained
model, while GDA chooses the local minimum. This is clearly manifest in the decision boundaries
favored by the different methods, denoted in dashed lines. Next to the contour plots we present two
dimensional illustrations of possible decision boundaries between the samples labeled as negative
(−) and positive (+), while the forget set are the two positive points shaded in gray, as described in
Sec. 5.2. We show the decision boundaries for both GDA (right top) and retraining (right bottom).

illustrate the failure mode of DA, while the dataset selection is arbitrary the key mode of failure is the286

high correlation between the forget set and a subset of the retain.287

Suppose we would like to unlearn two of the positive samples positioned at x4. Retraining would288

correspond to simply setting α4 = 2, and applying gradient descent. Notice that this provides little289

to no change for the minima location and the contour lines between the original dataset D and the290

retraining setR. In contrast, Performing GDA would amount to setting α4 = 0, since two points will291

contribute the exact opposite gradient as the other two at the same position, effectively erasing them.292

We find that this example can be simply understood by counting arguments: since the original dataset293

contains effectively 6 negative samples and 8 positive samples, the optimal decision boundary is294

given by the separating plane which correctly classifies the largest number of samples.295

The pretrained model is optimal when x1,x2 and x4 are correctly classified, while mislabeling x3296

(13 correct, 1 incorrect). Retraining simply reduces the weight of x4, and keeping the same plane297

is still preferential (11 correct, 1 incorrect). However, performing GDA sets the gradients of half298

of the points at x4 to cancel the other half, so it optimal to re-orient the decision boundary so that299

all samples are correctly classified (10 correct, 0 incorrect), while in reality, the algorithm has been300

tricked into finding a suboptimal solution (10 correct, 2 incorrect).301

The qualitative analysis of this two-dimensional example shows that certain choices of forget sets302

that are highly correlated to the retain can lead to irreversible model degradation when using DA.303

6 Conclusions304

While our findings highlight significant challenges in current ascent-based unlearning methods, we305

believe that they are instructive for the construction of safer future methods. The weaknesses we306

identify primarily stem from ascent disregarding the data dependencies between the forget and the307

retain set. Future research on ascent based methods should take these dependencies into consideration.308

Our findings also suggests that methods based on rewinding [20] or stochastic methods based on309

noise [44] can be valid alternative schemes when being agnostic on the dataset properties.310
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A Limitations766

Limitations: A key limitation in our theoretical results is their simplicity, both in the model767

analyzed as well as the methods, for which the analysis is done. Therefore the proof does not768

explicitly prohibit more complex models or methods from resolving this issue. We believe, however,769

that as far as models go simpler models could be nested in more complex ones, leading to this770

detrimental phenomenon. For developing more complex methods based on ascent we believe that771

still someone has to take correlations into consideration, given our findings.772

B Proof of Lemma for Random Sets773

In this section we provide proof that for a forget set, selected uniformly at random from the dataset it774

is with high probability impossible to differentiate the accuracy, loss, or any other metric between the775

test and the forget set, given that both of them are large enough. In this section we provide the proof776

for the accuracy metric, but for other metrics the proof follows in like manner. Intuitively this stems777

from the fact that for a model which has "unlearned" a forget set, that set is a random set for it.778

We will use the following notation. Let 1(·,·) : R× R→ {0, 1} such that 1(x,x) = 1, otherwise for779

x ̸= y,1(x,y) = 0. We will denote our model with parameters θ as hθ : Rd → R.780

Lemma 1 (Random Sets). Given a true distribution of samples PT and a forget set F chosen781

uniformly at random from the dataset and a model with parameters θ, then the probability that the782

accuracy on the test set AccT and the forget set AccF diverge from one another by more than ϵ is783

upperbounded by the following inequality:784

P (|AccT − AccF | ≥ ϵ) ≤ 2 exp
(
−2|F|ϵ2

)
.

Proof. For each sample (xi, yi), we calculate the correct response on that sample, as 1(hθ(xi),yi),785

consequently the response of the model for any sample is an independent rendom variable. So we get786

the following random variables, which correspond to the accuracy of the model on the forget set F787

and the test set T respectively.788

AccT = E(xi,yi)∼PT

[
1(hθ(xi),yi)

]
789

AccF =
1

|F|
∑

(xi,yi)∈F

1(hθ(xi),yi)

In order to proceed we will utilize Hoeffding’s Inequality, which we state below for completeness:790

Lemma 11. Let Z1, Z2, . . . , Zn be independent random variables such that Zi ∈ [ai, bi]. Define791

their sum as:792

Sn =

n∑
i=1

Zi

and let E[Sn] be the expected value of Sn. Then, for any t > 0, the following bound holds:793

P (|Sn − E[Sn]| ≥ nt) ≤ 2 exp

( −2n2t2∑n
i=1(bi − ai)2

)
In our case we have that 1

nSn = AccF . Since the Forget set F is selected uniformly at random, we794

have that:795

E [AccF ] = E

 1

|F|
∑

(xi,yi)∈F

1(hθ(xi),yi)


=

1

|F|
∑

(xi,yi)∈F

E(xi,yi)∼PT

[
1(hθ(xi),yi)

]
= E(xi,yi)∼PT

[
1(hθ(xi),yi)

]
= AccT
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Since the random variables 1(hθ(xi),yi) ∈ [0, 1], we have that:796

P (|AccT − AccF | ≥ ϵ) ≤ 2exp
(
−2|F|ϵ2

)
which gives the lemma statement.797

The above lemma gives a formal statement, as to why maximizing the error on random forget sets798

does not correspond to true unlearning, since the metrics in the forget set should match those in the799

test set.800

C Logistic Regression801

C.1 Problem Statement802

The logistic regression problem for the full dataset D, retain set R and for the Descent-Ascent803

algorithm can be restated as:804

minimization D :
1

|D|
D∑
i=1

e−yi·⟨w,xi⟩ +
λ

2
∥w∥22

minimizationR :
1

|R|
R∑
i=1

e−yi·⟨w,xi⟩ +
λ

2
∥w∥22

DescentR− Ascent F :
1

|R|
R∑
i=1

e−yi·⟨w,xi⟩ − 1

|F|
F∑
i=1

e−yi·⟨w,xi⟩ +
λ

2
∥w∥22

(3)

C.2 Single Dimension805

In this section, we compare the solutions of training a logistic regression model on a full dataset D,806

purely on the retain setR and doing GDA on the forget set F . We will also include a regularization807

term. The corresponding objective functions would be:808

We can derivate the above to get the following equations for their solutions respectively.809

(minimization D) 1
|D|
∑D

i=1−yi · xie
−yi·⟨w,xi⟩ + λw = 0

(minimizationR) 1
|R|
∑R

i=1−yi · xie
−yi·⟨w,xi⟩ + λw = 0

(DescentR− Ascent F) 1
|R|
∑R

i=1−yi · xie
−yi·⟨w,xi⟩ − 1

|F|
∑F

i=1−yi · xie
−yi·⟨w,xi⟩ + λw = 0

So we can express each coordinate j of the minimizer for the three cases, as:810

(minimization D) wj =
1

λ|D| (
∑D

i=1 yi · xi,je
−yi·⟨w,xi⟩)

(minimizationR) wj =
1

λ|R| (
∑R

i=1 yi · xi,je
−yi·⟨w,xi⟩)

(DescentR− Ascent F) wj =
1

λ|R| (
∑R

i=1 yi · xi,je
−yi·⟨w,xi⟩)− 1

λ|F| (
∑F

i=1 yi · xi,je
−yi·⟨w,xi⟩)

C.3 Iterating Gradient Descent and Ascent811

Here, we consider the iterative gradient descent-ascent algorithm, where we first perform a gradient812

descent step on the retain set, followed by a gradient ascent step on the forget set. We show that to813

leading order in the small learning rate expansion, the solution found by iterative GA is identical to814
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the one given by GA in Eq. (3). For iterative GA, the dynamics are given by815

wt+1
j = wt

j + η

( |Rj |
|R| e

−wt
j − λwt

j

)
, (4)

wt+2
j = wt+1

j − η

(
ϵ · |Rj |
|F| e−wt+1

j + λwt+1
j

)
,

where η is the learning rate for both steps. Plugging in the result of wt+1
j into the expression for816

wt+2
j and expanding for small η ≪ 1, we obtain the following update rule817

wt+2
j = wt

j + η

( |Rj |
|R| e

−wt
j − λwt

j

)
(5)

− η

(
ϵ · |Rj |
|F| e

−
(
wt

j+η

(
|Rj |
|R| e

−wt
j−λwt

j

))
+ λ

(
wt

j + η

( |Rj |
|R| e

−wt
j − λwt

j

)))

≃ wt
j + η

( |Rj |
|R| e

−wt
j − 2λwt

j

)
− η

(
ϵ · |Rj |
|F| e

−
(
wt

j+η

(
|Rj |
|R| e

−wt
j−λwt

j

)))

≃ wt
j + η

( |Rj |
|R| e

−wt
j − 2λwt

j

)
− η

(
ϵ · |Rj |
|F| e−wt

j

(
1− η

( |Rj |
|R| e

−wt
j − λwt

j

)))
= wt

j − η

(
−|Rj |
|R| e

−wt
j +

ϵ · |Rj |
|F| e−wt

j + 2λwt
j

)
+O(η2).

Eq. (5) shows that up to order O(η2), the dynamics, as well as the convergent solution of the iterative818

descent-ascent algorithm are identical to the ones obtained from Eq. (3), up to a rescaling of the819

regularization parameter by a factor of 2, as in λDA = 2λIter−DA.820

D Proof of Lemma 2821

In this section we prove Lemma 2 under Assumption 1 and Assumption 2.822

Lemma 2 (Closed Form). Let wD
j , wR

j and wDA
j be the jth coordinate of any local minima/maxima823

for the logistic regression problems defined in Eq. (1), then they admit the form:824

wD
j = W

(
(1 + α)|Rj |

λ|D|

)
, wR

j = W

( |Rj |
λ|R|

)
, wDA

j = W

(
(1− α|R|/|F|)|Rj |

λ|R|

)
,

where W (z) corresponds to the Lambert-W function, the solution to z = W (z)eW (z).825

Proof. Let us start by restating the original problem as given in Eq. (3). For the sake of completeness.826

minimization D :
1

|D|
D∑
i=1

e−yi·⟨w,xi⟩ +
λ

2
∥w∥22

minimizationR :
1

|R|
R∑
i=1

e−yi·⟨w,xi⟩ +
λ

2
∥w∥22

DescentR− Ascent F :
1

|R|
R∑
i=1

e−yi·⟨w,xi⟩ − 1

|F|
F∑
i=1

e−yi·⟨w,xi⟩ +
λ

2
∥w∥22

We can get the local minima of these functions by using Fermat’s theorem, therefore we have:827

minimization D :
1

|D|
D∑
i=1

−yi · xie
−yi·⟨w,xi⟩ + λw = 0

minimizationR :
1

|R|
R∑
i=1

−yi · xie
−yi·⟨w,xi⟩ + λw = 0

DescentR− Ascent F :
1

|R|
R∑
i=1

−yi · xie
−yi·⟨w,xi⟩ − 1

|F|
F∑
i=1

−yi · xie
−yi·⟨w,xi⟩ + λw = 0
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Solving the equations for coordinate j and using Assumption 1, we get:828

minimization D : wj =
1

λ|D| (
Sj∑
i=1

yi · xi,je
−yi·wj ·xi,j )

minimizationR : wj =
1

λ|R| (
Rj∑
i=1

yi · xi,je
−yi·wj ·xi,j )

DescentR− Ascent F : wj =
1

λ|R| (
Rj∑
i=1

yi · xi,je
−yi·wj ·xi,j )− 1

λ|F| (
Fj∑
i=1

yi · xi,je
−yi·wj ·xi,j )

Now we can utilize Assumption 2 and the fact that: |Fj | = α · |Rj | to restate the previous equations829

in the form:830

minimization D : wj =
(1 + α)|Rj |

λ|D| e−wj

minimizationR : wj =
|Rj |
λ|R|e

−wj

DescentR− Ascent F : wj =
|Rj |
λ|R|e

−wj − α · |Rj |
λ|F| e−wj

As explained in App. D.1 the Lambert function W provides the solution for equations of the previous831

form. Using this fact we get:832

minimization D : wD
j = W

(
(1 + α)|Rj |

λ|D|

)
minimizationR : wR

j = W

( |Rj |
λ|R|

)
DescentR− Ascent F : wDA

j = W

(
(1− α|R|/|F|)|Rj |

λ|R|

)
This concludes the proof.833

D.1 The Lambert function W834

In this section for the sake of exposition we briefly discuss the Lambert function W. Introduced by835

Johann Heinrich Lambert in 1758. In this work we are primarily interested in the property of the836

function that for any α, the solution of the equation:837

x− α · e−x = 0

is x = W(−a). As well as the monotonicity of the principal branch of the Lambert function.838

E Proof of Lemma 3839

In this section of the appendix we provide the proof for Lemma 3, under Assumptions 1 and 2, we840

start by restating the Lemma below for the sake of exposition.841

Lemma 3 (Divergence Logistic Regression). Let wD
j , wR

j and wDA
j the jth coordinate of the conver-842

gence point for the logistic regression problem for the original setD, the retain setR and the Descent843

Ascent method respectively. Then for a range of α we have that:
(
wDA

j − wD
j

)
·
(
wD

j − wR
j

)
≥ 0.844
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Proof. To begin the proof let us restate the three minimization problems for logistic regression for845

the three cases, whose respective solutions are wD
j , wR

j , wDA
j846

minimization D :
1

|D|
D∑
i=1

e−yi·⟨w,xi⟩ +
λ

2
∥w∥22

minimizationR :
1

|R|
R∑
i=1

e−yi·⟨w,xi⟩ +
λ

2
∥w∥22

DescentR− Ascent F :
1

|R|
R∑
i=1

e−yi·⟨w,xi⟩ − 1

|F|
F∑
i=1

e−yi·⟨w,xi⟩ +
λ

2
∥w∥22

So the local minima and maxima of these equations can be characterized with the help of Lemma 2,847

the proof of which can be found in App. D, for the sake of completeness, let us restate the lemma848

here849

Lemma 2 (Closed Form). Let wD
j , wR

j and wDA
j be the jth coordinate of any local minima/maxima850

for the logistic regression problems defined in Eq. (1), then they admit the form:851

wD
j = W

(
(1 + α)|Rj |

λ|D|

)
, wR

j = W

( |Rj |
λ|R|

)
, wDA

j = W

(
(1− α|R|/|F|)|Rj |

λ|R|

)
,

where W (z) corresponds to the Lambert-W function, the solution to z = W (z)eW (z).852

Since α ≥ 0, we have that:
(1 + α)|Rj |

λ|D| > 0 and
|Rj |
λ|R| > 0

The minimization for logistic regression over the original dataset D and the retrain datasetR both853

have a global minimum that is unique and corresponds to the solution of the principal branch of the854

Lambert function W0, for that value.855

For the Descent Ascent solution, since the input of the Lambert function is not necessarily positive,856

we have to separate our analysis to three cases:857

1. The first case, where there is only one global minimum, meaning that the input x of the858

Lambert function is x ≥ 0. Equivalently, we have (1−α|R|/|F|)|Rj |
λ|R| ≥ 0 which implies that859

α ≤ |F|
|R|860

2. The second case, where we have a solution both for the primary and the secondary branch of861

the Lambert function, corresponding to a local maximum and minimum respectively meaning862

that you have that the input x of the Lambert function is−1/e ≤ x ≤ 0, equivalently solving863

for ϵ gives |F|/|R| < α ≤ |F|/|R|+ (λ|F|)/(e|Rj |)864

3. The third case, where there are no local minima, meaning that the input of the Lambert865

function x is x < −1/e, which implies that α > |F|/|R|+ (λ|F|)/(e|Rj |)866

Case 1: In case 1 we have that α ≤ |F|
|R| , which implies that:867

(1 + α)|Rj |
λ|D| ≤ (|R|+ |F|)|Rj |

λ|R||D| ≤ |D||Rj |
λ|R||D| ≤

|Rj |
λ|R|

so since the principal branch W0 of the Lambert function is increasing, we have that:868

wD
j = W0

(
(1 + α)|Rj |

λ|D|

)
≤W0

( |Rj |
λ|R|

)
= wR

j

For this case, let us now assume that α ≥ |F|2/ (|R|(|F|+ |D|)), it is easy to verify that for such an869

α it holds that: (1+α)|Rj |
λ|D| ≥ (1−α|R|/|F|)|Rj |

λ|R| , so we have that:870

wDA
j = W0

(
(1− α|R|/|F|)|Rj |

λ|R|

)
≤W0

(
(1 + α)|Rj |

λ|D|

)
= wD

j
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So for Case 1 we have that wDA
j ≤ wD

j ≤ wR
j , which implies that (wDA

j − wD
j ) · (wD

j − wR
j ) ≥ 0871

This concludes the proof.872

873

F Proof of Lemma 4874

In this section we provide the proof for Lemma 4 under Assumptions 1 and 2.875

Lemma 4 (Distance Growth). Let wD
j , wR

j the jth coordinate of the convergence point for the logistic876

regression problem for the original set D and the retain setR respectively. It holds that the distance877

∆R,D = |wD
j − wR

j | ≤
∣∣∣ln((1 + α) |R|

|D|

)∣∣∣, for any value of λ > 0.878

Proof. We start from Lemma 2, which we restate below for the sake of exposition.879

Lemma 2 (Closed Form). Let wD
j , wR

j and wDA
j be the jth coordinate of any local minima/maxima880

for the logistic regression problems defined in Eq. (1), then they admit the form:881

wD
j = W

(
(1 + α)|Rj |

λ|D|

)
, wR

j = W

( |Rj |
λ|R|

)
, wDA

j = W

(
(1− α|R|/|F|)|Rj |

λ|R|

)
,

where W (z) corresponds to the Lambert-W function, the solution to z = W (z)eW (z).882

Since the input of the Lambert function for wD
j , wR

j is always positive these solutions correspond to883

the only minimum of the function for the minimization problem and additionally they are calculated884

from them principal branch of the Lambert function W0. We start from the logarithmic connection of885

the Lambert function, which is that for any value of x it holds that:886

W(x) = ln(x)− ln(W(x))

So for α ≥ |F|
|R| ,since W0 is increasing we have that wD

j ≥ wR
j we have the following:887

∆R,D = wD
j − wR

j

= W0

(
(1 + α)|Rj |

λ|D|

)
−W0

( |Rj |
λ|R|

)
= W0

(
α
|Rj |
λ|R|

)
−W0

( |Rj |
λ|R|

)
,where α = (1 + α)

|R|
|D|

= ln

(
α
|Rj |
λ|R|

)
− ln

(
W0

(
α
|Rj |
λ|R|

))
− ln

( |Rj |
λ|R|

)
+ ln

(
W0

( |Rj |
λ|R|

))
= ln

(
α
|Rj |
λ|R|

)
− ln

(
W0

(
α
|Rj |
λ|R|

))
− ln

( |Rj |
λ|R|

)
+ ln

(
W0

( |Rj |
λ|R|

))

= ln (α)− ln

W0

(
α

|Rj |
λ|R|

)
W0

(
|Rj |
λ|R|

)


≤ ln (α) , since the principal branch W0 is increasing

We can repeat the same proof procedure for α ≤ |F|
|R| , but instead we get ∆R,D ≤ − ln(α). This888

concludes the proof889

G Proof of Lemma 5890

Lemma 5 (Distance Unlearning). Let wR
j , wDA

j the jth coordinate of the convergence point for the891

logistic regression problem for the retain setR and the Descent Ascent method respectively. It holds892

that for for α ≥ |F|/|R| the distance ∆R,DA = |wR
j − wDA

j | ≥W0 (|Rj |/(λ|R|))893

Proof. We start from Lemma 2 which we restate below for the sake of exposition.894
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Lemma 2 (Closed Form). Let wD
j , wR

j and wDA
j be the jth coordinate of any local minima/maxima895

for the logistic regression problems defined in Eq. (1), then they admit the form:896

wD
j = W

(
(1 + α)|Rj |

λ|D|

)
, wR

j = W

( |Rj |
λ|R|

)
, wDA

j = W

(
(1− α|R|/|F|)|Rj |

λ|R|

)
,

where W (z) corresponds to the Lambert-W function, the solution to z = W (z)eW (z).897

It is easy to notice that in the case where we have α = |F|/|R| wDA
j = 0 which concludes this case.898

For the case where α > |F|/|R| we refer the reader to the proof of Lemma 3, where we show that899

wDA
j → −∞ for any value of λ > 0 so the distance is infinite in this case.900

H Logistic Regression 2 dimensions901

In this section we will study the natural extension of the previous example, where we were studying902

the 1 dimensional case. In this case we assume that our samples are of the form:903

s1 = (1, ϵ), s2 = (ϵ, 1)

This gives the following equations for the optimality conditions for training on the full data set D:904

w1 =
|Ri,j |
λ|D| (e

−(w1+w2ϵ) + αϵe−(w1ϵ+w2))

w2 =
|Ri,j |
λ|D| (ϵe

−(w1+w2ϵ) + αe−(w1ϵ+w2))

For the retrain setR we have that:905

w1 =
|Ri,j |
λ|R| e

−(w1+w2ϵ)

w2 =
|Ri,j |
λ|R| ϵe

−(w1+w2ϵ)

For the Descent Ascent unlearning we have that:906

w1 =
|Ri,j |
λ|R| e

−(w1+w2ϵ) − |Ri,j |
λ|F| αϵe

−(w1ϵ+w2)

w2 =
|Ri,j |
λ|R| ϵe

−(w1+w2ϵ) − |Ri,j |
λ|F| αe

−(w1ϵ+w2)

We will now rewrite the above equations by setting x = w1 +w2ϵ and y = w1ϵ+w2, this simplifies907

the equations and still allows us to make our claim that DA can only harm the model if there is a total908

ordering over the values of the solutions of the rewritten equations.909

For the dataset D we have:910

xD =
|Ri,j |
λ|D| ((1 + ϵ2)e−xD

+ 2αϵe−yD
)

yD =
|Ri,j |
λ|D| (2ϵe

−xD
+ α(1 + ϵ2)e−yD

)

For the retrain setR, we have that:911
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xR =
|Ri,j |
λ|R| (1 + ϵ2)e−xR

yR =
|Ri,j |
λ|R| 2ϵe

−xR

For the DA method we get the following equations:912

xDA =
|Ri,j |
λ|R| (1 + ϵ2)e−xDA − |Ri,j |

λ|F| α2ϵe
−yDA

yDA =
|Ri,j |
λ|R| 2ϵe

−xDA − |Ri,j |
λ|F| α(1 + ϵ2)e−yDA

Before proceeding, let us point out that yDA ≤ xDA, since 1 + ϵ2 ≥ 2ϵ, for the same reason, we get913

that yR ≤ xR and finally without loss of generality we will use that yD ≤ xD. In Lemma 12 we914

give a short proof regarding the existence of such solutions.915

Lemma 12. For any α ≤ 1, we have that there exists a solution for the original dataset, such that916

yD ≤ xD917

Proof. For α = 1 we get that there exists a solution of the system such that yD ≤ xD by the918

symmetry of the system. For α ≤ 1. In order to demonstrate that there exists a solution for the919

system such that yD ≤ xD we will employ the nonlinear Gauss-Sidel method, which converges to a920

stationary point (minimum) for logistic regression. The proof goes as follows, we will initialize our921

algorithm in the solution for α = 1 let it be x0, y0 and we know it holds that x0 ≥ y0. We will follow922

the following update: (nonlinear Gauss-Sidel method starting from y)923

yk+1 ← 2bϵe−xk +W
(
bα(1 + ϵ2)e−2bϵe−xk

)
xk+1 ← 2bαϵe−yk +W

(
b(1 + ϵ2)e−2bαϵe−yk

)
For y1 we have that:924

y1 = 2bϵe−x0 +W
(
bα(1 + ϵ2)e−2bϵe−x0

)
= 2bϵe−x0 +W

(
bα(1 + ϵ2)e−2bϵe−x0

)
−W

(
b(1 + ϵ2)e−2bϵe−x0

)
+W

(
b(1 + ϵ2)e−2bϵe−x0

)
= y0 +W

(
bα(1 + ϵ2)e−2bϵe−x0

)
−W

(
b(1 + ϵ2)e−2bϵe−x0

)
and since W is increasing we have that W

(
bα(1 + ϵ2)e−2bϵe−x0

)
−W

(
b(1 + ϵ2)e−2bϵe−x0

)
< 0925

implying that y1 < y0. Now let us define the function f(x) = x + W (ce−x) the function is926

increasing on x therefore since y1 < y0 we get that: x1 = f(2bαϵe−y1) > f(2bαϵe−y0) = x0. Let927

us proceed with an induction step, we assume that we have xk > xk−1 and yk < yk−1 for k ≥ 1. We928

will show that yk+1 < yk which directly implies that xk+1 = f(2bαϵe−yk+1) > f(2bαϵe−yk) = xk929

completing the inductive step.930

yk+1 = 2bϵe−xk +W
(
bα(1 + ϵ2)e−2bϵe−xk

)
= f(2bϵe−xk) < f(2bϵe−xk−1)

= yk

This concludes the inductive step and we therefore have that for all k yk ≤ xk for any α, as a931

result, since the method converges to the solution of the system there exists a solution which satisfies932

yD ≤ xD. In the proof above we have that b = ||Ri,j |/λ|D|933
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H.1 Characterization of the solutions of the 2d Logistic regression934

We start this section by giving an exact solution for the coordinates of the retrain problem.935

Lemma 6. The closed form solution for the stationary points for the retrain set is given as:

xR = W

(
(1 + ϵ2)|Ri,j |

λ|R|

)
, yR =

2ϵ

1 + ϵ2
W

(
(1 + ϵ2)|Ri,j |

λ|R|

)
.

Proof. We have that:936

xR =
|Ri,j |
λ|R| (1 + ϵ2)e−xR → xR = W

(
(1 + ϵ2)|Ri,j |

λ|R|

)
So:937

yR =
|Ri,j |
λ|R| 2ϵe

−xR

=
2ϵ

1 + ϵ2
(1 + ϵ2)|Ri,j |

λ|R| e
−W

(
(1+ϵ2)|Ri,j |

λ|R|

)

=
2ϵ

1 + ϵ2
W

(
(1 + ϵ2)|Ri,j |

λ|R|

)
This concludes the proof. In the last equality we used the property of the Lambert function.938

For the other two problems it is not possible to provide exact solutions, as we did in the retrain one939

unfortunately, so we will provide upper and lower bounds for their values.940

Lemma 7. For the stationary points of the original set, one can derive the following ranges.941

W

( |Ri,j |
λ|D| ((1 + ϵ2) + 2αϵ)

)
≤ xD ≤ 2ϵ

1 + ϵ2
W

(
α(1 + ϵ2)|Ri,j |

λ|D|

)
+W

(
(1 + ϵ2)|Ri,j |

λ|D|

)
,

W

(
α(1 + ϵ2)|Ri,j |

λ|D|

)
≤ yD ≤ W

( |Ri,j |
λ|D| (2ϵ+ α(1 + ϵ2))

)
.

Proof. We have that942

xD =
1

λ|D| ((1 + ϵ2)e−xD
+ 2αϵe−yD

)

yD =
1

λ|D| (2ϵe
−xD

+ α(1 + ϵ2)e−yD
)

As we discuss above we have that yD ≤ xD ⇒ e−yD ≥ e−xD
, which implies that:943

xD ≥ |Ri,j |
λ|D| ((1 + ϵ2)e−xD

+ 2αϵe−xD
) =
|Ri,j |
λ|D| ((1 + ϵ2) + 2αϵ)e−xD

yD ≤ |Ri,j |
λ|D| (2ϵe

−yD
+ α(1 + ϵ2)e−yD

) =
|Ri,j |
λ|D| (2ϵ+ α(1 + ϵ)2)e−yD

So from the inequalities above, we get that:944

xD ≥ W

( |Ri,j |
λ|D| ((1 + ϵ2) + 2αϵ)

)
yD ≤ W

( |Ri,j |
λ|D| (2ϵ+ α(1 + ϵ2))

)
Now we have an upper bound for yD and a lower bound for xD. In order to provide a lower bound945

for yD and an upper bound for xD. We should notice that 2ϵe−xD ≥ 0, which gives:946

yD ≥ |Ri,j |
λ|D| α(1 + ϵ2)e−yD ⇒

yD ≥ W

(
α(1 + ϵ2)|Ri,j |

λ|D|

)
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This completes the bounds for yD, now in order to compute the upper bound for xD, we have that:947

e−yD ≤ e−W(α(1+ϵ2)|Ri,j |/(λ|D|)) ⇒

e−yD ≤ λ|D|
α(1 + ϵ2)|Ri,j |

α(1 + ϵ2)|Ri,j |
λ|D| e−W(α(1+ϵ2)|Ri,j |/(λ|D|)) ⇒

e−yD ≤ λ|D|
α(1 + ϵ2)|Ri,j |

W

(
α(1 + ϵ2)|Ri,j |

λ|D|

)
So we have that:948

xD ≤ |Ri,j |
λ|D| ((1 + ϵ2)e−xD

+ 2αϵ
λ|D|

α(1 + ϵ2)|Ri,j |
W

(
α(1 + ϵ2)

λ|D|

)
)⇒

xD ≤ (1 + ϵ2)|Ri,j |
λ|D| e−xD

+
2ϵ

1 + ϵ2
W

(
α(1 + ϵ2)|Ri,j |

λ|D|

)
)⇒

xD ≤ 2ϵ

1 + ϵ2
W

(
α(1 + ϵ2)|Ri,j |

λ|D|

)
+W

(
(1 + ϵ2)|Ri,j |

λ|D| e
− 2ϵ

1+ϵ2
W

(
α(1+ϵ2)|Ri,j |

λ|D|

))
⇒

xD ≤ 2ϵ

1 + ϵ2
W

(
α(1 + ϵ2)|Ri,j |

λ|D|

)
+W

(
(1 + ϵ2)|Ri,j |

λ|D|

)
where the third inequality comes from the solution of the Lambert equation for the RHS of the949

inequality and the last one comes from the fact that the exponenent is non positive. This completes950

the proof.951

Lemma 8. For the stationary points of the model trained by DA methods we can derive the following952

ranges.953

xDA ≤W

( |Ri,j |
λ|R| (1 + ϵ2)− |Ri,j |

λ|F| α2ϵ
)
, yDA ≤W

( |Ri,j |
λ|R| 2ϵ−

|Ri,j |
λ|F| α(1 + ϵ2)

)
.

Proof. As stated earlier we have that yDA ≤ xDA ⇒ e−yDA ≥ e−xDA
and954

xDA =
|Ri,j |
λ|R| (1 + ϵ2)e−xDA − |Ri,j |

λ|F| α2ϵe
−yDA

yDA =
|Ri,j |
λ|R| 2ϵe

−xDA − |Ri,j |
λ|F| α(1 + ϵ2)e−yDA

So:955

xDA ≤
( |Ri,j |

λ|R| (1 + ϵ2)− |Ri,j |
λ|F| α2ϵ

)
e−xDA

yDA ≤
( |Ri,j |

λ|R| 2ϵ−
|Ri,j |
λ|F| α(1 + ϵ2)

)
e−yDA

So we get that:956

xDA ≤ W

( |Ri,j |
λ|R| (1 + ϵ2)− |Ri,j |

λ|F| α2ϵ
)

yDA ≤ W

( |Ri,j |
λ|R| 2ϵ−

|Ri,j |
λ|F| α(1 + ϵ2)

)
which concludes the proof.957

H.2 Derivation of the relevant size of the forget set958

Lemma 9. For α ≥ αD>DA = max
{

1+ϵ2

2ϵ
|F|2

|R|(|D|+|F|) ,
2ϵ

1+ϵ2
|F||D|

|R|(|D|+|F|)

}
we have that xD ≥ xDA959

and that yD ≥ yDA.960
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Proof. We will start from Lemma 7 and Lemma 8, which we restate both below for the sake of961

exposition.962

Lemma 7. For the stationary points of the original set, one can derive the following ranges.963

W

( |Ri,j |
λ|D| ((1 + ϵ2) + 2αϵ)

)
≤ xD ≤ 2ϵ

1 + ϵ2
W

(
α(1 + ϵ2)|Ri,j |

λ|D|

)
+W

(
(1 + ϵ2)|Ri,j |

λ|D|

)
,

W

(
α(1 + ϵ2)|Ri,j |

λ|D|

)
≤ yD ≤ W

( |Ri,j |
λ|D| (2ϵ+ α(1 + ϵ2))

)
.

Lemma 8. For the stationary points of the model trained by DA methods we can derive the following964

ranges.965

xDA ≤W

( |Ri,j |
λ|R| (1 + ϵ2)− |Ri,j |

λ|F| α2ϵ
)
, yDA ≤W

( |Ri,j |
λ|R| 2ϵ−

|Ri,j |
λ|F| α(1 + ϵ2)

)
.

We will require that the lower bounds provided for xD, yD are bigger than the upper bounds provided966

for xDA, yDA, since the Lambert function W is monotone, we can just solve both inequalities for α,967

xD ≥ xDA and yD ≥ yDA and this concludes the proof.968

Finally we need to find the range of α for which it holds that xR ≥ xD and yR ≥ yD, which is given969

in Lemma 10, which we restate next for the sake of exposition.970

Lemma 10. For α ≤ αR>D = min
{
αR>D
x , αR>D

y

}
we have that xR ≥ xD and that yR ≥ yD,971

with αR>D
x , αR>D

y .972

Proof. We will use Lemma 7 and Lemma 6. Again similar to Lemma 9 we can solve for α and we973

get the expressions that solve the xR > xD, yR > yD equations. Solving xR = xD974

αR>D
x =

Dλ
(
W
(

ϵ2+1
λR

)
−W

(
ϵ2+1
Dλ

))
exp

(
(ϵ2+1)

(
W

(
ϵ2+1
λR

)
−W

(
ϵ2+1
Dλ

))
2ϵ

)
2ϵ

, (6)

where for any α < αR>D
x there is a range of ϵ for which xR > xD.975

Similarly, solving yR = yD976

αR>D
y =

2ϵ

Dλe
2ϵW

(
ϵ2+1
λR

)
ϵ2+1 W

(
ϵ2+1
λR

)
− ϵ2 − 1


(ϵ2 + 1)

2 , (7)

where for any α < αR>D
y there is a range of ϵ for which yR > yD.977

The solution is therefore α ≤ min
[
αR>D
x , αR>D

y

]
.978

I Logistic Regression in 2D intuition979

Let us consider nearly orthogonal data, such that all coordinates apart from two are orthogonal to each980

other. Namely, we choose the first two samples to be x1 = (1, ϵ, 0, . . . , 0) and x2 = (ϵ, 1, 0, . . . , 0),981

while the remaining d− 2 points are orthogonal such that xa = ea for a = 3, . . . , d, where ea are982

the unit vectors. We further assume that the two correlated samples x1, x2 share the same label983

y1 = y2 = 1. In this case, the unlearning problem decouples the first 2 dimensions from the rest,984

leaving a coupled set of equations for the weights along the first two directions w1, w2 for the original985

classification problem986

w1 =
1

λ|D| (e
−(w1+w2ϵ) + ϵe−(w1ϵ+w2)), w2 =

1

λ|D| (ϵe
−(w1+w2ϵ) + e−(w1ϵ+w2)), (8)
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which can be solved in the limit of ϵ→ 1−, as987

w1 = w2 =
1

2
W

(
2(ϵ+ 1)

λ|D|

)
. (9)

The retrain problem has the minimum at988

w1 =
1

λ|R|e
−(w1+w2ϵ), w2 =

1

λ|R|ϵe
−(w1+w2ϵ), (10)

and the DA is given by989

w1 =
1

λ|R| (e
−(w1+w2ϵ) − ϵe−(w1ϵ+w2)), w2 =

1

λ|R| (ϵe
−(w1+w2ϵ) − e−(w1ϵ+w2)). (11)

Our goal is to study how far is the solution given by GDA from the one given by retraining. The990

retrained solution can be found analytically to be991

w1 =
W
(

ϵ2+1
|R|λ

)
ϵ2 + 1

, w2 =
ϵW

(
ϵ2+1
|R|λ

)
ϵ2 + 1

. (12)

The GDA equations do not obtain a closed form solution, but they can be solved when assuming992

ϵ→ 1−, such that993

w1 =
e−w1−w2 (w1 − w2 − 1) (ϵ− 1)

λ|R| , w2 =
e−w1−w2 (w1 − w2 + 1) (ϵ− 1)

λ|R| (13)

which are solved as994

w1 =
1

4

(
W

(
−8(ϵ− 1)2

|R|2λ2

)
− i
√
2

√
W

(
−8(ϵ− 1)2

|R|2λ2

))
, (14)

w2 =
1

4

(
W

(
−8(ϵ− 1)2

|R|2λ2

)
+ i
√
2

√
W

(
−8(ϵ− 1)2

|R|2λ2

))
.

It is sufficiently interesting to consider the sum of w1 + w2 compared to the retrained solution, and995

define the difference996

∆ = wDA
1 + wDA

2 − (wRe
1 + wRe

2 ) =
1

2
W

(
−8(ϵ− 1)2

|R|2λ2

)
−

(1 + ϵ)W
(

ϵ2+1
|R|λ

)
ϵ2 + 1

(15)

=
ϵ→1−

−W
(

2

|R|λ

)

J Experimental details997

Hyperparameters Following Georgiev et al. [38] we pretrain ResNet-9 for 24 epochs using998

stochastic gradient descent (SGD) with an initial learning rate of 0.4, following a cyclic schedule that999

peaks at epoch 5. We employ a batch size of 512, momentum of 0.9, and a weight-decay coefficient1000

of 5× 10−4.1001

We also adopt nine forget sets directly from Georgiev et al. [38], which comprise both random1002

subsets and semantically coherent subpopulations identified via principal-component analysis of the1003

datamodel influence matrix. To construct them, an n×n datamodel matrix is formed by concatenating1004

“train×train” datamodels (with n = 50 000) by computing its top principal components (PCs) then1005

we can define:1006

1. Forget set 1: 10 random samples.1007

2. Forget set 2: 100 random samples.1008

3. Forget set 3: 500 random samples.1009

4. Forget set 4: 10 samples with the highest projection onto the 1st PC.1010
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5. Forget set 5: 100 samples with the highest projection onto the 1st PC.1011

6. Forget set 6: 250 samples with the highest and 250 samples with the lowest projection onto1012

the 1st PC.1013

7. Forget set 7: 10 samples with the highest projection onto the 2nd PC.1014

8. Forget set 8: 100 samples with the highest projection onto the 2nd PC.1015

9. Forget set 9: 250 samples with the highest and 250 samples with the lowest projection onto1016

the 2nd PC.1017

Most unlearning algorithms are highly sensitive to the choice of forget set and hyperparameters.1018

Therefore we perform an extensive hyperparameter exploration, evaluating each baseline unlearning1019

algorithm on each forget set. Our setting is again similar to Georgiev et al. [38] but we consider a1020

slightly larger hyperparameter grid for the employed methods and report results for all configurations1021

rather than only the best-performing runs. More specifically, we evaluate over the Cartesian product1022

of the following hyperparameter grids:1023

• Gradient Ascent: Optimized with SGD. Learning rates: {1×10−5, 5×10−5, 1×10−4, 5×1024

10−4, 1× 10−3, 1× 10−2, 5× 10−2}; epochs: {1, 3, 5, 7, 10}.1025

• Gradient Descent/Ascent: Optimized with SGD. Learning rates: {5× 10−5, 5× 10−4, 1×1026

10−3, 5×10−3}; total epochs: {5, 7, 10}; ascent epochs: {3, 5}; forget batch size: {32, 64}.1027

• SCRUB: Optimized with SGD. Learning rates: {5× 10−5, 5× 10−4, 1× 10−3, 5× 10−3};1028

total epochs: {5, 7, 10}; ascent epochs: {3, 5}; forget batch size: {32, 64}.1029

We use a fixed batch size of 64 and train 100 models per configuration. For each run, we measure1030

performance using the 95-th percentile of KLoM scores.1031

Statistical Significance Using N = 100 models to compute KLoM is computationally expensive1032

although such expense comes at the gain of having low variance and results closely reproducing1033

Georgiev et al. [38]. We find using lower values such as N = 20, N = 50 to produce large differences1034

between margin distributions of pretrained and oracle models on the retain and validation sets (where1035

KLoM should be low). More specifically, margin distributions become stable for all sets after N = 80.1036

Reporting the 95-th percentile of KLoM scores follows the methodology established on Georgiev1037

et al. [38]. Furthermore, reporting all runs instead of just the best one for each compute cost is more1038

statistically transparent.1039

Compute resources All experiments were conducted on a server equipped with eight NVIDIA1040

A100-SXM4 GPUs, each with 80 GB of GPU memory. A single unlearning configuration run was1041

never split across different GPUs, many configurations were executed in parallel.1042

K Additional Experiments1043

We provide additional analysis of the KLoM scores across various unlearning methods and forget1044

sets. Fig. 6 presents the KLoM scores of Gradient Ascent, Gradient Descent/Ascent, and SCRUB.1045

We observe that increasing the size of the forget set or including high-influence points significantly1046

reduces the likelihood of achieving successful unlearning. Fig. 7 shows analogous results, but with1047

KLoM scores computed over the retain set instead of the validation set. The patterns are nearly1048

identical to those in Fig. 6. A pretrained model typically exhibits low KLoM scores on both validation1049

and retain sets, with very similar magnitudes.1050

L Broader Societal Impact1051

Machine unlearning is crucial for privacy applications, namely, protecting sensitive data and comply-1052

ing with GDPR’s ’right to be forgotten’. Our work, although mainly theoretical, demonstrates that1053

descent-ascent methods often fail due to unacknowledged statistical dependencies between forget1054

and retain sets. This finding has a critical consequence for privacy: to improve ascent based methods,1055

practitioners are required to probe the retain set to understand its correlations with the forget set. This1056

re-assessment of potentially sensitive data in the retain set during an unlearning task creates a privacy1057
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Figure 6: We present the KLoM scores of Gradient Ascent, Gradient Descent/Ascent and SCRUB
when unlearning over each one of the forget sets (axes and points follow Fig. 1). We find an increase
in forget set size and containing high influence points to strongly decrease the likelihood of any run
achieving successful unlearning. For SCRUB we observe that runs remain close to the pretrained
model in terms of KLoM scores under our experimental setup.

paradox. Therefore, for applications strictly governed by privacy, alternative unlearning strategies1058

that do not require such re-examination of retained data appear preferable.1059
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Figure 7: We present the KLoM scores of Gradient Ascent, Gradient Descent/Ascent and SCRUB
when unlearning over each forget set. x-axis and points follow Fig. 1 and y-axis now displays the
KLoM score in the retain set instead of the validation set. We observe very little difference when
comparing with the results in Fig. 6. A pretrained model has low KLoM scores on both the validation
and retain sets with very similar magnitudes. These findings are consistent with Georgiev et al. [38].
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