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ABSTRACT

Motivated by a recent neuroscientific hypothesis, some theoretical studies have
accounted for the neural cognitive maps in the hippocampal formation as a repre-
sentation of the general relational structure across task environments. However,
despite their remarkable results reproducing place and grid cell properties, it is
unclear whether their account can be extended to more general settings beyond spa-
tial random-walk tasks in 2D environments. To address this question, we construct
a novel cognitive model that performs memory-based decision-making tasks for
learning abstract relational structures. Building on recent approaches of modular
representation of abstract relations and concrete entities, we develop a learning
algorithm that performs reward-guided relational inference across different entity
domains, where we adopt a specific memory mechanism with content replacement
to maintain dynamic binding between relations and entities. Our experiments show
(1) the capability of our model to capture relational structures that can generalize
over new domains with unseen entities, (ii) the difficulty of our task that leads
existing powerful models, including Neural Turing Machine and vanilla Trans-
former, to complete failure, and (iii) the similarity of performance and internal
representations of our model to recent human behavioral and fMRI experimen-
tal data, including distance coding and hexagonal modulation properties in the
hippocampal formation.

1 INTRODUCTION

In everyday human cognition, we often find relationships among entities. Sometimes, we discern
common relational structures across various domains and lift it to general knowledge (Figure [I)).
For example, ordering can be found not only among numbers, but also among objects and among
individuals. In fact, ordering is so ubiquitous that it would be useful to consider the abstract notion of
ordering irrespective of the concrete entities. This is just one example of abstract relational structure;
other examples include tree-like structure, cyclic structure, and so on.

In recent neuroscience, it has been hypothesized that the hippocampal formatiorﬂ may play a central
role in abstract relational representation (Eichenbaum and Cohen} 2014). Indeed, ample evidence
exists for relational representations in this neural subsystem (Bunsey and Eichenbauml, |1996}; |Dusek:
and Eichenbaum),|1997;|Kumaran et al., |2012; Constantinescu et al.,2016;|Bao et al.,|2019; [Park et al.,
2020;2021), some being suggested to be independent of the concrete domain of the entities (Kumaran
et al.| 2012)). On the theoretical side, Whittington et al.|(2018};[2020) have remarkably shown, in their
proposal of Tolman-Eichenbaum Machine (TEM), that place- and grid-cell properties in the rodent
hippocampus and entorhinal cortex (Moser et al.|[2008)) can emerge as a result of learning the general
relational structure of two-dimensional geometry during spatial random-walk tasks. Thus, abstract
relational learning is becoming a fascinating, unified view of the hippocampal computation, potentially
explaining previously considered multiple functions such as episodic memory and navigation by a
single principle.

In this study, we push this direction further by proposing a novel cognitive model that performs
memory-based decision-making tasks for learning abstract relational structures. Our tasks, inspired

'The hippocampal formation refers to the hippocampus plus its neighbor, the entorhinal cortex.
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Figure 1: Abstract relational structure. (a) One-dimensional hierarchy (order structure) and its two
instantiations for different domains. (b) Two-dimensional hierarchy, with many-to-many relations.

by previous human experiments (Kumaran et al.l 2012; |Park et al., [2020; 2021)), require to repeat
pairwise relational inference in one domain after another and eventually learn the common relational
structure across domains. To solve the tasks, building on recent approaches of modular architectures
for relational representation (Whittington et al., 2018 2020), we develop a learning algorithm that
performs a reward-guided search for disentangled representations of domain-generic relations and
domain-specific entities. Importantly, we observe a task nature that requires careful choice of a
memory mechanism, a key technique to maintain dynamic binding between relations and entities,
which leads us to a specific memory update rule that enables content replacement.

Our experiments yielded the following novel findings. First, our model trained on two types of
hierarchical relation successfully learned representations that are generalizable to new domains with
completely unknown entities and usable in down-stream tasks such as transitive inference. Second,
several existing models such as LSTM (Hochreiter and Schmidhuber, |1997), Neural Turing Machine
(NTM) (Graves et al., [2014), Neural Difference Computer (NDC) (Graves et al., [2016)), vanilla
Transformer (Vaswani et al., |2017)), and a version of TEM (Whittington et al., |2018};|2020) could not
solve our tasks despite their powerful capabilities. Third, our model exhibited task performance and
internal representations that were compatible with behavioral and fMRI data from previous human
experiments (Kumaran et al.,[2012; |Park et al.,[2021)). In particular, this is the first theoretical account,
to our knowledge, for the distance coding and hexagonal modulation characteristics in the human
hippocampal formation (Park et al.| [2021).

2 BACKGROUND: RELATIONAL INFERENCE TASKS IN HUMAN EXPERIMENTS

To motivate our specific model design, we briefly review the tasks used in previous human experimen-
tal studies on relational learning. In Kumaran et al.[(2012)), the task is to learn a “one-dimensional
hierarchy” or sequential ordering among 7 images of human faces or objects (Figure [Th). The true
relations are not made known to the subject. During the learning phase, in each trial, the subject is
presented with a pair of randomly chosen images that are adjacent in the ordering and required to
infer the relation between them, either higher or lower (decision-making); the subject gets rewarded
if the answer is correct (Figure 2h). After a certain number of trials, the subject’s acquisition of
the relation is assessed in a transitive inference task. This requires the subject to iteratively use the
learned relation to relate a given pair of non-adjacent images. The study reported nearly perfect score
for this task by the human subjects (Kumaran et al., 2012).

In|Park et al.|(2021)), the task is to learn a “two-dimensional hierarchy” among 16 images of human
faces (Figure[Ip). The images are assumed to be organized in a 4 x 4 grid, which gives two types
of sequential ordering among the individuals corresponding to the two axes (“competence and
popularity”). The true relations are again unknown to the subject. The task proceeds similarly to the
one-dimensional case, except that, in each trial, the subject is hinted with one of the two axes in which
to infer the relation between a given pair of images (multi-axis). Also, unlike the one-dimensional
case, each image can be related with up to four other images (many-to-many relation). After the
learning procedure, the study conducted an fMRI experiment, which revealed distance coding and
hexagonal modulation properties in the hippocampus and entorhinal cortex (Park et al., 2021).
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Figure 2: (a) Task design (each trial). (b) Model
architecture. Figure 3: Learning algorithm

3 FRAMEWORK

3.1 TASK FORMALIZED

Inspired by the human experiments overviewed in Section 2] we formalize the task design used for
training and evaluation of our model. First, we assume a relationship A consisting of a finite set of
relations. We also assume a domain D = (£p, Rp) with a finite set Ep C RE of concrete entities
or simply entities and a set Rp consisting of tuples (z;, a;, x}) with z;, 2} € Ep and a; € A. In the
sequel, we generally consider a set of domains, in all of which the relations impose the same structure
among the entities. As an example, consider the “ordering” relationship with two relations < (prior
to) and > (next to), as in Figure [Th, which has the following general structure. The two relations
are converse to each other: if a domain has (x1, <, 2), then it also has (x2, >, z1), and vice versa;
in the sequel, we sometimes write x; < 2 instead of (x1, <, x2). In addition, every domain has a
“minimal” entity « for which there is no 2’ such that (z', <, 2, ) € Rp; similarly, every domain
has a “maximal” entity zT; we call these terminal entities.

Our goal is to learn the general relational structure hidden in a given set of domains by performing
the following relational inference task. The entire task undergoes a series of epochs. In each epoch,
given some domain D (unknown to the model), the following process is repeated for 7' times: at
time ¢, (i) receive a (random adjacent) pair of entities x¢, }, (ii) infer their relation a;, and (iii)
obtain an immediate reward r; = 1 if the inference is correct, i.e., (x¢, as, *}) € Rp, or no reward
r¢ = 0 otherwise (Figure 2h). In the training phase, our model learns relational representation by
performing the above process while maximizing total rewards for training domains. In the test phase,
the model performs similar process for held-out test domains, which have new entities but with the
same relational structure; the total rewards give the performance score. Note that it is the test phase
that corresponds to the human tasks described in Section[2} the training phase would correspond to
the subject’s all experience prior to the experiments. Our model adopts the same task design for both
phases for simplicity. Note also that the task structure is different from random-walking (Whittington
et al.l 2018} [2020), where we receive an entity x; and a relation a, in each step and predict the next
entity x;11 such that (x¢, a;, 441) € Rop.

3.2 MODEL STRUCTURE

Our model has an architecture with two modules, one representing abstract relations and the other
representing concrete entities (Figure 2b). Although such modular architecture is in common with
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TEM (Whittington et al.,|2018}2020) and somewhat with other models (Graves et al., [2014;2016;
‘Webb et al.| 2020), our main novelty lies in the learning algorithm described in Section @

To represent abstract relations, we assume abstract entities or states s € RS. We define the “relational”
probability p(s’|s, a) that state s’ is related with given state s by given relation a € A:

p(s']s,a) = N(p(Rqs),0°1) 4))

where R, € RS*S is a relation matrix specific to relation a and ¢ is a (global) scalar; p is an
activation function, for which we use the Ly-normalization p(s) = s/||s||. We also define the “prior”
probability p(a|s) that given state s has relation a (with some other state):

plals) = ga(s) where Y ga(s) =1 )

where g, (s) is a non-linear function specific to a. The prior distribution is particularly important to
represent terminal entities, e.g., p(< |s) &~ 0 for maximal entities.

To represent concrete entities and their association with states, we introduce a memory mechanism.
Assuming a key matrix W € R¥*S and a memory matrix M € RF*H  we refer to an entity
corresponding to a state s by the following function:

readps,w(s) = Mh where h = softmax (W s) 3)

Here, the intermediate variable h softly represents an address pointing to the content of an entity
stored in the memory. As discussed below, we take the key matrix W as a parameter, but the memory
matrix M as a hidden variable. The latter allows for dynamically binding concrete entities with
abstract states, which is crucial for discovering domain-general relational structure.

3.3 LEARNING ALGORITHM

Given a set D1, ..., Dp of domains, our learning procedure runs a series of epochs described as
follows (Figure [2b). In each epoch, we start with randomly selecting a domain D4 and randomly
initializing the memory matrix M;. At each time ¢, given a pair of entities x;, 2}, we first obtain
the corresponding states s, = inferys, w(z;) and s; = infer s, w (z}) using the following “content-
based” inference function:

inferps w(z) = WTh where h = softmax(M ") 4)
After this, we make decision on the relation between these by sampling:

dy ~ pla|st, SQ) 5
where the “posterior” distribution p(a:|st, ;) can be obtained by Bayes’ rule using equations|1{and
The reward given for the decision is r; = 1 if (x4, dz, z}) € Rp,, or r; = 0 otherwise. Note that
we use the memory to estimate both states (s; and s}) and the relational representation to infer their
relation (a;), rather than using the relational representation to estimate the next state (s;) from given

previous state (s¢—1) and relation (a;) as in an ordinary recurrent network or TEM (Whittington et al.|
20185 2020).

In the rewarded case, we adjust the memory to reflect the inference result. For this, we first re-postulate
that the second state comes from the distribution for the inferred relation:

s, ~ p(s}|se, ) (6)

(but leave the first state as it is for simplicity). We then recall the current memory contents z; =
readas, w(s¢) and z; = read s, w(s}) and simultaneously update the memory:

My +— My +« [(mt — &y)softmax(Ws;) T + (2, — @})softmax(Ws,)T @)

In the update, we use a relatively large coefficient, e.g., & = 0.7, which results in a drastic change
of the memory contents from the old ones (£; and z}) to the new ones (z; and z}). This update
is a crucial step to make connection between concrete entities and abstract relation. Note that our
memory mechanism is rather different from Hopfield-type auto-associative memory like [Ba et al.
(2016), which is used in TEM (Whittington et al., | 2018; 2020), where the update rule only stores new
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associations, not erasing old ones. In this sense, our memory is more similar to|Graves et al.|(2014;
2016)), although the old content is estimated directly from the memory in our update rule (equation[7),
whereas it is computed by the controller network in their case. As shown in the experiment in
Section[d.1] the choice of memory mechanism is essential in our setting. This is probably because our
task induces crucial interaction between states and memory and thus earlier inaccurate state-entity
associations must be replaced later. (Such problem does not seem to arise in TEM since current states
can be inferred mainly from previous states.)

Then, we define the following one-step loss function, which encourages correct inferences and
discourage incorrect ones:

Ly = (re — pldi]se, s,))° (8)

Our goal is to minimize this over steps and epochs with respect to the parameters ® = {R,, ¢(g.)|a €
A} U{W, o}, where ¢(-) is the set of parameters used in the given function. Note that the loss
function depends on the states, which in turn depend on the memory, which further depends on the
previous memory, inputs, etc. Therefore optimizing the loss necessarily causes back-propagation
through timeE] We stress that recurrent computation here occurs primarily through memory rather
than through states, which is somewhat unique to our model.

Lastly, we incorporate a simple regularization that enforces the prior to follow the actual occurrences
of the relations.

i - 2
LY = (ry — pldilst)) )
In our experience, without this regularization, the learned prior tends to be uniform. This makes

the model fail to capture terminal entities and thereby degrade performance in transitive inference
(Sectiond.T)). The entire learning procedure is summarized as pseudo-code in Figure[3]

3.4 TRANSITIVE INFERENCE

Transitive inference is an excellent task to test the learned relational representation. In this, given a
pair z, 2’ of entities, we ask to infer the relation a whose one or more iterate, or transitive closure,
relates them: (z,a,21), (z1,a,%2),...,(Xm—1,a,z) € D for some m > 1 (where the subscript is
for iteration, not for time).

To solve this, we first obtain the states s, s’ corresponding to x, z’. We then calculate the following
two probabilities p(s’|s, ™, m) (that state s is related with given state s by the m-th iterate of given
relation a) and p(a™|s, m) (that given state s has m-th iterate of relation a):

m—1
p(s'ls,a™ m) = p(s' |05 (s),a)  pla™[s,m) = ] plalvi(s)) (10)
i=0

where 1,(s) = k(p(Rgs)) and k(s) = inferps w (readas,w (s)). Using these, we next obtain the
following probability p*(a|s, s’) (that given states s and s’ are related by the transitive closure of
relation a):

’|s a™, m)p(a™|s, m)

M Z Z p(s'[s, a™, m)p(a’™[s, m)

(In

pT(als,s")

(assuming that only the same relation is iterated at most M times). Finally, we answer a™ =
argmax, p' (als, s’) for the relation in question. For later evaluation, we also use the confidence
value ¢t = max, p*(a|s, s).

The above approach can actually be derived as an approximation in a certain probabilistic framework
(Section [A). The approach works in the case of one-to-one relations as used in our experiment in
Sectiond.1] Note that, for successful transitive inference, it is crucial for the model to learn both
distributions p(s’|s, a) and p(a|s) precisely; otherwise, we may wrongly judge, e.g., that a state has
the m-th iterate of a even if it does not.

Note that the learning procedure involves discrete sampling (equation , which prevents some gradients
from being propagated. Empirically, however, our algorithm stably optimizes (Section [)), possibly using
imprecisely computed gradients. We observed no notable improvement when using a straight-through estimator
(Bengio et al.|[2013} Jang et al.} 2017).
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Figure 4: Results on the one-dimensional hierarchy task. (a) Traces (up to 2000 epochs) of total
rewards for our model for training and test data, contrasted with LSTM, NTM, DNC, Transformer
(TF), and Fast Weights (FW). For NTM and DNC, which took very long training time (about 40
days), the horizontal axis is 50-times reduced for readability. (b) Within-epoch performance ramp
(up to 600 steps) in the relational inference at different training stages and the corresponding human
data (for two domains). (c¢) Inference score in the transitive inference for the models trained with and
without regularization, together with human data. The human data are replotted from |Kumaran et al.
(2012). Error bars show standard errors over domains (models) or subjects (humans).

4 EXPERIMENTS

In this section, we present the results of experiments on two tasks. Additional details on the
experiments are given in Sections [B]and [C]

4.1 ONE-DIMENSIONAL HIERARCHY

The first experiment here simulates the previous human experiment on a simple one-dimensional
hierarchy (Kumaran et al.| 2012} outlined in Section @ Using CIFAR100, we formed each domain
consisting of 7 images as entities, randomly selected and ordered from a single, randomly chosen
object class. We prepared 600 training domains and 100 test domains so that these included images
from disjoint classes. We assumed two relations < and >, which intendedly meant that x < 2’ if = is
immediately prior to 2’ and that « > 2’ if = is immediately next to 2’ (Figure[Ij). Note that these
relations are defined only for adjacent pairs; there are a minimal and a maximal entities. Note also
the small-size nature of the task: only 12 possible pairs per domain. In the training phase, starting
with a randomly initialized model (H = 50; S = 20), we ran 8000 epochs each performing 3000
training steps for a randomly chosen domain. The training took about 3 days. We then proceeded
to the test phase, which was similar to training, but without optimization with respect to the model
parameters. Below, we present the results.

First, Figure [dp shows the trace of per-epoch total rewards during training and test for a model
instance. The training succeeded with almost full rewards. Importantly, the test followed a similar
trace to the training, indicating that the model successfully generalized the relational structure to
unseen entities. Figure P also gives comparison with other existing models trained on the same
task (see Section [B.2.2]for details). (1) LSTM (Hochreiter and Schmidhuber, [1997), a conventional
recurrent model, showed no such generalization, which is no surprise since it has no updatable
memory. (2) NTM (Graves et al} 2014) and NDC (Graves et al.l [2016), recurrent models with
memory mechanism, also showed no generalization, despite their complex and powerful capability.
This can be because that these models do not decouple well abstract and concrete representations (e.g.,
values to write in to memory are determined only by the recurrent network). (3) vanilla Transformer
(Vaswani et al., [2017) did not succeed even in training; we tried various architecture and training
settings in vain. We consider that the model structure does not match our task nature with very small
dataset and high-dimensional input so that optimization easily falls into poor local minima 4 A
modified version of our model using Fast Weights, a Hopfield-type memory mechanism (Ba et al.|

3Whittington et al.|(2022) shows that Transformer can accommodate a version of TEM, for which no such
optimization problem happens probably because they restrict weight matrices in a particular way.
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2016), also failed training. The model can be seen as a version of TEM (Whittington et al., 2018},
2020) replacing the learning algorithm with ours (to match the task format), but retaining the memory
mechanism. The shown result thus implies that the appropriate choice of memory mechanism highly
depends on the task structure. In sum, our comparisons above highlight the particular difficulty of our
task that leads these powerful models to failure.

Second, we inspected how the model behaves within an epoch on test data. Figure dp shows the trace
of per-block test performance (probability of reward in a block of 25 steps) in the relational inference
within an epoch at different stages of training. In each epoch, the model started to perform badly but
gradually became better. This behavior is expected since the model initially knows nothing about
new entities but gets acquainted with their association with the learned relation during the epoch.
Indeed, as the representation got improved during training, the time to gain full rewards (thus identify
the correct relations) became shorter and shorter. After completion of training (8000 epochs), the
peak performance is comparable with the human data (Kumaran et al., 2012) replotted in Figure [dp.
(We are not concerned here about the speed of ramp as human brains can clearly do much more
complex operations in a single trial, such as replays and some kind of inferences—the model can at
best simulate human at the abstract leveIEb

Third, we tested how well the model could exploit the learned representation for transitive inference
task, using the scheme described in Section@ To show the result in comparison to human data,
we calculated the inference score, namely, the performance multiplied by the confidence value
(12.99¢** + 1]). Figure [4c shows that the inference score ramped in accordance with the relational
inference in Figure @p. Again, the peak score is comparable to the corresponding human data
(Kumaran et al.l 2012), replotted in Figure Eb In addition, Figure E}: shows that, when a model
was trained without the regularization described in Section [3.3]and therefore did not precisely learn
the prior distribution, the performance became significantly poorer. This result suggests that, in the
human experiment, although the task did not explicitly require to infer the terminalities of entities,
humans might have recognized these implicitly and thereby achieved the high task score. This result
can stand as a testable prediction.

Finally, we trained 8 instances of models on the same task with the same condition and measured the
variance of the performance. Table [[|summarizes the results, confirming their robustness.

4.2 TWO-DIMENSIONAL HIERARCHY

The second experiment simulates the previous human experiment on the two-dimensional hierarchy
task (Park et al.,2021)), as outlined in Section@ Similarly to the 1D case, we formed training and test
domains each consisting of 16 images as entities. As noted, the task involve multi-axis, many-to-many
relations. That is, the 16 entities intendedly formed 4 x 4 grid, with ordering in two axes: <1 and >1
in axis 1, and <5 and > in axis 2 (Figure[Ip). Also, in one axis, each entity can be related with up to
four entities; e.g., * <1 2’ holds for entities that are adjacent in axis 1, but potentially non-adjacent
in axis 2.

We trained a model (H = 500, .S = 20) for 6000 epochs, with 2000 steps per epoch. In each epoch,
a target axis ¢ was randomly chosen and given to the model so that it could infer between <; and >;.
The training conditions were otherwise similar to Section For comparison, we trained another
model with smaller memory (H = 50) and a null model (trained with the same condition but random
rewarding)E] The training of each model took about 2 days.

As a basic assessment, we ran the two trained models in the relational inference task in test domains
and confirmed performance ramp to a reasonably high score for both models (Figure [Sh). Our
main interest here is, however, on how the learned intermediate (h) and state (s) representations
compared to the human hippocampus and entorhinal cortex, respectively, in a similar task. For this,
we performed the following analyses on the model after running it in each test domain.

#Note that both the model and human are much slower than the ideal observer (Section , which reaches
nearly 1.0 around 50 steps in our calculation.

3Since no other model so far has succeeded in solving our task and, we believe, neural plausibility of a
non-working model is meaningless, we provide here no answer as to whether or not the similarity with the
human fMRI data is unique to our model. In future studies, however, when other models turn out to be able to
solve the task, the same question should be revisited and investigated.
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Figure 5: Results on the two-dimensional hierarchy task. (a) Performance ramp in the relational
inference. (b, ¢) The hexagonal modulation property and estimated strength at each periodicity. (d)
Distance coding in the state (left) or intermediate (right) representations. The results for models with
larger (H = 500) or smaller memory (H = 50) as well as a null model are shown. (e, f) Analogous
results to (b, ¢) in the fMRI experiment replotted from [Park et al.|(2021) (Fig. 4b). Error bars show
standard errors over domains (models) or participants (humans).

First, |Park et al.| (2021) reported that fMRI signals from the entorhinal direction
cortex during presentation of two consecutive stimuli showed hexagonal -
modulation with respect to the grid direction (Figure[6). To analyze our
state representation in a compatible manner (Appendix[C.T), we computed
the (z-scored) state vectors corresponding to the images at each pair of grid
positions and simply took their average. The state values, when plotted
against the direction (angle) between the two positions, overall showed a
periodic pattern of increase and decrease in the cycle of 60 deg; Figure
shows the phase-aligned mean within each bin of 30 deg. To quantify the
periodicity, we calculated the mean differences between the state values at
multiples of 60 deg and the rest (6-fold periodicity) and repeated this for 90 deg, 72 deg, 51.4 deg,
and 45 deg (4-, 5-, 7-, and 8-fold periodicities, respectively); the 6-fold periodicity gave the maximal
difference (Figure Ek:). The results were overall similar between the two trained models (but with
lower magnitudes for the smaller memory), resembling the human fMRI data (Park et al., 2021)
(replotted in Figure [3ef).

\/
distance

Figure 6: Grid coding

Second, Park et al.| (2021) observed that signals from the hippocampus and entorhinal cortex showed
increasing patterns for distance coding (Figure[6). To analyze our state and intermediate representa-
tions in a compatible manner to the experiment, we computed the dissimilarity (Euclidean distance)
between the vectors corresponding to the images at each pair of grid positions (Appendix [C.I)).
Repeating these for different domains, the dissimilarity had either increasing or decreasing tendencies
against the (Euclidean) distance in the grid space. (In other words, increasing tendency indicates
that the representations are more similar between closer grid positions.) Figure [5d summarizes the
number of domains with increase or decrease in the intermediate or state representation. In both
representations, increasing tendencies were rarely found in the model with smaller memory, but much
more often with larger memory, thus more similar to the human fMRI data reporting only increasing
tendencies (Park et al.,[2021). These results are robust across model instances trained in the same
condition (Appendix [C.2).

The hexagonal modulation in the human entorhinal cortex is closely related to the grid cell property
found in the rodent entorhinal cortex (Hafting et al.| 2005), since such modulation is expected as
mixed neural signals from grid cells if they have hexagonal grid fields as in the rodent. In this sense,
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our result reproducing the hexagonal modulation is related to previous model studies reproducing the
grid cell property such as|Whittington et al.| (2018;2020). However, we stress that neither result is
directly predictable from the other since the task and model structures are rather different.

5 RELATED WORK

Recently, learning models for the cognitive map representations in the hippocampal formation have
been drawing attention. Among others, Whittington et al.| (2018}, |2020) proposed TEM, which
accounts for place and grid cells in rodents as an abstract relational structure of 2D-geometric
environments while performing spatial random-walking tasks. Our study has been much influenced
by theirs, adopting a similar modular architecture with separate relation and memory representations.
However, the different task goal, decision-making, necessitates our model construction to use different
approaches in (1) the learning algorithm that maximizes rewards from memory-based relational
inference and (2) the memory mechanism with the update rule that can replace old contents. In
particular, we showed that the Hopfield-type memory proposed by Ba et al.|(2016) does not work
in our setting (Section . T)), which is quite striking, given that TEM was successful by using this
mechanism: a simplistic adaption of TEM to our task fails. Later, |Whittington et al.|(2022) simplified
TEM and clarified the relationship with Transformers (Vaswani et al.,2017)). In this, they introduced
another memory mechanism with a query-key-value-type read operation, but their update rule only
adds new associations without erasing old ones (their Appendix). The modular architecture for
learning to represent the general 2D structure has also been proposed by Uria et al.| (2022)), which
also explained the variety of hippocampal cells. In different approaches, place and grid cell properties
have also been reproduced in intermediate representations in recurrent networks (Banino et al., |2018;
Sorscher et al 2019) or successor representations in reinforcement learning (Stachenfeld et al.|
2017).

Memory-augmented recurrent models have been used for solving general, complex tasks requiring
relational reasoning. Some such models use memory for connecting abstract relations with concrete
entities to discover abstract rules in input sequences and thereby solve symbol-processing tasks
(Webb et al.| 2020; |Chen et al.| [2021)). However, despite the apparent similarity, their tasks to find
out common rules hidden within fixed-length sequences are not compatible with our tasks to find
out general structure in a set of binary relations. (Graves et al.|(2014;|2016) have proposed recurrent
networks with external memory, highly influenced by von Neumann machines, that can learn to solve
list and graph problems. Although these models are powerful, their way of coupling the recurrent
network and the memory module seems to deteriorate disentangled representation of abstract relations
and concrete domains (Section [4.1)). [Santoro et al.| (2018) has presented a different approach for
relational reasoning by using multi-head attention that allows for interaction between memory slots.

Recent studies have incorporated memory mechanisms in classifier neural network (Ba et al., 2016),
in reinforcement learning (Pritzel et al.l [2017; [Hansen et al., 2018}; [Fortunato et al., 2019), in
generative models (Li et al.| 2016} Bornschein et al.,2017;|Wu et al.| |2018)), in meta-learning (Santoro
et al., 20165 Munkhdalai and Yul [2017), and so on. Although these models have some technical
commonalities with ours, they use memory to efficiently recall past experience and thereby increase
specific task performance; therefore the goals are largely different from ours.

6 CONCLUSION

To pursue the recently emerging learning principle of abstract relational structure hypothesized for
the hippocampal formation, we have developed a novel memory-based cognitive model for solving
decision-making tasks and compared it with previous human behavioral and fMRI data. The results
showing a good match suggest that this principle can potentially be extended from previously shown
spatial random-walking to more general relational learning tasks. Future studies should further
investigate neural representations of other relational structures like trees and cycles, interaction with
other brain functions like the prefrontal cortex, and connection with neural data in rodents.
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A DERIVATION OF THE APPROXIMATION IN SECTION[3.4]

For solving the transitive inference task, we consider the probability p(s’|s, a™, m) that state s’ is
related with given state s by the m-th iterate of given relation a:

[m—2

p(s'|s,a™, m) = // / H p(siv1|si,a)| p(8'|sm_1,a)ds1dssy .. .dsm, 1 (12)
L i=0 _

and the probability p(a™|s, m) that given state s has m-th iterate of relation a:

m—2

p(a™|s,m) = // / H p(Sit1,als:) | plalsm—1)dsidss...dsm—1 (13)

=0

The above definitions are intractable in general. However, we use the following approximation
assuming one-to-one relations:

m—1
p(s'ls,a™ m) = p(s' |05 " (s),a)  pla™[s,m) = ] plali(s)) (14)
i=0
where 1,(s) = p(Rqs). (Empirically, we find it more useful to “clean up” the state after each
iteration, and therefore use 14 (s) = k(p(Rs)) with the function x(s) = inferps w (readar,w ($)),
which recalls the concrete entity of a given state vector and then mapping it back to a state.)

To derive the above, we crudely approximate the Gaussian distribution in equation [T| by a delta
function: p(s'[s, a) ~ 6[s’ = p(Rys)]. To derive the approximation of p(s’|s, a™, m) in equation[14]
first let:

m—2—k

Ak, —///[ H p(8i+1|si,a)] p(s' |05 (sm-1-k),a)dsidsy .. dsp 1 (15)
i=0

For 0 < k < 'm — 2, by the approximation assumption p(s’|s, a) = 0[s’ = 14(s)], we obtain:

[m—3—k

A [ I palsa)|dlomosos = Valomoa)]

(s |WF (Sm—1-1),a)ds1dsy ... dsp_1_1  (16)

fm—3—k

= // o / H p(5i+1|5i7 CL) p(sl|¢s+1(8'm—2—k)a af)dsldSQ R dsm—Z—k (17)
L =0 i
= At (18)

12
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Thus, noting AY = p(s'|s,a™, m), the result follows.
To derive the approximation of p(a™|s, m) in equation[14] let:

m—2—k k
Brlf%a = // . / [ H p(si+1,a|si)] p(a|l (sm_1-1))ds1dss . .. dSm_1 4 (19)
i=0 0

=
For 0 < k < m — 2, by the same approximation assumption, we obtain:

m—3—k

Bhax [[ ] [ Il p(sm,asi)] Bl5mor—k = Ya(5m—s-&)]p(al5m2_i)

k
[H P(a7p3(5m1k))] dsidss ... dSm—1—k
i=0

(20)
m—3—k k+1 ‘
= // / [ H p(8i+1,a5i)‘| [H p(a|wé(sm2k))1 dsidsg...dsm—a—  (21)
=0 i=0
= Bula (22)

Noting B, , = p(a™|s, m), the result follows.

B ADDENDUM ON THE EXPERIMENT IN SECTION

B.1 DATASETS

In each experiment, we prepared a dataset using the CIFAR100 image database. To form each
domain, we randomly chose an object class from which we randomly selected 7 images as entities
and then ordered them randomly. We formed 600 training domains and 100 test domains, with no
overlapping object classes between the two. Each image was compressed to 700 dimensions by PCA
and normalized to unit norm.

B.2 TRAINING

B.2.1 OUR MODEL

For the architecture, apart from the description in Section [3] we used a two-layer perceptron to
implement g, (s) (for prior) where the intermediate layer had 10 units with the sigmoid activation
function and the output layer was fed to the softmax function.

To train the model, we used hyper-parameters o = 0.7 and v = 1, and Adam optimizer (Kingma
and Ba| [2015)) with mini-batch size 5. We also used the same o = 0.7 for test. To boost the learning,
we used a truncated back-propagation strategy. More precisely, we ran optimization after every 25
steps in an epoch. That is, after every 25 steps, we first initialized the accumulated loss function and
stopped gradient propagation for the memory matrix M.

Generally, from observation of the loss function, training tends to proceed as follows. Initially,
learning starts with a lengthy plateau (where the loss scarcely changes), then suddenly shifts to a rapid
drop (where the loss quickly improves), and thereafter falls into another plateau. This stairway-like
course continues for a few times and finally reaches a very long and slow slope for convergence. In
some cases, the initial plateau is so long that it is unclear whether the optimization simply fails, in
which case we manually stop it after around 2000 epochs and start it over.

B.2.2 BASELINE MODELS
We adopted the following baseline models.

Long short-term memory (LSTM) (Hochreiter and Schmidhuber,(1997) A well-known recur-
rent model . Number of layers: 1. Hidden state dimensions: 70.
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Table 1: Summary of results of relational inference (performance) and transitive inference (inference
score) on one-dimensional hierarchy (at 1000 steps in each epoch). The mean and s.d. of scores over
8 model instances are shown.

Ours Ours w/o reg. LSTM TF Fw Human (d1) Human (d2)
Relational Inf. 1.00 £ 0.00 1.00 & 0.00 0.51£0.02 050+000 0.51=40.01 0.96 0.97
Transitive Inf. 2.86 £ 0.07 2.09 £0.14 — — — 2.95 2.87

Neural Turing Machine (NTM) (Graves et al., 2014) A recurrent model with updatable external
memory. Hidden state dimension: 20. Memory height (number of slots): 50. Memory width
(content dimensions): 100

Differentiable Neural Computer (DNC) (Graves et al.,2016) An extension of NTM. Hidden
state dimension: 20. Memory height: 50. Memory width: 100. Number of write heads: 1.
Number of read heads: 4.

vanilla Transformer (Vaswani et al.,2017) A well-known language model incorporating self-
attention with (additive) sine/cosine position-encoding and temporal masking. Number of
layers: 2 (repeated). Number of heads: 1. Hidden state dimension: 1400. Drop-out rate: 0.1.
Context size: 100.

Fast Weight A modified version of our model using the auto-associative memory proposed in [Ba
et al.[(2016). The encoding/decoding method of state and content described in |Whittington
et al. (2020, Section 4) is used.

In all of these, we input the concatenation of two given images to the model at each step and the
correct relation as target. For NTM and DNC, we also append the correct relation in one step to
the input in the next step, so that the model can take the correctness of the previous inference into
account. For Transformer, we give the concatenated image pair and the target alternately in the input
and let the model infer the target from each image pair, whose summed squired error becomes the
loss function.

In addition, we examined the ideal observer, which performs as well as possible in a given epoch,
assuming that it knows perfectly the 1D task structure. We implemented the ideal observer such that
it memorizes all past pairs in the epoch and, at each step, simply searches for the given pair or its
flipped pair; if it finds, then it can give the right answer (reward 1) or otherwise a random answer
(reward 0.5).

B.3 ADDITIONAL RESULTS

Table[T]summarizes the results from 8 model instances for each task and for each model (except NTM
and DNC for which we could train only one instance due to the very long training time), together
with the human data. Figure[7]shows the traces of performance in relational inference and inference
score in transitive inference for all models.

For Transformer, we tried a number of other architecture parameter settings than described in
Section@ using more layers (5), more heads (2 or 5), lower input dimensions (2, 10, or, 100),
or larger context sizes (300). (The hidden state dimensions were the same as the input dimensions.)
The result was similar: all models completely failed even in training. This result was somewhat
surprising to us since the task initially appeared to be easy for Transformer. Indeed, one can imagine
a Transformer that uses the input directly as a query and key and then uses position encoding to find
the corresponding relation found in the next entry in the sequence. However, optimization never
found out such solution but seemed to just fall into meaningless local minima.

C ADDENDUM ON THE EXPERIMENT IN SECTION [£.2]

C.1 ANALYSIS METHOD

Our aim here is to analyze the internal representations in out trained model in a way comparable to
the brain analysis described in |Park et al.[(2021}).
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(a) Relational inference (b) Transitive inference
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Figure 7: Additional results on one-dimensional hierarchy: (a) the traces of performance in relational
inference and (b) inference score in transitive inference for all models.

First, in the fMRI experiment (Park et al.| [2021), they analyzed the hexagonal modulation property
of the brain signals from the entorhinal cortex during two consecutive visual stimuli corresponding
to two grid positions. To simulate this, after running the model in a given test domain, we obtained
the state vector corresponding to the image at each grid position by using inference through the
memory and took the average over the two state vectors. The values in state values are normalized as
z-scores. By plotting the state values in each dimension against the angle between the grid positions,
we obtained a function over angles. Repeating this for different dimensions, we obtained a set of
such functions. To see if those functions had periodicity in a given cycle (90 deg, 72 deg, 60 deg,
51.4 deg, and 45 deg), we visualize the average over the functions, where we needed to deal with
that each function may have a different phase. In |Park et al.| (2021), to avoid contamination of
phase and periodicity, they estimated the phases by using another dataset obtained from a separate
experiment with the same task condition. We simulated this by using the state vectors obtained
through the model at 25 steps prior to the completion of running in the test domain (which has a
different memory matrix). To estimate the phase, following the method in [Park et al.| (2021), we fit
state values in each dimension against the sin and cos of the angle and took the arc-tangent of the
regression coefficients. We then calculated the circular mean over the obtained phases. Finally, we
took the phase-aligned average of the functions for all dimensions separately for each domain, and
then averaged the resulting functions for all domains.

Second, in the same experiment [Park et al.| (2021)), they analyzed the distance coding in the brain
signals from the hippocampus and entorhinal cortex. To simulate this, we similarly obtained the
intermediate or state vectors corresponding to the images at each pair of grid positions and calculated
the distance between these as their dissimilarity. Although (Park et al.l [2021]) used Maharanobis
distance, we used Euclidean distance since our case uses the deterministic state inference. By plotting
the dissimilarity against the Euclidean distance between the grid positions, we determined the increase
or decrease tendency by the correlation coefficient (positive or negative).

C.2 ADDITIONAL RESULTS

We trained 4 models with larger (H = 500) or smaller (H = 50) memory. Figure 8] summarizes the
results for these in the same format as Figure[5] These show overall robustness of the results across
model instances.

D PLATFORM DETAILS

We used 3 computers with the following specifications: (1) 56 core CPUs (256G memory) with
4 V100 GPUs (16G memory each), (2) 56 core CPUs (256G memory) with 4 V100 GPUs (32G
memory each), and (3) 96 core CPUs (256G memory) with 4 A100 GPUs (40G memory each). All
code is implemented with Python (3.9.13) / Pytorch (1.12.1).
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(a) Performance ramp (H = 500) (b) Performance ramp (H = 50)
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Figure 8: Results on the two-dimensional hierarchy task, analogous to Figure from 8 models with
larger (H = 500) or smaller (H = 50) memory.

16



	Introduction
	Background: Relational inference tasks in human experiments
	Framework
	Task formalized
	Model structure
	Learning algorithm
	Transitive inference

	Experiments
	One-dimensional hierarchy
	Two-dimensional hierarchy

	Related work
	Conclusion
	Derivation of the approximation in Section 3.4
	Addendum on the experiment in Section 4.1
	Datasets
	Training
	Our model
	Baseline models

	Additional results

	Addendum on the experiment in Section 4.2
	Analysis method
	Additional results

	Platform details

