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1. Introduction
Density functional theory (DFT) remains the

workhorse for electronic-structure calculations, and
its practical accuracy is largely set by the exchange–
correlation (XC) functional [1]. Many widely used
approximations - especially local and semilocal ones
- use only the density and a small set of derivative-
based ingredients [2], and therefore miss impor-
tant nonlocal electronic effects. That is exactly
where many hard cases live: stretched bonds, bar-
rier heights, noncovalent binding, and related situa-
tions in which the exact XC contribution depends on
density structure beyond the immediate local neigh-
borhood [3].
In our previous work we showed that attention

on atom-centered quadrature grids is a convenient
way to inject such nonlocal dependencewhile staying
inside stable convergence of a self-consistent field
(SCF) [4]. The problem is cost. If every grid point
attends to every other grid point, the operator scales
as O(𝑁 2) in the number of grid points, which quickly
dominates an SCF step. This abstract reports the best
model from our subsequent trials: a hybrid neural
XC functional that keeps the familiar B3LYP structure
but replaces the expensive global attention with an
atom-centered linear-scaling attention block.

2. Method
2.1 Hybrid XC functional
We work with a hybrid XC form

𝐸xc [𝜌] =
∫

𝜌 (r) 𝜀xc (r) 𝑑r + 𝛼 𝐸HF𝑥 , (1)

and evaluate it self-consistently. The learned part
produces a smooth XC energy density per particle
𝜀xc (r) on the molecular quadrature grid. Rather than
learning XC “from scratch”, we treat the network as
an enhancement of the stable and widely used B3LYP
[5] functional.
We implement separate exchange and correla-

tion subnetworks. The exchange subnetwork out-
puts spin-channel enhancement factors that scale
the Slater and B88 contributions, while the correla-
tion subnetwork outputs an enhancement factor that
scales the VWN+LYP combination (see Appendix. B).

2.2 Attention in DFT
A convenient way to express nonlocality on a

molecular quadrature grid is to let each grid point

r𝑖 form a weighted average of information from other
points r𝑗 , 𝑖 ≠ 𝑗 where the weights reflect both (i) sim-
ilarity of the local electronic environments and (ii)
their spatial separation. Starting from learned pro-
jections 𝑞(𝑥 [r]), 𝑘 (𝑥 [r]), 𝑣 (𝑥 [r]) (where 𝑥 is feature
vector corresponding to point r (see Appendix. A), we
denote𝑞 [r𝑖 ] for brevity) of local descriptors, a natural
nonlocal operator is

y(r𝑖 ) =
𝑁∑︁
𝑗=1

(
𝑞( [r𝑖 ]⊤𝑘 [r𝑗 ]

)
𝑓 (r𝑖 − r𝑗 ) 𝑣 [r] 𝑗 𝑤 𝑗 , (2)

where r𝑗 ,𝑤 𝑗 are grid points and quadrature
weights and 𝑓 (r𝑖 − r𝑗 ) is a smooth distance kernel.
The complexity is O(𝑁 2).
Linear-scaling attention methods, including Eu-

clidean Fast Attention (EFA) [6], obtain O(𝑁 ) cost by
rewriting the kernel as an inner product in a finite
feature space, which in our setting corresponds to
approximating the spatial kernel by a low-rank fac-
torization (for example via random Fourier features,
RFF) [7]. With a feature map 𝜙 (r) ∈ R𝐹𝑥 such that
𝑘 (r1 − r2) ≈ 𝜙 (r1)⊤𝜙 (r2), Eq. (2) becomes

y(r𝑖 ) =
𝑁∑︁
𝑗=1

(
𝑞 [r𝑖 ]⊤𝑘 [r𝑗 ]

) (
𝜙 [r𝑖 ]⊤𝜙 [r𝑗 ]

)
𝑣 [r] 𝑗 𝑤 𝑗 , (3)

, and can be rearranged into two contractions,

𝐶𝑓 𝑔𝑑 =

𝑁∑︁
𝑗=1

𝑘 [r𝑗 ] 𝑓 𝜙𝑔 [r𝑗 ] 𝑣 [r] 𝑗,𝑑 𝑤 𝑗 , (4)

𝑦𝑖,𝑑 =
∑︁
𝑓 ,𝑔

𝐶𝑓 𝑔𝑑 𝑞 [r𝑖 ] 𝑓 𝜙𝑔 [r𝑖 ] . (5)

where 𝑔 frequency index and 𝑑 is dimension of NN
representation. This yields O(𝑁 ) complexity and is
mathematically appealing.
In SCF, however, the relevant quantity is not only

the XC energy but its functional derivative. In our
experiments, global Fourier Features factorizations
were numerically unstable, leading to unstable SCF
convergence in our tests: small oscillations in the
nonlocal term lead to noisy XC potential 𝑣𝑥𝑐 unless
the approximation is heavily smoothed or uses very
high ranks.
We therefore keep the real-space, distance-gated

formof Eq. (2) butmake it linear-scaling by routing in-
teractions through atom-centered coarse points. This
is closely aligned with the coarse-point positional
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encoding used in Skala [8]: rather than approximat-
ing all pairwise grid–grid distances, we summarize
the environment around each atom and broadcast
it back to nearby grid points with smooth envelopes
and SO(3)-equivariant angular channels. The result is
an attention-like operator that remains smooth and
differentiable in real space and is practical inside SCF.

3. Methods
3.1 E3-equivariant Factorized Attention Block (AttF)
Let {R𝑎}𝐴𝑎=1 be the nuclear coordinates and define

the edge set under cutoff 𝑟𝑐 :

𝐸 = {(𝑖, 𝑎) : 𝑑𝑖𝑎 = ∥r𝑖 − R𝑎 ∥ ≤ 𝑟𝑐 }.

The block maps an input embedding h𝑖 ∈ R𝑑emb

to a correction Δh𝑖 . First we project to a lower-
dimensional latent space using linear layer with
learned down-projection matrix𝑊↓,

u𝑖 = SiLU(𝑊↓h𝑖 ) ∈ R𝑑 . (6)

For each edge (𝑖, 𝑎) we compute a radial weight vector
g(𝑑𝑖𝑎) ∈ R𝑑 and a smooth cutoff envelope 𝑝 (𝑑𝑖𝑎; 𝑟𝑐 )
(polynomial with 𝑝 (𝑟𝑐 ) = 0 and vanishing derivative),
and set r𝑖𝑎 = g(𝑑𝑖𝑎) ⊙ 𝑝 (𝑑𝑖𝑎; 𝑟𝑐 ). We also compute
spherical harmonics 𝑌 (d̂𝑖𝑎) up to ℓmax = 2, where
d̂𝑖𝑎 = (r𝑖 −R𝑎)/𝑑𝑖𝑎. An equivariant tensor product TP↓
produces an edge representation,

q𝑖𝑎 = TP↓
(
u𝑖 , 𝑌 (d̂𝑖𝑎)

)
, q𝑖𝑎 ← r𝑖𝑎 ⊙ q𝑖𝑎, (7)

where the last multiplication is applied blockwise
over irreps (channel-wise scaling of each irrep slice)
[9].
Downsampling forms atom summaries by

quadrature-weighted accumulation,

H𝑎 =
∑︁
(𝑖,𝑎) ∈𝐸

q𝑖𝑎𝑤𝑖 . (8)

To obtain an attention-like message, we compute an
edge gate by taking a normalized inner product be-
tween q𝑖𝑎 with H𝑎 in each ℓ-block via a normalized
inner product and applying SiLU:

s𝑖𝑎 = SiLU

(
𝑝 (𝑑𝑖𝑎; 𝑟𝑐 )

ℓmax∑︁
ℓ=0

⟨q(ℓ )
𝑖𝑎

,H(ℓ )𝑎 ⟩√
2ℓ + 1

)
∈ R𝑑 . (9)

Upsampling broadcasts H𝑎 back to edges through a
second tensor product,

z𝑖𝑎 = TP↑
(
H𝑎, 𝑌 (d̂𝑖𝑎)

)
, (10)

and applies a distance normalization envelope 𝜈 (𝑑𝑖𝑎)
[8] that is normalized per grid point to reduce
neighbor-count bias [8],

𝑤̃𝑖𝑎 =
𝜈 (𝑑𝑖𝑎)∑

𝑎′:(𝑖,𝑎′ ) ∈𝐸 𝜈 (𝑑𝑖𝑎′ ) + 0.1
. (11)

The final edge message is then formed by combining
radial weights, normalized envelope, and the gate,

m𝑖𝑎 = (r𝑖𝑎 ⊙ 𝑤̃𝑖𝑎 ⊙ s𝑖𝑎) ⊙ z𝑖𝑎, (12)

and aggregated to grid points, post-processed, and
damped near the core,

Δh𝑖 =𝑊↑ SiLU
©­«𝑊post

∑︁
(𝑖,𝑎) ∈𝐸

m𝑖𝑎
ª®¬ ⊙ exp

(
− 𝜌 (r𝑖 )

)
. (13)

In this case𝑊↑ and𝑊post are trainable matrices. Be-
cause all steps are sums over edges (𝑖, 𝑎) within a
cutoff, the computational cost is O(|𝐸 |) and scales
linearly with system size on standard atom-centered
grids. [6, 7].

4. Data, training, and validation
Training uses reaction energies paired with molec-

ular electron densities evaluated on atom-centered
quadrature grids. The final training set contains 1464
reactions and is assembled by combining a selected
subset of MSR_TAE25, S66x8 noncovalent interaction
curves and RDB7 [10].
AttF is trained on organic systems and, in our best

configuration, reaches a mean absolute error (MAE)
of 1.38 kcal/mol on GMTKN_slim [11], close to the
∼ 1 kcal/mol “chemical accuracy” target and in the
range of high-level methods, and 1.74 kcal/mol on
an RDB7 validation set, placing it between the range-
separated hybrid 𝜔B97X:D3 (2.15 kcal/mol) and the
double-hybrid 𝜔B97M(2) (1.36 kcal/mol). On GMTKN
subsets dominated by covalent thermochemistry and
barrier heights, AttF often lowers the MAE relative
to 𝜔B97M-V by about 40–80% (e.g., YBDE18, BSR36,
MB16-43, DIPCS10), whereas several noncovalent
and conformational subsets governed by dispersion
and hydrogen-bonding effects (BUT14DIOL, TAUT15,
SCONF, UPU23, PNICO23, HAL59) show larger errors
than 𝜔B97M-V, in some cases by factors of 2–5; this
pattern suggests that the dispersion model inherited
from B3LYP-D3(BJ) is still suboptimal for certain non-
covalent regimes and that a more refined, potentially
learned, dispersion correction is a natural route to
further reduce the remaining discrepancies.

5. Results
The results show that the main contribution

of this work is the design of the AttF nonlocal
block, which enables a functional with high accu-
racy at linear-scaling cost. Overall, our AttF model
achieves near-chemical accuracy on GMTKN_slim
(1.38 kcal/mol) and competitive performance onRDB7
(1.74 kcal/mol), being better or on par with state-of-
the-art range-separated hybrid functionals (see Ap-
pendix C for the GMTKN subset-wise results).
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Appendix A. Input feature preprocessing

At each quadrature point r𝑖 we start from spin den-
sities and semilocal quantities provided by the DFT
code. For numerical stability we add a small constant
𝜀 ( 10−7 depending on the quantity) before divisions
and logarithms, and we clamp denominators away
from zero.
For spin-polarized systems we use spin densities

𝜌↑, 𝜌↓ and define

𝜌 = 𝜌↑ + 𝜌↓, 𝜁 =
𝜌↓ − 𝜌↑

𝜌
. (A1)

We form gradient invariants

𝛾↑↑ = |∇𝜌↑ |2, 𝛾↓↓ = |∇𝜌↓ |2, 𝛾↑↓ = ∇𝜌↑ · ∇𝜌↓, (A2)

and use kinetic energy densities 𝜏↑, 𝜏↓. For spin-
unpolarized inputs we set 𝜌↑ = 𝜌↓ = 𝜌/2 and split 𝜏
analogously; the gradient invariants are constructed
consistently from the shared gradient.
The exchange subnetwork uses per-spin log-scaled

inputs
𝑥𝜎𝑥,1 = log

(
(𝜌𝜎 )1/3 + 𝜀

)
, (A3)

𝑥𝜎𝑥,2 = log
(√
𝛾𝜎𝜎 + 𝜀

)
, (A4)

𝑥𝜎𝑥,3 = log(𝜏
𝜎 + 𝜀) , (A5)

with 𝜎 ∈ {↑, ↓}.
The correlation subnetwork uses spin-averaged

inputs based on

𝑠 =

√︁
𝛾↑↑ + 𝛾↓↓ + 2𝛾↑↓
(𝜌1/3 + 𝜀)4

, SS = 1
2

(
(1+𝜁 )4/3+(1−𝜁 )4/3

)
,

(A6)
and the dimensionless kinetic-energy combination

DS = (1+𝜁 )5/3+ (1−𝜁 )5/3, 𝑡 =
𝜏↑ + 𝜏↓ + 𝜀

(𝜌1/3 + 𝜀)5 (DS + 𝜀)
.

(A7)
The final correlation inputs are

𝑥𝑐,1 = log
(
𝜌1/3 + 𝜀

)
, (A8)

𝑥𝑐,2 = log(𝑠 + 𝜀) , (A9)

𝑥𝑐,3 = log(SS + 𝜀) , (A10)

𝑥𝑐,4 = log(𝑡 + 𝜀) . (A11)

Appendix B. Network integration with B3LYP ex-
change and correlation

Our architecture follows an encoder–decoder de-
sign, where the encoder transforms local electronic
descriptors into latent embeddings, decoder recon-
structs scalar enhancement factors used to modu-
late exchange and correlation energies. The nonlo-
cal block is inserted before the decoder stage and
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refines the exchange and correlation parts of a B3LYP-
like functional with dispersion correction (Becke–
Johnson, D3BJ). We keep the analytic structure of the
underlying hybrid functional and learn smooth mul-
tiplicative corrections in the form of enhancement
factors.
We use two separate subnetworks: one for ex-

change and one for correlation. The exchange sub-
network produces spin-resolved enhancement fac-
tors 𝑓 𝜎

𝜃
(r) for 𝜎 ∈ {↑, ↓}, while the correlation sub-

network produces a single enhancement factor 𝑓 𝑐
𝜃
(r)

constructed from spin-averaged inputs. Both subnet-
works follow the same encoder–nonlocal–decoder
pattern on the quadrature grid.
At each grid point 𝑖 we compute a local feature

vector x𝑖 (the exact preprocessing is described in Ap-
pendixA). The encodermaps x𝑖 to a latent embedding
h𝑖 using a small residual MLP with normalization,

h𝑖 = LayerNorm
(
SiLU

(
𝑊1 SiLU(𝑊0x𝑖 )

)
+ x𝑖

)
. (A12)

The nonlocal block then produces a context vector y𝑖 ,
the AttF block described in Sec. 2.2), which is added
to the local embedding before decoding. The decoder
outputs an enhancement factor through a bounded
activation,

𝑓𝜃 (r𝑖 ) = 𝜎out
(
𝑊2 LayerNorm

(
SiLU

(
𝑊 ′1 (h𝑖 + y𝑖 )

) ) )
,

(A13)

𝜎out (𝑥) =
2

1 + exp(−𝑥/2) . (A14)

The choice of 𝜎out keeps 𝑓𝜃 close to 1 when the de-
coder logit is near zero, which helps keep the learned
correction controlled in regions that are weakly rep-
resented by the training data.
For exchange, the enhancement factor is spin-

resolved and multiplies the B3LYP exchange energy
density assembled from Slater and B88 components,

𝑒𝜎𝑥 (r) = 𝑓 𝜎
𝜃
(r)

(
𝑎Slater 𝑒

𝜎
𝑥,Slater (r)+𝑎B88 𝑒

𝜎
𝑥,B88 (r)

)
. (A15)

Here𝑎Slater and𝑎B88 are the standardB3LYPmixing co-
efficients for the local (Slater) and gradient-corrected
(B88) exchange contributions.
For correlation, the enhancement factor multi-

plies the VWN (local) and LYP (gradient-corrected)
correlation combination,

𝑒𝑐 (r) = 𝑓 𝑐
𝜃
(r)

(
𝑎VWN 𝑒𝑐,VWN (r) + 𝑎LYP 𝑒𝑐,LYP(r)

)
, (A16)

with the usual B3LYP coefficients 𝑎VWN and 𝑎LYP. In
both exchange and correlation, the enhancement-
factor form preserves the baseline analytic structure
and introduces a learnable correction that can use
the nonlocal context y𝑖 to capture nonlocal effects
not represented by semilocal descriptors alone, while
remaining well-behaved under self-consistent itera-
tion.

Appendix C. Benchmark results

On GMTKN, AttF tends to have its advantages on co-
valent thermochemistry and reaction subsets, where
it frequently reduces the MAE relative to 𝜔B97M-V
by 40–80% (e.g., YBDE18, BSR36, MB16_43, DIPCS10).
In contrast, several noncovalent and conforma-
tional benchmarks dominated by delicate dispersion
and hydrogen-bonding effects (such as BUT14DIOL,
TAUT15, SCONF, UPU23, PNICO23, HAL59) exhibit in-
creased errors compared to 𝜔B97M-V, sometimes by
factors of 2–5. This pattern suggests that the current
dispersion treatment inherited from B3LYP-D3(BJ)
is not yet fully optimal for all noncovalent regimes,
and that amore carefully tuned or learned dispersion
correction is a promising avenue to reduce these re-
maining discrepancies. While some noncovalent and
conformational subsets show MAEs that are larger
than those of 𝜔B97M-V by factors of 2–5, the absolute
differences in these cases remain below 1 kcal/mol,
with the exception of the DARC set, where the gap is
larger. In other words, even where AttF is relatively
worse in a multiplicative sense, the degradation typi-
cally stays within a sub-chemical-accuracy window
in absolute terms.

Table A1: Largest relative MAE changes [kcal/mol] of
AttF vs. 𝜔B97M-V on GMTKN.

Subset MAE (AttF) MAE (𝜔B97M-V) ΔMAE [%]

YBDE18 0.54 2.90 −81.4
BSR36 0.14 0.46 −69.6
C60ISO 3.71 11.85 −68.7
MB16_43 6.31 14.52 −56.5
DIPCS10 2.32 5.20 −55.4
BUT14DIOL 0.29 0.05 +480.0
DARC 3.62 0.75 +382.7
PNICO23 1.14 0.26 +338.5
TAUT15 1.16 0.33 +251.5
SCONF 0.59 0.17 +247.1
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