A Formal definition of Greedy Rejection Coding

A.1 Formal definition

Here we give a formal definition of GRC in terms of measures. We chose to omit this from the main
text for the sake of exposition, and instead formally define GRC in definition 5| below.

Definition 5 (Greedy Rejection Coding). Let Z be a partitioning process on ¥, and Iy = 1, So = Zj,.
Let Ty (-, So) be the zero-measure on (X, X). Then ford = 0,1, ... define

def dTy(-, So:q)

td(CC,So:d) = To(x)7 (13)
of . dQ 1—Ty(X,So.
ag+1(x, So.q) def min {dp(x) —tq(x, So.q), ;E&Z)Od)} (14)
Aq1(S, So.a) déf/ dP(x) gy (w, So:a)s (15)
s
R P(Sq)
 So.a)  So) 2t 16
Ba+1 (2, S0:a) = (2, Soia) - Ta(X, So.q) (16)
Pls
X7, ~ d 17
I P(Sy) a7
Ui, ~ Uniform(0, 1), (18)
| Q(Zary+1) — Ta(Zar,+1,S0:a) — Aa+1(Zar 41, SO:d))
bq ~ Bernoulli , (19
; ( Q(Sa) — Tu(Sa Sowa) — Aas1(Sa> Sord) (19
Tpi1 & 21, + by, (20
Sin & Zr,.,,, @1)
Tus1(S, Soar1) © Ta(S N Sar, Soa) + Aar1(S N Sast, Soea) + QSN Sut1)s (22)

where S € ¥ and P|z, denotes the restriction of the measure P to the set Z. Generalised Greedy
Rejection Coding (GRC) amounts to running this recursion, computing

D* = min{d e N: U]d < Bd+1(XId7SO:d)}7 (23)

and returning X = X;,. and C = Ip-.

The functions AcceptProb and RuledOutMass in algorithm |2|correspond to calculating the quanti-
ties in eq. (I6) and eq. (22). The function PartitionProb corresponds to computing the success
probability of the Bernoulli coin toss in eq. (T9).

A.2 |Harsha et al.’s algorithm is a special case of GRC

Here we show that the algorithm of [Harsha et al.|is a special case of GRC which assumes discrete PP
and (Q distributions and uses the global partitioning process, which we refer to as GRCG. Note that
the original algorithm described by [Harsha et al.| assumes discrete P and () distributions, whereas
GRCG does not make this assumption.

Proposition 2 (Harsha et al. (2007) is a special case of GRC). Let Z be the global partitioning
process over %, defined as

21=X7 ZQnZZn7 Zgn+1:@, foralln:1,2,.... (24)

Harsha et al.|(2007) is equivalent to GRC using this Z and setting C = D* instead of C = Ip+. We
refer to this variant of GRC as Global GRC, or GRCG for short.

Proof. With Z defined as in eq. , we have by ~ Bernoulli(0) by eq. (19), so by = 0 almost surely.
Therefore S; = X for all d € NT. From this, we have Ty11(S, So.q) = Ta(S, So.4) + Aa(S, So.q)
and also P(Sy) = P(X) = 1forall d € N*. Substituting these in the equations of deﬁnition we
recover egs. (2) to (4). Setting C' = D* instead of C' = Ip~ makes the two algorithms identical. [J
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B Proof of correctness of GRC: Theorem

In this section we give a proof for the correctness of GRC. Before going into the proof, we outline
our approach and the organisation of the proof.

Proof outline. To prove theorem |1, we consider running GRC for a finite number of d steps. We
consider the measure 74 : ¥ — [0, 1], defined such that for any .S € ¥, the quantity 7,4(.5) is equal to
the probability that GRC terminates within d steps and returns a sample X € S C . We then show
that 7; — @ in total variation as d — oo, which proves theoremﬂ]

Organisation of the proof. First, in sectionB.1|we introduce some preliminary definitions, assump-
tions and notation on partitioning processes, which we will use in later sections. Then, in[B.2] we
derive the 7, measure, and prove some intermediate results about it. Specifically, proposition [3|shows
that the measures A4 and T,; from the definition of GRC (definition[5) correspond to probabilities
describing the termination of the algorithm, and lemma [T]uses these facts to derive the form of 74 in
terms of A,4. Then, lemma@ shows that the measure 7, is no larger than the measure () and lemmaE]
shows that the limit of 74 as d — oo is also a measure. Lastly lemmali shows that T and 7,4 are
equal on the active sets of the partition process followed within a run of GRC, and then lemma [5uses
that result to derive the subsets of the sample space on which 74 is equal to  and 7 is equal to Q.

Then, in appendix [B.3] we break down the proof of theorem I in four cases. First, we consider the
probability p; that GRC terminates at step d, given that it has not terminated up to and including step
d — 1. Lemmal[7 shows that if p; /4 0, then 74 — @ in total variation. Then we consider the case
pa — 0 and show that in this case, if any of assumptions [T, 2 or[3 hold, then again 74 — @ in total
variation. Putting these results together proves theorem

B.1 Preliminary definitions, assumptions and notation

For the sake of completeness, we restate relevant definitions and assumptions. Definition Erestates
our notation on the target () and proposal P measures and assumption ] emphasises our assumption
that Q < P. Definition [7]restates the definition of partitioning processes.

Definition 6 (Target () and proposal P distributions). Let ) and P be probability measures on a
measurable space (X ,Y). We refer to Q) and P as the target and proposal measures respectively.

Assumption 4 (QQ < P). We assume @ is absolutely continuous w.r.t. P, that is Q < P. Under this
assumption, the Radon-Nikodym derivative of Q w.r.t. P exists and is denoted as dQ/dP : X — RT.

Definition 7 (Partitioning process). A random process Z : NT — ¥ which satisfies

Iy =X, ZopyNZopi1 =0, Zop U Zopi1 = Zy. (25)
is called a partitioning process.
That is, a partitioning process Z is a random process indexed by the heap indices of an infinite binary

tree, where the root node is X and any two children nodes Zs,, and Z5,,1 1 partition their parent node
Z,,. Note that by definition, a partitioning process takes values which are measurable sets in (X, X).

Because GRC operates on an binary tree, we find it useful to define some appropriate notation.
Definition [§| specifies the ancestors of a node in a binary tree. Notation |l gives some useful indexing
notation for denoting different elements of the partitioning process Z, as well as for denoting the
branch of ancestors of an element in a partitioning process.

Definition 8 (Ancestors). We define the one-step ancestor function Ay : 2N — 28" g

Ai(N)=NU{neN*t:n'=2norn’ =2n+1, forsomen’ € N}, (26)
and the ancestor function A : Ny oNT g
AN)={neN":ne A7({n'}) forsomen’ € N,k € N*}. 7

where A¥ denotes the composition of Ay with itself k times.

Viewing N7 as the set of heap indices of an infinite binary tree, A maps a set N C N of natural
numbers (nodes) to the set of all elements of /V and their ancestors.
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Notation 1 (Double indexing for Z, ancestor branch). Given a partitioning process Z, we use the
notation Zq y, whered =1,2,... andk =1, ..., 29=1 1o denote the k' node at depth d, that is

Zd,k = Z2d—171+k. (28)
We use the hat notation Zd,k to denote the sequence of nodes consisting of Z, , and all its ancestors
Zag = (Zn:nec A2 =14+ k})), (29)

and call Zd,k the ancestor branch of Z g .

Notation 2 (P measure). In definition[5] we defined P to be the measure associated with an infinite
sequence of independent fair coin tosses over a measurable space (2, S). To avoid heavy notation,
for the rest of the proof we will overload this symbol as follows: if F' is a random variable from §) to
some measurable space, we will abbreviate P o F~* by simply P(F).

B.2 Deriving the measure of samples returned by GRC

For the remainder of the proof, we condition on a fixed partitioning process sample Z. For brevity,
we omit this conditioning which, from here on is understood to be implied. Proposition [3|shows that
the measures A4 and T, correspond to the probabilities that GRC picks a particular branch of the
binary tree and terminates at step d, or does not terminate up to and including step d, respectively.

Proposition 3 (Acceptance and rejection probabilities). Let Vy be the event that GRC does not
terminate up to and including step d and Wy be the event that it terminates at step d. Let So.q = Bo.q
denote the event that the sequence of the first d bounds produced is By.q. Then

]P)(Vdsz:d - BO:d) =1 _Td(XaBO:d)v ford:()v]-v"'v (30)
P(Wqt1,S0:a = Bo.a) = Aat1(X, Bo.a), ford=0,1,.... (3D

Proof. First we consider the probability that GRC terminates at step k£ + 1 given that it has not
terminated up to and including step d, that is the quantity P(Wj,41 | Vi, So.e = Bo.x). By definition[3]
this probability is given by integrating the acceptance probability Sx1(x, Bo.x) over x € X, with
respect to the measure P|p, /P(By), that is

B(Witr | Vi Sok = Bow) = / . dP(m)W (32)
= /, » ap () il Bok) k*;((ggo*) (33)

Now, we show the result by induction on d, starting from the base case of d = 0. Base case: For
d = 0, by the definition of GRC (deﬁnition So =25, =X, s0

P (Vo, So = Bo) = 1 and To(X, By) = 0, (36)
which show the base case for eq. (30). Now, plugging in & = 0 in eq. (35) we obtain
A (X, B
P(W1,So = Bo) = P(W; | Vo, So = Bo) = M = A1 (X, Bo) (37)

where we have used the fact that Ty (X', By) = 0, showing the base case for eq. .

Inductive step: Suppose that forall K = 0,1,2,...,d it holds that
P (Vy, So.k = Bok) =1 —T4(X, Bo.,) and P (Wii1,So.x = Bok) = Ag+1(X, Bo.k).  (38)

Setting k = d in eq. (35)), we obtain

1 — Ty(X, Bo.a) — Aa+1(X, Bo.a)

P(Wi1 | Vi, So.a = Boa) = 1 —T4(X.Bo.q) ,

(39)
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and using the inductive hypothesis from eq. (38), we have
P(Vit1,S0.a = Bo.a) = P(Wyi1, Va, So:a = Bo:a) = 1 — Ta(X, Bo.a) — Aar1(X, Bo.a). (40)
Now, By = Z,, for some n € N*. Denote BY := Zs,, and BY := Z5,,;1. Then, by the product rule
P(Vas1,So:a = Bo.a, Sat1 = BY) = (41)

=P(Say1 = BY | Vay1, So.a = Bo.a)P(Vay1, So.a = Bo.a) 42)

Q(Bcll%) - Td(B(??BO:d) - Ad+1(B§a BO:d)
= P(Vis1, So:a = Bo, 43
Q(Bg) — Ta(Bg, Bo:a) — Ad+1(Ba, Bo.a) (Var1, So.d 0:d) (“43)

Q(BY) — Ta(BY, Bo.a) — Aay1(BY, Bo.a)
Q(X) —Ty(X, Bo.a) — Adav1(X, Bo.q)

=1

P(Vit1, Bo:a = Bo:a) 44)

{

= Q(BY) — Ty(BY, Bo.a) — Aay1(BE, Bo.a) (45)

=1—T411(X, Bo.ay1) (46)

where we have written Bo.qy1 = (Bo,. .., B4, BY). Above, to go from @ to [42 we used the
definition of conditional probability, to go from2]to[43] we used the definition in[19] to go from @3]
to[44] we used the fact that for k = 0,1, 2, ..., it holds that

Q(X) — T (X, Bo:k) — Ak+1(X, Bok) = Q(Br) — T (Br, Bo:k.) — Ak+1(Br, Bo:k)+
+ Q(By) — Tiw(By, Bo) — Ap+1(By, Bow)  (47)
= Q(By) =0
= Q(Bx) — Tu(By, Bo:x) — Ak+1(Br, Box),  (48)
from 44 thEwe have used eq. (@0), and lastly from?to@we' have again used eq. (48). Equa-
tion l| similarly holds if B4+1 = BE by Baqy1 = BY, so we arrive at
P(Vay1, Bo:a+1 = Bo.av1) = 1 — Tar1 (X, Bo.at1), (49)
which shows the inductive step for eq. (30). Further, we have

P(Wyt2, Bo:a+1 = Bo:a+1) = P(Wax2 | Vat1, Bo:a+1 = Bo:a+1)P(Vay1, Bo:a+1 = Bo:a+1)
(50)

and also by setting k = d + 1 in eq. we have

Agia(X, By
P(Warz | Vast, Boass = Bouas) = 1 _?jjl i %‘21)1). (51)

Combining eq. @9) and eq. (31) we arrive at
P(Way2, Bo:ar1 = Bo.ar1) = Aar2(X, Bo.dt1), (52)
which is the inductive step for eq. (3I). Putting eqs. (#9) and (52) together shows the result. O

We now turn to defining and deriving the form of the measure 7p. We will define 7p to be the
measure such that for any S € ¥, the probability that GRC terminates up to and including step D
and returns a sample within S is given by 7 (.5). We will also show that 7 is non-increasing in D.

Lemma 1 (Density of samples generated by GRC). The probability that GRC terminates by step
D > 1 and produces a sample in S is given by the measure

D 241t

TD(S) S Z Z Ad(S, ZAd’k), (53)

d=1 k=1

where 7 Dk IS the ancestor branch of Zp j, as defined in eq. @). Further, Tp is non-decreasing in
D, that is if n < m, then 7,(S) < 7,,,(S) forall S € %.
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Proof. Let V, be the event that GRC does not terminate up to and including step d and let W;(.S) be
the event that GRC terminates at step d and returns a sample in .S. Then

D
)= _B(Wa(S)) (54)
d=1
D
=> P(Wa(S),Va-1) (55)
d=1
D 2471
= Z Z P(Wa(S), Va1, Soid—1 = Za i) (56)
d=1 k=1
D 2d 1
= Z Z P(Wa(S) | Va1, So:a—1 = Zak) P(Va-1, So.d—1 = Za,1)- (57)

d=1 k=1
Further, the terms in the summand can be expressed as
P(Vi1, So:a1 = Zag) =1 = Tu1(X, Za), (58)
P(Wa(S) | Va-1,S0a—1 = Zax) = / ap(z) P4 Zak) (59)
z€s P(Zax)
Z
_ / aP(z) — @ Zar) (60)
zes 1—Tg1(X, Za )
__ Aa(S, Za) 1)

1- qu(/KZd,k)’

and substituting eqs. (38) and (61) into the sum in eq. (57), we obtain eq. (53). Further, since the
inner summand is always non-negative, increasing D adds more non-negative terms to the sum, so
Tp is also non-decreasing in D. O

Now we turn to proving a few results about the measure 7. Lemma 2] shows that 7p < @ for all D.
This result implies that ||Q — 7p||ry = Q(X) — 7p(X), which we will use later.

Lemma 2 (Q) — 7p is non-negative). Let D € NT. Then Q — 7p is a positive measure, that is

Q(S) —1p(S) > 0forany S € X. (62)
Proof. Let S € ¥ and write
2D—1
Q(S)—7p(8) =Y QSN Zpk) —0(SN Zp ) (63)
k=1
oD-1 [ D oD-1
= > QSN Zpr) =Y > Au(SNZpk, Zp) (64)
k=1 | d=1 k'=1
2Pt r D
= QSN Zpx) =Y _ Au(SNZpk. Zp.k) (65)
k=1 L d=1
Q(SNZpx) —Tp-1(SN Zpk, Zpr) — Ap(SN Zp g, ZAD,k)} (66)
k=1

We will show that the summand in eq. (66) is non-negative. From the definition in eq. (I4) we have

. 1-Tp 1 (X, Z
ap(z, Zpg) = mm{jg( ) —tp-1(x, Zp k), ]DD(;(D ];) D’k)} (67)
d .
< %(x) —tp-1(z, Zp ) (68)
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and integrating both sides of eq. over SN Zp i, we obtain

Ap(SNZp i, Zpx) < QSN Zpr) —To-1(SOZp s, Zpk) (69)

Putting this together with eq. (66) we arrive at
Q(S) = p(S) = 0, (70)
which is the required result. O

Thus far we have derived the form of 7p, shown that it is non-decreasing in D and that it is no
greater than (). As we are interested in the limiting behaviour of 7p, we next show that its limit,
7 =limp_, Tp, is also a measure. Further, it also holds that 7 < Q.

Lemma 3 (Measures 7 converge to a measure 7 < Q). For each S € %, 7p(S) converges to a
limit. Further, the function T : ¥ — [0, 1] defined as

7(S) = lim 7p(S5) (71)
D—o0
is a measure on (X, %) and T7(S) < Q(S) forall S € %.

Proof. First, by lemmall] 75 (S) is non-decreasing in D, and bounded above by Q(S) forall S € X.
Therefore, for each S € X, 7p(S) converges to some limit as D — oco. Define 7 : ¥ — [0, 1] as

7(8) = lim p(S), (72)

and note that T is a non-negative set function for which 7(()) = 0. By the Vitali-Hahn-Saks theorem
(see Corollary 4, p. 160; Dunford & Schwartz, |1988), 7 is also countably additive, so it is a measure.
Also, by lemmaTD(S) < Q(S)forall D € NT andall S € 3,s07(5) < Q(S)forall S € . O

Definition 9 (Hy ,, Hg and H). Ford =1,2,... andk =1,..., 2471 ywe define the sets Hy . as

dQ S 1— Ty 1 (X, Zay)
Hyp = Z ‘ B (0) = tyr (@, Zag) > k) 73
d.k {x € Zak ap () —ta—1(z, Zag) > P(Zar) (73)
Also, define the sets Hy and H as
2d—1 e3¢}
H, = U Hgy, and H = ﬂ H,. (74)
k=1 d=1
Lemma 4 (T (-, ZD+1,k) and 7p agree in Zpy1 ). Let R€ X. If R C Zpyq i, then
(R) = Tp(R, Zp11,1)- (75)
Proof. Suppose R C Zp41 . First, we have
D 2471 D
o(R) = > Aa(R, Zap) =D Aa(R, (Zp11.k)1:0)- (76)
d=1k'=1 d=1

From the definition of T, in eq. (22), we have

Tp(R, Zps1k) = To-1(R0 Zpi1k, (Zp11k)1:0) + Ap(RN Zpy1 ks (Zpyrx)ip)+ (T7)
+Q(RNZpi1 1)
—_——

0
=Tp (RN Zpy1ks (Zps1i)1:p) + Ap(RN Zpi1 g, Zpiax)ip)  (78)
=Tp 1(R,(Zps14)1:0) + Ap(R, (Zp41.4)1:D) (79)

where we have used the assumption that R € Zp, ;. In a similar manner, applying eq. (79)
recursively D — 1 more times, we obtain

D
To(R, Zpi1k) = ZAd(R» (Zps1k)1:a) = To(R). (80)
d=1

which is the required result. O
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Lemma 5 (Equalities with Q, 7p and 7). The following two equalities hold
QX \ Hp)=7p(X\ Hp) and QX \ H) =7(X \ H). 81
Proof. Let R = Zpy1 \ Hp . Then, by similar reasoning used to prove eq. , we have

Tp(R, Zps1k) = To_1(R,(Zps14)1:0) + Ap(R, (Zps1.6)1.0) (82)

Further, we also have

AD(R,ZDJC) :/ dP(x) OLD(.I,ZADJC) (83)
R
3 _[dQ . 1=Tp_1(X,Zpy)
= /de(x) min {dp(l‘) —tp_1(z, Zp ), P(Zp2) } (84)
= /RdP(x) <;Z§'Z(x) - tDl(IHZAD,k)) (85)
=Q(R) — Tp_1(R, Zp s) (86)

where from eq. (84) to eq. (85) we have used the definition of Hp ;. Then, combining egs. (82)
and (86) and using lemmafd] we arrive at

Q(Zpy1x\Hpi)=Tp(Zps1:\ Hpr, Zps1.k) = T0(Zpi1k \ Hpi). 87)

Now, using the equation above, we have that

(X \ Hp) =Y 70(Zp41.k \ Hp) = Y Q(Zpy1x\ Hp) = Q(X \ Hp).  (88)
k=1 k=1

Now, using 7p < 7 < Q and 7p(X \ Hp) = Q(X \ Hp), we have that 7(X \ Hp) = Q(X \ Hp),
which is the first part of the result we wanted to show. Taking limits, we obtain

QX \H)= lim QX \ Hp)= lim 7(X\ Hp) =7(X\ H), (89)
D—o0 D—o0
which is the second part of the required result. O
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B.3 Breaking down the proof of Theorem[I]in five cases

In definition [I0] we introduce the quantities wy = Q(X) — 74(X) and pg = P(Wy | V4_1). Then we
break down the proof of theorem |l in five cases. First, in lemma|[7 we show that if py # 0, then
wg — 0. Second, in lemmaEwe show that if P(H;) — 0, then wg — 0. In lemmal9 we show
an intermediate result, used in the other three cases, which we consider in lemmas[10][11 and[12!
Specifically, in these three cases we show that if p; — 0 and P(Hy) + 0, and assumption|1} [2]or[3|
hold respectively, we have wg — 0. Putting these results together shows theorem [I]

Definition 10 (py, wq  and wg). Define pg = P(Wy | Vy_1). Also define wq i, and wq as

def

wak = Q(Zak) — 1a(Zak), (90
2d—1

we =Y wa. o1
k=1

Lemma 6 (wy non-increasing in d). The sequence wg is non-negative and non-increasing in d.

Proof. Since 74 is non-decreasing in d (from lemma|5) and

2d—1
wq = Z Q(Zak) — 1a(Zax) = Q(X) — Ta(X), 92)
k=1
it follows that wy is a non-increasing and non-negative sequence. [

Lemma 7 (Case 1). If pg /4 0, then wq — 0.

Proof. Let pg = P(Wy | V4—1) and suppose pg # 0. Then, there exists € > 0 such that p; > €
occurs infinitely often. Therefore, there exists an increasing sequence of integers a4 € N such that
Da, > € forall d € N. Then

Tag(X) =P (U Wd> (93)
d=1

=1-P(V,), (94)
aq
=1-[[P(Val|Var), (95)
d=1
ad
=1- [ -pa), (96)
d=1
>1-(1-€e?—>1lasd— . 97)
Therefore, 74(X) — 1 as d — oo, which implies that ||Q — 74||7v — 0. O

Lemma 8 (Case 2). If P(Hy) — 0, then wg — 0.

Proof. Suppose P(H;) — 0. Since Q < P, we have Q(H) = 0, and since @ > 7 > 0 (by
lemma 3), we also have 7(H) = 0. Therefore

lim Wq = lim ||Q - Td”TV (98)
d—o0 d—o0

= Q(X) —7(X) 99)

=QX\ H)—7(X\ H)+Q(H)—7(H) (100)

—— =
= 0 from lemmal[3] =0 =0
=0 (101)
which is the required result. O

20



Lemma 9 (An intermediate result). If pg — 0 and wqg /4 0 as d — oo, then

P(Hgy)
Pde

wq,x — 0as d — oo. (102)

Proof. Suppose that pg = P(Wy | V4—1) — 0 and wg # 0. Then

P(Wy | Va—1) > P(Wa(Ha) | Va-1) (103)
2d—1
= > P(Wa(Har) | Va-1) (104)
k=1
2d71
= > P (WalHap), Soa1 = Za | V) (105)
k=1
2d—1
= Z P (Wd(Hd,k) | Vaz1, So:a—1 = Zd,k) P (So:d—1 = Zay | Vd—1) (106)
k=1
< PHu),
_ d,k
= bz P (Soa1 = Zaw | Va-r ) (107)
= P(Hayz)
dk) Wd,k
= : — — 0. 108
; P(Zd k) Wy ( )
In addition, if wy /4 0, then since 0 < wg < 1 we have
1
P(Ha )
—~wq — 0. (109)
< P(Zay) "
which is the required result. O

Lemma 10 (Case 3). Suppose that pg — 0, P(H4) # 0 and assumptionholds. Then wg — 0.

Proof. Suppose that p; — 0, P(Hy) # 0. Suppose also that assumptionEholds, meaning there
exists M € R such that dQ/dP(xz) < M for all z € X. Then for any S € 3, we have

QS) —7(S) _ Q(S)  Js TdP JsdP Q(8) — (8)
PGS) SPE) - Py SMpe M= T =P (19
Further, we have
- P(Hgy) A P(Hgy)
’ 2 H, —7(Hy 1 111
—~ P(Zd,k) W,k = ]; (Zd,k) (Q( d,k) T( d7k)) ( )
1A (Q(Hax) — 7(Hap))?
> kZ:l PZar) (112)
1 22 (QH N Hay) — 7(H N Hay))?
= M ; P(Zax) 1)
1 2d71 Agk
> ’ 114
- M Pt P(Zd)k) ( )
= % D (115)
— 0, (116)



where in the second inequality we have used eq. (110) and we have defined
def

Adk = Q(HﬁHd}k)—T(Hﬁdek), (117)
2{1—1 AZ
def d,k
by = — . (118)
’ ,; P(Zar)
Now note that the sets H N Hg11 25, and H N Hg4q 2k partition the set H N Hy j,. Therefore
Ag i = Agyi126 + Ddyi1,26+1- (119)

By the definition of ®4 in eq. (II8), we can write
2d 2 2d71
Al k

Pay1 = ZP :;

where we have written the sum over 2¢ terms as a sum over 2?1 pairs of terms. We can rewrite the
summand on the right hand side as

A2 A2
d+1,2k n d+1,2k+1 1, (120)

(Zas1.k) P(Zgt128)  P(Zag1,26+41)

A?l+1,2k7 A?l+1,2k+1 _ A§+172k (Ad7k — Ad+172k:)2 (12])
P(Zawrok)  P(Zavr2k+1)  P(Zatvi2nk) P(Zg11,26+1)
’ 1-p)?
= A [ P + ( } (122)
SR\ P(Zag1o—1)  P(Zasr2x)
= A% 9(p) (123)

where in eq. (I2I) we have used eq. (T19), from eq. (I2I) to eq. (I22) we defined the quantity
p = Adi1.26/Agk, and from eq. (122) to eq. (123) we have defined g : [0,1] — R as

r2 (1—7r)?

def
r) = . 124
g( ) P(Zd+1,2k) P(Zd+1,2k+1) ( )
The first and second derivatives of g are
2 2(1 —
g _ r___A-n) (125)
dr P(Zgy128) P(Zati12k41)
d?g 2 2
— = + >0, (126)
dr? P(Zati2k)  P(Zav1,26+1)
so g has a single stationary point that is a minimum, at » = ry,;,, which is given by
P(Z
Tinin = (Za1.21) . (127
P(Zgt128) + P(Zat1 26+1)
Plugging this back in g, we obtain
1 1
Trin) = = , (128)
9(rmin) P(Zgt10k) + P(Zas126+1) P(Zag)
which implies that
A3+1,2k A?l+1,2k+1 > Ag,k (129)
P(Ziy126)  P(Zay12k41) — P(Zag)
Therefore
2d A2 2d 1
d.k d k
P = 130
d+1 = ZPZde ZP Dq, (130)
but since &, — 0, this is only possible if ®; = 0 for all d, 1nclud1ng d = 1, which would imply that
A171:Q(HmHl,l)—T(HnHl’l):Q(H)—T(H):0, (131)
which, together with lemma|[5] implies that
Q(X) —7(X) = Q(H) —7(H) =0, (132)
and therefore wq = ||Q — 74||7v — 0. O
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Lemma 11 (Case 4). Suppose that ps — 0, P(Hy) /4 0 and assumptionholds. Then wg — 0.

Proof. Suppose that p; — 0, P(H4) # 0. Suppose also that assumption that assumptionEholds,
meaning that for each d, we have wg,; > 0 for exactly one value of £ = kg, and wg ;, = 0 for all
other k # k. In this case, it holds that Hy ,, = 0 for all k # k4 and Hy = Hy . Since P(Hy) # 0
and P(H,) is a decreasing sequence, it converges to some positive constant. We also have

2d71

P(Ha,r) P(Ha,) P(Ha,)
> — S Wik = S Wd ik, = S5 wq > P(Hg) wg — 0, (133)
b = P(Zag) T P(Zags) M P(Zag,) (Ha) v
which can only hold if wg — 0, arriving at the result. O

Lemma 12 (Case 5). Suppose that pg — 0, P(Hq) + 0 and assumption 3| holds. Then wq — 0.

Proof. Suppose that p; — 0, P(Hg) + 0 and assumptionEholds. Since each x € X belongs to
exactly one Z; j, we can define the function By : X — X as

Bd(x) = Zd,k such that z € Zd,k- (134)
Using this function we can write

=D fjdk)) wap = ; P(Har) @(zd,lg)(;dffzd,k) _ /H ar Q(Bd(;)()B—d(%()Bd(x)).

Now, because the sets H are measurable, their intersection H := N32; Hg is also measurable. We
can therefore lower bound the integral above as follows

Q(Ba(x)) — 7a(Ba(x)) Q(Ba(x)) — ra(Bal2))
/Hd P (Baw)) E/H‘“D P(Ba(a)) (13)
Z/Hdp Q(Bd(;z)Bd(;g)Bd(I))’ (136)

where the first inequality holds as the integrand is non-negative and we are constraining the integration
domain to H C H,, and the second inequality holds because 74(S) < 7(S) for any S € 3. Define C
to be the set of all intersections of nested partitions, with non-zero mass under P

C= {ﬂ Zap,: P (ﬂ Zd,kd> >0,ko =1, kap1 = 2kq or kg1 = 2kg + 1} , (137)
d=0 d=0

and note that all of its elements are pairwise disjoint. Each of the elements of C is a measurable set

because it is a countable intersection of measurable sets. In addition, C is a countable set, which can

be shown as follows. Define the sets C,, as

C,={FeC:27" "< P(E)<2™"} forn=0,1,... (138)
and note that their union equals C. Further, note that each C,, must contain a finite number of elements.
That is because if C,, contained an infinite number of elements, say E1, F, - -+ € C,, then

P(X)>P (U Ek> = P(Ey)>Y 27" - oo, (139)

k=1 k=1 k=1

where the first equality holds because P is an additive measure and the F,, terms are disjoint, and
the second inequality follows because Ej, € C,, so P(Ey) > 2—7=1 This results in a contradiction
because P(X') = 1, so each C,, must contain a finite number of terms. Therefore, C is a countable
union of finite sets, which is also countable. This implies that the union of the elements of C, namely
C = UgreeC' is a countable union of measurable sets and therefore also measurable. Since C' is
measurable, H \ C is also measurable and we can rewrite the integral in eq. as

Q(Bg(x)) — 7(Bg(x))
Pa 2 /H N RES) (140
B Q(Ba(x)) — 7(Ba(x) Q(Ba(x)) — 7(Ba(x))
- /an N ) B /H\c B P (Bu(w)) (14D
=0 (142)

23



Since both terms above are non-negative and their sum converges to 0, the terms must also individually
converge to 0. Therefore, for the first term, we can write

Q(Ba(x)) — 7(Ba(z)) _ Q(Ba(z)) — 7(Ba(z))

lim dP = hminf/ dP =0. (143)
d—oo JHnC P(Ba()) d—oo JHnC P(Ba(z))
Similarly to By defined in eq. (I34), let us define B : C' — X as
B(z) = C" € Csuchthatx € C'. (144)

Applying Fatou’s lemma (4.3.3, p. 131;Dudley, [2018)) to eq. (143)), we obtain

i inf qpP Q(Ba(z)) — 7(Ba()) > / AP lim inf Q(Ba(z)) — 7(Ba()) (145)
HAC

B —7(B
[ ap U (o) 126
HNC P(B(z))

=0, (147)
where from eq. (145) to eq. (146) we have used the fact that P(Bg4(x)) > 0 whenever z € C and
also that By (x) 2 Ba(x) 2 .... Now we can re-write this integral as a sum, as follows. Let the

elements of C, which we earlier showed is countable, be C', C5, ... and write
[ ap QBB [ QBB

HNAC P(B(z)) = Junc., P(B(z))
H N C’

= Z (Q(Crn) = 7(Cy)) (149)
- 0. (150)

Now, from lemma5] we have

> W (Q(Cn) = 7(Cn) =D W (QUHNC,) —T(HNC,)) =0, (151)

n=1 n=1

which in turn implies that for each n = 1,2, ..., we have either Q(H N C,) —7(HNC,) =0
or P(H N C,,) = 0. However, the latter case also implies Q(H N C,,) — 7(H N C},) = 0 because
Q < P,soQ(HNC,) —7(HNC,) = 0holds for all n. Therefore

T(HNCO) Z (HNCy) =Y QHNC,) =QHNC). (152)

Returning to the second term in the right hand of eq. (141)), and again applying Fatou’s lemma

B —7(B, B —7(B

— gp QBa@) — 7(Bax)) | / dP limint @PBd(@)) —7(Ba(2)) (153)
d=oo Jp\co P(Ba(z)) H\C d—o00 P(By(z))

Now, since Z has the nice-shrinking property from assumption [3, we can apply a standard result

from measure theory and integration Rudin (1986, given in Theorem 7.10, p. 140), to show that the
following limit exists and the following equalities are satisfied

Q(Ba()) — 7(Ba(z))

. dQ dr
Jm P(By(2)) = 5% P(By(2)) / ar (dP( )= (1P<x)> (154)
dQ dr
S ORP e (155)

Inserting[T55]into eq. (I53)), we obtain

o Q(Ba(x)) — 7(Ba(x)) / (dQ dr >
lim inf dP > dpP —(x) ) =0, 156
which in turn implies that
dqQ dr
dP( x) — ﬁ(x) =0 P-almost-everywhere on H \ C, (157)
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or equivalently that Q(H \ C') = 7(H \ C'). Combining this with the fact that Q(X' \ H) = 7(X' \ H)
and our earlier result that Q(H N C) = 7(H N C), we have

1Q = llv = QX \ H) — (X \ H) + QUHI\ C) — 7(H\ C) + Q(H N C) — 7(H N C) =0,
which is equivalent to wy = ||Q — 74||7v — 0, that is the required result. O
Theorem (Correcness of GRC). If any one of the assumptions|I| 2| or Bl holds, then

[|1Q — 7allrv — 0 as d — co. (158)
Proof. 1f pg — 0, then wg — 0 by lemmal[7. If P(Hy) — 0, then wy — 0 by lemma(8. Therefore

suppose that p; 4 0 and P(H,) /4 0. Then if any one of assumptions E, |Z orEholdS, we can
conclude from lemma([10] [11]or[I2]respectively, that ||Q — 74||7v — 0. O
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C Optimality of GRCS

Algorithm 3 GRCS with arthmetic coding for the heap index.

Require: Target (), proposal P over R with unimodal density ratio r = dQ/dP with mode p.
1: d<0,Ty < 0,Lyg <0
2: Ip+ 1,5« R
3: while True do

4 Xy, ~ Pls,/P(Sq)

5: Uy, ~ Uniform(0, 1)

6: ; r(X1y)=La : def .
: Br, ¢ clip (P(Sd) =140, 1) > clip(y,a,b) = max{min{y,b},a}

7: if U[d < B4+1 then

8: return X7, , I,

9: end if

10: if X7, > 1 then

11: Id+1 «— 21,

12: Sat+1 Sdﬂ(—OO,XId)

13: else

14: Id+1 < 2]d + 1

15: Sd+1 %Sdﬂ(X[d,OO)

16: end if

17: L1+ Ly +Td/P(Sd)

18: Tay1 < Pyq[r(Y) > Lat1] — Lat1 - Py~p[r(Y) > Lgt1]
19: d+d+1

20: end while

In this section, we prove Theorems[2|and [3] We are only interested in continuous distributions over R
with unimodal density ratio d@Q/dP for these theorems. Hence, we begin by specializing Algorithm
to this setting, shown in Algorithm [3. For simplicity, we also dispense with the abstraction of
partitioning processes and show the bound update process directly. Furthermore, we also provide an
explicit form for the AcceptProb and RuledOutMass functions.

Before we move on to proving our proposed theorems, we first prove two useful results. First, we
bound the negative log P-mass of the bounds with which Algorithm 3] terminates.

Lemma 13. Let QQ and P be distributions over R with unimodal density ratio r = dQ/dP, given

to Algorithm 3 as the target and proposal distribution as input, respectively. Let d > 0 and let

Xi.4 o X1,..., X  denote the samples simulated by Algorithm|3|up to step d + 1, where for d = 0

we define the empty list as X 1.9 = (). Let Sy denote the bounds at step d + 1. Then,
d
— > Aj11(R, Sp.a) - log P(S;) < Dki[Q||P] + loge. (159)
j=0

Proof. For brevity, we will write A; = A4(R, Sp.q) and Ty = T4(R, Sp.q4). Furthermore, as in
Algorithm[3] we define

d—1
def 1-— Tj
Ly
jz::() P(S;)

Note that X.4 is well-defined for all d > 0 since we could remove the return statement from the
algorithm to simulate the bounds it would produce up to an arbitrary step d. Now, note that by
PropositionEwe have P[D =d | X1.4] = Agt1(R, Sp.q). Now, fix d > 0 and bounds Sy.4, and let
2 € R be such that g1 1 (x) > 0 which holds whenever r(x) > L. From this, for d > 1 we find

with Lo = 0. (160)

-1
1-1T;
EE B asn)
i=0
1-Ty4
N 162
2 PBa) (162)
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where the second inequality follows from the fact that the (1 — Tj)/P(S;) terms are all positive.
taking logs, we get

logr(z) —log(1 —Ty—1) > —log P(S4-1). (163)

Now, we consider the expectation of interest:

Z —Aji1-log P(S Z/%“ )log P(S;) dx (164)
j=0
eq. (163)
o5 [ as1(@)log(r (@) ~ log(1 - T,)) do (165)
/R
(a) > o 1
< R]Z:%ajﬂ(m) log r(x) dx—i—Z:AjHlog?Tj (166)
@/q(w)logr dx—|—z T;)log —— ! (167)
R A 1-1T;
S 1
= Dx1[Q|| P +Jz::0 j1 = Ty) log 7— j (168)
(c) 1
< Dki[Q||P] ~10g2+/ log I tdt (169)
0 _
= DkL[Q||P] + loge. (170)

Inequality (a) holds because all terms are positive. This is guaranteed by the fact that for d > 1, we
have Ly > 1, hence 0 < log Ly < r(z) whenever Equation - 163) holds. Equahty (b) follows by the
correctness of GRC (Theorem | which implies that for all # € R we have 3 772 ; aq(x) = g(), and
inequality (c) follows from the facts that 0 < T,; < 1 for all d and that the summand in the second
term forms a lower-Riemann sum approximation to — log(1 — ¢). O

Second, we consider the contraction rate of the bounds Sj.4, considered by Algorithm

Lemma 14. Let Q and P be distributions over R with unimodal density ratio r = dQ/dP, given to
Algorithm[3 as the target and proposal distribution as input, respectively. Assume P has CDF Fp
and the mode of r is at p. Fix d > 0 and let X1.q be the samples considered by Algorithmand Sq
the bounds at step d + 1. Then,

d
Ex,..[P(Sa)] < (i) (171)

Proof. We prove the claim by induction. For d = 0 the claim holds trivially, since Sy = R, hence
P(Sp) = 1. Assume now that the claim holds for d = k — 1, and we prove the statement for d = k.
By the law of iterated expectations, we have

EXl:k[P(Sk)] = EXlzkfl[EXklxlzk—l[P(Sk?)H' (172)

Let us now examine the inner expectation. First, assume that S;_1 = (a, b) for some real numbers
a < band define A = Fp(a), B= Fp(B),M = Fp(p) and U = Fp(Xy). Since X}, | X141 ~
P|s,_,, by the probability integral transform we have U ~ Unif (A, B), where Unif(A, B) denotes
the uniform distribution on the interval (A, B). The two possible intervals from which Algorithm
will choose are (a, X}) and (X, b), whose measures are P((a, X)) = Fp(Xy) — Fp(a) =U - A
and similarly P((Xy, b)) = B — U. Then, P(Sx) < max{U — A, B — U}, from which we obtain
the bound

3 3
Ex, x.0_: [P(Sk)] < Eymax{U — A, B -U}] = Z(B —A) = iP(Sk,l). (173)

27



Plugging this into Equation (172)), we get

3
Ex, . [P(S0)] < Exy s [P(Sk-1)] (174)
k-1
3 (3
<Z.(= 175
e s
where the second inequality follows from the inductive hypothesis, which finishes the proof. O

The proof of Theorem [3: We prove our bound on the runtime of Algorithm [3 first, as this will
be necessary for the proof of the bound on the codelength. First, let D be the number of steps
Algorithmtakes before it terminates minus 1. Then, we will show that

1
ED|< —D Pl+4 176
D) < o Del@lPL + (176)
We tackle this directly. Hence, let
[ 4
Ep[D] = lim Ex,, .Z‘;j Aj (177)
=
- y
— i v | :
dggoEXI:] ]; oz P(S;) Aj1log P(S;) (178)
- y .
< lim E —_— —Aj;11log P(S,; 179
= dhhe X | ey {logP(Sj)} J; 341108 PL5;) 4
sl QP + loge) - lim E J 180
=~ ( KL[QH ] + log 6) . di{go X1, Jren[zli}c(l] m . ( )
To finish the proof, we will now bound the term involving the limit. To do this, note, that for any
finite collection of reals F', we have max,ec {2} = — min,cp{—2}, and that for a finite collection
of real-valued random variables I we have E[min__{x}] < min__z{E[x]}. Now, we have
: —J . . J
lim Ex, . ———— | = lim —Ex, . —_— 181
dSoo X1 Lrél[?:)c(z] {1ogP(Sj)H e X Lgﬁ% {logP(Sj)H (181
. . J
<1 - Ex, |/—=—= 182
<t (- (B [ ) 0@
%) li ( i { J }) (183)
11m — 1min T T~
T d—oo j€E[1:d] lOg]EXLj [P(Sj)]
! in { I 184
= 85\ e | Glog(4/3) (184)
1
=1 —_— 185
00 (jren[?:}({i] {10g(4/3) }) (185)
1
= 186
lo8(1/3) (0

Inequality (a) follows from Jensen’s inequality. Finally, plugging this back into the previous equation,
we get

Dxi[Q[P] +loge _ Dki[Q|P]

E[D| <
D] = log4/3 — log4/3

+4 (187)

Proof of Theorem [2: For the codelength result, we need to encode the length of the search path
and the search path itself. More formally, since the returned sample X is a function of the partition
process Z, the search path length D and search path Sy.p, we have

H[X | Z] < H[D, So.p] = H[D] + H[So.p | D). (188)
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we can encode D using Elias vy-coding, from which we get

H[D] <Ep[2log(D +1)] + 1 (189)
< 2log(E[D] +1) + 1 (190)
< 2log (DKL[ICO’QQ;(Z]/;) loge | 1) 1 (191)
< 2log (DkL[Q||P] + loge + 1log(4/3)) + 1 — 21og (log(4/3)) (192)
< 2log (Dx1[@Q||P] + 1) + 1 — 2log (log(4/3)) + 2log(log e + log(4/3)) (193)
< 2log (DxL[Q||P] + 1) + 6. (194)

Given the search path length D, we can use arithmetic coding (AC) to encode the sequence of bounds
So.p using —log P(Sp) + 2 bits (assuming infinite precision AC). Hence, we have that the average
coding cost is upper bounded by

lemmal[L3]
Putting everything together, we find
H[D, So.p] < DxL[Q| P] + 2log(DkL[Q|P] + 1) + 11, (196)

as required.

D Additional experiments with depth-limited GRC

In this section we show the results of some experiments comparing the approximation bias of depth
limited GRCD, to that of depth limited AD* , following the setup of |[Flamich et al. (2022). Limiting
the depth of each algorithm introduces bias in the resulting samples, as these are not guaranteed to
be distributed from the target distribution (), but rather from a different distribution Q. Figure[5
quantifies the effect of limiting the depth on the bias of the resulting samples.

In our experiment we take ) and P to be Gaussian and we fix Dxp,[Q||P] = 3 (bits), and consider
three different settings of Do [Q||P] = 5,7 or 9 (bits), corresponding to each of the panes in fig. 5.
For each such setting, we set the depth limit of each of the two algorithms to Dyax = Dk1[Q||P]+d
bits, and refer to d as the number of additional bits. We then vary the number of additional bits
allowed for each algorithm, and estimate the bias of the resulting samples by evaluating the KL
divergence between the empirical and the exact target distribution, that is Dk1,[Q||Q]. To estimate
this bias, we follow the method of |Pérez-Cruz|(2008). For each datapoint shown we draw 200 samples

X ~ Q and use these to estimate Dy, [Q\\Q] We then repeat this for 10 different random seeds,
reporting the mean bias and standard error in the bias, across these 10 seeds.

Generally we find that the bias of GRCD is higher than that of AD* . This is likely because AD*
is implicitly performing importance sampling over a set of 2Pmax*+4 _ 1 samples, and returning the
one with the highest importance weight. By contrast, GRCD is running rejection sampling up to a
maximum of Dy, + d steps, returning its last sample if it has not terminated by its (Dyax + d)‘h step.
While it might be possible to improve the bias of depth limited GRCD by considering an alternative
way of choosing which sample to return, using for example an importance weighting criterion, we do
not examine this here and leave this possibility for future work.

Bias for Gaussian Q and P

710 B
Eo.s % AD - GRCD § §
0.6 > >
\\\ ~ i \§\\
P i — - — S~
& oL DlQIPI=5 R & D [QIP]=7 5 “““ Do[QIIP]=9 )

0

1

2 3
# additional bits

0

1

2 3
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0 1

2 3
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Figure 5: Bias of depth-limited AD* and GRCD, as a function of the number of additional bit budget
given to each algorithm. See text above for discussion.
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