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A REVIEW OF ROBUST LIST LEARNING OF SPARSE LINEAR CLASSIFIERS

Algorithm 4: Robust list learning of sparse linear classifiers

procedure SPARSELIST(D, m)
L+—o
Vo 2—(bs+slog s)

Sample (x™),y(1) ..., )
foreach (i1,...,is) € [d]® and (js) € [m]® do

y(jl)xgl) y(jl)Xz(‘Zl) y(jl) —v
w : _
L+ LU {w}
end
return L

For completeness, we now describe an algorithm to solve the robust list learning problem for sparse
linear classifiers. It is based on the approach used in the algorithm for conditional sparse linear
regression (Juba, 2017), using an observation by Mossel & Sudan (2016). We will prove the following:

Theorem A.1. Suppose the numbers are b-bit rational values, Algorithm 4 solves robust list-learning
of linear classifiers with s = O(1) nonzero coefficients and margin v > 2= (bstslogs) from m =
O(L (slogd + log %)) examples in polynomial time with list size O((md)®).

Proof. We observe that the running time and list size of Algorithm 4 is clearly as promised. To see
that it solves the problem, we first recall that results by Blumer et al. (1989) and Hanneke (2016)
showed that given O(%(D +log %)) examples labeled by a class of VC-dimension D, any consistent
hypotheses achieves error e with probability 1 — d. In particular, halfspaces in R? have VC-dimension
d; Haussler (1988) observed that s-sparse linear classifiers in R have VC-dimension s log d. Hence,
if the data includes a set S of at least (1 (slogd + log $)) inliers and we find a s-sparse classifier
that agrees with the labels on S, it achieves error 1 — € on S with probability 1 — §/2. Observe
that in a sample of size O(-L(slogd + log §)), with an « fraction of inliers, we indeed obtain
Q(%(slogd + log })) inliers with probability 1 — 6 /2.

Now, suppose we write our linear threshold function with a standard threshold of 1, and suppose
are examples are drawn from R? x {—1,1}. Then a classifier with weight vector w labels x with
1if (w,x) > 1, and labels x with —1 if (w,x) < 1. We observe that by Cramer’s rule, we can
find a value v* > 0 (of size at least 2~ (0575198 5) if the numbers are b-bit rational values) such that
if (w,x) < 1, (w,x) < 1—v* So,itis sufficient for (w,yx) > y — v for a given (x,y), for
some margin v > 9~ (bs+slogs) Thysg, to find a consistent w, it suffices to solve the linear program
<w, y@xl )> > yU) — v for each jth example in S. Observe that if we parameterize w by only the
nonzero coefficients, we obtain a linear program in s dimensions, for which we can obtain a feasible
solution at a vertex, given by s tight constraints. Now, Algorithm 4 enumerates all s-tuples of indices
and examples, which in particular therefore must include any s-tuple of examples in the inlier set S
and the s nonzero coordinates of w. Hence, with probability at least 1 — §, L indeed contains some
w that attains error € on .S, as needed. O

B CONVERGENCE ANALYSIS OF PROJECTED SGD

We show our formal analysis of the Projected SGD (Algorithm 2) in this section.

We first show that the gradient of statistic ReLU, V., Lp(w), is almost Lipschitz continuous, which
will be a critical piece in our convergence analysis of Projected SGD.

Lemma B.1 (Relative Smoothness Of Statistic ReLU). Let D be a distribution on R x [—1, +1] with
standard normal x-marginal, Lp(w) = E(x y)~ply - max(0, (x, w))]. Then, for any v,w € R?
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such that at least one of ||v||2, |w]|2 is non-zero, we have

2

|Vwlp(w) — Vo Lp(v)|2 <
= max(||vlla, [[wl][2)

lw —vll Q)

Proof. Without loss of generosity, assume ||v|l2 > ||w||2, we prove the approximate Lipschitz
continuity of V,,Lp(w) by showing that, for every w,v € RY, ||V Lp(w) — Vo Lp(v)|2 is

upper bound by L - ||w — v||2/]|v]|2 for some constant L > 1.

We firstly show that ||V, Lp(w) — Vo Lp(v)]|2 = O(0(v, w)), then we will prove 6(v, w) can be
upper bounded by ||lw — v||2/||v||2 asymptotically for (v, w) € [0,7/2] and 6(v, w) € [7/2, 7]
separately.

Recall that Vo, Lp(w) = E(x yyply - X - 1{x € h(w)}]. For conciseness of the proof, we define
u = argmax (V, Lp(w) — V4, Lp(v), 2) .
llzll2=1
Then, we have
IVwLp(w) = VuLp(v)|2 = (VwLlp(w) = Vo Lp(v), u)
=E[y - (x,u) (1{x € h(w) N h(v)} — 1{x € h°(w) N h(v)})]
<E[I, u)| (1{x € h(w) N h¥(v)} + 1{x € h*(w) N h(v)})]. (2)
Now, let’s notice that the expectation above only has constraints on a 2-dimensional subspace spanned
by {v, w}. Thus, will show that |(x, u)| is essentially upper bounded by the I norm of the projection

of x onto a 3-dimensional subspace, which will allow us to use polar coordinates to calculate the
above expectation.

We construct a set of orthonormal basis v = {ej, eq, es} as follow. At first, let §; = (v, w) so
that 6, € [0, 7], and we define @ = e5 as well as © = —e sin 0] + es cos 0. Then, denote uy, to
be the projection of u on to the subspace spanned by W = {e;, es} and 62 = (uw, e1) so that
Uy = e cosbsy + ey sinfy. At last, we define 3 = 6(u, uy ) so that 65 € [0, 7/2] and e3 to be
such that
u =uyy cos 3 + es sin O3
=e1 cos 0y cos O3 + eq sin 05 cos O3 + e3 sin 0.
Denote x; = (x, e;) and Xy to be the projection of x onto the subspace spanned by V', by Cauchy
inequality, there is
(x,u) =x1 cos O3 cos O3 + xo sin O3 cos b5 + x3 sin O3

= <XV7 U’>

<[lxvll2
Then, we transform the standard 3-dimensional coordinate system into a spherical coordinate system,
also see figure 3. For any xv = (x1,X2,X3), let ¢ = 0(xv, €3), 0 = 0(xy 1, €1), and r = [[xv |2,
then we have x3 = r cos ¢, x; = rsin ¢ cosf, and xo, = rsin ¢ sin §. Now, applying the standard
Jacobian matrix that maps the spherical coordinates to 3-dimensional Cartesian coordinates yields
dxidxadxs = r? sin ¢pdrdpde. Therefore, following with inequality (2), we have

IV Lp(w) = Vo Lp(v)|l2 2E[[[xv[21{x € h(w) N h*(v)}]
=2 E[||Xv||2]1{X2 COS 01 S X1 sin 01, X9 Z 0, X3 € R}]

@ 1 Y 3 —r?/2
_\/ﬁ/o /0 /0 7° sin ¢e drdeodf
261\/73/+Oo e 2dy
™ Jo
(2)952”)3/2 /+°° re="2dr
0

3/2
0%2/77) / 3)
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Figure 3: Spherical coordinate interpretation.

where the first inequality holds because {xy | xy € h(w)Nhc(v)} and {xy | xy € h¢(w)Nh(v)}
are symmetric under Gaussian measure, the integral domain in equation (i) is valid for 8, 6; € [0, 7]
because x5 cos 0 < x7 sin ;1 implies cot ;1 < cot 0§, which, in turn, indicates 0 < 6 < 67 as cot 0 is
a monotone decreasing function on § € (0, ), and xo > 0 implies ¢ € [0, 7] as we know r,sin6 > 0
by construction, inequality (ii) is obtained by using the law of integration by parts.

For the case of 61 € [0,7/2], it is easy to see that
[w = wlls Z[w - [|lv]2 cos 1 — vl

=||v||2 sin 6,

i
)
> |o||261 cos ——

23
(ii) 3/2
> (3) cos g lellz 1Vuto(w) = Volo()]:

Z[lvllz - [[Vwlp(w) = Vo Lo ()2
where the first inequality holds because the RHS represent the shortest distance from vector v to vector

w, (i) is by the elementary inequality x cos(z/+/3) < sin z as well as the assumption 6; € [0, 7/2],
(ii) is by inequality (3), the last inequality holds due to 3/5 < cos(7/2v/3) and 5/3 < (7/2)%/2.

For the case of 6, € [7/2, 7], by inequality (3) and |w — v||2 > ||v||2, we simply have

2
[V Lp(w) = VyLp ()]s < Vm/2 < mllw -2

which completes the proof by taking L = 2. O

Now we are ready to show the convergence of the gradient norm in Algorithm 2. We first prove a
more general version of Proposition 3.3 as follow, and then give Proposition 3.3 as its corollary.
Proposition B.2. Let D be any distribution on R? x {0,1} with x-marginal such that
I I » < K forallp € {1,2} and some absolute constant K > 0. Define
Lp(w) = Exy)~ply - max(0, (x, w))] as well as gw(X,y) = y - Xy 1{x € h(w)}. Suppose
IVulp(u) — VeLlp(w)|s < L- ||lu— w2/ max(||ullz, |wl|2) for some constant L > 0, then,
with 3 = \/2/TK Ld, after T iterations, the output (w™"), ... w(™)) in algorithm 2 will satisfies
1 I
72

i=1

maxyepd || (@, x)

[gw(i) (Xv Y)] oT

E
DO, DT D (x,y)~D

2] K3Ld
<

16



Published as a conference paper at ICLR 2025

In addition, if T > (2K3Ld + 8 K*d?In(1/6))/€*, it holds min;—1 ... 7||E(x y)~D |G (X, ¥)][l2 <
€, with probability at least 1 — 6.

Proof. Consider the ith iteration of algorithm 2. Based on the gradient step u(9) = w(~1) —
BEpa [Gwi-b (X,y)], we have
Ep(u(i)) — /;D(w(ifl))
— <Vw£1>(w“*”), u® w<H>>

1
+/ <vwﬁp( =D 4w — D)) = Vo, Lp(w >),u<i>—w<i-1>>dt
0
< —B<Vwﬁp(w(i_1)),7jﬂzl w(i—1) (X, )]
/HV Lo+t —w™V)) = Vo Lp(w )2 ul? — w Y |pdt
®
< = B Elgwi-n )], E lgwe-n(x,y)]
S — ORI
o max([[(1—)wl=1 +tul) |, [[wl=D])
L i
< = 8 Bloacn )] B [ 6]} + 257 | B oo 6)] @
D 0 2 ||p® 2
where the first term of inequality (i) holds because x = w( V®2x 4 x, -1, and
(Zopi— L, w " VE2x) = 0 for any z € R? which implies (x,E[g,i-1»(X,y)]) =

(Xepti-1 1, Elgy-1 (X,¥)]), the second term holds due to our assumption, the last inequality
is obtained by observing that Ex ) [gy -1 (x,y)] lies on the orthogonal subspace of w*~1) so
that [lu[[3 = w5 + BIEpe [gwe-v ()3 > w3 and that 1 = w3 <
(1 —t)w Y + tu?||3 because of the projection step (line 6) of Algorithm 2 and that (1 —
Hw 1 + tul is a convex combination of u(*) and w1,

Now, since Lp(w) = E(xy)~ply - max(0, (x,w))] by definition, there is Lp(w) = ||'w||2 .
Lp(w), which, along with the fact that [[u(® |5 > ||w~V||5 = 1, indicates Lp(w®) < Lp(u?).
Therefore, applying Lp(w®) < Lp(u) to the LHS of inequality (4) gives

£p(w) ~ £p(w ) < = 5 (Elguc-n ()l B [ucon (o))

p’L ’
+ 5 || B [guwi-n(x,y)]
D) )
Then, conditioning on the previous samples D) ..., D=1 we have, by the independence between

D and D) and Jensen’s inequality, that
R E [ﬁp(w(l)) _ ﬁD(w(i—l)) | r[)(l)’ o ,f[)(i—l)]
DE)~D

8L

=— B E|gyc- , —l—— E
B D[g G- (x y)] ) 2 D

E [gyti-1 (X, )]
D)

j

() L

< — BE]Gy - E i

< e o+ 55 BB [loaen ol
2

<-p I%‘[gwufl)(x,y)] , + B2K*Ld/2

where inequality (i) is obtained by applying Jensen’s inequality to the second term, and the last inequal-
ity holds because Ep) p[Epe) [[[guwi-— (%, 9) 3] = Ep|llgwi-n (x,y)[|3] and property (3) of
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) . .2 . 2
lemma B.5 gives Ep||| gy -1 (%, ) [13] < dmaxjy,—1 || (X, w)||5, where max,,—1 [|(x, u)||, <
K2 because of our assumption on D,. Averaging the above inequality over all 7T iterations and using
the law of total expectation gives

T
1 Z 2 ['D(w(o)) —Epaiy D[LD(w(T+1))] 2
—_ i < ~

Lp(w®)

pT
<6£ + BK2Ld/2

where inequality (i) holds because Lp(w) > 0, the last inequality is derived by property (1) of
lemma B.5 with ||w® |5 = 1 foralli = 0,...,T + 1 and the K -bounded property of D,. Taking

B = /2/TK Ld gives the first claim.

To obtain the high-probability version, we define
T

Grw®, ... w™) Z

I/\~

+ BK?Ld/2

2

(x, y)ND gw("') (X7 y)}

2

which implies

’GT(w(l), cLw® ,w(T)) — Gp(w®, ... ,w(i)l, - 7w(T))‘

< Elgae (36313 = [Elgao (2, 7)]113]

2dK?
<
- T

where the last step holds due to property (2) of lemma B.5 and that Dy is K-bounded. Now using
lemma B.4, we get

Pr{GT(w(l),...,w(T)) - E [Gr(wD, ... w™)] > t} < exp (—t*T/2K*d?)
PO, DTI~D

Choosing T > (2K°Ld + 8K*d?In(1/6))/e* gives both E[G7(w™, ..., w™))] < €2/2, by our
first claim, and

T
1 2 2\ _ (1) (1) 2
PT{T;WQW(@(X,ZJ)HQ <e } —PT{GT(W R A }

>1-96

Finally, since min;—1___7||E[g. (X, y)]||3 is at most the average, we obtain the second claim. [

An immediate consequence of Lemma B.1 and Proposition B.2 is as follow.

Corollary B.3 (Proposition 3.3). Let D be any distribution on R% x {0, 1} with standard normal
x-marginal. Define Lp(w) = Ex [y - max(0, (x,w))] and g (X,y) =¥ - Xopr 1{x € h(w)},
then, with 3 = \/1/Td, after T > 12d*>In(1/6)/€* iterations, the output (w™V,... w™)) in
algorithm 2 will satisfies that min;—; .. 7||Ex y)~D[gw (X, ¥)]ll2 < € with probability at least
1—0.

Below are a few tools we needed in the proof of proposition B.2.

Lemma B.4 (Theorem 2.2 of Devroye & Lugosi (2001)). Suppose that x1,...,xq € X are indepen-
dent random variables, and let f : X* — R. Let cq,. . ., ¢, satisfies

sup \f(xl,..., X)) — f(xX1, 0% xa)] < e
fori € [d]. Then

2t
Pr{f(x) —E[f(x)] > t} < exp (W) :
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Lemma B.5. Let D be any distribution on R x [—1,41]. Define Lp(w) = E(xy)ply -
max(0, (x,w))] and gu(X,y) = y - Xpo 1{x € h(w)}, then, for any w € RY, we have the
following properties:

1. Lp(w) < |[w]s] (x, )

1°

2. |Ex y)~plgw (%, ¥)]ll2 < Vdmax)y,—1 [|(x,u)

12

~ 2
3. By g (%, ¥)113] < dmaxjy,—1 [|(x,w)|],.

Proof. To show the first claim, notice that y < 1, so we have

Lp(w) =E[y - max(0, (x, w))]
<E[(x,w) - 1{(x,w) > 0}]
<E[|[(x, w)|]

=[lwll2[|(x, w)l|,
where inequality (i) holds because (E[x?])'/? is a increasing function in p, and the last inequality
holds since D is in isotropic position.

To prove property (2), because, again, y < 1, we have
[Ely - % T{x € h(w)}[l; <[E[x]]]]2

<Vdmax E[|x;]]
i€[d]

<vd max ﬂ(x,u>|1
[[ull2=1

where the absolute operator on the RHS of the first inequality is an element-wise operation.

To obtain the last property, notice that ||X,,1 |2 < ||x||2 because x,, . is a projection of x, then we
have

E[lly - %o 1{(x, w) > 0}[3] <E[||x]|3]

. ~2
<d max |[[(x,u)]|,.
llull2=1

C OPTIMALITY ANALYSIS OF APPROXIMATE STATIONARY POINT

We present our analysis for the main theorem of our algorithmic results in this section.

Theorem C.1 (Theorem 3.1). Let D be a distribution on R? x {0, 1} with standard normal x-
marginal, and C be a class of binary classifiers on R? x {0, 1}. If there exists a unit vector v € RY
and a c € C such that, for some sufficiently small € € [0,1/e], Prix yyop{x € h(v)Ne(x) #y} <6

then, with at most O(d2/66) examples, Algorithm I will return a w') | with probability at least 1 — 6,
such that Prx yy.p{x € h(w()) N ¢ (x) # vy} = O(v/e) and run in time O(d?|C| /€5).

Proof. For conciseness of the proof, let the error indicator function £ : R? x {0,1} — {0,1} be
such that fl(lf) (x,y) = 1{x € h(w) Nec(x) £ y}.

Consider the ¢ € C that satisfies min,, Prp {fl(vc) (x,y) = 1} < e For T = 12d?In(8/d1)/¢?,
N > Q(In(16T/51)/€?Ine~!), lemma C.5 and a union bound over the two calls of algorithm 2

guarantees that there exists a w’ € W(®) such that Pr(x7y)ND{f$/) (x,¥)} < 5(evIne1)Y/2 with
probability at least 1 — 07 /2.
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While estimating each w € W() at line 9 with In(47'/4,)/2¢ samples in D, we know that
Pr{ L (x.3) ~ BLA ()| > Ve < /2
by lemma F.4. Taking a union bound over all w € W(©) gives
pe{EL70, ()] > BLA o] + 216} <

Therefore, we can conclude that Pr(y )p {x € h(w®) Ne(x) #y} = O(y/€) with probability
at least 1 — ¢; in this iteration.

Finally, taking an union bound again over all ¢ € C and choosing 6; = §/ \~C|, we know that the total
number of examples needed is O(T'N) = O(d?In(16T'|C| /8)/€5) = O(d?/€5) and the running
time is simply O(|C| TN) = O(d?|C| /%), since we can reuse the example for each ¢ € C. O
Proposition C.2 (Proposition 3.2). Let D be a distribution on R? x {0, 1} with standard normal
x-marginal, and g, (X,y) =y - X4p1 1{x € h(w)}. Suppose v, w € R? are unit vectors such that
Prixyyop{x € h(v) Ny = 1} < e and 0(v, w) € [0,7/2), then, if Prx y)~p{x € h(w) Ny =
1} > 2(evIne 1)/, it holds that

< ke [—gw(x,y)],@m>2§e\/ﬁ

(x,y)~D

for some sufficiently small € € [0,1/e].

Proof. For conciseness, let § = 6(v, w) and define two orthonormal basis e;, €5 such that w = e
and v = —e; sin 6 + eg cos @, which implies e; = —0,,1. Denote x; = (X, e;) so that (x, w) = xa
and (x,v) = —x; sin 0 + x cos 0. Because (x, 1) = (x2€2 + X1, €1) = — (XypL, Uyt ), We have

(E[=gw(x,y)]; V1) = = Ely - (Xept, Dyt ) 1{x € h(w)}]
=E[y - (x,e1) 1{x € h(w)}]
=E[y-x1 - (I{x € h(w) Nh(v)} + 1{x € h(w) N h¢(v)})]
> E[|x1] 1{x; tanf > x5 > 0,y = 1}]
Iy
—E[|x1] 1{x2 > 0,x2 > x; tanf,y = 1}]. Q)

Iy

where the last inequality holds because cosf > 0 by our assumption that §(v,w) € [0,7/2),
and h(w) = {x| (x,w) > 0},h(v) = {x| (x,v) > 0} imply that xo > 0,x2 > x; tanf by
construction. This decomposition above can also be seen from figure 4. Then, we will apply lemma
C.3 to bound the above two terms.

es(w)
v
I I
\ (v, w) el
0]
Figure 4: area represent h(v) N h(w), while area represents h(w) N he(v).

Observe that, since x is sampled from a standard normal distribution and ey, e, are two orthonormal
basis, x1, X2 are two independent one-dimension standard normal random variables. Then, observe
that we can bound 7; and I5 by applying lemma C.3 with carefully chosen « and .
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To apply lemma C.3 on I, by treating x5 > 0 to be the event 7" and the rest to be S in lemma C.3,
we show that there exists an a > 0 such that Pr{xs > 0N xs > xytanf Ny = 1} < Pr{xs >
0N |X1| Z Ot}.

First of all, notice that Pr{xs > 0Nxy > x;tanf Ny = 1} = Pr{x € h(v) Ny = 1} < ¢

by our assumption. Suppose o = \/2 Ine~! — 2In(kVIne~1) for some k > 1, then, due to the
independence between x1, X2 as well as lemma F.9, there is

exp (—lne_1 +1n(m\/ﬁ))
V2r (\/2 Ine—! — 21I1(I£\/ln?) 4 1)

Pr{xs > 0N|x1| > a} >

_\/ﬂ <\/2 —2In(kvVIne1)/Ine-1 + 1/\/11161)
SR (Var)

where the last inequality holds because x > 1 and € € [0,1/¢] so that In(kVIne=1)/Ine~! > 0 as
well as Ine~! > 1. Taking k = /27 (ﬂ + 1) results to Pr{xs > 0N |x1| > a} > e. Then, lemma
C.3 gives

I, <E[x1|1{x2 > 0,|x1| > a}]

2
x1e 5/ 2dx,

1
=L
_oxp (1ne+ln (m (V2+1) \/ﬁ))

V2m
<3evVIne 1. ©)

To apply lemma C.3 on [;, notice that the event x; tanf > xo > 0 in [; is a subset of event
x1 > 0N xgo > 0 because §(v, w) € [0,7/2). Therefore, we can view the event x; > 0 Nx2 > 0
as T in lemma C.3 and show that there exists a § > 0 such that Pr{0 < x; < fNxy > 0} <
Pr{xj tanf > x2 > 0Ny = 1} to apply lemma C.3.

At first, observe that, by our assumption that Pr{x € h(v) Ny = 1} < e as well as Pr{x €
1/2
h(w)Nny =1} > g (e\/lne—l) , there is

1/2

(6_1/2 + 61/2) (e\/ﬁ) 2 —€ <g (6@) —€

<Pr{xeh(w)Ny=1}—-Pr{x € h(v)Nx € h(w)Ny =1}
=Pr{x e h’(v)Nx € h(w)Ny =1}
=Pr{x;tanf >xo > 0Ny =1}

where the first inequality holds because e~'/2 4+ ¢/2 < 5/2. Then, taking f =

1/2
2v/2em (6\/ In e*1> yields

1
Pr{OSXlS,Bﬁxzz()}ziPr{nglgﬁ}

2ve (eVime)"”
= (et 4 12 (em)m e (em)m

1/2

< (671/2 + 61/2) (e@) —€
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where the first equation holds because x;, xo are independent, inequality (i) holds due to the fact
that standard normal density is never greater than 1/+/27, and the last inequality holds because
e €[0,1/¢] so that e=1/2 > \/e/In'/* ¢~ 1. Applying lemma C.3 gives

I >E[x; - 1{0 < x; < 2\/2@7T(e\/lne*1)1/2,x2 > 0}]
1 2v2em(evVIne—1)/2
/

2
x1e %1/ 2dx,

T 2ar
1—exp (*4671’6’\/111 e*1>

221
2\/§eev1ne—1 @)

where the last inequality holds because of the fundamental inequality 2 /2 < 1—e~? for z € [0, 1.59].

At last, since e /7/2 — 3 > 2/5, taking inequalities (7) and (6) back to inequality (5) gives the
desired result. O

The following lemma plays a key role in proving proposition 3.2.

Lemma C.3. Let D be an arbitrary distribution on R, and S, T be any events such that Prp{S N

T} = p for some p € (0,1). Then, for any unit vector u € R, and parameters o, 3 that satisfies
Pr{T N |{x,u)| < B} < p <Pr{T N[(x,u)| > a}, it holds that

Ell(x, w)| T, [{x, w)| < B}] < E[[{x, w)| 1{S, T}] < E[[{x, w)| 1{T, |(x, u)| = a}].

Proof. For conciseness of the proof, we denote &>, = {x|TNx,u)|>t}, < =
{x|TN|(x,u)] <t},and Eg = {x | SNT}.

To show the first property, let &« > 0 be such that p < Pr{T N |(x,u)| > a} = Pr{x € £>,}. Then,
if x € £g\E>q, there must be |(x, u)| < a. Therefore, we have

XLEDH(X,u)I 1{S, T} =E[|(x,u)| 1{x € Es}]

—E[|(x, w) | 1{x € E5 N Esa}] + E[[(x, u)]| 1{x € £5\Exa)]
<E[(x,u)|1{x € Es NE>u}] + E[al{x € Es\E>a ]
QB[ (x, w) | 1{x € £5 N Exa)] + E[|(x, w)| 1{x € E20\Es)]
—E[|(x, u)| 1{T. | (x, u}| > a}]

where inequality (i) holds because Pr{x € £s} < Pr{x € &>,} by construction, which implies
Pr{x € Es\E>a} < Pr{x € £5,\Es}, and every x € &>, satisfies |(x, u)| > a.

To prove the second claim, we similarly define 8 > 0 be such that p > Pr{T N |(x,u)| < 8} =
Pr{x € £<}. Similar to the case of |(x,u)| < «, we should notice that, if x € £g\E<p, there is
|(x,u)| > B. Hence, with a similar argument as above, we have

E I @) {8, T3] =E[|(x, w)| 1{x € Es}]
=E[l(x, w)[1{x € & N E<p}] + E[|(x, u)| 1{x € E5\E<p}]
>E[|(x,u)| 1{x € & N E<p}] + E[FL{x € E5\E<p}]
> E[|(x,u)[ 1{x € & N E<p}] + E[|(x, u)| 1{x € E<p\Es}]
=E[|(x,w)| H{T, [(x, w)| < 5}]
which completes the proof. O

The following corollary is an immediate result of Proposition C.2.
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Corollary C.4. Let D be a distribution on R? x {0,1} with standard normal x-marginal,
and g (X,y) = v - X1 1{x € h(w)}. Suppose v,w € R are unit vectors such that
Prixyyopix € h(v) Ny = 1} < e and O(v,w) € [0,7/2), then, if a unit vector w satisfies

that ||E x,y)~D[gw (X, ¥)][l2 < 2eVIne~1, we have
Pr {xch(w)ny=1}< g(e\/lne*1)1/2

(x,y)~D

for some small enough € € [0,1/e].

Proof. By Cauchy’s inequality and our assumption, it holds that

2
E  [—gw(X,y)], Opt ) < E w (X, < —eVIne !
(o plute v us ) < | B foutey]] <Fev
Then, negating Proposition 3.2 gives the desired result. O

Now we are ready to prove that at least one of the halfspaces selector returned by the Projected SGD
is close to the optimal one of the classifier ¢ € C in one iteration in Algorithm 1.

Lemma C.5 (Lemma 3.4). Let D be a distribution on R¢ x {0, 1} with standard normal x-marginal,
and g (X,y) =y - X1 1{x € h(w)}. Suppose v € R% is a unit vectors such that Pr(x y).p{x €
h(v) Ny =1} < ¢ if T > 12d%In(2/6)/e*, N > In(4T/5)/Ce* In e for some constant C > 0,
and (v, w) € [0,7/2), it holds that at least one of w € W returned by algorithm 2 will satisfies

Pr {xeh(w)ny=1}< ?(E\/ﬁ)l/z

(x.y)~D 2

with probability at least 1 — 0 for some sufficiently small € € [0,1/e].

Proof. By Corollary B.3 with T > 12d?1n(2/6)/e*, there exists a w € W such that
|Ep[gw(x,¥)]|l2 < € with probability at least 1 — §/2. Suppose w € W is indexed in the same
order that the iterations happened in algorithm 2, and let w® be the first parameter in that order such
that [[Ep [g,, (%, y)][[2 < €.

Consider now the subset S = {w™), ... w{~D} C W, there are two possible cases, either there

already exists a w € S such that Pr{h(x,w) > 0Ny = 1} < 2(evIne1)'/2, or none of them
have low error rate. The former case already satisfies the desired requirement, hence, we will focus
on prove the latter case also implies the existence of a good parameter.

We first show that, by induction, every w(® € {w(®) ... w®} satisfies O(v, w®) € [0, 7/2) with
high probability.

For w(®) = e;, since we assumed 6(e;,v) € [0,7/2), it is trivially true.

Inductively, assume 0(v, w®) € [0,7/2). Then, due to our previous assumption in this case that
Pr{h(x,w®) > 0Ny = 1} > 3(eVIne 1)'/2 for every w'¥ € S and some sufficiently small

e, we can refer proposition C.2 to obtain (E[—g,, (X, )], Uy2) > 2evIne~1. Notice that, in

algorithm 2, the update step in algorithm 2 tells us that B

wltD —w® 48 B [—gum(xy)).
(x7y)ND(z+1)

Referring lemma F.8 for E 5 ;1) [(go () (X, ¥), Doy )] and some absolute constant C' > 0 gives

2 _
l;)r {‘< E [ (X,¥7)] — Elgeo (x, y)],t_}w(¢>¢>‘ > ge\/ lne—l} < 9e—CNe?Ine™!

Dli+1) D
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which implies (Ep 1) [~ g (X, )], B2 ) > 0 with probability at least 1 — 2~ N e for
some sufficiently small €. Therefore, we have

(B, ool o) =( B =guo(x ¥ vuros )

Dli+1) Dli+1)

e oz < E [—guo ()] vw<i>i>
D(i+1)
>0

Now, by lemma C.6, we can conclude that <w(i+1), 'u> > <w(i), v>, which implies O(w(”l), v) €
[0, /2) with probability at least 1 — 2e~¢N ¢lne”’ Taking a union bound over all T' > ¢ iterations
gives that O(w®, v) € [0,7/2) with probability 1 — 2Te~CN<*Ine™"

At last, combining f(w®), v) € [0,7/2) and the assumption that ||Ep[g., (X, y)]|l2 < €, corollary
C.4 gives Pr{h(x,w) > 0Ny = 1} < 2(evIne 1)Y/2. Taking N > In(47/5)/Ce*Ine}
completes the proof. O

We need the following lemma to aid the above argument.

Lemma C.6 (Correlation Improvement Diakonikolas et al. (2020a)). For unit vectors v, w € R?, let
u € R be such that (u,v) > ¢, (u,w) =0, and ||ul|2 < 1, with ¢ > 0. Then, for w' = w + \u,
we have that (w',v) > (w,v) + Ac/8.

D ANALYSIS OF ALGORITHM 3

We prove the generalization of our conditional learning algorithms from finite classes to sparse linear
classes in this section.

Theorem D.1 (Theorem 3.5). Let D be a distribution on R¢ x {0, 1} with standard normal x-
marginal, and C be a class of sparse linear classifiers on R? x {0, 1} with sparsity s = O(1). If there
exist a unit vector v € R% and a classifier ¢ € C such that, for some sufficiently small € € [0,1/€],
Prxy)~p{x € h(v) Nc(x) # vy} < ¢ then, with at most poly(d, 1/e,1/5) examples, Algorithm 3

will return a w'®), with probability at least 1 — 6, such that Pryyon{x € h(w®) Ne(x) £y} =

O(+v/€) and run in time poly(d, 1/¢,1/9).

Proof. We first show that the returned list of Algorithm 4 will contain a classifier ¢ such that
Pricy~p{x € h(v) N (x) #y} < 2e.

We decompose distribution D into a convex combination of an inlier distribution D* and a outlier
distribution D in the following way. Let D* be a distribution on R¢ x {0, 1} with standard normal

x-marginal such that its labels are generated by c(x), while D be any distribution on R? x {0, 1}
with standard normal x-marginals. Observe that, since Pr{x € h(v) N¢(x) # y} < € and
Pr{x € h(v)} = 1/2, there are at least 1/2(1 — ¢€) fraction (weighted by Gaussian density) of the
labels of D is consistent with ¢(x). Therefore, there must exist some & > 1/2(1 — €) such that the
labels of Dy can be generated by selecting labels from D* with probability mass « and from D with
probability mass 1 — a, namely D = aD* + (1 — a)D.

Hence, we can refer Theorem A.1 and Definition 1.3 to conclude that there exists a classifier ¢’ in the
returned list of Algorithm 4 such that Pr{x € h(v) N ¢/ (x) # y} < 2e. Meanwhile, it is easy to see
that Algorithm 4 takes only poly(d, 1/e,1/§) examples and runs in poly(d, 1/€, 1/§) time since « is
a constant.

At last, by Theorem C.1, we obtained the claimed result. O

E ANALYSIS OF HARDNESS RESULTS

We denote Zg := {0,1,...,q — 1}, Ry := [0,¢), and mod, : R? — RY to be the function that
applies mod,, operation on each coordinate of x.
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Assumption E.1 (Sub-exponential LWE Assumption). For q,x € N,« € (0,1) and C > 0 being
a sufficiently large constant, the problem LWE(2°(4") Zg, ZZ,N(O, o), mod,) with ¢ < d* and
o = CV/d cannot be solved in 2°%") time with 2-°") advantage.

For convenience, we restate the notations been used in section 4 at first.

For simplicity, we define y = 1{c(x) # y'} for (x,y’) ~ D’ and only consider the distribution
(x,y) ~ D for the rest of this section. Notice that, for agnostic setting, since D’ is adversarial, D is
also adversarial in the worst case. Therefore, such replacement does not affect the difficulty of the
problems we concerned about.

Normally, one would consider the classification loss to be the expected disagreement between the
classifier and the labelling. However, it is more convenient for us to view a labelling y = 1 as an
“occurrence of error” and define the loss in terms of such occurrences. Specifically, for any subset
S C R9 and any distribution D on R? x {0, 1}, we define the classification loss as

errp(S) = ( P)I:VD{y =1{x € S}}. (8)

D

Note that this definition of classification loss is essentially the same as the “traditional” classification
loss that defined in terms of disagreement since we can convert from one to another by simply
negating the labelling.

Analogously, for any subsets S,7 C R? and any distribution D on R¢ x {0, 1}, we denote the
conditional classification loss as

errp|7(S) = (xf,’)rND{yz]l{xe St|xeTh. )

For simplicity, we write errp|7 instead of errp|7(S) when S = T.

Lemma E.2 (Lemma 4.4). Let D be any distribution on R? x {0,1} and S be any subset of RY,
we have errp(S) = 2errp|g Prp{x € S} + Prp{y = 0} — Prp{x € S} as well as errp(S) =
2errpge (S) Prp{x € S°} + Prp{y = 1} — Prp{x € S°}.

Proof. By the law of total probability and definition (8), we have
errp(S) =Pr{y = 1{x € S}}
=Pr{y=1Nnxe S}+Pr{y=0Nx¢ S} (10)
Again, by the law of total probability, we have that
Pr{y=0Nnx¢ S} =Pr{y=0} -Pr{y=0nxe€ S}
=Pr{y=0}-Pr{xeS}+Pr{y=1Nnxe€ S} (11)
Taking equation (11) back into (10) gives
errp(S) =2Pr{y=1|x € S}Pr{x € S} + Pr{y =0} — Pr{x € S}
=2errp g Pr{x € S} + Pr{y = 0} — Pr{x € S}
where the last equation holds due to definition (9). Similar to equation (11), we have
Priy=1NnxeS}=Pr{y=1} —Pr{x¢ S} +Pr{y=0Nnx ¢ S}
which, when plugging back to equation 10, gives
errp(S) =2Pr{y =0|x ¢ S}Pr{x ¢ S} + Pr{y =1} — Pr{x ¢ S}
=2Pr{y =1{x € S} |x € S} Pr{x € S} + Pr{y =1} — Pr{x € 5S¢}
=2errp|se(S) Pr{x € S°} + Pr{y = 1} — Pr{x € S°}.
The proof is completed. ]

Proposition E.3 (Proposition 4.5). Let D be any distribution on R% x {0, 1}, H be any subset of
the power set of R? closed under complement, and define 13" = {S € # | Prp{x € S} € [a, b]}
forany 0 < a < b <1 Forany0 < a < b < 1lande¢,§ > 0, given sample access to
D, if there exists an algorithm A (¢, 0,a,b) runs in time poly(d,1/e,1/6), and outputs a subset
S1 € H%’b such that errp|g, < minSeH%b errp|s + € with probability as least 1 — 0, there exists

another algorithm As(e, ), runs in time poly(d, 1/e, 1/8), and outputs a subset Sy € H such that
errp(S2) < mingey errp(S) + 6¢ with probability at least 1 — 6.
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Proof. We prove the proposition by showing that there exists a efficient reduction from the problem
of agnostic classification to conditional classification in terms of their loss functions.

Fix a subset S* € # such that S* = argming,, errp(S) and define p = Pr{x € S*}. Then, let
pi, Pu > 0 be any constants such that p,, — p; = € as well as p € [py, pu]-

Consider now another subset S € H53"* such that S” = argmin Seppivu errp|s. Notice that 5™ is

a feasible solution for the conditional classification problem on H’3**, i.e. S* € H3P*, because
Pr{x € S*} = p € [pi, pu] by construction.

Let S; be the subset returned by algorithm A4, (¢, d, p;, p,). Then, with probability at least 1 — 4,
there is

errp(S1) =2errpg, Pr{x € S1} + Pr{y = 0} — Pr{x € 51}

@)

<2 (errms/ + e) Pr{xe€ S1} +Pr{y =0} — Pr{x € 51}
(ii)

<2errp|g« Pr{x € S1} + Pr{y = 0} — Pr{x € S1} + 2¢
(iif)

< 2errp|g- (p+€) +Pr{y =0} — (p—€) + 2¢

(iv)

< 2errp|g- Pr{x € §*} +Pr{y = 0} — Pr{x € S*} + 5¢

=errp(S™) + He (12)
where the first equation is derived by lemma E.2, inequality (i) holds due to the error guarantee
of algorithm Aj (e, §, p;, p., ), inequality (i) holds because of the optimality of S’ as well as S* €
HEP | inequality (iii) holds since algorithm Aj (e, 8, py, p,,) guarantees S € H7 P, which implies
pr < Pr{x € 51} < pu, and, by definition, there are p; > p — ¢, p,, < p + ¢, inequality (iv) holds
because p = Pr{x € S*} by definition as well as errp|g- = Pr{y = 1| x € S*} <1, and the last
equation is, again, by referring lemma E.2.

Although we do not know what value should p take exactly, we only need to guess a small range where
p lies in to make inequality (12) holds with high probability. Specifically, we construct algorithm
As(e, d) by using algorithm .4 as a subroutine in the following way.

Fork =1,2,...,[1/¢], we run algorithm A; (¢, €§/2, (k—1)e, ke). Observe that, when we “guessed”
the correct k such that p € [(k — 1)e, ke], inequality (12) must holds with probability at least
1 — €6/2 because of the parameters we passed into A;. Let S*) be the solution returned by
algorithm 4; during the kth call, we construct an empirical distribution D " D and choose So
such that err5(S2) < mingeqry /e err(S). Notice that we only need the sample size of Dto
be polynomially large to guarantee that errp(Ss) < mingeqry /e errp (S (k)) + € with probability
at least 1 — §/2 by lemma F.4 (Chernoff Bound). Further, by a union bound over all [1/€] calls of
algorithm 4; and the estimation of classification error on 15 we have, with probability at least 1 — 9,
that

errp(Sy) < min errp(SH) + ¢
kef1/2¢]

®
<errp(S™) + 6e
= min errp(S) + 6¢

where inequality (i) alone holds with probability at least 1 — §/2 because the second argument, €5/2,
we passed in algorithm .4; guarantees that inequality (12) holds with probability at least 1 — €§/2
when we guessed p = Pr{x € S*} correctly, and taking a union bound over the [1/¢| guesses gives
probability at least 1 — §/2. It is easy to see that each call, A; (e, €d, (k — 1)e, ke), runs in time
polyd, 1/¢,1/ed, and we only called .A; for at most [1/¢] times, the resulting running time is still
poly(d, 1/e,1/8), which completes the proof. O

Claim E.4 (Claim 4.7). Let D be any distribution on R% x {0,1}, H be any subset of the power

set of R closed under complement, and define ’HaD’b = {S eH| Prp{x € S} € [a,b]} for any
0<a<b< 1l Forany0<a <b<1, aed >0 given sample access to D, if there exists
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an algorithm A; (e, 6, a,b), runs in time poly(d, 1/a,1/5), and outputs a subset S1 € ’H%’b such

that errpjs, < (14 ) minSeHaD,b errp|g with probability as least 1 — 0, there exists another

algorithm As (e, €,9), runs in time poly(d,1/a,1/€,1/6), and outputs a subset So € H such that
errp(S2) < (1 4 «)(mingey errp(S) + 4e) with probability at least 1 — 6.

Proof. Fix a subset S* € H such that S* = argming,, errp(S) and define p = Pr{x € S*}. This
proof generally follows the same strategy of the analysis of proposition E.3. However, differing from
the proof of proposition E.3, to complete the multiplicative reduction, we have to deal with two cases,
2errp g Prp{x € S} < errp(S) and 2errp g (S) Prp{x € S¢} < errp(S), because errp(S) can
be expressed in two forms according to lemma E.2.

Briefly speaking, when prove the additive reduction, the additive error will be carried through from
conditional classification loss to classification loss no matter if 2errp|g Prp{x € S} < errp(S)
because errp(.S) is affinely related to errp|g by lemma E.2. However, whether a multiplicative error
can be passed from one loss to another depends on whether 2errp|g Prp{x € S} < errp(S), which,
of course, is not always true. Nonetheless, it is easy to see either 2errp|s Prp{x € S} < errp(S)
or 2errp|se(S) Prp{x € S} < errp(S) based on lemma E.2: observe that Pr{y = 0} — Pr{x ¢
S*}+Pr{y =1} —Pr{x ¢ S*} = 0, so either Pr{y = 0} —Pr{x € S*} or Pr{y =1} —Pr{x ¢
S*} must be nonnegative. We show that the multiplicative factor can be preserved through the
reduction for both of these cases.

Case I, Pr{y = 0} —Pr{x € S*} > 0. Let p;, p,, > 0 be any constants such that p,, — p; = € as well
as p € [p, pu). Consider now another subset S € HY P such that S" = argminSEHle,pu errp|g.

Notice that S* is a feasible solution for the conditional classification problem on ’H% Puje. S* €
HI P, because Pr{x € S*} = p € [p;, p,] by construction.

Let S; be the subset returned by algorithm A; (¢, d, p;, p,). Then, with probability at least 1 — 4,
there is

errp(S1) =2errp|g, Pr{x € S1} +Pr{y = 0} — Pr{x € S}
22 (14 a)errp| g Pr{x € S1} + Pr{y = 0} — Pr{x € 51}
22(1+ a)errpjs. Prix € S1} + Pr{y = 0} — Pr{x € 51}
o1+ a)errpys- (p+ )+ Pr{y =0} — (p— )

(2)2 (14 a)errpig- Pr{x € S*} + (1 + a) (Pr{y =0} = Pr{x € S*}) +3(1 + a)e
=(1+4 «) (errp(S™) + 3¢) (13)

where the first equation is derived by lemma E.2, inequality (i) holds due to the error guarantee
of algorithm Aj (e, 8, p;, p., ), inequality (ii) holds because of the optimality of S’ as well as S* €
HEP | inequality (iii) holds since algorithm Aj (¢, 8, py, p,,) guarantees S € H7 P, which implies
p < Pr{x € S1} < pu, and, by definition, there are p; > p — €, p, < p + €, inequality
(iv) holds because p = Pr{x € S*} by definition, errp|g- = Pr{y = 1|x € S*} < 1, and
Pr{y = 0} — Pr{x € §*} > 0 by assumption, the last equation is, again, by referring lemma E.2.

CaseII, Pr{y = 1} — Pr{x ¢ S*} > 0. Let p;, p,, > 0 be any constants such that p,, — p; = € as
well as 1 — p € [p;, pu]. Further, let Dy be the distribution on R? x {0, 1} constructed by flipping
the labels of D. Notice that, for any S € H, we have, by definition 9, that
errp, s = Pr {y=1{xe S} |xeS}
(%,y)~Do
= Pr =1|xeS
oo =11 }
()
= Pr {y=0|x€eS
(x,y)ND{ | s
= Pr {y=1{xe S} |xeS}
(x,y)~D

=errp|s(S°) (14)
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where equation (i) is because Dy has reversed labelling from D so thatevery y = 1in Dy isy = 0 in
D, and the last equation is by definition (9).
Consider now another subset S’ € H%f * such that S’ = argmin SeHBL P CITDy 5. Notice that 5*¢

is a feasible solution for the conditional classification problem on H5 ™, i.e. S* € HY3 P, because
Pr{x € §*} =Pr{x ¢ S*} =1 — p € [pi, p.] by construction. Observe now that, since Dy only
differ from D on the labelling, any subset S € H%’p “ must also be in 'H%(;p “ vice versa. Therefore,

we also have S’ € HiyP* as well as S*¢ € Hp, P

Let Sy be the subset returned by algorithm A (¢, 8, p;, p,) given sample access to Dy. Then, with
probability at least 1 — ¢, there is

errp(ST) =2errpg, (S7) Pr{x € S1} + Pr{y = 1} — Pr{x € 51}
g2er1rpo‘gl Pr{x e 51} +Pr{y =1} — Pr{x € 51}

(22 (I1+a)errp, s Pr{x € 51} + Pr{y = 1} — Pr{x € 5}
(2)2 (1+a)errpy|g-c Pr{x € 51} + Pr{y = 1} — Pr{x € 51}
2 (1+ a)errpisec(S7) Pr{x € Si} + Pr{y = 1} - Pr{x € 51}
22 (1+a)errpig«(S*) (1 —p+e)+Pr{y=1} = (1 —p—¢)

(vi)

<2(1+a)errpgee(S*)Pr{x ¢ S*} + (1 +a) (Pr{y =1} = Pr{x ¢ S*}) +3(1 + a)e
= (14 a) (errp(S™) + 3¢) (15)

where the first equation is derived by lemma E.2, inequality (i) holds through using equation (14)
reversely on errp, g, (S7), inequality (ii) holds due to the error guarantee of algorithm A; (¢, 6, pi, pu),
inequality (iii) holds because of the optimality of S’ as well as S*¢ € ’H%f * as we discussed
previously, inequality (iv) holds by applying equation 14 on errp,s-c, inequality (v) holds since
algorithm A, (¢, d, i, p,) guarantees Sy € Hiy'*, which implies p; < Pr{x € S1} < p,, and, by
definition that 1 — p € [p;, py), there are p; > 1 —p—¢€, p, < 1 — p—+ ¢, inequality (vi) holds because
1 —p=Pr{x € §*} = Pr{x ¢ S*} by definition, errp|g--(S*) = Pr{y =0 [ x ¢ S*} < 1, and
Pr{y =1} — Pr{x ¢ S*} > 0 by assumption, the last equation is, again, by referring lemma E.2.

Given inequalities (13) and (15), we can conclude that, when Pr{x € S*} is known, we
can always use A; to find a subset S such that, with probability at least 1 — J, errp(S) <
(14 ) (errp(S*) + 3e).

Then, the construction and analysis of .45 is rather identical to those of A in the proof of proposition
E.3. We will then refer the proof of proposition E.3 to completes the analysis. O

F GAUSSIAN PROPERTIES AND CONCENTRATION TOOLS

In this section, we show some common properties of Gaussian distributions for completeness.
Definition F.1 (Sub-gaussian norm Vershynin (2018)). For any random variable x ~ D on R, we
define ||x|, = inf {t >0 | ExopleX /] < 2}.

Fact F.2 (Gaussian 1y-norm). Let z ~ N(0,2), we have ||z, = /8/30.
Fact F.3 (Gaussian Tail Bound). Let z ~ N(0,0?), we have Pr{z >t} < e=t?/207,

Lemma F.4 (Chernoff Bound). Lef x1,...,X,, be a sequence of m independent Bernoulli trials,
each with probability of success E[x;] = p, then with y € [0, 1], we have

m

1
Pr{|— E X, —p| >} <272
m
i=1
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Lemma FE.5 (General Hoeffding Bound (Vershynin, 2018)). Lef xy,...,X,, be a sequence of m
independent mean-zero sub-gaussian random variables. Then, for all t > 0 and some absolute

constant ¢ > 0, we have
sl oo cm?t?
> <2exp| —=——5 | -
i lIxill3,

1 m

Pri|= .

: { | LS
i=1

Lemma F.6. Let D be any distribution on R? x {0, 1} with x-marginal such that ||(x,u) ||y, < K

for some unit vector u € R%. For any event T C R%, we have ||y - (x,u) 1{x € T}||y, < K.

Proof. Because y and 1{x € T'} are boolean valued, we have

Efexp ((y - (x, u) 1{x € T})?/K?)] < Elexp((x,u)? /K2)]
< Efexp((x, w)? /]|, w)2,)]
<2

where inequality (i) holds because Efexp((x, u)” /t2)] is a decreasing function of 2, and the last
inequality is by Definition F.1. By the same definition, the above inequality implies the claimed
result. O

Lemma F.7 (Lemma 2.6.8 in Vershynin (2018)). If x ~ D is a sub-gaussian random variable on R
such that ||x||y, < K, then there exists some absolute constant C such that ||x — Ep[x]||y, < CK.

Corollary F.8. Let D be any distribution on R? x {0, 1} with standard normal x-marginal and

D X D be an m- -sample. Define gy (X,y) =y - Xy 1{x € h(w)}. Fix some v € RY, then, for any

w € RY it holds that

pe{| (Elgu(x.9) - Blgute] 0] > ¢ < -0
D
where C' > 0 is an absolute constant.

Proof. Let’s first notice that, since x,,1 is a projection of x to a space of lower dimension, the
variance of (¥, X,,. ) must be no larger than that of (v, x) <17 Xup L Migs < \/ 3 by

Fact F.2. Then, combining Lemma F.6 and Lemma F.7 results to || (gw(x V) )|l < C'/8 for
some C” > 0. At last, applying Lemma E.5 on (g, (x,y), D) gives the clalmed tail bound.

Lemma F9. Letx ~ N (0, 1), then Pr{x >t} > et /2 for every t > 0.

1
V27 (t+1)
Proof. Define f : R — R as
1
f(t) =V 2 PY{X Z t} - me_tz/Q

“+o0
:/ e/ 2dx — Le‘tZ/Q.
. t+1

Observe that f(0) = v/7/2 —1 > 0 and

2 1 2 t 2
- _ —t“/2 _ | _ —t/2 Y —t%/2
Vi f(t) e ( (t+1)2€ e ) (16)
o an
<0 (18)

for t > 0. Furthermore, we have lim;_, o, f(t) = 0, which implies f(¢) is always positive on
t € [0, 4+00) and, hence, the claimed result.
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