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ABSTRACT

The cost of hyperparameter tuning in deep learning has been rising with model
sizes, prompting practitioners to find new tuning methods using a proxy of smaller
networks. One such proposal uses P parameterized networks, where the optimal
hyperparameters for small width networks transfer to networks with arbitrarily
large width. However, in this scheme, hyperparameters do not transfer across
depths. As a remedy, we study residual networks with a residual branch scale of
1/+/depth in combination with the uP parameterization. We provide experiments
demonstrating that residual architectures including convolutional ResNets and Vi-
sion Transformers trained with this parameterization exhibit transfer of optimal
hyperparameters across width and depth on CIFAR-10 and ImageNet. Further-
more, our empirical findings are supported and motivated by theory. Using recent
developments in the dynamical mean field theory (DMFT) description of neural
network learning dynamics, we show that this parameterization of ResNets ad-
mits a well-defined feature learning joint infinite-width and infinite-depth limit
and show convergence of finite-size network dynamics towards this limit.

1 INTRODUCTION
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Figure 1: The optimal learning rate n* transfers across both depth and width in our proposed param-
eterization but not in xP or standard parameterization (Fig.[B.2). Loss is plotted after 20 epochs on
CIFAR-10. All the missing datapoints indicate that the corresponding run diverged.

Increasing the number of parameters in a neural network has led to consistent and often dramatic
improvements in model quality (Kaplan et al.,|2020; |Hoffmann et al.| 2022;[Zhai et al.,[2022; [Klug &
Heckel,|2023;|OpenAllL 2023). To realize these gains, however, it is typically necessary to conduct by
trial-and-error a grid search for optimal choices of hyperparameters, such as learning rates. Doing so
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Figure 2: Effect of batch normalization on a standard Resnet18-type architecture (He et al., [2016).
The above examples are taken after 20 epochs on CIFAR-10. Normalization layers can slightly
improve consistency and trainability across depths in standard ResNets, but consistency is much
more reliable with the 1/ V'L scaling (precisely, we use 5, = 3 / V'L here to increase feature learning
at finite depth). Runs that exceed a target loss of 0.5 are removed from the plot for visual clarity.

directly in SOTA models, which may have hundreds of billions (Brown et al.,[2020) or even trillions
of parameters (Fedus et al.,|2022)), often incurs prohibitive computational costs.

To combat this, an influential recent line of work by [Yang & Hu| (2021)) proposed the so-called
1P parameterization, which seeks to develop principles by which optimal hyperparameters from
small networks can be reused — or transferred — to larger networks (Yang et al., 2021). The yP
prescription focuses on transfer from narrower to wider models, but does not always transfer across
depth (see Figure[I[a)). This leads us to pose the following problem:

Question: Can we transfer hyperparameters simultaneously across depth and width?

In this work, we provide an affirmative answer for a particular flexible class of residual architectures
(including ResNets and transformers) with residual branches scaled like 1/+/depth (see Equation
and Table [I] for the exact parameterization). More specifically, our empirical contributions can be
summarized as follows:

* We show that a simple variant of the P parameterization allows for transfer of learning rates
simultaneously across depth and width in residual networks with 1/+/depth scaling on the residual
branches (see Equation [T] and Figure [I(b)). Moreover, we observe transfer not only for training
with a fixed learning rate, but also with complex learning rate schedules (Figure 3[a-d)).

* We show that the lack of learning rate transfer across depth in ©P ResNets can be partly overcome
by adding normalization layers (Figure ). However, we find on CIFAR-10, Tiny ImageNet,
ImageNet, that the transfer can be significantly improved with our 1/,/depth residual branches

(Figures 3]and [B.6).

* While most of our experiments concern residual convolutional networks, such as wide
ResNets, we also present evidence that our prescription leads to learning rate transfer in Vision
Transformers (ViTs), both with and without normalization (Figure E])

* We demonstrate transfer for learning rates, as well as other hyperparameters such as momentum
coefficients and regularization strengths in convolutional residual networks (Figure [4]).

The reason hyperparameters can transfer is due to the existence of a scaling limit where the net-
work predictions and internal features of the model move at a rate independent of the size of the
network. The key underlying idea is that two neural networks will exhibit similar training dynamics
(and hence similar optimal hyperparameters) if they are both finite size approximations to, or dis-
cretizations of, such a consistent scaling limit. In fact, the success of the mean field or uP scaling
(Yang & Hu| 2021} Bordelon & Pehlevanl [2022b)) is precisely due to the width-independent scale of
feature updates. In the same spirit, we propose our parameterization so that the rate of feature up-
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Table 1: In the framework of Equation |1} different choices of coefficients leads to standard param-
eterization (SP, PyTorch default (Paszke et al.| [2019)), uP / Mean Field parameterization, and our
pP+1/+/L-residual branch scaling which transfers over width and depth.

dates and prediction updates are also independent of the depth of the network. Our main theoretical
contributions can be summarized as follows:

» Extending the infinite-width limit results of Bordelon & Pehlevan| (2022b)), we show the infinite-
width-and-depth limit of a residual network with 1/4/depth residual branch scaling and P initial-
ization can be characterized by a dynamical mean field theory (DMFT) (Section where the
layer index takes on a continuous “layer time.” In general, the network’s internal features evolve
during training in this limit. We show that a lazy limit of the DMFT dynamics, where features are
frozen, can also be analyzed as a special case. See Section[#.3.1]and Proposition 2]

* We provide exact solutions of the DMFT dynamics in the rich (i.e. non-kernel) regime for a simple
deep linear network. See Section[#.3.2]

The rest of the article is organized as follows. In Section [2] we define our parameterization and
scaling rules. In Section |3| demonstrate our empirical results on hyperparameter transfer. Then
in Section ] we proceed to characterize the limiting process at infinite width and depth and the
approximation error at finite N, L. Next we provide a brief overview of related works in Section 5]
before concluding with a discussion of limitations and future directions in Section|[6}

2 FRAMEWORK FOR DEPTHWISE HYPERPARAMETER TRANSFER

We consider the following type of residual network (and suitable architectural/optimization gener-
alizations, see Appendix%}) of width NV and depth L with inputs z € R¥ which are mapped to
N-dimensional preactivations h* € RY and outputs f(z) € R:

f(x) = %wL‘¢(hL(w)), h'* (@) = hf(x) + W o (h (), h'(z) = BoW 'z, (1)

where - is a scaling factor, ¢(-) the activation function, and the weights are initialized as Wf] ~
N (0, 07) with a corresponding learning rate 7(¢). See Table

Compared to what is commonly done in practical residual architectures, such as ResNets and Trans-
formers, our parameterization uses the V'L factor proposed in [Hayou et al.| (2021); [Fischer et al.
(2023), and the coefficient  from pP, but do not use normalization layers (Table [I). The parame-
ters @ = {W?0, ... w’} are updated with a gradient based learning rule. For concreteness consider
SGD which we use in many experiments (we also allow for gradient flow and other optimizers in

Appendix [K):
where B; is the minibatch at iteration ¢, 7)(t) is the learning rate schedule, and the loss function £
depends on parameters through the predictions f of the model.

The choice of how (v, 7(¢)) should be scaled as width N and depth L go to infinity determines the
stability and feature learning properties of the network. If v, ~ O (1 (kernel regime), then the

"We use O(1) to denote a constant independent of width N and depth L.
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Figure 3: ViTs trained with Adam also exhibit learning rate transfer, with or without LayerNorm
and 1/ \/L-scaling. The above examples are taken after 20 epochs on Tiny ImageNet for (a)-(d) and
ImageNet after 10 epochs for (e)-(f). In (a)-(c), the learning rate is linearly increased to the target
in the first 1000 steps. In (d), after 2000 warm-up steps, the learning rate is decreased to zero with
a cosine schedule in 100 epochs. Notice that in addition to the transfer across all the settings, the
1/ v/L models show a stronger non-saturating benefit of deeper models. (e)-(f) ViTs on first few
epochs of ImageNet. Also, we note (a), (d), (e) and (f) refer to models without normalization layers.

network evolution is stable under gradient descent, but the network does not learn features at infinite
width (Jacot et al.| 2018} [Lee et al.| [2019; [Yang & Hul 2021). In this work, we study the richer
feature learning (mean field) parameterization v = yov/N, n(t) = 10(t)v2 N, where 7o, 70 (t) are
independent of V. In this regime, the scaling factor of 1/+ in the last layer enables feature learning
at infinite width, and the constant ~, controls the rate of feature learning. At fixed depth L, this mean
field parameterization is capable of generating consistent feature learning dynamics across network
widths N (Yang & Hul 2021} Bordelon & Pehlevan, [2022b).

One contribution of this work is identifying how 7g,vo should be scaled with depth L in order

to obtain a stable feature-learning large L limit. We argue that after the % factors have been

introduced the correct scaling is simply
n=m%N, v =%VN, 0,7 ~ O(1). 3)
We show both theoretically and experimentally that this parameterization exhibits consistent learn-

ing dynamics and hyperparameter optima across large network depths L. To justify this choice, we
will characterize the large width and depth N, L — oo limit of this class of models.

3 EXPERIMENTAL VERIFICATION OF HYPERPARAMETER TRANSFER

We report here a variety of experiments on hyperparameter transfer in residual networks. We begin
with a basic modification of equation|[I]by replacing fully connected layers with convolutional layers.
Apart from the proposed 1/v/L scaling, notice that this convolutional residual model is similar to
widely adopted implementations of ResNets (He et al.| 2016)), with the main difference being the
absence of normalization layers, and a single convolution operator per residual block (details in
Appendix [A). We use this residual convolutional architecture in figures [I] ] [B.2] and [B.T} We also
experiment with a practical ResNet (in figures [B-6), which has two convolutional layers per
block, and normalization layers (see Appendix . Finally, we also perform selected experiments
on Vision Transformers (Dosovitskiy et al.l [2020), to demonstrate the broad applicability of our
theoretical insights (Figure[3). Below we list the the main takeaways from our experiments.

1P does not Transfer at Large Depths. While pP exhibits transfer over network widths, it does
not immediately give transfer over network depths. In Figure[T{a), we show the train loss after 20
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Figure 4: Other hyperparameters also transfer. This example shows training dynamics during the
first 20 epochs on CIFAR-10 (architecture details in Appendix [A)). The dynamics at two different
depths are provided for (a) momentum (b) feature learning rate 7.

epochs on CIFAR-10. Notice how the network transfers over widths but not depths for uP. For
completeness, in Fig.[B.2] we show that also SP does not transfer.

1/+/L-scaled Residual Networks Transfer. We repeat the same experiment, but now scale the
residual branch by 1/+/L. The networks transfer over both width and depth (Figure|1|(b)).

The Role of Normalization Layers. Normalization layers, such as LayerNorm and BatchNorm,
are commonly used instead of the 1/+/L-scaling in residual architectures. In Fig. [2 we repeat the
learning rate transfer experiment with BatchNorm placed after the convolutional layer. In Fig.
we repeat the same experiment with LayerNorm. In both cases, while it is known that the presence of
normalization layers certainly helps the trainability of the model at larger depth (Daneshmand et al.,
2021; Joudaki et al., 2023), we observe that the 1/ v/L-scaled version exhibits a more consistent
transfer across both width and depth.

Empirical Verification on Vision Transformers with Adam. Despite our theory being primarily
on (S)GD-based training, we empirically test whether the transfer results can be extended to Vision
Transformers (ViTs) trained with pP-parameterized Adam optimizer (Yang et al.,2021)). In particu-
lar, we consider Pre-LN Transformers (Xiong et al., 2020), and adapt it to our setting by scaling all
the residual branches by 1/ VL (as inNoci et al.|(2022)), and make the architecture compatible with
the pP framework of [Yang et al| (2021) (see Appendix [A.3]for details). We test the variants both
with and without LayerNorm. Results for 20 epochs training with the Tiny ImageNet dataset are
shown in Fig. |3| (a-c), where we also see a good transfer across all the settings. The observation of
a good transfer with depth for Pre-LN Transformers was empirically observed for translation tasks
in |Yang et al.| (2021). Here, we additionally notice that while the performance benefits of Pre-LN
Transformers saturates at large depth, the models with 1/ +/L-scaling exhibits a more consistent im-
provement with depth. Finally, in Fig. [3(e-f) we successfully test scaling the learning rate transfer
experiment of 1/ V/L-scaled ViTs (without LayerNorm) to ImageNet (see Appendix E for ImageNet
experiments with ResNets).

Other Hyperparameters and Learning Rate Schedules also Transfer. Given the standard prac-
tice of using learning rate schedulers in optimizing Transformers (Dosovitskiy et al.,2020; Touvron
et al)), we show that linear warm-up (Fig [3[a-c)), optionally followed by a cosine decay (Fig|[3(d))
also transfer consistently. Finally, in Figure[d] we plot the learning dynamics for momentum, weight
decay, and the feature learning rate -y, which interpolates between the kernel and feature learning
regimes (Bordelon & Pehlevan, [2022b)). Despite the usual correct transfer, we highlight the consis-
tency of the dynamics, in the sense that learning curves with the same hyperparameter but different
depths are remarkably similar, especially at the beginning of training.

4 CONVERGENCE TO THE LARGE WIDTH AND DEPTH LIMIT

We argued that width/depth-invariant feature and prediction updates are crucial for hyperparameter
transfer. To formalize this, let fy 1 (¢) be the network output after ¢ steps of optimization, where
we explicitly write the dependence on width NV and depth L. For hyperparameter transfer we want
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Figure 5: Approximation of the joint N — oo, L — oo limit requires both sufficiently large N
and L. CNNs are compared after 250 steps on CIFAR-10 with batchsize 32 with vy = 1.0. Since
we cannot compute the infinite width and depth predictor, we use a proxy fxoo,0o: the ensemble
averaged (over random inits) predictor of networks with N = 512 and L = 128. Error bars are
standard deviation computed over 15 random initializations. (a) SGD dynamics at large width are
strikingly consistent across depths. (b) The convergence of fx 1, to a large width and depth proxy
froo.00 is bottlenecked by width N for small N while for large N, it decays like O(L~1).

fn,o(t) to be close to fys r/(t). One strategy to achieve this is to adopt a parameterization which
makes finite networks as close as possible to a limit fo oo (%). Following this line of thought, we
desire that a parameterization:

1. Have a well-defined large depth and width limit, i.e. imy oo fn,L(1).
2. Have internal features / kernels evolve asymptotically independent of width N or depth L.

3. Have minimal finite size approximation error.

These desideratd“|motivated the %-MP ResNet in EquatioanI and Table|l} The existence of the limit
for the forward pass at initialization ¢ = 0 was shown in|Hayou & Yang|(2023); Cirone et al.|(2023).
Here, we study the learning dynamics in this model with yP parameterization, establish that the
limit exists and show that feature updates are width and depth independent. Further, we characterize
the limit throughout training in Appendices [D] [El [F] We attempt to visualize convergence to the
limit in Figure [5]and Appendix Figure See Appendix [H]and [[] for theoretical analysis of finite
size approximation error and Figure for additional tests of the sources of finite width/depth
approximation error.

4.1 PRIMER ON THE DMFT IN THE N — oo LIMIT

To derive our theoretical results, we use a technique known as dynamical mean field theory (DMFT)
Bordelon & Pehlevan|(2022b). DMFT describes the dynamics of neural networks at (or near) infinite
width (preserving feature learning). In this setting one tracks a set of kernel order parameters

(2,0 ,5) = O(h (@, 0)) 6B (@, 5)) . G5t s) = ool wt) g (), @)

where g*(z,t) = N aaf{f((ma;,tt))

about the infinite width limit:

are the back-propagation signals. DMFT reveals the following facts

1. The dynamical kernels {®, G*} and network outputs f concentrate over random initializations
of network weights throughout training.

2. The preactivations and gradient fields of each neuron {hf , gf} become i.i.d. random variables
drawn from a single-site (i.e. neuron marginal) density which depends on the kernels.

3. The kernels can be computed as averages over this single-site density.

*In addition, an ideal parameterization would also have the property that scaling up the width and depth of
the model would monotonically improve performance, which empirically seems to hold in our parameterization.
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The last two facts provide a self-consistency interpretation: given the kernels, one can compute or
sample the distribution of preactivations {h’, g*}. Given the density of {h*, g°}, one can compute
the kernels. Prior work on this limit has demonstrated that these equations can be approximately
solved at finite L with a Monte Carlo procedure (but with computational complexity cubic in the
training iterations) (Bordelon & Pehlevan, |2022b).

4.2 THE LARGE-WIDTH-AND-DEPTH LIMIT DMFT EQUATIONS

From the finite-L DMFT equations (App. D), we calculate the large depth L — oo limit, generating

a continuum process over the layer time T = + € [0, 1], a concept introduced in Li et al.|(2022). I
Proposmon 1 (Informal) Consider network tmmmg dynamics of a ResNet as in Equation [I)with
our uP T scaling and the appropriate choice of learning rate and ~ in the infinite width and

depth limit. The preactivation h(t;x,t) drawn from the marginal density of neurons in a layer at
layer-time T, data point T and training time t obeys a stochastic integral equation

T T t

hr;z;t) = h(O;:c;t)—i—/ du(T’;w;t)—l—no'yo/ dT'/ ds/d:):'Ch(T’;a:,ac';t,s)g(r’;a:';s)
0 0 0

)

where du(T; x;t) is zero mean Brownian motion. The covariance of du is the feature kernel ® and
the deterministic operator C}, can be computed from the deterministic limiting kernels ®,G. The
gradients g(T) satisfy an analogous integral equation (See App. 0r formulas for Cy, and g). The
stochastic variables h, g and the kernels ®, G satisfy a closed system of equations.

A full proposition can be found in Appendix We derive this limit in the Appendix [E] [} These
equations are challenging to solve in the general case, as the h and g distributions are non-Gaussian.
Its main utility in the present work is demonstrating that there is a well-defined feature-learning
infinite width and depth limit and that, in the limit, the predictions, and kernels evolve by O(1).

4.3  SPECIAL EXACTLY SOLVEABLE CASES OF THE N, L — co DMFT EQUATIONS

Though the resulting DMFT equations for the kernels are intractable in the general case, we can
provide analytical solutions in special cases to verify our approach. We first write down the training
dynamics in the lazy limit by characterizing the neural tangent kernel (NTK) at initialization. Next,
we discuss deep linear ResNets where the feature learning dynamics gives ODEs that can be closed
while preserving Gaussianity of preactivations.

4.3.1 THE LAzZY LEARNING LIMIT

A special case of the above dynamics potentially of interest is the limit of vy — 0 where the feature
kernels are frozen. In this limit the NTK K is static and can be computed at initialization and used
to calculate the full trajectory of the network dynamics (see Appendix [G.T).

Proposition 2 (Informal) Consider a ResNet with the \}Z_“P parameterization in the N, L — oo
limit. In the o — 0 limit, the feature kernel ®(7), gradient kernel G(1) and NTK K do not evolve
during training and satisfy the following differential equations over layer time T

a‘rI_I(T; iD,il?/) = (I)(T; waa:l) ) (I)(Ta Z, xl) = <¢(h)¢(h/)>h7h'~N(0,Hm,m,(7—))

0.G(r;w,2) = ~G(riz,a') (M)

h,h! ~N(0,H g, g1 (7))

H(r;z,z) H(r;z,x !
Hy (1) = |:H((T;.’B/,SC)) H((T;m’,:c’))] , K(w,a:’)z/o dr G(t,z, " )®(1,x, ).

(6)

The dynamics of the neural network outputs f(x,t) can be computed from K (x, ).

The forward ODE for @ at initialization was studied by |[Hayou & Yang|(2023); [Cirone et al.[(2023).
Figure [6] shows this limiting NTK for a ReLU network. The finite depth kernels converge to the
limiting large L kernel (blue line in (a)) at a rate O(L~2) in square error.

3 Alternatively, one can also take the large-L limit to get a limiting distribution over order parameters (ker-
nels, output logits, etc) at fixed N, which yields the same limiting equations when N — oo (see App. @)
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Figure 6: Convergence of the depth L NTK to the limiting kernel at initialization. (a) The infinite
width NTK for a ReLU residual multilayer perpectron (MLP) for two inputs x, ' separated by angle
6 € [—m, ] over varying depth L. The kernel converges as L — oo. (b) The convergence rate of
the initialization averaged NTK (K') with network widths N and network depths L at initialization.
For sufficiently large IV, the initial NTK will converge at rate O(L~2) in square error.
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Figure 7: We plot the feature kernels H(7) = H*|,—, 1, in width N = 1000 residual linear networks
before and after taking a gradient step in our parameterization. The kernel profiles at initialization
Hy(7) and the kernel changes H; (1) — Ho(7) converge for large L. We compare to the theoretical
result expected from the L — oo limit of the DMFT equations (dashed black).

4.3.2 DEEP LINEAR RESNETS

Next we explore the dynamics of feature learning in a solveable infinite depth ResNet with linear
activations. In this case, the preactivations h and gradient fields g remain Gaussian over the full
time-course of learning, rendering the DMFT equations tractable without any need for Monte Carlo
methods. As an example, in Figure [7] we show the kernel updates in a deep linear ResNet after a
single training step on a single training example (x, y). The theoretical solution to the kernel ODE
at initialization Ho(7) = e” Ho(0) and after one step H; (1) is (see Appendix [G.2.2]for derivation)

1 1
Hy(1) = e"Hy(0) + 2n2~2y%e” 573 + 572 + (1 +e (% —Tem +e7 1) 7
For networks with depths on the order of ~ 100 the infinite depth solution gives an accurate descrip-

tion of the profile of the kernel updates. More general equations for infinite depth linear networks
are provided in Appendix[G.2]

5 RELATED WORKS

The 1/ v/L-scaled residual model (He et al., 2016) adopted in this work belongs to a rapidly expand-
ing research domain. This approach has several advantageous characteristics in signal propagation,
in terms of dynamical isometry (Tarnowski et al.| 2019), as well as stable backward and forward ker-
nels (Balduzzi et al., 2017; Hayou et al.| 2021} [Fischer et al., [2023)). As a result, this has paved the
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way for the development of reliable initialization methods (Taki,[2017;Zhang et al.,|2019), including
Transformers without normalization layers (Huang et al., [2020; Noci et al.|, [2022).

The study of neural network scaling limits started with MLPs in the infinite-width kernel regime
(Jacot et al.l 2018} Neall 2012 Matthews et al., 2018} [Lee et al.| [2017), where the preactivations
are also Gaussian with deterministic covariance. However, the joint depth and width limit has been
shown to be non-Gaussian (Hanin & Nica, [2020; Noci et al.l|2021)) and have a stochastic covariance
(L1 et al., [2021). In particular, the feature covariance of particular classes of networks have a limit
described by stochastic differential equations (SDEs) (Li et al., |2022; |[Noci et al.| 2023, where the
layer time is the depth-to-width ratio in this case. On the other hand, Hayou & Yang| (2023)) study
the forward signal propagation in 1/v/L-scaled ResNets at initialization, where the preactivations
converge to a Gaussian distribution with a deterministic covariance described by an ODE.

Transfer across width and depth was achieved on non-residual networks with the Automatic Gradient
Descent algorithm proposed by Bernstein et al.| (2020; 2023). Successful hyperparameter transfer
across network widths in ;P was shown in|Yang et al.| (2021). Width-consistent early time predic-
tion and representation dynamics were also observed in an empirical study of [Vyas et al.|(2023).
The infinite width limits of feature learning networks have been characterized with a mean-field
PDE in two layer networks (Chizat & Bach, 2018 Mei et al., 2019; |Chizat & Bach, |2020), Tensor
programs (Yang, 2020} |Yang & Hul 2021), and DMFT techniques (Bordelon & Pehlevan [2022bja;
2023)), which have been proven useful to understand the gradient dynamics in other settings as well
(Mignacco et al., 2020} (Gerbelot et al., [2022). This present work extends the DMFT technique to
ResNets to analyze their feature learning behavior at large depth L.

Understanding feature learning in non-residual feedforward networks close to the asymptotic regime
has also been studied with finite width and depth corrections from the corresponding infinite limit,
both in the lazy (Chizat et al., [2019) NTK (Hanin| [2018; |Hanin & Nica, [2019) and NNGP limits
(Antognini, 2019; |Yaidal [2020; |L1 & Sompolinskyl 2021; Zavatone-Veth et al.,[2021};|Segadlo et al.,
2022; |Hanin} 2022)), and more recently in the rich feature learning regime (Bordelon & Pehlevan,
2023). At any finite width and depth the analysis is even more challenging and has been studied
in special cases using combinatorial approaches and hypergeometric functions (Noci et al., 2021}
Zavatone- Veth & Pehlevan, 2021; Hanin & Zlokapal 2023)).

6 DISCUSSION

In this work, we have proposed a simple parameterization of residual networks. In this parameteri-
zation, we have seen empirically that hyperparameter transfer is remarkably consistent across both
width and depth for a variety of architectures, hyperparameters, and datasets. The experimental ev-
idence is supported by theory, which shows that dynamics of all hidden layers are both non-trivial
and independent of width and depth while not vanishing in the limit. We believe that these results
have the potential to reduce computational costs of hyperparameter tuning, allowing the practitioner
to train a large depth and width model only once with near optimal hyperparameters.

Limitations. While we demonstrate the existence of an infinite width and depth feature learning
limit of neural network dynamics using statistical field theory methods and empirical tests, our
results are derived at the level of rigor of physics, rather than formal proof. We also do not consider
joint scaling limits in which the dataset size and number of optimization steps can scale with width
N or depth L. Instead, we treat time and sample size as O(1) quantities. Due to computational
limits, most of our experiments are limited to 10-20 epochs on each dataset.

Future Directions. This paper explores one possible scaling limit of infinite width and depth net-
works. Other parameterizations and learning rate scaling rules may also be worth exploring in future
work (Jelassi et al.| 2023} |Li et al., [2022; Noci et al.l 2023). It would be especially interesting to
see if an stochastic limit for the kernels can be derived for the training dynamics in ResNets without
the 1/+/L scaling factor. This parameterization makes it especially convenient to study depth-width
trade-offs while scaling neural networks since hyperparameter dependencies are consistent across
widths/depths (see Figure [B.T). It would also be interesting to study our limiting dynamics in fur-
ther detail to characterize what kinds of features are learned. Finally, it remains an open problem
theoretically why hyperparameters transfer across widths and depths even when the actual predic-
tions/losses differ across width and depth.
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APPENDIX

A EXPERIMENTAL DETAILS

A.1 SIMPLIFIED RESNET

We design a residual architecture following the footprint of Eq.[I] and replacing the weight matrices
with 1-strided convolutional layers with 3 x 3 kernel size. We max-pool the feature map at three
selected layers equally distributed across depth. For instance, for a depth=12 model, we perform
average pooling after the third, 6-th and 9-th layer. After each average pooling, we apply an extra
convolutional layer to double the number of channels, which play the role of width in a convolutional
network. Hence, also the width doubled three times across the depth (one time per average pooling).
The final feature map is then flattened and passed through a final readout layer. The reported width
in all the figures is the last width before the flattening operations. In the experiment with the 1/+/L-
scaling, we divide by the total number of layers instead of the number of residual blocks (i.e. L =
3 + # blocks). This extra factor does not affect the scaling limit.

A.2 RESNET

Compared to the simplified ResNet architecture of the previous section, the ResNet family as pro-
posed in [He et al.|(2016) are augmented with two convolutional layers per residual block, each
followed by batch normalization normalization. The subsampling is performed by 2-strided convo-
lutional layers, for a total of 4 times across the depth. For further details, we refer to/He et al.|(2016).
In some experiments (e.g. Fig.[B.4), we replace batch norm with LayerNorm applied across each
two dimensional channel.

A.3 VISION TRANSFORMER

We use the standard ViT architecture as in |[Dosovitskiy et al.| (2020), i.e. we tokenize the input
images by splitting it into patches of fixed size, and embed it to N dimension using a linear layer.
Then we apply a number of the usual Transformer blocks, each one composed of two residual blocks,
a Softmax-based self attention block, and an MLP block with GeLU activation function. If used,
we place LayerNorm at the beginning of each residual branch (Pre-LN configuration). Finally, we
apply the following modification to make it compatible with P (Yang et al.l 2021}

* We re-scale the Softmax logits (i.e. the product of queries and keys) of each attention layer by
1/N,. The usual convention would be to use instead 1/,/N,.

* Initialize the queries to zero.

* Initialize all the other weights to have standard deviation of 1/ VN , where N here is the model
dimension.

A.4 DETAILS
We always use data augmentation, in particular the following random transformations:

* CIFAR-10: horizontal flips, 10-degree rotations, affine transformations, color jittering.

* Tiny ImageNet and ImageNet: crops, horizontal flips.

Across all the experiments, we fix the batch size to 64. Unless stated otherwise, all the hyperpa-
rameters that are not tuned are set to a default value: (3,79, 0, = 1. For ViTs, we use a patch size
We use the P implementation of the p-Readout layer, and optimizers (SGD, and Adam under P
parametrizstion) as in the released uP package.
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B ADDITIONAL EXPERIMENTS

B.1 DEPTH WIDTH TRADE-OFF

While tuning the architecture at small widths/depths, it is interesting to study along which direction
— width or depth — the architecture should be scaled. To test this, we train the residual convolu-
tional model (Sec.[AT) at relatively large scale (up to almost a billion parameters), for 20 epochs on
CIFAR-10 with fixed learning rate of 0.046 (using data augmentation, see Sec. [A). We report the re-
sults in Fig. [B-T] where we plot the train loss as a function of parameters. In particular, in Fig.[B.T{a)
we highlight models of same widths, while in Fig. [B.T(a) models of equal depth. We find that the
Pareto optimal curve coincides by the depth 12 model for the range of widths/depths used for the
experiment. As shown in Fig.[B.I] we then fit power laws to the curves of constant depth, which
seems to predict an optimal depth 30 at very large widths. Notice that we fix the number of epochs.
We hypothesize the optimal curve to shift to different trade-offs as the number of epochs increases.
We also expect different trade-offs for different datasets and models. However, extensively studying
width-depth trade-off is beyond the scope of this work, thus we leave it as a potential direction for
future work.
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Figure B.1: Since all models have hyperparameter transfer across depths and widths, one can
explore a trade-off between depth and width at the optimal learning rate. We illustrate this idea with
a simple experiment on CIFAR-10. (a) We plot the final train loss as a function of parameters for
different widths. (b) intermediate depth of ~ 9 — 12 is preferred at fixed parameter count.
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Figure B.2: Learning rates transfer across both depth and width in our proposed parameterization
but not in standard parameterization (SP) or uP. Loss is plotted after 20 epochs on CIFAR-10. All
the missing datapoints indicate that the corresponding run diverged. In particular, all depth 30 runs
diverged when using uP without 1/+/depth scaling.
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B.2 How LONG SHOULD YOU TRAIN FOR ACCURATE TRANSFER?

An important question is after how many steps the optimal hyperparameters are fixed and can hence
be selected without training for longer. In Fig. [B3a), we plot the training loss profiles for two
different depths and 4 different learning rates for a residual convolutional network of width 512
trained on CIFAR-10. Notice how after the first few epochs it is already possible to decide the
optimal learning rate. We confirm this for a ViT trained on Tiny ImageNet in Fig.[B:3|b-c), where
the optimal learning rate at two selected epochs (3 and 9) is the same.

Depth 30

20 ,15 — 12 /5233‘
" g — 18 § I
§1s 5 — 2 S20 I
= g1 3 9 %
= < - =
o c F 60 = Z
E1.0 T 5 510

i £
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(a) LR dynamics (b) Epoch 3 (c) Epoch 9

Figure B.3: (a) dynamics of train loss for different depths and learning rates. The network is the
residual convolutional network trained on CIFAR-10. (b-c) learning rate tranfer plots for the same
ViT at two different checkpoints (epoch 3 and 5). Notice how the optimal learning rate is determined
after the first few epochs of training.

B.3 OTHER EXPERIMENTS

In Fig. we show how the learning rate does not transfer under SP for the residual model con-
sidered in this work, both with and without the 1/v/L-scaling. In Fig. we train models from
the ResNets family, replacing BatchNorm with LayerNorm, concluding that the version with 1/ VL
scaling exhibits a better transfer. In Fig. [B.6| we show our results on learning rate transfers for Ima-
geNet, and in Fig. we show how also weight decay transfer under the proposed 1/ v/L-scaling
and has very consistent dynamics. The model used is the simplified residual convolutional model,
trained for 20 epochs on CIFAR-10.
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Figure B.4: Effect of normalization layers. The above examples are taken after 20 epochs on CIFAR-
10. Normalization layers can slightly improve consistency across depths in standard ResNets, but

consistency is much more reliable with the 1/ V'L scaling.
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Figure B.5: Effect of normalization layers. The above examples are taken after 20 epochs on CIFAR-
10. Normalization layers can slightly improve consistency across depths in standard ResNets, but

consistency is much more reliable with the 1/+/L scaling.
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Figure B.6: Learning rate + depth sweep on ImageNet for 5 epochs with depth extrapolations of
ResNet-18 without any normalization layers. Training is performed with SGD with momentum 0.9
and batchsize 128. (a) The loss curves for different learning rates (each learning rate is a distinct
linestyle) and for different depths (colors). Dynamics are strikingly consistent across depths for each
learning rate. (b) The optimal learning rate is preserved across depths.

C A REVIEW OF VARIOUS WIDTH PARAMETERIZATIONS

In this section, we discuss various parameterizations of neural networks with respect to the width
of the model. We will discuss and compare their large width behaviors. First we will discuss the
Neural-Tangent parameterization (NTP) which gives rise to a kernel limit. Next, we will discuss the
Mean Field /P parameterization which allows for feature learning at infinite width. In all models,
we focus on

f= \/lewL - ¢(h") (8)

The choice of whether one is in NTP or ;P depends on how ~ is scaled with respect to N. When
training with a learning rate 7 = 27, (to ensure % fle=0 = O(1)), we have the following scale of
internal preactivation updates (Bordelon & Pehlevanl 2022b)

i 0 _ —1/2
dth = O(yN~Y?). )

Depending on how 7 is scaled with N, we can either have vanishing, constant, or diverging feature
learning with respect to width N. In discrete time, a diverging parameterization is unstable (Yang
& Hu, [2021)). Below we discuss two of the popular stable scalings for analysis.
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Figure B.7: Further numerical support of our finite NV, L error decomposition in Appendix |I|through
ensembling logits over /¥ = 15 random seeds in the same experimental setting as Figure |5 (a) At
each depth L, the finite width N network converges in square error as Oy 1, (N 1), independent
of L. (b) The full expected square error from Figure [5| shows a convergence rate of O(L~1) for
sufficiently large IV, consistent with theory. (c) The ensemble averaged logits { f1, ) converge to the
infinite depth proxy at a faster rate, which is consistent with the theoretical O(L~2) for sufficiently
large N.
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Figure B.8: Weight decay dynamics also transfer across depths.

C.1 NEURAL TANGENT PARAMETERIZATION

In NTP, the parameter v = Op (1) is a constant with respect to width N. As a consequence finite
width N models only exhibit O(N~'/2) movement of preactivations and O(N ') movement of

kernels. In this parameterization, models at very large width are well approximated by a kernel
method (Jacot et al.| |[2018}; |Lee et al., [2019)).

C.2 MEAN FIELD/;P PARAMETERIZATIONS

On the other hand, if ¥ = ~¢v/N for some constant -y, then the network converges to a feature
learning infinite width limit. This is precisely the mean-field/uP parameterization (Yang & Hu,
2021; Bordelon & Pehlevan, 2022bja). The work of |Yang & Hu|(2021) also gives a precise sense in
which this parameterization is maximal: each layer is learning features so that the preactivations in
the sense that

1 (d
7% (dtW‘) ¢(h") = O(1) (10)
Thus, the dynamics for h“! = Gh' + —= (FW) (k') + LW (Go(h)) = On(1).

Because the underlying feature learning updates within the network are approximately constant
as width NV is increased, this model exhibits more consistent dynamics and better hyperparameter
transfer across widths (Yang et al.|[2022; [Vyas et al.,|2023)).

We note that the code for uP released in the paper by |Yang et al.|(2022)) uses an equivalent version
of this dynamical system where learning rates do not need to be explictly scaled with /V.
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D DERIVATION OF THE N — oo LIMIT AT FIXED L

In this section, we characterize the feature learning dynamics of the N — oo limit of fixed depth
L residual networks. Our derivation is an extension of the approach presented in (Bordelon &
Pehlevan| |2022b). Before taking the limit, we first identify our order parameters and weight space
dynamics. Then we take the N — oo limit using a technique known as Dynamical Mean Field
Theory (DMFT).

D.1 FINITE N, L FUNCTION AND WEIGHT DYNAMICS

We start by computing the neural tangent kernel (NTK). For the sake of brevity, we will first write
the equations where the read-in W weights are held fixed and will add their contribution to the
dynamics in Appendix [K.3] Excluding these two weight matrices from the present discussion does
not alter any of the scalings with width N or depth L. The dynamics of the prediction f under
gradient flow take the form

d
T @:t) =m0 Bo K (. ) A 1) an
where A(x;t) = 7% is an error signal and K is the NTK of this model, which takes the
form
L
of(x) 0f(x')
N A2
K(z,2') —VON; 5w HWE - (12)
Explicitly calculating the gradients of the output with respect to the weights W* gives
0f(x) 1 of (x)
Nyg—d = ——_g*t! h(z)',¢'=N ~On1(1 13
Using this above formula, we find that the NTK is O(1) with respect to N, L
1 &
A l+1 &L /
K(m,m)fZZG (z, "0 (x,x") (14)

£=1

where we introduced the O(1) feature kernel ® and gradient kernels G* which have the form

1 1
o (z,a') = Ncb(hz(w)) -p(h'(2)), G'(z,a') = Ngf(w) -g'(a) (15)
The base cases for the feature and gradient kernels are given by
1
oz, ') = 5T ', Gz, 2') = 1. (16)
We next start by computing the dynamics of the weights under gradient flow
d 1070 ¢
—W'= Ee A(z;t)g" ™ (2, t)p(h (z,1)) . 17
GV = R e Alw)g ™ @ 0K (2 1) a7

Integrating this equation from time 0 to time ¢, we get the following

041 ! R ¢
R (2, t) =h'(z,t) + W 06(R)

¢
+%/ dsEq A(x', s)g" T (a!, 5) D (z, 2'; 1, 5) (18)
0

where O (x, @';t, s) = - ¢(h'(x,1)) - p(h*(2'; 5)) is the double time-index generalization of the
feature kernel. Similarly, we obtain a backward pass relation of the form

g'(x,t) =g (. £) + \/%qzs(hf(m,t» O W(0)Tgtt

t
F R G @,) © [ dsBaA(e )G @2t 0h (@5) (19
0
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These equations define update rules for the preactivations h’ and the gradients g° in terms of the
feature and gradient kernels {®*, G*}. However the above equations explicitly depend on the ran-
dom initial weights W*(0) through which time-varying signals propagate. Our ultimate goal is to
gain insight into the effective dynamics over random initializations in the large N limit. To do that,
we will invoke dynamical mean field theory. In the next section, we characterize how these terms
behave at large IV using a saddle point argument.

D.2 INTUITIVE EXPLANATION OF LARGE WIDTH FEATURE LEARNING LIMIT

In the limit of N — oo with g held fixed, the above equations can be simplified. The two key
effects that occur at large width are

» Kernels (feature kernels, gradient kernels, NTK) and output logits concentrate by a law of large
numbers.

* At each layer, each of the hidden neuron’s activities becomes independent draws from a single
site stochastic process which is characterized by the kernels.

Once the single site density is known, the kernels can be computed as averages over the single
site density. The next section derives this result formally from a Martin-Siggia-Rose Path Integral
derivation of the Dynamical Mean Field Theory (Martin et al., [1973)).

D.3 PATH-INTEGRAL AND SADDLE POINT EQUATIONS IN N — oo LIMIT

This computation sketches the DMFT derivation of the limiting large N process. Examples of
detailed computations of the DMFT action S can be found in the Appendix of|[Bordelon & Pehlevan
(2022bja)). Our notation is chosen to match the derivations found in their Appendix.

To characterize the effect of the random initial weights, we will attempt to characterize the distribu-
tion of h’(x,t), g’ (x,t) by tracking the moment generating functional of these fields

L
25" 31 = Egwe oy exp (Z [ do [ttt B @) + 3yt -g‘*<w,t>]) 20)
/=1

Moments of the fields can be obtained with differentiation near zero source, for example

] ]

(30,3830 0jf ; (1, 1) 7 64h (@, th)

ZH5" g} = (B @ ) bl () ). @D)
Now, following |Bordelon & Pehlevan| (2022b), we introduce the following useful auxiliary fields

1 1
£+1 _ ¢ ‘ ¢ _
x,t) = 0)p(h*(x,t)) , T, t) =
X @) = =W 0)0(h! (@.1) . €' (@ t) =
The choice to introduce these auxiliary fields is apparent once one realizes that the & and g fields

can be regarded as functions of x, £ and the kernels ®, G. We enforce the constraints defining these
fields with Dirac-delta functions by repeatedly multiplying by unity

W 0) g (z,t) (22)

VN

~0+1 T 41 €T
- [ (;3:)% 1) ep (if(”l(m,t)' [xf“(m,t)jNW%ow(hf(w,t»D
(23)

L= [ax ) (X e - W00 @)

for all £, z,t. And similarly for the g* fields. After this insertion, the averages over {W*(0)} can
be performed with Gaussian integration. Concretely, we obtain the following average over Gaussian
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initialization W*(0)

InE exp (ZTr wio) [de [t [x @00 @.0)" +gf+1<x,t>sf<m,tﬂ)
VN
1
=-3 /dtdsdwdw’ X, t) - X2, 5) 0 (e, s t, 5)
1 N ~
— §/dtdsda:da:’ E(x,t) - €2, 5)G T (x, 2 L, )
- i/dtdsdmdm’ X, t) - g" T (2!, s) Az, 5 t, ) (24)

where we introduced the following order parameters

1 4 Al

A, @it 5) = (W (@,1) €, 5) (26)

o (2, a1, 5) = %q&(hé(w,t)) SR, s)) ) Gllw, ot s) =

As we did with the x, & fields, we can enforce the definition of the above order parameters with
integral representations of Dirac-delta functions. For example, the ® kernels can be enforced by
inserting

(I)Z /. (i)é /.
1:/d (z,x';t,s)d (w,w,t,s)ex

i N1 P (N@Z(w,w’;t,s)@e(w,m’;t,s))

exp (0! (w21, 5)o(h' (@,1)) - (A (@) @D)
where the ® integral is performed along the imaginary axis (—ico, i00) in the complex plane. The
same trick is performed for G and A’ which have conjugate variables G, B respectively. After

inserting these new variables, we find that the moment generating function can be expressed as an
integral over a collection of order parameters q,

q = Vec{®'(x,x;t,s), D (x,x'; t.5), G'(z, 2’ 1, 5), G (z, x' t, 5), A, t,s) B (x, ' , t,5)},
(28)

which is vectorized over all layers £ time points ¢, s and samples x, ’. The moment generating
function takes the form

2w oY) = [ daexp (NSla.gu,) 9)
where S is the O (1) DMFT action which has the following form

S :Z/dwdw'dtds {@e(%w’;t,s)@e(m,w’;t.s) + Gé(w,m',t,s)ég(:v,m’,t,s)]

N
1
/ L / 4 /
- E /dwdm dtds A*(x,x’ t,s)B (x', x, s,t) —N E_ g, Ins 34l (30)

The functions Z; are single-site moment generating functions (MGFs) which express the distribution
of h;, g; for a given value of the order parameters q and sources jp, jq.

/de (@, )dx" (z, t)dY" (2, t)dX" <wtexp( ZH[Xfo]hngzo (31)

lx,t
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where H! are the single-site Hamiltonians

HE :% /d:cdac’dtds {@Z_l(m,a:';t,s);%e(:c,t))ee(x’,s) + G (x, s t, 5)E (x, 1) E (2, s)}
+ [ dwdadtds [ (2, 2"t )00 (@, )0 (@ #) + G (2,031, 99" (2, )9 (@)
+i / dadz' dtds [Affl(m,m';t, 8§ (x, t)g (@', 5) + Bz, @' 1, 5)E (@, 1) p(h (', 5))}

- / dadt [z‘f/(w, X (@, ) + i€ (a0, ) (2, ) + i i (2, R (, 1) + i i (2, £)g" (a, t)}
(32)
In the above formulas, the h, g fields should be regarded as functions of the x, ¢ fields.

Since the moment generating function has the form Z = [ dgexp (NS|[q]), the N — oo limit can
thus be characterized by the steepest-descent method (saddle-point integration over q). The result
is that all of the order parameters take on definite values (concentrate) at infinite width. The saddle
point equations % = 0 state that each of the kernels takes on definite values

N
@ (,0'5t,5) = 1 S (O (2, )0 (@' ),
1 z;1
G (a,a'5t,5) = 3 D0 (o' (@, )9 (@', 9)
i=1

N
=1

1 N

i)e(w, il)l; t, 8) = _T Z <X€(wv t)f(é(w/a 8)>1
i=1

1 N
A0 /. = FO ) /
G (x,x';t,s) = 5N - <€ (z, 1) (z a8)>l 33)

where (), denotes averaging over a single site stochastic process defined by the moment generating
function Z;. At zero source 7 — 0 all of the single site MGF functions Z; are identical so all
averages (-), are also identical. At zero source, the kernels have the simple expressions such as

O (w,x';t,5) = (p(h'(z,1))p(h (', 5))).
D.3.1 HUBBARD-STRATONOVICH TRANSFORM

Now that we know the kernels <I>€7 G* take on definite values at N — 0o, we can perform a Hubbard-
Stratonovich transformation to introduce Gaussian sources

1
exp (—2 /dwdaz’dtds )Ze(a:,t);Ze(a:’,t’)@E_l(a:,x';t,s))

= <exp (—i/dwdt )Ze(m7t)uz(w,t)>> (34)
ul~GP(0,B4-1)

exp (—; /dazdm'dtds él(m,t)ée(:c’,t’)Geﬂ(:c,w’;t,8))

= <exp (—i/dwdt fe(:r,,t)re(a:,t)>> (35)
rEnGP(0,GEFT)
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After introducing these Gaussian sources !, ¢, we have linearized the single site Hamiltonians #¢
b 1

with respect to x and é . Integration over these variables gives us the following Dirac-Delta function
constraints

lant) =ul@.t) + [ duds A @2t 5)g' (@'5)

£, t) = (@, ) + / dads B! (z, /1, )6(h (', 5)) (36)

Using similar manipulations, we can simplify the expressions for A¢, B, i), G at zero source 7=0
56(h' (. 1)
Az, x';t,5) = ’
29 = (s
5g£+1 (:1: t)
Bf(z,a'st,s) = ( —F——~
(@a'sts) = (2

d(w,2';t,5) =0, G'w,2';t,s) =0 (37)

Plugging the dynamics for , £ into the formulas for k¢, g°, we obtain the following final equations
for the stochastic process of h’, g*.

1 1
Y (@, t) = hf(x,t) + —=u T (2, t) + 7 /dw’ds Az, x';t,8)g (2, 5)

VL

Mg / ds A(x', )@ (x, s t,5) ¢ (2!, s) , ut ~ GP(0, 1)

+7

9" (@, 1) = g"" (@, 1) + ﬁé(hz(w t))z"(,1)

zf(m,t) = rl(a},t) + /dm’ds Bz(m,m’;t,s)qﬁ(hl(m’,s)) Lt~ QP(O,GZH)

+ 0o E

t
L //0 ds A(x', s)G L (x, /s t,5)p(h (2, 5)) (38a)

where the order parameters satisfy the the following saddle point equations

ol (x,x';t,s) =
Az, 2';t, 5)

df (z,t)
dt

K(z,z',t) =

=By K (z,x' ) A(x', 1) ,

(¢(h' (@, 1))p(h (', 5))) |

(B gy (B0

drt(x’, s)

Az, t) = —

G (x,x';t,s) =

SulH(
oL
of (1)

<‘;vt

7 >
/
:c,s

(39a)

LZG“laza‘, t,s)®(x, x';t, 5)
=1

Up to the residual skip connections and the factors of —= 1 , this agrees with the N — oo limit DMFT

derived in |Bordelon & Pehlevan| (2022b)). At fixed L thls above equation can be solved with a self-
consistent Monte Carlo sampling procedure. For deep linear networks, the equations close since all
h, g fields are Gaussian. In the next section, we analyze the behavior of the above equations at large
depth L so that we can take a large depth limit.

E THE L — oo LIMIT FROM THE DMFT SADDLE POINT EQUATIONS

In this section, we consider how the infinite width dynamics behaves at large depth. We will show
that the limiting dynamics takes the form of a system of ODEs for the kernels in terms of layer time
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7 = {/ L. First, we will show that the response functions need to be rescaled with respect to L. Then
we will take a continuum limit over layers to arrive at the final ODEs for the ® and G correlation
functions.

E.1 UNFOLDING THE LAYER RECURSION

A useful first step which we will use in the following analysis is “unfolding” the recurrence to get
explicit formulas for A in terms of all of the Gaussian sources « and all of the gradient fields g°.

R (x,t) =hY( Zu x,t) Z/dm ds A*(x,x';t,5)g" 1 (2!, 5)
VL
-1
+77OLﬂE /dsAa: s ];)@k x, ' t,s)g"  (a, s) (40)

and similarly for the backward pass, we have

L
g (z, 1) =g* Z G(h" (x, t))r* (, 1)
k‘:

| L
_— h(h* (e x'ds B¥(xz,x'; t, s ka!,s
+ 7z b 0) [ de’ds B @,a'st, )o(h (@', 5)

{—1

L t
0 S 0 B [ s ) T G 1900 a9) (4D
k=t 0 k=1

A very useful fact that can be immediately gleaned from the above equations is that

Sht(z, 1) 1
w<t Saen~0(75)
dg‘ (. )

1
> e~ (72) “

These facts will be utilized to obtain the scale of the response functions in the large depth limit.

E.2 CHARACTERIZING RESPONSE FUNCTIONS AT LARGE DEPTH

First, we will study the response functions A, B¢. We note that from the saddle point equations,

5p(h' (z, 1))

A* ftos)=( ——~""22 ) 43
($,$ ) aS) < 67"2(.’3/,8) ( )
Since 5‘%(7,}1) = gb(h) %, it suffices to consider the scale of the derivative %’:_i;m,‘il))

¢
1 ) 5gk+1(w// t/)
) ’. N Z 1 34t 2k N ¢ R Sedit v
A (:l:,w 7t; S) = 4\/5 /diB dat’'A (:c,w atvt ) <¢(h (:l!,t)) 6T€($I,S) >

k(p! ¢
4 00 Z]Ew,/ dt' Az, s)®* (z, /s t, )<¢(h€(w’t))m> @

Next, we use the fact that % ~ O(L~ 1/ 2). Therefore, the second sum (the one which

depends on 79y L~1) scales as O(noyoL~'/?). Solving the A’ recursion iteratively from the first
layer, we arrive at the conclusion that

Al(m,x';t,s) ~ O(noyoL™'/?). (45)
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Indeed, as a sanity check, plugging this in gives a consistent solution to the above equation. Re-
peating an identical argument for the backward pass reveals an identical scaling for B with depth
L

B'(m,a'st,5) ~ O(oyo L~ "/?) (46)
We therefore need to introduce a rescaled version of the response functions
L
Az, 2/ t,s) L Az, 2',t, 5) 47)
Moo
L
Bl (x, ' t,s) L Bl(x, ' t, s) (48)
Moo
After this rescaling, we have
L /§¢(ht(x,t
Az, ol 1) = YL (000 1) (49)
novo \ Orf(x’,s)

To calculate this rescaled response function, we can derive a closed set of equations for all of the
cross layer correlators

6he( _ Moo " 1" (Sgk(m/la s)
TW( Z/ ds Ch r,T 7t,8)76r£/(w/75)
J é( ) 1 7 / v
S0 o - 5(e - )5(t - 90 (@.0)
4 LS b, S 1)
L& O )
L
0o 1k " k " 5¢(hk($//73))
+7L kE::é(b(h (:E,t))/d:c dsCy(z,x",t, 8)757’0(58/,8)
1070 o= Sd(h* (. 1))
0°)0 " k " k(0
A e P [derischeattooit@ ) 50

where we introduced the shorthand
Ci(x,x' t,s) = A 1w,/ t,5) + O L(ax,x' t, s) Az, s)p(x)
Ch(w, @' t,5) = B (w, 2, t,5) + GV (m, 2/, t, 5) A, s)p(') (51)

Similar equations exist for all derivatives with respect to u‘(z,t). Once the above equations are
solved, then one can compute the response functions A¢, B¢ by averaging the necessary field deriva-
tives.

E.3 CONTINUUM LAYER-TIME LIMIT AT INFINITE DEPTH

In this section, we argue the infinite depth limit can be viewed as a continuum limiting process
defined by ODEs for the kernels and SDEs for the preactivation and gradient fields for a layertime
7 = {/L. We start by examining the asymptotic structure of the preactivation h‘ dynamics

R (;t) ~ hlmt—kuu (x;t)

+ %o Z/ ds Be C(x, x5 t, 5) g" () s)A(2; 5) (52)

The Gaussian source variables u* are all uncorrelated across layers. So the first sum is also a mean
zero Gaussian with variance

1 & 1< , 1 oy,
<<ﬁ;uk(m,t)> <ﬁ;uk(m,s)>>:L;¢k (x,2';t,5) ~O(1)  (53)
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Atlarge depth L, this term will behave as integrated Brownian motion since each layer’s contribution

is independent and order v d7T ~ —= Next we reason about the scale of feature learning update
o £—1 £—1
77070 Z Z/ ds' / ds Egr o A(x'; 8)A(2;8)
k=0 k/=
x Cf (@, a'5t,5) CF (@, 2';1,5) <gk“(w ARG S’)> ~O(1) (54)

The above double sum is O(1) because we have < 9"g > ~ O(1) for all k, k. This fact arises from
the skip connections, which generate long-range correlations across layers. This behavior is very
different from non-residual networks where ¢’ and ¢* are independent for all ¢ # ¢ (Bordelon &
Pehlevanl 2022b).
To take the continuum limit, we define functions of a continuous layer time variable 7 € [0, 1],
h(T7 Z, t) = h’e(mv t)|€:TL ) g(T, T, t) = g[($7 t)‘@:TL

O(r;, 2’ t,5) = Oz, 2 t,8)|p—rp , G(rsz, 2’5 t,5) = Gz, x'; 1, 5)|—r L. (55)
The key idea when taking the continuum limit is the following relations based on a notion an in-
finitesimal layer increment dr ~ % Let F* be a deterministic function of the layer index and let
F(7) be its continuous analogue which satisfies F( ) = F*|y—, 1. Then,

- 74
nggo ZF —>/ dr'F(r

lim L[F™H —F7t] — gF(T). (56)
T

L—oo
We will use these relations when deriving continuum limits of the DMFT process. We note that stan-
dard error analysis for Euler discretizations can be used to argue that finite depth averages converge
to the 7 integral at rate

)| ~O(L™) (57)

1 TL T

el £ / /

7 Z F / dr'F(t
=1 0

This is merely the approximation error of a Riemann sum which is proportional to the step size

(Rudin, 1953), which in this case is 1/L. This idea can be used to generate a convergence rate of
the NTK and the network output predictions at large depth as we discuss in

E.4 PREACTIVATION DYNAMICS

As discussed in the main text, the large L limit for the dynamics of h¢ can be viewed as a stochastic
integral over 7 and over Brownian motion for the ©* sum

h(riz,t) = h(0: 2, 1) + /duT 2,1)

+ no'yo/d:zz / ds/ dr' [®(7;z, x'st, ) A(x'; s)p(x') + A(T, z, 2’5 t,8)] g(7/, 2, 8)
(58)
where du is Brownian motion term with covariance structure
(du(t,z, t)du(t’, @', 8)) = 6(1 — 7")®(1, @, 2, t, s)dT. (59)

Similarly, the gradient fields have an analogous structure
1

g(rixz,t) = g(T;2,1) —|—/ dr(r', x,t)o(h(r', 1))

t 1
+ noYoEa / ds / dr' p(h(r', 2, ))G(T' 2 t, s)A(x'; 8)p(h(T; 2, 5))
0 T

t 1
+n0'yo/dw’/ ds / dr'p(h(t', &, t))B(r', &, x';t,s)p(h(r'; ', s)).  (60)
0 T
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where dr is Brownian motion with covariance structure
(dr(r,z,t)dr(r’,x',5)) = 6(r — )G (1, z, 2, t, s)dr. (61)

We note that, due to the nonlinearities, the h, g fields are non-Gaussian at finite 7 as in the case of
mean field networksBordelon & Pehlevan| (2022b). We note that an alternative to the above integral
formulation is a stochastic differential equations

dh(t,x,t) = du(r, z,1)

t
+dr nofyo/dac’/ ds [®(r;z, s t, s)A(x; s)p(x') + A(T; , 2'5 8, 8)]g(T, 2, 5)
0
(62)

The v9 — 0 limit of the h equation at ¢, s = 0 coincides with the SDE derived at initialization by
Hayou! (2023); [Hayou & Yang| (2023). However, we now see that feature learning term (the term
which depends on ~) adds a drift term to the layerwise dynamics compared to the diffusion term
from the initial weights.

E.5 KERNEL LAYERWISE ODES IN 7 IN FEATURE LEARNING REGIME

We can start from the stochastic difference equation

¢
dh(r,x,t) = du(t, =’ t) + dr nofyO/d:c'/ ds Cp(1,z, 2’ t,8)g(T, %', 5)
0

Cu(r,z, @' t,s) = A(r,z, @', t,5) + ®(7, @, 2’1, 5) A2, s)p(x). (63)

and derive an ODE for the feature kernel at layer-time 7. Applying Ito’s lemma (Itol |1944), we
obtain the following feature kernel dynamics

Zo ' ts) =

57 (ryx, 2t s)

1 ~ g~ 1,0 7] ~ o~ o
5 dedz'dt'ds'®(r, &, &', t',s")

on(r, z,t)0n(r, @, s

0 (rv, )o(nr: )] )
+ 1070 / da" dt' Cy (7, ., ", 1) <g(T, & )b(h(r, z, 1)) (h(r, w’7s))>

+ 1070 / dz"ds'Cp(r, ', 2", s") <g(7’, z' s p(h(r,x,t))p(h(T, s))> (64)
The first term on the right hand side comes from signal propagation, which persists even in the lazy

limit. The second set of terms come from feature learning corrections. This equation should be
integrated from 7 = 0 to 7 = 1. Similarly, there is a backward pass ODE for the G kernel

%G(nw,w’,t, 5) = — <q§(h(7', x,1))o(h(r, s))> G(r,z,x',t,s)

t/
~ 0% / dz” /0 dt'Cy(r,x,x" 1, 1) <¢(h(7,m,t))¢(h(r, m',s))g(7,w",t')>

— 0% / dw”/ ds'Cy(r,z, 2", t,1") <(;5(h(7‘7 x,t)p(h(r, ', s))g(r,z", s')>
0
Cy(r,z,x' t,s) = B(t,x, @', t,s) + G(r,z,x', t, s) A(x', s)p(z) (65)
which should be integrated from 7 = 1 to 7 = 0.

We note again, that convergence to the ODE will occur at rate O(L~!) in absolute error.

E.6 RESPONSE FUNCTION EQUATIONS IN THE CONTINUUM LIMIT

The response functions can also be determined in the . — oo limit using the following relations

1 0p(h(r,x,t)) 1 og(T, x,t)
A 't 8) = B "t,8) = 66
(@@, 9) 1070 < ddr(t,x',s) [’ (@@, 5) noYo \ 0 du(r,x’,s) (€0
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The reason that the variation is computed with respect to the differential Brownian motion du, dr
is to match the scale of the increment which appears in the finite L response functions A* =

f’
n\o/’i < 5‘%(:2[) > Using our continuum limit equations, we obtain the following field derivatives
Oh(T, x,t)

=0(r —7)(x — x")(t — s)

Sg(r", " 1)
d d " dtC 7 " t t/ ) I
—&—77070/ T / z / Wz, 2"t )75du(7"7w/,5)

ddu(r’, &', s)

UL / ) [ e, m e so(h(r",x",1'))
= dr’ t d dt'C t,t)—————=
) 1070 T ¢ (7", x, x (" @, 2" t,t) Sdu(r . s)
5h( T, T, t /// 9 . , 5g(TH7ZBN7t’)
ddr (7!, ' —ﬂoVo/dT /dw dt'Calr", 2, ’t’t)(Sdr(T’,w’,s)
69( ) _ / / y
Sar(r ) O(r" —1)o(x —x')d(t — s) p(h(r,x,1))

Sp(h(r", 2", 1))
odr(t!, @', s)
(67)
Once these recursions are solved, the response functions can be computed by averaging the neces-
sary field derivatives at each layer time 7

o0p(h J5
A ts) = (20 Bl = (SATE0 e

+nov6 / dr"g(h(r", 2, 1)) / dz” / A" 2" 1)

E.7 FINAL RESULT: INFINITE WIDTH AND DEPTH LIMIT

In this section we combine the results obtained in the preceeding sections to state our main theo-
retical result which is the infinite width and depth limit of the learning dynamics in our ResNet.
Below we state the result for gradient flow, but minor modifications can also characterize discrete
time SGD, momentum, weight decay etc as we discuss in Appendices [K]

Proposition 3 Consider the N, L — oo limit of the ResNet MP—% model presented in the main

text trained with gradient flow on data distribution p(x). The preactivation h(t, x,t) and gradient
g(7, @, t) stochastic fields obey the equations

T T t
h(r,z,t) = h(0,x,t) +/ du(T',m,t)JrnO*yo/ dr’/dm’/ ds Cyp(t' 2,2 t,8)g(7', 2, 5)
0 0

0

g(r,x,t) = g(1,x,t) —|—/ d(h(',x, t))dr(7', x,t)

T t
+ 1070 / dTld.)(h(T/a T, t)) / d:E/ / ds Og(T/7 Z, mla ta 5)¢(h(7/7 .’IJ/, 5)) (69)
0 0
where the zero mean Brownian motions du(t, x,t), dr(7, x, t) have the following covariance struc-
ture
(du(r,x, t)du(r’ 2, 8)) = (1, x, 2’ t,8)d(7 — 7')dT
(dr(t,z,t)dr(t’, 2, s)) = G(t,z, 2, t,8)6(T — 7')dr, (70)
the deterministic kernels Cy, and Cy have the form
Cil(r,@,@ t,5) = B(r.2, @, 1,5) A/, s)p(a’) + A(r, @, 1, 5)
Cy(r,z, 2 t,s) = G(r,z, ', t,s)A(z', s)p(x') + B(r,z,x', t, s) (71)

where the kernels ®, G and response functions A, B are computed as averages over the h, g stochas-
tic process

O(r,z, 2’ t,5) = (p(h(T, 2, t))p(h(T, 2, 5))) , G(T, 2,2, t,5) = (9(T, 2, t)9(T, T, 5))

L (S0 g1 e

A "t,5) =
(r,z,2',t,8) n07v0 \ odr(r,x’, ) 1070 <5du(7’, x',s)
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From the feature and gradient kernels, we can compute the dynamical NTK and the dynamics of
network predictions

1
K(m,a:’,t):/ dr G(r,z, ' t, )P (1, 2,2’ t,t)
0
oL
of(x,t)

This is a closed system of equations relating preactiation and gradient marginals, the kernel dynam-
ics and the network prediction dynamics. In this limit, the kernels, response functions and network
outputs are all deterministic.

— f(x,t) = no /dm’p(w’)K(cc,m’,t)A(az’,t) , Az, t) = — (73)

F INFINITE DEPTH THEN INFINITE WIDTH LIMIT

In this section, we compute the limiting process in the other direction, by directly working with
the distribution of order parameters g at finite /N. We show that at large depth L the DMFT action
converges to a limiting object S, (q). We the show that the large N limit of the distribution recovers
the same saddle point derived in Appendix [E] for the large NV then large L limit. Thus, this section
constitutes a theoretical argument that the width and depth limits commute for the whole course of
training dynamics. The derivations are performed at the level of rigor of physics, and we leave open
for future work a rigorous result about commutativity of limits throughout training.

F.1 LARGE L LIMIT AT FIXED N

We derived the finite NV, L distribution of order parameters in Appendix Section [D| The result was
that the log-density of the order parameters g over random initialization of network weights was
given by the DMFT action In p(q) o NS (q). Suppressing unnecessary (for the purposes of this
section) sample and time indices, the action at depth Sy, had the form

S=3 [@%f LG - AZB‘Z} + Z[q] (74)
4

where the single site density Z has the form

Z= / [[ dn‘antag*dg"
4

R 1 1
Eye ey exp <iZhe (h“l —ht— ﬁué — ﬁflggé'H — 77L'Y¢2A92+1)>

14

RN RIS v 1'@@1377070 O\ 41 ¢
exp <ZZ€:9 (g -9 v ¢(h)*ﬁ¢(h )B'o(h") — = =2 G(h)G T AG(h )))

exp< Z¢ (R)2'e(h) = g'G'y f) (75)

14

where the averages are over u‘, r’ which are Gaussians with covariances ®‘~! and G**! respec-
tively. In the above equation we work with h, g directly rather than working with the intermediate
fields , & which only depend on the initialization.

To obtain a proper large depth limit, we rescale the conjugate order parameters as
= Lay A LA 1070 17070
Pt 5~ G- =G, A" 224 B
L L VL VI
We note that such a rescaling will not alter the distribution of real network observables

{®,G, K, f,...} (Bordelon & Pehlevan, 2022b}2023)). After this rescaling, we take L — oo which
gives a continuum limit of the resulting layer sums, we obtain the following simplified infinite depth

LD pt (76)
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action in terms of the kernels and features at layer time 7 € [0, 1]

S :/dT[cp(r)é(THG(T)G( )~ 122 A(r)B(r)] + In 2
Z = / DhDGDhDG Eoy(r r(r) €XD (z / h(r)[dh(7) — du(r) — noyoch(T)g(T)dTD
exp (z / §(m)[=dg(r) — dr(7)é(h(r)) novoéﬁ(h(T))Cg(T)sb(h(T))dT]>
exp ( / dr(p(h()&(r)$(h(T)) +g(7)@(7)g(r)]>- 7

where C},, Cy are given in the main text and the du(7), dr(7) are Brownian motion processes over
layer time 7. We therefore find that the distribution of order parameters at finite width N and infinite
depth L — oo is

Jim pr(q) = poo(q) o< exp (NS (q)) (78)

This constitutes taking the infinite depth limit L — oo at fixed /V. At this stage, the order parameters
do not obey a deterministic set of equations, but are samples from the above density. In the next
section, we study infinite width of this density and find that we recover the same result that we
derived previously in the other direction.

F.2 SADDLE POINT EQUATIONS ON INFINITE DEPTH ACTION

This section considers the large [V limit of the infinite depth stochastic process. In particular, we
evaluate the saddle point of S, and show that it recovers the same limit as we obtained by first
taking a saddle point and then taking the large L limit. This shows that the limits commute.

gﬁ}@h)<amawmwmo

(;20:) = G(7) — (9(r)g(7)) =0

5if(oo) —m376 B(7) = inovo < >

Sigz_%ﬁA = im0 (§(1)S(h(T)o(h(r)) ) =0 9)

For the last two expressions, we recognizing that

Mué(T,)exp <i/ﬁ(7)du(7)) = —ih(T) exp <i/ﬁ(7)du(7))

s e (<1 [ ) ) = —igmdnr)es (<i [ amimmar:))
(80)

We can thus express the saddle point equations in terms of the left hand side derivatives with re-
spect to Gaussian sources. Performing integration by parts, we arrive at the usual response function

formulas
A(r )—?70171<5§1(7Z(:))))> , B(r) = n0171<6<29u((77))> 1)

Lastly, we can integrate over /(7) and §(7) which give Dirac-Delta functions that define the h and
g stochastic processes

dh(r) = du(t) + 010 C(1)g(7) , dg(r) = —dr(7)$(h(r)) - novoé(h(T))Cg(T)¢(h(7))cgz)

The rest of the indices (over samples and training times) can be incorporated into the above argument
and the result is easily verified to match that derived in Appendix [E| from the large width then large
depth limit. This exercise thus verifies that the large width and large depth limit continue to commute
throughout training, extending the commutativity at initialization proven by [Hayou & Yang| (2023)).
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G EXACTLY SOLVEABLE CASES

In this section, we give exact solutions to the dynamics which do not require any non-Gaussian
integrals. The two cases where this can be achieved are

1. the lazy limit 7y9 — O of network training where the features are frozen

2. networks with linear activations, which preserve Gaussianity of h, g at any ~o.

We discuss these two limits in great detail below.

G.1 Lazy LiMIT
In the lazy limit vy — 0, the flow for the preactivations h(7, z,t) = h(r, ) and the gradient fields

g'(7,x,t) = g*(7, x) are constant over training time. Similarly, the kernels ®¢, G* are also constant
throughout the dynamics. We thus have the following forward and backward dynamics

h(r,z) = h(0,z) + /T du(r’, ) (83)
0

o(r.@) = g(Lx) + / (e @))dr(, ) (84)

We note that the above equations indicate that h(7,x) are all jointly Gaussian with zero mean.
Since h is Gaussian, it makes sense to characterize its covariance H (7, x, ') = (h(T,z)h(7,2'))
at layer-time 7. This object satisfies the differential equation

%H(T,LE,CI:/) =&(r,z, )
(I)(Ta T, ml) = <¢(h(7—7 .’I)))gf)(h(T, m/)»
h(r,z, @) ~ N(0, H(r)) (85)

Since (7, x) are zero-mean jointly Gaussian random variables, the average to compute ¢ can be
computed in closed form for polynomials and several practically used nonlinearities (ReLU, ERF,
etc) (Cho & Saul,2009). Now, to compute the backward pass, we must

2, a) = — (4(h(r, @), 2)) Gl 2, 2 (56)
-
Again, the bivariate Gaussian integral <¢(h(7, x))o(h(r', ' ))> has a closed form expression for

many regularly used activation functions ¢. Given that we have solved for ®(7) and G(7), the
dynamics of the predictor is

d o Y
ﬁf(ﬂzt) = noEm/K(CE,w )A(ﬂ'} ,t) s A((E,t) = _W
1
K(z,2') = / dr G(r,z, 2’ )0 (1, z, ). (87)
0

This is an exact description of the network predictor dynamics in the N — oo, L — oo and vy — 0
limit. However, the o — 0 limit lacks a fundamental phenomenon of deep neural networks, namely
feature learning. To gain analytical insight into the feature learning dynamics, we will study linear
networks in the next section.

G.2 INFINITE DEPTH RESNETS WITH LINEAR ACTIVATIONS
In the case where the activations are linear, we can also close the equations at the level of the kernels

(since activations remain Gaussian even after feature learning). To provide an exactly solveable
model of the dynamics, we consider computing the kernels after one step of feature learning.
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G.2.1 FuLL DMFT EQUATIONS IN DEEP LINEAR NETWORKS

The DMFT equations for the preactivation processes have the form

T x,t) = h(O,:c,t)+/ du(T’,sc,t)—i—nWO/ dT’/d:c’/ds Cr(t,z, 2 t,8)g(7!, 2, 5)
0 0

1 1
g(r,z,t) = g(1,2,t) + / dr(t',z,t) + 1Yo / dr’ / dx’ / ds Cy(t' @, &' t,s)h(T', &, s)
T T (88)
where C},, Cy have the usual expressions. The field derivatives (to get the response functions) have
the form
Oh(r,x,t)

m =0O(1 —7)(x —x")(t — 5)

59(7_// w// t/)
d 2 d 12 dt 2 11 t t/ 9
+ "7070/0 T / X / Ch T , L, L ,1, )5du(7" = S)

5 t 1 Sh " " t/
9z t) )) :77070/ dT"/dx”/dt’Cg(T”,m,x’,t,t)7(7— <

)
ddu(r', ', s ddu(r', ', s)
Sh(r,z,t) ,, ,,/ dg(r",x",t)
Sdr(r 77070/ dr /dx dt' Cy (7", z, x' tt)édr(T 2.5

dg(T, z, )

W =0O(r" —7)6(x — x')5(t — s)

+T}0'yo/ dT”/dz”/dtC " x, tt)(sh(T 2", ) (89)
odr(t!, @, s)

Since the activations are linear, these derivatives are no longer stochastic and we have the equal layer
time 7 = 7’ derivatives as the response functions

Oh(r,x,t)
odr(r,a’, s)
Next, we compute the kernels as simple Gaussian averages

H(r,z,x',t,s) = (h(r,z,t)h(T,x,t)) , G(1, 2,2, t,5) = (9(T,2,t)9(T, 2, 1))  (91)
In the next section, we show a simple example where these equations become simple linear differ-
ential equations.

59(7-’ w? t)

A "t,s) = ICANE 4R
(2, 2, ¢, 5) ddu(r,a’, s)

) B(’T,:E,:B/,t,s) = (90)

G.2.2 ONE STEP ONE SAMPLE FEATURE KERNEL EQUATIONS

Before training, the initial conditions for the kernels H(7) and G(7) are
8.,—H0(T> = HQ(T) 5 8-,—G0(T) = 7G0(T>

— Hy(t)=¢", Go(r)=e " +1—¢! (92)
After a step of gradient descent, the preactivation at layer time 7 has the form
O+ [ dutr) o [ ar AT+ Holr lao() ©3)

We let H(7), G(7) represent the kernels after one step. The response function after one step has
satisfies the differential equation

0;A(t) = A(T) + Ho(T)y, A(0) =0 = A(r)=71e"y (94)
The kernel H (1) after one step therefore satisfies

H(r)=H(0)+ /OT dr' H (")
waiod [ [ dr'dr Gotr' 7AW + Holr WILAG™) + o))

+/ dr'H(r") +n87§y2/ / dT/dTNGo(T/,7'”)67J+TN[T/—|—1][7’”4—1]. (95)
0 o Jo
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where Go(7,7") = (go(7)go(7")). Differentiating both sides with respect to 7 gives the integro-
differential equation

O, H(T) = H(T) + 2n2~2ye™ [t + 1] / dr'Go(r,7)e™ [ + 1] (96)
0

Note that Go(7,7') = Go(7) = e ™+ 1 — e ! for 7/ < 7. So we can pull this out of the integral

and we are left with

/ dr'e” |7 +1] = re” 97)
0
We are finally left with the ODE
O, H(T) = H(1) + 20373y% ¥ [e ™ + 1 — e Y[r? + 7] (98)
Integrating gives
1 1
H(t) = e"H(0) + 2n2~ae™ [373 + 572 + (1 4+e (%™ —Tem +e7 — 1) 99)

This solution gives the profile of the feature kernels after a single step of gradient descent. This is
verified numerically in Figure[7} At small 7 this goes as H(7) — Ho(7) ~ ng72[1 + (1 + e~ 1)]72

H FINITE WIDTH CONVERGENCE: FLUCTUATIONS DO NOT SCALE WITH L

At fixed L, one can compute systematic asymptotic corrections in O (N ~1) to the statistical proper-
ties of q. This follows closely from the finite width analysis around mean field dynamics performed
by Bordelon & Pehlevan| (2023)). The idea of their expansion is to extract from S information about
finite size deviations from the infinite width DMFT process. The key fact which appears in the
next to leading order terms is that at finite width [V, the order parameters g become random with
covariance

Cov(g) ~ = +On(N?), 5 = [-V2S(qx)] (100)

The matrix %EL gives the leading order (in powers of 1/N) covariance of the order parameters over
random initialization at width N depth L. The goal of this section is to show that the entries of this
covariance matrix 3 that correspond to the NTK and (consequently the predictor f) do not diverge
with L for the architecture of this paper (residual networks with 1/+/L branch scaling), but rather
approach a well defined limit at rate O(L~1). We again stress that this is unique to this architecture.
Non-residual deep networks networks have propagator entries which scale linearly with L since
variances accumulate rather than average out over layers (Bordelon & Pehlevan, [2022af; |2023). We
note that the predictor f can be included in the set of order parameters q at depth L, so that the finite
width deviation scales as

1
((fn.L = foor)?) ~ NZ,% (101)

where averages are taken over random initialization.

H.1 COMPONENTS OF THE HESSIAN

Since we are primarily interested in the scaling of the finite width effects with respect to N and L,
we will suppress the sample and time indices of the kernels and instead focus on the dependence
of the fluctuations on layer index ¢. This will not change the analysis of the scaling but will save
us from tracking a tremendous amount of indices. We will let ®* to represent the feature kernel at
layer ¢ and G* the gradient kernel at layer ¢ with no time or sample indices. Under this simplified
notation, the Hessian has entries of the form

TS oo )ont 1ot ) — 90" = o
odLodl e
828 8 Vi Vi _ 1 g,gf
25000t de,0r — o (@(h)p(h")) = der — ED‘I’
%S
907087 " (102)
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First, we note that since the k¢ fields have long-range correlations, the %  is non-vanishing for all

¢, ¢'. We next note that Dé’el ~ O(1) since 885, ~ O(L~1) and by Price’s theorem,

o L) ot
Dg" =5 ( grrgar 9()9(0)] ) + 2L ( 6(h)e(h) 5 ) ~ O(1) (103)

Similarly, we also need to calculate the terms involving G*
0%S e e 0 TN 4
Serar ~ \W'd'e"d") — 6" =g
0°S
—= ; - 5&[’ - 0’
AGLOG! oG*
%S
— = 104
AGoGY 0 (104)
Lastly, we must consider the cross terms involving both {®} and {G*}
%S < ‘ A el 00
— 22— (¢(h")é(h ) -G = ry
9btact o(h")p(h")g" g o,G
%S ) Iy
- = h)p(ht)) = —— DY’
8¢48G@ aGZ/ <¢( )QS( )> L .G
0%8 9 i 0
_ = — = ——D4
oGioer o7 W9 =" Pce
%S
adLoGY
The k tensor represents an instantaneous source of variance for the kernels, while the D tensor

represents the sensitivity of the kernel at layer £ to a perturbation in the kernel at layer ¢'. All entries
of each D matrix are O(1). Now, to compute the propagator, we construct block matrices

| ks  Kaec | Do Doc
R= |:HG,<I> e) } » D= [DG,cb D¢ } (106)

]_ ’
<glgé> =00 — ZDée

=0 (105)

Now, to obtain the propagator X, we must compute the inverse of the Hessian V2S

N T R (R (U I U
[_LD ) ] 7{(17%1))71} ’ (107)

The observables of interest are the top-left block which gives the joint covariance over all {®*, G*}
variables. We introduce the following 2 x 2 block matrices

Ny 0,0 0.0 0,0 0,0
kbl — |Fe = Reg ntl X3 Xgg DLt — Dg" Dgg (108)
o 0| o ol bl | ptt  pte
alel Ie G® G GP G

The above equation gives us we get the following 2 x 2 matrix equations

’ 1 L 1 ’ 1 N L 1 gt ’
2@,@ _ Z Z Dé,kzk,@ _ Z Z zf,k[DZ ,k:}T + ﬁ ZDﬁ,kzk,k [Dk: N ]T _ K@,f (109)
k k kk’

We see that the solutions X% to the above equation will be O (1). This is precisely due to the
factors of 1/L which appear in the above sums. One way to see this is to consider a large L > 1
limit where the above layer sums converge to integrals over 7

(7, 7)) —/dT”D(T, NS, 7 —/d7'”E(7'”,7")D(7',7'”)—r
+ /dT”dTWD(T, (", "D, ") = k(r, ) (110)

So we find that the covariance of kernels at each pair of layers X (7, 7’) is O (1).
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H.2 VARIANCE OF THE NTK AND PREDICTOR

Using the above fact that ) IECINNNG) (1), we can reason about the variance of the neural tangent
kernel K

1

/ ’ ]_ / ’
— L,8" ~0+1 ' +1 £l s l0—1 50 —1
= NIz E Yo GG + E Yo o0

NL?
o ja44
2 Z 00 ~O+1 50 —1 -1
+ W < E‘PGG q) ~ OL,N(N ) (111)

Var(K)

This demonstrates that the NTK will have initialization variance that scales only with the width N
but not the depth L. Using the fact that %t = KA, we see that f will inherit fluctuations on the

same scale of Oy, 1,(N ~1/2). The depth L NTK and predictor covariance converge to the infinite
depth propagator with rate O(L~1).

I FINITE WIDTH AND DEPTH ERROR ANALYSIS

In this section, we combine the results of the previous sections. We consider the following error
decomposition where we introduce the norm ||z|| = y/(z2) and () denotes an average over random

initializations of the network. Applying the triangle inequality on this norm, we have
HfN,L — foo,oo” < ||fN,L — (fN,L> || (Finite Width Variance)
+ || {fn.L) — foo,L|| (Mean Predictor Finite Width Error)
+ || foo,L — foo,00l| (Finite Depth Error at Infinite Width) (112)

From the preeceeding section[H] the first term has asymptotic behavior

1 P T 11
<(fN,L - <fN,L>)2> ~ N ZF FOINT) = $EF 4+ 0 (NL - N2) (113)

where the last term comes from the fact that X* approximates the infinite depth propagator ¥°° with
error 1/ L. Next, we can apply results developed from|Bordelon & Pehlevan|(2023) which show that
the mean predictor satisfies (fn.1) = foo.z + O(N 1) to find that mean finite width error scales as

| (fn,L) = foo,t|> ~ O(NT?) (114)

Lastly, the finite depth error in the infinite width DMFT arises from the 1/L discretization effect.
Thus the square error goes as

| ool = foorool? ~ O(L72). (115)

which follows from the discretization error of the limiting large depth process for the NTK and thus
the predictor. Altogether, we have

1 1 1 1
v, = foosall ~ \/sz +0 <NL> +0 <N> +0 <L> (116)

We see that at large width and depth this is dominated by the first term which comes from the finite
width fluctuations. However, if the model is ensembled, then we expect a faster rate of convergence
from the last two sources of error. Indeed, we provide an experiment verifying that ensembling
improves the rate of convergence in Figure

J  WHY PARAMETERIZATION INFLUENCES HYPERPARAMETER TRANSFER AT
FINITE WIDTHS AND DEPTHS

One may wonder why other parameterizations which also admit a scaling limit (such as Neural
Tangent Parameterization) do not transfer as well as networks in uP or why our proposal transfers
over depth but others do not. To achieve successful transfer across finite widths, it is insufficient to
reason about the infinite width/depth scaling limit, rather one needs to identify a parameterization
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that minimizes the approximation error between finite networks and the scaling limit (of course
subject to the obvious constraints of training in finite time, learning features at the desired rate etc).

Alternative parameterizations that do not keep feature updates constant, can be thought of as choos-
ing a function o (N, L) which describes how much the features evolve with N, L. Suppose further
that this has a limiting value limy, 1,00 Y0 (N, L) = 7. For example, neural tangent parameter-
ization in our \F ResNet corresponds to vy = % with 75 = 0. We let the logits for a finite

width/depth model in this parameterization be f Yo (N,L) represent a finite width NV and depth L net-

work predictions with feature learning scale 7 (N , L). The approximation error this (N, L) network
and another (N’, L") network has two potential sources of error

||f70 (N,L) fxiol(g'yL)H<|| VO(NL) ’Yo(NL H+||fwl(g/L ’YO(N L)||
+||f2§£f§’“f RISEER (117)

Heuristically, one can eliminate the final approximation error by choosing a parameterization where
Yo (N, L) = 7 is a width/depth-independent constant. Then one is left with finite approximation
errors to an infinite model with the same rate of feature learning.

K ARCHITECTURAL + OPTIMIZATION EXTENSIONS

In this section, we explore various extensions of the model written in the main text. Most of these
extensions do not modify the scaling rule or the procedural ideas which we used to characterize
the limit. We will explore convolutions, multiple layers per block, training read-in and read-out
matrices, discrete time training dynamics (finite step size SGD), momentum, and LayerNorm.

K.1 CONVOLUTIONAL MODELS

A DMFT for convolutional ResNets can be easily obtained by introducing spatial coordinates a, b of
each layer’s representation (Bordelon & Pehlevan,[2022b). The preactivation vectors h’(x,t) € RV
represent the activity of all IV channels in layer ¢ at spatial position a. The trainable weights take
the form W € RV*N describe the filter at a spatial displacement a from its center. The recursion
of the ResNet is

RS (x,t) = hi(z,t) + WZWM hi . o(x,t)) (118)

where the sum over b runs over all valid spatial positions in the filter. The relevant order parameters
are still feature-feature correlations, but now with additional spatial indices

@ (.2, 1,5) = O, 1) DR () (119)

A similar gradient-gradient kernel is also crucial Gf; o(@, 2, t,s). From these objects, one can
construct a limiting DMFT at N — oo

K.2 MULTIPLE LAYERS PER RESIDUAL BLOCK

Many residual neural networks, including the popular ResNet-18 and ResNet-50 models, there are
more than a single convolution layer on a residual branch. In this section, we show that this does
not alter the scaling rule or the convergence to a well defined large width and depth limit provided
the number of branches L goes to infinity with number of layers per block K fixed. We therefore
work with the case of K ~ (1) hidden layers on each branch and still take the branch number L

36



Published as a conference paper at ICLR 2024

to infinity. The recurrence of interest is

f== N w” - ¢(h")
1 .
Rt =n'+ —hn"K re{1,...L—-1
i { }
RLk+L \/Lﬁwévk(é(ile’k’) ,ke{l,.,K -1}
- 1
ht! = 7NW670¢(h€)

The goal is to verify that gradient based learning on {W**} telL).ke[K] gives a well defined infinite
width and depth limit N — oo and L — oco. The weight dynamics are

%W“— N g, Alx,t) 5 (x, )¢(ﬁ“(m,t>) Jkefl,., K1}

dt
where we have defined the gradient fields

gg’k( t) = N%\fm ~ ON,L(I)

g
d . T
Lpyer _ F]E Az, t) g+ (z, 1)é (h“(m,t)) (121)

OhLE(x, 1)
of (x,1t)
4 )
t)=Ny=——7—>x~0 1 122
g (z,t) ,yoahf(:c,t) ~,L(1) (122)
We next examine the scale of the updates to preactivation features h%* and h!
REF L (2, 1) = ——WEFE(0)p(REF) + T OR ds Az, $)D4 (2, 25, 8)§4 1 (2, s)
f VL
1
h€+1 W@,K 0 h@,K*l
(@.8) = W (w.1) + 2 W O)0(R )
t
+ %Em/ ds Az, )45 (2,2 1, 5)g" (2, 5) (123)
0

We see that the h%* features will be uncorrelated across k since there are no skip connections within
a block. However, the h* exhibit long range correlations as before. To understand the cumulative
impact of the feature learning corrections to the preactivations, we must reason about how correlated
the gradient signals g* and g“* are across different layers. We

G4 (1) = %va(m,m O WER(H)T G+ (a, 1)
g'(x,t) =g (1) + ﬁd)(hf(m,t» © (W) "g" (w,1)] (124)

We see that the skip connections keep long range correlations in the g¢ signals, however, the g**
are uncorrelated with one another, as in a standard feedforward network.

K.2.1 THE LIMITING BEHAVIOR OF MULTI-LAYER PER BLOCK MODEL

Based on the correlation structures, of the g* and g“* gradient featuers, we have the following
DMEFT equations at infinite width and large depth

1 41
R (@, t) = hi(x,t) —|—f2u x,t)
VL=
41
UWOZEE,/ ds A(z', )8 25 (2, @' t,5)" (', 5) + O(L™Y2)  (125)
=1
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where the Gaussian source has the form
ut(x,t) ~ GP(0, ®4K) (126)
where ®“¥ is determined through the lazy within-block recursion
O, 1, 5) = (S (@ 1) (@) ok yroprs sy + K E (L K —1} (127)

Though all of the kernels are dynamical, it is as if the weights W%* are static for k € {1,..., K —1}.
This is a consequence of the decorrelation of §** across k. We leave as a future problem whether
it is possible to reparameterize the intermediate weights so that each of the internal block weight’s
dynamics move by Oy, (1) and contribute additional feature learning terms in the dynamics.

K.3 EFFECT OF TRAINING READ-IN WEIGHTS

If in addition to training the weights of the ResNet “body” we also train the readout and readin
weights, they will also contribute to the total NTK

L
K(xz,z') = % Z Gz, )0 (z, ') + G (x, ') K® (x, ). (128)
=1

where K*(x, ') = L@ - @’ is the input kernel. We see that the addition of these two layers does

not change the fact that the NTK is O, (1) in this parameterization. Now, we need to verify that the
first layer weights move by the appropriate scale
d .o 17070 1

These equations lead to the following base case equations for the fields g©(x, ) and h'(zx,t)
t
R (z,t) = u'(z,t) + n0YoEer / dsA(x',s)g" (z,s) K* (x, x")
0

t
9" (@, 1) = S(h" (2, 0))r" (2,1) + noryod(h" (2, 1)) Ee / ds ®"(x,2',t,5)A(x’,s)  (130)
0
These fields will therefore evolve by O 1, (1) in this parameterization.

K.4 DISCRETE TIME UPDATES

DMEFT for feedforward networks can also be modified for discrete time (Bordelon & Pehlevan,
2022b; 12023). A straightforward extension of these results will give discrete time dynamics for the
field dynamics h’, g* for our ResNet. The one subtlety about discrete time is that the dynamical
neural tangent kernel (NTK) no longer governs the evolution of the predictor f. Instead,

f@,t) =m0 Bem, A, s)0" (@, a',t,5) + o / de'» Az, a' t,s), (13D
s<t s<t
where B is the minibatch at timestep s and AX(z, x',t,s) = % <%> is the final layer
response function at depth L. These are now evaluated for ¢, s integer rather than real numbers. In
the infinite width and depth limit N, L — oo, we have the following discrete time update equations
for the preactivations

h(r,z,t) :/ du(T',w,t)+770'yo/ /dw’ZCh(T’7w,w',t, s)g(t',x',s)
0 0 s<t
1

Cu(r,x,x' t,8) = A(T,x, x', t,5) +
1B

> @ - )A@, s)P(r,x, 2 t,s)  (132)
x;EB;

Notice that this is almost identical to the dynamics for gradient flow except that the integrals over
time become sums over discrete time and the population density p(x) is approximated at each step
by a uniform density on minibatch 9. An analogous discrete time equation holds for g(7).
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K.5 MOMENTUM

Momentum can be easily handled within our framework. Let @ = Vec{W° W1 .. WEI-1 4k}
represent the concatenation of all trainable network parameters. The momentum update is controlled
by a momentum parameter o which controls the exponential moving average of gradients

0(t +1) = 6(t) + noyov(t)
v(t) = av(t—1) = (1 —a)NyVeE.L[f(x,0(1))]. (133)
Writing this out for a particular hidden layer yields
Wt +1) = W) + oy V()

1
Vit)=aVit—-1)+(1 -« ExA(x, t)g" ™ (x, t)p(h (2, )" 134
()= V't = 1)+ (1~ 0) BaA(e, g (@ Do (2.0)T (134
We can unfold the recurrence for V*(t) to get the expression
(1-a) ¢
Vi) = = P By Az, 8)g" T (x, s)p(h (x, )T 135
0= o (w.5)g" (@ 5)0(h (@, )) (135)

Plugging this into the update equations for W*(t) we get

Wit +1) = Wity + P00 = S s A gt (@, )0kl @, s) T (136)
VLN z::o

From this equation, we can again unfold the recurrence for W*(t) and write the recurrence equations
for h*, g°, verifying that we get feature learning updates of the correct scale

1
R (x,t) = bl (z, t) + —=x"T'(x,t
(,6) = h'(a.1) ﬁx (@)

1 _
+ Mool =) 33 o U Ep @ (2,2t ) Al 5)g" M (2 5) (137)

<t s<t!
where x‘*(z,t) = \/%WZ(O)gb(he(iL’, t)). We see that this update has the correct scaling struc-
ture, the random (uncorrelated across layers) field x has a scale of \%L and will behave as a Brownian

motion and the feature learning update with the gradient field (strongly correlated across layers) has
the correct % scaling. The normal DMFT procedure can now be carried out on the x fields and the
corresponding & fields for the backward pass.

L WEIGHT DECAY

Weight decay dynamics can also be analyzed with DMFT. The gradient flow dynamics with weight
decay with parameter \ have the form

i 2o Mo70 041 L T _ 1

The dependence of W*(t) on the initial condition can be isolated with a simple integrating factor

WE(t) = e ™MW (0) + 3% ds e TNIE, Az, 5)g" ™ (z, 5)d(h (z,5)) T (139)

Computing the forward pass recursion we find

1
R (x,t) = b (x,t) + —=e PN x (x, 1)
) ) \/z )
+ 77701;70 ds e AR, A2, 5)g T (2, 5) D (2, 2, 5) (140)

This clearly will admit an infinite width and depth limit following the arguments in Appendices D]
& [E] The difference is the presence of factors of e~ which suppress the influence of the initial
condition at late time.
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M OTHER LARGE DEPTH LIMITS

It is possible to construct other large depth limits of residual networks. In general we can consider
R =h! 4 B L *N~2Wig(h") (141)

Well-behaved signal propagation at initialization and throughout feature learning are preserved for
any @ > 1/2 provided the learning rate is scaled as 7 = 792 L>**~'N. This ensures that %he =

On,(1) and % f = O(1) in the large width and depth limit N, L — oo. The DMFT approach can
also be used to analyze these limits, though we leave this to future work.

We show an example of o € {1, %} parameterizations in Figure In that model, we train
ResNets with K = 4 layers per residual block and start with zero initialization of the readouts
from each block so that the Brownian motion terms vanish for both parameterizations. This is
similar to the Res-Zero initialization (Bachlechner et al.l [2021), however we note that even with
zero initialization of the branch readout, the parameterization (the depth-scaling exponent «) still
makes a difference in the dynamics. We find that both parameterizations show approximate transfer
(runs diverge for same learning rates at large enough depth). However, the ODE scaling o = 1
shows monotone improvement with depth L while the SDE scaling o = % shows the opposite at
early time.
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Figure M.1: Hyperparameters transfer for both SDE and ODE scalings for multi-layer-per-block
model K = 4 models. Depth L is varied for both models. Increasing L leads to monotone improve-
ments in the ODE but not SDE when initializing with zero readout weights for each block. In (d) all
runs diverge at the next biggest learning rate.

A more in-depth characterization of the differences in transferability and convergence rates of mod-
els in each of these parameterizations will be left to future work.
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