Appendices

A Batch Thompson Sampling for Multi-armed Bandit

In this section, we follow the notations used in Agrawal and Goyal [2012, 2017] and adapt them to
the batch setting.

A.1 Notations and Definitions

Definition A.1. For a Binomial distribution with parameters v and 3, we refer to its CDF as Ffp( ),
and pdf as ffp(.). We furthermore denote by Fgeé“() the CDF of Beta distribution. It is easy to
show that for all o, 5 > 0,

Fbem( )=1- FaB-i-B—l,y(a -1).

Definition A.2 (History/filtration ;). For time steps ¢t = 1,--- ,T, we define F; as the history of
the arms that have been played upto time ¢, i.e.,

ft—{a()rat)()TSt}~

Definition A.3. For a given arm a, we denote by 7; the time step in which a has been queried for
the j-th time. We let 79 = 0. Note that 70 > T'.

Definition A.4. We denote by 6, () the sample for arm a at time ¢ from the posterior distribution at
time B(t), namely Beta(S,(B(t)) + 1, kq(B(t)) — Sa(B(t)) + 1).

Definition A.5. Without loss of generality, we assume that ¢ = 1 is the optimal arm. For a non-
optimal arm a # 1, we have two thresholds z,, y, depending on the type of upper bounds we are
proving (i.e., problem dependent or independent) such that p, < z, < Yo < fi1.

Definition A.6. We denote by A! := p; — y, and D, := y, In y“ +(1—ya)In 7 1= y“ . Also define

d(pta, ) = plog H= + (1 — pi,) log 1=h=.

Definition A.7. For a non-optimal arm «a (i.e., a # 1), we use E*(t) for the event {/i,(B(t)) < z,}
and we use EY(t) for the event {0, (t) < ya}.

Definition A.8. The (conditional) probability that for a non-optimal arm a, the generated sample
for the optimal arm a = 1 at time ¢ exceeds the threshold y, is defined as

Pa,t := Pr(01(t) > yal| Fp)) -

Here is our first lemma regarding the relationship between batch bandit and sequential bandit.
Lemma A.9. For any arm a, we have kq(B(t)) > 1k, (t).

Proof. The reason is that if ko(B(t)) < 3k,(t) then B-TS (Algorithm 1) should have queried a
batch after time B(t) which is a contradiction. O

A.2 Problem-dependent Regret Bound with Beta Priors
Theorem 4.1. The total number of batches carried out by B-TS is at most O(N logT).

Proof. Every time we query a batch, there is one arm a, for which k, = 2% In order to count the
total number of batches, we assign each time step ¢ to a batch B. Note that the assigned batch for ¢
is not necessarily the batch that a(t) will be added to. Suppose k, = 2%, and the algorithm queries
a batch B, we assign time steps in which arm a was queried for the 2¢« =1 + 1, ..., 2% th times to
the batch B (although some of the elements might have been queried in the previous batches). Let’s
denote this set by T, (B). Then for each arm a, the total number of batches corresponding to arm a
is at most O(log T') (since the last time step arm « is being played is at most 7). Therefore, we can
upper bound the total number of batches by O(N log T') batches. O

First, note that in the batch algorithm B-TS (Algorithm 1), we define 6,(t) based on Fp(;). As a

result of these modifications the following lemma is immediate. It is a batch variation of [Agrawal
and Goyal, 2017, Lemma 2.8].
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Lemma A.10. For all t,all suboptimal arm a # 1, and all instantiation F, B(t) wWe have

1- Pa,t

a,t

Pr(a(t) = a, B (1), Eq(8)| Fa) < Pr(a(t) = 1, B4(1), Bq(t)| Fis) -

Proof. E!!(t)is determined by F (4. Therefore it is enough to show that for any instantiation 754
1- a
Pr(a(t) = alEg(t)a]:B(t)) < 7]1 . Pr(a(t) = 1|E2(t)7fB(t)) :
a,
Now given E?(t), we have a(t) = a only if 6;(t) < ya, V4. Therefore, for a # 1 and any instantia-
tion Fp(s) we have
Pr(a(t) = a|EX(t), Fpgy) < Pr(0;(t) < ya,Vi|EL(t), Fu))

= Pr(61(t) < yalFar))- Pr(9;(t) < ya, Vi # 1 EG(8), Fpr)

= (1 = pa,t)-Pr(0;(t) < ya,Vj # 1EL(t), Fpe)) -
In the first equality given Fp(4), the random variable 0, (t) is independent of all other 0;(t) and
EY(t). The argument for a = 1 is similar. O

Now we prove the main lemma which provides a problem-dependent upper bound on the regret.

Theorem 4.3. Without loss of generality, let us assume that the first arm has the highest mean value,
i.e., p* = p1. Then, the expected regret of B-TS, outlined in Algorithm 1, with Beta priors can be

bounded as follows
N
InT N
T a 5 |
R(T) = (Zd%,m )+O(€2)

where d(pia, f11) = fialog 2 + (1 — p1a) log Y2220 and Ay = iy — pra.

M1

Proof. The proof closely follows [Agrawal and Goyal, 2017, Theorem 1.1] and is adapted to the
batch setting. For a non optimal arm a # 1, we decompose the expected number of plays of arm a
as follows

t=1
= Pr(a(t) = a, B4t )+ ZPr =a,E(t), E{(t)) + Y _Pr(a(t) = a, EL(t))
t=1 t=1

The first term can be bounded by lemma A.10 as follows:

M=

T
> Pr(a(t) = a, E4(1), EL(t) E [Pr(a(t) = a, B} (t), Eq(t)| Fp)]

o~
Il
-

M=

E _w Pr(a(t) = laEg(t)’Eg(tme(”}

o~
Il
-

[
tge

:]E {l_p‘“tﬂ(a(t) = 1aE2(t)7E5(t))|]:B(t)”

=1 Pa,t
T _
1—- pa,t 7
< SoB | 0aln) = 1B, EL))

~
I
-
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Note that as before, given Fp), the probability p, ; is fixed which implies the second inequality.
The difference between this argument and that of the proof closely follows [Agrawal and Goyal,
2017, Theorem 1.1] is that conditioning is until the last time the B-TS algorithm has queried a
batch, i.e., B(t). Note that p, s = Pr({01(t) > ya|Fp()}) changes only after a batch queries the
optimal arm. Hence as before p, , remains the same at all time steps ¢t € {7, + 1, -+, 741} (refer
to Definition A.3). Thus we can get the following decomposition

> [1;’:»%@) = 1,E2<t),E5<t>>} <Y E [Wt;lﬂ(am = 1 E(1), B (1)

t=1 k=0
T-1 1_
S E|: pa,Tk+1:| ) (7)
k=0 DPa,r,+1

Now for the term E {p L - } , since kq(B(t)) > 1/2k,(t) (Lemma A.9), we can get a modification
a, T
of the bound provided in Agrawal and Goyal [2017, Lemma 2.9], as follows.

Lemma A.11. Let 73, be the time step that optimal arm 1 has been played for the k-th time, Then
Sfor non optimal arm a # 1 we have,

A‘g, , fork < A, ,
E |: - 1:| = ¢ D) exp(—Dgk/2) 1
Pa,rp+1 o (exp(—Aa k/4) + e + exp(A;}k/m)q) , otherwise.

Similar to Agrawal and Goyal [2017, Lemma 2.10], we obtain the following lemma.

Lemma A.12. For a non optimal arm a # 1, we have

T
48 ’2 2 . 1
9 —A 4 —D.j/2
ZPI‘(G((“J) = CL,Eg(t),Ea(t)) < E—F Z (C] (6 adl + (j—i—]_)M) € il +€Ala2]/78—1
=1 @ §>16/A1 a

Now by substituting the above lemma into equation 7, we can upper bound other terms in equa-
tion (6) to prove the following lemma.

Lemma A.13. For a non optimal arm a # 1, we have

d — 2
ZPr(a(t) =a,Bf(t) < ———<+1.

d(zq, f1a)

Proof. Let 7, be the k-th play of arm a. The LHS can be upper bounded by ZZ 01 Pr(EL (Th41))-
Note that i, will be updated when the algorithm queries a batch. Using Chernoff-Hoeffding bound
Pr(ﬂa(B(Tk-‘rl)) > xa) < e—%kd(za,pa)7

where z, is defined in Definition A.5. Note that at time B(7x41), arm a has been played at least
k:/2 times. Thus,
T-—1

1
ZPF  (Thr1) Z Pr(fia(B(Ti41)) > a) < 14 oxp(—5kd(za, pa)) < 1+
k=1

2
d(%a, ta)”
O
The statement of the following lemma is similar to [Agrawal and Goyal, 2017, Lemma 2.12]. How-
ever, we prove it for the batch policy.

Lemma A.14. For a non optimal arm a # 1, we have
> Pr(a(t) = a, E{(t), EL(t)) < La(t) + 1,

where L, (t) = d(ir(‘l?;a).
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Proof. We can consider two cases when k,(B(t)) is large (greater than L, (¢)) or small (less than
L,(t)). This way, we have

ZPI" = a, BJ(t), By (1) = )_ Pr(a(t) = a,ka(B(t)) < Lo(t), E(t), E4(1))
t=1
+Y_ Pr(a(t) = a, ka(B(t) > La(t), EJ(), B4 (1)) (8)

Same as before the first term is bounded by E {Zthl I(a(t) = a,kqa(B(t)) < La(t))} which is

bounded by L,(t). Again we bound the second term by 1. The main idea is to show that for
large enough k,(B(t)), and given E*(t) is true, the probability of E?(t) being false is small. We
can write

> Pr(a(t) = a, ka(B(1) > La(t), E§(¢), EL (¢ lzﬂ o(t), Bl (1)) Pr(a(t) = a, B (t)| Fpr) )]
T
[ZH ) /’La(B(tA)) < xa)Pr<9a(t) > ya|fB(t))] :

Note that F(4) determines both k,(B(t)) and E¥ (t). Now, 0, (t) is distributed according to

0a(t) ~ Beta(fia(B(t))ka(B(t) + 1, (1 = fia(B(t))ka(B(1))))-

Given E*(t), it is stochastically dominated by Beta(x,kq(B(t)) + 1, (1 — x4)kq(B(t))). Now, if
Fp(t) contains the events E¥ (t) and {k.(B(t)) > La(t)}, we have

Pr(0a(t) > yalFn() < 1= Fooi (5(1)+1.(1—au ku (B(t)) (Ya) -

Using the Chernouf-Hoefding inequality, we can show that the RHS of the above inequality is at
most

1- Fa[c):]lfc(i(B(t))+1,(17xa)ka(B(t))(y )= Fk (B(t))+1,y0 (Ta(ka(t) +1))
< exp(—(ka(B(t)) + 1)d(2a, Ya))

< exp(—(La(t))d(za, Ya))
<1T.

Summing over ¢ yields the upper bound 1 for the second term in 8. O

The rest of the proof is by combining the above lemmas and by setting the right value for z, and
Yo as discussed in Agrawal and Goyal [2017]. In particular, by combining Lemma A.12, A.13,
and A.14 we have
/ 2 ‘ 1 1
E [kq(t O(e SAGIAy 2 e~ (Daif2y Lo(t)+14+——+1.
ko) < g+ 2 O g G O g
J

Now we should set the right value to parameters x,, y,. For 0 < e < 1, set 2, € (uq, 41) such that

d(Tay 1) = d(pa,p1)/(1 + €) and set y, € (24, p1) such that d(2q,ya) = d(wa, p1)/(1 +€) =
d(fta, p11)/(1 + €)?. For these values, the regret bound easily follows. We will use different values
for problem independent case in the next section.

O
A.3 Problem-independent Regret Bound with Beta Priors

Now we prove the problem independent regret bound.

Theorem 4.6. Batch Thompson Sampling, outlined in Algorithm 1 and instantiated with Beta priors,
achieves R(T) = O(VNT InT) with O(N log T') batch queries.
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Proof. The proof follows [Agrawal and Goyal, 2017, Theorem 1.2] and adapted to the batch setting.
For each sub-optimal arm a # 1, in the analysis of the algorithm we use two thresholds z, and ¥,
such that p, < z, < Yo < p1. These parameters respectively control the events that the estimate
1, and sample 6, are not too far away from the mean of arm a, namely, (,. To remind the notation
in Definition A.7, E*(t) represents the event {ji,(B(t)) < .} and E’(t) represents the event
{04(t) < ya}. The probability of playing each arm will be upper bounded based on whether or not
the above events are satisfied.

Furthermore, the threshold y, is also used in the definition of p, . (see Definition A.8) and
Lemma A.10 to bound the probability of playing any suboptimal arm a # 1 at the current step
t by a linear function of p, ;. Additionally, in Lemma A.13 we show an upper bound for the proba-
bility of selecting arm « in terms of x, and yg, i.e., Lo (T) := O(InT/d(x 4, Ya))-

For the problem-independent setting, we need to set x, = pi, + Ag/3 and y, = 1 — A,/3.
This choice implies A2 = (113 — y4)? = A2/9. Then we can lower bound d(z4, j1,) > 2A2/9.
Thus L, (T) = O(%%). Now by substituting A, and d(z,, u — a) in Theorem 4.3 for a # 1, we

get E[k,(T)] < O(2T). Now for arms with A, > /28T we can upper bound the regret by

AGE[kq(T)] = O(y/ 8L, and for arms with A, < /22T, we can upper bound the expected
regret by vV NT InT. All in all, it results in the total regret of O(v NT InT). O

A4 Problem-independent Regret Bound with Gaussian Priors

Theorem 4.7. Batch Thompson Sampling, outlined in Algorithm 1 and instantiated with Gaussian
priors, achieves E[R(T)] = O(VNT In N) with O(N log T) batch queries.

The proof is similar to the proof of Theorem 4.6 and follows essentially [Agrawal and Goyal, 2017,
Theorem 1.3]. with Beta priors. We set x, = o, + A, /3 and y, = p1 — A, /3. The lemmas in the
previous section for Beta priors hold here with slight modifications. The main lemma that changes
for the Gaussian distributions is Lemma A.14.

Lemma A.15. Let 7; be the j-th time step in which the optimal arm I has been queried. Then

1 15 v,
E [ . 1] <ot W
Pa,r;+1 TAZ: J > 8La(1),
181n(TA2)
A2 .

where L, (t) =

Proof. Note that p, ; is the probability Pr(6,(t) > ya|Fp())- If the prior comes from the Gaussian
distribution then 6, (t) has distribution N (fi, (), m) Given the definition of 7 and p, ¢, the
proof follows from Agrawal and Goyal [2017, Lemma 2.13]. O

By using Lemma A.15 and substituting it in eq. (7), we can easily obtain the following lemma.
Lemma A.16. For any arm a € [n] we have

8

T
;Prm(t) = @, By(0), Ei(6) < (' + 9)(BLu(1) + 77

Lemma A.17. For any arm a € [n], we have

T

— 1
> Pr(a(t) = a, EL(t)) < y +1< 1.
t=1

@arve) T S2A2

Similar to Lemma A.14, we can prove the following lemma.
Lemma A.18. For any arm a € [n], we have

ZPI‘(CL(LL) = a, Eg(t)vEclLL(t)) < La(t) + -
t=1

19



where L, (t) = %.

Proof. The proof follows from [Agrawal and Goyal, 2017, Lemma 2.16] and is adapted to the batch
setting. The decomposition is as in Lemma A.14. As before, the first term in the decomposition can
be upper bounded by L, (¢). Instead of bounding the second term with 1, we should bound it with

1/AZ2. First, note that

> Pr (alt) = a,ka(B() > La(), B2, BL (1)) <E

ZPr(@a(t) > Yalka(B(t)) > La(t), fa(B(t)) < ma)v}—B(t):| .

We also know that 6, (¢) is distributed as N (ji, (), m
that 6, () is stochastically dominated by N (z,, m) Therefore,

). So given {i,(t) < z,}, we have

N 1
Pr(OL(B(0) > ke (BO) > Lal0),2u(B(0) < 5, Fao) < Pr (N (1 s ) > 0ol ke (BO) > La(t))
By using concentration bounds, we have
1 1 _La®wa—ca)? 1
P a’ 7. D/ 1 a S —e S .
r(N (m ka(B(t))Jrl) >y) ¢ TA?
Thus,
Pr(6a(t) > yalka(B(t)) > La(t), a(t) < 4, Fpy) < 1/TAL. ©)
Summing over ¢ will follow the result. O

Using lemmas A.18, A.16, A.17 we can upperbound

2x 72In(TA2) 2x4 18In(TAZ) 1 9
A2 Az tTar tartarth

a

E [kq(t)] < (5% + 4)

Thus, we can upper bound the expected regret due to arm a. Similar to the previous proofs we can
upper bound

1 In(T'A2?)
(T <0 —+ —— ,
AER(T) <O (Aa + A, > + A,

Then, if A, > e NlTinN we can upper bound the regret by O( % +1). IfA, < ey/ &;N we

can upper bound the regret with O(v/ NT InT'). Consequently, we can upper bound the total regret
by O(VNTInT) assuming T' > N.

B Batch Minimax Optimal Thompson Sampling

In order to increase clarity, we first introduce the main notations used in the proofs. We follow
closely the notations used in Jin et al. [2020] and adapt them to the batch setting.

B.1 Notations and Definitions

Without loss of generality, we assume the optimal arm is arm a = 1 with 1 = max,¢[n] Ha-
Definition B.1. Define /i, to be the average reward of arm a when it has been played s times.

Definition B.2. We denote by F the history of plays of Algorithm 3 (B-MOTS) up to the s-th pull
of arm 1.

Definition B.3. Let h(j) be the largest power of 2 that is less than or equal to j.

Definition B.4. Define _
B={s=2"i=0,---,logT}.

We slightly modify Jin et al. [2020, eq.(16)] as follows.
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Definition B.5. Define

o —mind A+ 1] Cloet (L
A= i%{%{#u-F slog <sN>} (10)

Definition B.6. Similar to the definitions of D, (t) and 6,(t), we define D, as the distribution of
arm a when it is played for the s-th time. Also, we define 6,5 as a sample from distribution D,.

Lemma B.7. Let X1, Xo,--- be independent 1-subgaussian random variables with zero mean.
Let’s define ji; = 1/t Zi:l Xs. Then for o > 4 and any A > 0

o 15N

Pr (3 i —log™(T/sN)+A <0 < .

r(sE‘B fis + Sog(/s )+ _0>_TA2
The above lemma follows immediately from Lattimore and Szepesvari [2020, Lemma 9.3] as we

consider B C [T]. We can strengthen Lemma B.7 for Gaussian variables, as described by Jin et al.
[2020, Lemma 1] as follows.

Lemma B.8. Let X, ’s be independent Guassian r.v. with zero mean and variance 1. Denote Bt =
1/t 20, X,. Then for o > 2 and any A > 0,

5 L 4N
Pr<ﬂs€%.ﬁs+ glog (T/SN)+A§0> STAz'

Now similar to eq.(19) in Jin et al. [2020], define 7,5 as follows.
Definition B.9. Define

Y

«
as:Aas —1 = .
Tas = flas 1/ 7 1087 (—57)

Definition B.10. We define F, s as the CDF of distribution for arm a when k,(t — 1) = s. Also
Gos(e) is defined as 1 — F,5(pu1 — €).

Definition B.11. Let us define Fy, to be the CDF of N (fias,1/(ps)). Moreover, let us define
Gl .(e) =1—F! (111 — €). Let 0,5 denote a sample from N (fiqs, 1/(ps)).

Definition B.12. Define the event F,(t) = {6, (t) < p1 — €}
The following two lemata deal with concentration inequalities that we need for subGaussian random
variables.

Lemma B.13 (Jin et al. [2020], Lemma 2). Let w > 0 be a constant and X1, Xo, - - - be independent
and 1-subGaussian r.v. with zero mean. Denote by i, = % 22:1 X. Then for o > 0 and any
N<T,

T + 2

log™ (Nw?) 3 2alog™ (Nw?)
> Pr(ﬂn+ “10g+<N/n>Zw)§1+CW+2+2_
n=1 n w w w

The following lemma is a variant of Jin et al. [2020, Lemma4].

Lemma B.14. Let p € (1/2,1) be a constant and € > 0. Assuming the reward of each arm is
1-sbuGaussian with mean p,. For any fixed p € (1/2,1) and o > 4, there exists a constant ¢ > 0

s.t.
T—1 1 .
. g o = 12
Lz_; (G/m(s)(e) )] ~ 2 (12)

Proof. The proof closely follows the steps of Jin et al. [2020, Lemma4]. However, for completeness,
and for a few differences, we provide the full proof. The main difference is that in Lemma B.14 we
have the terms G, () instead of G ,. We will prove the following two parts:
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« First, there exists a constant ¢’ such that

1

—1| <, Vs,
Gl ]

E

and

* Second, for L = [64/€?], we have

L 1 4 16

Denote by O = N (fi14(s), 1/(ph(s))). Also, let Y be the number of trials until a sample from ©
becomes greater than /11 — e. By the definition of G, h(s) W€ have

1
el ()I]E[Ys}.

1h(s)
Similar to [Jin et al., 2020, Eq. (59)] one can show that

E

Pr(Y,<r)>1—r"2—p7%

—-r e
Define z = +/2p"log r, for r > 1, where p’ € (p, 1). Also let M,. be the maximum of r independent
samples from O;. Thus

Pr(Ys <r)>Pr(M, > p1 —¢)

z z
>E |E |I(M; > fiin(s) + ——=—==) flins) + ——=—== = 11 — €) | |Fn(s)
[ v/ ph(s) ph(s)

V4 z
—F | I(fiyp o) + > — ) x Pr | My > fipie + ——e | Friey | |
|‘(,U/1h(‘) ) p1 — €) ( fin(s) ph(s)| h(9)>‘|

o) we have the following tail bound

For a random variable Z ~ N (u,

T 22

1 x
Pr(Z > ————e 2 .
r( >u+x0)_mx2+le

Thus, for r > €2,

z rl=r'
Pr (Mr > flip(s) + |]:h(s)> > 1—exp (-) .
VPh(s)

Similar to Jin et al. [2020], we can show that if r > exp(10/(1 — p’)?) we have

A~ Z 1
Pr Mr > Hin(s) + 7|fh(3) 1 T2
ph(s)

r2
Also, for € > 0, we have

Pr ( fuangs) + — 2 —€ | 2 1—r P77
ph(s)
Therefore, for r > exp(10/(1 —

p")?), we obtain

Pr(Yo<r)>1—7"2— rr'le
For any p’ > p we get

o0 10 1
E[Y,] :;PT(YS >) §2exp<(1_p/)2) + (I=p)—(1—=p)"
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By setting 1 — p/ = (10p) /2,

E

1 40 2
G/m()()ll §2<(1—P)2)+1—P'

Now because p is fixed, there exists a universal constant ¢’ > 0 s.t.

E

1 < /
— C

Proof of the second part is similar. O

In the above proof, we had to be careful about the conditional expectations as the history in the batch
mode, namely, fh(s), is different from the sequential setting F,. Apart from that, as we stated, the
proof is identical to Jin et al. [2020, Lemma4].

B.2 Clipped Gaussian Distribution

Theorem 5.1. If the reward of each arm is 1-subgussian then the regret of B-MOTS is bounded by
R(T) = O(VNT + 3 ,.n, >0 Da)- Moreover, the number of batches is bounded by O(N logT).

Proof. We closely follow the proof of of the fully sequential algorithm, provided in Jin et al. [2020,
Theorem 1], and adapt it to the batch setting. Let us define

S:={a: A, > max{2A,8y/N/T}}.
Then, as Jin et al. [2020, eq. (17)] argued, we have

> ALk

a:Ag>0

<E[2TA] +8VNT +E

ZAaka(t)] : (13)

a€sS

where as in Jin et al. [2020, eq. (18)] (which immediately follows from Lemma B.8) we have
E[2TA] < 4/v15NT. By Definition B.9, we have 7,5 = 7,(t) when k,(t) = s. Thus, fora € S,
we get

TlsZﬂl*AZle?a.

Therefore, for éis as defined in the definition B.11, we have
Pr(éls Z M1 — Aa/2) = Pr(els Z Mm1 — Aa/2)
Hence for a € S, we have

Gls(Aa/2) = lls(Aa/2)'

For Algorithm 3, we need to revise Theorem 36.2 in Lattimore and Szepesvari [2020] as follows.
Note that we start from ¢ = N + 1 and s = 1 since the algorithm plays each arm once in the
beginning.

Lemma B.15. For € > 0, the expected number of times Algorithm 3 plays arm a is bounded by

T T
E[ka(t)] <E | Y Ha(t) = a, E(t)}| +E | Y Ha(t) = a, Ea(t)}
T-1 1 T-1
1+ E — —1|Ka(t) =1 E Ha(t) =a, E, 14
<1483 (g 1 Haw =1} + 3t =aE} 09
T—1 1 T—1
<2+E ;(Glh(e)(ﬁ) ) +E ;H{Gah(s)(€)>1/T} (15)
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Proof. We follow the steps in Lattimore and Szepesvari [2020] and make appropriate modifications
for our batch mode algorithm. As defined in Definition B.12, E,(t) = {6,(t) < p1 — €}. Thus,

Pr(01(t) > p1 — €l Fp@)) = Gir(B1)) -

Now we consider the following decomposition based on E, (t) as follows,

T T
Elka()] =E | > Hal(t) = a,E()}| +E |>_Halt) = a, E.()}] - (16)

An upper bound for the first terms is as follows. Let a’(t) = argmax, .; 6, (t). Then,
Pr(a(t) = 1, Ea(t)|Fp(y) = Pr(a’(t) = a, Ea(t),01(t) = 11 — €| Fp()
=Pr(6:(t) > p1 — €| Fp)) Pr(d’(t) = a, E,(t)| Fp))
Gk, (B(4))

>

Pr(a(t) = a, E,(t)|F .
> T2 Gt Pr(alt) = a Bo(t) Fi)

In the first equality, we use the fact that 6 (¢) is conditionally independent of o’ (t) and E, (), given
FB(t). For the second inequality we use

Pr(a(t) = a, Eo(t)| Fpw)) < (1 — Pr(01(t) > p1 — €[ Fpp))) Pr(d'(t) = a, Eo(t)|Fp) -

Therefore,

Pr(a(t) = a,Ea(t)lfB(t)) < ( — 1) Pr(a(t) = 1|J:B(t)) .

G, (B(1))
By substituting this into (16), we obtain

_ v
< Gk, (B(t)

tﬂﬂ

<E

T
E | Y I{alt) = a, E(t)}

— D{a(t) = 1}|fB(t>1

t

%
-

1

— — DI(a(t) =1
Gk (B(1) Malt) )]

N
L

1
(Glh(s) B 1)] '

Il
=]

Ls

Now define
T = {t S [T] 1 — Fak:a(B(t))(,ul — 6) > 1/T} .

For the second expression in (16), we get

T
E | I(a(t) =a, Ea(t»] <E Y a(t) =a)| +E | Y 1(Ea(t))
t=1 ter tg¢T
T—-1 1
<E [Z_; {1 — Funesy(1 —€)} > 1/T| +E ; 7
T—1
<E lz L(Gans) > 1/T)| + 1.
s=0
O
Now by setting e = A, /2 we can show that
T—-1 T—1 1
AGE [ka(t)] < Ag + AJE | Y Ta(t) = a, E()} | + AE | > (= — D)I(a(t) = 1)1 .
N+1 t=1 lel(B(t))(Aa/Q)
(17)
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To bound the first term we note that

B (D) C {m(B(t)) + \/ B (Nka(t))) > i — Aa/z} .

Define k,, as the sum of the event in the right hand side of the above equation, namely,

T

X A,
he =31 {uams) +\Ja/h(s)logH (T/R(5)N) > i — 2} | ()
s=1
Hence,
T—1 T o T
— T () - +
AaE Z H{a(t) = a,Ea(t)} S AaE[ } ALE ZH {,uah(s) + \/h(s) log <h(8)]v) > 1 — Aa/Q}‘| .
N+1 s=1
Using
Lemma B.13 and the fact that A, = uy — p, we have
a «a A
< flah(s) — —log* ==
AaE [’{a] = AaL le Pr {:uah(a) Ha + h(S) IOg (T/h(S)N) > 2 } (19)
12 4o TA2 TA2
< — 4+ — + a .
<A+ A, + A, <log (—= N @) 44/ 2arlogt (=2 N )> (20)
Now it implies that E [A,k.] = O(\/T/k + A,). For bounding the second term of (17), a slight

modification of Lemma B.14, prov1des

T

E( (A 72) 1)

= AE

= O(VT/N).

Z( ! e 1) I(a(t) =

1k (B(t
O

B.3 MOTS 1-subgaussian asymptotic regret bound

Theorem 5.2. Assume that the reward of each arm a € [N is I-subgaussian with mean (1. For any
fixed p € (1/2,1), the regret of B-MOTS can be bounded as R(T) = O <log(T) D aiA, >0 i)

First we should prove the following lemma, which a simple variant of Jin et al. [2020, Lemma 6] for
the batch setting.

Lemma B.16. For any er > 0, and € > 0 that satisfies € + ep < /A, it holds that

T—-1

4 4logT
E G 1T <14+ 5+ —F7—7— .
[S - { ah(s)> / } = +6%+p(Aa_€_6T)2

Proof. The proof closely follows Jin et al. [2020, Lemma 6] and adapted to the batch setting. As
before j1, + €7 < 111 — €, and by using the tail-bound for o-subGaussian random variables we have

Pr(flan(s) > pa + e1) < exp(—h(s)e7/2) < exp(—se7/4).

s 2
Zexp (—SZT> < 4/ex.
s=1

Lo =41logT/(p(Ag — € — €7)?).

Furthermore

Define
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For s > L, let X, be sampled from N (fiqn(s), 1/(ph(s))). Then if we have jiqn(s) < pia + €7,
the Guassian tail bound implies

o 2
Pr(Xas > pi1 — €) < %exp <—ph(s)(A“2 €~ er) ) <UYT.

Now, denote the event {/iqn(s) < ta + €7} by Yas. By using the fact that Pr(A) < Pr(A[B) +1 —
Pr(B), we have

T—1
Z H{Gah s)( > 1/T} Z PI‘ {Gah s) > 1/T})
s=1
T-1
< Z Pr({Gl(€) > 1/T}HYas) + > (1= Pr(Yas))
s=1
< [La) Z (1 — Pr(Y,
=1
4 4logT
<l+—+—="
R RV p——
O
Now, closely following the proof of Jin et al. [2020, Theorem 2], we define
T
Z(e):{VSE%:ﬂls—i— —log™( N)>M1—e} . 21

For an arm @ € [N], we have
E [ka(t)] <E [ka(t)|Z(€)] Pr(Z(€)) + T(1 - Pr(Z(e)))

<94 E Sl(Gm(ls)(e) _1)|Z(e)| + T - Pr(Z z:: Guniey(€) > 1/T)
T-1 1 T-1
<2+E ;(G,lh(s e )) +T(1—Pr(Z(e))) + E ;H( L) (€) > 1/T)

The second inequality is due to Lemma B.15 and the last inequality is due to the fact that given Z (¢),
we have G (s) (€) = Gy, ) (€). Also, note that if

o + ¢ sy o8 @/AE)N) 2 i — e

then we have G o(5)(€) = szh(s)(ﬁ)’ or otherwise we have G op(5)(€) = 0 < G, (¢).
Now from Lemma B.7 and by setting ¢ = ey = W, we have

T(1—Pr(Z(e))) < 15N (loglog T)?.
By using Lemma B.14

< O((loglogT)?) .

Then, by Lemma B.16
4logT

Z I ah (»(€) > 1/T) p(Ay —2/loglog T)?

The theorem w1ll follow easily by combining the above equations, namely,
E[Adka(t)] _ 2

li = .
The0 logT PA,

< 1+4(loglog T)* +
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B.4 MOTS for Gaussian Rewards

Theorem 5.3. Assume that the reward of each arm a is sampled from a Gaussian distribution
N (ia,1) and o > 2. Then, the regret of B-MOTS-J can be bounded as follows:

k
R(T) = OWET +3 Ay, Jim L) _ 3~ Al.

T—oo log(T) whloBa

Recall that F), denotes the CDF of J (fiqs,1/s) forany s > land G, = 1 — F/ (41 —€). We
closely follow the recipe of [Jin et al., 2020, Theorem 4]. The proof of the minimax and asymptotic-
optimal bounds are similar to the proof of Theorem 5.1 and 5.2 with a few differences. Note that
in the proof of Theorem 5.1, we used the fact that p < 1 (used in the definition of the Gaussian
distribution 6,). In Theorem 5.3, we do not have the parameter p. Therefore instead of Lemma B.14

we prove the following, which is a batch variant of Jin et al. [2020, Lemma 9].

Lemma B.17. There exists a universal constant c, s.t.,

E g (7 — ) < 6/62
1 s (E) .

Proof. Similar to (Lemma B.14), the following two statements need to be proven:
(1) there exists a universal constant ¢’ s.t.

L 1 Ied
> E|5———1| < 5.Vs.
el ST C) ] ¢
(ii) for L = [64/€?]
d 1 4
E) (5——=-1| <50+16/¢%).
s:L(G/lh(S)(E) )1 o)

The proof of statement (ii) is similar to the one in Lemma B.8. Therefore, We focus on the first
statement here, which closely follows the proof of Jin et al. [2020, Lemma 9].

Let fiyp,(s) = p1 + . Let Z be a sample from 7 (ji1p(s), 1/h(s)). For < —e¢, applying Lemma B.8
with z = —y/h(s)(e + z) > 0 we have

2 2
Note that z ~ N(0,1/h(s)). Let f(x) be the PDF of A'(0,1/h(s)).

1 € 1 —oo 1
Bannr(0,1/h(s)) [(G/m(s)(e) - 1)] :/OO f(x) (G/m(s)(e) - 1) dx + /4 f(z) <G/1h(s)(6) - 1) dx

<[ (oo (M) <)o [ 01 )

< o:f(x) <2 exp (W) - 1) dx + /oo f(z)dx

h(s)(€) =Pr(Z > —¢) = leXP <—h(s)(e+x)> . (22)

—s€e?/4

<2

+1

S€

The first inequality is because of eq. (22). The second inequality is because G| h(s) (e) =Pr(Z >

p1 — €) > 1/2,since fiyp(s) = pt1 + > p1 — €. And the last inequality is due to the definition of
h(s).
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Also for s < L, we have e~*/* = O(1), thus for L = [%4],

1 B o) )
<Gah<s)<e> ‘N ¢ (Z f) -

L

Y E

s=1

From the above lemma we have

T—1 1
——(Aq/2) =1
; <G1h(s> )

The rest of the proof for minimax optimality is similar to the proof of Theorem 5.1.

AE <OKT/K + A,).

For the asymptotic regret bound, we first state the following lemma, which the batch mode version
of

Lemma B.18. for any ep > 0,€ > 0 that satisfies ¢ + ep < A,, we have

= 4 Alog T
E|S G,  >1TY <1+ 4 ——82
[E_Z e R A verer

Proof. The proof is similar to the proof of Lemma B.16. [

The proof asymptotic regret bound is similar to the proof of Theorem 5.2 where we use Lem-
mas B.17, B.8, and B.18.

C Batch Thompson Sampling for Contextual Bandits

First, we reintroduce a number of notations from Agrawal and Goyal [2013b] and adapt them to the
batch setting.

C.1 Notations and Definitions

In time step ¢ of the B-TS-C algorithm, we generate a sample ji(t) from N ((B(t)), v2B(B(t)) 1)
and play the arm a with maximum 6, (t) = b, (t)7 ji(t).

Definition C.1. Let us define the standard deviation of empirical mean in the batch setting as

sa(B(D)) = \[ba()TB(B(1)1ba(2).
Definition C.2. Let us define the history of the process up to time ¢ by
Hy = {a(7),7a()(7), ba(T)|a € [N],7 € [t]},

where a(7) indicates the arm played at time 7, b,(7) indicates the context vector associated with
arm g at time 7, and r, (7 indicates the reward at time 7.

Definition C.3. Define the filtration Fp(;) as the union of history until time B(t), and the context
vectors up to time ¢, i.e.,

]:B(t) = {HB(t)aba(t/)m € [N]vt/ € (B(t)vﬂ}'

Definition C.4. We assume that 1), ; = r4(t) — (ba(t), 1), conditioned on Fpy), is o-subGaussian
for some o > 0.
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Definition C.5. Define

3
t
v(t) = 04/9d1n 5

g(t) = min{+/4d In(t), \/4log(tN) }v(t) + I(t).
Definition C.6. Define E*(t) as the event that for any arm a
{1(ba(t), A(B(1)) = ba(t) "1)| < Ut)sa(B(1)} -
Definition C.7. Define E(t) as the event
{Va : 10a(t) = (ba (1), M(B()))] < (9(t) = U(t))sa(B(t))} -

Definition C.8. Define the difference between the mean reward of the optimal arm at time ¢, denoted
by a*(t), and arm a as follows

Aa (t) = <ba* (t) (t)a ,u> - <ba (t)v M) .
Definition C.9. We say that an arm is saturated at time ¢ if A, (t) > g(t)sq(B(t)). We also denote
by C(t) the set of saturated arms at time ¢. An arm a is unsaturated at time ¢ of a ¢ C(t).

Lemma C.10 (Abbasi-Yadkori et al. [2011]). Let F; be a filteration. Consider two random pro-
cesses m; € R? and pe € R where my is F|_,-measurebale and p; is a martingale difference

process and F|-measurebale. Define, & = 22:1 m,py and My = Iy + 23:1 m,m.] . Assume
that given F}, u; is o-subGaussian. Then, with probability 1 — 6,

t+1
I€llysr < oy fdIn ==

Theorem 6.1. The B-TS-C algorithm (Algorithm 2) achieves the total regret of

C.2 Analysis

R(T) = O (dS/Q\FT(ln(T) +/In(T)In(1 /5)))
with probability 1 — 6. Moreover, B-TS-C carries out O(N log T') batch queries.

The proof closely follows [Agrawal and Goyal, 2013b, Theorem 1]. We first start with the following
lemma, that is a batch version of [Agrawal and Goyal, 2013b, Lemma 1].

Lemma C.11. For allt, and 0 < § < 1, we have Pr(E*(B(t))) > 1 — §/t%. Moreover, For all
filtration F(4), we have Pr(E® (t)| Fp)) = 1 — 1/t%

Proof. The proof closely follows Agrawal and Goyal [2013b, Lemma 1] where we adapt it to
the batch setting. We only prove the first part as the second part very similar. We first invoke
Lemma C.10 as follows. Set my = by (1)(t), 7t = ra()(t) — bag) (t)" 11, and

F ={a(t+1),msq1:7 <t}U{n, : 7 < B(t)}.
Note that 7; is conditionally o-subgaussian, and is a martingale difference process. Therefore,

E [ntlFé(t)} =K [Ta(t)|ba(t) (t)7 a(t)] - <ba(t) (t)v :u’> =0.

Thus, we have
t

My =15+ ZmeI

T=1
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and ,
gt = Zm'rnr .
T=1

Similar to Agrawal and Goyal [2013b, Lemma 1], we have B(t) = M;_1, but we need to change
at) —p = Mg(lt) (£5() — 1). For any vector y € R and matrix A € R4, let us define the norm
lylla := +/yT Ay. Hence, for all a,

bl 20) — (Balt), )] = Ioa O+ % €80y = bl ar1 -

B(t)

Since B(t) <t — 1, Lemma C.10 implies that with probability at least 1 — &',
HfB(t)HM;(lt) < o4/dlIn(t/d").

Thus,

I80) = plasyy, < VAW + il < on/AIn(E/) + 1

Now by setting §' = t% we have with probability 1 — §/¢2, and for all arms a,
[(ba (), 1(B(t))) = (ba(t), )| < U(t)sa(B(1)) -

Now, we lower bound the probability that 6, 4)(t) becomes larger than (b« (4 (1), ).
Lemma C.12. For any filtration Fpy), if E*(t) holds true, we have

Pr (0a- (1) (t) > (ba= 1y (1), )| FBr)) > p-
Proof. The proof easily follows from Agrawal and Goyal [2013b, Lemma 2]. Suppose E*(t) holds

true, then

|(Ba= (1) (£), (2)) = (bax (1) (1), )| < () Sax (1) (B(2)) -
The Gaussian random variable - (t) has mean (bg-(4)(t),/i(t)) and standard deviation
VtSq+(+)(B(t)). Therefore, we have

Pr(0g=(1)(t) > (ba= 1) (t), )| Fp (1)) >

(bax (1) (1), (1)) = (bax (1) (), 1)
where ‘Zt| = ( >v(t)sa*(t)(B(t)()) < L. =

The following lemma bounds the probability that an arm played at time ¢ is not saturated.
Lemma C.13. Given Fp(y), if E¥(t) is true,
1

Pr(a(t) ¢ C()|Fpw) 2P~ 55 -

Proof. The proof is a slight modification of Agrawal and Goyal [2013b, Lemma 3] for the batch
setting. If Vj € C'(t) we have 0, () (t) > 6;(t), then one of the unsaturated actions much be played
which leads us to

Pr(a(t) ¢ C(t)|Fpw)) = Pr(0q- ) (t) > 0;(1),Vj € C(t)|Fpw))-
Note that for all saturated arms j € C(¢), we have
Aj(t) > g(t)s;(B(t))-
In the case that F*(t) and E?(t) are both true, we have
0;(t) < (bj (1), ) + 9()s;(B(1)).

Hence, conditioned on Fp( if E#(t) is true, we have either the event E°(t) is false or for all
J € C(1),
0;(t) < (bj (1), ) + g(t)s;(B(t)) < (bax(1)(t), 1),
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Thus, for any Fp(; that £#(t) holds,

Pr(0,-(1)(t) > 0;(1),Y5 € C(t)|Fp(y) > Pr(Ba- sy (t) > (bax (1) (£), )| F(y) — Pr(E?(t)| Fpsy)

S 1
Zp - 2
The above inequalities are due to Lemmas C.11 and C.12. O

Lemma C.14. For any filtration F gy, assuming EV(t) holds true,

2g(1)

E [Bato 01 Fs0] < 2L oo (B0 Fico) + 225

Proof. The proof follows closely Agrawal and Goyal [2013b, Lemma 4] and adapts it to the batch
setting. First define
a(t) = arg min s,(B(t)),

ag¢C(t)

Since Fp(4) defines B(B(t)) and also b,(t) are independent of unobserved rewards (before making
a batch query) thus given Fp(;) and context vectors b, (t), the value of a(t) is determined. Now by
applying Lemma C.13, for any Fp(;) and by assuming that E* () is true, we have

E [sa(0) (B Fpw)] = E [sa)(BM)|Fpw), alt) € C(1)] - Pr(a(t) ¢ C(t)|Fr-1)
> a0 (BO) (0~ 55)-
Again if both E*(t) and E°(t) are true, then for all a we have,
0a(t) < (ba(t), ) + 9(t)sa(B(1))-
Moreover, we know that for all a, 0, (t) > 04(t), thus
Aa)(t) = Aay (t) + ((bace) (8), 1) — (e (1), 1))
< 29(t)saw) (B(t)) + g()sar) (B(1))-

Consequently,
29(t) 1
E [Aaw) | Faem] < . T B [san (BO)Fpn)] + 9O [sa) (BONFpw] + 5
12
3 2¢9(t
< 240 [ BONFpo] + 22

The first inequality is because A, < 1 for all a. The second inequality uses Lemma C.11 to get
Pr(E?(t)) < t12 Furthermore, in the last inequality we use the fact that 0 < s, (B(t)) <
[ba(ey ()] < 1

Similar to Agrawal and Goyal [2017] we have the following definitions.
Definition C.15.

R'(t) := R(t) x I(E*(t)).
Definition C.16. Define

, 39(t) 29(t)>
X; =R (t) P Sa(t) (B(t)> - pt2
V=) X

Becasue of the way we defined Y3, namely, the filteration F (4, we can easily show the following
lemma.

Lemma C.17. The sequence {Y;}L_, is a super martingale with respect to FB(t)-
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Proof. The proof follows closely Agrawal and Goyal [2013b, Lemma 5] and adapts it to filtration
FB(t) induced by the batch algorithm. Basically, we need to show that for all ¢ > 0,

E[Y; =Y, 1| Fpw] <0,

In other words 0 0
3g(t 2¢g(t
E [R'(t)| Fr)] < TE [sa(e) () FBe)] + proad
First, note that Fp(;) determines the event E*(t). Assuming that Fp(;) is such that E¥(t) is not
true, then R’(t) = 0 ] and the above inequality is trivial. Otherwise, if for Fp ), the event E*(t)
holds, Lemma C.14 implies the result. O

The following Lemma is a batch variant of Chu et al. [2011, Lemma 3].
Lemma C.18.

Sa(y(B(t)) < 5VdTInT . (23)

]~

t=1

Proof. Upper bounding the expression ) _, s, (B(t)) follows by the same steps in Chu et al. [2011,
Lemma 3] for the matrix B(B(t)) (we loose a constant factor in the process). The reason is that the
term ) | $p(1),q(¢) €an be written in terms of eigenvalues of B(B(t)) matrices. More precisely, from
Lemma 2 in Chu et al. (2011) we can arrange eigenvalues of 3(¢) to obtain the following bound

A A
(B0 <0 St ed
t,j

Note that the above upper bound is independent of our batch algorithm. Then for ¢ = |Ur4| (in
Chu et al. [2011, Lemma 3]) we have

Z Sa( t) Z 102(%:3]_1)7
j )

teEV iy teUriq

for each matrix B(B(t)) in U7 1. The function f can be defined similar to Chu et al. [2011, Lemma
3] for ¥7;. As in Lemma 3, the ratio of eigenvalues remain greater than or equal 1. The following
sum product can be bounded by v + d since the norm of each 24, ;) is bounded by 1. For t’ = B(t)
between 7'/2 and T' + 1,

ZH)W)\J:J < Z)‘t”j = Zth,a(t)HQ +d<yY+d.
it ’ F] t

So, we can similarly bound

> sa(B(t) < vV10dy/ (¢ + 1)1/¥ — 1.

teWry

Thus, by using Chu et al. [2011, Lemma 9] for ¢ we can obtain eq. (23). O

Proof of Theorem 6.1. We rely on the proof technique by Agrawal and Goyal [2013b, Theorem 1].
First, note that X; is bounded as
3 2 6
Xo| <14 Sg(t) + —5g(t) < ~g(1).
| Xl p() pt2() p()

Also g(t) < g(T'). Thus, by applying Azuma-Hoeffding inequality for Martingale sequences, we
have

d 39(T) — L 20(T) T
Pr(Z ) < 9(1) 2:: at)(B 9(2_:2 ) 2T1n(2/6)>21—2.

>

p
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Therefore, by invoking Lemma C.18 we know that with probability 1 — % we have

T
SR =0 (d\/T x (min{v/d, \/log N}) x (In(T) + /In(T) In(L /5))) .
t=1

Furthermore, Lemma C.11 implies that with probability of at least 1 — §/2, the event E*(t) holds
for all t. Thus, with probability of at least 1 — 4,

R(T) = O (d\/f x (min{Vd, \/log N}) x (In(T) + /In(T) In(1 /5))) .
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