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ABSTRACT

This paper investigates feature learning within the framework of the deep Ritz
method for solving the stationary Schrodinger equation with Neumann boundary
conditions. We first analyze the convergence of Riemannian gradient descent in
an agnostic setting, where the hypothesis function is restricted to a single-index
model while the PDE solution is arbitrary. We prove that gradient descent reaches
an approximate global minimum: after 7' = O(log(1/¢)) iterations, the loss is
within € of a constant multiple of the optimal loss. We then examine the loss
landscape when the source term of the PDE itself follows a single-index model,
considering hypothesis functions given by either a single-index model or a two-
neuron multi-index model. In the single-index case, we show that the minimum
Ritz energy is attained at the feature vector aligned with that of the source term. In
the two-neuron case, we study the landscape of regularized Ritz losses and char-
acterize how a second feature emerges, given that the first feature is aligned with
the source, as the regularization parameter varies. Finally, numerical experiments
are presented to validate the feature emergence theory in the two-neuron setting.

1 INTRODUCTION

The past decade has witnessed remarkable progress in applying deep learning techniques to scien-
tific computing, and in particular to the numerical solution of partial differential equations (PDEs).
Classical numerical methods, such as finite difference, finite element, and spectral methods, often
face challenges when addressing high-dimensional problems, irregular domains, or when solutions
exhibit complex structures. Neural network—based approaches have emerged as promising alterna-
tives, offering mesh-free approximations, strong expressive power, and flexibility in incorporating
physical constraints. Several notable frameworks have been proposed for solving PDEs with neu-
ral networks. The deep Ritz method (E & Yul 2018) formulates the variational problem associated
with elliptic PDEs as an energy minimization task and leverages neural networks as trial functions.
Physics-informed neural networks (PINNs) (Raissi et al., |2019) instead enforce PDE constraints
through the residual of the governing equations, incorporating them into the training loss. The
Deep Galerkin Method (Sirignano & Spiliopoulos,2018)) generalizes this perspective by introducing
stochastic collocation strategies to enforce weak PDE formulations. More recently, Weak Adversar-
ial Networks (Zang et al., |2020) have explored adversarial training principles to approximate PDE
solutions in a weak sense.

Despite these advances, the theoretical foundations of deep learning for PDEs lag behind their em-
pirical success. While substantial progress has been made in understanding approximation power
and generalization error, much less is known about how neural networks learn effective features
or representations of PDE solutions. Feature learning — the process of automatically discovering
meaningful low-dimensional structure from high-dimensional data, is a key ingredient to the success
of neural networks in a broad range of machine learning tasks. Many recent theoretical works have
demonstrated that neural networks trained with gradient-based algorithms are able to learn certain
high dimensional target functions with low-dimensional structures, e.g. single- or multi-index mod-
els, in regression settings. However, to the best of our knowledge, the emergence of feature learning
has not been systematically studied in the context of neural network—based methods for PDEs.
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In this work, we investigate the feature learning mechanism of simple neural network models applied
to high dimensional stationary Schodinger equation. Specifically, we consider fitting the solution of
the Schodinger equation in the framework of deep Ritz method where the hypothesis function is
defined by either a single index model or a two-neuron network. Specifically, we study solutions
within the framework of the deep Ritz method, where the hypothesis function is either a single-
index model or a two-neuron network. Our overarching goal is to characterize the feature directions
that minimize the Ritz loss and to identify which of these directions can be effectively captured by
gradient descent.

1.1 OUR CONTRIBUTIONS
We highlight the major contributions of the paper as follows:

» We first investigate the convergence guarantees of gradient descent (GD) in the agnostic
setting, where the hypothesis function is restricted to a single-index model while the PDE
solution is generic. We show that GD achieves an approximate global minimum in the
sense that the loss value after T = O(log 1/e¢) iterations of GD is within € of a constant
multiplier of the minimum loss.

* Next, we focus on the loss landscape when the source term of the PDE is itself a single-
index model. We consider two cases for the hypothesis function: a single-index model or a
multi-index model with two neurons. In the first case, we prove that the minimum Ritz en-
ergy is attained at the same feature vector as the source term. In the latter case, we analyze
the landscape of a regularized Ritz loss, where the regularization is applied to the outer-
layer weights, in the high-dimensional regime. We characterize the sets of local and global
minimizers of the high-dimensional limit of the Ritz loss as the regularization parameter
varies. Our main results demonstrate that, when one feature vector of the hypothesis func-
tion aligns with that of the source term, the behavior of the second feature vector depends
on the strength of the regularization: the regularized Ritz loss may admit a local or global
minimizer that deviates from the feature vector of the source term.

* Finally, we provide numerical experiments to validate the theory we established for the loss
landscape of the two-neuron multi-index model.

1.2 RELATED WORK

Analysis of neural networks for PDEs. Many recent theoretical studies have investigated the
approximation power (Marwah et al.| 2021}, [2023;; |Grohs et al., [2022; 2023} |Grohs & Herrmann,
2022; |De Ryck & Mishra, [2024) of neural networks for representing solutions of PDEs. A number
of works have also analyzed generalization error estimates (Mishra & Molinarol 2023} |De Ryck &
Mishra, 2022; |Shin et al., [2023; [Lu et al., 2022b)) within variational frameworks such as PINNs and
the deep Ritz method. These analyses typically assume that PDE solutions lie in Sobolev or Holder
spaces, which leads to convergence rates that suffer from the curse of dimensionality: achieving
an e-accurate approximation of a d-dimensional solution requires n = O(e~°?) network parameters
and training samples. In contrast, another line of research (Chen et al.;,|2021};/2023; |[Feng & Lu, 2025}
‘Weinan & Wojtowytschl|2022) has established dimension-free approximation rates for certain high-
dimensional PDEs by developing new regularity theory in Barron spaces. More recently, dimension-
free generalization error bounds (Lu et al., 2021a;|Lu & Lu}|2022) have also been derived for specific
classes of elliptic PDEs. Also, there is a series of stochastic differential equation (SDE)-based neural
PDE solvers for elliptic equations (Niisken & Richter, 2021} Han et al., [2020; Nam et al., 2024)).

Compared to approximation-theoretic and generalization analyses, the optimization aspect of neu-
ral networks for PDEs remains significantly more challenging and less well understood, primarily
due to the highly non-convex nature of the associated loss landscapes. Several recent works (Luo
& Yangl 2024} Bonfanti et al.l 2024} [Zhao & Luol 2025; [ Xu et al.l 2024; |Gao et al.l 2023 Jiao
et al., 2024) have investigated the convergence of gradient-based algorithms for training highly
over-parameterized neural networks within the Neural Tangent Kernel (NTK) framework (Jacot
et al., [2018). However, NTK-based analyses are intrinsically tied to the lazy training regime and
thus fail to capture feature learning. An alternative line of research considers the mean-field regime
(Mei et al., 2018} |Sirignano & Spiliopoulos, [2020; [Rotskoft & Vanden-Eijnden, 2018)), where over-
parameterized neural networks are studied via their distributional dynamics, described by Wasser-
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stein gradient flows. In this setting, Dus & Virginie| (2024)); [Dus & Ehrlacher (2025) established
convergence results for Wasserstein gradient flows of the Ritz energy with infinite-width two-layer
neural networks, applied to problems such as the Poisson equation and the Schrédinger eigenvalue
problem. Nonetheless, these mean-field results are limited to the infinite-width setting and do not
directly extend to finite-width networks, where feature learning and optimization dynamics remain
far less understood.

Feature learning of neural networks with gradient-based algorithms. Beyond the NTK regime,
a growing body of work seeks to understand how neural networks trained with gradient descent
(GD) can recover low-dimensional structures (feature directions) of relatively simple target functions
in regression problems. Examples include polynomials [Yehudai & Shamir| (2019); [Damian et al.
(2022), single-index models |Soltanolkotabi (2017); |Dudeja & Hsul (2018); Damian et al.[ (2023);
Bietti et al.[(2022), multi-index models/Ba et al.|(2022)); Dandi et al.| (2024);|Cui et al.|(2024); Moniri
et al.| (2024); Bruna & Hsu| (2025)), and sparse Boolean functions |Abbe et al.|(2022;2023)), among
others. A central challenge in extending these analyses from regression to PDE problems lies in
the intrinsic mismatch between the PDE solutions and the neural network approximators. Although
PDE solutions may exhibit low-dimensional structures, they are typically far more complex than
simple neural network models such as multi-index functions. This places the learning problem
into the so-called agnostic setting, where the hypothesis class does not perfectly capture the target
function. While a line of research investigated the first-order methods to learn agnostically the
single-index |Frei et al.| (2020); Wu/ (2022); |Awasthi et al.| (2023); [Wang et al.| (2023); |Gollakota
et al.| (2023); [Zarifis et al.| (2024) and multi-index models |Diakonikolas et al.| (2024), these results
do not directly generalize to PDEs because the loss functions in PDE learning involve complex
differential operators. A rigorous understanding of feature learning in neural network—based PDE
solvers remains largely open, even for simple architectures.

1.3 NOTATION

We use bold uppercase and lowercase letters to denote matrices and column vectors, respectively.
For € RY, we denote its p-norm by |z|,. When p = 2, we write |x| = |z|s. Given a function
f, we use | f||s to denote the sup norm of f. Let Q = B% be the unit ball on R¢ and 05 be the
boundary of 2. Also, S denotes the sphere in d-dimension, S := {z € R? : |z| = 1}.
We denote by H'() the Sobolev space of square-integrable functions with square-integrable first
derivatives. Given a unit vector w € S4 1, P,,. := I —ww " denotes the orthogonal projector onto
the hyperplane perpendicular to w, i.e., for v € R%, P, 1v = v%.

2 SET-UP AND MAIN RESULTS
We consider the following stationary Schrédinger equation

—Au+u= fon{ %=Ooné’Q. (1)

We assume that f is known and f € L?(€2). Thanks to the standard well-posedness of PDEs, there
exists a unique weak solution u* € H'(f2) to the equation (1)) and

1
u* = argmin &(u) := argminff |Vu|? + u? — 2fudz. (2)
ueH (Q) wer () 2 Jo

It is also useful to note that for any u € H((),

1
E(u) = 5—[ |Vul? + u? — 2(=Au* + u*)udz
Q

1 1
= *j |Vu — Vu* | + |u — u*|*de — *J |V + [u*|2dz
2 Ja 2 Jo

1
= §f |Vu — Vu*|? + |u — u*|*de + E(u*),
Q
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where we have used integration by parts in the second equality. As a consequence, minimizing the
energy £ is equivalent to minimizing the shifted loss function £ defined as follows:

L(u) :=E(u) — E(u*)
! J |Vu — Vu*)? + Ju — u*[2dx
2 Ja

=‘£2|]Ew~739 [IVu(z) — Vu*(2)]* + |u(z) — v* ()],

with P denoting the uniform probability distributions on the domain 2.

3)

The deep Ritz method (DRM) [E & Yul (2018)) seeks an approximate solution of (Z) by minimizing
the energy £ (or its empirical version) within a hypothesis function class F which is parameterized
by neural networks. The resulting optimization problem over the neural network parameters is
non-convex in general and it remains a challenging open problem whether standard gradient-based
algorithms can find the globally optimal solution. The purpose of this paper is to approach this
problem by understanding the feature learning mechanism of gradient descent in the minimization
of the DRM loss. Specifically, we perform the analysis in three settings as discussed in what follows.

2.1 SINGLE-INDEX HYPOTHESIS IN THE FULLY AGNOSTIC SETTING

We first consider the case where the hypothesis function u is defined by a single-index model pa-
rameterized with a unit vector w € S?~!. More precisely, we assume that

U(T) = Uy (z) = 0% (w - ), 2 € Q 4)

where the activation function o(-) is the ReLU function (i.e., 0(-) = max{0, -}). We consider the
squared ReL U activation instead of ReLU its own as it yields a differentiable (Lipschitz continuous)
loss function (see equation (3)) leading to a well-defined gradient descent algorithm. Also, it has
been shown that shallow neural networks with squared ReLU or high-order power of ReLU activa-
tion enjoy quantitative approximation rate in Sobolev spaces (Lu et al., |2022a; Mao et al.| [2024).
Moreover, we make the following a-priori assumption on the right hand side f and the exact solution
u*. It is important to note that the ground-truth solution u* still belongs to a large function class
and does not necessarily admit the same single-index form (@) as . This places the problem in the
fully agnostic learning setting.

Assumption 2.1. The following statements hold for the equation ().
1. There exist a constant Cyx such that |Vu* | < Cyux and ||u*||on < Cys.
2. There exists a constant C¢ such that | f| < Cy.

Ignoring the constant %‘ and noting that o(-)o’(-) = o(-) in the subgradient sense, one redefines

the equivalent loss functions as follows
L(w) =Eqpy, [[Vatiuw(@) — Vour (@) + [uw(@) - u*(@)]]
=Eunp, [[20(w - @)w — Vou*(z)]* + [0 (w - ) — u*(z)]?]

(&)

and
E(w) :=Egnpg [[Vattw (®)|* + |tw(®)* — 2f(2)uw ()]
=Eop, [[20(w - z)w|* + [0*(w - z)* — 2f (z)0” (w - x)] .

Moreover, since £(w) and €(w) only differs by a constant (see[3), one has that VL(w) = VE(w).

2.1.1 OPTIMIZATION VIA RIEMANNIAN GRADIENT DESCENT

To optimize the loss £ defined by[5} we adopt the classic Riemannian gradient descent (GD) method.
First, observe that the gradient of the loss function £(w) with respect to w is given by

VL(w) =Egp,, [40'(w - z)zw’ (20(w - 2)w — Vu*) + 4(20(w - )w — Vu*)o(w - z)]
+ Eznp, [4(0* (w - @) — u*(z))o(w - z)z].

4
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However, the expression above is intractable since the ground-truth «* is unknown. Instead, noting
that VL(w) = VE(w), we use the tractable gradient V& (w) of the Ritz energy £ given by

VE(w) = 4Egp,, [2lw*o(w - @)z + 20°%(w - )w + o*(w - ®)x — f(x)o (W - @)x] .
Recall that P,,. := I — ww". Then the Riemannian gradients of the loss function £(w) and the

energy function £(w), denoted by g (w) and gg(w) respectively are g, (w) := P, VL(w) and
ge(w) 1= P, VE(w). Specifically, the gradient of the Ritz energy can be evaluated explicitly as

9 (W) = 4Bqpy [2l0[20(w - @)Pyi@ + 0P (w - TPy — f(2)o(w - 2)Pyua].

In practice, the expectation above is approximated by an empirical estimator g¢ computed with n
iid uniform samples {x;}"_; on Q) by

1 > .
— Z (2w o (w' x)Plyryr @i + o3 (w' - @i )Pryr s — f(@i)o(w' - @;)P ey a;) .

3

We summarize the gradient descent procedure in Algorithm l 1] It takes as input an initial guess w"

for the desired parameter, accuracy tolerance parameter ¢ (see Theorem [2.2)), number of iterations
T, step size 7, and the sample distribution Pg,. It outputs the estimated parameter w? obtained by
the Riemannian GD.

Algorithm 1 Riemannian GD

1: Input: w°, €, T, n; Sample distribution ”Pg
2: Draw n = @(d(d + 2)/e) samples {x;}"_, from Pq.

3: fort=0,---, T —1do
4: Compute the empirical estimate of gg (w?):
~ t 1 = t2 t 3 t t
ge(w") := o ;4 (2w [Po(w" - T:i)Pryeyr @i + 07 (W' - Ti)Preyr @i — f@:)o (W' - )Py ;) .
5. Gradient descent and normalize: w'™! = (w! — nge (w?))/|w' — nge (wt)]s.
end for
6: return w”

We measure the performance of w’ by comparing the loss value £(w?) with the minimum loss
value OPT defined by

OPT := L(w*) = Egup, [|Valtws (z) — Vou* (@) + |uyx (x) — u*(z)[?],

where w* := arg min, ¢ ga—1 £(w). Our first main theorem below shows that Algorithmproduces
an approximate solution u,,r to the problem () after 7' = O(log(1/¢)) iterations in the sense that
the loss value £(w7) is within € of a constant multiplier of the OPT.

Theorem 2.2. Suppose that Assumption holds. Consider Algorithm|I|with initial condition w°

satisfying Z(w®, w*) € [0, 5]. Set the sample size n = © (M) and the step size n = 2d04+82ﬂ

Then after T’ = O(log(l/e)) lteratlons with probability at least 1 — 0, the output ofAlgorllhm l
T satisfies L(w™) < - OPT + 3 +2€ where the absolute constant 0 < y < 204872 + 2.

The proof of Theorem [2.2] can be found in Appendix [A] We remark that the linear dependence
of the step size 1 on the dimension d arises from the fact that the Riemannian gradient satisfies
gs(w) = O(1/d). Consequently, scaling the step size with d ensures that the effective update of
magnitude remains balanced and prevents vanishingly small progress in high dimensions.

2.2 SINGLE-INDEX HYPOTHESIS

In this subsection, we focus on the setting where f is given by a single-index model f(z) = o2 (w*-
x) for some w* € S9!, We also consider the hypothesis function u is defined by a single index
model u(x) = o(w - x). Then the problem of minimizing the Ritz energy becomes

€

H‘lsigl_l E(w) := TEENPQ [120(w - 2)w|?* + |[0*(w - z)|* — 20%(w* - z)o*(w - z)|. (6)
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Similar to the previous section, we remark that the exact solution u* associated to the source term
f is not a single index model. However, the proposition below shows that the minimum of the Ritz
energy function £(w), defined in @ attains its minimum in the same direction w* as the source
term f. We defer the proof of Proposition [2.3]to Appendix [B]

Proposition 2.3. The minimum value of the Ritz energy function £(w) is achieved when w = w*.

2.3 MULTI-INDEX HYPOTHESIS

In this subsection, we assume that f is given by a single-index model f(z) = o?(w* - z), but
consider a more complicated hypothesis model — two-neuron neural network, which is a special
case of multi-index model. More concretely, we assume that

u(x) = 2 a;o?(w; - x)

with w1, ws € S¥ 1 and aq, as € R. Motivated by Proposition for the single-index hypothesis
function, we fix the first feature vector w; = w*. In fact, we can also show that if the hypothesis
function is ay0?(wy - ) + ago?(ws - ) with a; > 0, then one of the features also aligns with w*.
For simplicity, we investigate the mechanism by which the second feature wo emerges under this
constraint. Under this setting, the variational problem of minimizing the Ritz energy becomes
2 2

L(w,a):=Egp, [|Vaul> + [u]* — 2fu]

9 2 2
2 Z a;o(w; - v)w;| +
i=1

= Em~7’g

2
Z a;0?(w; - )
i=1

2
—20%(w* - x) Z a;io®(w; - )
i=1

(7
To write the loss function in a more compact form, we apply the similar techniques as in|Cho & Saul
(2009) and define the following kernels

Ki(w;,w;) := 4'wiijIEm~7:Q [o(w; - x)o(w; -x)| = ﬁhl(eij)a
Ko (wi, w;) := Egp, [0° (w; - @)0? (w; - )] = mh2(9ﬁ),

where 6;; = Z(w;, w;) is the angle between w; and w; and
h1(0;5) = (sin6;; cos0;; + (m — 0;;) cos® 0;;),
ho(0;5) := 3sin 0;; cos 0;; + (1 — 0;;)(1 + 2 cos? 6;5),
Note that we have also used wiTw j = cos 8;;. Therefore, the loss function H can be written as
Lw,a)=a'Kia+a' Kya—2a"K,, (8)
where K1 € R?*2, Ky € R2*? and K, € R%2*! are defined as follows:

. = [Ki(wrw) Ki(w,we)| g [ Ka(wr, i) Ko(wi,ws)| o | Ka(w®,w))
! Ki(wa,w1) Ki(wo,wsy) |72 Ko(we,wy) Ko(we,wy)|’ * Koy(w*, wq) |-

In practice, an />-regularization is commonly employed to promote weight decay. Here we consider
two variants: one applied to a = (a1, a2) and another applied solely to as. In both regularization
settings, our primary interest is to understand how the other feature ws emerges in the high dimen-
sional regime d — oo given that the first feature is fixed at w; = w* as the regularization parameter
A varies.

2.3.1 REGULARIZATION APPLIED TO a

We first consider the following regularized loss function:
Ly(w,a) = a'Kia+a ' Kosa—2a"K, + \a'a, 9)

where A > 0 is the regularization parameter. To minimize the regularized loss function with respect
to the parameters w and a, noting first that for any fixed w, the function a — £ (w, a) is quadratic
and the minimizer a* has a closed form solution and the regularized loss function can thus be
reduced to a loss function depending only on w. The details are presented in the following lemma.
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Lemma 2.4. For any fixed w, the minimizer a* of the regularized loss function @) has a closed
forma* = (K| + Ky + M) 'K, and Ly (w) = —KI(Kl + Ko + M) 'K,

Since by assumption w is aligned with w*, the loss function £ (w) can be rewritten as a loss of
the angle 0 := Z(w™*, ws) € [0, 7]. More precisely, letting ¢ = T—?—Q and defining A = &c with a
rescaled regularization parameter &, it can be shown that the loss £ (w) = L¢(6) where

Le(0)

o ? ha(0)] " [£h1(0) + WCH)@( )+ &c hi(0) + mhﬂe) - h2(0)
1672(d + 4)2 | h2(9) 211 (0) + g he(0)  2ha(0) + gy he(0) + &e h2(0)]"
Since our focus is on feature learning in the high-dimensional regime and noting that /1 (0) = 7 and
h2(0) = 3, we define the following limiting function as d — +o0:
~ 16(d + 4)?
Le(f) := lim M
d—+w c
(9+98) + = [(1+€)N3(0) — 61 (0)h2(0)]
(1+€)% = zhi(0) '

The theorem below characterizes the set of minimizers of the limiting function LNE (0) as & varies.

Le(0)
(10)

Theorem 2.5. Consider the minimization of the limiting loss function Eg defined by (10).

1. When ¢ > 3, /35 (0) has a unique global minimizer at 6 = 0 for 6 on [0, °F].

2. When & < &y with some & < 1/2, besides the local minimizer 6 = 0, there exists at least
one additional local minimizer of L¢(0) in the interval (3, 7).

We defer the proofs of Lemma[2.4and Theorem [2.5]to Appendix

Remark. Although we can only rigorously prove the above theorem, our numerical experiments
indicate a phase transition between a local minimizer (unique global minimizer) and two local mini-
mizers, one at 0 and the other lying in (7/4, 7w/2). This phase transition occurs approximately at the
value £y = 0.13. More details can be found in Figure

2.3.2 REGULARIZATION APPLIED TO a9 SOLELY

We now consider the regularized loss function in which only the coefficient as is penalized:
Ly(w,a) =a'Kia+a' Kya—2a" K, + \d3. (11)

To minimize the above regularized loss function with respect to parameters w and a, we first note

that for any fixed w, the minimizer a™* has a closed form solution and the regularized loss function

can be converted to a loss function that is only about w. The details are presented in the following
lemma.

Lemma 2.6. For any fixed w, the minimizer a™* of the regularized loss function has a closed

-1 -1
forma*=(K1+K2+[8 9\]) K*andﬁ,\(w)=—KI<K1+K2+[8 g]) K..

Given that w; is aligned with w*, the loss function £ (w) is equivalent to the following loss
function L¢(6), upon substituting the definitions of Ky and Ko, where 6 := Z(w™*, w2):

Le(0)

- c2 |:h2(0):|T [;hl(O) + 47r(d+4) hQ(O) ﬁhl(e) + mhg(g) :|1 |:h2(0):|
167r2(d +4)2 | h2(0) 211 (0) + gy he(0)  £h1(0) + gy he(0) + &e h2(0)

where ¢ = 5 +2 and \ = &c for a reparameterized regularization parameter £. Similar to the previous
section, we consider the following limiting function (as d — +00):
= . 16(d + 4)
Le(0):= 1 _
ﬁ( ) d—l>I-&I-loo ( (12)
9499+ %[ 3(6) — 6h1 (6)ha(6)]
+&— zhi(0)
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We are now ready to present the main result of this subsection and defer the proof of Lemma [2.6]
and Theorem 2.7)to Appendix [D]

Theorem 2.7. Consider the minimization of the limiting loss function ZE defined by (12). For any

€ > 0, the function L¢(0) has a unique global minimizer 6* € (5, 5)

Comparing Theorem with Theorem 2.5] we observe that different forms of regularization on a
lead to distinct behaviors in feature emergence. In particular, penalizing only as consistently yields
the emergence of an additional feature, whereas strong penalization on both outer-layer weights
results in feature collapse.

3 NUMERICAL EXPERIMENTS

In this section, we provide numerical results to validate our theory established in Section 2.3] for a
multi-index model with two neurons.

First, we show the limiting function Zf (#) in Figure [l| that corresponds to the regularized loss
function with regularization applied on the whole vector a (Subsection[2.3.T)). The left plot of Figure
shows the 3D surface defined by the function (£,6) — L¢(f) with € € [0,0.2] and 6 € [0, 7].
The right plot of the same figure shows the function [25 (0) with some specifically chosen values of
&. We also mark the global minimizers of 55(9) for £ = 0.01, 0.08, 0.09. From the figure, we can
observe the landscape of Eg (#) exhibits the following phase transitions as & varies:

* When 0 < £ < & ~ 0.08, 55(0) has two local minimizers, one at § = 0 and the other is

in the interval (3, 5 ). Moreover, the global minimizer is in the interval (5, 5).

* When &y ~ 0.08 < £ < & ~ 0.13, 25(9) has two local minimizers, one at # = 0 and the
other is in the interval (§, 7). Moreover, 6 = 0 is the global minimizer.

* When ¢ > & ~ 0.13, ZE(H) has only one local (and hence global) minimizer at 8 = 0.

Penalize a, & a, (3D) Penalize a; & ay (2D) ‘
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Figure 1: Graphs of the limiting function Eg (0).

Next, we plot the limiting function Zg (#) in Figure 2| which corresponds to the limiting regularized
loss function with regularization applied only to ay defined by (I2). In Figure 2] the left graph
shows the 3D plot of the function (§,6) — L¢(0) with £ € [0.01,0.5] and § € [0, n]. The right
graph shows plots of the function 6 — L¢(6) with £ taking a broader range of values. We also mark
the global minimizers of L¢() for £ = 0.01, 1, 5, 100. Observe that the loss function L¢ () has a
unique global minimizer in the interval (%, 7 ) for £ > 0.

Moreover, we plot the loss function L¢(6) with d = 2 when the regularization is applied to a and
as solely in Figure[3] We observe that the loss function has the same shape as the corresponding

limiting functions.

We also perform numerical experiments on the landscapes for sigmoid and GELU activation func-
tions with d = 2 and observe that they have different angle landscapes (Figure f). For sigmoid
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Figure 2: Graphs of the limiting function 25(9).
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Figure 3: Graphs of the loss function L (6) with d = 2.

activation, the unique global minimum is achieved at § = 7 when the regularization is applied to a
and as solely. For GELU, when the regularization is applied to a, there are two local minimizers at
f = 0 and § = 7 and the global minimizer changes from § = 7 to §# = 0 as \ increases. When the
regularization is applied to as solely, there are two local minimizers, one is in (1, 1.5) and the other
is at # = 7 and the global minimizer is at § = 7.

4 CONCLUSION AND DISCUSSION

In this work, we present a systematic study of feature learning in the context of stationary
Schrodinger equation using the deep Ritz method. Unlike prior analyses that rely on infinite-width
limits or strong over-parameterization assumptions, our study focuses on the behavior of finite-
width models and examines how low-dimensional features of PDE solutions emerge as a result of
an optimization procedure. Specifically, in an agnostic setting where the PDE solution is generic,
we established convergence guarantees for gradient descent under a single-index hypothesis class,
showing that approximate global optimality can be achieved in logarithmic iteration complexity.
Further, when the source term of the PDE follows a single-index structure, we characterize the loss
landscape for both single- and two-neuron models. Our analysis of the regularized Ritz losses re-
vealed how feature emergence depends critically on the regularization strength: penalizing a single
outer-layer weight consistently produces an additional feature, whereas strong joint penalization can
result in feature collapse. Collectively, these results provide a first step toward a rigorous theory of
feature learning in finite-width neural networks for PDEs.

Our work opens several directions for future research. While our analysis focused on single-index
and two-neuron models, it remains an open question to investigate multi-index models with more
neurons and to determine whether feature emergence exhibits hierarchical or sequential patterns
in such settings. Another important direction is to extend the analysis to broader classes of PDEs
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Figure 4: Graphs of the landscapes with d = 2 for sigmoid and GELU activation functions.

and boundary conditions, including higher-order or nonlinear equations, where feature structures
may be more intricate. Beyond the deep Ritz method, it would also be valuable to explore whether
optimizing losses defined by physics-informed neural networks exhibit analogous mechanisms of
feature emergence. We plan to study questions along these directions in future work.
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APPENDIX

A  PROOF OF THEOREM

In this section, we provide the proof of Theorem[2.2] First recall that
L(w) =Eap, [[Vatiw(@) = Vau* (@) + [uw (@) — u* (2)[]
—Eop, [[20(w - 2w — Vou* (@) + [0(w - @) — u*(@)?]
gr(w) =P, 1 VL(w)
=4E¢~p, [a/(w cx)w! (20(w - x)w — Vu*)P, @ — o(w - )P, Vu* + (6 (w - x) — u* (x))o(w - )P, L a:] ,
and
OPT := L(w*) = Egup, [|Vatws (2) — Vou* (2)|* + [ty (z) — u* (z)[*],
where w* := arg min,,. a1 L(w). With the above definitions and by Young’s inequality, we can
&l L(w) < 2L*(w) + 20PT,
where £*(w) represents the loss in realizable setting and is defined as
L¥(w) :=Eqpg, [|Vatiw(T) — Vot ()]* + |tw(®) =ty (2)]?]
=Ezp, [[20(w - 2)w — 20(w* - 2)w*|* + |0 (w - @) — o*(w* - z)|?].
The Riemannian gradient of the loss (I3) is defined as
g*(w) =P, . VL* (w)
=Eppod [0/ (w - 2)w' (20(w - 2)w — 20(w* - £)w*)Py, .z — 20(w - )0 (w* - )Py w*]
+ Epnp, [4(0® (w - @) — 0 (w* - z))o(w - )Py ).
We denote the difference between the Riemannian gradient of the agnostic loss g, (w) and the
realizable loss g* (w) by &(w), i.e.,

{(w) :=gc(w) — g* (w)
=4Eqp, [0 (w - 2)w' (20(w* - )w* — Vu*)Pyrz + o(w - 2)(20(w* - ) Ppyrw® — Py, Vu*)]
+4Egp,, [(0*(w* - x) — u*)o(w - 2)Pyrz].
(14
8

Throughout this section, we define a constant Cy := 5 We first show that the norm of &(w)

:

and the inner product of £(w) and w* are bounded.
Lemma A.1. Let {(w) as defined in (I4). Then,

|€(w)]2 < CyVOPT and  |€(w) - w*| < CyvV/OPT|(w*)1%,.

Proof. For simplicity, we use E to denote E..p,, throughout this proof. By the definition of £(w)
and the definition of the 2-norm, we have

€ (w)2

= max E [4al(w cx)w ! (20(w* - x)w* — VauF)Pyix v + do(w - x) (20 (w* - )Py w* — Py Veu®) - v]
vESIT

+E [4(02(w* ) —uF)o(w - x)o (w )Py, v}

= max E [40'('w cx)w' (20(w* - 2)w* — Veu¥)z - Pyiv + do(w - x) (20 (w* - 2)P,rw® — Py Veu®) - v]
veSe—

+E [4(02(111* cz) —u¥)o(w - z)o’ (w z)z - Py v}

< max A/E[(wT (20 (w* - &)w* — Veu*))2|E[(40’ (w - )z - Pyiv)?]

veSd—1
+ VE[((20(w* - )w* — Vau*) - Py1v)?]E[(4o(w - x))?]
+ VE[(02(w* - x) — u*)2]|E[(4o(w - )0’ (wTx)x - PyLv)?]

_ 4 4
“\WV2d+2)  \2d+2

VE [[o2(w* - x) — u*[2].

* . p)w* — Vaouk|2 4
))VE“QU("’ ) Vaurl] + 2d+2)(d+4)
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Recall that
OPT :=E,p,, ||Vt (€) — Vau* ()|? + [ty (x) — u* (z)|?]
=Epp, [[20(w* - 2)w* — Vou*? + |0 (w* - z) — u*]?].

Hence,

8
|§(w)]2 < W\/QOPT = C;v/OPT.

€(w) - w*| < Cyv/OPT|(w*) .

Similarly, we can get

Then, by the triangle inequality, we have the following Corollary.
ge(w)| < [§(w)] + [g* (w)| < CavVOPT + |g*(w)].

With the above results, we are ready to show the sharpness property of the Riemannian gradient
gz (w). Before that, we first note that the expectation in £*(w) can be explicitly calculated by
applying the similar techniques as in|Cho & Saul|(2009). We calculate the expectations as
1
2n(d + 2) (
1
1= 27 (d + 2)(d + 4)

Corollary A.2. Forany w € S%1,

Egp,[o(w - z)o(w* - z)w - w*] = sinf cos @ + (m — 6) cos® §)

Eg~pq[0?(w - 2)o?(w* - 2 (3sinfcos® + (7 — 0)(1 + 2cos?h)),

where 6 is the angle between w and w* and 6§ € [0, 7]. Then we have

oo 4 '
L (w)_<d+27r(d+2) (51n00050+(7r9)cos29)>

3 1
_|_ —
<(d+2)(d+4) m(d+ 2)(d + 4) (
The sharpness property of g, (w) is shown as follows.

Lemma A.3 (Sharpness). Let 6 := Z(w,w™) (angle between w and w*). Assume 0 € [0, 5] and
sinf > 327707 VHOPT, then

3sinfcosf + (m — 0)(1 + 2 cos® 0))) .

1
gr(w) - w* < —§|g*(w)|2 sin 6.

Proof. We take the Riemannian gradient of £*(w) to get
() = _A(sinf +2(m — 0) cosf)  4sinf + 4(m — 0) cos )
g = m(d+2) 7(d+ 2)(d+ 4)
By noting that

>Pwlw*.

" « [ Asinf+2(m —0)cosh) 4sinf + 4(m —0)cos0)
g7 (w) - w _< 7(d + 2)  w(d+2)(d+4)
= — |g*(w)|2sin b,

* *
)ngw - w

and applying Lemma[A.T] we can get

gc(w) - w* = g*(w) - w* + £(w) - w* < — (|g*(w)|2 - C’d\/OPT) sin 6.
Then we consider |¢g* (w)|. We have that

4(sinf + 2(m — 0) cosd)  4sinf + 4(m — ) cosh) .
*
= 0

97 (w)l2 ( w(d+2) T adr29dr 9 :

and note that when 6 € [0, 5],

2

csinf < |g* (w)| < ¢sinb,
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Z._ _8 4 4 4 .
where ¢ := @) T @@ and ¢ := @) T wa - Therefore, by noting that ¢ >

2C4V/OPT ~, 2C4+/OPT

we have that when sin 6 > C2(i6m) = N

1
lg* (w)|2 = 2C4VOPT, §|g*(w)|2 > C;v/OPT.
Hence, we can get
1 1
g% (w)]2 — CaVOPT = |g*(w)]2 — 5lg*(w)l2 = §Ig*(w)lz7

and

1
ge(w) - w* < —2|g* (w)]>sin 6.

&

167

>

O

If sin§ < 327¥OFL we can get the approximate optimal solution immediately, which is shown in

the following lemma.

Lemma Ad. Let 0 := /(w,w*). If € [0, 5] and sin§ < %, then
L(w) < (2567 4 2)OPT.
Proof. By Young’s inequality, we have
L(w) <20PT + 2L*(w)

1
=20PT + 8 (1 — —sinfcosf — (1 — g)cos2 9)
7r 7r

d+2
2 3 . 0 2
+ CEDICE) (3— ;sm@cos&— (1- ;)(1 + 2 cos 0)>

1
<20PT + 8 sin? 6 4+ = cos 0(0 cos § — sin 0)
d+2 s
) 2
(

3
) 2 cos 0 — i
PR Ry <Bb1n 9+7Tc059(9c059 bln9)>

8 .2 6 .2
3 0 < 0
d+2°" +(cl+2)(d+4)bln

< ((diQ * (d+2)6(d+4)) (3?3;)2 +2> OFT,

<20PT +

where the second inequality comes from % — 1 < 0 and the third inequality comes from 6 cos 6 —

i ince -8 (o1
sin @ < 0. Since a3 T 4 4+, we have

6
dT2)(d+a) <

L(w) < (25672 + 2)OPT.

O

Next, we provide the uniform upper bound on the number of samples required to approximate the

Riemannian gradients gg¢ (w) in Lemmawith the following definitions the empirical estimate of

ge(w):

A 1 n
ge(w) := n 295(10;331')7
i=1

ge(w;x;) =4 (2\w|20(w cxi) Py + 0P (w - )Py — f(x;)o(w - wi)Pwuci) .
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Lemma A.5. Let w*,w € SY~! and je(w) be the empirical estimate of the Riemannian gradient
ge(w). Then, under Assumption there exists a constant Cy depending on 6,C¢ such that with
probability at least 1 — 6,

. Cid

sup |ge (w) — ge(w)] < A/ —,
weSd—1 n

. Cid

sup (Je(w) — ge(w)) - w* < A/ ——
weSd—1 n

Proof. Let G := {ge(w) : w € S?1}, then by Assumption and that || < 1, we have that
lge (w, )| < M with M := 12 + 4Cy. Thanks to Theorem 4.10 of Wainwright| (2019), one has
that with probability at least 1 — 0,

21 1/6
sup [ge(w) — ge(w)] < 2R, (G) + My 20810, (15)

weSd—1 n

where R,,(G) is the Rademacher complexity of a function class G, defined by

)

1 &
Rn(g) = E&iﬂfi sup ‘7 Z elg(wz)
9eg ' i

where {¢;}_, is a sequence of i.i.d. Rademacher random variables. Moreover, under Assump-
tion[2.1] one has that
lge (w; ) — ge(w'; @) |0 < Ljw —w'l,

where L := 64 4+ 16C'y. This implies that

g 3L\
GG ) <N s < ()

where NV'(6,G, | - | ) denotes the 5-covering number of G w.r.t. the Lo,-norm and V(2,841 | - |)

denotes the %-covering number of S~! w.rt. the 2-norm. Applying Dudley’s theorem (Wolf; Lu
et al,[2021b)) and noting that sup,,cgi-1 |ge(w) | < M, we can get

~
0<os<M

M
inf {S 4(5+£J dlog <3L> dT}.
0<6<M vnls '\ T

By setting 6 = 0, we have

. 12 (M
R.(G) < inf {45—%\/51; \/logN(T,Q,|-OO)dT}

Rn(G) < 12\/3 LM v/log(3L) + log(1/7) dr
< 12\/3LM Vlog(3L) + +/log(1/7) dr
< 12\/5 (M/log(3L) + ©)

|G
n

where C depends at mostly polynomially on C +. Plugging the bound above into (I3, we can
conclude that with probability at least 1 — 4,

. Cid
sup [ge(w) — ge(w)| $ 4/ ——
weSa—1 n
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and
sup (ge(w) — ge(w)) - w* < sup [ge(w) — ge(w)|
weSd—1 weSd—1
< Cld.
n

The constant C'; depends on C'y and 4.

With above lemmas and corollary, we proceed to show the main result of this subsection.
Theorem A.6. Suppose that Assumption 21| holds. Consider Algorithm [I| with initial condition
w? satisfying /(w®, w*) € [0,%]. If we choose the sample size n = © g—lfl'z

n = W, then after T = O(log(1/€)) iterations, with probability at least 1 — 0, the output of
Algorithm|l|w” satisfies L(wT) = O(OPT) + CZe.

) and the step size

Proof. Since |w' — nge (w')|? = 1 + n%|ge (w?)|* = 1, we have

t+1 *|2 t -~ t *|2
w —w <lw” — w)—w

2+ 2nge (w') - (w* — w') + 1% (w")|*.

=|w’ —w
Let us denote the angle between w? and w* by §; and assume that §; satisfies sin §; > 327%7 ”dOPT +4/€,

hence the condition for Lemmais satisfied. Note by definition gg (w?) Lw?, hence using Lemma
[A3]and Lemma [AZ3] we have that with probability at least 1 — 4,

* %

—w') =ge(w') - w
=(ge(w") — gr(w")) - w* + ge(w') - w
=(ge(w") — ge(w")) - w* + (ge(w") — g (w")) - w* + g (w') - w

Cid 1 .
S\/Tl - §|g*(wt)|2 sin 6y,
(17

by noting that g¢ (w?) = g, (w?). By Corollary and Lemma the squared norm term
|g(w?)|? in equation (16) can be bounded by

ge(w') - (w

*

|9e (w")[? =|ge(w") — gr(w') + g (w")]?
<2|ge(w") — ge(w")|* + 2|gc (w")?
<] (w") — ge(w")[2 + 4lge (w") — g (w')[? + 2|ge (wh)|? (15
4C1d

<18 4 4CFOPT + 4jg* ('),
by noting that ge (w') = g, (w?). Plugging and back into and letting
Kq := +/4C1d, we have that with probability at least 1 — 9,

1 2
lw'! — w*|? <|w’ —w*? +2n (\’;% - 5|g*(wt)\ sin 9t> +n? (Zd +4C20PT + 4|g*(wt)|2>
2 2
—w' — w* | + % — nlg* (w')|sin b, + n? (’Zd + 4C20PT + 4|g*(wt)|2> .

We first assume that 0; < 0;_1 < -+ <0y <6 = 5 andsin0; > % +4/€. We will argue that
0:+1 < 0, in this case. Then, by an inductive argument, we immediately know that the assumption is
valid and that 6, is a decreasing sequence (as long as sin 6; > % + 4/€). To prove 0;,1 < 64,
we first recall that
% ()]s = (4(sin Or +2(m — 0;) cosby)  4sinb; + 4(m — ;) cos 9t)> sin 6,
m(d+2) w(d+2)(d + 4)

19
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and
csiny < |g*(w')| < esin by,

~._ _8 4 4 4 . 2 -
where ¢ := @+ + @¥2) (@59 and ¢ := (D) + @) (@FD Noting that C; < 8¢, we have

20k

2
K

lw!™ — w*? <jw’ — w*|? + Td — nesin? 0y + n? (d + 4C20PT + 4¢° sin? Gt)
n n

20K

d 2 20 ( ki 8

<Jw® — w*|? + e + —OPT + sin? 0t> .
ne 5

Now choosing n 2 r2%/(4¢%¢) and recalling that

3274/ OPT
— +
Cyq

(32m)20PT

2
8
sin29t>< ﬁ) > 2 +¢e> —OPT + ¢,
s c

we can further bound |w!™* — w*|3 above as

2nkq
N

<|w' — 'w*\z — nesin® 0, + 8% sin’ 6.

lw'™ —w*? <jw’ — w*|? + — nesin? 0, + 8nc* sin® 0,

Recalling that

lw! — w*|* =2 — 2cosb; = 4sin?(0,/2),
and for any 6, < § = Z, we have v/2sin(6,;/2) < sin 6, < 2sin(6,/2), hence

lw!™ —w*|? < (1 - % + 877262> lw! — w* |2

. _ Ci Cg . _ 1 .
Noting that ¢ < =%, ¢ > 75& and choosing ) = Erers yields

48in?(0y41/2) = |w't — w*|?

1
<(1- ) jwt —w*
204872

_ (1 _ 204187r2> (4sin2(6,/2)).

19)

(20)

This shows that 6,7 < 6;, hence completing the inductive argument. Furthermore, implies
that after at most 7' = O(log(1/e)) iterations, it must hold that sin 7 < 327YOFL ”dOPT + 4/€. Although

only holds when sin 7 > 32”07 VdOPT + 4/€, we can further show that if after some iterations t*
we have sin 6, < 32”07 VdOPT + 4/€, then sin 6% ;1 is still of order +/OPT + /€. Concretely, if there
exists some step t* < T such that sin ; < 32Z¥OFL 1 /e, then at step t* + 1 it must hold (by

(19)):

327/ OPT
Sinfyx 11 < /2 + 8n2E2sin O < 28in b < 2 (ﬂ-C + \@)
d

20
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In other words, for all steps t* < ¢ < T, it holds that sin §; < 2 (32”07 VdOPT + \E) Recall that by
Young’s inequality, we have

L(w") <20PT + 2L*(w")

- 8 1 0.
=20PT + F) (1 - sin 0y cos 0, — (1 — ;) coS 0t>
+ 3—§sin9 cosf —(1—&)(14-200829)
(d+2)(d +4) oo T k

8 . 1 .
<20PT + ) (sm2 0; + —cos 0. (0; cos §; — sin 9,5))

+ m (3 Sin2 gt + % COS Ht (0,5 COSs 975 — SiIl 9t)>
8 o 6 o
< —_—
20PT + o5 sin 0 + d+2)d+ 4" O
8 6 (327)° 8 6
S 2 ) OPT .
<8(d+2+(d+2)(d+4)) c? + >O +8<d+2+(d+2)(d+4))6

. 8 6 ci
Since d+2 + W < e we have

L(w") < (20487 4 2)OPT + 2C3¢ < OPT + 2C7e.

Thus, in summary, choosing 7' = O(log(1/¢)), we get that with probability at least 1 — J, sin 7 <
7V8PT + /€. Also, Riemannian GD (Algorithm l outputs w” such that with probability at least

d

1 -4, L(w™) = O(OPT) + 2C%¢, with sample size n = © (ggf) O
d

B PROOF OF PROPOSITION
In this section, we present the proof of Proposition[2.3]

Proof. Applying similar arguments as in|(Cho & Saul| (2009), one can obtain that

*

Egnp,[o(w™ - x)o(w - x)] = (sin@ + (m — 0) cos b),

1
27(d + 2)
1

m(?,sinecoso + (r—0)(1 + 2cos20)).

Eg~pg [0 (w* - x)o?(w - x)] =

where 0 := Z(w, w*). Hence, we have
2 3
Eqop, [|20(w 2)w]?] = ———, Egpup,[lo?(w-z)?] = o0 .
Therefore, min,ega—1 €(w) is equivalent to max,,cgi—1 Egupg, [02(w* - z)o?(w - )], which is
achieved when 0 = 0, i.e., w = w¥*. O

C PROOF OF LEMMA [2.4] AND THEOREM

In this section, we present the proof of Lemma [2.4] and Theorem [2.5] For completeness of the
section, we include Lemma[2.4]and Theorem 2.5 again.

Lemma C.1. For any fixed w, the minimizer a* of the regularized loss function (@l) has a closed
forma* = (K, + Ky + M) 'K, and Ly(w) = —K [ (K, + Ky + M) 'K,

Proof. Recall that

Ly(w,a) =a'Kia+a' Kya—2a K, +\a'a.
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To find the minimizer a*, we take gradient of £ (w, a) with respect to a and let the gradient be
zero. The gradient of £ (w, a) with respect to a is

VaoLy(w,a) = 2K a + 2Ksa — 2K, + 2\Isa,
with I'5 denoting the 2 x 2 identity matrix. By letting V, Ly (w, a) = 0, we have
Kia+ Ksa =K, — \lsa,
and we solve for a*
= (K + Ko+ M) 'K,.
Plugging a* into the regularized loss function, we can get
La(w) = La(w,a®)

= (a®)" (K4 — Maa™®) — 2(a®) Ky + Ma*)a*

= —(a®) Ky

= —Ki(Ki+ K>+ M) 'Ky

O

Since by assumption w; is aligned with w*, then the loss function £ (w) is equivalent to the
following loss function L¢(6) by plugging in the definition of K1 and K, where 6 := Z(w™, w).

c2 [h2(0)]T [ﬁhl(O) + mhg( )+ &c %h1(9) + 47r(d+4)h2(0> ]1 |:h2(0):|
1672(d + 4)2 | h2(0) 711 (0) + Trgrayhe(0) 7h1(0) + gy he(0) + &c h2(0) |’

where ¢ = % and A = £c (€ is a constant independent of d). When d — +00, we have that
c (3h1(0) + £)(h3(0) + h3(6)) — 2h2(0)h2(6) 21 (6)

1672(d + 4)2 (2h1(0) + €)% — (£ h1(6))2 '

Noting that k1 (0) = 7 and h2(0) = 37, we can get

c (1 +8)(972 + h5(6)) — 6h1(0)ha2(0)

Le(0) = —

Le(0) ~ —

L)~ ~{gmiarap (1+8)2 — Ln2(0)
e (9499 + 51+ €)R3(0) — 61 (0)h2(0)]
16(d+4)? (1+€)% — zh3(0) '
Recall that we define
~ 16(d + 4
)= i, 0

1)

(9498 + Z5[(1 + €)h3(0) — 6h1(6)ha(0)]
W+ €2~ L13(0) '
Then we proceed to show the main result of /35 (9).

Theorem C.2. Consider the minimization of the limiting loss function EE defined by (10).

1. When¢ > 3, ZE (0) has a unique global minimizer at § = 0 for 6 on [0, 3T ].

2. When £ < &y with some &y < 1/2, besides the local minimizer § = 0, there exists at least

one additional local minimizer ofﬁg( ) in the interval (7§, 5 ).

Proof. Recall that
Fe(6) = — (9+98) + 2= [(1 + &h3(0) — 611 (0)h2(0)]
(1+€)? — =3 (0)
91+ + =L+ EB0) - 6C(0)]
(1+€)2— = A(0) ’
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where

A(0) == hi(0), B(0) := h3(0), C(0) == ha(0)ha(0).
We take the derivative of Z& (9) with respect to 6 to get
1 Te(0)

fO S LaeP

where
Te(0) := (1+£)°B'(0) — 6(1 +£)*C'(0) + 9(1 + ) A'(0) +

+ S AO0)C0) - A0)C0))

L& a0)B6) — A0)B' ()

T
Recall that
hi(0) = sinfcosd + (7 — 0) cos? 6,
R} (f) = —sin® @ — 2(w — 6) sin 6 cos 6,
ho(0) = 3sinf cosf + (1 — 0)(1 + 2cos? ),
hh(0) = —4sin® 0 — 4(m — 0) sin @ cos 6.

By calculation, we have
A(8) = sin® @ cos® 0 + 2(m — 0) sinf cos’ 6 + (1 — 0) cos* 0
B(6) = 9sin” 6 cos® 6 + 6(m — 0) sin O cos (1 + 2 cos” 0) + (7w — 6)*(1 + 2 cos” 6)*
C(6) = 3sin® O cos® 0 + (m — ) sinf cos (1 + 5cos® 0) + (m — 0)*(cos® 6 + 2 cos” 0)

A'(9) = —25sin® H cos @ — 6(m — 0) sin® A cos” @ — 4(m — 6)* sin 0 cos” 0
B'(0) = —24sin® @ cos § — 8(m — ) sin® (1 + 5cos” 0) — 8(w — 0)° sinf cos (1 + 2 cos 6)
C'(0) = —Tsin® B cosf — (m — 0)sin® O(1 + 16 cos” §) — 2(m — 6)* sin O cos H(1 + 4 cos” 0)
A'(6)B(0) — A(A)B'(0) = 65sin” O cos’ 0 + 2(m — ) sin® 6 cos® B(—2 + 5 cos” 6)
+2(m — 0)? sin® O cos H(—1 — 10 cos® 6 + 2 cos” 0)
+ 2(m — 0)® sin® @ cos” §(—3 — 12 cos 6)
+ 4(m — 0)*sinf cos® f(—1 — 2 cos” 6)
A(0)C'(0) — A'(9)C(H) = —sin’ B cos’ O + (1 — 0) sin® O cos® O(1 — 2 cos® 6)
+ (7 — 0)?sin® 6 cos® (4 — cos” 0)

+5(m — 6)*sin® G cos* 0
+2(m — 0)*sinfcos’ 0
Hence, by letting £ := 1 + £, we have
Te(0) = (—24€° + 4267 — 18€) sin” O cos O + (1 — 0) sin® 0 (667 — 8 + (—40€” + 96€7 — 54€) cos” 0)
+ (m— 0)*sinfcos 0 (1267 — 8% + (—16€° + 4867 — 36€) cos” 0)
1

+ ;‘PE(@%
where
Pg(0) :=6(¢£ — 1)sin %0 cos® 0 + 2(m — 0) sin* 0 cos” O(—2€ + 3 + (5€ — 6) cos” 0)
+ 2(m — 0) sin® B cos O(—E + (12 — 10€) cos” 0 + (26 — 3) cos™ 6)
+ 2(m — 6)® sin”® B cos” O(—3€ + (15 — 12€) cos” 6)
+ 4(m — 0)* sin O cos® O(—€ + (3 — 2€) cos” ).

We also note that I'¢ (9) can be written as

Te(0) = 70(0) + € (0) + E272(0) + £373(0),
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where

Y0(0) := — 2(m — §) sin” 6 + 4(7 — ) sin® f cos O

+ L [2(m —0) sin® 0 cos® 0 — 2(m — 0)*sin” 6 cos O — 6(m — 0)° sin® @ cos® @ — 4(mw — )" sin® 6 cos® 0],

w2

71(0) := —6sin® O cos @ + (m — ) sin® 0 (-12+18 cos’ 6) + 12(w — 0)* sin 0 cos” 0 + %% 9),
where
sin® @ cos® §(—2 + 5 cos” 6)
%sin® @ cos (—1 — 10 cos” O + 2cos” 0)
% sin® 6 cos® B(1 + 4 cos® §)
*sin 6 cos® B(1 + 2 cos” ),

+

[\
= =2 XX

3

I

5
SESEES

3+ 4cos’ ) — 12(m — 0)*sin 6 cos b,
1+ 5cos” 0) — 8(m — 0)? sin 0 cos 0(1 + 2 cos” 6).

42(6) := —30sin® § cos § — 6(m — 6) sin”
73(0) := —245sin® 0 cos 0 — 8(m — 0) sin”
Claim 1: For any £ > 0, L¢ (0) is increasing on (5,°F].
We want to show that ¢ () < 0 for 6 € (5,57]. To show that, we will show yo(6) < 0, v1(f) < O,

~v2(0) < 0 and 3(8) < 0 respectively.
To show y0(€) < 0 on (7, ), we observe that

i(w —0)sin® 0 cos® 0 < %(w —6)sin” 0,
™

2
2 2 .7 2 2 .. 3
—;(7‘(—9) sin 0cos0<—p(7r—0) sin” 6 cos 0,
4 4 .3 3 4 27 3 2 . 3
—;(7‘(—9) sin” 6 cos 0<—ﬁ(7r—0) - sin 0cosf = —(m — 0)”sin” O cos 0,

by using sin® 6 < 1, cos® @ < 1 and (7 — 0)® < (%)*. Then we can get

Y(0) < — (2— 3) (r —0)sin 0 + (3— %) (m —6)*sin® B cos < 0.

2
Next, we show that v1(6) < 0 on (5, 2]. First, we note that

65sin” 0 cos” 6 < 0 (the first term in 71 (6)),

o~ @

2(m — 0) sin” 0 cos® 0(—2 + 5cos*0) < = (m — ) sin® 0 cos® § (the second term in 71 (6))

4

by using cos? § < 3 and sin? § < 1. Then we focus on the sum of the forth term and the fifth term in 7, ()
andlett:= 7 — 6. For@ e (§,m),te (0, %), then we can get

Hi(t) := —6tsin” t cos® t(1 + 4 cos” t) + 4t" sint cos® t(1 + 2 cos® t)
=2t"sintcos® ¢t (—3sint(1 + 4cos” t) + 2t cost(1 + 2 cos’ t))
< 2t°sintcos®t (—3sint(1 + 4cos” t) + 2sint(1 + 2 cos’ 1))
= 2t® sint cos® t (f sint — 8sin t cos® t)
<0,

where the first inequality comes from the standard inequality tanz > x on (0, %). Combining the above

inequalities, we can get on (g, %’r],

71(0) < — 65in® 6 cos @ — 12(m — ) sin® 6 + (18 + 2—72) (7 — 0)sin® O cos” 0 + 12(m — 0)” sin O cos” 6
T

+ % [2(7 — ) sin® @ cos O(—1 — 10 cos” O + 2 cos” 0) ]
< —6sin’fcosf — 12(m — 0) sin” @ + 19(7 — 0) sin” @ cos” 0 + 12(m — 0)” sin 0 cos® 0

+ % [2(7r — 9)2 sin® 0 cos 0(—1—-10 cos® 0 + 2 cos? 0)] .
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57\']

By letting t := 7 — ¢ and using properties sin¢ = sint > 0 and cosf) = —cost < 0 when 0 € (7, ],

t € [, 5). The above inequality can be written as
v1(0) < sintJy (t),
where

Ji(t) :=6sin® tcost — 12t sint + 19t sin t cos® t — 12t cos” ¢
1
+ = [2t2 sin® t cost(1 + 10 cos” t — 2 cos® t)].
m
Since cos® ¢t < 2 and sin®¢ > % on [%, Z), we have that
J1(t) <6 sin® tcost — 12tsint + 19¢sint cos” t — 12t° cos” t+ — [1715 sin® t cost — 4t> sin® ¢ cos® t]
<6sin®tcost — 12tsint + 19t sint cos” t — 12t° cos” t+ — [1775 sin® ¢t cost — t° cos® t]

. . . 17 .
<6sin? tcost — 12tsint + 19¢sint cos® t — 12t cos® ¢ + —t 2 gin? ¢ cost
T
<6sin® tcost — 12t sint + 19¢ sin t cos® t — 12¢2 cos® ¢ + 2t sin® t cos t.

We divide the interval [%, %) into two sub-intervals [% 1.4] and [1.4, ). On [1.4, %), by using inequalities
sint € [sin(1.4),1), cost € (0,cos(1.4)] and ¢ € [1.4, T), we can get

2
Ji(t) < 6cos(1.4) — 12 1.4sin(1.4) + 19% cos®(1.4) + 2% cos(1.4) ~ —13.83 < 0

On [ %, 1.4], we take the first derivative of .J1 (t) to get
Ji(t) = 19sint — 37sin® t — 46t cost + 29t cos® t + 40> sint cos® t — 2t sin® ¢
. . 97 . .
< 19sint — 37sin®t — ?t cost + 40t” sint cos” t — 2t* sin® t
. 2 . .3 2 . 3 97
= 19sint 4+ 40t" sint — 37sin” t — 42¢” sin” t — ?tcos.t7

where the inequality comes from the fact that cost < @ on [%,1.4]. By using following standard Taylor

polynomial bounds

3 3 5 2
sint >t — — sint<t— — cost >1— —
6’ 6 120’ 2’
we can get
’ 7 11 71949 T3, 3601 5 287 35 21
< P ==t - — —t' - — —t — —t.
J1(t) 1(t) 36t 216t + 4t 120t + 24t 4t

We can check that Py () < 0on [%, 1.4], hence, J1(t) < 0 on [%,1.4], which implies that .J; (t) is decreasing

on [Z,1.4] and hence J1(t) < J1(%) < 0 on [%,1.4]. Then we can conclude that 1 (6) < O on (5, 3]

To show 72(f) < 0, welett := m — 6, then t € (0, 5). We use properties sinf = sint > 0 and cosf =
—cost < 0, then we have
’}/2(0) = —6sin tJQ (t),

where J2(t) := tsint(3 + 4 cos® t) — cos t(2t> + 5sin® ). Next, we just need to show that Jo(t) > 0. Take
the first derivative and second derivative of J2(¢), we can get

J5(t) = 12sint + 3tcost — 4sin® t + 2t° sint — 12¢sin® t cos t — 15sint cos® ¢,

JY(t) = —23tsint + 36tsin® t + 21sin’ t cost + 2t° cost.

By using following standard Taylor polynomial bounds on [0, 5] for J3 (t)
3 3 5 2
sint?t—g, sint <t — — + —, costzl—g,

we can show that

T3 (t) = Pa(t) := t*Ra(t%),
where Ry (z) = — g2+ $8x 2—%90390—1- 8. By analyzing Ry(x), itis easy to check that R (z) is decreasing on
[0, (3)?]. Hence, Ra(t*) > R2((%)?) > 0, which means J5 (t) > 0on [0, 5]. Therefore, J5(t) > J5(0) = 0
on (0, %), which is equivalent to J2 (t) > J2(0) = O on (0, 3). At last, we can conclude that y2(6) < 0 on

(3,7).
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To show g3(#) < 0, similarly, we let ¢ := 7 — 6, then t € (0, 7). We use properties sin§ = sint > 0 and
cosf = —cost < 0, then we have

~v3(0) = 8sintJ3(t),
where Js(t) := 3sin® tcost — tsint(1 + 5cos® t) + % cos t(1 4 2 cos® t). Take the first derivative of Js(t),
we can get

J5(t) = sintHs(t),
where

Hs(t) == (6t> — 4)sin® ¢ — 7t + 11¢sint cost.
By using following standard Taylor polynomial bounds on [0, 5] for H3(t)
3 43 5 2
sint)tfg, sintgthJrEO, eost)lfi,
we can show that
H3( ) < Ps(t) := t°Rs(?),

where R3(z) = 552" — zg;ox + 9095— 3T By analyzing Rj (), it is easy to check that R3(x) is increasing
on [0, (Z)?]. Hence, R3(t*) < R3((%)?) < 0, which means that Hs(t) < 0 on (0, Z) and further implies that
J3(t) is decreasing on (0, 7). Therefore, J3(t) < J3(0) = 0 on (0, %), which further implies that y3(#) < 0
on (3,m).

In summary, we have shown that ' (9) < 0 on (5, 3] for any £ > 0, which means that Le(0) is increasing

on (%, dg]forany§> 0.

Claim 2: 6 = 0 is a local minimizer for any ¢ > 0.
First, we observe that £(0) = 0. Then We take the second derivative of L¢ () with respect to 6 to get

1 TLOA+6)? — HAWO) + Te(0) Z[(1 +6)* — ZA0)]A'(9)

Le6) =~ (7= LAOT ’
where
Te(6) = (1 +°B(6) — 6(1 + £72C'(6) + 9(1 + OA'(6) + * 5= (A'(6)B(O) — AG)B'(9))
+ S (AW@)C'(0) - AO)C0)).
TE(6) = (1 4+ €)°B(6) — 6(1 + £°C"(6) + 9(1 + A"(6) + T4 (A" (6)B(6) — AG)B"(9))

+ O (AWB)C(6) ~ A" O)C0)).

By calculation, we have

A”(0) = 2sin” 0 — 4(7 — 0) sin 0 cos O(4 cos® 0 — 3) — 4(m — 0)° cos” O(4 cos® 0 — 3)

B"(#) = 32sin* 0 — 24sin” 0 cos® O — 16(m — 0) sin O cos (8 cos” § — 5) — 8(w — 0)?(—1 — 4 cos® 6 + 8 cos™ 0)

C"(0) = 8sin® 6 — 4sin” O cos” § — 2(m — 6) sin 6 cos O(—17 + 24 cos® 0) — 2(m — 0)*(—1 — 10 cos 0 + 16 cos” 0)

and - —24€% — 1262 — 48¢ — 48
fel0)=- (€ +26)2

for any £ > 0. Therefore, 6 = 0 is a local minimizer for any £ > 0.

> 0,

Claim 3: When ¢ > 1, L () is increasing on (0, )
Recall that with £ := £ + 1,

Te(0) = (—24&° + 426 — 18€) sin’® O cos O + (m — 0) sin” 0 (67 — 8> + (—40&> + 96€” — 54E) cos” 0)
+ (7 —0)*sinf cos 0 (1252 — 867 + (—16€° + 48€% — 36£) cos® 9)

(7 — 0) sin® 0 cos” O(—2€ + 3 + (56 — 6) cos” 0)

+2(m — 0)?sin® O cos O(—£€ + (12 — 10€) cos” O + (2€ — 3) cos™ §)
+ 2(m — 0)” sin® @ cos” O(—3E€ + (15 — 12€) cos” 0)

+ 4(m — 0)*sinf cos® O(—€ + (3 — 2€) cos” ).

De(0) = 6(6 — 1)sin® @ cos® 6 + 2(m —
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Note that when £ > £, £ > 2 and we have following inequality

(—24€% + 4287 — 18¢) sin® O cos 6 + %(5— 1)sin® 0 cos® 0 < (—24€> + 427 — 12€ — 6) sin® H cos 0 < 0,
™
(7 — 6)*sin 6 cos 0 (12.{2 — 887 + (—16£° + 48£% — 36£) cos® ) <0

Also, for other terms in ®¢(6), we have that

2(m — 0) sin” 0 cos® O(—2€ + 3 + (5 — 6) cos” 0) < 2(m — 0) sin” H(3€ — 3),
2(m — 0)?sin® 0 cos O(—€ + (12 — 10€) cos® 0 + (2 — 3) cos™ 0) < 2(w — 0)* sin® @ cos O(—€ + (9 — 8) cos” §) < 0,
2(m — 6)® sin® 0 cos® O(—3€ + (15 — 12€) cos® §) < 0,
4 — 0)* sin @ cos® O(—€ + (3 — 2€) cos* 0) < 0.

Then we combine the second term of I'g(f)) and the first inequality above to get

(7 — 0)sin® 0 (6% — 8 + (—40€> + 96&% — 54€) cos” 0) + %(w — 6)sin* 0 cos® O(—2€ + 3 + (5€ — 6) cos” 0)
<(m — 0)sin® 0 (667 — 8> + 6€ — 6 + (—40€° + 96€° — 54€) cos 0) < 0

Therefore, we can get I'z(6) < 0 when £ > 2 and 6 € (0, %). Hence, E'g (0) is positive, which implies that
L¢(0) is increasing on (0, Z)when¢ > 3.

Claim 4: When ¢ < 0.13, there is at least one additional local minimizer on (7, 7).

We first note that x

Te(3) = g((sg? —88%) < 0= c;(g) > 0.

and
yo(g) ~ 17777, wl(g) ~ —2.0681, 72(%) ~ —T76.1528, yg(g) ~ —58.8614,
s ™ ™ 7T
Pe() =70(3) +ém(y) +¢2 72( )+¢° 13(7)-
By calculation, we can get when £ < 0.13,
T 3
Ff(e)(Z) /70(4)4-013 71(4)4-013 'y2(4)+013 %(4) >0:>£5(4) < 0.

T T

Hence, L¢(#) has at least one local minimizer in the interval (§, 7).

Finally, by combining above claims, we complete the proof of the theorem.

D PROOF OF LEMMA AND THEOREM 2.7

In this section, we present the proof of Lemma [2.6] and Theorem [2.7] For completeness of the
section, we include Lemma[2.6|and Theorem [2.7] again.

Lemma D.1. For any fixed w, the minimizer a* of the regularized loss function has a closed

1 -1
forma*—(K1+K2+[8 9\]) K*andﬁA(w)——KI<K1+K2+[8 ())\]) K,.

Proof. Recall that
Ly(w,a) = a'Kia+a'Ksa—2a"K, + a3

To find the minimizer a™*, we take the gradient of £ (w, a) with respect to a to get
Vola(w,a) = 2K a + 2Ksa — 2K, + 2 [A?l?] .

By letting VL (w, a) = 0, we have

K1a+K2a=K*—[>\O :|,

ag
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and we solve for a*

—1
=(K1+K2+[8 9\]) K..

Plugging a* into the regularized loss function, we can get

La(w) = Ly(w,a™)

(22)

O

Since by assumption w; is aligned with w*, then the loss function £y (w) is equivalent to the
following loss function L (6) by plugging in the definition of K1 and K, where 6 := Z(w™, w2).

Lo0) = — ¢ ha(0)] " [£h1(0) + gepiryha(0)  £ha(8) + EcE ha(6) 17" [ha(0)
¢ 16m2(d + 4)2 [h2(0) | [5h1(0) + gy h2(0)  £7a(0) + ggzay ha(0) + e ha(0) ]
where ¢ = %5 +2 and A = £c (€ is a constant independent of d). When d — +00, we have that
Le(0) ¢ h3(0)(£h1(0) + &) + h3(8) £71(0) — 2h2(0)ha(6) L1 (6)
& x .

1672 (d + 1) T (0) (e (0) + €) — (2ha(0))?
Noting that k1 (0) = 7 and ho(0) = 37, we can get
c (9498 + 75 [h3(6) — 6h1(0)ha(0)]

Le(0) ~ —
¢(®) 16(d + 4)2 1+§_7 2(9)
Recall that we define
- . 16(d + 4)?
£e(®) = im0

(9 + 9¢) + £ [h3(0) — 6h1(0)h2(0)]
- 1+&— 2h3(0)

Then we proceed to show the main result of L¢(8).
Theorem D.2. Consider the minimization of the limiting loss function Eg defined by (12), there

exists a unique global minimizer 6* € (%, %) for L¢(0) for any & > 0.

Proof. Recall that

s (9498 + 5 [h3(6) — 6hi(0)ha(6)]
Le(6) = = 1+¢— 5h2(0)

We denote
E(0) :=h3(0) — 6h1(0)h2(0) = ha(6)(h2(8) — 6h1(6)),
=[3sinfcosf + (7 — 0)(1 + 2cos® 0)][-3sinfcos b + (7 — 6)(1 — 4cos® )]
F(6) :=h%(#) = [sinfcosf + (7 — 0) cos? ]2
Then we take the derivative of L¢(6) to get

7oy L LHOE(0) +9F(0)) +

(E(O)F"(0) — E"(0)F(0))
2 [14+¢&— '

F(0)]?

ﬂHﬂH
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Recall that
hi(0) = sinfcosd + (7 — 0) cos? 0,
R} (0) = —sin® 0 — 2(7 — ) sinf cos b,
ho(0) = 3sinfcosf + (1 — 0)(1 + 2cos? ),
hh(0) = —4sin® 0 — 4(m — 0) sin @ cos 6.

Then by calculation, we have the following equations.
F'(#) = —2sin® 6 cos @ — 6(m — 0) sin” 0 cos” § — 4(m — ) sin 6 cos® 6,

E'(0) = 18sin® 0 cos 0 + 54(m — ) sin® 0 cos® O — 2(m — 0) sin® 0 + 4(7 — 6)* sin O cos (1 + 8 cos® ),
E'(0) + 9F'(0) = —2(m — 0) sin® 0 + 4(7 — 0)*sin® O cos 0,
F(0) = h3(0) = sin® @ cos® 0 + 2(m — 0) sin O cos® 6 + (7 — 0)* cos™ 6,
E(0) = —9sin® @ cos® § — 18(m — 0) sinf cos” 0 + (1 — 0)*(1 — 2cos” § — 8cos* 6),
E(0)F'(6)

=18sin” 0 cos® 6 + 90(w — 0) sin* 0 cos™ 0 + 144(7 — 0)* sin® 0 cos” 0
—2(m —0)°sin® Hcos H(1 — 2cos” O — 8cos” §) + 72(m — 0)® sin”® A cos® §
—6(m — 0)°sin® O cos® H(1 — 2cos” @ — 8cos” B) — 4(m — 6)* sin @ cos® O(1 — 2 cos® 6 — 8cos* ),
E'(0)F(0)
=18sin® § cos® 6 + 90(m — 6) sin® 6 cos® 6 + 158(m — 0)* sin® A cos® 6 + 118(r — §)® sin® H cos®
—2(m — 0) sin® B cos® 0 — 4(m — 0)° sin® 6 cos® § — 2(7 — 0)* sin” O cos” 0
+ 4(m — 0)*sin® B cos” @ + 8(m — 0)* sin® O cos” 6 + 4(m — 0)* sinf cos” O + 32(m — 0)* sinf cos” 6,
E(0)F'(9)—E'(§)F () = 2(r—0) sin® 0 cos® —2(m—0)* sin” 6 cos §—6(m—0)” sin® 6 cos® §—4(m—0)" sin® 0 cos® 6.
Then the numerator of £ (0) can be written as
2(m — 6) sin® 0W,(6),
where

1
Ue(0) :=(1+&)(—sinf + 2(m — 0) cos ) + ﬁ[sin3 6 cos® 6 — (m — 6)sin? § cos 0
—3(m — 0)*sin cos® 6 — 2(m — )3 cos® ].

We note that the denominator of £/ (¢ ¢(0) is always positive and let L0 ¢(0) = 0. We can get two obvious

roots § = 0 and 6 = 7. Then we want to show that there is only another root in (% To show
that, we first note

3 2)
™ s

\115(5) =—(1+¢) <0, \Ilg(g) > 0.

Therefore, there is at least one root in (

We first show that ¥¢ () < 0 when 6
when 6 € (3, ).

5:3)-
€ (%, m). To show that, we have the following inequalities

1 .. 1 .
0< —251n‘3900829 < —; siné,
0 0

1 1
0<——(m—0)sin*fcosh < —— (7 — ) cos ¥,

w2 2
3 2 2
—;(77—0) sinf cos” 6 < 0,
2 . 2 w2 1
O<f—(7r79)‘3cos‘30<f—w—(wfﬁ)cosﬁzff(wfﬂ)cosﬂ.
w2 w2 4 2

From the above inequalities, we have that when 6 € (7, 7),

Ue(0) <(14&)(—sind 4 2(m — ) cos ) + % sinf — (% + %)(w —0)cosb

_<1+§_7r12>8m0+<3+2§_7r12> (m —0)cosf

<0.
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We next show that W¢(6) > 0 when 6 € (0, §). First, we note that W¢(¢) can be decomposed as

follows.
We(0) = vo(0) + §1(6),
where
1
Po(0) := —sin6 + 2(w — ) cos § + —[sin® 0 cos® § — (w — ) sin® 6 cos § — 3(w — 6)* sin f cos® f
™

—2(m — 6)3 cos® 4],
P1(0) := —sinf + 2(w — ) cos 6.

For 11 (6), we use the facts that sin# < 6 and cos > £ on (0, %) and get
1 s
¥1(0) >—9+2(7r—9)-§ =7 —20> 3 > 0.

For (), by using Taylor bounds on (0, §)

03 2 2 4
sin9>9—€,sin0<9,0059>1—%,0059<1 %4—3—4
we get
¥o(0) > 0°R(6),
where
2 ; 11
R(0) —27r*50+< —W+7)92+< )03+(7—+ﬁ)04
T 4 2
11 77r 29 41 59
- O+ (=55 25:)" * (G5 ~ T0572)""
+ ( 3 127r2> T o )? T 102 T 10822
5 161 e 1
2 . 99 (_ T 7>910
+ ( YT 192) ( 17287r2) T\ 6012 T Gan
n ( 11 ) 1 12 1 913
2304 172872 23047 691272
Note that
1 11 11 —4 10 1 12 —4 n10
— _9921 x 1 - _1516 x 1
(2304 17287r2)9 = X100, —oaggy > T1A16 X 1076
5 1 161
— 2 L TV —0.0524 6, (— - 7) 09 > —6.7824 x 1073 67
( SYr 192) = 61 T 1rasn2) U 7 X ’

11 13\ 5 r 13y,
(-5 12200 = (- 51 *362)"
by using 6§ < %. Then we can get

R(9)>2w—59+(—7—ﬂ+g)92+(E—i)efﬂ(—4—3+1)94

4 4 2x2 187r
+( ﬁ+£)96+009997+414x10 3910 93,
96 = 247w 69127r2
After using 0 < g for 6*-term, we can further get
w2 373 1
R(6) >27 — 50 (—7 7)92 (——— )93
(0) >2m =50+ ( = -+ )07+ ({3 27r+72
15556° + 0.0990" + 4.14 x 107260 + 1
+ 0.15556° + 0.09907 + x 10730 691%29
1
>2m — 50 — 4.86120% + 3.546° + 0.15556° + 0.09967 + 4.14 x 107260 + oo 6",
T

We note that the coefficients for #19 and 613 are positive, so we can focus on the sum of other terms
and denote it by S(6),

S(6) := 21 — 50 — 4.86120% + 3.540° + 0.15550° + 0.0996".
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We take the derivative of S(¢)) and use 6 < % to get

S'(0) = —5 — 9.72246 + 10.620% + 0.9336° + 0.693¢°
3 4

< —5 —9.72240 + 6%(10.62 + 0.9337;—7 + 0.6932—1)

< —5—19.72246 + 12.5256°.
For the quadratic function y(6) := —5 — 9.72246 + 12.5256?, we can easily check that y(#) < 0 on
(0, %). Hence, S’(f) < 0 on (0, ) and further
S(6) > S(g) > 0.
Therefore, we can conclude that R(¢) > 0 and () > 0 on (0, 5 ). We have shown that U¢(0) > 0
on (0, %) as desired.
Finally, we want to show that there is only one root in (%, 7). To show that, we find the derivative
of \Ifg (9)
WE(0) =(1+&)(—=3cosf — 2(m — 0) sinb)
1
+ I3 sin? § cos® @ — sin® f cos @ — 4(m — ) sin® 0 cos® O + (7 — ) sin® O + 6(m — ) sin O cos® O
7r
+3(m — 0)*cos® 0 + 6(m — 0)?sin® G cos O + 6(m — 0)> sin O cos® 4].
Notice that

3sin? 0 cos® O — sin® 6 cos 6 = sin” § cos H(3 cos? O — sin’ 0)

< sin? 6 cos 9(3% sin? § — sin” 0)

11
= —sin*fcosh < — cosb,
16 16

where the first inequality comes from the fact that cos§ < %sinﬁ in (3, %). Furthermore, the
following inequalities hold

—4(m — 0)sin® O cos? @ + (7 — 0) sin® @ = (7 — 0) sin® (—4 cos? 6 + sin” 0)
< (7 —8)sin® 6 < (7 — 6)sin,

3(m — 0)*cos® 0 + 6(m — 0)?sin® O cos O = 3(m — 0)? cos H(cos? O + 2sin? 6)
= 3(m — 0)%cos O(1 + sin )

2m

3

6(m — 6) sinf cos® O + 6(m — 0)> sin 6 cos? § = 6(7 — ) sin cos® (1 + (7 — 0)?)

8
< 6(=)%cosf = 5772 cos b,

4
< 6(m — 0)sinfcos® O(1 + §7r2)

1, 4,
<6(7r—0)sm€1(1+ 3" )
32,
= (7r—0)sm0(§+§7r ).
As a result, we have
UL(0) < —3cosf —2(m — 0)sinf + ! c080+i(wft?)sinewL§cos0+(i+z)(7r79)sin9
¢ 1672 2 3 2r2 3

1 11 4 5 .
= — (3 — 167r2> cosf — (3 — 2772> (m—6)sinf

<0,
which means that W, (6) is decreasing in (7, 7). Hence, there is only one root in (%, %) and we can

conclude that it is the global minimizer for any & > 0. O
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