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A Basic Facts about Matrix Norms

In this section, we list some basic facts about matrix norms that will be helpful in comprehending the
subsequent proofs.

A.1 Matrix norms induced by vector norms

Suppose a vector norm || ||, on R™ and a vector norm || - || g on R™ are given. Any matrix M € R™*"
induces a linear operator from R"™ to R™ with respect to the standard basis, and one defines the
corresponding induced norm or operator norm by

[ Mvllg

1M lap S“p{wn’” ER" v 7m} |

If the p-norm for vectors (1 < p < o) is used for both spaces R™ and R™, then the corresponding
operator norm is

M
111, = supl22le.
v#0

1]l

The matrix 1-norm and co-norm can be computed by

m

Ml = M;;
M|y I{lgfgl il
that is, the maximum absolute column sum of the matrix M ;
n
[M||oo = I&%Z |Mi; 1,
<m i
that is, the maximum absolute row sum of the matrix M.

Remark In the special case of p = 2, the induced matrix norm || - ||2 is called the spectral norm,
and is equal to the largest singular value of the matrix.

For square matrices, we note that the name “spectral norm" does not imply the quantity is directly
related to the spectrum of a matrix, unless the matrix is symmetric.

Example We give the following example of a stochastic matrix P, whose spectral radius is 1, but
its spectral norm is greater than 1.

0.9 0.1
P= [0.25 0.75} [P[l2 ~ 1.0188

A2 Matrix (p, ¢)-norms

The Frobenius norm of a matrix M € R™*" is defined as

n

D> M7,

j=1i=1

M| r =

and it belongs to a family of entry-wise matrix norms: for 1 < p, ¢ < oo, the matrix (p, ¢)-norm is
defined as

n m a/p\ /4
il = (3 (Smsar)
j=1 \i=1
The special case p = ¢ = 2 is the Frobenius norm || - ||, and p = ¢ = oo yields the max norm

|| : ”max-
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458 A.3 Equivalence of norms

459 For any two matrix norms | - ||, and || - ||, we have that for all matrices M € R™*",
| Mo < [[M]lg < s|[M||a

460 for some positive numbers r and s. In particular, the following inequality holds for the 2-norm || - ||2
461 and the co-norm || - ||oo:

1
M|l < | M]ls < Moo -
\/ﬁll oo < [[M|l2 < v/m||M]|

w2 B Proof of Proposition 1

463 Itis straightforward to check that || X — 1yx || r satisfies the two axioms of a node similarity measure:

464 L. |\X*1’YXHF:0<:>X:1’YX <= X, = yx for all node 1.

1T (X+Y)
N

465 2. Letyx = TX and vy = N Y then Yx +vv = = Yx+Y. S0
(X

YV)=[(X+Y)-1(vwx +w)llr =X —1yx +Y = 1yy|F
<X = 1yx||r + Y = 1w F
= u(X) +u(Y).

46 C Proof of Lemma 1

467 According to the formulation (6):

XD = 3 (H w k) )D(t) PO DY PO X
e 1 0

Jk+1Jk Jt+1
Je+1=1, (e, .-pjo) €[d]H1

468 we thus obtain that

t+1 k t 0 0
HX~(i )HOO = Z ( W](k421]k> Dj(tzrlp(t D( )P(O)X( )
Jt+1=%,(Jt,....Jo) €[d]* T \k=

------

(k)
-y (
Jjo)€[d]tt!

Jtp1=1,(Jt e osJi =

o0

jt+1

( ]k+1.]lc ) HX
Jt+1=1,(Jtse--,50) E[d]E L

t
(k)
< CO Z (H ‘ij+1jk )
Jta1=1%,(Jt,---,J0) E[d]tTL \k=0

= Coll(IW L. Wil

(oo}

N———

a9 where Cj equals the maximal entry in | X (¥,

The assumption A3 implies that there exists C’ > 0 such that for all t € N> and ¢ € [d],

(WL WOl < C'N .
Hence there exists C” > 0 such that for all t € N> and ¢ € [d], we have

1XP e < C”,

470 proving the existence of C' > 0 such that || X ®) lmax < C forallt € N>.
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D Proof of Lemma 2

Lemma 2 is a direct corollary of Lemma 1 and the assumption that (-, -) assigns bounded attention
scores to bounded inputs.

E Proof of Lemma 3

E.1 Auxiliary results

We make use of the following sufficient condition for the ergodicity of the infinite products of
row-stochastic matrices.

Lemma 7 (Corollary 5.1 [2]). Consider a sequence of row-stochastic matrices {SV}$2,. Let a;
and by be the smallest and largest entries in S\"), respectively. If ;2 % = oo, then {S"}32 is
ergodic.

In order to make use of the above result, we first show that long products of P(*)’s from Pg,e will
eventually become strictly positive. For ¢y < ¢1, we denote

plhaito) — plty) - plto),
Lemma 8. Under the assumption A1, there exist T' € N and ¢ > 0 such that for all ty > 0,

¢ S Pi(fo-i-T:to) S 1,\71 S Z,] S N.

Proof. Fix any T € N>. Since ||[P*)||, < 1 forany P*) € Pg , it follows that || P{to+T o) || <
1 and hence PgﬁT:tU) <1,foralll <i,57 <N.
To show the lower bound, without loss of generality, we will show that there exist 7" € Nand ¢ > 0

such that
P > e V1<ij< N,

Since each P(*) has the same connectivity pattern as the original graph G, it follows from the
assumption A1 that there exists 7' € N such that P(T*%) is a positive matrix, following a similar
argument as the one for Proposition 1.7 in [4]: For each pair of nodes 7, 7, since we assume that the

graph G is connected, there exists (i, j) such that Pi(jr(i"j ):0) > (. on the other hand, since we also
assume each node has a self-loop, Pi(itzo) > 0 for all ¢ > 0 and hence for ¢t > r(, j),

Pi(jt:O) > Pi(itfr(iyj))PZ_(jr(i,j):O) 0.
Fort > t(i) := max (i, 7), we have PZ_(;S:O) > 0 for all node j in G. Finally, if t > T := Izne%Xt(i)’
then Pi(jt:O) > 0 for all pairs of nodes i, j in G. Notice that PZ-(]-TCO)
)

is a weighted sum of walks of
length T" between nodes 7 and j, and hence Pi(jT:0 > 0 if and only if there exists a walk of length
T between nodes ¢ and j. Since for all ¢ € N>, Pg) > eif (i,j) € E(G), we conclude that

Pi(f:o) >l = 0

E.2 Proof of Lemma 3

Given the sequence { P}, we use T € N from Lemma 8 and define

pk) . p((k+1)T:kT)

Then {P(V}5°, is ergodic if and only if {P(*)}2  is ergodic. Notice that by Lemma 8, for all

k € N>, there exists ¢ > 0 such that ¢ < Pi(jk) < 1,V1 <4i,j7 < N. Then Lemma 3 is a direct
consequence of Lemma 7.
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F Proof of Lemma 5

F.1 Notations and auxiliary results
Consider a sequence { D) P12 in Mg .. For t < t1, define
Quot, = D) pt)  plto) plto)

and
8 = ||DD — In|loo ,

where [ denotes the V x N identity matrix. It is also useful to define

th,tl 5:P(t1)Qt0,t171
:=pt) pti—1) pti=1)  pto) plto),

We start by proving the following key lemma, which states that long products of matrices in Mg .
eventually become a contraction in co-norm.

Lemma 9. There exist 0 < ¢ < 1 and T € N such that for all ty < tq,

1Qto,t1+7 00 < (1 — e, ) |Qto. 11 || oo -

Proof. First observe that for every 7" > 0,
Q¢ 4700 < |PUHTI DTN pUFT=D DD pEHD DOV Qg oo
< [ PUFD pEAT=D  POFD DO [ Qo ta o
where the second inequality is based on the following element-wise inequality:

P(t1+T)P(t1+T_1)...D(t1+1)P(t1+1) gew P(t1+T)P(t1+T—1)”.P(tl-'rl) .

By Lemma 8, there exist 7' € N and 0 < ¢ < 1 such that

(P(t1+T)...P(t1+1))ij >, V1<i,j<N.

Since the matrix product Pt +7) pttitT—1)  p(ti+1) i row-stochastic, multiplying it with the
(t1)

diagonal matrix D) from right decreases the row sums by at least ¢(1 — D,.1)) = cJ;,, where

Dfﬁllg here denotes the smallest diagonal entry of the diagonal matrix D). Hence,

|POFD) ptitT=  pti+D) plt)|| <1 —cdy, .

F.2 Proof of Lemma 4

Now define (3 := Hfzo(l — ¢dt) and let 8 := klim Bi. Note that 3 is well-defined because the
—00

partial product is non-increasing and bounded from below. Then we present the following result,
which is stated as Lemma 4 in the main paper and from which the ergodicity of any sequence in
Mg . is an immediate result.

Lemmad. Let 8y :=[[,_,(1—¢d;) and 8 := Jim 5.
—00

1. If 8 =0,then lim Qpr =0;
k—o0 ’

2. If 8 > 0, then lim BQOJC =0.
k—o0

Proof. We will prove the two cases separately.
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[Case 5 = 0] We will show that 5 = 0 implies klim 1Qo.x|oo
—00

klim |Qo.kllcc = 0. For 0 < j < T — 1, let us define

—00

Then by Lemma 9, we get that

oo

B =TT = 654n1)-

k=0

lim
k—o0

1Qo.k7 o0 < A711Q0.jloc -

= 0, and as a result,

By construction, § = HjT:_O1 537, Hence, if 3 = 0 then 37%¢ = 0 for some 0 < jy, < T — 1, which
yields lim [|Qo.x/lo = 0. Consequently, lim ||Qo x|lso = 0 implies that lim Qg z = 0.
k—o0 k—o0 k—o0

[Case 8 > 0] First observe that if 5 > 0, then VO < 7 < 1, there exist m € N> such that

oo

H(lfcét)>1fn.

t=m

Using 1 —x < e * forall z € R, we deduce

(o)
H e > 1 1.
t=m

®)

It also follows from (8) that 1 — cd; > 1 — 7, or equivalently 6, <  for ¢ > m. Choosing n < §
thus ensures that §; < % for ¢t > m. Putting this together with the fact that, there exists? b > 0 such
that 1 — 2 > e"* for all z € [0, 5], we obtain

o0

[Ta-s)=Tle™ >a-m=1-7.

t=m

oo

t=m

€))

Define the product of row-stochastic matrices P(M) .= P(M)  p(m) Tt is easy to verify the
following element-wise inequality:

(H(l — cby)

t=m

which together with (9) leads to

Therefore,

||BQm,]\/[Hoo = HB(Qm,M — P(M:m)) + BP(M:m)”Oo

(1

) P(Mm) <ew Qm M Zew P(]M:m) )

- nl)P(M:m) <ew Qm,hf <ew P(Mm) .

(10)

< 1B(Qum,ar — PP oo + [ BPA o

= |B(Qum,pr — PM™)|| o
S ”B”oc”Qm,M _P(M:m)”oo

<7'[|Bllso
<n'VN,

where the last inequality is due to the fact that || B||s = 1. By definition, Qo p = Q. v Qo.m—1.

and hence

2Choose, e.g.,b=2log2.
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The above inequality (11) holds when taking M — oco. Then taking 7 — 0 implies ' — 0 and
together with (11), we conclude that

I1BQo.rmllso =0,

lim
M—o00
and therefore,
lim BQO,]W =0.
M — o0

F.3 Proof of Lemma 5

Notice that both cases 4 = 0 and 3 > 0 in Lemma 4 imply the ergodicity of {D®) P(!)}2° . Hence
the statement is a direct corollary of Lemma 4.

G Proof of Lemma 6

In order to show that J SR(J\;lg,e) < 1, we start by making the following observation.

Lemma 10. A sequence { M}, is ergodic if and only if HZ:O M™ converges to the zero
matrix.

Proof. For any t € N>, it follows from the third property of the orthogonal projection B (see, Page

6 of the main paper) that
t t
BI[m™ =] m™B.
n=0 n=0
Hence

t
(n)yoo . . (n) _
{M"™}> ) is ergodic < tl_lgloB li[OM =0
t ~
< lim [[M™B=0

t—o0
n=0

t
< lim M™ =0,

t—o00
n=0

O

Next, we utilize the following result, as a means to ensure a joint spectral radius strictly less than 1
for a bounded set of matrices.

Lemma 11 (Proposition 3.2 in [6]). For any bounded set of matrices M, JSR(M) < 1 if and only
if for any sequence { M (”)}SLO:O in M, H;:o M ™) converges to the zero matrix.

Here, “bounded" means that there exists an upper bound on the norms of the matrices in the set. Note
that Mg . is bounded because || DP||» < 1, DP € Mg .. To show that Mg . is also bounded, let
M € Mg, then by definition, we have

MB = BM,M € Mg, = M = BMBT,
since BBT = Iy_;. As aresult,
[M]l2 = |[BMBT|5 < | M|l < VN,

where the first inequality is due to || B|j2 = ||BT||2 = 1, and the second ineuality follows from
[M||oe < 1.

Combining Lemma 5, Lemma 10 and Lemma 11, we conclude that J SR(/\;{g,E) < 1.
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H Proof of Theorem 1
Recall the formulation of X F;H) in (6):
t
(t+1) _ ® (v @® 17N N (k) ) p(t) (0) p(0) 3 (0)
X = o(PO(XTW)) = Z (H ij+1jk> D.jt+1P "'Djl P on :
Jt+1=1%, (Jt,---,Jo) €[d]*+1 \k=0
Then it follows that

(t+1)) (k)
IBXE ||y = > ( [Tl

Je41=1, (de,.-,Jo) €[]+

(k) (0)
Z (H WJk+1Jk ) HBDJt+1 D P( )
k=0

BD(t) P(t D(O)P(O)X(O)

Jt+1
2

IN

Je41=4, (de,--,J0) €[]+
t

= (k)
o Z ( H ij+1jk
Jt+1=1%, (jt,-...jo) €[d]* T \k=0

------

t
S Z (H Wj(lf-%)—ljk
k

Jt+1=1, (Jt,---,Jo) €[]t =0

t
rot+1 (k)
<o 3 (H\w)
jt+1:i7 (jt,...,jo)e[d]t’+1 k=0
= ' THI(W O LW O]l
where C’' = C’m%(HBX ;0) |l2 and || - ||1 denotes the 1-norm. Specifically, the first inequality follows
Jj€

from the triangle inequality, and the second inequality is due to the property of the joint spectral
radius in (7), where JSR(Mg ) < ¢ < 1.

Since | Bz|2 = ||z|2 if # 71 = 0 for x € RY, we also have that if X "1 = 0 for X € RV*4 then
= [1X1l#

using which we obtain that

p(XE) = | XDty [p = |BXHDp =

d
<O IHAW O LW O3
i=1

d 2
<C'¢™! (Z WO jw® )-i|1>
W

WO |1,

='W

where || - ||1,1 denotes the matrix (1, 1)-norm (recall from Section A.2 that for a matrix M € R™*",
we have [|M||1,1 = 3772, >0 [Mi;]). The assumption A3 implies that there exists C” such that

for all t € N>,
(WO WD < C"d?

Thus we conclude that there exists C; such that for all t € N>,
p(X W) < Cig.
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I Proof of Proposition 2

Since Dd_elgA is similar to D;elg/ 2AD;elg/ ?, they have the same spectrum. For DgelgA, the smallest

nonzero entry has value 1/d,,ax, Where dpax is the maximum node degree in G. On the other hand,
it follows from the definition of Pg . that

6dmax <I.

Therefore, € < 1/d,ax and thus D;elgA € Pg.e.

We proceed by proving the following result.
Lemma 12. For any M in M, the spectral radius of M denoted by p(M), satisfies

p(M) < JSR(M) .

Proof. Gelfand’s formula states that p(M) = klim || M*||%, where the quantity is independent of the
—00

norm used [3]. Then comparing with the definition of the joint spectral radius, we can immediately
conclude the statement. O

Let B (D(IelgA) = PB. By definition, P € Mg, since DgelgA € Pg.. as shown before the lemma.

Moreover, the spectrum of P is the spectrum of DgelgA after reducing the multiplicity of eigenvalue 1
JegA has multiplicity 1, and hence p(P) = X,
where ) is the second largest eigenvalue of D(;%A. Putting this together with Lemma 12, we conclude

that

by one. Under the assumption A1, the eigenvalue 1 of D,

A < JSR(Mg,c)

as desired.

J Numerical Experiments

Here we provide more details on the numerical experiments presented in Section 5. All models were
implemented with PyTorch [5] and PyTorch Geometric [1] .

Datasets We used torch_geometric.datasets.planetoid provided in PyTorch Geometric
for all the three datasets: Cora, CiteSeer, and PubMed with their default training and test splits.

Model details

» For GAT, we consider the architecture proposed in Veli¢kovic et al. [7] with each attentional

layer sharing the parameter a in LeakyReLU(a” [W T X;||[W T X;]),a € R*? to compute the
attention scores.

* For GCN, we consider the standard random walk graph convolution Dd_elgA. That is, the update
rule of each graph convolutional layer can be written as
-1
X' = DdegAX W,

where X and X' are the input and output node representations, respectively, and W is the shared
learnable weight matrix in the layer.

Compute We trained all of our models on a Telsa V100 GPU.

Training details In all experiments, we used the Adam optimizer using a learning rate of 0.00001
and 0.0005 weight decay and trained for 1000 epoch.
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